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NOMENCLATURE

: RauLlL'Oflhc 'pherc [l11j

: Rosselanu mean absorption eodfieienll-I

. Mab'l1ctic field [Aim]

, Magnelic field strcngth [_]

, T'lalclhickness[mj

Loc~l skm friction coefficient, Cjx ~ xU/flUit,= 0 r-J
: :Specific heat ~t constant prc>sure kJ/(kg.°C)

: The electron displacemcnt 1m]

: (To - ToJ! '1""

: Eleclr;" field [-]

'ne body fmce per ULlLlvol"m" [kg,mis']

: Dun~nslOnless stream funclion [I(x,I))]

: Prc"urc work parametCI [kg,mis' j

: Gmhof Number [gj3(l~ -1~)a' !~'J
: Acceleration due to gmvlty [111/0']

: Dmlcnsionlcss temperature funclion [II (x, 1) ]

,Cnmml den,ity Ikglnr'j

, J ouk healing pummeLcr [ a IJ~v Ii II! j pC" ('r;, - Y:.) 1

''; ii>': Rcfercnc~ lenglh. (V I g ) ~ Length ,c,l1"

: Length ofthc platc [m]

: Magnctic paramcter I Harlmaan Numher [ a Jie,' C' /.wl'" j [-J

, V lS~Ou"dissipation parameter [v' Jj L' c,,(7;, - T..J ][ -]

: N usscll number. Nux = - (eO lay)" = 0 [-]

: Prc,ourc [m/,']

: Coupling palamctcl', p = (K//I;:,)(o IL) d'f4[_]
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: Prandll Number [pC) 1(; H- J

: Heat generation pJlametcr lQ,L' / pC,A'" J[-]

: I Icat gcncrolion coefficient [-J

,Ral1mti,c he"l flux [w/m']

: VeIOCI!Ywctorfidd [m/sj

: Radial axis lm]

: Re}'110Id& number [UL! vJl.]

: Radiation parameter I lid '" 4Gr:Ik (", + (J, ) ][ -]

, Temperature ['K or'C]

: Temperature at oubidc ,urEace "f(he plate [oK 0'- or; I

, Tcmpcraturc of the ll",J ['K or 'c]

: T~mpcratlL[c of the solid I"K or "CI

: Temperalure a( the 'W"ll ['K or 0c]

: flULl!asymptotic lemperature, Ambient fluid lCmpCl<ltlilC ["K Of

'CJ

: Reference velocity [m/,]

: TIle tmnsp.mllon velocIty [mls]

: Velocity components [mls]

: Dimcn'lOnlcss velocity component., [-'I

'CartCllon GOOrcimdlc,[mJ

: Dimensionle" Caito, ian cOQrdinOiCS [_]
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GREEK SYMBOLS

'Th~rmal dillus,,,ily [111'I'J

, Co-eJ fLcicnt of lherm,l cxp'"sion [11K]

Magnetic lIekl ,trength [-]

: Cone apex half-anglc["]

: VCClor dlfferential opcwtor [-1

; Electric permeablhty of the medi lLtn[_]

: D,mcnsionle,s si milmily variahle 1)'''-'') (l + x r''"'" 11-1

: Thermal conductivity l\V/(Lll.oCl1

: Fluid and solid lhem",1 conductivitie, [_]

: Dynanllc viscosity lkg/(ms)]

The magnetic pemleabil ity of (h~ mcdllllll [_]

: Kincmati~ ofviscosity [n,'/,]

, Angle of lhe ,phere["]

: Dim~nsionle,s temp~rJtllre, Surface tempcmturc f-J

: D~nsity of Lhefluid [kg/mJ]

: Charge dcmlty [k!;/m' J

: Density of (he ambien! fluid [kg/m1]

; Electric co~du"tivily, S(CpIHllOll.8oiIZlll'"1 consraLllIW/{mJ.K'll

, Electric conduction [-1

, Scattering co-efficient [-1

: ShearstlCSS [-]

: Angulnr vdo~iLy [-]

The viscous energy <iL\>11'"lion lcrm l-]

Stream Junction [m'/s]
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Abstract

i-Iumerical investigatiom on (he ,!cady of two-dimcnsi(}nal maancrobydrodynamic

(MHD) natural convection t10w of un electrically conducting fluid lucb as (i) along a

vertical flal pidle and (iiJ On a 'phere arc m~de ",ilh various 110w~ondLtlons inlplicit

finite diff~rcnce method l; u;cd as numcrical lools. The govcrmng equations a,'c """k

dm1ension]ess by ",mg a new ela" oftTan"formatlon8, The dimen,ionic&, ~'1""liom Ole

lhen solved numcncally in the entirc "'gion starting liom the I(}wcrpart Ollhc plme to

thc downstream by means of the implicit finlle differcnce melhod wilh thc Kcllcr box

scheme lntroducing the suitable lransfomlations, simil"rily equations of the

momentum and energy equations are derived, TIle worb depending on V"flOU"lle""

conditions arc ~bSlraeledhelow,

Fir,t, the etfects of VISCOU,dissipallOn and pressure "tr~:;s work on maglteto-

hydrodynamic free convedion flow along a vertical flat plolc llllS been m"c"tigatcd.

Magnctohydrodynamic frec ~onvection flow and heat conduction due to wall lhickne,s

b arc comidered in the inVesligation. Numerical result, for thc vclomy profiles,

tcmperature profilcs, ski"iiictlon coefficicnt and Ihe ,urfacc telllpcmtUl~ dlSlnbutions

arc shown both on graphs and in lahulor fOI1\1for different nluCI; Ollhc pammelers such

as th~ I'randtl number P,', the magnetic paramet~r M, the ViSCOlliidiS>lp"tion pJlamelCl'

Nand thc prcosure work raram~t<:rGc ente, ing into the problem.

Second, the ~rrects of VLSCOUSJi"ipation and pr~oour" WOlk OLLlh~ lll"gncto-

hydrodynamic frcc convection flow from lhe ,crtical flal ploto wilh heal conduction and

Joule-healing dfect have bcen analyzed. The dimcnSlOnle" ,km friction co-cfficicnt

the surface temperaturc dlSlribution, the velocity d"lributlon and IllCtcmpcr~lllrc profile

over the whole boundary layel a,e shown graplucally fa!, diikrcnl ,,,lue, of the

parameters such a, lhe Prandtl numbcr Pr, the magnetic p'nnllctcr ;\1. the ,';,cous

di"ipal'On pawmeter .Iv',the Joule-healing parametc,' Jut und the p,es"mc work
paramcter Gc,

Third, the cffect of conductlOll and convcction On magnetohydl'Odyn~mic boundary

layer flow has been Shldicd numericallv. The dimensionless skm fricnon co-efficient,

the surface tcmpcmture distribution; thc velocity and tempelJtllrC protilus over the

XXVlI
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whok boundary layer arc displayed graphically fm differcm "dlLe, of the r"W111~lC1S,

The skin-fnction and surface temperature distl'lbulion, [Orealoo Ohl"Lnc<land pLncnt~d

in tabufar form,.

FQunb, wc dncnbe (he prc",ure work and vi,cou, dissipatiQJl cf!Gcto wIth

magl1etohydrodynamic natural CQnvccllQn flow over a sph~rc 111presencc of heat

generation, Thu natural convcction laminar flow from a 'phere iL11lllCrsedill a ,i,cous

Incompressible optically thin fluid in thc prc,ellce of hcat gcn~rahon effect l1a5 bccn

investigated. Here, the [lltention is focused on the evoh,tion of tbe sheal 5trcss In t~nns

of local skin flLCli,," and the rate of heat transfer in t~rms of locaf NlLssclt number,

,elocity profiles "s well a, temperatun; profLle\ for SOme,elected vahLC>of par"m~t"' s

,et consisting of h~at generation parameter Q, magn~tl~ parametet' ,1.1.p[~"urc '«)L'k

parameter Ge, vi"cous lhssipation parameler N and the Prandlt numher PI".

Lastly, the conjugate stre" work and magncwhydrodymmic cff~d, on natUl~f

conVeCtIOnflow ovcr a ,plwre in p,esenee of heat generation and md"'llon ale studied.

Here the c;olution of the surface shear stres; m t~nm of focal skin fndlon and the latc

of heat tramfcr in terms of local Nus,e1t number, velocity di.,tribllt'Oll no well "s

femperature distribution for a selection of paramete[l set con,mlmg of heat gcneration

parameter, magnetic paramner, the viscous di"siplltlOn pal~l1letcr, fhe prcssure w(}lk

parameter, the radwtion parameter, the surface tcmperature parameter and also the

Prandlt nlLmberPI' arc focu,ed.
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1,1 Introduction

CHAPTER 1

The problems of free convectIOn boundary layer flow owr or on bodLe, of various

shap~s have heen (h,eussed by many rcs~arche'8, l\"ulural con~ection hC~1 lmnsfer

g"llled considewble attention because of its numerou, applications III Lbe a,eas Qf

energy conscrval,ons coolillg of electrical ond eledronic componcnts, desig,n of oolar

colleclors, h~"l exchangers and many Nhers, The main dLflieuhy III ,olvil\g Mwral

convcclion problems lies in lhe delerminalion of the veloc'ly field, which greally

influences lhe hcal lramfer Pl'OCCSS,Gebhart (1%2) shown thaI the vi,eou, di%ip~tion

effecl plays an imporlant ]Ole in lwtural convcclion 110w_\Nith thi" umjelStandillg

Takh~r and Soundalgekm(l 980a) sllLdie<llhe effects of vi,com and Jouk heatmg on th~

problem posed by S)lal'l'OWan<l Cess rCl96la), (1961b)], using lhe ,e,ie, expansion

metllOd ot'Gcbharl (1962)_

TIlC study of the flow of electrically condu~lmg; fluid in prcsence of magl\ellc lidd is

impOltanl from lhe lechnical point of view and such types of problem, ha,e receivcd

much attention of many researches, The tcnns magnclohyJroJynamics,

hydromagnetics_ magnclogasdynamics and magneto-aero<lynamics, all refer lo tbc

braneh of fluid dynamics that deuls w,lh the motion of electrically COndu~ling;fluids in

pre,cnce of electne and magnetic fields. The interact,,)]] of" magnetlC [id<l and the

moving eleclric charge eon-icd by 0 flowing nuid induces a force, which lu"d, to oppose

the flu,d velocity .•••.hich is very omall so that the magnelic f()I"eeproportional 10 [il~

magnitu<le of the lOllgilu<lmalvelocity aml ading in the 0PPOSliC<l,rectioll is also vny

small, Consequently, the influence of the magnetic field on the bOllndary layer is

exerted only lhrough induced forces wllhiu the boundary layer itself, Wilh nOadditional

effecls ari,ing from thc [re~ ,tream jlleSSUre gmdicnt. In this work, implicit finile

difference method has bcen adapled to obtain lhe solution for lh~ lmnsient MHD

incompre"ible flow along a vertical nat plate w,lh heul conduction and :V)HDnatural

conveClion now over a 'ph ere.



1.2 Prescnt problems
Therc mc many Ilaturul convection problem, in the branchc, of ;Vll-IDfields ,uch a,

vcrtical flat plate, indined flat plate, porous flat plate, cylindrical cross section. circular

cone, perm~able c;rcular cone an,l "vcr a sphere. The fcllowin&s two basie prohlcms fOI"

difT~reJltcontlguratLonmc con"idered.

I. Conjug~te effects of stress worl alld he~t generation on ,\hgnetohydrodynamic

free cotlvectio~ flow along ~ vcrlieal flat plQle with Joule heating and h~"l

conducl;on. Tile now cOllf'guration and the coordin'ltcs SYSl~l1lare shown in

Figurc 1.1

Maenelio and Toule heating dice"

Uppe,
.,"rfooe

x
~,,

inlul""

l'(X,O)

I iC<ll genel aLLon dlCol

•

y

Figu rel.l: Physical configuration and coordi"a(~ sy,tcl11

Steady lwo dimensional laminar free conveCtion boundary layel' 110" "r a ViSCOll,

incompressible fluid along one side ofa semi.infLnite vertical flal plat~ "flhickllcss 'I;"

insulated 011tile edges with lcmpelature {t. \vhere U and V are the vclocily component~

along lhe X and Y aAi, respectively, Tis lhe temperature (\1'the fluid in the bOlindal'Y

layer, To is (he (~mperature of the plate in the boundal'Y layeL',g ;s lhe a~~dcrat;on due

to gravity, b is verlical flat p!a(c ofthid.nc;;, k, is the lhel'lllal conduct"ily "f fluid, K, IS

the thermal conducti, ity of the solid bod). r(X,O) is (he unknown lell,pC'-'llur~.



2. Conjugate effects of stress work and magnClohydrodynamic nattl,.~1conveelion

flo", over a sphere in the presence of heat geJl~r,llionand ,"di~t;on

Magnetl' effcc(

"~
T,

0, 9
.~

"""

).1"gnctic cIrce!

,

a
Xla Tw

Rau,aLL"" dkcl

y

o X

Figure!.!: Physical model and coordin~te system

;-:~tural con,eclion bOlll1daryI~ytr flow over a sphere of an electr;cally condllcting and

st~ady two-dimensional viscous incompressible fluid In prc.\cnce of stlOng magnetic

ticld and heal generation is considered. II is assumed that the ,urrace tempel'~tlIrCof lhc

'phe,"" i, T" Whcre T,.> T",. T," is the ~mblent t~mpcratLL,-eQfthe fluid. Here a i, the

radius of sphere, r i, lhe radial di,tance from the sYl11l11etlieal a"is to the surface of the

sphere, g i, the acceleration due to gravity, T is the 10cJllCmpcralure. Xla;, (iw nngle
oflhe sphere.

1,3 Lilcrature review with MHD no""

Free co",~~li()n flow is often eneou~lcred in cooling of nuclear reaclors or in the stlldy

of thc ,tfllcture of stars and pianels. Along With the rr~~ convection flow (lie

phenomenon of the boundary laycr flow of an electrically conducling: fluid 10 a

vertically flat plate in the presence of Joule-hcating, magn~lic field and heat gellemlion

arc abo very common, because of lheir applications in nll~kar engineering in

conneelion "ilh the cooling of reaetorl.

Magnetollydrodynamies is lhal bra~ch of continuum mechanic, lhal deal> with the

flow of electrically conducting fluids in electric and magnetic flcldl. Probably the

largest advance towards stich phenomen~ COmeSfrom the field of ~s!ropll)'SLc,.II has

long been su'pected lhat most of the maller in th~ lI~ivc"e i, in the plasl\lJ Or highly



ionized gaseous state, and much of (he basic knowledge in thc ~r~a of dectromagnetic

fluid dynamics evolved from these ,mdies M~ny ""IUlUIphenomena and cngjn~c]'i,,~

problems are Susccptlble to MHD mmlysis. Jt is \Iscful in ",trophysics. Geophysicists

encounter ME]) phenomena in the mterac(iOll5of conducting fluid and magnetic rield5

that alc present in and "round heavenly bodies, Engineers employ MHD principles in

the de,ign of heat cxchan!;er" pumps and flow meters, in spacc "dude prop"lsion,

control anti Ic-entry, in creating novel power gcncmtmg 'y,(em" and in developing

confinement schemc, [or controlled fusion.

The most important appliealion of MHO i, in the generation of ckctric"1 powe, with

the flow of an electrically eonduc(m!; fluid through a transverse magnclic field,

Recently, expenment, "ilh ionized gases havc been perfOllned with tilC hope of

producing power of a large seale in stationary plant, with large magnetic iields,

Cryogenic and sl,pereonducting magnets are requircd to produce lhese very large

magnetic fields. Gcneralion of MHO power on a :;mal1erscale " of ll1t~re,t for 'pace

applicallons.

To convert the heat energy into elcclncily, several intermediotc transformlltion, ar"

necessary, Each of thcse steps meanS a 10>5of energy. 'Ihis natma]]y limits the overall

efficimcy, reliability and compactness of the convcrsion process. Method, of direct

conversion to encrg} are now increasingly receiving aUention. Of (hese, the fuel cell

converts the ch~mi",,1 energy of fuel directly into dc~lflcal encrgy, fnsioLl ene'gy

ntilize, the energy released "hen 1"0 hydrogen nucicl fuse inlo a heavier OLle,aLld

thermo-c1cctncal power gene,ation uses a thennoeollpk Mugnetohydldynamie power

gcncration i, another important ncw proccss that lSreceiving WOlldwide altenlLon.

