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ABSTRACT

Propagation of ele,ctromagnetic wave through iYaveguides of
arbitrary cross section has been analysed for TN11 mode. Four
diffepent mel:hods,namely,Finite difference five point,Finite
difference nine point,Finite element triangular shaped,Finite
element rectangular shaped,have been used to calculate cut-off•
frequencies, field distributions il~de the Haveguides. Effect of
as~umed trial values has been analysed with i-teration counts.Eff-
ect of discretizational ("rrOl"has been tabulated by changing i:he
mesh sizes.These hav~ been calculated and compared fo~ all the
four above mentioned methods fOr rectangular Haveguide of diff-
erent aspect ratios. For single, l:'idge a.nd doub.le ridge vJdveguides
variation cf cu-toff-frequency Hith channel depth and Hidth vari-
ation have been calculated.

Scattering of electromagnetic wave impinging on anobstacle
h.CiS been calculated" by dir'ect method. Ra,d21.1'""lcross section and field
distribution outside the circular cylindrical obSTacle have also
t'een computed for diffepent incident angles and different obstacle
dimensions ..

Scattering of electromagne~ic waves from the class of C1r-
CU..lap cylindrical obstacles have also been calculated by apPl""loxi-

mate methods, namely,finite element alld finite difference methods.
::'everalvariations of finite element method have been tried faY'
those problems. Radar cross sections and field distribution outside
the scatterers have also been computed
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CHfl1)TEF 1

INTRODUCTION
\

1.1.
Fromtho:":; [-Dint of Vl,evJ of classical physical -theory,the

scattering and diffracti.on ('If \']ClveS from obstacles have long been

fully lmdey'stoo:.i in the sense that 'the tmderlying diffen:"mtial

equations a~ldbOlu1dary conditions of the relevant variables al'"Y2

J<:nO'vJI1.In principle, it is melx:1y necessary to solve the::' equations S"

subject to the b01.rndarY,conditionsappropr'iate to any particulal-'

SOlll'V...28 and obstacle in order to deternL1.ne the complete pictltC'e of

the diffracted field. INpractice, this has pYDVc;CJ. to be a very
fOrJllidable problem evsn under' simple and idealized conditions.
ApproxilTIate mathematical solutionf~ a.nd expe11im,::rrtal tec1Jniques that
~erv' -e \'ery \.Tr,] 1 'u'n -fl-.c ~-t'11(l-ly of OT)-t-;c::'l P'I:(.::'~1nll'~n::J V>.::~-I::j-C'O(::! .t.,-.l • NC. • _1J,-, '-' ". . L .•I. \..t.._ .. "•.•1 •.....•=1 c~ J_ •••••_.c ,1 '-.. sca.-

t-tel'iEg and diffraction cD:.'::~inadequate tc de2~1\'lith mOl'e gen(~lYi.l
•

ele.ctrornagne.tic p:coblei'ru:.; t:hat are encoull.terecl, for examp.le,in rada:c'

It is to tlle :i.nvestigation of these, proble.ms that atten-::ion is

directed. Net,] mathemJ.tical tecJ-L.Y)iques and nev? ex.per'llnentaJ. n12thods

c'Cr€ requir'ed in ()rc1,er' to pepmit a reduction to numbel'"l~-;aDd graphs

of iI1fGL:rnati8Dthat is alrl(:;ady impli.cit in the genel"aJ. ~.lJave. f.;qU-

ation and the associated boundary conditions.
Thf introducti.on of an' obstacle in th(-;>.path or a pl.r3.ne, elec-

. tJ:'Omagnetic h'2ve ~)roduces i3cattering. The incident el.ectrDrn2gJ,~etic

field induces tirre-varying distribution..s of oscila.ting chal"ges and

ClLC1"ents in the obstacle. These., :Lnturn rna.imtaJJ-l an electr'omagne-
tic field that i~~kno~.,nas the sc~:rl:t(;n.~d,I''8flected, 01"rel"Y:ldiated

field. The solution::;to this scattered field, radC":u"cross sectioIl,

and the CUrl'"'(;?ntdistribution on scat:t(~t\:~PS of diffel'"€nt geom~~trical

sl1ape.s and Slzes nave .long been the aim of sciE::-:ntists and engineel~s.

The stcn:-rtingpoint ~Ol'the (:.xact solution of any scatterL'lg

problern. is H.:1x1:,7ell' s' EquatioIH:;. Foy.' regions having no di ver'gence,
t,hese. reduce to the scalc~l~wdve equaticn. [:\1:1'::/ a(1'lussibll~ ::;o1ution to

this equa.tion must f~atisfy the apPJupl"'iate boundary conditions along
v,li th Sorrnner.f',::;lcl'scor;dition of l'adiation at infinity. Moreover !I in

casc~of sc:a-tten;:rs. vd.th edges and r;ha:t"'P cOY'!ierS, it must also satisfy

BOU\'Jkarhp-~'~eixneJ:1edge cohdition.
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F:c'C..)m-the mathernatical point of VJ.eriJ ~ geometrical sj.Jnplic~i l:y i::::~ not

al\vays synonYHDUG '\-Jith aJ1d.lytica:L simplici~ty.Of prilnary :LrnpOrrLrrice in j'118

uk"'~th'2mat.ical fonnlLla:tion al"e those aspecb3 of all obstacle and the fi'2.1d

111 vllii(~h1.t is jnm2rsed that determine vJhether the problem can lx; l"e,c]1;lcec1

to the scalar :ct.-rther -thantl:e vector F!aVe equations. Insofar as the shapes
of tb8 bouncicll:,,::L(:S ale concerned, any shape which :is l"'eaclily eXPJ:"essed J.J1

-tenrG of suitable coordinates lS mathematically s,1Jl1ple,especially if t-he

a:pprcpriate coordiriate system is one in -ter~ms of \'Jhich the wave equation
is se.pcll."able.

EXact solutions to the t,laVC2 equations cu:'e possible, by the cl.assical

m?~th:.:dof separation of vCLt"liab.l.es for oniy in a. very few gr=ometr1ie.s, such
-'I;' "'r' ,.,];" ", l' d<:'l1"1. ,.,J1'" tl'".1 l' ,cdn.,2,3 ,~-,._'... J_.r. ~,l .,,1 y,L~ ct ..]". ,5,60.''''> CJ._Cu ,ar Cj ...Ln 'C.•. ,e __._lp _.,..a .._ cy. lL ....1. ,p,~.lauO._.L~ Cy.l.l.l~c.eJ.. ,Cl rlp ,
. f" . 7,8,9.10 1-0 11 'I , .. 13'.1 J' 1Li Jl.IL_111lte T\.JeO@2 ~ :;sp~,erE-""'. ,pro._o.te sp~-lerOla ,Cll"cu._aJ~P _ciTe , arK.

1r::,
seIniinfini.ce cone-' ....• 'Il-i8 vJa.~.;e eq\.l.a.tl.on in TWOdim'2ns5.ons and. three dimen-

[-3J.on~:;C2Jl be se:parat:ed in any coordinate syste.JTl which is a CCnfOl"illal. tra:rl-

s:fonn from the r(~ctangular syst:E~m. fIlley a:!.:-'8 se.parable J.Tl all the 11 co-
. '6

or-dina:tes ,listed be.lo:J..l. : re.ctanguJ..ar,ciI'Cul21' cy1i.nder',ellip-tic cylinde,p,

pi.:u:\3bolic c'jlinde.r ~splK~:cica.l ,ccn,ical ,parabolic ,pr()late~;phero.idCl.l,obla.te

sphr2.r'.Jicla.l~ellipsoidal ~ and par'aJJoloidaJ. cCl'odinatI28. 'Therefore., the mmiber

of scattering FC0b.~\.(;:msthat c~n be s.Glvedby this classica,l m3thod is
G8verely J.imited. For' other. configurations, various arprox~iJnrJ.te methods

su.ch as pe:t."'1:u.1)bation,v(ll'ia.tiona.1. ,geometrical and physical optics and the
gE:?~)nY2tr'ic tbeory of diffraction are used.

The wI]ole class of prob1ems of scattering has been divided accor-

ding -to. the \\1avGlength of the electl'x.:lTIlClgneticwave CL'i.d .the dimen::.:;ions of
-the ~:3CCl.-f.:tere:r-' in-to th}x:~er~=gions~ the lo"J freque:ncy or) :Rayleigh region,

t:ha mid~.fr'equency 01' resona.n.ce r2g1on' and the high-fr€:quency or geoty:s-t-

rical optics region. The regions 2.l"e not r"later-tiglrt compa"L-rtrncm.ts ~ but: 21~;

jW3.t con:ve.n:lsnt dE::signations. Agaj.n no one solution, not e";..,T.sn the haLTIlO-

rn.c t;oJ.utions of sepcu:.ation cf va:r'iable.s met:hod is scrtisfactor:y throughout

t:he \.-Jholen:ulge of -the frequency spectrum~ In the mic}-frequency or P8sonance

re,glon, the airnen.sions of the sccrt-tcrer'8 are cOf:l.par'c:U)le to t~he vravelength

of t.he incident e.-mvJ2Ve. Neitr-:e,r th(~ lOld-fr'eclue.ncy apprOX,iTlk.1.tions used il1

t~he Re,yleigh p2gion nor tl;j/2 2sympto-[;ic methods used In the ltigh~-fl"equency

re.gion are quite valid in the rn:l_c1:-fre.qu.ency pange. L7ith the l'apid d,~;velop.-

In2nt i:'-l the radcL't"' techniques and tec1mology, '(-'lith an ever grt()\~1i.ng emphasis
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on '~)eapoY1Ssysterns I design in h'h.ich all aspects of the poperational use of

an aircraft or missile m:-econsidered in the conceptua1 stdge and Hitr.i. the

eVep-iIl.Creasing effucrt in space expl01'Htic"lns by. sending vehicles jJlto outE-~r

space, it has becoms all the r!lOre urgent to firld solutions. -Losca.ttering
problems nut only in the whole of the floequency spectrwm but also for sca-
"tter'Gr's of ar-bitrary size and shape. The availability of high-speed digital

COJ11:puters has made possible som?:revolutionary ilnprovsrnent in the analysis
of scattEo>thg and diffraction problems.

In 'the elec-trOlIl3.,:.c;netictheory of light, t<,vOdistinct di'3ciplines are
often used to find the sca.-ttcred fiel(1. One is tl1e theory developed from the

l'1a)(wellian field equiItionm-Jhich CUB supposed to be valid for all floequencies.

The other is the them':,' of geometJ:'ical optics, valid only for very high fre-'
quencies,i.e., for vlavelengths.that are shorrt comparedltJith the size of "lhe
obstac.le.

The geometrical-op"tics solution of a: problem is of importance for the
radio englJleer in that it l"Bpr'-:;sents the high-"frequency limit of the more

rigorous field problem EUldoften yi.e.lds qui.ck apprcxirQat:eanSvJerrowhenmOl""
elaborate methcds a.re um'volicable. TrL8 bas~c assumption of geometric optics
is tha.t an incid0~nt ray is reflec-ted by th:: scattereI1 as if the: latter IS

sUl'face vier\':; plane crt t~hereflection point. The diffpactecl H:tyS are produced

by inciclen-t l'YlYc3 vJhich hit edges ,coD.lers ,or vertices of bOlmda.Y'\J sU['lfaces

or whichj:,raze such surfaces. Keller has pYDposecl an 8;(tension of geometric21
optics ~\rhich.includes the diffracted rays in addition to the ususLl.l'ays of
geoTIetrica.l optics.A Tnoregenel'1al approach -to t:he 10t'1.....frequenc:y-scattering
has bc-;;enpropose.d by Ste,lenson.

'ijariaticna.l and quas:i.~static solutions have ShO'~'lD considerable.

success for scr.l.tterers of Val":LOUS s11.apes,but these techniques have been

limited to bodies Hhich are smallin compa:cisonHi th i:he: Have,length 01'1 al'"\2

on -the order' of one \,-lavele.ngt:h in maximumdiaueter.Large. scatt:epel'S are han

handJ.ed ~vith -1.:11,eaid or physical optics',geOIrr2.tl'1ic optics, C!.ndthe geoffi2tric

theory of diffJ::,action.These optical sol;xtions provide relial)le data only

vlhen thE:: scatterer has a diame:ter 01" \fi'idth 'i}hishis large :i.n comr)aJ~ison
with th€ wavelength.

'1'1'1elinear-.e.quaticn tecriniq1.1e lS valid for scattereY's of any convex

or concane shape, and the exact solution can b2 approached simply by enfol"'.v

cing the .boundaryconditions at a sufficiently large !11..Lllber' of points. TIle



ccmpJ,tation tilne lS lea.st rOJ:-) sma..ll ~)catteD2rs but it is reasonable. even for bodies

of resonant size or .larger size ,dependj_ngon the ca.paci.i:y of tllS computeT'. Sollxtions
C2U"'1rea.dily -be otrta:lJ1ed fop prrfectly concluctind,irnp'2rfectl~l conducting,anj dielec-

tric bcdies. If the pocly is placed in the near-zone field. of a SOLlr'C~e ,the. solution
pr'(.)ceedsin the s~ str\3.ight forv!ard m:mnEr aG in the plane.-Mwave cast.:. Thus, the

lineae-equation solution i3ho~vs prr.1'nise £01' i:1'1e acc1..1.rate, systemati.c calcula'tions
for bcd:iJ..~s of any ma-terial having arbitrcl.T'Y f:3ize and'shape.