Han cnrrent problems

The principles of magnetohydrodynamics could be ulilized in a )llactical way to p"mp

liquid mctals in pipes. The immmence of hypersonic and space 11ight to stlmulalc gfe,1t

interu,l in this field was pointed out by Hartmann (\937), The eum:nl tr~nd for lhe

aprheation of magncloDulddynumies 's towards a strong magnetic t1c\d (so that the

\nnuencc of electromagnetic force is noticeabl~) and towards a low dcn,ity 0r'ga" (<tLch

as in space fl,ghl and in nllekar fnslOn wscarch), Under tbis condition the \Iall CUllent

and ion ,lip bccome imporlant. The history of H"1I e[f~cl begins in 1879 when Edwin

"
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H, Hall di,covered thal a ,mall tr,msve"e voltage appeared across a cunenl-cnn)'ing

thin metal slnp In an applied magnetic field. Unlil that time, ckctricaIll1easuI'Cm~nl,

provided only the carrier density-mobility product and the separation of these two

important physical quanti tie, had to rely on other difficult mea,urements. The discovery

of tile Hall effect removed lhi, difficulty. Development of\he lechnique has since led io

• mature and practical tool, which today is u;cd routinely for le,ting the c1eotric,,1

propertIes and quality of almost all of tile scmicond"clor mate, ials u,~d by indu,try

The importancu of the Hall effect, is underscored by the nc~d to determinG accurately

Carner density, c1cclncal resi:;tivity, and the mobllity of carries in semiconductors. The

Hall effect pmvide, a relatively ,imple method for doing this, Be~alLse of its simplicl!)',

low cost, and f~st turnaround timc, it IS an indispensable characteriz~tion technique In

the ,emicondllctor industry and in research laboralories. In a r~~cnt industl'lnl ,urv~y, it

i, listed a> one of the most-commonly used characterization (Jols. furthermore, ("'0

rece~t Nobel I" izes (1985, 1998) are based upon lhe Hall effect. EITCClof Hall curwnt

on the hydromagnelle free convection flow for various ,hal'e have been m.-estigatcd by

Pop (1971), Hossain el "I. [(1987), (1988)] and lila (1991),

The equation of electric currenl densi!)' may be deri,'ed from the diffusion velocIties of

the charge particle:; [Hughes & Young (196(,), Cramer & hi (1974), Pai (1%2) and

Shcrchff (1965)]' Thc major forccs On the charged parhele, arc electromagnetic fO(~C:;,

If we consider only the elcotromegnc!te forces, we may oblain the gencralLzed Ohm's

Jaw, However, lhc deduction from the diffusIOn velocities of chargcd par!lck,,, morc

complicated than the generahzed Ohm's law, When we apply dCCllic fLeldE, t1wrc will

be an electric current in the direction ofE. If thc mab'llctic field B is perpendicular
- - ..

toE, there ",ill be an c1ectrom~b'lletic forc~ J 1\ B which is perpendicular to both B

andE. We have a new componcnt of electric current densi!)' in Lhc direction

perpendicular to bOlh E and jj WhlCh are knowtl as Hall current, dL!>co"crcd by lbll

Furthcrmore, the ma"c, of ions and elechon:; arc different For Lho same

e1ectromUb'llelic fOlce, the motion of ions is different from that of (he dectwllS. Usually

the diffuf>lOnvelocity of e1cctron, is much larger th~n that of ion., !'rom (he magneto

fluid dynamics approximations, we may consider that the electron cu(']'Ctlt dcn,ity is

detem,illed mainly by the diffusion velocity of the electrons in plasm". However, wilcLl

•
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the electromagnetic force is vcry large (,ueh as in a vcr)' ,trang magnetic lield), the

diffusion velocIty of ions may not be negligible, A steady two- dimcnSl0lt~1 ,\lHD free

convection ""d mass tran,fcr Dow with Hall clIneLl!, V;SC(lU, dis,ipation "nd Joule;

heating of an clcclncally conducting ',,,cou, incomprc,,,ble fluid PUSI lin infinite

vertical poro,," plate with w~l1 tempe,aturc ~nd concentratiOLl wns ,ludied numel'ically

by S~tt"randMa1cquc (2000).

Verlkal fiat l'latc problems

The problem of jree con\'ection wlth variable prop~rlles about an i'Olhenllai vertical

plate was ~nalysized independently by Van Driesl (1951), Sparrow (1956) amI Sparrow

and Gregg [(l95G), (1958)]. The effects of magnetic field On the free convection heat

tran,fer h""e been studied by Sparrow and Cess (1% Ia). 1'001, (I % I) invGsligated tile

laminar natuml convection flow in magnctohydrodynanllC>. The laminar naillral

convection boundaty layer Ona horizont~l circular disk was analyzed by Zak~rullah and

Ackroyd (1979) taking account of propcrty variation in Ihe fluid. Alam (1995) m his

Pil,D. thesis srudied the clfccts of Joule he~ting on the unstcady MHD free convection

and mass transfer flow with Hall currenl of an elcclrically conducting YlS~OLL.'

incompr~o"ible fluid past in accelerated mfinite vcnienl porous plate with lime

dependent wall temperaturc and concenlra\ion, Unsteady free convection intcmction

with thennal radiallOn in a boundary byer flow past 0 vertical porOll>plate has bccn

shldled by Sattar eI "I, (1996). Zakcrullah and Malequc (1996) investig~t€d the laminar

combined eonVCCllveflow about a veltieal inclmed surface, The steady mngnclo-

hydrodynamic boundary layer now due (0 an infinite disk rolating with a uniform

angtllal' velOCItyin the presence of an axial magnetic field was invc,ligated by llassan

and Hazem (1997), They neglected the induced magn~llc field bnt consid~rcd ihe HajJ

current and accordingly solvcd the steady statc c'luations numcl'Lcally",ing the finite
difference approximation

On srudying the li\emlme of lamin~r boundalY laycr natural convection flow" it i,

observed thol a little attention has been paid 10 include both viseolL~dissipation and

pressure work effects in energy equation. In eonvenlional analysis bOlh effect5 arc

gen~rally ignorcd. In view of the above point" it appears 10 b~ inevitahle Ih~l we

consider lhe fluid to be of vanuble properties and that the necessary state and lramr0L1

propertics be cxamined with some CarC.In the presenl investigation lhe fluid, ,;llLd\~d



arc taken to be either a themlally and calorically perfect gas undergoing small changes

in temperature and pre••me, Steady and transICnt free convcction of "n electrically

condncting flmd from a vertical plate in the prc.cncc ofmagnctic field hno been studicd

by Gupta (1%1). Braun el al (1961) invcotiga\ed the frcc convection similo",ty 110''''

about m'o-dimenslOnal and axi.ymmetric with closed lowcr end" Usually ,n thc

dIscussion and analysi, of natural convection flows, pressure and viseQUSstress work

effects are generally Ignored. However, the influence and importance of viscous SlITs>

work effects in laminar flows have becn examined by Gebhart (1962) and Gebhart and

Mollendorf (1969). In both of the invcstigation", special flows O"er semi-infinite l1al

surfaces parallel to the direction of body force were consldered. GebhJr( (1962)

considered fiow, generated by the plate surface tcmperatures, wl,;ch vary '"s pov,ers of

.; (the distance along the plale surface tram (hu leading edge), Cramer (1%3)

inveatigated the several magnetohydrodynamic free convection solutions. Themml

convection in magnetohydrodynamie, has been studicd by Sing ci ,d, (1963), Gcbharl

and Molkndorf (1969) considcred flows genelated by plate surface temperature" "hich

vary e"ponentially in;. Here the ciIccb of pressure nnd Vi,COU5stless work ar~

retained in lhe energy equation, Ulck el at. (1968) imestigated the laminar free

convection from a dOMlward projcelmg fin. Nanda el "I, (l971l) sturlicd tk

hydromagnelic free convection for high and low Prandtl numbers. Kuikcn (1970)

studied the problem of magnctohydrodynall1ic lice comectiOll in a strong: cros.,flow.

Zakelullah (1972) considered thc pressure wOlk and VI,COlL'v,ork terms for the axi-

.ymmetric natural convection flows. Compres<ible and incOlnpressihle now, of v,lriuus

shapes have been studied by [Chen et aL (1956), Hansen (1964), Loyd el al. (1970),

Clarke (1973), Chao ~I a/. (1983), Nicolas eI a/. (1993) and Ganzarlli "I a/. (1995)].

Ackroyd (1974) dlscnssed the effccts ofbo(h viscou, and prcssmc stress work in nanlt'al

convection flow on fiat plate surface. Magncto-hydrodynamic f,ee convectIOn "boul a

semi-infinite vertleal pbte in a strong cross-field has been studied by Wlih (1976)

Clllda et ,,1. (1976) investigatcd thc effect on COt~ugJte hcat (ran.,fcr by vectorial

dimensional analysis. Many expenmental and theorctieal works on combincd effeets of

mab'lleto-hydrodynamie (MHO) free and forced comedion boundalY lJyer /low are

done but only a few works considered the conjugate p]()blem Miyamoto el al (l~80)

studied the effect ofaxial heat conductioll in a vert;eJl flat plate Ollfrce eonveclio~ h""t

transfer. Takhar and Sonndalgebr (l980u) ,tudied the effects of V;'"OU, und Joule



heating On the problem posed by Sr~rrow and CO" (I % l), using the ~cri~;;expansion

melhod of Gebllart (1962). Momenlum Transfer in Boundary I.aye," ha, been d'ocuo",d

by Cebeci & BradsllOw (1977), Chen <:1a{, (J977) ,11Id'Cd lhe elicet of mixed

convection in the boundary layer flow on a horizonlal plate, Takhar and Soundalgckar

(1980b) studied the dissipation effccls On MilD frce convection 110w pa8l a semi-

infinite vertical plale. A trallsfonnation of the bounda1)' l~yer equations for free

convCCllon p"t a vertical flat plate with arbitrary blowing and 'Wall tempcralm~

variations has been discu;sed hy Vcdhanayagam d "I. (l9g0). Joshi "nd Gebhart (l9S1)

shown that the effect of pt'csi>urestre,s work and viscous dis,ipation '" Some natura]

eonveetLon 110'Ws Curle (1981) investigated the <ie,dopmcnt and ,epalation of a

laminar boundal)' layer now with an exponentially lllcreasing pr~"ure gradient. Vafai

(1981) studied the bound~ry and inertia cIT~ct, on flow and healtmnsfer in POroliS

media. Rapti, and Kafou"ias (1982) have inve,tigatcd the problem of

magnetohydrodynamic lice convection I1[)Wand maS> transfer through a porQ1JS

mcdium bounded by an infinite vertical porous plate with constant h~"l flux lIeat and

mass transfer for narural convection in a porous medium studied by Bcpn el al. (I 9R5).

No'ember e1al. (1987) studied the narural convection in a reClungular enclowrc heated

from below and cooled along One surface. Poui and Lupo (1988) invcstigJted the

coupling of conduehon with laminar convection along il flat plate, KlLlnan el a{, (1990)

studied the effect of nalural conveclion in porous media above a Ilcm hormmtal unifoml

heat flux surface. MOl'eover, Hossain ~I "{, [(l990), (1997), (1998)1 discussed the hath

forced and free convectlOn boundary lay~r flow of an electrically condllcting l1uic1,n

presence of magnetic field. llOSSUlll(1992) analyzed the vi,cou, and Joule hcatlllg

effects on MHD free convection flow WIth variable plal~ lempe,allLrc, V"J",ve1u and

Hadjinolauo (1993) ,tudied the he"l transfer charaoleristie, itt the ,"minor bOULldar)

laycr of u viscous flUid Over a stretching sheet with visco", di35ipati01) or frictional

heating and inlernal heat generation. Unsteady hydromaglletie free convection flow

with Hall curl'cnt mass transfer and variable suction through a pnrous medium near an

infinite vertical porous plate with con,tant heat flux ha, been .,ludicd by Satmr (19'J4),

Pop ~I al. (1995) investigaled lhe conjugate fre~ convection on a vertical sUll"ce in

porous medium, Thc effect of tcmpcmturc dCl'cndel1t viscosity on the rr~~ cOll\'ecti\'c

luminat' hound"ry Joycr past a v~rtic"l isothcrmal flat platc has bc~n discu"od by

Karou»;", el al. (1'J95). Heat and mas:; tra",f~r flow with (hcrm"l diffusion hQSb~m

dIscussed by Alam (199S), l\umerieal studied of various flows have becn inv~;;llgated



by [Nachhtshcim and Swigcrt, (1965), Keller cl al. {(lnl), (1972)), Kellc,' (1978).

Soundalgckar el al. {(1980), (l981)}, Shiralkar (1982), Ccbeci and Bwd:;how (In4),

Kafoussius el al. (1988), Chmm (1998) and Al-KhawaJU eI al. (1999)]. Moreover.

Hossain el al. [(!990), (1994), (1996), (I997b), (1998b), (1999)] discussed bolll rorc~d

and frcc convection boundary layer J10w0 f an electrically CQndllctin!;fluid Lnpresence

of magnetic field. Velusamy cl al. (1998) inve,tigated the laminar nawml con\'ectiOIl in

an enclmure formed by non-isoth"ffil walls, MHD free com'eellOn flow of v'seo-clastic

fluid pa,t an infinite porous plate wns investigated by Chowdhury and 1;;lam(2000).

Numerical solution of MI'ID free com'eetlOn and moss uan,fer flow wilh Hall current,

vi,cou" dissipalion aod Joule heating have been invcstigaled hy S"tmr cI al (2000).

Also the effects of the conjugalc conduction-natural convcction heat \Ionsfcr along a

lhin vertical plate with non-uniform hem generation have been studied by Mend~z and

Trevino (2000). Elbashbcshy (2000) also di,cusscd thc efTect of fl'~c convection now

with variable visco,ily and thermal diffusivity alon!; a ve,tical pbte III the pl'esen~c of

magnetic field, Alarn el ai, (2001) studied the analytical solutIOn of the fr~e ~onvection

and mas, tratlsfer flow with thcrmal diffusion. Khan (2002) inv~,tigated thc conjugate

cffect of COnduclionand COnVCCllonwith natural convection flow from a vcrlical fbt

plate and in an inclined square cavity. Ramadan et al. (2003) ,ludied the effect of

hydromagnellc free convcction of a paniculate suspcnsion from a perll1eable mciincd

plate with heat ab:;Olplion for non-uniform particic-pha,e den5ity. El-Amm (2003)

studied combined effect of vi,cous dissipation and Jou1c hearing on MHD forccd

convection over a nOn isothermal honzontal cylindcr emhedded in a fluid snlural"d

porou, medium. Finite difference analysis of un,tcady nalural convectiol\ MI.JD flo,.

pa,t an inclined plate with vanablc smfacc hcat and mas> flux hu, bcen invc,tigukJ by

Gansan el ai, (2004). Molla el al. (2004) also discus,;ed the problel\1 of natural

convection flow along a \'crtlCnl wavy ,urfacc with nniform surface lemperalUl'e III

pre,ence of heat generation I ab,orptiQn. Shariful (2004) in his !vI. Ph,L thesis

investigated thc Thermal-Diffusion and d,ffuslOn lhermo ~ffccts on

m"gnetohydl'Odynamics heat and mass transfer. Ettecls of .i,cous diss,palmn and lou Ie

heating On magnetohydlOdynamic hiemenz Dow of miempo!"r fluid have b~cn

investigated by El-i\min el al. (200S). Umavalhi ~t ai, {200S} st"d,~d m"gneto-

hydrodynamic mix~d convection in a YClticalchanl1CI.AlllLllel "I. (2006) invc,ti!;a(cd

the eltcct of pressure slress work and viscous diSSIpation in nahlm! convection tlow

along a vcrtl~al flal plate with heat conduction. Combined effect of viscou, dissipalion



aml Joule heating OLllhe coupling of conduction and frue convection alons a vertical tht

plate have been studied by Alim eI al. (2007).

Over a sphcrc, cylindcr and conc problcms

Theoretical studies on laminar free convection ilO\" on ox,,,ymmetric bodies hav~

reccived wider aUenlion, especially in case of non.unifonn surfacc klllp~mlum and

surf"ce heat tlux dlstnbutions Merk ""d 1'1ins (\954) dncl0l'cd the g~ncml relatiollS

for similar 50]"l1Onson isothcnnal axisymmetne fonns and ,how~d thal for the 110w

past a vertical cone has such a solution. Braun el al. (1961) con1ribllt~dflee con\'cction

simi]"nly flows about two-dimensional ""d axisymmdric bodies with closed lower end

for which similar sol"hons exist, and used an integral method to pn:l\'lde heat t,-ansJi:r

l'esult, for these and the cone over a wide range of Prandtl number. In the abov~

inl'c,tigation, the authors oblained the ,csullS by numel'ic~l illt~gratioLl of thc

differential equations for n"id having Pl'andtl number 0.72. The similarity sohllions for

fTee convection from the vertic"1 cone have b~en exhaus!cd by Hering and Gl'O,h

(1%2). They showed that the sllnilarity sohlllOn, to the bounda'}' bye, equation, for a

cone exist when the wall temperatme distribution ISa power functiol1of distance along

a cone ray. [n their paper they presented result, for an isothermal surface as well a.1fm U

surface maintained at a temperatul'e varymg linearly wnh the distance measured from

the "pex of the COnCfor J'wnd!l numbcr 0,7, Hel'i"g and Grosh (1962) stlldied tile effect

of laminar free convection from a non-isothermal cone Hcri"g (l%5) also inveSligated

the laminar free convection from a non-lwthermal conc at low Prandl1 numbers, Roy

(1974) has llwestigated lhc flee convection Over a slender vertical cone at hi~h Prandtl

number,. Laminar free convection from a vertical cone ",ith uniform surfac~ heat flu,

and blowing and suction havc been studied by Lin [(t976), (\ 988)] and Merkin [(\972),

(1975)]. Steady slate heat transfer within porous medium with temperatul'G-d~pendent

heat generation bas been investigated by Moalem (1976). On the othcr hand, lhe

analy",s of mixed forc~d and free COT1\'.etionarouLlda sphere wa., disL,,%~d b},Chen

and Mucoglu {1977}, 1\" and CllLOU(1979a) studied Ihe effect ofs1cl1(icmc;s on!lw

natural eonveclion flow over" slender lrnslum of a cone, The problem of natural

eon,eetion flow over a fruslum of a cone wilholll lransve'5e eurvalure effect (i,e., larg~

cone angles when the boundary layer thickness is small compared wilb th~ local radius

of the cone) has been treated in the literalure, even though lhe plOblem for a full cOile

has been considered quite c>.lemively by Sparrow and Guinlc (1968), Lin {I91(i),



Kuiken ( 1968) and Oo,lhuizcn nnd Donald,on (1972). Cheng (1982) studwd lhe effects

of mixed convection about a hOTIzontalcylindcr nnd " sphmc In a t1uid-outum!edporous

medium. Latter, Na and Chiou (197%) &\udlcdlhe laminnr natuml conveclion no" o'~[

a frustum of a cone. In lhe above investigalions lhe wall tcmpcmlure as ,"ell as the wnil

heat flux ,"ere considered constant. On lhe other hand, Alamgir (1979) Il1\'estigal~tllhe

overall heat transfer in laminar nalural convcction flow fTOmvenical cone, by using lhe

integral metllOd,Natural eonveclion from a semi mfinite plate inclmed at a small angle

at thc horizontal in salmated porous medium ho, been smdied by Ingham el al. (1985).