In the pa.st yeat's, vJirh the '1t7i.despread ava.ilabili.ty of high speed digital
computcl'S ,a:t-tention has lY:,2.en gi.ven to a distinct app~~ach to the sCc~:'ctering problem.
First,. a sy~.;-'c(~mof lin-:;a:r equa.t'ions is ob-tained by e.nforci.ng the boundary condi-tions

at many PODltS Iditl)in the scatter€J:1 oi~ on i-ts sl..n"'fa.ce. Next 'C\r:1,e..hthw a~tdof a digital

computer',this system of equations is solved 1:0 c1etennine t~hec.uC':(ler(I.~G distl'ibut.ion
on t"118 surface 01"' the coefficients in..the modeEXpanSJ_o.n £01"' .the scatteI~cl field.
Finally,the di.stant scatter'ing pattern can Os COTrlputed.

Since its conceptioIl::l'adE.lY' has rx;;ena u~:;e:r:ultool) heTpful in pp,'")-\;iding

solutions to nur.a~~,y'oUSproble.IT'.E:.hlbile one of padar's 82X'liec;t applica.tions \"ldS that

of siJnple t-:arget detector as used b~y'the military, radar has since evol\.7edinto a.
sophisticated t:ool often used for prob.-Ingand inten::'C.\gation X\?JIlote objects and
scenes. Presently rac1al' is being seI"'iol..lsly cO!'lsidensd as a pO"tentia,l tool for

J.Y:1l1otelysensing croplands t:!Ild forests fl"'OJJl s.atellite. Upon ,tIle development of }~ada.!'

c1U:C':Ulg vioJ"lclviar' II, raclax' cross section (ReS) t'eduction \,/i,.8 and continues to be parsu(ocl

d.S a paSS:Lve techrdque for reducing detecaability.The t1;,"vO ma.jor tools use_dhave be:en
r'ada.:r:'absorbent materialCpJ.Jj.1) and target shaping.Tne targe.t. cali b8 oriented Be as to

)]uJlimise -the probabiIi ty o.f -the rada.r lying along these sensitive angler>,target shaping

remains a uE;eful t:001 and -the comb::.nat:i.on of RL\H and E3hap.1..ng CF.m often bE: E?'-Xplained
'ivhen nei.ther can sa-I:isfy the desitd objective alone.

Eadio signals of decarreter t'J21veJ.ength Y\:~sonantly sca-L:terE-)d from tA1aVes on the sea
surf;3.ce ape used -Correasure pn-.-~ciselythe \'lavelengtl) ,.frequency, and direction of travel.

of th!~se hI2.ves. These m:~aSllreIJ:10:ni.~s i1re not only imporrtant in th:~m.seJ.ves,bu't are also

L~sedto (:k":dilcecurrents, ~\7.inds, lind perhaps Vv~inc1 str'ess at the se.a sut1faee. Hicrotvave

padars can pl"evide :c'eliable m23.Stll"'enent of lord \,d_no spee.d. /1.1'1 altimeter incorporated

iJ1to Sky la.b programmeis bei.()g used to deduce the geoid to an accuracy appnJaching

~ 10 em by mr"asuring.-the rowxJ.trip delay tilDEof pulse translTci-tteclfrom o)~biting
satel.LL te to tIle sl..U"'face of the ocea.l1. A two dimensional iJr01ge of terrain can b2

constructe? by CYDss-tl'a.ck -'cemporal p1.\'X::essing and along--traC'J< Doppler pI"'Ccessi11g of



the padar retUl""rL using svnthe-tic aperture(SJ\R) ~vit:rl.broad beam antennas.. ,

These will endl",)le us to' bettep w1d.2rS"tand our planet and. to obtain tangible

.benefits such as routin.g ships CivJay from damagJJlgseas, and to construct
more rY3Jiable long range weather prediction mr..xlel.

In th~ line-'of-sight raclio cbrmnunica.tion on very shor~:waves the
field ctt receiving point may b2 bpoken up in1:0 that of. the dh'ec-t ray an:)
the n:~lYreflected from the sl~l'1face of tll8 eart:fl. In the case of a srnout'h

earth "the fi.eld may be accurately co:nputed; no}~mallyit:s phase is such that

"thetotal field is diminished by it. The te:CTain be.t'\'leen tne terrIl1.na.ls of a
cOJnrm..mication path, hOd8ver', is nut usuall.y smooth and absence of a reli2.ble

tlleory of rough-slu"face scatter€r the field strength at the :L(;:ceiVLTJ,gpoint

cannot be accurately predi.cted. If the corrrmuni.ca~tionpath lies above the

surface of the sea., the scatteping surface vIiIl not only ])12 rough) but, in
addition tjJI10"'varying; the received signal will th2refore fade and the

character of the fadjng ~","illbe affected by the form and movement of trl8

Ha.ter' Haves. In t:ropospheri6 propagation, ve:cy short radio waves ill'e scatter
ed beyond the hOI'izon by the <'oughlaye:m in the' atmosphere; as th2y aD2.in
constcmt movement, -the instc-mtaneOUf3 field streng1:h beyond the horizon will
rapidly fluctuate. Sirnilarly, shoJ:'t Ha-vTE-::S are of-ten scatten3d by ipr'2gLl1ar-
ities in the ionospheyY~F layer i.t'1s.:teadof -being reflected by a sm:)oth
ionosphere.

In radio astronorTl)r, the surface r'oug11ness of the Noonestimated by
studing tIle distoFtion of -the radar pulse back~"BcatteX'edfrom the Moon to
the Eacth

In acoustics, 'the sound engineeJ:"'often endeavour'S to Inc1.<1;,.:s acoustic
field diffuse by scattepi'1g sound \-Javesfrum pough sUJ:':faocs.!\Jlalytica1ly,
tJl.e case of sound ~'lave is simpler than that of electromagne-tic Haves becau.se

the field of the latter is given boY the solution of the vector t'ldve equation
whilst the acoustic field. is given by the solution of a sca.lar wave2qu~:rtion

A lapge number of paper's have b8en published on the subject of sccrtt-
ering,specially in the last 25 V~";>,;:1Yl~~/1~nl"irClV.,....r.,.'--.-:~-,~,..,'""'_\__ l .~ __~.

~'.



1.2 Brief Literature Review
On October 30, 1861, A. Clebsch, one of the greates.t mathe-

matician:; of nineteentxl centur.yC1833-J.872) complc"t:ed a 58 pc.'tge
. 17

mernOlY' , in '-'lhich he d(,2vl21oped the mathematica.l theory requi.l'ec~
to solve by .tileme~hod of separation of iariables, the class of
boundary-value problems in which a wave propagating .in a elas.tic'
medium impinges upon a spherical" surface. However, the ~ath2m2ticaJ_
ingenuity of this master craftsman was doomed to 13.8 buried within
the pages of one of .the leading mathematical journals of the lniddle
of the nineteenth century. This J_3 a f():r.")<;~runne:t") to thE~ .famous ele.c' ..
ft' t' fl' - 118.~romagne' 1C .'Deary D. 1axwe~

In 1871~ Ilord Rayleigh .(181+2-1919) was interested in -the sca-
ttex)ing of light by pal'"'-ticles in the ei3.Ttlt t s atmosphc:~re, andconcei ved

of a sprH~re as being the }:.:implest model fen' suc~h scai.":ter'el")s. The
oroginal s.tudies
• D 1 . ]19tloDs'i\ay ,e:!.g"l

of Raylelgh,were based upon the elas1:ic-~ave equa-
pointed out the exac.t solutiori for the ncatterj.ng

of sound by a sphere. Some of the mathemati~al tools whioll he needed
. . ~+o~e020were ta]cen from the souTce.of a papex'pllbllshed earller by ~~ J'.O

Some of the materials -fpom thE: 1D72 PdPE.~r' \oler'e i.ncluded in the .fi.rst
c<

edit::Lon of 'I'lI_eory of Sound L.i •This tl'"lt"";i,1.-tise is also impor-tant in the

history of the scattering of waves by a circular cylillder. III this
book, Rayleigll lays the foundation £OJ:' this geome-Ll"'Y by sho~'iing hc,;~-.J

to separate the wave eg,uation ill circular-cylinder co-ordinates.
L. Lor'c:n-tz Has a Dl'"lilliant mathe.mat leal phys ie ist \\7h088 work J_ll

diffraction theory is 0 8\lperb.example of tIle matllclnatical prowess of
the analysts who
last half of the

tackled ,problems in ma-thematical pllysics durirlg
19 th century_ His memoir of 188322 represents

t :h.e.
. (~:in

23 .

attempt to study the propagation. of light in concentric spherica,l
shelTs. In 1890 ~ the :'i0ctr' Defol""le, hii:.-:: deat!1, he published his cla.,s;3.ic:

memoir 'Upon the reflection atid l'efraction of light by a -transparEn~



, "f' ] 'h L b24 '.'h 25The:ce were utnre SClentl "lC v.]or<ers sue as ,am ,1 .ompson ,
26, .. , 27,28,29,30 B ,,:J1 M' 32 D b 33 \" t 31+,35,36~'Jalker ,l'JJ.cnoJson . , rOJIlvJlCn , _le , e ye , 'Ja -son ,

and vlhite 31.l1ie was the first -to compu-te complete numer-ical values

from the complex analytical expressions.Debye developed the method
, 1'" db D' 38'-h'of steepest descent WhlCh was ear ler orlglnate y l,lemann .W lte

extended the method of Watson transformation and obtained a solution
in ternlS of a contour integral containing of the reflected awve plus
a residue 8e0ies which contained that are la,ter known as the 'Creep-

39ing waves'.The classic computations of proudman,Doodson and Kennedy
in the case of a sphere. are \,}ol"th mention because or the super-human

labour they had to undergo as they did not have access even to a desk-
type calc;~lator, not to E;peak of modern high speed compu-ter, which
COllld do all -tl1eir calculations :~n a few seconds.

A very significant study Has conducted on elec-tromagnetic' \'I!ave

scattering by integral equation method and integral/variational method
by A.n. Pat',lary in his Ph,D. thesisLiO vlhich has irrunensly contributed

to this field.It contains brief literature review on the subject upto
1967 having 139 important peferences.

A bibliography'+1 consish; of 1"20 rerel"ences from over 275 jOUl'-

nals and other sources in -the open literature,and represents contri-
bution from over 1225 authors compiled at the Geopgia Institute of
Technology for the time period 1957-1964.

During the early fifties, two riew deveJ.opments gave an added
impetLLs tc -the solution of problems in sca-ttel'ing and diffra.ction. One
of these is tIle eeleb1:-oated val:-,ia-tional formulation by Levine and

Sch~!Jinger, and other- is Ke1'1e1""\f s development of the geometrical theorlY

of diffraction.The fact that an integral equation can be formulated as
67a variational" principle was stated 23 early dG 1884 by Volterra 'bllt

it has not been used fOl' practical calculation in sca"ttering p~oblems
untiJ. when Schwinger discovered that thi arnpli-tude of the scatte~ed is
ciosel.y related to the quantity ~'Jhose variation has to be considered."

',2 '13 ,
In a series of papers ' Levlne and Schwinger demonstrated the power

of the val"iational method in solving the problem of diffl'action by an

aperture in an aperture in an i_nfinite plane screen, using very simple
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trial functions.They expanded the field in a set of functions and
soJ.v:ed tl1e sirnuJ ..taneous lineap e.quations r'esulting from the va:r."li-

ational principle for the coeffici.ents. Their variational solution

an infini.tely J.o.ng circular' c:ylinderu.sing

for
his

ear11e1'
SCl.lv.lin-

published
solutiongave a variational

46apertllres. In 1950, Papasand elliptical
diffraction by

of -the circular aperture problem agrees quite well with all
'+LI.. • • .exact solution clue to C. J. Bou'VJkamp }"o11o\\lJ.ng Lev~ul.e and

45ger's formulation, Huang et al

paper on
circulap

variational method. Th(~ most: ext\;?ns.i ve Hork on cir'cula.r conduct ing

cylinders has been done by Kodis using variational method47,48
)' .. 49,50 d .. 1 .,. d t .. \ouyonm] lan use> a var.latlona metJ10u 1:0 e ermJ.ne an appr'lo~.

ximate formula for "the back~scattering cross-sections of the thin
",lire lODps. In 1955 ~ Cohen 51 found au.t that solution i.n scatt:~ring
problems using the stationary proper'ty of the 'Reaction Cancep-tl.

One of tIle ~arlies't and perhaps easiest method of compllting
the scattered field and scatt~ring cross-section of objects thai:
are large compared to

t' 52,53 I' '.~op .LCS ..t maKe,"
the wavelength, is the method of geometric
use of reflected and refracted rays in' des-

cribing the behavioul' of electr'omagnetic ~vave3. The basic assump-
tion of geometric optics is that an inciden"t ray is reflected by

-the scatterer as if the latter's surface were plane at tile reflec-
tion point. The diffr'ac-ted pays are produced by incident rays vJhich
hit edges,corners, or vertices of boundary surfaces or which graze",
such surfaces. Scllensted .J'+ obtained tHO cor'rection -terms of tJle

to the low-frequency problem has beenA more general approach
58proposed by Stevenson .

Luneberg-Kline series in axial backscatter from a perfectly con-
- "". 55. -.56dueting ,semi-infinite body of reVO.Lutlon. Bremmer ,Slegal (:;;t dJ-

and others have utilized physical optics approximation to solve
sevepal diffraction pl:'oblems elt high frequency end of the spectl~1J.m.
v 10" 57~'\el.J_'Cr has proposed an extension of geometrical optic.s ~,\7hich

includes the diffracted rays in addition to the usual pays of geo-
me-trical optics. 1:2he-geomet~l'icaJ.-op-tics solution of a pr'loblcm is of

importance for the radio engineer in that i1:represents the high-
frequency limit of more rigorous field problem and often yields

approximate anS~.'7el"Swhen more elabor'ate methods [:ire l,)Jltvork"-'quick
able.

.,



In the last two decades,the wid~spread availability of high
speed di.gital computet"s revolutic'nized the method aDd scope of hand-

ling scattering problems. The scat"tering problems. for scatterers of
arbitrary shape and size,c~nd an accux'ate sol.ution fo:r> the mid-frequ-

ency range which were thought to be beyond th~ ~ange of exact theo-
ritical analysis,can now be numerically solved substantially in an

.exact manner, using integral equation techniques. In 1963 Mei and
Van Blade159,60 calculated the surface current density and scatterin
cross-section of perfectly conducting infinilely long recta~gular
cylinders. Banaugh and Goldsmith61 solved the problem of diffraction
of steady acoustic waves by surfaces of arbitrary shape using integ-

r ') 6 ~ .
1')3.1equation rnethoc1. In 196!+, Andl~easen°L-, v gave a numerical solu-

tion fo~ the associated problems of e~m. wave scattering by infinite
61'parallel cylinders of arbitrary cross sectioD. Richmond ~ obtained

cylinder
publi e;hed

solving thefor

solutions for arrays of infini.tely long thin parallel' tv.ires. and also
6"calculated 0 the field distribution induced in a dilectric

of infinite length ul:.;ing nume:cical method,s. v.Jaterman66 hai:-~

a matrix formulation of electromagnetic scattering
surface current density and .the scattered field of a smooth perfectl:
conduc-ting axially, symmetric obstacle. In electromagnetics,the dis-
cretization for transfol""'ming an integral e.quation to a .matrix equa,-
tion is COillJl1only aecomplished using pulse function as a basif.:-;69, 70 ..
T\-JO ne\iJ methods

cor'rection I are

Elethod solution

termed 'plane-wave correction' and cylindrical-cell
devc:~lopecl fa!"' improving t1l,e conver1gence of moment-

--1 7 G
_.,'.D.. le.~t-,",magp.I~'nc.I ... M1111.' C;. -'bt:.)"':r ::l V II' c> Le '"."_c. __ .n~Ll,_,-, d" •.•_~.Ln,0anc.. , lg ano e lTI .

calculated the monostatic and bistatic cross-section for perfectly
conducting infinite cylinders of arbi.trary shape usi.ng point match-
ing technique.They ob.talned a fourier series expa.J1sion of the sca-
ttcr"cd field in teL'InS of I-Ittnkel function:3) an.d thf.::l1 satisfied the

at a finite number of Doints.. . The

..

Fourier' coefficients were then obtained by Inatrix inversion.
There are several Ilumerical m~thods avai.lable for the problem

. '. ~ GE ,68 "of scattering by dielectric bodIes of arbltrary Shape .Among
these methods .tbe, extenc1(--;d boundary condi-tion (r;BC) me..t:h.od 72 ori-

ginally developed by Waterman is particularly effective when applied
to a homogeneous and isotropic dielectric object of conv~x and rela-
tive,ly, smooth su,rlfe.ce~ Barbe,!' has applied the EBCmethod to an inves"'
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mono-bistatic a.nd

of the scatterer, its expression is
numerically, and it Gome.times admits

87Zitron and Karp proposes a higher

- . . . . . 73 .tigation ot the dlffcrentlal scatterlng characterlstlcs ,ana the
. b . ~ d' I "1' 74 II f- ,lnternal resonance a sorptlon ox .le ectrlC DOQ18S s .-or tne
cylindr,ica,l dielectr'ic obj ects ~ the relatively simpIe integpal

equations can be ob"tained from the usual surface boundary conditionE
- • • 1 I . b t1 . 75 , 76 j'}' I . bJNevJ lntegpal equatJ.ons ceve opea y "O:t"l ta v,, 11'C~1 1.S app~ J_CCl.. _.2

in the exterior region of the circumscribed circle.Radiation patterr
. - " 77.78 . d'l . b j' 79,from dlelectrlc rOQ antennas ' , compOSlte 18 ectrlc orJ.es ,anc

. h d' 80, 1 ' t' t dlossy multllayer uO les nave )een lnves 19a e "
Electromagnetic scattering from a moving body generally is

very difficult problem to solv~. Due to the motior} of the scatterer~
the constitutive relationships a.t a fixed posi-tion in space ~'lill

then va.ry with time., thus introducing mo.c1ulation in .the scatteI"'ed
fields. To ma.ke 'thi.ng r•.lOl"Se, the boundar'y conditions for a moving

body ape more complica-ted -than those encountered in pr-oblems invol-
ving stationary bodies only, The scatter-ing of linear-Iy polarized
electromagnetic 'irJaves by a. slowly l'otating rectangular metal pla-te

is invoE3tigated the.orccO-ticallyand experimentally, Recen-tly, similar
problems llave been discusE3ed from the point of view of radar signa-
ture applications. Back scattering of electromagnetic signals by

rotating or vibrating short wires are discussed theoretically 81,82
Limited theoretical and experimental resul.ts on

I

static scattering of plane elec.tromagnetic
vJaV8S by a Glo'iVly r'ota-

0--3ting conducting wire of longer lehgth have been reportedu, .1Lhe
scattering of electromagnetic waves by linearly oscilla.ting c6nduc-

84ting 'objects is analyzed . As long ago ~s WorJ_d War II, signal
fi1odulE!:tion by -the po-ta-ting blades of an airel'aft W8pe observed and

. 85studied experlmentally . Recently a quasi-stationary method in
conjunction with geometrical theory of diffraction (GTD) techniques
is used for calculating the backscat.tered field from a large rota-

, 86ting conducting cylinder with arbitrary cross o2ctlon .
Asymptotic appr'oximation is very useful tool in studing the

scattering and diffraction of an electromagnetic wave, since it j.G
rather insensiti.ve to the shape
llsually simple,easy to evaluate
simple physical interpl'Jetation.

order approximation method in multiple scattering by two cylindrical.obstacl.e ';.lith an 2:r'bitrapy Cl"'OSS section (ZK method) . Complet.e
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asymptotic expansion, which is a convergent series, was given by

'I\lersky88and was applied by Young and BeFtrand89 for -two circular
cylinders. Anothel" method to derive em approximat:e solution for
multiple scattering has been develop~d by Karp and Russak ( KR

90method) . It is .found f:C'omthe numerical results for the sca-
ttel:'Jing cross section for E-polarization, -the ZK method gives ver1Y

preClse l'"'8sults even for' rathe.t' larg(~ ka and small Jed,' Hhere a is

th(~ radius of the cylinder, and the KR method is extremely accurate
when applied to a thin scatterer, and can only be significantly
. b 1 ~K -, d91lmproved y t,le ". metno .

The records of these years is something to be proud of in
scientific applications, in engineering and in business enterprise.
After all, we were able to build well on the foundations of Hertz
and Maxwell. The-technical papers demonstrated that great stride
have been made in the past years and provided a clear picture of
how various infant aspects of midrowave technology have matured. At
the same time, however, they also illustrated the enormity of work
tha.t yet remain, In effect, old challenges_ have been met and
conquer1ed, but neVJ ones a.e'G constalYtly being created. One may

consider this situation as the existence of a 'Technical Medusa',
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1.3 CONTENT OF THE THESIS

ThIs thesis con-ta.ins computer solutions of micr'o\'vave
problems. Under the heading of micro\-Ja.v;:~ r;:[loblems tHO most CO!DfJl0n

phenomenon had been discussed. One is the electromagnetic wave
prlopa.gation "through ~'Javeguide of different uniform hol1ov,;'

waveguide of arbi."trary cross section . The other one is the
scat.ter'ing of electromagnetic \V'ave illuminating a cylin,dl:ical

obstacle of different Y'b.dius and having different incident
angles of the impinging (~.m. 'l-Javes ~

Chapter 2 descI'ibes conci~ely the scalar waVe equation
starting from I'1ax'\-\Tcll'oS equcttions .Applying ppoper' boundary

concli"l:io.ns equa.tion fOIl the SC2.:'cter8c1field has been fOPffiulated.

These simultaneous equations are conveniently ,represented by

-tIle Inatrix.This. matr1ix ha.s been solved by (-;aussian method of

eli.Inination~Solving that matrix we obtained the coefficients
of the Han]cel series~From that series Radar cross sectlon and
field pat.tern outside the scaOtterer has been obt:ained for
direct method.

Chapt:er 3. contains the scatte:cing problem using f'.i.ni te
element method of different forms and the .fini.tedifference method.
1'1'1e1""2t'J(~ have found the r'aclal' cross .section varia-t:ion wi-th the

inciden-t angles ,nature of variatior-J. of Hankel! s coef,ficient

with .the leng.tt~ of the Hankel series.Field variation in space
olltside the obstacle are shown with phases and amplitudes.

In chapter. 4 wav~guide problems had been discussed by

difrerent methods namely 9 point finite difference method,S point
finite difference mct!lod,finite element method triangular shaped
and f:Lni te e lerneni: IH(.:;thod 11(~ctangular shaped. Hel'e effect of mesh
~.;'7e i":-aY1A"I-l.011 Pllnlhor l'-[l'7-:l.°:--'l tI":lll1P,'"c.. .L.u , .__ c __ l- .>~. _\.~ :> 1 •... u. ,(~" .•..~;;;> a~C'ecompared for rectangu.lar

I
i

shaped waveg!lide of different aspect ratios.These are also calcu-
lated for si11g1e ridge, ~laveguide and double ridge wav~guide for
all those four methods.

'Chaptcl'l 5 contains the conclusions and l'lE:commenda-t:i.ons and
Chapter 6 contail1S the bibliography.
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CHAPTER 2 SOLUTION OF SCATTERING FRot1 INFINITE
CIRCULAR CYLINDERS BY DIRECT METHODS

2.1 Preliminaries
.._-------_._-

Bistatic radar cross section has been calculated for perfectly
conducting circular cylinders with different diameter and various
incident angles of the impinging electromagnetic \oJave.The two-dimen-
sional scalar wave equa"cion is derived starting fro!!)l1ax\'1ell's equ-
ations. A set of linear equations is then obtained by setting proper
boundary condi,tions.The matrix is solved by Gau'ss elimination methoc
to firid ,the coefficients of the Hankel series. Then ra.dar cross-sec-
tion and electromagnetic field pattern outside the scatterer is
calculated .
2.2 Derivation of the Scalar Wave Equation

The starting point for the solution of any electromagnetic
boundary value problem is the l1axwell's equations.These are given b'

( 2.1 )

( 2. 2 )

( 2.3 )

( 2.1+ )

" c .the Magnetic field_uwhere E is the Electric field intensity, ~
intensity, ~ is the eledtric displacement, B is the magnetic induc-
tion, ~ is the current density. V x ~nd V. are respectively the
curl and divergence operators. All field quantities are considered

• -jHtto be varying sinusoidally in time accordlng to e where w=2 ITf
f being the frequency, t, the time and j is the imaginary unit

2 -jwtvector, has.the property that i = -1. The term e' is suppressed
but is understood throughout. It is further assumed tha~ the para-
meter, .~ and E , are respectively the permeability and the permit-
tivity of the medium are independent of time. Further assuming, a

V x E = -a 13 / at
V x H = -a D / at + J

, V D, - p

V B = 0



free space. wi th zero conductivity end constitutive parame.ters )J,

c are independent of position.Thus,equation(2.1) to (2."4) reduces tc

'VxVx E k2 E=
Vx'VxH - }:2 H

(2.5)

(2.5)

radiation condition at infinity for•
conditions for perfectly conducting

where k is the propagation con,3tant, has the property k =wl c =
2rr/A =1W2iJ€ for free-space propagation.

The solution of.general scat"tering problems consists in solv-
1ng equations ( 2.6 ) and ( 2.5 ) , together with the appropriate
boundary cond itions on the surface of the sca.tterer. The solution
must also satisfy Sommei""\feld 1[;3

proper behaviour. The boundary
scatterers are given by

At the junction between two media, the boundary conditions"are,for
an E wave in the absence of surface magnetic currents,

1. et continuous

2. (1/)J) ( ah:t/ an) c01rtinuous

At the surface of a perfect conductor I the boundar'y condition redu-
ces to et = O. Then the surface carries a z-oriented electric
current under time-harmonic conditions.