Huang and Chen (1987) investigated the laminar free convectIOn from a sphere wIth

blowing and ouction. Moreover, Hossain <:1al. [(1997a), (t 998,,)] discussed hollt ["rced

and frce convection boundary layer flow of an eleotrically condlLclLngrhLidin presenc~

o[ magnetic field. Jha (1991) imestigated MHD unsteady mixed ~onvcction tlow

through a powus medium. Mnleque (1996) studIed the similarity ;olutions of comhllleu

forced and free convection laminar boundary layer flows in cUl'viIincar GO-ordinates,

Natural convection flow of a viscous fluid aboul a tmncated COnC"ith tempel'ature

dependent viseo,ity and thermal conduc~vity have bccn inve"tigatcd hy Hos,am eI a/.

(2000), Amon!;st them arc H\lang "nd Chen (1987), l\azar el al. [(2001a), (2002b)j,

considered the fl'ee Conv"ction boundary !ayel' on an iSOlhcTInalsphel'e and On an

isothermal horizontal circular cylinder in a mieropolar fluid, The mln-uniform S\l1'j),~e

temperature and non.uniform surface heat flux ovel' a free convectioo fmm a vcl'tic"l

pemleable circular COnehave been invc;lig"ted by Hossain and Paul [(200 la), (2001h)]

Namral convection flow of a viscous incompressiblc fluid in a rectangulm porous

medium e"vity heated from bclow has been studied by H055ain <:1ai, (2003). Ho"ain CI

al. (2004) investigated conjugate effect ofheut and mass transfer In nalmal convection

tlows from an isothemlal sphere wl\h chem;cal,eaction, V~r}' recently, J.lossmn eI al.

(2004) sludied the CODJ\lguteeffect of1,eat and ma" transfer in nahl1,,1~onvection flow

from an isothermal sphcr~ for temperamrc depcndent thennal conductl \'lty and radiation

effect respectively. Molla el at. (2005) studi~d the effects of magne\ohydrodynamic

natural convection flow On a spherc m presence of heat generation.

Magnctohydrodynamic namral conveelion flo" 011a sphere "ilh uniform heat flux III

prescnee of heat generation has been imestigoted by Molla el ai, (200G). Pressure wurk

effcct on n"tural convection tlow from a veltical circular COncwith suction and \10n-

unifOl'lll surface temperature have bccn discussed by Alim et {ii, (200G). V"C(HL;

dissipation effects on MHO natural convection flow along " 'pher~ bas heen



inveSlJg"lcd by Alam el "I, (2006) Al~m cl al. (20{)7) 'lud,cdlhc free conveclion from

a vcrlical permeabk circular cone wilh pressure work and Jlo''''Jlllforlll SlId;'CG

lemperature. Alam el al. (2007) sludi"dlhe viscous di"ipation effects On MHO natUl'~l

convection flow over a ,phere in the prescnce of heat gencration.

From above discussion" it is found lhat various mab'lletohydlodynamic, problems of

vertical flal plate, cylinder, sphere and elrcular cone havc becn lllvesligaled fo]' Vc10Clly

and l~mperatUle dislribution, skin friclion coefficient a, well", loc,l henl transfer

coelYicicnL

1.4 Objective of thc prcscnt work

A steady two dimensional MHD l,minar free convection flo", with viscolls d'%'pation

and Joule heating together with the boundary condition, based Qn conduction and

COnVeellonfrom a vertical flat plate will be investigatcd. In addltion to that lh~ ,Ire"

work effects OnMHO steady natural convection flow in the pre,ence of hc"l generation

and rad,alion over a sphere will be CQnsidcred, Sotmions will bc obtained and analyzcd

in lenus of skin-friction coefficienlS and the local rale of heat transfer. the surface

IcmperalUre dlstnbutiQn, velocity and tempe]'ahl!e profile, for differenl values of

relevant physical paramelers like the magnelic paramcter or Hartmann :Number Xl, the

Joule hating parameter 1111, the dissipation p"rameter N, the pressure work parameter

Ge, and also lhe heat generatIOn parameter Q will be discussed includmg: the radiation

parametor Rd,

1.5 Importance of the present ,tudy
The problems of free eonveetlon boundalY layer now ovcr 01' on bod,~" of ~ariolls

shapes ha.c bcen discussed by many mathematiclans, vcrsed engi1\ce" and rc,carcl,e]'s.

Natural convection hcat transfer gained considerable attention becuu,e of lls numerous

applications in the areas of energy conservations cooling of electrical and clectrolll~

eomponenL', design of solar collectors, heat exehangps and many other", J1,!anyLlatmal

phenomcna and engineering problems are susccpllbJe to MilD a1\aly&i" 11is useful in

astrophysics. Geophysicists encounlcr MHD pllenOtllcnu III the inter:lcti01\s of

conducting fluid and m,1gnclic fields tl,at arc presenl in and around heav~nly b"dies.

The most important application of MHO "m lhc generation of clecln~ul pow~r with the

flow of an eleclrieally conducting i1uid through a lramvcr,e magnetlc licld. Rec~nlly,



experiments with 'ortlz<;dg"5eS have bee" pnfonncd with the hope of ploduciLlg powcr

of a large scak in stationary plants with large nlJgnctic fLelds_ C1)'og~mc and

supercondncting magnets are lequircd (0 produce these very large magnetic lield,"

GenemtlOn of MHD power on J smaHer scale i, of interest for space application,_

1.6 Outlinc of the thcsis
In Chapler one, published worb rcgardmg heat conduction, MHD flow, VISCOUS

dissipation, pressure work, heat generalion and radiation are summarized_

IIIchapteT 1"0 governing equ"tions of the flows are included and also th~ implicit f,nile

difference with Kcllcr-Box scheme is discuss~d elahorately.

In chapter three, locally simllar solution of the steady stlesS work effec\., on natural

convection flow along a vertical flat plate in presence of magnetic field wnh heal

conduction IS discussed_ The resuHs of the numcrical solution are thell presented

graphically m lhe form of velo~ity and temp~lahlre profiles, a, well as skm friction

coefficient and smface tcmpemture_ TIle skin friction coeff,cicnt and ,mface

temperature arc also displayed in tables ,howing the effects of various parameters on

them,

In chapleT four, tile viseou, di"ipation and the pre,sure effects 011two dimensional

viscous incompressible and electrically eonduchng fluids from a verll~al flat plate in

presence of tmn5'erse magnctlC field and Joule heatin~ wllh heat conduction hove b~cn

discussed. Thc cffects of variou> parameters on lhe wlocity and tcmperature field, ""

well J5 on the skin fnclion coefficient and surface temperalurc have been lnvcstipted,

TIle skin fnetion coefficient and the surface lemperature arc abo dlspllLyed in tables

whose are depicted in Appendix C.

In chapter five, (he investigations conecmed wlth the conjugate clTccls of "tre" wOlk

and heat generation on magnd(}hydrodynamics frec convection flow along a verllClll

flat plate with Joule healing and heat cOnduc(,on ur~ carried out TIle ,"c<uil>of the

num~rical solution are then prescnted graphically in the form of ,cl"cily and

temperature profiles, as well a" skin friction and surface tOn1reflltLLr~.The skin fi-ic!,on

and surface temperature arc display~d in lables showing the effects of varia",



parameters such as lhe magnetic pal'ameter M, lhe Joule l1callng parameler .lui, t11C

Pnmdll number PI", lh~ ,iscous dissipalion parameter IV, the prnsurc '.ork parameter

Ge and the heat generation parameter Q on them. The numerical tubles are also

di,played in Appendix C.

1n chapter si~, the description of the pressure work and VIOCOUSdissipation crr~d,Wilh

map,eto11ydmdynamlc natural convection flow on a sphere in presence of kal

generation has been pre,enled The evolulion of the ,ilear stress in lenn., of local Sklll

friclion and the rate of heal lransfer ill ternlS oflocal Nussellnumber, \eloclty profilcs

as well as temperalmc profile, for some set of parameter consisting of hent genCliition

paramet~r Q,magnetic pammeter or Hartmann Number M, pressure work parameter Ge,

viscous dissipatmn parameter Nand lhe Prandlt number Pr are explained.

The conjugate effect, of ,l,eo' work and magneto- hydrodynamic natmal con\'~elion

flow on a sphere m presence of heal gcneration and radiation l1a, b~~n described in

chapter .'even. Here, anentmn is focused on the C\'olulion of the surface shear ,lr~s, 111

tenns of local skin friction and the rale of heat transfer in lenm Qflocal NllSSCItnUlllber,

vclocity distribution as well as temperaturc distributlOll I'm a set 01 parameters

consisting of heat generation paramcter, mab'lletic parametcr or H"rtmal1n Number,

pressure work parameter, dissipation parameter, radiation parameter, ,,,,lace

temperature parameter and the I'randlt numuer.

Finally, a general discnssion on all problems dealt with is presented in chapter ei~ht

wilh some concluding remarks References and '1ables relatiLlg to all ehaplers are

displayed here,



CHAPTER 2

2.1 The Fundamental Electromagnetic Equatious
Mag.netohydrodynamic equutions are lhe "nlmary electromagnetic and hydrodynamic

eqlLalion3 modified l" tah accounl of thc intemction betwecn the mot;"n of lhc Il"id

and electromagnetic field. F"rmulalion of electromagnetic theory in mathematical fOlm

is known as Maxwell', cquati"n,. Maxwell's bus;c equation, show the relulion ofba,ic

field quantitie3 and their producls. BlLlhcre we will always assume that all velocities are

,mall ;n eomparisotl with the .'peed of light. Before writing down thc MHO equations

wc should fi"t of all kLl(}Wlhc ordi,,~(y electromagnclic equations and hydromagnclic

eqllation3 Cramer & Pal, (1974).

first we give the electromagnetic equalions.

Charge Contin"ity:

Current Conlinuily;

Magnetic tield continuity;

Ampere', Law:

Constitutive equations for D and

u,
Total current den,;ty flow:

'V.lJ=p"

'V.J=_op,

"
\1.8=0

- aB'V,,/:'=--a,
D = sf; and jj = II.B,

(2.1 )

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

The above equations (2.1) to (2.7) are Maxwell', equatioll' where D is the electron

dioplacclllcnl, p, i, lhe eh3rge densily, E is the eleeltic field, jj is the magnetic field,

BG is lhe magnetic lie1d slrength, ."i i, lim currcnl densily, aD/at is the displacemetlt

eUl'rent density, ~ is the eleclric pellneability of lhe mcdilLm, I'" i, the magnetic

permeability of lhe medium, q is the velocity field and (J'ts the elect, ic conductivity.

"lhe electromagncl;c c'l"allUn, a, shown above arc not usually applied in their present

["rm and require inlerprelation and several assumplions to provide the ,el to be used in

MHD. In MHD we consider a fluid that is grm,ly neutmt. 'fhe charge dcnoily Pc in

Maxwell's equalions mu,l then he intcrpreled, as an excess charge denSIty, which i,



g~n~rally nollarg~. If \W di"~gald llw ~X~~SSch"rl;~ (km;ity (h~ll wc mlls( Ji:;lCg"lJ

(hc di:;placcmcnt ~urr~nt. In most probl~rns the di,placcl11cn( currcn(, the exees.' charge

density and the cum",t due to convection of the excess charge are small. Considering

thi" effect the electromagnetic equ"tions can be reduced to [hc fol1o'WingfmID:

'V.D = 0

'VJ=O

'V.B = 0

'\7/\80=.1

- - -
D = tiE and B = ji.E,

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2 13)

(2. t4)

Wc shall now ,uilably repre>enl the equation" of fluid dynamics to take account oftllc

clectromagnetic phenomena.

Tllc continuity equatioll
The MH I) eon(inuity equation [or viscous incomprcssiblc declrically c(mducting Iluid

remains samc a, lhal of u,ual continuity equation

V'q =0 (2.15)

The Navler-Stokes equatiun
The motion of thc conducting fluid acTO.<Sthe magnetic field genelates electric currcnts,

which change the magnetic field and (he action of thc magndi~ Jidd un th~sc cUITcnl

gives rise to mechanical force>, whid, modify the flow of the fluid. Thus, the

fundamental equation of the magndo-fluid combine" the equ"lions of the motion from

flmd mechanics with Maxwelrs equations from cleelIodynami~".

Then the Navier-stokes equation for a viscou" incomprc""iblc fluid may be written in

the following [oml:

where, p i:; thc Illlid density f' is the vi;eo~ity und P is the preosure. The first term on the

righl hand ,ide of ~'luahon (2.16J i, the prc>sure gradient, second term is the viscous



" ,,'
dissip~lion, lhird lel1n is the body foree pcr unit volulllc and last tCfm is the'

elcctromagnetic forcc due 10motion of the fluid.

The encrl:Y equation
The energy equation for a viscou, lllcumprcs~iblc fluid is obtained by adding the

eleclromagnetic energy term into lhe elassic gu, dynamie energy equation, TI,;,

equation ean be wrillen as

(2 17)

Here, K is the thermal conductivity, Cp js the specific hcat witl, constant pressure, The

left ,ide of eyuation (2, 17) represenls the net energy tran,fer due 10ma,," lransfer, lhe

firnt lelm on the right hand sid. ,epre:;ents conduclive heat t,an,fer, secnnd telm lhe

pre"ure work lenn, the third term is Joule heating lenn due 10the rc,i,tance of the flu,,]

10the flow of currenl and thu 1",1tcrm lS lhe VlSUOU'unergy di,;,ipuhon in lhe flll1ddue

to the inlemal frictinn.

Where ij = (U,V), U and V arc the velocily components along thc X and Y axcs

respcetivc1y, i is lhe body forcc per unit volume which i, defined as -pg, the lenns

J and ii are l'espcclively thc current density nnd magnetlc indudiun vedor and the
- - ,' ,.

term J xB i" the force on the fluid per unit volumc produced by the intcraction of the

currenl molmagnetie field in the "bsenee of exc." charges, T is the temperature of the

fluid in the boundary layer, g is the acceleration due 10 gravIty, K is the lhernlal

eomluctivilyand Cp is the speeific heat at constant pres"ure and J! '8 the \'iseosi\y of

lhe lluid, In the energy equation the viseom. di""ipation, pressure work and Jnule

heating terms are included,

Here B=!-,.B" fI, being the magnetic permeability oftl,e fluid, B. is the uniformly

dl~lribulcd trans,'erse magnetic field of ,lrength and 'V is the vector differential

operator and i. ,ldined for two dimension"l e"se os
,D . a

\I=/-d-
'ox Yay

Where t and iy are the unit vector along x and y axes rcspuctivcly. When the exlernal

deCltic field is zuro and lho induccd eleetric field is negligible, the cunent density is

related to the velQcityby Ohm's law as follQWS



) 8

(2.IS)

(2.19)

Where a denotes the electric conductivity of the fluid. Under the condition that tbe

magnetic Reynolds nnmber is small, the indu~~dmagnetic field is negligible compared

to applied field, This condition is well satisfied in terrestrial applications, especially in

(low velocity) fr~ convection flows. So we can write

8=/,B,

!lringing together equaltonS (2.18) and (2.19) the force per unit volume JxH actLng

along the x-aXIstak~s the foml,

JxB=o-Bgu (2.20)

Under the Boussinesq approximation, the variation of p is taken into account only in

the term F in equation (2,16) "nd the v"riation of p in th~ inerti" [eml is negle~t~d.

We then can wlite:

p=pJI-fJ(T-TJ] (2,21)

Where p~and Too are the density and temperature respectively for the ambient fluid, fJ

is (he coefficient of thermal expansion.

We consider viscous dissipation, pressure work and Joule heating efTects on a steady

two-dimensional incompressible magnetohydrodynamie laminar lrce convection

boundary layer flow, Using the equations (2.18) to (2.21) with respect to above

considerations into thc basic equations (2.15) to (2. I7), the steady two-dimensional,

laminar free conveet'on boundary layer l10wof viscous incompressible and conducting

",

fluid through a uniformly distnbulcd transverse magnetic field of strength 80

following fom"

Uau vau "(1''') 8'U <7B;-+ -==g" -1 +I/-----uax ay ~ iJY' p

take the

(2,22)

(2,23)

(2.24)u aT +voT = "o'T + o-B~u' +":::,,,[8U)' + TfJU ap
ax or JY' p C" oY pC" ax

Here U and V are (he velocity components associated with the direction ot increasing

coordinat~s X snd Y, miOUsurcdalong and normal to the vertical plalc, rc'pedive1y, Tis

the temperature of tile flui" in the boundary layer, g i:; the acceleration due to gmvlly,

•
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C" i, the spedlic ilc~t al con5l~nt PL"CS>urc,fJ i, 11mco,;l1Icicll! of tilenn~l cxp~nsion

and which is dctincd by (3= I / T, ~. is thc thcrmal conductivil}, p is the den,ily of tile

fluid, u is me electric eonduclivily, T~is lhe temperature of the ambient fluid.