The boundary condition for an H wave at the. surface of a per-
fect conductor produced by trc\nsverlse electr~ic cur:cen-ts are, £OI"I

tims-harmonic phenomena, the external field satisfies the condition
dl\/an = O.

? 0 Scalar wave equation in two-dimensions

A two-dimensional problem is defined to be one 1n which there
is no variation in one coordinate direction. The geometry of the
scatterers under consideration is shown in Fig.2.1. The.cylinder
is infinitely long and the axis of the cylinder coincide with the
z-aX1S. Under these assumptions,therefore, there is no variation
in z-direction, i.e.,
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( 2.7 )

and the .reduced Have equation for t\-JOdimensional problem is
given by

( 2. 8 )

where \7t is the tHo-dimensional Laplacian operatm'. Hence for\vard,
we shall drop the subscript ft' from \7t for the sake of simplicity

The part of the boundary condition which is common to all
scattering problems is that, at large dis-tances from the scatter-
ing region, the sca-ttered field iiI.;IJl'Oachesa Have diverging from.
a poin"c source located in the scattering region. And this Sorruner-
feld's radiation condition for -two-dimensional problem reduces to

o<j>
lim ,IRI --oR - ik<j>I - 0
R->'"oo

2.3 Formulation for the Sca-ttered Fields

( 2.9 )

When a plane electromagnetic Have impinges on a scattering
body, the simple I'elation bet\,een the electric ,"-nd.magne-tic fields
of the plane Have in f~ee space is modified due to cu~rents inducec
in the scattering body. These induced currents will radiate scatt-
ered.fields both interior to and exterior to the body, in sucih a
'Nay that the \,ell knoHn boundaI'Y condi-tion for the tangential
electric and magnetic field~ -at the surface of the scattering body
will be satisfied.

Considering an incident electromagnetic 'Nave E i impinging onz
the closed, perfectly conducting surface. r of Fig.2.2 in other'Nise
free space ,i-tis assumed throughout that r lS sufficiently regular
that Green's theorem is applicable, and that r possesses a.conti-
nuous, single-valued normal n at each point.

For parallel polarization, all field components can be gene-
rated from the electric field E. along the cylin~er axis. This

Z
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field component mus-t satisfy the homogeneous scalar "lave equation
( 2~8 ) with Dirichlet boundary condition,E_ = 0 on the contour of

u

the scatte~ing cylinder~ Since tIle dylinder is assumed to be infi-
nitely long in the z-direction and perfectly conducting, the con-
sequent scattered electric field has also only a z-directed compo-
nent, Ez

s . Therefore, the nature of the field is scalar.The total
field, Ezt at any point on the scatter-ing contour or outside is
given by

E t
z = E i + E S

. Z Z (2.10 )
iwhepe E andz

fields. At any
outside ( Fig.
is given by,

E S
z

point
2. 2 )

are, respectively,the incident and scatteped
( p,. ) on the contoup of the cylindep or

the incident field fop a unit plane wave

E i
z

J.kp Cos (.+ ,I, )= e , Yo ( 2.11 )

Its circumscribing circle touching the conduoting cylinder is
identical wi-th its contour. vie can obtain an infinite expansion
for the scattered fiGld'E s, valid on the cipcumscl"ibing circlez
and outside'it, in terms of Hankel functions of the first kind
and exponential functions as folloW8

fro
H( 1) e:jnqJE s 1: (kp) ( 2.12 )_. az n. nn=-oo ~.

This expansion guarantees that the correct radiation condition
at infinite is satisfied, and that E 8 also satisfies the scalapzwave equation ( 2.8 ).

Now the total scattered field is

~~t( ') jk1"Cos(.+tjJ)L r,~ ~ e 0 +z
+eo
~
'" (2.13)

;.
From the Dirichlet boundary
conducting cylinder, we get

condition E =0 on the contour of thez
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fig. 2.6 INCIOEN1 ELECTROMAGNETIC WAVE
ON A CONDVCTIN G- INFINITE CIRCULAR
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+ 0"

Et( ,)_jkrCos(<i>+lf'),l: c-IJ(J.)(k' ~lnciJ- YO, r'l .. e a p O'e a J l)e p ~ 0
Z 0 tD co n n 0. n=-

(2.13)

Sol ving the linee.r eque.ti.on (2. i 3) for different points if! p on .the
boundary we can complete the Fourier expansion coefficients ill

equation ( 2. 13 ~. Bu.t .to solve these infinite numbers of unknown
coefficients we have to solve a ma-tpix of infinite dimension. For

practical purpose we can truncate the infinite series and thus
making that matrix equation less complex, requiring less memory
and computing time.

, . , C ( ) N ( .. ) ',1,
T't( )_ J.<r as "'+\)! -t' '" '-L1.l (k ) In,,,
.L.J ••• r , cf: -e 0 'lb 0 LJ a L-, \ reD
Z 0 'P "-N+1 n n a

(2.14)

In tIlis way some error is be~ng introduced but the converging
nature of the series introduces rea~onable amount of error depen-
ding upon the shape ape. size of the: scatterer and the numbl2r N.

To solve this 2N unknOl./Dcomplex coefficients vJe need to

solve 2N numbers of complex eq~e.tions, that is we have to take 2N

numbers of points on the contour r of the scatterer. Solving this
complex matrix of oTldel." 2N x 2N we can find the complex coeffici-
ents of the fourier coefficients of the Hankel function.

Once these coefficients can be obtained we can caJ.culate
sc~ttered field distribution outside the scatterer. Now we can
also calculate sce.ttering cross section of the obstacle in any

direction , f01""1 any i~1cidence an,gle of incident field \f o. The
ba.ck scatterin.g or monostatic cposs section, (T B is give,n by

, •

N .. ( /0 "'))~ -,. ) eJ Ih 1T' L - 'I' 0., 'cr ('I'
.,N+l n,;o

2 (2.15 )
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2.5 Development of the Matrix
Approximation of the ope_ratay' V over a fi.ni te r~et of points

at which the field is to be computed as lD finite diffe~ences or
approximation of the ~ield estimate as in variatiollal methods, or
in direct method, causc;::s the pl'oblc:'.Jl1to be modeled by simult~aneous

equ~tions. These equations are conveniently represented by matrices.
Basically we obtained a 2N x 2N complex matrix to solve the problem.
It was (~onverted to 4N x 4N real matrix by separating real arid ima-
ginay'y components of the foU':cier coefficients and also separE;.ting

real and imaginary part of the Ii-neaT' E~quations.

2.6 Solution of the Matrix
To obtain a sol.u.t:ion, v;e must ernploy a proces:3 that produce

-the l'1equired accllracy in a finite number of steps pepformed in a
finite time upon machines having finite word length and store. There
are various methods for solving a matrix equation in a digital
computer ..They can be broadly classified into two categories: ~irect
and indirect m~th()ds. Among the direct m_ethod~;, .tl1ere arE; (;aus sian

method,method of principal elements, inversion of matrix, square
root methoc1, scheme of Kha.le.tsky and many others. l\mong thr:~.i te-"
ratl.ve methods, V.1e can name Jacobi i terati 'le., Gaus G.-Seidel, me.thad

of successive over relaxation arid many others. For this particular
problem, the Gaussian method of ~limj.na.tion lIas been used to solve
the problem.

This is one of the most popular algorithms, a sequence of
mathematical operations~ for the solution of systems of linear
equations .It eGsists of two parts - elimination. or trajngular~iza-
tion dnd back substi tu,tion. In this method. on1y r?'.t /3 mult,ip,l.ica-

tions are required to solve a sys~em of n real, liIlear equations.
This simple pr)ocedu,re glosses OV2,1" cert:ain difficultier; -that rna.y

occasionally occur. If one of the pivots is z~ro, it j,B imposs.ibl.e
to e,mploy it in clearing O.0.La column. The curE; is to rear:cange

tlle sequance of equations such tllat the pivot is non zero . Onc. .

callappreciate that even i.f the pivot is nonzero, bu,t is very small
by cornparison h~ith o'ther numbers in iLS column ,nu.mer~.cal pr'oblems.

will cause error in "the solution be0ause of the limited word-length



TAIJLB _ 2.\

Vaxiation of Had ar', ere s:g---Secti cn with Obstacle radius

• ,~ "

N= 6 N= () N= () N= nu

Illi TO=1UOO TO=Oo 90° 0°TO= 'ro=

3.0 1,05212 1 .0')11>9 1.05135 1.03825
3d 1.0473[: 1.01>525 1.04547 1.04019
4.0 0.9y272 0.99336 0.99263 1.11lJ3C
1<.5 0,B6443 O.UGl,yl 0.061,61, 1.011,97
5.0 0.77360 0.77306 0.77402 1.0112L
5.5 1.01232 1.0114'1 1. 01029 1.03lJ70
6.0 1.71!,22 1.7140i3 1.71!,03 1.12021
6.5 2.60001, 2.60461, 2.60194 1.19100
7.0 3.16102 3.16586 3.16450 1.0793Y

7.5 3.055135 3.06151 j.Q5y63 0.70421
0.0 2.34831 2.35207 2.35059 0.30131,2

0.5 1.1,1745 1.1,1'127 1.1,1852 0.33726
0.66046 0.67115 0.6691,2 1 •.041129 ,'.'

9.0
9.5 0.2(j536 0.28520 0.211520 2.25263

10.0 0.185(;8 0.1[;114 0.10221 3.40503
10:5 0,17066 0.17099 0.17071 3.'194')0
11.0 0.11090 0.12U62 0.12017 3.G5347
11.5 0.01,7311 0.01,711 0.01,734 3.223G6
12.0 0.037G3 0.03744 0.03765 2.51173u
12.5 0.1313lJ 0.1311!, 0.13129 2.11,151
13.0 0.27720 0.27723 0.2772'j 2.011('5
13.5 0.30656 O.3L;(154 o. ')L.644 1.97112
H.o 0.42175 0.42129 0.42162 1.7fJ276
11,.5 Q.1,31,0G 0.1,3312 Q.1,3362 1.1,1172 "f, ",'.

15.0 0.512U6 0.51143 0.51231 x ,

15.5 0.70137 0.70074 u.70127 0.631,15 <
.
16.0 0.951)')1, 0.95699 0.95.717 x

16.5 1.1[;561 1.10501 • 1.lU5}5 0.1,0103
17.0 1. 31(;00 1.31571 1.31U60 0.35730.
17.5 1.355C3 1.35625 1.35564 0.26256
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( Continued )Tl1lJ1E _ 2..\

Variation of Radar Cross Section with Obstacle rU
i
1ius

IlK
N= <)
TO= OC

N= 10 N= 12
TO = 0°

3.0
3.5
4.0
4.5
5.0
5.5
6.0
6.5
7.0
7.5
0.0

9.U

10.0
10.5
11.0

11.5
12.0
12.5
13.0
13.5
14.0

14.5
15.0
15.5
16.0
16.5
17.0
17.5

0.97231
I.U(,251

1.U2730

1.02593
1.01245

G.9940CJ
O.9UOLl

1.01'31')

1.22993
1.4295fJ
1.3,,255
0.93U15
0.35043
0.06769
0.47667
1.4421U
2.58430
3.35204
').53377
3.2450')

x

2.03106
2.'dOG6

1.99925
2.93ii36
2.53604
2.025213

1.5':152(;

1.35':182

1.03/119
1.CJ4013
1.01676
0.90212
3.24[300

1.01303
1.017t.:3
1.01733
1.0U20Y

0.94510
0.')0767
1.010')1
1.331)60

1.7"-'792
1.U,)351
1.5;,425
0.7930)
0.14541
U.046G6
0.57906
1.40383
2.20679'

x

x

2.C3993

3.24370
3.60374
3.49762
3.)4540

1.89369
1.01263
1.33479
1.39450
1.40UG5
1.0C771
1.(1)40
1.()1340
1.01232
1.U2261

1.0)6'10

1.01309
(). iJ7294

O.77iJ')8

G.t.:'i271
1.37415
2.0L504
2.11Y4)().