The boundary condition, ar~

U=V=O, 7=7", as Y=O

U--+O,T-~T~at Y--+oo
(2.25)

2.2 Gcncrul governing equations of the flow along a vertical flat plate

The steady two dimensionaliaminal' free convection boundary layer tlow of a viscous

incompressible and electrically conducting fluid along a side of a v~rti~al flal plat~ of

thic!me" 'b' insulated on the edge, with temperatul'e T" maintained on the other side ill

the prc,cncc of a LLnifOllnlydi;lributed transverse Ill~gnetic field has been considered.

The flow configuration and the coordinales system arc shown in figure 2, I

x•,,
Upper

Eo. "ri.co
•

I.m,ol'
,"daco

v

E, •-•
-> y•

Iligurc 2.1: Physical conflguration and coordinale system

The mathemalical ,latclUcnt of the basic conservation laws of mas>, momentum and

energy for tbe steady viscous incompressible and electrically conducting tlow are given

by Crammer and Pic (1974)

'17.01=0

p(01.V)o1= - Vp+ JI '17'01+ F +.7x fJ

(2.26)

(2.27)



pC" (ij. "V)T -{ij .\7)1' = "V.(dj')+{]" il)u + "Ij>+..f1.L{T- To) (228)
pCI'

Whcr~ q ",(V,V), U and V "r~ th~ vcloclty eompOn"nl, along the X and Yaxis

rc,pcclivcly, F i" ih~ body forc~ per lLnil ,ollLme wluch IS defined a, -pg, lhe lerms

- ..
J and B arC r~"pccli,ely the cumml density and magnetic mduch"n vcclor and the

term JxlJ i., the force on the fluid per unil volume p.oduccd by the interaction of the

cum.;nt and magnelic field in lhe absence of excess charges, "[ is the temperalure of lhe

flutd in the bound~ry layer, g " th~ a~~cl~mti()n duc to !,'Tavity, •.. i, the thenn"l

conduclivity, C" is lhe specific heat at constant I''''S.,ure and f-i. is the vi.,co.,ity of the

flU1d. III lhc cn~rgj' ~qllalion thc vi,colls di"ip"lioll "nd pressun: work len", "re

included. 'llle amounl of heat generalCd or absorbed per unit volume IS Q,(T - T~), Qn

being a con,lanl, winch l11~ylake either positive or negalive. The source term repre:;cnts

the h~"l gm~'"ti()n when Q" > 0 and the heat ab"orption when Qo < O. In the energy

eqllauon lhe vi,colI' dissipation, pressure work and Joule heating terms al'e ineluded.

After simplifying we have lhe following:;

au + av = 0 (2.29)
ax ar

uou +vou =va'u+gfJ(T_T)_/Jn~u (2.30)ax aY ar' ~ p

u aT +V aT "'~ a'T +.::....(au)'_ T flU pg+ /JB; If' +-11-(1'-7: ) (2.31)
ax ar pC"oY' cl' DY pC" pCe pCp ~

where for exterior conditions we know, 0 PlaX=-p,g and P=P.' f' is the

pressure. rhe appropriate houndary eondillons 10b~ sati,fied by lhe "bove equations are

U",O, V~O al Y",0
(2.32)

The lemperature and the heat flux arc considered conlinuous at the interface for lhe

coupled condilions and al!h~ interface we must have

(2.33)

Where k, aLldkJare the thelmal conductivily of thc solid and thc Ill",l respcctively.

Tbe tempcrature 1;0 in the solid os given by A. Pozzi and M. Lupo (1988) is



.', ,.
1:" = r(X. 0) -{~ - T(x.O)}f

'" ,
(2.34)

Whcre T P:' 0) is the ullkLlowlllcmpcralure "llhe i'llC11acc to be detennined from lhc

solution, of the equHllOn,.

We observe that the equalion, (2.29) _ (2.3 J) together with the bound",)' ~onditions

(2.32) - (2.03) are nOll-linear parlial diJicrclilial equal ions. In lhi" chapter !he ,o!u!ion of

finilu chfferenee mcthod of these equation" are di,cussed III uclails.

Tran,formalioll of the governing equations
E4uutio", (2.29) - (2.31) lllay now be llon-dimensionuliztd by u""g lile lollowing

dimensionless dcpendent unci lllcicp~ndcnt \'ariahlcs:

(2.35)

T-T~e-
li, - T~

x=X y=Y d'i1 U=~d'I1U
L . L . L

L=~ </="("1'_'1'),I,' 1-', ~.,
As lhe problem of nalural convectIOn. 1\S parabolic charactcr, has no eharaclerislic

length, l. has been dcfincd in tcrm, of V and g, which nrc the mtrinsic pmperties of lhe

syslem, The reference length along th~ 'y' dltection has been modified by a factor ali4

in order !Q eliminale tbis ([nantity from the dimensionle" equation, and the bOUlldalY

conditions

The magnetohydl'Odynamie field in tbe fluid i, governed by the hOlEndary layer

equatiolls. whieh in the nOll-dimcnsional form obtained by introducing the

dimcmionles> variable, described In (2.35) may b~ writ!un a,

(2.36)

(2.37)

(2.38)

a" a" a'""-H-+M,,=--.ea~ aj.' oy'
/')(J +vae =_1 a'e +1\'( E!!.. )'+Jul(u')-C {Tro+(T,.-T~)O}+oe

ar oy Pray' 6y '(l~-T~)-

Where M = (J/J,1L' / }ll/'" , the dimcn,ionle,,, magnetic pammctcr which is Knowll

Hmtmann Numb~r, Pr ~ pC,,/"/ ' the Pranatl numbcr and N = v'd/ L'cp (T, -1~),

lh~ dimensionless viscous diSSLpat;on I'ammeter, Jul = iJ lJ; v el'.'l j pC" (1;. - Tro), i, the

Joule heallJ)g parameter and Q,L' j }lCpd'l' = Q' i, the he~t gcncratlon pammelel.
~, ',,",.



Also, thc pressul'e \\iork ll<lmmetCl'G" 0= gfJLfC" wllieh is S\lgge"led by Gebhart

(1902).

At 250'K the values of Pml1dtll1umber are Pr = 0.722 for air Again for ,leam at 700"K

Pr= 1.00, lormeremy a1250"C Pr= 0.0103, f", waler at 20"e, 60"C, 100"C and 300De

lhe values of J'lalldtl number JfC Pr = 7.02, Pr = 1.74, Pr 0= 3.02 ~nd Pr = 1.019

re'peetively.

Evniuntiotl of solution f"r M > 2 become, Icdious and hence neglecled [orM > 2. With

the increase of M vcloeJty profiles decreasc b"caus~ Qf lhe rCl"rdmg effect Qf lhe

m"gnetie force and at ,ome _,mge velocity profiles cannot bc c\'aluate<l within thc

houndary layer. Therefore thc momentum boundary 18ycr thickncss beeomes lMger 8ml

the :;cpJmtioll of the bOmlUJl)' laycl will Oecur earh~r.ln lhe present wmk lhu ,a!uc, of

dimen,ion1css parametcl' M = 0,1 to 2.0 are assullled which i, eomp"mblc with Table-

B,.

If the heat gencration parametcl' Q incrca:;us, bOlh (he vdocity and temperature profiles

increasc. A, Q increa,e" the velocity gradicnt at tIlC surface iner~",e, wluch unlmnccs

thu fluid velocity Therefore the limiting values of Q bclween 0.00 10 0.60 mc takcn 10

comp'uc with Table-il,),

The valnes of dimcnsion!cs:; \'if>~o"s dis;ipalion parameter N have heen taken 111the

range 0.1 to 0,9 H1a"eu[{bn~~ wilh lablu-U •.

Th~ ,alues of dimensionless plessule work paramcter Ge arc tnkcn in 0,1 10 1.0 whid,

eOlllpan:u wllh T"ble-Il
"
.

Joule heating oeeUl"lJwhen "n electrical current is passed thro\lgh a material and thc

mntcrial's re:;isllvlly 10 the current cau",', heat generation. Whcn eurr~nt fluw, in an

clectrical conduclm ,ueh a, wire, electrical energy is lost due to the reSlstancc of lhc

eleclrical condnctor. TI,is lo,t c1cctrical cncrgy i& converted inlo lhennal energy called

Joule heating. 'rhi, is becau,e of the electrical power loss eqnals thc thermal energy. So

thai for thermal energy JO\lle heating parameter obey the same nature of heat generation

paramelur i.e. for increa,ing v"lue, of Joule healing parameter both velocity and

tcmpclat\lrC plOfilc:; incrcJsc. Thc velocity gradicnt at thc S\llt'aCC incrcases which



""del';,te Ihe l1uid "dueily. I'm til" ,c,;,~,;'we ';,,"not fLnd the neluall"mimu' bound"ry

lay~r. 'j h~rdor~ we tnke the mimmu", vnlues of Joule healing p~r~mole,. tbat i, les,

than one. In lh~ pr~,~nl work the v~lues of l1Qn-dimel1,iOl",1 paramder ),,1 nrc

considered 0.2 t(}0,9 wh,~h ~omparcd with Tnble-Bw.

CalC\llatioll of nUllJcric,1 values of mngnetic al1d .I(}ulehenting pammd~n; arc shown in

Table. H" lor wnter nt 20"C.

Prundtl number is the rntio ofkinemnti~, vi,c(}sity 10 the Ihennnl diffusi"ily, Pr ~ v 1a,

The rule nt which the preSSllle doc, 'Work kn(}wn "' prcs,ure work on one side of n

,lII'face in tbe lluid is the producl of the p,essure, the mea of the sllff"ce nnd th~ n(}m",l

componcn( of vdoeity.

In ordcr 10 explain Ihe efTed (}f vi,c(}us di"ip"lion, W~ shall fin,( take a grossly

simplil,ed view that the compressibil ity eftect may he I1cglccled and the propertie, ,u~h

as viscosity, thermal conductivity and spccific heat arc constant.

Magnetohydrodynamic is that branch of c(}ntinuum mechanics which deals with the

flow of cIeclIlcally conducling: fluids wIth magnetic field,. The magn~lic pammclcr 1S

obtaincd from thc mll() of Ihe mngndic force I(}Ihc ine,tin force.

When cum",t flow., in an elec(ricnl conduC(OI such wire, ekc(rical energy is lo;t due 10

the re,istancc of (he el~drical ~ol1ductor, lhi, lost electrical energy i, convcrted in()

thermal cnergy ealled Joule healmg:.

Hent generation means hen( is gencra\ed inlcrnally d\1e (0 Joule heMing of electrical

conductor or in(cnuol hculmg of solid-sla(c dCC(rolli~ dcvicc.

The corre.'ponding bonndary conditions (2.32) _ (2.34) (ake (hc following form:

U=v=(), 8-1= p(6I1/0-') a( y = ()

u-+O, fJ-+O asy -+ '"
Where P is the pressure alld p is the c(}njugate c(}nducti(}n pnrameter given by

(2,39)

p = ~JIK,(blL) d"'. Here (be coupling parameter 'p' govcms the described problem. The

order of mngnitudc (}f 'I" depend, nclually on hlL alld Kjh" d'!' beillg the (}rder of

unity, The term hlL nltni,," values rnl\ch greater than (}nc hecuuoc of L bcing 'Jll"ll. In

cn,e (}f nir, /(jl", bccomes "cry small when (hc vertical plnte is hIghly conductive i e.

K, > > Iand for Illnler~llo, such a, glnss 0 (,,!/ ",) = 0,1. Thercfon:, in dilTeren( eases 'p'



I, ~illcrcnr but nol al",,,y' a ,11l~1lIlllmbcr. In the pl'cscnt iLlvcstil;allOllwc have

e,,",idcl'cdp ~ I wbich i, accepted for blL oro (~jlK,).

'fo ,olve Ihe equation, (2.37) - (238) subjcet to the boundary conditions (2.39), thc

following tlansfonnations werCintroduced fOIIhe flow rel;ion starting f,onl up,trcam to

downstl'eam.

(2.40)

Hcre " is the dimen,ienle" simibrily vanablc andlf is the slream function which

salislics thc equation of centinuily amI

dimensionlc" ICll1pCr~l1l(e.Th~l'~fore,

O'f/ aVI"O_.V~__._
of ox

and !I(x,,,) is the

a'l' "'(, )_'.'lOa{ , '1'(, )"",[3/)'"O-~x +x -,II ~x +x -
ay a'l a"

, "f e' "f:::!!.._ '1'1' )-',""'~ _u _ ''"'1' )_Ll'_'_-x +x ,-x +x "oy 0'1' oy' orr
a,y ''''(, )-''''115x+16 i( )v ~ ---~-x +-' ----- X,IIa" 20x(I+x)

_ 11(4+ Sx) a { + af}, au ~x 111(1+.,t"1O J a' f _ '1(4x+5) a' (
20x(l+x) a'i ax C!x la'la" 20X(I+x)all'

+ (5x+6) aj l, i)e ~(l+x)'''ail , a'o ~X-l'"'(1+xt"l0 0'1; ,
10x(l+x)a" ay a'lOY' all

oe ~ Xl" (1+ xf'" r "(x,'1) +Q!:.._ 11(4+5x) alll
a" 15x('+x) ax lOx(l+x) a'l

In vIew of eqm,hon, (2.40)-(2.41), cquations (2.37) and (2.38) beeome

r+1G+15x ff"- 6+5x f"_Mx"'(l+x)'ilOJ'+"~x(J,aJ'_f"Of)
20(1+x) lO(J+x) ax a,

-.!..-,,' + 1(, + ISx jh' _ I f' 11+ Jut x'" (1+X)"IO J" + Qx"'(l + x)'"0 lI(x,ll)
l~ 20(l+x) 5(I+x)( ,

." l+x' T~ 0j of ,a" ,Of""4 -G,' (-J (....j_.,,,(,,,,) -)o,(f~-"-)
x 1" -"j~ 0'1 all ox 0x

In (he abov~ equations the prime, denote differentiation with respect to I) .

The boundary conditions (2.39) then (ake the foJlowing form

(2.41)

(2.42)

(2.4.\)



2.2.1 NUlllerical Methods
The theoretical treatment of l\1agnetohydrodynamlcs flows or any other flows both in

horizontal or incline planes have so far been madu mostly analytically. applying laplace

transform ~ml perturbation methods. In some uaSuS asymptotic method has b~un

applied. Ilowever, our ,olulion, w"uld be based mainly 011numerical method,. For this

purpose the shooting method of N~chtsll1elll-swigert iteratioll lcchniquc ""d linite

difference method togethn with Kcllcr box Scheme witt be used for problcm, [or which

similarity soluliom of ",din"ry difJu",nti~1 cquations arc sought In order to obtain ll"n-

simil~r solutions to partial difJelelltial equation" an implicit linite-differenee method

h~s been applied. Since only one plOblem of lhi, typu h~> been considered the above

linile-dilTcrencc method will be di3Cll.<sedin the respectivc ~h"ptcr .

.Fillit~Difference Method
"1'0gel thc ""lutions "f th~ p~rabolic di[rerellti~1 equations (2.42) and (2.43) along WIth

Ihe bound~ry condition (2.44), we sh~ll cmploy tbe most praeticill, efficient and

~eeurate solutio]] technique, kn<mn a, unplici! Iimte dilIercnee mcthod togetbel with

Keller-box c1imill~tion teclmiqllc which is well documentcd and Widely ,,,ed by Keller

(1978) and Cebeci(1 n4) and lecently by Hossain (1992).

To ~pply the aforementioned method, we iilst convelt thc equation, (2.42) and (2.43)

and their boundary condition into the system of fi"t ordcr equalio",. For thi, purposc

we inlrodll~e ne", tlepelllJcnt variable, ,,(';,1), v(q,'1)and p( ';,'1 )so that the tran.,formcd

mom~ntum and energy cquntiolls e~n be writ!cn ns

f''' u
u'"v

g'"p

, , il" ilj
v + P,fv-P2" - PJ"+g",;(" 0'; _l' co;)

1, " ~(agaf-p +pJp- p,ug+ P,l' +p,u" + p,gu+ P," +F,g =_ u--p-)~ - a~ a~
Wherex=' h""andld= T~,~ T-T, "

(246)

(2.47)

(2.48)

(2.49)

(2.50)



,..
16+5.1" G+5.r '" "10 1 "----=P" -P,,;',,1>:'(I+x) "'P,,_ -l'";,x"'P,,

20(1+x) 1O(1+x) )(1+x)

''''( )-"', (1+.1')".1 d ' ""(1 .)-'1'.Ix l+x =p",(j.x=P"G,x -----:;- I =p".j:x +:x =P"

and the boundary conditions arc

I(q ,0) =0, u(q,0) ",0, p({ ,0) '" _ (I +{) II, +{'Il (I + ~")"20g(;,O)

u(q,"')=O, g({,"") ",0

We now eon;ider the nc( rectangle on tile «, 'I) plane shown in the figure 2.2 and

denote the net points by

""=0 -""=-"'•...'+k 12~'~ '? ~ ",n=" .. 1

110=0, II} =llj_l+hj' j=I,2, . .J

I,

(2.5J)

(2.52)

'\

11i-1I2

I'
.• -"

",0-
I
I

'1H P,

~"., ~".'Il ~"

Figure 2.2. Net rectangle for difference approximation; for lhe 110>•.
;ebeme.

Here 'n° and '/ arc ju~t sequence of numbers on the (, ,/) plane, k" and hi are the

variable mesh widths.

We approximate the quantities f, u, •., l' m the points (t , 'I, ) of the net bY!'J ' "", ' v'~.

p"} which we call nel function We 0150 employ the notalion g"} for the quantlties

midway between net points shown in IIgurc (2.2) and for any net [unction as

(2.53)



, 1(, ')gi-'" =2" gl +g)-I

The finitc diIli:n;nce approximation, ac~urdlllg: to

(2.54)

(2.55)

(2.56)

Box mcthod to the !hre~ filO! older

ordinary differentia! eqnations (2.46)-(2 4S) are written for the mid po]]]1 (t, 'Ij.ld of

the segment P,P"hown in the ligure (2,2) and DlC finite dilkrmee approximations 10

the 1"0 fir-,t order diflcrcnllal equations (2.49)-(2,50) are written for the mid POint

(?,.,,~,'Ii.''') of the rectangle P,P,P,P 4, "fhi, procedure yields,

f" f'",_112- H")

k"

h-' (f" -f" )=u' = II;'_L +,,','
, ] I-I ,.--'12 2

" L '_, '" " Vi_I'rV,hj (u,-uj_,)=V;-111=-'---
2

, " ,,-I ,,_J
~(Vj-Vi_' '_'_'_-_'_'__'_) ( ,),,-lIl ( ')"_'12 ( )',"-111

T .,. f'lJ" .I-I,") - P1" j_Ji2 - PJ" ,-1/1
2 Ii,l il,

,,,_L i" ("_J
,,-'" -",,-llll ,,_Li'''i_I'l-u}_LI2 "_'I> ,-111- '_L")

+g,-I'l =~)-I." ",_II" k -v,_II> ------
" Ie"

" " "-, "-,
1 (Pi -PJ-, PJ -Pi_I) ( jj )"'''' ( )"_''"'(. ')"_'"2P h + II + P, 'P i-"'- p,ug !_,'",+IJ',V i-II)

" ,
( ,),,_lI' ( )"_''"' ( ),,_112 (p )'.'12+ p(,U j-I,') + p,gu I-'" + 1',U /_11' + "g loll'

" ,-I
- ","-I,"' ( ,,"_1'"' g)-I,"' -g}-", ,,_li'
-"i-I,"' UJ_'" k" -Pi-",

Now from the equahon (2.60) we get

~ ( v;' ~ V;'-,) + ~ (v;-' I~V;'~,') + ~ {(pJV);_II' + (p,fi');~:12), ,
l{( ')"1 ')'-' I '(( )' ( )".,)-'2 p,u I-"Z'" P,U 1-112 -'2 /',U ,-I." + 1'," I_II'

11 " ,,_1 I 1 ""-'1'( " "-, )( " ,,-I )+-::, iiI-II' +g,-II' = 2k "j_'" ",_II' +U,_", uJ_li,-",_II'. "

I ,,-1I2(V" + .,,,., )(f' f'-I)
2k. 1_112 j-'" j-'I' ,1-0" - j-'"

(2,57)

(2.5S)

(2.59)

(2.60)

(2.61)



,~'I' ') ,~'{"-,".,)( )' (')' I )".'(')".,=~'i 1', -"/_1 + I] I', -V,_, + I', H" j" }_I"+ I', ,_II' ,I" ,H"

-(p, l,:_'iI (,,' };_'i2 - {p,);~:,'(U' );~:'" - (1', );_11' (" ):.,,',

-( 1'..1;::.., (II1;:: .., + g','_", + <:;:,'" = C!" I(II' )';.,,", - (II )';_1." (1I)';::/2}

I{ )' {)'H (')'~' (")" "/".' e.' I' ), II)".'+a. /I ;-'11 II }_'I'- U j_II'- J" j_',"+'>'Jl l_"l-",I.''"' ,/_11' C/o, V HI1

::::> h;' (V;' - V;_,) + {{I" )':.,,',+"'" J (ft)';_'"- ((p, )':_1/2 +"'"I(,,');_1/1

-(1');_11' (");_'12 +g ;'_111= ry"(-( II' l;::.., + V;_LI2J;':~:, - v;:~",f;:'I' + (j")';::.', )
( )'~' (I')'~' ()'~' (')"-' I-'I ,,-, ".')- 1', )-1." V J-112 + p, 1_'," U 1~li' - '} .'J -V,I"

::::> hj' (vi -V)_I)+ tPI )';_"1 +a" J (jvl';_I." -hp, ):;-1/1 +a" J{U1)';.L!l

()"()" (".'f' '/,,-1)- P, ,_II' " i-1I2 +gr','l +"'" ",_,,", 1_ln-V}_l!2 ,i-II/

(')"_' (')".J) ( )"., {")".,"'C!" jV ;-'" - II }_L/2 - 1'1 i-'ll F ;-1"

( )"-'I '),,-1 I-L{ ,,_L "_L) ( ),,_L ( J'~'+ p, ;-lI2 U }_l,"- 'j vj -vj_L - p) ,;-Ii' U ,HI'

,,-I
- g i-II'

::;. hj-' (V;' - V;_I ) + {(PI );_11' +a. J (}i');_,,', - (1',);_", +a"I(u' )';_'"

( )' I)' " ("-Lf' 'f"-L)- P, ]_L,' U J-L,' + iii_I" +a" V}_li' j_l," -Vj_LIl i_II'

L,-I 11".)'0-1 (")"-' J=- J_il'+U" J" r'"- U }_LI2

R"-' L" I{ "),,-1 (')"');_1." = - j_II' +0:" .I" }_112 - U ,_'"

p_ill

~ /_11'Where a =--~
" k"

Ag"in from the equation (2,61) we get

_I !(P; - 1':'_1) + (p;-' - P;~,')} + {_, -r. )"-'~' _0 " ),,_r~,+ (d)"-il1
21''' h V ,JP ,.1" ,g I-I,' !, ,-Ii'

'" ,
( ,),~",( )'~""I )'~'"( ),~,,,+ P.u I_Ill + p,ug ,_II, + P,U I_I" + p,g j_ill

J" r'~'"I0_1," ,-'" ,I-II'

1',-1" k"

(2.62)
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I" "J_,_ I'" - 1',_[ +
~/' Ir ~1''" '

'II )" I )""I 'II 'J" ( 'J"")-"2 p,"g I-II' + p,"g ,-I" ~2P," I_Ii' + P," /_112

'il ')" (')""J'II I" I 1""1+- U -10 ),," +- '"' + '"2 Pr, }_112 I, j_Li2 2 1, g i_II' f 1 g J-II'

+~\(p," );-112+ (p,u C:1l l+~ I(p,X r;.,.., ""(p,g )';::,,1

-.!...(p','-P':_,)+-.!...(p;H-p','~n+ll,jjl" ,I "I"-L)
P h PI! I 'P )_,,", fJ,Jl }_[Il
• J .. ~I

I( I" ( )""I 1'( 'J" I 'J'" I- p,ug i_II' + f',ug )_1." + f!,V )_1,"' + l',V )-]11

II ')" I 'J"") II I" I I'" I+ 1',,1' }-'Il + p,u j_'," + I',"g )-1." + i',UX ,1.1."

II I' I I""} II I" I I""}+ IV' j_'ll + P,U j-'Il + ( fI,g )-111+ [J,g I_Iii

( 1"_1/'1 I" I )""'12 ( )"-' I )"-"'( 'J" I )"-"'1 'J""- p, }_'" ug I-Jil - P. i_II' ug [_I." + fJ, I_I" V }_'12+ P, I_II' l' )-112

I 1""'1')" I 1""1'J"" I )''''''1 I" I )"''''1 I'"+ ''0 ,1_'" u i-Lll + P, j_Hi U }_I." + p, j_'12 ug J-Lll + 1', ,_[11 ug ,_I."

( I".'"I I" (I"'''' (I"" I )"'" I I" I I"'" ( I""+ 1', /_'" U }-In + p, J-[12 11 1_1/2 -I- i', }_I." J!. j-Ill + 1', }_II' g 1_'10



',., , ") I' )""- 'I')" II )""-()"-"- ), )"-r;" (1', -1',., + 1', "';'+«") 1/' ,_[1'- p, ,_1',- i', J_'I'+U" UK I-II'

M"-' I" )_., ( )"., )= - j-Ill + a" .17' I_Ill - Uf{ ,_1121

M"'I [f-', "., "-', ()""",')".' ()".I..,( )".'
,-'I> '" P, I, 1', -1',., + 1', 1-1,1 )1' r''1 - 1', 1_112 ug ,-112

( )-"'( )_., ( )""'( 'j"" ( )-"'( 'j""+ 1', ,_II) 1/;(r'll + 1', r'" l' rl/' + 1', ,_'10U r'll

( I"'''', I"" ( )-"', )""+ P, i_I .., U I_I." + f!, }_112 I{ j_lll

I r'(" ") I' )"."' }(')" {( )".,,",( )".'":;;. P, " 1',1- 1'1-' + 1', I-I': +U" j)J j-II> - P, }_lI' - /', ,_II,

10 be known for OSjSj , equalions (2.57) to

I - , )"-'-('j" ()-"'( 'j' ()""'()"+U" (II!:),_,;, + p, ]_'l] V 1_111+ p, ,_1.'2 U J-'Il + P, j_l" " j_lI2, )""- ( )" (" ,.,,,., , ),'- , +a u ' -u 't, l_lI' g 1-li2 "J-lIl2,-,!, ,_II,gj_HI

(" f"-' ,,-, f" ) ],,,.,
-IX" Prll' H" - 1',.", j.ln " }"'12

w" I" )'''' I )""I= -, j_Lll + rt" ;1' }_'IZ - ug H"

T-" w" l(iJ )_., ( )_., I
j_I" = -} j_lI' +0" P ,_II, - lIg j_I"

The bOllndUl)' conditIon> become
/;'=0, u~=O,p~=-(l+,;J"'+;"'{I+; )""'1;;

uJ=O, g;=O

"
- f"-' ,,_L ,,-I ,,-, ,,-,
wCu""ume i 'Uj ,Vi ,gj ,Pj

(2.63)

(2.64)

(2.65)

(2.59) and (2,62) Lo(2.63) fon11a 'ysLem of 5./ + 5 nonlinear equal ions fOl the 30lutions

of the 5J -I-5 unknown, (f~' , ,," , v~,g' ,p" ) ,j = 0, 1,2 .. .J. TIle&<: Llon-linear systems
,I I ,I 1 j

of algebne equations arC 10 bc lin~anz~d by N~wton's qua"i-lin~urizalion rndhod. We

,!clinc the ikmt~, [f)", ,,;, ";,g;,p; ], i ~0,1,2 ... N wilh inilial v"lues equal 10

those at the prc\'ious x-slation ( wlllch i> "",ally the bc,l imlial availublc ) . Por lh~

higher iterates we set

fi'i L) = fi') +0 f,l<)
1/.1"') =,,")+8,,('), , ,
,,\i+l) ",,\i)+0 v~,)

'

I" I) =g\'! +0 g(I)
, J ,I

p;,+l) =1';') +')'1';')

(2.66)

(2.67)

(2.68)

(2.W)

(270)

,



Now by ,,,hstjtuti"g lhe righl ba~tI sides of the ~bovc equ"lions ;n plnee of

I,",";, I'; .lJ\dg; omiuJJ1g lh~ l~llll" lhal an:: qlladmli" in 151,',S";,<51'; a~d OK;,we gul
the equalion, (2.57) to (2.59) and (2.62) ill the lollowing form:

f'" fld J'f'" <5/'"" -. ,-I ',} - . ,_I I,) ; (,'----,'------= 1/ ,+ (" I
11 II j-- )--

" ,I "

= ![,,'i) +,,'" + 0"'" + 0"'" ]2' ,-, , ,-,

J") +of'" -J") -of'" =~{"",+01/'" +u'" +8u", }
J ,J-I '-'2' J J-I J-I

6JIi) - 5J(11 - ~ (0 u<,11+ 5 !Iii) )"(,' )
" ,1-12 ,I ;-1 '1

When:: (,) "Jlil_JI'!+1I ul'!
1'1-1! II-L12

( f,
oUI'!-,l'U 'I __ , (ovl'!+Svl'i )"(,).

j J-'2 J J-l4}

(, ) =u'" _,,'I> +!l v,n
" ,-, 1 "-,,'

3gl') _ r5g") _ hj (S},I" + iSp" )"(, )J l-L2 1 j-I 'J

C) lJ' '"/'''~< ,I = Pj-L - PI + ',P,_II'

From tigun:: 2,2, the followmg pro~~d",~ yield>,

" + "r'(J'-I')=" _11;_1 !IiI, J j_L U,_II,
2

v" +v"f," (" ')-," - ,-, j/ UI-II,_, -\j_lll 2

" + "h"("- ")= ," _P,-, Pi
J f!,} f!,J_L !}_1I2 2

Where,,) =u(l) _"Ii)+h vi')
4 j I-I J J ,-Ill

Now equation (2.62) can be wl'itten in the following form

h", ,,' S.ld I" c I'i) IC)' I',')'" 5(,)1') '}J v, + " -vj_,-ov'_1 + P, ,_",+a" l J" ,_",+ jV,_LI'

- {(p, );_LI2+a.) ((u' );':'1' +Stu' Jj'!", J - (P,J;_1I2 {(u);'!1I2+ o(u);:",}
"i . c (,j Cf'" Sf"') ,,-,+g;_",.og)"I'+'" ,_".,+ j_II' VJ_'"

-a. (v;'!"' +i5v;'!,..,)fi~;:'= R;~,'.',

(2,71)

(2,72)

(2.73)

(2.74)

(2.75)

(2,76)

(2.77)

(2.78)

(2.79)

(2.80)



(i) (P,l';_'Il" ----~, 2
(p] )';-112

2

=> hi 'V," , lil"," -,-;';, -""~'_',}+[UI,);.", +<'"j
(( /1')'" , +~(("'5(,)") -, ,,t,,,,( n'", + ('''5(,)'') +"<" S( I)" l' ,",'- 2 - , , , ,) ,-, ,-, '"' ,-,

-{ (p,)';_", +". H(JI')~'!JI'+",~')0'(11)';' + ,,~'>\("J';:,)
-{ )' I( )'" I(I( )'" 5( )"')) oi 1(3 (,l J .")P'J''''l''J''''+'2'"i+ "'-' ~g"'''+2 K)+g,_,

!,.,(f'" I ('f'" -f"») ('" I (S ,,' ,'" »f""l",_Ill J-"'+:;- J +0,,_1 -V,'I"+" '1 ;-",_L ,_II' ~n._'
<Gr. L ~ n,_,'"'

( ) ;: I,) ( ) ,- (I) ( ) 'I'"~ ( ) 'f'" ( ) ~ (,l=>", iUVJ +S'Jvl'r,+SJ,'" j +S'jU J_l+5.1,i(JU,

+(s,l I <5U\~, +(87) j 0 R~')+(S,) I S g~'~,+(",) i ,O+(s",l I .O=(r1) i

WI () _(h-L . (P')::-'''' +a" f(i) _~ /'n.1
lere S'I_ ,-I :2 .i 2a",j-'12

( )" +a )
1().~I_h~L+ P, HI2 "(11 __ /".L

'J J :2 .j-' Za, I-Ill

I.)_(_(pJ';-lll +a".1, i - 2

I )" ,(s )_=(_ P, 1_112 U"
C, j 2

(s,) j =0.5
(s8),=0.5

(s')J=O
(.1',,»)=0

I ) -R".] {h-' (I<) (,)) II)" )(,,)(ii Ir, J- ,_L12- J vi -Vi_1 + PL )_Li,+Un jV,-I,'1

I( )" )1 ')(1' (fli! ,,-I /,,-1 (il )+ p, J_l.'l+a" u i_Ill-a" ,_li,V,.'il- ,_lilv)_11l

+U" kp')~.Li' U;'~'il- g.~~,,,J
Here the coefficients (s,,)} and (o,,)! which are zero in thi, casc arc included

h~rc for gcnel'alization. Similarly by ",iltg the equatiolls (2.71) to (2.75) we gel

the equation (2.64) ill the following form:

(2.81)

(2.82)

(2.83)

(2.84)

(2.85)

(2.86)

(2.87)

(2.88)

(2.~9)

(2.90)

(2.91)

(2.92)



1 I '(" ") '( )" II' l(fJ)' I( ),,",n ( i"-'"=>/~ 'i II/-PH +lJ!, J_,.',-1-U"J Pj_ll'- fJ. ,_ll'-P, HI)

1 ' (1""'( 'I' I 1"'''1'I' ()""'( I'-1-U'"J(lIg)J.'" -I- P, I_Ill \.- }-lIl -I- p(, J-'" U J-L" -I- p, 1-1" II 1_''"'

( 1"'''( I' (' ,., ,., , )
-I- P, I_Ill g 1-1'2 +0:" U'_Lll g,_", -lIj_1" gJ-'"

(, I'''.' ,,-, j' ) T""-0:" fJ .._"" I-",-P,-L" ,_,,' = ,_1'1

M,., l(fJ )'" ( )" I= - 1-112+0:" 'P }_II'- ug ,_lI]

J~h;' (p; -I-OJ);-1';_, - r5P;., )+ {(p, )',:::;:+0:" lkj{!)~_II' -I-Ii Up ):-'1,1
I( ),.", (I'''''' II()' '()' I- p, )-1," - p, 1_'" -1-0:. "g )_,""-1-" ug I_Ill

'- I""'jl ,) .( 'I' I ( 1"'''1'j .('I' )-I-V'., /.,n V ,_'" -I- i) V ;.'1> -I- p, /_'" U J-I" +6" ,_Ill