1.62251
0.7J1)72

O.OiJ7'.i2.
O. (JI'Y52

0.1,6754
0.96042
1.27()40
1.5121[;
1.(45)0

2.78728

1.03234
1.00495

0.92494
0.95280
2.02292
1.21101
1.01794
1.00GDU
0.97254
1.()C1U6
1.02517
1.04506
1.076m
1.02883

0.84183
0.57706
0.67564
1.221)04

2.13931
3.13336
J.307[J4
2.6%29
I.G66iJ5
0.70143
0.1173U

0.0213Y
().11709

x

x
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TiillLE _2.2

Variatio.n of Uadar. Cross Section with Incidence for 1<IC=3.,N=6
ei DSC ei lJSC ei DSC.
0 1.05137 35 1.04UU7 75 1.036315 1.04936 40 1.04074 90 1.0513510 1.04115 45 1.036}[] 105 1.0366()15 1.03575 50 1.03902 120 1.0511320 1.03[36n 55 1.04675 135 . 1.0335525 1.046iJO Go 1.05161 150 1.04U1030 1.('5111 leD 1.05212

e i is the inci .Jence angle in deeree

USC is the Hnder Cross Sectio'n

T fl1JLE - 2.:3

Variation of Uadar Cross Section \litb N, for UK = J.O

N e i= ._0

ei=900li

6 1.05137 1.05135
7 1.04772 1.04551
(J 1.0}li25. 1.05251
9 0.97231 0.94952
10 1.03!l19 1.0Ui141
11 1.139369 1.19673
12 1.U3234 1.0Hl1

Hlc.iJer'lt
.N identifies Ee-S-l3 ongle and tbc linit of ilf.m!;;:.el series



T .i-lliLE -2-4
Hankel coefficients for llK=5, with inci dence ang Ie -1. radians and N= 0

Heal part InaGinary part

a 0,24900 a -0,4)2770
0al 0,49627 a-1 0.,90146 al 0,7(43) a-1 -0,13)34il2 0,11991 a-2 -OdD677 a2 -0.0)762 a-2 -0.06612

il) O,220)fJ il_3 -0,46341 ") 0,90176 a
-) -0,1304)4

a", -0.02593 a-4 -0.22695 il4 0,)5099 a-4 -0,e6ooeil5 -0,)6152 a-5 -0,11639 a 5 -0.)4460 a'-5 -0~40570il6 0,01759 a-6 -0.(79)) a6 -0,17736 a-6 -G,15972a7 0.0)451 a,-7 -0.0)701 a7 -0,0)101 a-7 -0,02799
aU -0,00001 a8 -0,00190

TADLE - ;I../,
Hankel coefficients for UK=4, with incidence angle 1. raJian anj N= 12

Ileal part IIJaeinary part
a 0,21016 a 0;41)210

0al 0,0)045 II-1 O,3551() a, 0,00594 [':-_1 -0.76379.•.a2 -0.23101 a-2 0,57003 ll2 0.69019 a_2 -0.260uo
a3 0.20782 a

-) -0,32436 il) (;,15186 a-3 -0,06419
a4 -0,400134 a-4 -0.0G092 a4 0.07390 il-4 -0.53314
a5 -0.0(1)2 a-5 -0.62012 il5 -0.W277 11-5 -0.6224]il6 -0.11700 a-6 -0.360C7 a -0.40509 a-6 -O,346M:(;a7 0,11922 a -0.16715 a -0.14979 il_7 -0.09366-7 7a O,05G90 a -0,05006 aU -0.00909 a -G. 00505e -0 -0il9 0,00919 a-9 -0.00914 a9 0,00359 il-9 C.OO)68
il~O 0.OOv50 a-10 -0,00079 al0 0.00096 a-10 a. 00104
au 0.00003 a-11 -0.00002 aU 0,00013 a-11 u.OOO14
a12 0,0004') a12 0.00002



I•
•

:"r,-. . . , ."

T ilIlLE _ 2..5

"G"eneral data for Eadar era-ss Section

lnci dent llng Ie Qi in radiansHK N 0.0 0.5 1.0 0.5 1.0- -
3.0 6 1.05137 1.04 1.01, 1.05110 1.051,72
3.0 e 1.04416 1.041,05 1.04716 1.05250 1.0/,456
3.0 U! 1.05010 1.0421,7 1.03794 1.,04318 1.01,601
3.0 16 1.12700 1.11;/,40, 1.07490 1.00700 1.040U1 .

4.0 6 0.99397 U.98li51 1.01641 0.90711, 1~Q016u, 4.0 [j 1.U3941 1.02390 1.0304<; 1.01'154 1.020CO
1\ 4.0 12 1.03060 1.031,lJ1 1.02998 1.01915 1.02392

4,.0 16 1.02450 1.02262 1.02170 1.02112 1.02651

5.0 . 6 0.77351 0.8<)965 0.73367 0.[32674 ().7112DO
5.0 a 1.01217 1.03073 1.02693 1.01550 1.02567
5.0 16 1.07389 0.906<;2 0.96068 0.66060 0.G0547

6.0 6 1.71377 1.5[; 1.60.
6.0 G 1.119G6 0.85706 0.(;59)1 0.'i6952 0.95733
6.0 12 1.01290 1.01620 0.99')64 1.U929 1.01439
6.0 1:5 1.02301 1.01367 0.987iJ7 1.02714 1.01952

\

Ill{ is tLe obstacle radi\.lS in terns of wavelenGth Ci.nd

N identifies rJ;Jsh angle and the lini t of the Hanl~el series
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2 .9 Discu~)sion

3\

Radar cross sections calculated by Direct method are very
much s~tisfactory.These results are shown in Table 2.i.Variation
of radar cross section with incidence angle is shown in Table,.2.2 ..
There it can be observed that,.radar cross sectio~ does not vary
with incidence angle which is true from th~oretical point of view.
Val-'iation of r'adar cr~ss section \l-li th the number'of Hankel series
upper limitation taken, does not vary much,which is also reasonable
for converging solutions.These are shown in Table.2.3.Converging
nature of Hankel series is shown in Table.2.4.Variation of field
amplitude and its phase angle in for different incident angles
and different scattererfs' radius are also had been calculated.
Some of these are shown in Fig.2.1 to Fig.2.4 .These results are
very much satisfactory. Varia.tion of padar cross section \-lith sca-.

tterer's radius are shown in Table 2.J,Table 2.5, and Fig. 2.5

Here it can be obsel."vedthat for largeT scatterer' s ra'dius the
resul t: is oscillating in natul"e, but when higher number of Hemkel
series was taken steady state zone increased and peak variation
reduced. But we could not calculate with a Hankel series larg~r
than 16 as the memory capacity of IBM system 360 in Statistics
Bureau exceeded.And also for higher order of Hankel functions
for smaller argument,Neumann function increases exponentially,
this .increases the error in computation because of finite word
length.Using Double Precision mode in computer this error can
be minimized,but it will require double.memory space.We can con-
clude that, within limited computer capacity and facility,this
method of finding scattered field and radar cross section for
circular cylindric~l 6bstacles is very much satisfactory.
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CHAPT.ER 3

SOLUTION OF SCATTERING FROM INFINITE

CIRCULAR CYLINDERS BY FINITE ELEMENT

AND FINITE. DIFFERENCE METHODS.



3.1 Preliminaries

Scatt'2red field and I'ctdar cross section of a. circular cylin-
drical obstacle Vi1tScalculated by different approxima-te methods .At
first, Finite element method was tried.Tben its simpli~r version
I-Jasalso tried. Next, some different versions viere initiated, one
having the Hankel variational form and other one is the concept of
minimizing energy. At last, the £ini te difference version aI-iSTried.,
3.2 Finite-Element Method

In finite element method, the differential operator equations
-which describe -the phys ical prooblem are replaced by an approproiate
('xtremum functional wh~~ch is vapia-tional foy' i:he (1<osiredquantity
and is written in Euler density form. A discretised set of linear
algbbric eq,-lations.is then derived from this variational expression.
In -this scheme of grading, a number of ve~tices is generated and a
set of field values are assigned to these vertices. Within the domain
described by an element, i:he a.ctual'field function is approxima-ted
by a set of algebric polynomials I-Jhichare. uniquely defined over
the particular element under. consideration and which are linear'ly

•dependen-t on the values of fields assigned to the vertices of the•element and which are reduced to zero outside the element.Thus,in
this method, the actual field over the entire domain is approxima-
ted by a finite number of trial sets of algebric functions which
are uniquely defined and differentiable. When the integrations in-
volved in the extremum functional aI'e carpied out over each element
separate ly, the resulting expres-sion becomes a function of the ver-'
tcx values of the fields. This is then minimised to the fields at
each of the vC.;1",tices so a.s to produce the optimum values for fields

at i:he vertices. This type of minimization genepa-tes a set .of linear
a1gebl-'ic equations \vhich can be written in mai:r1ix form.

A triangular shaped subregion or element is considered. This
typical element is described by the vertices i , j , m in cylic
order. Let ." .-,. be the values of • at tllese vertices. Over theJ_ J m
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element. 1 e' " ! 'the functional dej')andenceof 9 (x ,y) can be wri t.ten as

( 3. 1 )

of 9i,9t and 9m wein i:erms

'j""
'" 9

m

/ '\\
/ '\/' . "\

9 i L .~... ..~,~cjJ j

If ( x. ,y. ) , ( x., y~ ) and ( x,y ) are the co-ordinates of the
1 1 J J m m

vertices i,j,m then the coefficients a ,a. and a" be determined from
O.l .f.

the following set of equations.
Substituting for uo,a1 and a2

obtain

e( .9 x,Y) = 1
26

e

e , ea. + b.x + C1'Y)91' +\a.+b.x+C'Y)9'
1 1 J J J J

+( a + b x + c Y)9 e
m 111 m m

(3.2 )

\.vhe.re, a. = x.y - YjXm1 ;]m
b. = y. YmJ. J
c. = x - x j1. m

( 3. 3 )

and 6 1S the area of the triangular elernen"c.The aqua.tioD can bee
\v~ritten lD compact form using ma.trix notatio.n as :

( 3. 4 )

Appling this to wave equation and integrating over the entire
. 91

Cl'OSS sectlon
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~J(") = 2" Te(d> ' ' )
",., u U 'i"Pj,'i'me=1

= 2 ~ fl( Vt'!> 1
2

clx ely
e=1~Llel

( 3.5 )

Each element~contai~sonly three values of ~~ and
-" 'V .L

those,elements for which the vertex i is common
each (;6. common to

l

If w~ minimise the
functional J(ep) with respect to each ep. ,

l

ClJ =
Cl ,p .
l

ClN.
___l" )
Cly dx dy

EVc.lluatingthis rria'trix'equation Ive can get

S. 1 ( b:b.= -, + c,c.J.j liLl l J l Je
~e 1 1 '( Iand LIe "2 2:,r = I, 1 1 1

6 2 "2 I
1 l 1 I2: 2

irespective of the shape of the triangular elements Hhere

a,re c.e pe k 2 Fe ipe= u I'
0

ClQe
•

( 3. 6)

(I3'S )

( ;,. Cl )



"For the element number a
b1 = Y2 - Yo °2 .- " - y, b - Y - y c"0 ~ 0 . 1 L

c1 = x - x c0 - x_ - x c = x2 .. xi0 2 ,. .l 0 0

( 2 ( )2S = b b + c c - Yl - y" ) + x2- xl00 0 a a 0 L

( 3.10 )

and so on. Similarly other values can be calcula.ted.
Taking xl = R , x - R ,. H , x2 .. I~+ 2H , xl - x3 = (F+HlCos 9J0

and " = Y2 = YLJ = 0 Y3 = _.'T = (R+H)Sin G"0 Yl
Evaluating the Vihole matrix we can come to the point

14R2+ 8HR + GH2 - 2(R+H)(2R+2H)Cos BI.o + !(R+H)(2R+H)Cos G

.'(2R2 +

( 2R2 +
3RH +
5PH+

i(P+H)(2F+3HlCos B-
( 3.11)

. .
From the above equation vie can compute the field values at four nodes
in term of othe)~ q. nodes. The field values at nodes 0,1,2,3 al'e kno\.'ln

In terms of Hankel function Ivith its unknoi-m coefficients. Applying
the boundary condition to the compUted field value at node IVe can
calculate the unknolVn Hankel coefficients. Then IVith computed Hank,l
coefficients ,Vie calculated the scatte~ed field in the space outside
the scjtterer for different incidence angles and for different
dimensioQ of the scatterers.



TABLE 5.1,

Bi st"tic rada.r cross section by Finite eleIll3nt method
(5 point) with DH= .1.

TO in re.diansRK N'
O. .5 1. -.5 _1,.

6 .55982 .34952 7.9.5707 .36747 .36215

8 7.95854 7.85395 8.06007 7.94656 7.88248

12 7.99377 8.073'54

16 >,' ~~.;r" 8.86103 8.29198 8.52874

4 10.912,14.. .~.'

8 10.00994 10.86497 10.79770 10.79285 10.75671

12 10. 96'l"72 11.00184

16 11;22963 11.43346

5 6 4.92,715 4.7311 0 4.55219 5.09619 5.24127

8 4.81774

12 5.56906

16 . 4.43353 4.52578 4.97129 4.93748

6 6 10.51527 9.95465 9.26036 10.90397 11.09036

8 10.351500 10.11\840 10.04362 9.98558 10.19715

12 10•.34517 10.21554

'16 16 11.61350 10.86282 10.03122 7.75414



TABLE "'.2

Biatatic radar cross section by Finite element method

(f) Point) with DR= '.02

TO in R'ldians
RK N

O. • .5 1.. ~L•-.5

3 6 6.055t8 8.0,19.56

3 e 7.88510 7.94695 7.'96574 7.98888 7.9266.5

~ 12 7.92.596 7.86360 7.85003 7.94038
;; 16 7.91610 7.90427 7.91224

4 6 10.83409 10.78059 10.72734 10,89261

4 e 10.66151 10.61567 10.65530 10.61878 10.6.5364

4
,

12 10.72848 10.3,1698 10.25417 10.88742 10.48601

4 16 10.54366 10• .55204 10.53987 10• .51881 10• .51291

5 12 4•.83107 4.3764.5

16
,

5 4.55209 5.93521 9.52879 7.71636

6 16 10.47.573 10• .53542

, ,



3.5 Thr~e point Finite element method

Using the 'si~plemos't element,3 point Firlite element method
ha.s been tried.

(I)
, 0

4'
2

la~0 f~0}d At ~ Ono-, ....c _.~--.... '+"0' '--'

ied to any' arbitrary

point ~1and ~2 it ha~; been tried to calcu-
of its advantage would bE!that~it can be appJ.-
shaped sca"tterer most effec,tively because its

simplest shape. In this me.th()d, for' alJ: ra.dius i3lZe and incident

angle the field olltside the S9a"tterer ~lnd the radar cross sectiun
was calculBted.~len the r16~was 1800 the matrix coeffi.cie~ts became
zey1o. Fop this .J.'eason E.~Orn'2 times it \vdS the cause of large e-:eI"'OPS

Aft~.:;r sever,:.-:tl attempt, tl1(:; cO'lumn having large number or Zer()8 \ll,].S

shif-ted olltside tIle matrix tIleD to make it"a square ma"trix some
of t118 rows was deleted.

C011sidering tIle Hankel coeffici.ents as rea], ,saIne changed
method was applied to solv~ the scatteri!lg problemvln both of tl1ese

metl10ds the ITlatrix was solved by Gauss method of elimination.



TiIBLE -3.2>
Hankel coefficient for 3 point Finite Elenent nettlod, UK =6 •., N= 6,TO = .,.1.0radians and DH = 0.10

Heal part Inaginary part
a(O) 0.3039

a(oJ 0.4620a

11
o.G6713 atl~ U.3C46 0~1 -0.01137 af_lJ -0.65050 -0.2401 a -2 1.0G72 a 2 1.0903 a -2 -0.49';30 -O~ 0133 a -3 -0.2';34 a 3) .0.2005 a(-3 :"'U.1560a -0.0569 0(-4) -0.7304 a(4~ 1.00139 a(-4) -0.0022a 5) 1.2626 a(-5) -2.9551 o(':i 1.2718 a(-5) -0.61346a 6) -25.0000 a(6) 10.3850

T !IBLE _ 3.it
Hankel coefficients for 3 point Finite IUenent nethod, UK=:>,',N = 6,
TO ='-1. ()ra:JialJS and DH = 0.10

:f~~
0.1414

:fn
-0.39UO0.6037 a(-1) 1.0131 0.5730 a(-1) -U.3694

0<'1 u.0651 a(-2) -0.06uo ~g~-0.0408 rJ -0.0343

T 0.1400 a(-3) -0.509'; 0.0277 a -3) -0.9071a 4 -0.9495 af-4~ -0.4518 ari 0.3257 a -4 -0.89645 -0.7960 a -5 0.')150 :~ -1.6702 a -5 ~ 0,5398: 6) •2.0000 1.5625

T fUlW _;) 5
Hankel coefficients for 3 point Fini te Eleoent teetbod, liK=4., N=O,
TO = 0.5 radian and DH = 0.02

Heal part InaGinary part
a(o)
11(1 )
a~2)

;111
a 7)
a(o)

0.9~58
-0.01;14
-0.7637
0.034}

-0.6120
-0.0231
0.0099

-0 •.0000
0.0469

a
a( -1)
,,(-2 )

.

a1-3)a -4)
a -5)
...-6)
a( -7)

0.2U36
-0.(!l56
1.0230
0.7081

-0.3853
-0.00131
o.oom

a(o) .:I(~~
a 3n!
a(7)
a(U)

-O~0625
-0.1098
-0.3652
0.0601
0.469U
0.1900
0.0237

-0.0222
-0.1320

-0.1139
0.0463
0.2785

-0.3076
-O.324u
0.0243
a.ow6
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Rlldar CroSB secti0n, showing the effect of'~,

column h9ving 19,rgellero coefficients

TABLE 5.7

\ ','

N RK TO DH BCS Co"i>ectild BCS

6 5 -.5 ".•1 2.0.')945 1.66623
,6 5 O. .1 , 1.85886 8l:'70921"-
6 5 _1. .1 2,28696 •~8192

6 4. .5 .02 .54011 1.50908

6 5. O. .1 .54584 5.42165

6 5 '-.5, .1 4~29561 5~~5418. ,

6 5 1. .1 .47956 1.88754

6 5 .5 .1 1.11255 2.28020

6 6. .5 .1 8201.52754,

8 6.' ~.5 .1 2170.41040 12.994i2
8 5. -.5 .1 1'.26155 1.62611 7
8 4. 1. .1 1.95686 1.14512

6 4. .5 .02 1.19958 2.81145
6 5 O. .1 1.52555 1.84922
6 5 1. .1 4.12202 '.47824

6 5 .5 .1 11.80625 7.85856
6 6. .5 .1 14.87997 1. 71!'65
6. 6. 0 .1 5.5M62 .48180

L((



TABLE 5.8
-:,;

Radar cross soction, after deleting the column
having l~rge nUmer of ~eros in5 point FE Method N =6

RK TO , DH BSCL'

4. 1. _:~,',.:.•1' 4.05215

4 .5 1.47550

4 ":,5 6;11525

4 :....1 4,05415

4~ .--~5 ,.02 4,~64J2

4 1. ~02 00; 70528

6 _.1 ,02 899.'18872

6 - •.5 ~'O2 148.58515

, 6. 1. ..•.'02 5.'92899
6 .• -5 ,,02 165.55885', "

6 0 ,'02 881.87158

5 -L .02 2.59041

5 -.5 :02 5.72677

5 1. 0 .02 :51819

5 .5 ' i ' .~02 .21225

5 0 . ',02 12'.69241

.3 c1. :02 1.'74514

5 -.5 :02 2.55640

5 1. ' , i :02 1.02215

5 .5 ',' , .02 1.09671

5 O. ,.02 1:71756
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TABLE' 5.9

H'tnkel FUnction coef'ficients in 5 point FE meJtlilod,B fter
deleting columns heving l ••,rge number of zeros

for N= 6, TO= 1.mdi"n RK= 5 end DH= .02

AX(1 ) .5511 AX(12) .4674
AX(2 ) -.4212 AX(15) .5455
AX(5) .6550 AX(14) -.6854
AX(4) -.2277 AX(15) -.5595
AX(S) .2136 AX(l6) -.4084
AX(6) .0010 AX(1 7) .0048
AX(7) -.8601 AX(18) -.1261
AX(e) .H62 AX(19) .9574
AX(9) I.H32 AX(20) -.0274-
AX(10) ~; 3162 AX (21 ) -.3192
AX(II) .0083 'AX(22) -.0356

BSC = 1~02213

TABLE 3.10

AX(1 ) .2700 AX(7) -.7289 AX(12 ) .-5259 AX(18) -.4b95
AX(2 ) -.0544 AX(8) -.8987 AX(13 ) .4636 AX(19) .659':"
AX(3) -.2099 AX(9) .6315 AX(t.1) -1.885 AX(1 0) .6069
AX(,1) • 417f- AX(1 0) ;:2512 AX(15) .1016 AX(21 ) .0790
AX(c:) -.219,1 AX(11 ) :0022 AX(16) '-2309 AX(22) .00:lll
AX(6) -.0001 AX(17) -.0069

B SC = 1..09671



TABLE 5.11

ForN~6'TO=1 RK=5 DH~.l

AX(l ) .41365 AX(7) -,.8784 AX(12) .4541 AX(18) -.1099
AX(2) -.5817 AX(8) .2490 AX(15) .5552 AX(19) .9679
AX(5) .5575 AX(9) 1.1168 AX(14) -;7159 ' AX(20) -.1525
AX(4) -.2\992 AX(1 0) -.5560 AX(15) -.5269 AX(21.) -.5171- .
AX(5) .2557 AX(11 ) -.0150 AX(16) ,...4708 AX(22 ) -.0090
AX(6) .'0011 AX(17) .0464 '"

,

BSC ~ 1.05924

, "
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SCAttered Feld 'l1IlnlitUlile"nd its phAse ",ngle v",riation'ih
spAce for RK=7, N=7, TCF=90degree, DH=0.2

46

Posi tion Fi eIdl\mpli tud e Ph"s6 Angle Position FliUd Amp.>Phase Angle
7.2 2.00006 -.002 12.2 1.06480 -11. ~67.4 1.88588 3.32 12.4 1.02663 -tS.287.6 1. 7736f. -9.37 12.6 .97986 -14.68.

" ,7.8 1.65342 ,-13.19 12.8 .92628 -15.578.0 1.53: 32 -16.33 13.D .86814 -15.748.2 1.40999 -1871 13.,2 .80835 -14.98
I'.8.4 1.29281 -20.18 13.4 .75077 _13.038.6 1.18343 -20.67 13.6 .70034 ~9.698.8 1.0E'554 -20.02 13.8 .66248 -4.929.0 1.00358 -18.2l? 14.0, .64312 1.029.2 .94124 _15.39 14.2 164609 7.479.4 • P0114 -11.80 14.4 .67242 13.56P~:_6 .88371 -7.95 14.6 .71993 18.549.8 .88704 -4.36 14.8 .78390 22.0.510.0 .90690 -1.44 15.0 .85928 24.0710.2 .93800 .56 15.2 .94094 24.8010.4

1.£4'
""

15:4
97508

1.02505 24.4610.6 1.01346 1~84
1.0.8 1.04927 1.32
lLO 1.07958 .2
1102 1.10222 -1.31
11.4 1; 11565 -5.17

,
;

11.6 1..11895 -5.22

I11.8 1.11.1.52 -7.55

I
" .12,0 1.09555 • 9".49
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3.8 Han](el Varia-tional Form

We can assu~e the field variation within a small ele]nent as

Here only three coefficients are taken as for a triangular shaped
element, only three unknovlrtcoefficients can be evalua:ted.

<Ji3
This equatiori should aslo satisfy the boundary conditions on the
three vertices.

Xl = a.H (l)eHl + a H (:1)+ a H O)e-Hl1 1 0.. 0 -1 -1

f2 = a1!\ (2)eH2 '+ a H (2) +, a_1H_l(2)e-j~2o 0

Now a1 can be calculated in terms of il'~2'~3

$ H (1) -jq,
1 0

H_10)e 1

~2 H (2) -jep
0

H_l(2)e 2

~3 Ho(3) H (3)e-:i<P3-1
a. - •..,-~--_•...•.__ .,_ ...~-_.,~-~."_•...,......._,, ..~...~""-~_._~_.-.._-
1

11-1 (1)ejep1 -:i<tIH 0) B_10)e 1I' 1~ - 0, I!IHi (2)e:i<P2 'j (2) -j'h
I

H (2) I,
0 r, -1 ..e " I,

I ~ I

H_1 O)e -H3 IiH1(3JeH3 H (3) \I . 0

Similarly ao and a_1 can also be calculated



•

Once these co~fficients are calculated then field values at any,
poin'c inside the element can be ca19ulated. A prograrrune was me.de

for thi" t.rial function,ran it in IBM System 360 computer for'
some arbit.rary shaped tr'iangular element and .after' calculation

of these coefficients, field values at the middle point of the
line joining was calculated. It ;,as found that field values at the

middlepoin.t of .the line joining t\VOver'tices are depends on the
field value of tfie third vertix.This violates the implied con-
di.tion of finite element formulation, hence t.his variat.ional form

;'Jas discarded .
3.9 Minimization of Energy

Assuming the .field val°ia.tion inside an elem'ont as

E(r,cP)
2 - 2. -]'cP+ a H (lcr). + a A H (leI') e ..o 0 -~ -1

( 3 . 15

then the energY content in the element is given by

dS

..but .to J.ntegrate t.he field over the whole element of an arbitral'Y

shape;it is required to generate Hankel.functions at every points
within the element,which at present within the limited time and

facilities seems to be involved with too much labour, so this

att.empt was also disdar'ded.

!\~1 (r1,cP1)

/1\/ \
!P2(r2,yI2) I '\

1_ __.._.._ __ _ _.~
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3.10 Finite Difference Formulation

In order to obtain a finite difference expression,we express
.the scalar wave equation (2.8) in circular cylindrical coordinates
as follows

_1_ I-a- (!- .l.l-)+ a ( r a-L ) I+ k2~= r a r r ar . a.p a.p ~

(3.17)

where ~ is a function of only r and.p . In place of function f (r, .p)
we now consider the discrete values of at the mesh points only ,
and replace the partial derivatives of equation (3.17) by their
finite difference approximation92.Figure 3.2 shows the detailed
parameters involved in a five-point finite difference formulation.
Since we sweep in anticlockwise direction,the direction of increa-
sing .plS indicated by arrow. We obtain the expression for Pi' f 2'

~3 and P4 in terms of the value ~o at node 0, by means of a Taylor's
series.