( I"'" II I' '1I" I ( I"'" II 1""( I' I-I- p, )_11' 1/ i-"" +,l II i-I" -I- P, j_'" g 1-1i' +u g l-lI'

1(' ")'" "'(' ~'II+0;" iI}.,,", +O<'J.", gJ.''''-uJ_"" g)-II' +VC;j.II'

I( , ~-')f ,., ,., (f' ,," II T'"
-0" Pj-L,,+VF!_LI2 J-",-P,-111 ,_",+'g,_II' = H"

; h}-L (p; -I- Of; - p;_, - <'P;_,)+((PL );:::: +aJ{ (lp);_,,',) +~ (oUp l;+ O(fp);_L l}
- ((p. 1;~:;~ - (p, ) ;~::~+ u" l{{ug l;_,,', + ~ (3 (ug)~ + 3(1Ig );_, }}

+(p,)::::*" I:.", +H'I,')' +S(,' ),.l} +(I', 1:::(1"'I", +~~("'), +51"')', I}
+ (I',I;::::\("I:,,,+~IS("I.+s(" y" I}+(I',I;::::\(1'1.,,, +~ 16(1'I:+J(g I., l}

1(, 1 (ai a' II ,,' ,., (' I I'." ,}+U"L uj-',"+"2 1+ Ij_, g)_I,,-Uj_111 gJ-LIl+"2'-'15J+Og,-I})

I( , '(~", .. 'f"" ,., (f' I(S" Sf' ,} T""-a"l Pj-lll+"2 'Yj+iJpJ-I)1 J-I"-P),,,, )011'+"211 + J,_,!! = J_L12

I') '1""+(1) ,.1"" +1') "f{'J.:-(,) "j(i) +(1 ) ""VI, I" I 'I" 1-' J I" .I . '.I" .I-I 5 j"Uj

+(1,).1.5 U;?L+(1,) J .5gj'i +(1.) j.5 gj~, +(1,) j .5V\'1 +(lLO) 1.5 v\~,=(r,) I

I ( )"Lll +a I
\'" ' (I) - _,_L PL i-'" "[I<I __ ["0'., lClC I ,- I, +------ , a" ,-Ill, P , 2 2',

( )'011' +a
( ) _ '", P'I'I" • f{l) 1 f"-', --, +-~~--- --a"-P,' 2 I-L2",-LI'

(293)

(2.94)

(2.95)



( )
".,11

) I', H'I+Il'" ,1 "I
(I, '"------p .;'+ (t I'.' J 2 ,"2 " ,-','1

( )".112

( )
_ PL J-112 +u" (I) I ,,_,

14}- 2 !'H+"2(X"Pj.'"

35

(2.%)

(2.97)

( )".'1'_( )".,11+0" 1
() =_ p, i_1/2 p, ,i-1.'1 " ""+(,),,.'I'Ui+_( )"."2
I" 2 1,:, l'J-lI11 ZP'J.'.'l

1 ,,_,,-u g2 " ,-II' (2.98)

( )".'" _(, )".'1] +a I
() P, ,-liZ 1, ,_1i1 "V) ( )""'" I ()".''"'
" j =- 2 gj-I + P, }_[!luj_, +"2 P, j_I'l (2.99)

( )".11'_( )"-"'+a ()".'1'
() P, ,_Ill P, J-'" "." p, i-11,I, =-------~---u + -~.---, 2 J 2

1 ".,-a 1<2 " i_II'

(2.100)

(2 WI)

(2.102)

(2.103)

requirement for the boundary conditions to rem"i" durin!; the

() T"-I 1 I-I (' ') I( )".'.'l 1(11)" '( )".112 ( )".,r, ) = }-'" ~--;;:Ij Pi - Pi-, +1' Pi ,_Ill -f-a" p ;-11'-t P. i-Ii' ~ l', )_,

The boundary condition, (2.65) l>ccome
ofo" =0, ii,,~=0, OJl~ =J[_(l+<;)''',,{"l(I+O"'"g~]
.<" ~ <" ~uUJ=~.ogJ=~

"hich expre55 the

(2.104)

(2.105)

ileration proce~s.l\ow the "y,lc111of linear equations (2.71) - (2.80), (2.92), (2.93) and

(2.104) together with the boundary conditions (2 105) can be written in a block m"ll;x

fonn a coefficient matrix, which ale solved by modified 'Keller Box' method,

e'pcciul1y introduccd by Kdkr (1978).



2.3 Generlll governinj,\ equations of the flow (,,'cr a sphere
;'k,l,,,,,t C(l'l'CC';(H' hnLllldary lo)'Cr 11(1\1'{)" " ,phcrc "r'.lLl clcctric"lIy cOlldltc,ing ~nd

stc"d} Iwo-dimcnsionnl VISCO\ISincompL'cosibk nuid in presence of strong magnetic

ticJd and heat gcneration i,; consid~l'ed_ It i~aB.,ulllcd that Ihe surf~ce tell1penllur~ oftllC

sphc,~ ;, T" Whcrc T" > J'"" '/:0 ;, thc ambient lcmpcl'otul'c of the iluid. Undcr thc usual

Ll"""inc,q and boundary laycl' ~PPL'",.il11~li(}n,thc basic cqllations arc

a a-(,U)'-(,V)=oax ar

DU au a'u [Xl a IJ'U-,V-=v--+g/i(F'1')sin- --'-'-u
ax ar DY' - (/ I'

vaT vaT _ k (a'T ]aq,) ,(au)'
ax+ ar- pC

I
' DY'-/:i)Y +pCI, ar

+A(r_r )+ Tp U ap
pC" ~ pC" ax

The hu(}ndary conditions for tile eq(}ations (2,107) to (2.108) are

(2.106)

(2.107)

(2,108)

u=v=o. T=T. on1'=O
(2.109)

U40,

r(X) = (I 5111(~), whel'c I'= r(.\),
(2.1 [0)

where, "is the mdLus of .'phere, r is the radial d;sl~ncc [rom the symmetrical a"is to

Ihe sUl'face of the sphere, K i.' lile ~cceleraliol1 due 10 gravit), fl is the eod1iei~nl of

thermal expam;(}n, flo is Ihe magnetic tield strength, eli is the ,pecific hc~l al consl~nt

prc"ufe, T~is the ambient temperature, 7;, ;s the surface lemperature, T is the local

temperature and v is the kinematic viscosity,

The amounl of h",,1g"n"raled or ah,orbed per umt volume is Q, (T- 7~), Q" hcing a eonstanl,

which may take eilher po,itive or negal;v"_Th" ,ouree IeI'mrepresenl, tile ho"1goncrdlion when

Qo;> 0 and til" h,,"1"b,orplion when Qu < 0, p L5Iho d"n,it)', <hi is lhe elewkal conduction and

Pc i, the Prandtl numbel,



a

lid

y

/30 ,

(2,lll)

Figure 2.3: Phy,icalmodel and coordin~le system

TllU, radiation heat !lux term is simplified by thc Ro;sclanJ d Illusion approximation
[Ozisik (1973) J and is given by

40- aT'
.'I'=-3(a,+a,) ay

where (1,is the ]{osseland mean abwrplion co-enieient. ", is the scattering co-emcicnl

and" is the Stephm31l-Boltzman con,lanl, q, i, lhe radiative heot tlux in the Y

direction. In order \0 reduce the complexity of tile problem and to provide a mel,", of

comparison wltl1 future studies that witl employ a more delail represenMion fol' the

radialive heat flux; we 1"111consider thc optically thick radiatioillimit. To lran,form thc

above cquations into nOIl-dilllCll5iol1al form, the Idlowillg dimensionlcss variables are

introduccu:

x
X=-,, y=u;, y,

a -1/
II=-G"U,v

" '

(2.112)

~~" t\=O _I=T._I_T,,-T~.l/d= 4crT;
e"''''T~' '" 1~ f~' k(a,+o-J (2.llJ)

Where, G, == gfJ(T. - T~)aJ I'" is the Grashofntlmber and () is lhe nOIl-dimcnsiunal

lemperature and 8,., is the surfacc temperature parameler.

Grashofnumber is a dimemsionless number in fluid dynamics, which appm>.imates lhe

ratiQ Qfthe buoyancy forcc to the viscous force acting on a fluid,



Thlls (2.110) bccomc, ,.(x) = a sin r (2,114)

II ,in!; thc "lmvc "" Inc" Ihe cqll"tioll< (2. I(6) to (2. 1O~)talc tim ioll()willg lonn:

(2,11S)

D",,- "D.,
J""-~

~l ,,' ,'" e uul-',"= ----,-+ SlIlx- II"
Qv p~Gr"

(2.116)

(2.117)

Here, M = (o-,/3,'a'/pvGr'I') is the nlagnetie parameter or Hartmann number,

QooV2,a'/vpC"Gr'I') is thc hem gcneration parameter. N=Gr/a'C,,(I:. -(J is
(he vi>oous di"ip"tion pammetcr "nd g(J alep = Ge is pressure work parameter and
lid = 4u l~ / k (G,+ u,) is the radiation pammeter.

The values of dmlcnsion1c,s panunclcr lid has been taken 0.0 to 4,0 in accord"l1ce with

Table-B;, Also it is considered ihe value, of,urfaee temperature 8" O. [0 1',2 arC l<lken

to compare with Table-Bo.

ThcrG1,)[c momentum ilmJ energy ~qlLa\ions (2,116) and (2.117) can he \Hillen as

a",,- +,rr
all . a'"

"-+JI1U--O;IllX oo--
0-' 8y'

ao ao 1 al{ 4 'lao]"-. H-~-- l+-Rd(I+(B.,-I)e) --;;-
ox ay Pray 3 oy

(")' (T J+QB+N - -G'l 0', +0 II
ay T., - T.,

The boundary condItions associated wilb equalions (2.1 (9) become

u=v=O,8=1"ty=0
U ----l> (), e--e, () asy----l>oo

.10 solve equations (2.118) and (2.119) ,ubjccl 10 thc boundary conditiOllO

(2.120), we assume the following variables u and v where ~/("cV) ~

(2 118)

(2,119)

(2.l20)

'.
•



,,,,,(-,")./(x,-,,), v/{x,V) L"" n""-d"n~",,ol1al SIl'Cnlll 11lnction, whLch is relatcd

. , liJ~1
I" 11l~vcloclly oOrnp01Wl1I' 111Ihe "s"" I 'Wuy '"'' = --

I" .fl'

[ olrv= ,--
, iJ,-

(2.121)

u = x{'if joy), (oujoy)= x(a'i/oy'), (a'lI/oy')= x(a'/ lay ,)
V = -[(I + xco5x/sinx)f(x,y)+x(Df jux)J, (oujox) = (0/ /2y)+ x{o' I /oxDy)

(2.122)

Using the abovc translor11lcdvalues in equations (2.118) and (2.119) and simplifying,
we havc thc followmg:

ali ( x .. )ra'f (?f'J' ()'. ('f (at a'.! ata'tJ-. 1.--~osx -- - +-5ll11- Ai-=x ---~---
Dy' l sinx D)" ,0-' x iJy ~DJ'D-"'t at 0-"

1 all 4 ~Jag) l " ) Be-- l+-Rd{l+(O.,-l)O)' -;;;- + l+-.-cosx f-+QO
iJr iJy 3 Qr smx By

+NX2(OlfJ'_ci T~ +eJD! =JD!OIJ_8e8fJ
lay' IT,,-T~ oy loy ox Dy Ox

The COlTespo"ding boundary condnioL1s arc

8f[0-=0 e~lat v~O
oy' -

of--+O,0--70 nsy-w)
By

(2.123)

(2,124)

(2 125)

It has bccn ,ccn lhal lor (hc lower stagnalion poinl of the sphere ie x '" 0, equations

(2, 123) "nd (2.124) reduce to tile 101l0w'''(1 or,linary d\ffcrcnlwl cqu"tiom:

d'f, '"'fd'l, _[dfJ' .O_M'if =0 (2.126)
dy dy dy dy

,

;rUI+~Rd(i+(e"-I)8r}e'J +2j8'-G{~.~J:, +0): +QO",O (2,127)

Along: wnh the boundary condition.'

. of
10-=0 O=lat 1°0oy' ,

8f--,0 e -,0 u, y-,,,,Oy ,
(2.128)



1n pead;"a) applicalion, lhe phy,;c,,1 quunlil;c, ofplLncipal inlClcSI arc (he hcat (ransfer

al1rllh~ "klll- rricholl codTicl~n(, Wh,~h C'I1l b<;wnllcll ill nOll- dimcnsional fOl'm os

_Ii
, aCr "

/'111" = k (1~_'1:) 'I"
-"Cr i'a'

and C1, =----f",~, (2.12,»

[aT] [au], ' ,Where, qw = -k - al1d,,,,= 11 -- ,k b~mg Ihc 1l,nmal conducllv'ly "flileor YoO or Yo' '

nuid. Using the val';~ble" (2.112), (2.113), Wc hav~

, =_k[(){T~+O(T.-T,J)J
f. _'"

o{a(J,- /,)' J~"

[W!G'""']And, = 'l --'-"-_-W, _1/
, o(aGr "y)

, ,.

I'ullmg Ihe ~bove value, in egmtiom (2.129) with thc bounthry conditIOn, (2.128), ••••.e
haw

(2.130)

A"d



, ('-, 'n [0'))=x --,,), ..~ ,=,
(21]1)

Now we w,lI cbs~uss ,dO~lly di,lribution as wdl as tempem/ure distribution for a

selection of pammeler set, cOIl,,;,l;ng of he"l g;cncrallOll parallld~r Q, md,nlioll

palal1l~l<.:rRd, lhc ,urn,c~ (~n;pCmIU[Cparamdcr ew, (he Vl;COUSdissipation parameter

N, the pressure work parameter Ce, magnelic parameter AI and (he Prandlt number Pro

2.3.1 Method of Solution
The numerical method, u'\Cd " fmi!c difference method together with Kcllcl box

S,h~mc (1971). To begin wilh, the p~r(ial differential Eqs_ (2.123)-(2.124) arc fir"l

converted into n system of lir,l order dljIcrcnli~1 equations. Then these equations MC

expressed in finile difference form< by approximating tbe function, "n<j lheir ,kri,alivc:;

in terms ofthc center differencc. Denoting thc mcsh point.s in thc (X,'I)-planc by x, and

'Ii whcrc i ~1, 2, ... ,M atldj ~ 1, 2,. ., N, ccnt,..~l diffcrcncc approximations ar~

madc, "uch that tho,e e'jUahOll' lll>oivlng" "~plicilly arc ~~nl~rcd at (X,.'", 'Ii"',) amt

tile remainder at (Xi, 'h.li)), where '1"11' =H'I, +11,.,) etc. TIle abovc ccntral difference

approximation:; reduces the system of first Oldcl' diffcrenti"l eqllatiolls to a set of non-

linear diffcl'cnee equations lor the unknown at x, in tenm of thelr value" at -'i_'. The

rc,ulLing set of nonlinear cliffe, Cllce eqnalions al'C solved by using thc Ncwton' s quasi.

lincari;:.ation mcthod. TIlC Jacobian matrix has u block-tridiagonal sLruelmc and Lhe

ditTcrcncc cquations are soh cd u,mg a block.matrix version of the Thoma, algorithm;

the detail> oj" the computational procedure have been di,cu55ed flUther by in the hook

by Cebcccl and Brad,how (1%4) and widdy 1I,ed by Hossain et al. (l99~, 1997).