T1 = Po+(LI.p)(~)6~~ (LI<jJ)2(~;~)0 +3~ (LI.p)3(:;T)0 + •••

P2 = Po+ h (~) +Lh 2(D) +!-h 3(U) + ...
ar 0 2 '. . ar2 0 3'.. ar 3 0

(3.18)

(3.19)

+ ..... (3.20)

h3 ~3:t- -( -"-'l:) +
3 3 0at <3.21)

Adding equations (3.19) and (3.21),

2 h6 ~ 6 ~
-(~)+ •...
6 I. ar6 <3.22)

Again,substructing equations (3.19) and (3.21), we obtain

= 2h(.q)ar 0
2hS tlSI( )0

ars
+ . \',\\\ (3.23)



~eglecting the terms containing third,fourth and higher order deri-
vatives which al~o involve the product by higher power of mesh size
h, we obtain from equations (3.22) and (3.23).

Similarly, adding equations

(D)
cj>2+cj>4-2cj>0

=
h2ar2 0

cj>2- cj>4
and (~) =ar 0 2h

(3.18) and.(3.20),we obtain

a2cj> 2(6cj»4 a4cj> 2(6cj»0 a6cj>
(M?" (-) +--- (-) +---(-)

acj>2 0 4 ~ acj>4 0 6 1 acj>6 0

Neglecting fourth and higher order derivatives, we have,

<3.24 )

(3.25 )

<3.26 )

(3.27 )

(acj>)2
Using equations (3.24),(3.2E) and (3.27), the finite difference
equivalent of scalar wave equation in (2.8) reduces to the following
In circular cylindrical coordinates;

h 2cj>(2+2(-)- k2h2 )
o RM <3.28 )

Anyone of the cj>'Scan be calculated from the above equation if the
remaining four neighbouring points are known,

For a circulat cylinder the scatterer perfectly match to the
inner most circle f.Two outer circles f1 and f2 are considered with
radius Rand R+h.Here the radius of the obstacle is R-h.Here fields
at different mesh points on circle f1 and f2 are known as

E l jkr= e pzp
N

H(1) (kr ejncj>pE s
)= L: azp .,.N+1 n n p

(3.29 )

<3.30 )



Fig 3.2
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P.£3

Here for thr different points p both rand m is known.So in terms. p ~p
of fields at points 1,2,3 and 0 , fields at point can be calculated.
Then applying the boundary condition on circle f,

E t = E i + E s = 0zp zp zp ( 3.30)

a set of linear equations is developed like direct. method. Solving
the matrix,the coefficients of the Hankel function can be obtained.
Once these are known,total field at any point outside the obstacle
and its radar cross section can be obtained.



TABLE 3.14

R9dar cross section by Finite difference. method having DH=~1

To inoidinace Angle in Radi'lDs.
RK N O. •5 1. -.-5 _1 •

5 6 .66637 .74261 .75854 .75829 .g5157
5 8 14.45606 14.59512 14.20975 14.24156 14.027748
4 6 26.05522 25.95175 25.88425 26.15720 26.29350,
4 8 26.59669 26.52765 26.60756 26.47516 26.54422
5 6 1?22999 12.85002 12.56574 13.64529 14.0'7411
5 8 15.950:'>6 14.00657 14.00024 14.01564
6 6 17.575 16.54 15.18562 18.18452 18.72
6 8 18.59514 18.88068 18.40151 18.05285 18!66?45

TABLE 5.15

R'ldar cro BB section by Finite difference method having DR= .02

To incidinacG Angle in Radictl1s
RK N o , .5 1. . ~.5 _1.

5 8 15.71199 15.69152 15.74122 . 15.'7'7714
4 6 24.15269 24.54819 . 24.640'75

8 24. '72987 24.69954 2~. 71091 24.67655 24.7624'7



. .

3.12 Discussion
Radar cross section obtained by Finite el~ment method are sllown in
in Table 3. '1"and 3,.2' . In those tables variations of radar cross

section are shown with respect to the scatterer'E radi~s,mesh size
incidence angle and radius increment. Finite element method invol-
ving three points had been tried also. Results obtained in this
m."thod ar'e shmm in Table 3. .Looking a'tthis i:able we can observe
that some of the results are satisfactory. Analysing the nature of the
Hankel coefficients \,e can' see that sanK> of 'the coefficients have
large values.These are shown in Table 3.3 and 3.'-1 and Table 3.:;'
Late'I" it \,,;Jasfound "that tHO columns of the total matl'1ix Here zero

or near zero. Those caused very large coefficients' of the Hankel
function. This also introduced some error in the calculation fat'

radar cross section. At the. first attempt ra,dar cross sections were
calculated ignoring the Hankel coefficients for the columns which
have large number of zeros. Table 3.i SllOWS some of those results.
In some cases results were improved but .in other cases they de~e-
rioted. In the next attempt, we shifted those columns having large
number of zeros,outside the matrix and also simultaneously deleted
two rows to have a.square matrix. Then t}18 matrix was solved. The
results obtained in this method are shown in Table 3.8 .Here some
of the results are acce,ptable.bu'tthe me.-thodis no"c Vel"y much sat-
isfactory.Ccefficients of Hankel functions obtained in this method
ar'e shown in Table 3.9 Table 3,10and Table 3.11 .Finally some calcu-
lations were done by considering the Hankel coefficients as real.
Results obtained in this method are shown in Table 3. Some of the
Hankel coefficients for each case are troubled one.Those are shown at
the righmost column of Table 3. .Fields at different points were
also calculated and those are shown In Fig.3.l .Then considering
fieJ_d varia"tion inside an elementary area as a series of Hankel
function,a new methcd VIas tried to develop. But it failed some basic
boundary conditions.Another method considering minimization of en-
ergy was thought of.But But it involved continuous Hankel integra-
tion over an ar'bitrary shaped element. Considering the amount of
labour and time.involved for this trial method it was shelfed off.
Finite difference method was also tried. Results obtained in this mett



are shmm ir. Table 3. Ilj ~

\{hen the scattel'ing obstacle I s dimension is compar'able with

its wa-,jelength i. e. in the high-fr'equency region, elec"cromagne-tic
theory appx'oach is not very much cOlwerging in natuy'e. It can be
seen In chapter 2 ,that, with increasing obstacle's radius the
resul ts "Jere more oscillating in nature. The error can be minimized
by taking a larger HanJ<el series. This is true for
methods. Finite difference method has been tried by

the apPl~oximate
118A.I1.Patwary -

using matrix of the or'der of 200 x 200 to get acceptable results.

For the present work it was not possible to solve a matrix larger
than 64x 64 as larger one exceeded the memory requirement of
the computer'l in Statisti,cs" Bereau.
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Cl-lNTER - 4

NUMERICAL SOLUTION OF UNIFORH HOLLO\;J IvAVEGUIDE PROBLEHS

4.1 Introduction
The most fundamental equations those describe the phenomenon

of electromagnetic 'dave propagation in any medium, such as.homoge-.
neous or inhomogeneous, isotropic or anisotropi.c, are the Maxwell's
equations. As a result of the rapid grOl-Jthof telecolmnunication
engineering, microwaves is becoming an increasingly important field
of study. Hodern engineering applications require a clear understan-
ding of the wave propagation i~ wave~uides of complex shapes.

Hollo'" conducting vlilve.guidesare easily analysed in terms of
tabulated functio'ns when their' cross-sections are rectangular,circu-
lar or elliptical. Exact solutions to the wave equation are possible

16in'11 coordina"te .systems where the equation is separable _However,
a knowledge of propagation behaviour and characteristics are requirec
for other-shaped cross-sections for considering bandwidth,power-
handling, mechanical and other r;asonG.All theGe problemG may be
Golved by finite difference,finite element,point matching and integ-

, . 104-10ral-equatlon approach,conformal tranGfOrmatlon and many others-
The objective of this work is to use some of these methods in

different fonn for different shaped waveguides and compare those
result,S with different paramete'rs. such as initial err,or, final errop

mesh size, waveguide size, error limitation, iterations etc.
tl r;'.. /.. Theory

We are concerned here with methods of finding numerical solu-
tions to the equation

2
+k ~ = 0 ( If. 1 )

valid. over a region E, the waveguide cross-section subject to
bou~dary conditions'

~ - 0 ( 1,.2 )
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•on C for E modes or

( 4.3 )

on,r for H modes, where R is bounded by the closed curve C.

4.3 Finite Difference Method

The finite difference method93 is the oldest and perhaps the
most commonly used -technique for the saIn-tion of boundat'y value.

prJoblems. Its application to waveguides and cavities was shown "by
94 qS '110tz , and some 20 yeaI:'s la-ter" , was used to develop 2. computer

prog:camme faT' waveguides of aI'bi trary shapes. By the use of auto-
matic mesh halving and estimation of the over relaiation factor,
the compu~ing time is quite short. Since then a lot of work has been
done using fini'i:e di'ffe'rence methods?6:-99. •

For five point finite difference method wave equation over the
w~veguide cross section is approximate~ in terms of the scalar
f. Id 'd . t . ~ b 1 h 96:18. a~ lscre--e pOlnts~ Lt can e Slown t.at ,

( 4. 4 )

In the case of nlne point finite difference method,the wave
98equation can be written as ,

8<jJ =o

8
( 4. 5 )i

For detailed discussion on fillite difference method for waveguide
problem,reac1er can be referred to the r~ferrence 96 and 98 .
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All alterna-tive and almost parallel approach to tha-l:of finite
differences is to use a continuous pieceh7ise linear apprroximation .
This has been applied to the waveguide problem by Zienkiewiez99,100
S. . 101 Al .102 d h .. 110-116 d h f 'F' .llvester ,1mea ,an ot.ers uner.tenameo~ "In.lte

. ,. 103 '1 f ,,'element' and by Har'rlng"ton , as a partlCU.1.al"' moment SO.J..utlon
using'tria~gular function', The simplest version considers field
valu~s at discrete points, regards the pcints as vertices of many
adjacent triangles and explicitly takes the field over each triangle
to be the unique linear interpolatiori between the three vertex values
This field can be used as a trial fu~ction in the straight forward
Rayleigh-Riti procedure, Field values at the vertices become linear
Ritz pa.:C'ameters,.so that the resulting eigenvalue equation has the~ .
following standard matrix fo~m :

( Lf.6 )

A and Bare both symmetric and porJitiv8-defini te ( A is semidefinite

( 4.7 )
124 'P .- ~ ,p. =

o i,cl l

modes) , so allo\oJingstandard methods of solution."
For triangular shaped elements it can be shown th~tl02

4 ~2h2 6( 6. + ~ •. )o i=l l

for 1-]

and fop squar18 mesh

8
8 tTl - I: (p, =
. 'Y 0 . li=l

8

~ 1: .'i= 5 .l
) (4.8)

To solve the matri~ problem in b6th Finite difference and
Fi~ite el~ment Gauss-Seidel iterative Inethod has been us~d.First, a
guess has been made at all vcu:,iab18sx. and successively corr'ected

l

thern,usirlg an updated estimate',just as soon as required,and variables
are immediately over~'Jritten in compu-tation.

m+l i-l a .. m+l n a. b.
1: _2..L z -=u_ rn + J_X. = .. x. .. X.l j=1 a. J ' la,. J a.

II -l :: l+ II li., ( 4.9)

with 1 < l sn , m >0, m denotes the iteration count.



TABLE !L 1

5PFD FE Tr.
N Aki ITRE ERROR ITRE ERROR

~------------

8 80 5 -.63252 11 -.65239

8 40 8 10 ~._63134

8 16 8 -.62981 7 -.62919

8 8 6 -.630n 6 -.63181

8 1 5 -.63234 5 ~.63125

8 e. 2 .1 -.62756 4 •.•82758

8 -. 8 4 -.63473 4 ~. 631 76

8 4 4 -.63632 4 •.•63262

16 160 8 -.12263 20 2.42460

16_. 80 14 20 1.733108

16 32 20 -. 02591 17 -.05175

16 16 12 _.m810 11 -.03668

16 8 10 -. 06978 10 -. 07871

16 1.2 9 -.088131 9 -.09114

16 .8 9 -.90033 9 ;.. 09307

16 • 32 9 -.09264 . 9 -. 09526

16. 160 ~ -.12622 9 -.06019"
16 64 8 -.12622 20 2.41613





. TABLE 1.-4

Effect of mesh on discreti~tional error

fa,.' rectangular "'aveguide for all four methods •.

9PFD FE Rc _E T'- 5PFD
Mec:J. i:TRE "MOR lTRE ERROR lTRE ERROR lTRE ERROR

-
1 6 _2; 5,1379 4 -2.46657 4 -2.30773 4 -2.55045
4 6 ~1.12677 5 -1..15128 4 -1.10580 4 -1015806

-:.: ~'
S 5 -,63825 5 -.64022 6 -.63335 6 -.64005
10 7- -.40891 6 -,40988 8 -.40649 8 -.401'/5
12 8 -.28186 8 . -.28575 10 -.27984 10 -.27958
14 10 -.20562 10 --29701 12 -.20121 12 -.20049

- .-16 11 -.15255 11 -.15591 14 -.i4847 15 -.15118...•. ' .'
18 13 -.11782 15 -.11890 16 :-,11091 17 . ,-,11596
20 14 -.08655 14 -.08769 18 -.08071 19 -.08427
22 16 -.06716 16 -.06785 21 -.06229 21 -.06182
221 18 -.05210 18 -.05255 23 -.0'1598 24 -.04851
26 20 -.05982 20 -.05993 26 -.05291 26 -.03364
28 22 ";:05089 21 -.02557 29 -.02591 29 -.02583
50 24 -.02291 211 -.02215

52 ~~. 26(; f;,,f;. 01515

34 'C 29 -.01213



TABLe 4.5

Convergency Wi~l iteration for different
lllitial trial values for F~ Tr method

1TM 18. 5. 2. 1• .5.._~._-_._-_._"-~-~~~----
1. 288.90063 159.33/+. 23.298 4.161 1.236
2. 144.59090 7 ;.474 6.501 .614 -.289
3. 65.90072 34.025 1.734 -.267 -.541
4, 30.20605 14.865 0.054 -,542 -.614
5, 12,81074 5. 187 - .403 -.616 -.637
6. 4,26441 1.166 7.600 -.631

7. .83998 -, 163 -.629
8. -.25763 -.528
9, -,55176 -,614

10. -.6195 -,631

11. -.63239



Convergency with j.teration{ouor different
initial trial values for XCE1~=8,Y1E11=8,mb1.

,

ITIl2: 10,0 2.0 1,0 .5 .25._-,--~~"~--'..._--~--~.~_.~.. ----~_..'~-~-_..•"--~~~---

1. 60.595 54. 147 6.293 1.1,36 .• 856

2-. .715 18.234 1.263 -.205 ~.467

3. -'.!,O3 6.555 .,..03735 -.509 ~.591

4. -.594 1.810 ., .46829 "-1605 "".627

5. -.632 0.086 -.59673 -.63.2

6. 448 -.63041-.
7. -.593 -
8. -.629 ~



Vari" tiol] <"1" "u t,,:r:r f'roguency with' channel dept;h
for,'a dC'ubl~ l'tdg8waveguide by finite eJement"
(rectangular) method. x = 16, Y = 16, W= 8 S = 1,
DEL= .9999

D IT Dev.

1 14 5.02782

2 15 6.88527

:': 12 11.52757

4 11 17.11088

5 11 25.89159

6 10 52~24516

7 9 42.69005

TABLE 4.9

Variation of cutoff frequency "i th channel width for
a double ridge waveguide by finite element (rectangular)
method X = 16, Y = 16, W= 8, S = 1, DEL= .9999



TABLE 4.10-

Comparison between four methods for the c'llCUl"tion of cutoff
frequency in GHz for Ridge w~voguide,dim8nsion in em.

Mesh

N 1,1 D Dimension 5PFD 9PFD FE Tr. EE Rc.

,16 8 1 16 1. 3657 1.3658 1.365,7 1.3660
16 8 2 16 1.4169 1. 41171 1.4169 1. 4171
16 8 " 16 1.4789 1.4786 1.4784 1.4787
16 8 4 16 1.5524 1.5527 1.5524 1.5527
16 8 5 16 1.6422 1.6426 1.6422 1.6426
16 8 6 16 107528 1.7533 1.7528 1,7535
16 8 7 16 1.8911 1. 8917 1.8912 1.8918
16 8 8 16 2.0674 2.0688 2.0674 2.0684
16 1'(]; 4 16 1.5572 1. 5572 1. 5571 1.5572
16 6 4 16 1. 5418 1.5425 1.54118 105425
16 4 4 16 1.52226 1.5235 1.5226 1.5255
16 2 4 16 1.4924 1.4954 1.4924 1.4934
16 8 4 16 17.09052 17.10860 17.08902 17. 11CJiii44
12 8 4- 12 16.95025 16.96614 16.95584 16.97162
20 8 4 10 17.15727 17.34604 17.15646
24 8 4 12 17.18698 17.54555 17.186.54
28 8 4 HI 17.20578 17.54805 17.20561

52 8 4 16 1'7.21721 17.54872 17.21684

56 8 4 18 17.22380 17.54615 17.22362
40 8 4 10 ~ 17.53168 17.23660
44 8 4 11 17.52429 17.24174



TABLE 4.11

GQmptJ:"r-ieion of .time -required
for different methods to anIV8ridge wO.veguide problem in terms

of iterotion number.

1T9 ri9'ble a
Methnds

De"th Vidth N 5PFD 9PFD FE tr FE R!",,

1 8 16 18 16 17 14
2 8 16 18 15 17 13
5 8 16 17 13 16 12
4 8 16 16 12 15 11
5 8 16 16 11 15 11
6 8 16 1." 11',.7, i. 14 10
7 8 16 14 10 13 9
8 8 16 1i* 9 13 9
4 Ie 16 16' 13 15 12
4 6 16 16 12 ,15 11
4 4 16 1tl 12 16 11
4 2 16 17 12 16 11
4 8 16 16 12 15 11
4 8 12 12 9 11 -8
4 8 20 16 12 16
4 8 24 21 16,, 21
4 8 28 26 1,9, 26
4 8 32 32 23 32
4, 8 56 30 28 , 39
4 8 40 33 45
4 8 44 .- 39 53;



1-L\

4.8 Discussion

rela-it

triangular and finite difference
but 20-30 % more than previous

rela"tively new, some times,

identical

for :tat'or.

Variational lnc"thad

The importance of finite difference lies in the ease Hith
Hhich many logically complicated opel"ations and functions may be
c1ir:;cl'e-tizec1. Oper'cltions c.lxe th(~n performed no.t upon coni::inuou.s func-

t:Lons but rathel", approximately, in terIfiS of values over a discrete
point set. It is hc)ped that as the distance between points is made
suff~i_.(~iently small, the apppoximation becc;;rncs. inCI)eaS :i.ngly accurate.

'Thc::grea.-t advantage of this approach is that operations rna_y be pE.:clu.-

cecl to simple a.L"'ithma,tic fOr'ms and then Le convenientl.y programmed

for automatic digital computation. In .short, complexity is excl1anged

tively easy to formulate the solutio!l of certain diffevential and
in"tegral equations in variational terms. The solution is found by
selecting a field which minimizes a certain iI1tegral. The integral
is often proportional to the energy COl1tained in tIle system and so
the method embodies a close coy'reSpOTldence with the real world.

Four separate method has been used "to calculate the waveguide
pr'opagation for TM11 mode in Rsctallgula,r waveguide, ridge wavegui,de
and doul:,le ridge wavegui.de ~ 1\J.1 the fOUl' methods are quite sat;isfac-
tOI'Y. Var'.iatlon of cutof.f <frequency t'li th ini tia1 values ,mesh size

has been calculated for rectangular waveguide of differen.t aspect
,I:'atios. It can be. COllcJ.uded tJJat \VhateV81' be the initial er'Y'op lI1

initial values of k 11ad been assumed, solution always converges to
the analytical solution. Effect of mesh numbers on the discr~tization
eI')ror' and it';:.:~(lation l"equil')ed is .shO'ivn in Table 1+.~ and Fi.g. i

t
.1. It

can be noticed that, increasillg tlle mesh Dtlmber the discretization
error reduces exponentially to zero. But tilne requ,ired for fine I" mesh
ppobJ.ems increases for alJ_ rnetl1cds.Comparing the four methods we can
say that discretization error for all these methods for a particular
lTIesh number are more or les8 same.In this respect they dont have any
compapable advantage over one anothel'. But I-tepa.tion or the time requi-,
red to come to a particular error limitation for finite elemen-t rect-
angular.' and nine poin~t finite diffet'c.nce at'e mar'e 01' less identi.cal.

5 poin't are more or less
And time reeF.d.l-'ed by .fin~te element



two methodSeln some cases time reqllired by 5 prD is sJ.ightly more
than FETr.Field values and cutoff frequency had been calculated for
ridge waveguide by all four methods.Variation of cutoff frequency
has been shovJn for varying channel depth and I"idth in Table-l,.!,) and
Table.4.9 and Fig.4.3.The nature of variation are identical for all
methods,and are quite satisfactory in nature.Effect of mesh Slze on
discretization error had been also calculated for all the four
methods and tl1ey have identical nature and identi6al err'or.But for
this type of waveguide, finite element rectangular method took "least
,time for computation followed by nine poin'tfinite differenc(~ method,
theh,by finite element triangular shaped element and 5 point finite
difference came out last.. 5 point finite difference takes 30~50 %
more time than Finite element rectangular method. Computer solution
vias also obtained for double ridge Haveguide and its magnetic field
distribution is shown in Fig.4.~ .

Near .singularities, such as the corners of conductors,the usual
finite difference formulas become inaccurate because of the unbounded
nature of the field derivatives ill these regions. There is a concen-
tration of energy near the singularity and any inaccuracy in tlle

approximating potential function has a relatively serious effect on
the overall energy crnoputation.By using a finely but finitely divided
graded mesh in the vicinity of the singularity, errors due to singu-
lari ty by finite difference me'thod may be reduced.

In the author's opinion, the difference between finite-element
and finite difference method is very small. One fact that comes to
light from the above analysis is that in general thos~ methods in
vlhich larger number of adj acent points are utilized for the calcula-
tion of the fields at successive mesh points , better resul'ts
are achived
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CONCLUSIONS AND RECOMMENDATIONS

Scattering of electromagnetic wave impinging Ofl an obstacle
and py'opagation of electy.'ornagnctic ,\;,Jave thpough an ax.bitX'2,T'Y sllapecl

wavegui.de have been ~nalY8ed by different num~rical methods in Iilll

cornpt~t8r sys-tl2m 360 at Burea.u of Stat:i.s-tics ,Da.-cca.

Four different metll0ds were \Jsed to solve the electromagnetic
wave propagation problems i,nrectangular waveguides of different
aspect ra"tios.8tarting Wit]l the trial' assumed values'of fi.sId dis-
tribution and propagation constant,firialfield distribution and
cu:teff frequ,(~~ncies have been computed~' Effects of assumed .tr'ial

vaJ.ues for the variation of pr1opagation constants withi.teration
(

count have been shown in Ta.bles.Effects of increasing the Jnesh

numbe.l's for the val"iation of discrletiz.a"ti.onal error ha.d been ShOifJIl

in a figuI'e.Solutions obtained by all tIle four methods have been
compared. Cutoff frecluerlcy and field variation for a ridge waveguide
have also been ealcul.Ll:tcd. The effect of inc:c'e,asing the channel
depth and width for a si,ngle ridge waveguide or for a double ridge
waveguide have been computed and tl1cse are ShOWll in TabJ.es and
also in in figure.

For the solution of elect~omagnetic wave scattering problems,
.direct Inethod has been applied to find ttle radar CI'OSS sections and
fi.eld distr'.ibu-l:ie-ns in r.3pace ou.tsidl,:; .the sca.ttepers. These pr.oblems

]12ve been solved for different incident.angles,for different obs-
cle's dimensions, and varing the length of the'Hankel series taken.
Effect of all those variations have beeJl shown in tables and in
figures.

For the solution of electromagnetic wave scattering problems;
for cir'cula~ cylidrical obstacles ,have also been calclllated by

diffepent apPr'cxima-te me.thods. As far a:::~the d1J.thop' s
d -' . t 'I . . t',' , . l' d -conce.rne ,.l"lllJ_-.e. e_..env~n-t mE? nOG nas Deen a.pp_.le. I(")r

knowledge is
electromagne-

tic wave scattering problems for the first time in this work,Its
sever~l varia-tions have been tried to solve tl:e pl'oblems.Finite
diffepc:nce m'etl1od has al~3obeen trJJ.ed for these class of pl~oblems.



toluti.OI1S obtained, for electromagnetic wave propagation prob-
lems through the waveguides of arbitrary shape and size, for all the
:fom:,numerical methods, an" very much satisfactory. Among -those four
methods, the finii.:e element Rectangula10 method requipE:S least time

for a particular problem and finite difference five point takes the
longest time for the same problem. Solutions obtained for the elec-
tromagnetic wave scattering .problems by direct me.thad were satisfac-
tory.When the obstacle's dimension was very large compared to the
wave length of the impinging wave then the results were not very
much satisfactory for the poor convergency nature of the Hankel ser-
ies.The range of satisfactory results zone can be extended by taking
a longer Hankel series. Because of the limited memory capacity of
the IB!'1system 360 computer at Bure.au of Statis-tics, the upper limit
of .the Hankel series taken was 16~For that problem, a matrix of
order 64 x 64 was solved. Si~ilarly problelDs solved by approximate
numex1:Lcal methods far electromagnetic wave scatte,Y'ing pr'oblems ,v-lere
l~nited by memory capacity. Electromagnetic wave scattering problems
were previously solved by A.M.Patwary by finite difference method
required matrix order 200 x 200 for good solutions.

Electromagnetic wave progation problems can be solvedfor TE
]nodes and higher> modes for arbi-l:raryshaped waveguide .The wave-
guides may be hollow or may befilled,its cross section may be uni-
for'm Or' ta.pered These typ8S of practical problems can be solved by
diffe:r.'ent numerical methods.

As now BUET has its own computer IBM system 370 with 160K real
store and 6!'1bytes virtual store,larger matrix problems associated
with approximate numerical methods of scattering problems can be
solved numerically. Here it can be mentioned that,Integral and Integ-
ral/Variational methods are still the most convenient methods for
solving this c.lass 'of pY'oblems.So some i~portant.works can also be
done applying .tl1ese two methods.
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