CHAl'TER3

CONJUGATE EFFECTS OF VISCOUS DlSSIPA TIOK AND
PRESSURE WORK ON MHD NATURAL CONVECTION FLOW
ALONG A VERTICAL FLAT PLATE \VITH HEAT COl'\DUCTION

Natural wmection heat transfer ha, gained considerabte atlention bcc"usc of its

numel'Ous appl1cations in the areas of cnergy con,crvation,: cooling of e1cctrical ~nd

c!ecLTOniccomponcnts, dcsign of solar collectors, hC,llcxchangers and many otll~"S,The

main difficulty in solving nalmal convection prob1cms lie, in lhe determination of the

velocity ficld, which Weatly inflnences the heat transfer process, The "i,cons

dissipatIOn ~ffccl plays an important role IIInatuml convection in vanous devices which

are subjcclcd to large decele,ation or which operate at high ,otati01\ol speeds and also ill

,tTOng i,'Tavitational ficld pro~~"es on h'gc scales (on largc plun~(s) and in gcological

proce."es, In ordcr to explain the effect of vioco\li; dlSsipation, we shall til'st toke u

grossly simplified vicw that the compressibility ~ffccL may be neg,lecterl and the

properties snch as viscosity, thermal ~()ndnctivity and spccific heat arC constant and

(here consider the flow between lwo parallel flat platcs onc of which ,s staLlOnary and

the Ot1'er mo\-ing in its O",n plane with a constant vc10city U"" The rate al ",hich the

press\ltc doc, work known a., prcssure work OnOne "de ofa flat oUlface in the llUld i,

the producL of the pressUlC, the urea of the ,urface and the nOl'mal component of

velocity. Thus rate of doing WOl'k= Force (d\lc (0 pressure) x velocity. Thus pn;;""r~

work = TufJ 6P/ux, where Tis the temperature, u is the vetocity, fJ ISthe cudfi~i""t of

(hennal expansion and OP/OX. is (he pressnre gradient n'e discnsslOn and analy,i, of

llamral convection flows, prcssnre and vi,cons stress work ctTccts arc g~n~rally ii,'nOl"ed

but here we have considercd thc cffects of vi>cou9 dis,ipatioll and pressure work on a

MHD natnml convection flow along a vcrtieal flat plate with heat condnction,

Magnctohydrodynamics is that b,anch of continLLummcchanics, ",hich deals \\',th rhe

flow of electrically condnctmg flu,d, ill a magnetic field, It is of iL\1porl,1ll~~in

eonnectlOn with many engineering prohletll'; such as plasm" confinement, liqnid-metal

cooling ot nuclear reactors, and c1cctromaJ,'lletic ca,ting. Originally, MHD included

only the study of ,trietty incompressible fluid, bnt roday lhe tcrmmology is apph~d to

the stndy of partially ioniz~d gascs as wcll. Other names have bc~n ,uggesled, such as

magnel(}flUldlllechanics. or magnetoaerodynam ics, ;VIagnerohydrodynallllC c4ualions



are the ordina,y e1eetromagnchc "nd hydrodynamic eqnations modified Lot"ke account

of the interaction bctwcm the motion of the fluid and c1ectromagnetic field. In case 01'

natural convection flows, nowadays, MHD analy;i, is playing a vital role, It is ~Iso

useful in geophysics and astronomy, Geophy,icists encoumer MHD phcnom~na in lh~

interactions of conducting fluids and magnctie fields that are pmsenl in and a,oulld

heavenly bodie,. Engineers cmploy MHD principle., in the design of h~~t c.>..~h~n~cr>,

pump' and flowercts, in space .ehide propulsioll, control and fc-cntry nnd 111controlled

fusion,

In the present work, we havc invcstigaled the viscous dissipation nnd pre"ure effect on

the ,kin f"ction und the surface tempcratut"Cdi,lnb\lti,m III the enti,e regioLl from \Ltl

stream to down ,trcum of a viscous incomprCSoib1cund c1~ctrically conducting tluid

from ~ ,crlieal flat plate in prescncc of ma~nc(ic field and heat COl\duclion. Th~

transfomled nOll-similarboundary 1ay~requation< governing the !low togcth~r w,lh the

boundary conditions based on conduction and eonve~llOn ,,'ere ,olved numerically

llSing the Keller box (implicit finite difference) melhod along with Newton's

linearization approx,mallon method, whieh described by Cebec, and Bradshow (1n4).

The effects i, of the Prandtl number Pr, the viscous dissipation parameter N, the

magnetic parametcr Af anu pr~"uro work p"rameter G" on thc veloclly and t~mperature

fields as wel1 as on the skin frictIOnnnd ,urface temperature have beeo :;tlld,ed, In th~

fQ1towingsections detniled derivations of the governing ~quntions for the flow and hc~t

transfer and the mcthod of solutions along with the re,ult, and di,eu>sion, arc

pfcsented. All the investig"tions for the fluid with low PranulI number appropriates fol'

the liquid mctals are carried ouL

3.1 Governing equnlion, of th~ flow
The mathematical ,tatemeD! of the ba,ie con,ervation laws of maSs (2.26), momentum

equation (2.27) ~mJenergy equatiQn (2.28) ignoring Joute l1eating and h~at gcncralion

terms for thc stcady viscou, incompressible and etectl'ica1Jy conducting flow "flcr

simplifying are given by
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:Figurc 3.1: Physical confLguration ~ml coord illale Sy,IClll

au +av =0
ax ar
Vat/ vau a'u R(T T) !7B;U--+ -=I/---+,p - -_~_ax or 8r' 00 p

G,aT +voT =....::......a'T+.::.-(oU),+TfJU pg
ax ay pc" ay' cp ar pC"

Using bOlmdary conditions (2,32)-(2.33) and the tran,fonnation equation (2.35) ill

equ~tjons (3, I) to (3.3), we h~ve the followi ng dimensionless egu~tiOl\s

(3.1 )

(3.2)

(3,3)

au+av=o
ax Oy

ou all a2""--i-v-+Mu=-+Oax oy ay'

(3.4)

(3.5)

oe ae I 0'0 all, {"/~+(T.-Too)e} (3.6)"-h- 0 ---+N(-) +G~ ~C

oX 0' PrOy' oy , (1;,-1~)
Where .11, 11',Ge and Pr are defined carl ieL Aiso tileir boundary ~ond ilions are SJLlle i, e.

(2.39). Substitutirrg (2AO) into equations (3.5) and (3.6) and after simpiifying, we get

the following transformed non-dimensional equations.

r+ 16+15xjf'
20(1+x) (3.7)



(3,8)

-.!..-h"+ 16+15" fh'- 1 f'h+Nxf"'
1'; 20(1+>:) 5(1+x)

+Ci,J(lHJ;("T~.. lof +h(1',I))OI)", x(l,ali _II'0J)1 x 1,,-1~,(7) a'l ax ax
In the above ~l]"atlon, the primes denote dIfferentiationwith ['copect to I). The

boundary conditions (2,39) then lake the follo"ing form

l(x,O) = l'(x,O) =O.h'(.10,0) ~ _ (I + _,)'14 + x'/' (1 + x) IflO !l(:dl)

j'(_"ao)=O,I1'(x,oo)=O (3.9)

The skin friction" and the surface temperature e at the surface in (he boundary laye,

given by

r = !1\x';\Io-xrJI2OJ"(x, OJ}
e = x'i' (I +xr'll he x, rJ)

(3.10)

3.2 Results and discu.I,iun

Here we have investigaled the problem of the ,le~dy ("'0 dimensional laminar frc~

convection boundary layer flow of a v;ocous incompressible and c1cclricnlly conducting

fluid with pressure work along a ,ide ofa vcrtic~l ITal plate of thickness '[,' insulated On

the edges with lemperature To maintamed (}n the other side in the presence of a

uniformly dislribulcd transverse magnetic field. Solutions ale obtained for lh~ fluid

having Prandll number f'r = 0.01, 0.10, 0.50, 0.72, LaO and for a wide range of the

value, of the viscous dISsipation parameter N = 0.20, 0.40, 0 GO, 0.90 and the magnelie

parameter or Hartmann Numl1er AI = 1.00, 1,30, 1.50, 1 70, 2 00 ~nd also the prc>sur~

wmk parameter G~ = 0.20, 0.40, 0.70, 0,,)0. If we know the vnln~s oflll" funct;on,/(x,

I)), h (:<:, 'I) and their derivatives for different values of the P",ndtl number PI', the

magnetLc j1arametcr Or Hartmann Number .'vI, the v;scou, dissipation p",ametel' IVand

the prcssure work parameter Ge, wc may calculate lhe numerical values of the surface

temperature () (x, 0) and lhe shear slTeS5f"(x, 0) at the surface lhat are unponallt frOlll

the physical point of view.

Figure 3.2(a) and figure 3.2(b) deal with the effect of the yiscous dissip~tion parameter

N (=0.20, 0.40, 0.60, 0.90) for different values of lhe controlling parameters Pr = 0.72,

M= 0 80 and Ge = 0,50 on lhe veloClly profilesj'(x, '11and the tcmpcmtur~ profiles"

(.', I!). from figur<: 3,2(a), it is revealed that the velocIty p",filcs j' (x, J/) incrcHC

slightly with the increase of the visCQUSdissipation pmameter N that indicates tile



vi,eou, dissipation accelera\c, (he nuid motion slowly. l'rom figure 3 2(b), il i, ,hown

lhat the temperalure profile, II (x,~)increase fol' increasing "alu~, of N.

from figure 3,3(a) and figure 3,3(b), it is seen that both the velocity profile,j'(x, 'I) and

the temperature profiles h (x, 'I) increase "ilh the increasing:values of the pressure work

parameter Ge(= 0.20, 0.40, 0.70, 0.90) with others controlling parameter:; Pr = 0,72, Ai

~0.70, N= 0.60

Figure 3.4(a) and figure 3.4{b) represent the vC!ocityprofilesj'(x, 'I) and temperature

profiles h (x, ~) for the different values ofmagnetie p"rameler or Hartmann "'limber

Ai (= I 00, 1.30, 1.50, 1,70, 2.00) wilh other eon(rolling parmneters I'r = 0 72. N = 0.50

and Ge = 0.70 From t,gurc 3.4{n), itean be seen that the velocity profile, deClease with

the increasing values of magnetic parameter. On the other hand [rom figure 3.4 (b), it is

obsen'ed that the temperatule profiles increase due to the increase of magnetic

parameter or Hartmann r\umbcr Ai.

Figure 3.5(0) depicts the velocity profile, for different values of the Pl'andtl number Pr (

= 0.01, 0.10, 0 50, 0.72, 1,00 ) while tlle other controlling parameters nrc M~ 1.00, N~

0.60 and Ge = 0.50. Corresponding dlstnbution of the tcmpcmlllre profile, h (x, II) in

the fluids is shown in figure 3.5(bJ. From tlgurc 3.5(a), II can be ,ecn that i[lhc I'wndll

numbel increases, the velocity distriblltion decreases. On the other hand, [rom Egur"

3,5{b) it call be observed tbat the tempcraturc pl'Ofile decrc~scs within the boundary

layer due (0 lllCreaSeof the Prandtl number I'r,

From figure 3,6(a), it can be ob,erved that increase ;n the valuc of the viscou.\

disslpa\ion param"ler N lead, to increa,e the value of the ,kin fl iction coefficicnt j "(x,

OJ.Again figure 3,6(b) shows that the increase the viscous dissipation parameter 11'leads

to increase the surface temperature 0 (x, 0). Similar results hold in the ,kin friction

coefficientj"(x, 0) and the sUlface tempel'ature distribution 0 (x, 0) shown in flgure

3.7(a) and figure 3,7(b) re'pecllvely [or different values of the parameter .,uch as Ce (~

0.20,0.40,0,70, 0,90) amI other controlling p,rameter are fixed (1'r ~O72, M ~ a 70, N

~ 0.60).

Figure 3.8(,,) and figun.: 3,8(b) Iepre,ent the Ie,ulls o[ th~ skin friction eoc[fielCn\ ~nd

the sur/ace temperature di,tribUlion lespectively for ditfcrent values of magnetic

parameters or Hartmann ""umber M (~ 1.00, 1.30, 1.50, 1.70, 2.00) \"h~n lhe value of

the Prandll number, Pr ~ 0.72, the \';seous dissipation parameter l,' = 0.50 and the



pressure work paramclcr Ge ~ 0,70. I.Jcre it eUn be ob,erved that the skin friclion

Cocfficlcnl f"(x, 0) and the surfacc lCmpemlure dj,lributions e (x, 0) boln are decl e~sing

with !he increasing values ofM.

from figure 3.9(a), it is shown that lhe ,kin flietion coefficient f "(x, OJ decreases

monolonically with thc increase of the l'mndtll1umber Pr (~0.01, 0.10, 0,50, 0 72, 1.(0)

and from lhe ftgure 3.9(b), (he same result is observed On lhe >urface tempcmllu'c

dislribollOl1 due to increase of the valoe of (he Pmndt! numbel' when other vnlttc> of lne

contl'olling parumeter;; are M ~ I ,00, N~ 0.60 and Ge ~ 0.50,
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N=090
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N=040
N=020

p, ~ 0,72, M = 0,60, Ge = 0.50

Figure 3.2(a): VarialLon of dill1c~;io~lc>5 velocity distribution f' (x. 'I) uguill>l
dimcnsionlcl' distance 'I for differcnt valucs of viscous di"ir~tion pal'alnetcr N
with Pr = 0.72, M~ 0.8 and Ge ~ 0 .5.

N = 0,90
N = 0,60
N ~ 0.40
N = 0,20

Pr~ 0 72, M ~ 0 BO,Ge = 0,50

1'1
0.'

,
"Figure 3.2(b): VariatiQn of dimensionless tempcraturc dL;tributionh (x, 'I) against

dimcnsionless distance 'I for different values of viscolls dissipalion parameter N
with Pr=O,72, M= 0,8 a~d Ce ~ 0 .5.
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lligurc 3.3(a): VariatioL1of dimensionless velocity cii;lribu(iOIl F (x,ql against
dimensionless distance ') for ciiffcrent values of pressure work parameter Ge with
Pr~ 0.72, M= 0,70 and l\'~ 0 .60.
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Ge = 0.90
Ge = 0.70
Ge=040
Ge=020

Pr= 0.72, M = 0.70, Ge= 0 50
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Figure 3.J{b): Varialion of dimcnsionlc;s l~mperaturc distribution h (x, I)) ~ga L11st
dimensionless distance 'I for diITcrcnl values of pressure work p~mmcl~r Ge "ilh
Pr = 0,72, M = 0.70 and 11'~ 0 .60,
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M = 2,00
M = 1.70
M"1.50
M=1,30
M=100

Pr= 0.72, N = 0 50, Ge" 0.70

Figure 3.4(a): Variation of dimensionless velocity distribulLon J' (x,'1) against
dimensionless di,lance 'I for diftcrent v~luc, of magnetic p~rall\cter Or Hartmann
Number Mwith Fr = 0,72, N - 0.40 and Gc - 0 .60.

Ib)

Pr_ 0,72, N=0.50, Ge = 0 70 M=2.00
M = 1.70
M-1,50
M=130
M=100

Figure 3.4(b): Variation of dimensionless temperature distribution h (,,) "ilh
dimensionless distance 'I for different values of magnclic parameter or Hal"tlll~nn
Number Mwilh Pr~ 0.72, N- 0.40 and Go - 0 .60.
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Fj~urc 3.5(a): Variation of dimcnsionlcs, velocity distribution l' (XJI) with
dimensionless distance 'I for difkrcnl values of p,.atldl111umb~r 1',. "'Lth .\'= 0.60,
1••1- 1 OOand Ge ~ 0 .50.
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Figure 3.5(b): Variation of dimensiook" temperatu]"e h(",111 ,,;(11
dimensionless Ji,tancc '7 for different values of PrandLI number 1'r with N -
0.60, M ~ 1.00 and Ge = 0 .50,
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N ~ 0,90
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N = 0.40
N = 0.20

p, = 0.72, M = O.BO,Ge = 0.50

---------'--,- ---------=----------

Pr = 0.72, M = 0.80, Ge = 0.50

Figure 3.6(a): Variation of skin friclion coefficient f "(x, 0) with dimensionle,s
distance x for different value, of V;'C(}U, dissipation p~ramclcr N with f'r ~ (J.n, AI =
0,80 "nd Ge ~ 0.50
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Fil;urc 3.6(b): Vtil iJtioll of ,urfacc tcmpCI'a\U,c e ex, 0) wiln d imen,ionic." d LStnllcC.Y
for different values OfVLSCOUSdissipation parameter N with Pr = O.72,;\f= 0.80 a~d
Ge =0 ,50.
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Figure 3.7(a): Variation of skm friction coefficient j "Cx, 0) with dimensionless
distance x for different values of pressure work p~r~mctcr Ge with 1',. = 0.72, JI =
0.70 and N= 0 ,60.
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I<'igure 3. 7(b): Vari~tLon of ,urface temperature e Cx, 0) wilh d imeLl,ion less d I,!nnec
x for different values of pre"urc wark parameter Go with Pr ~ 0.72, M ~ 0.70 alld N
= 0 .60.
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Figu rc 3.8(3): Varj~tion of Skul friction coe ffLcicntJ "(:r. 0) w jtll dimensionless
distance x for dirfelellt nlllcs of magnetic paCOl11eter or Hllrlmanll Number iJJ
wiln PI" ~ 0.72. }/= 1150 tind Ge ~ 0 ,70.
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Figu.-c 3.8(h): Variation of surface lCmpCra(LLT~() (.c, 0) with d'Lllcmionb,
di'(dncc x for different values of ma~L1clic paral1l~ter or 1-1Ji"III\Jnn ),lumber 1\-1
with Pr ~ 0.72. }-j= 0.50 and Gc = 0 .70.
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Table.C I rcp",scnt, the valuc, of (hc skio frictioo coefficient and SUJface lem]'c]" I","

for diffcrent v~lues of magnetic paramctcr or Harlm"nn Number /vi while I',. = 0.72, IV=

0.50 and Ge = 0,70 whieh shown in Appendix C Here \\'e found that the value, of skin

fnelion coefficient decrcasc ~( dirIercl1\ po"lt10n of x I'm magnetic parall1c(Gr or

H"rtmJnn Nnmber AI ~1,00, 1,50, 1,70,2,00, The ,~te of the skin tl'iefion eoefllcicnl

deere",", by 19.33% as the magnetic Jl~r"mdcr or Hartmann Number Iv! cha1tgc& from

1.00 to 2,00 ~l1d .t ~ 1.60, Furthermore, it 1S SCCn Ih"l th~ numerical values 01 the

smface lemperature dis1nbul,on deerea," for increa"ing \'alu~s 01' [jl"~"C[]~ pU",m~I~[ or

Ilartmann l\umbcr Ai. The ",te of dec,ea5e of sul'lJCC Icmp~mtllr<: dislnbulian i, 3 90'Y"

at position" ~ 1,60 a, the magnetic parametcr ch:mgcs from 1,00 1U2,00

The valu~s of ,kin frietlOn and the surbce 1cmpcratuw have been pre,ented in Tahle-C,

far differcnt values of Prand IInumber 1'1' while ,H= I ,00, N ~ 0,60 and Ge ~ 0, 50 wlu~h

shown In Appendix C. Ilere we ob,crved thnt the ,',ol\J~, of ,km friction coefficient

decrease al d;llCn;nt pO>ltion of x for Prandt! numb"! p,. = 0 10, 0 72, 1.00. The r~l~ uf

th~ skin friction coefftcicnt decrcJScs by 31.83% '" the Prandtl number 1'1' change, from

0.100 to 1,00 and x ~ 1.0409 Fnnhermo'e, it is seen 1hM 1hc numcncal \'alll~' of the

surface tempcmtur~ d'Slnbutlon dec, ease for increasing val1,cs of Prandll number Pr,

The rate of decrease of ,urbec temperalure di,tribution is 10,91 % at position" = 1,0409

as the Prandtl nnmber changes from ° 10 10 1.00,
The valuc; of 1he skin friction cneftlcicnt and surf~ec tcmp~ralliTc for di fferen\ value, of

vi,cou, disSlpallOn pammete, 1'".while Pr = 0,72, Ai ~ 0.80 and Ge ~ 0.50 arc !;iven in,

1he '['able-C, which showed in Appendix C. Hcr<; Ib~ "al,,", of ,klLl friclion cociTLcicLlt

incre"ses at diffe!ent rosLt10" of x for V,SGO"o dLS,ip"tion paralllckr Iv ={).20, () 40, () (,0.

0.90, The nlle of increase of thc skin fricllOn cocffiClenl " 15.01% as the \';scous

dissipatlon parsmeter N cbanges from 0.20 10 0.90 ~nd x ~ 4.0635, Fur1hnTIlor~, lt lS

seen lhat lhe 11l,m~rieal values of the smfacc temperature distribution mCrC,bc for

Incrcasin!\ "ul"e, of vi,eous dissipation rarametci. IV The r.lk uf mcr~",~ of surf,,~c

lemperatnre distribution is 13.50% at I'0S1\1011.' ~ 4.0635 as the ,i,eou; dissipation

l'at'amctGf chat\gcs from 0.20 10 0,90,

The \'olues of the ,k III fn~lion cocfficicnt and sm facc tempc, ature lor din el eLll,',lilies of

pr~"ure work parameter Ge wlule Pr = 0.72, M = 0.80 and N = 060 are el1leled ill

Table-C4 which shown in Appcndix C. Here Ihc valucs of skin friction coefficient



increases at differcnt pO>llion of x for J)],coMlr~work parameter Ge ~ 0,20, 0.40. 1).10.

0,90, The rate of incrca,e of the skin friellOn eodfieient is 9.20% ns th~ plu,ure work

parameler Ge changes from 0,20 10° 90 and x ~ 4,0635. furlnemlOle, it is SCCIlthallh~

numo"cal values of the surface temperature distrib"tlOn lllClease for iJicreming "aluc,

of pres,;"," work pawmete, VI.'. The rate or inclcasc of ,uriace tempn"\llr~ distrihutioLl

'5 12,94% at position.c = 4,0635 as the ]ll~SSUI'ework pammclcl chang"' from 0.20 to

° ~().
3.3 Conclusions

'j'he effect of "ISCOUSdissipation parameter N. magnetic p","llletel or IJal tillalm !--lulllbn

M, the pressure 'Work parameter G~ nnd the J'r;>Lldtl tlull1b~r p, OLl lhe magndo_

hydlodynamic natural convection boundary layer t10w nlong a vertical tbl l'lalc k"

been studied introducing a new class of lran"formatiotls, TIoe lran,formed non-,illlil~"

boundary layer cq\ll1llOnS governing the flow together with the bou"dary conditions

based on condUClton and convection wcrc :,olvcd numeric~lly US'llg Ihe VCI)' effieienl

implicit finite dirrcrcn~c method logethcr wilh Keller box scheme TIle coupled cfr~cl of

nalural convection and conduclion required the (cmpcl"lurc and the h~~t Jlux is

eontinuou, a( Ihe intClfacc, . from the present investigation, th~ followmg conclusions

mny be drawn:

• 80th the skin friC(LOncoefficient and the vclocLty dislributioLl lL\crca,~ I'm

incrcaSLng v"lu~s of lhe viscous d,ssipalioLl p~ramcl~l' N ;JLl<i(h" pL'c"m~ WOlk

paf;J]neter Ge.

• Increased v,due, of tile viscous ,h,"palion parameter N bod, (j increa.,e the

surface (~mpemture di,t, ibution a, wcll as the tempc] atul'C d'o1l1bLlllOn,

• lncrcaoed ,,"lues "fthe pressure work parameter G~ leads to increase th~ ,,,,face

temperalure distribulion ao well as the temperature distribution.

• It hu, bccn observed thaI the ,kin Lnctioll coeftleicl\L Ill" "LLrf,,"ctunpemtme

distribution, the ternpemlme pro Liles and thc ,docity d,,",bLLLiOI1dec L'C.\SC(W~L'

thc whole boundary byer W'lh (he increase oflhe Pralldll nLLlllbcr1'1'.

• for the effect of mab'l1etic parameter or Hartm"nn Number AI, lhe skin ti-ieti(jn

,oefflcLet1t, thc surfac~ (emperature distribution and the velocity disniblltion

over Ihc whole boundary lay~r decreases, but rhe temperuture dislribuLlOn

mere,,",.



CHAPTER 4

VISCOUS DISSIPATION AND PRESSURE WORK EFFECTS ON
MAGKETOHYDRODYNAMJC FREE CONVECTION FLOW
ALONG A VERTICAL FLAT PLATE WITH .TOULE HEATING

AND HEAT CO"NDUCTIOI."

Free convection flow is often enCO\llllcred in cooling ofnudcJr reacto\o or in lhe stlldy

of lhe .'tmcture of ,la" and plane!>. The study of lcmpelature and heal tramfe,- is of

great importance to the engineers beeau,e of its ~lmO,l univelsal OCCurrence 111many

branches of scicnc~ and enginccring, Heat transfer analysis is rno,t imporlant for the

proper sizing of fuel elements in lhe nuclear reador cores to prevenl burnout, The

,iseous dLSSlpation effect play, "n imp0l1a1\t role in natural cony~niOll in va['lOuS

device, which ale .,ubJeclcd to large dccd~ratioll or wbich operate at h'gh 11)t.tional

speeds and aloo III '!long gravltallOnal field Pl'occ,:;e$ on large scales (}n IalgC planet,)

and in geological proce:;:;c:;. The discus,ion ond "n"lysis of natUl,11eon,cclion flows,

pressurc and viscous strc» work effects arc generally ignored but here tho effect:; of

viscous dissipallOn and pressurc v,ork on a MHD nalural conv~ction flow along a

vcrtical flat plate with Joule heating and heat conduction have been considcred. When

CUlTenttlow:; III an electrical eonductOl such wire, ulectrical cncrgy i, lost due to tile

resistance of the electrical conductor, this lost electrical energy ISconvelted into \hennal

energy called Joule heating, Thi:; is because the elcclrical powcr 1000equals the l1ca(

trallsfer. 11\dcctromes, and more broadly in j1hysics, Joule heati,,!; or ohmic ileali,,!;

refcrs to the incl'ea:;c In tcmperature of a condllcror as a "',ull of resistance to "n

electrical current flowing through it.

In the present chapter, we shal1111ve,tigate the vi:;co", di;sipatiOIl and pressure effect Qn

the skin friction and thc rate of heat transfel' in the ~nlire region from LLp~lreamto

down,tream of a viscous ineompre"ible and electrienlly conducting fluid from a

vertic"l flat plate in prcoCllCCoftransvel':;e magnclic field. \Ve hove :;t"died the effect or

the maglletic parameter Al, tile l'ralldtl number PI", the viscous diss\pution parameter N

and pressur~ work parameter Ge 011the velocity and lempemlUle fields a:; "'elll!> 011the

,kin f,ietion alld surface temperature.



CI,"!"",- 4, Vi,eo,,, dis,;,,''''')'' w;c/pre,wre work 'if",' 0" MHD fiw COl"'", I"", flvw aiollg n 'i2

4.1 Govcrning cquations of thc flo"
The mathematical Sl"tement of the ba,ic con5crVMlO~ laws of milS, (2.26), momel\tum

equation (2.27) and energy equation (2,28) ignOi ing heal gcneration tem,,, for the steady

viscous incompressible and electrically conducting flow after oimplifying ~rc gi'en by

x
~,,

,
Figure 4.1: Physical configuration and Cllordinatc system
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ay) + pCp pg+-p-c-,

~u au ~'u R'UU~+V-e"-'-+gP(T-T) a ,ax oy ay' ~ p

"aT vaTv-+ -ax or
Using boundary ~onditions (2.32)-(2.33) and the transfotrnatlon equation (2.35) in

equalions (4.1) 10 (4.3), we l'ave the following dimensionless cquatlons

(42)

(4 J)

au I)v
-+-",0 (4.4)
c+ '"

au I)," I)'u
"ax +V0' +.\1""'0" +0 (4.5)

Of} ao 10'0 V( C"), J 'I 'J G {T~+(1;,-7;.)e} (4.6),-H- ---+, _ + 11u +
ox Oy Pr ':c/ 8y • (T" - j~)

Where M, N, Ce, Jut nnd P, me defined emlie, Also lheir boundar) conditions nr~

same i,e, (2.39). Sub5titl11ing (2 40) into equation, (4.5) and (4 6) and after >lll1plifying,

we get lhc following tl'ans[omled nOll,dimensional equatIOn,.



1m+ 16 +15x ff" _ 6 +5x [2 _Mx"S(l +X)"IOf' '1.1l=x(f' 81' _ f" Gf )
20(1+x) 10(1+-,,) ax ax

Ih,.16-'-15xfl' 1 f'h Nf")1 "'(1 _)'1L.1}"- "---- 1----- + X + u x +x
f', 20(l+x) 5(I+x)

I I

+c,x\[l+XJ'l( 'f~ lei -'-h(X,II) o.r)= x{f,oh -h'C!f.)
x T"-T~ Q'l 01) ax ax

In the abo~e equations the pnme, denote differentiation wltll respect to II,

The boundary condition> (2.39) then take the [,,!lov, in:; fonn

f(x,Q) ~ r(x,O) _ 0, I,'(."G) =_ (1+ x )'14 + x L/' (1';' X)' flO h(x,O)
/'(:<,00)=0, ;"(-',00)_0

GO

(47)

(4.9)

4.2 Results and dl,cussioll

The 'ystcm of nQn-]inc~r ordina,}' differential equations (47) and (4.8) together with

the boundary condition (4.9) have been solved nlLrnencally by employing implicit finite

difference method together WIth Keller-box eliminatIOn tecnniqLlC. ~umcrical

computation ure carried out for Prandll number PI" = 0,01, 0,10, ° 50, ° 72, 1,00 and for

a wide range of the values of the viscous dissipation parameter N = ° to, 0.30, 0.60,

0.90, the magnetic parameter or Hartmann Number M =0.10, 0,30, 0.50, 0.70, 0,90, th~

Joule heating purameter Jul = a 20, 0.40, 0,70, 0.90 and also pr<;",ure work palameter is

Gc ~ 0,20, 0.40, 0 60, 0.80, With the ab()vc-mCnil()ned flow paral\\ctw, (he r~'lLlts ale

dlspbyed in figures 4.2 to figures 4 11 for prcdlclmg velocity profilco, iemperature

profiles, skin friction and ,urfaee temperamrc coefficient

Figure 4,2(a) and figure 4.2(0) display results for thc velocity and tempelatllrc profiks,

ba,ed on equations (4,17)-(4.18) with boundary condltions (4.IQ), for dif1c,ent ,mall

values of viscous dlS,ipation parameter N (~.90, 0.60, 0.30. O,lO) plolt"d again,t 'l at

Pr = 0,72, M= 0.80, J"I = 0.40 and Ge = 0.70. FICIm figme 4.2(a}, 1118 Seen th"t an

increase in the viscous dissipation pm'mneter N 15 o"w~iatcd ••••.ith a conwlcrablc

increase in velocity prolil~s but !lear the surfacc of the plate, the velocity mcrc",es m,d

become maximum and then decrease, and finally approaches to zcro aoympiotically.

Thc maximum values of the vclocity are 03735,0.3671, 0.3609 and 0.3568 for N =

0.90, 0,60, 0.30, ° 1° respectively whICh occur at 'l = 1.3693 fo, all maximum valucs.

Hcre we see that the velocily increases by 4.68% as N incrca,cs from 1).10 to 0.90, A

simibr situation is also obscrvcd from figure 4.2(b) in the case of temperatUlc t1cld,

Here it is ,een that thc locnl nmximlLm values of the IcmpcmtlLrc prof LIes arc 0.9630,



0.94IG, 09216, 0,9031 for N ~ 0,90, O.GO,030, 0,10 re'pec[ivcly "nd cacll of wlll~h

occur, at the smface. lllUS the temperature profile, inc,c~sc by i),GJ';;, a< N LL\~l""'G'
from 0.10 to 0.90.

F;gure 4,J(a) and fLgUr~4,3(b) represent rcspeclively thc velocity and the temperature

profiles for different values of the pressurc work paramctcr Gc for pa'ticular ,,"lues of

Pr, Jul, Nand M. Fwm figure 4,J(a). it is ohserved lhat an increase 111pressure work

par"meter G~,\s m,ociated with" considerable lllcrease in velocity profiles but nCarth~

surface of the plate the velocity incrca,e, "nd become maximum and then decreases and

finally approa~hes to zero a'ymptotically. The maximum ,aiue, of the velocity are

0,441G, 0.42GI, 0.4110, 0,3963 for Ge = 0.80, O.GO,0.40, 0.20 re"pectively and each of

which occurs at T) ~ 1.369J. Here we see that the velocity increa>es by 11.43% a> Ge

inerca,es from 0,20 lo 0.80, However figure 4.3(b) shows the d"lnbut;Oll of the

temperalure prolilcs against 'I for ,ome values of the p,essure 'Work parameler Ge

(=0.80,0.60, 040,0,20). Clearly it IS Seen that the temperature distribution inclea"es

owing to ltlcr~aoingvalues of the pressure work pammeter G~ and lhe maximllm i, "l

the adjacent to the plate wall. The local max;ml'm vailles of the temperature profiles arc

0.9630, 0.941G,0.92 I6, 0.9031 for (Ge =0,SO,0.60, 0.40, O.lO) respecti, ely and each of

which atlains at the ,urface. "Oms Ihe lempelaturc profiles increase by 6 63% as Ge

increa,e, from 0.20 (0 0,80.

figure 4.4(a) and figure 4.4(b) display results for the VelOCIty"nd lemperature profile."

for dIfferent ,mall value; of magnetic parameter or Har(mann Number M ~ 0.10, 0.30,

0.50,0,70, 0.90 plolled against II al Pi"= 0.72, N = 0.40, J"I = 0 50 u~J Cc = 0 GO It lS

seen from figure 4.4(a) (hallhe velocity profile i, influencc,l ~onsiJerahly and ,kcrcascs

when the value of magnelle pammeter M incrca,es. But near !hc ,,,,fnce of the plale

velocity increases signifieanlly and then decreoses slowly and finally approachcs to

zero, The maximum value, of the velocity are 0.3522, 0,3830, 0.4186, 0.4596 and

0.5068 for ,11= 0,90, 0,70, 0.50, 0.30, 0.10 respectively which occur at 'I ~ 1,3025 for

the f",l muxim"m value and 'I ~ 1.3G93for other maxim"m valued, Here we ,;ec 11]['1

thc velocity decreascs by 30,51'1, as M increases from 0.10 10 0.90. Also il h"s been

observed that the temperature field increase, [or inc,easing \ul\lc, of magnetic

parameter or Hartmann Number M in figure 4.4(b). Bere II i, socn thal the l"e,,1

maXllllum valucs of lhe tellll'elaturc profile, are 0.9409, 0.9316, 0.nG8, 0.9217 ,lLld

0.9146 for M = 0,10, 0.30, 0,50, 0.70, 0,90 respectively and each ofwhieh occurs at tile



_,urfacc.Thus lhe lemperaturc profile, incrca,c by 2,88% as AI lL1~rG"'CSfrom 0 10 to
0.90,

Figure 4 Sea) and figure 4.5{b) deal witb lhe effecl of the Joule hcating parameter Jul

(~0.20, 0.40, 0.70, 0.90) fOldiffcrent value, of the controllin~ parameter-, PI' ~ 0,72, Ai

= 0.40, N ~ 0.50 and Gc ~ 0,70 on the velocity profilej" (x, J/) and lhe temperature

pwfile It (x, 'I). From figure 4.5(a}, il i, revealed tbat the vc10Cllyprofile j" (x, 'I)

inerea,e, slightly with lhe in~rease of the Jouk he~ting parametcr J"I whlch llllhcates

thaI Joule heating paramcter accelerates the Iluid mollon Small incrcm~nt i, ,hemLl

from figure 4.5(b) on the tempera lure profile II (x, 'I) for increasing v~luc, aU"I,

Figure 4.6 (a) depicls the velocity profiles for different v~lu~s of the Pl'andtl number Pr

(~O'o],0.10, 0.50, 0.72, 1.00) with lhe olhers controlling parametelS M ~ 0.50, l';' ~

0.30, Jul ~ 0.40 and Ge ~ 0,60. Corresponding distribution of the temperatllre prolik II

(x, 'I) in [he fluids is shown m figure 4,6(b) I'r01\1figure 4,6(a), itean bGscell lhal iflhe

l'randtl number incrca,es the velocity of [he fluid decreases. On lh~ olher hand, fmm

figure 4.6{b) it is observed that the lemperature profiles decrea5e within lh~ boundary

layer d\,c 10incfCaseof the Prandtl number Pro

Numerical values of the skin fnetion coefficientj"(x, O}and the ollrlacc lcmpe,atme

B{x, 0) are depicled graphlcally in figllrc 4,7(a) and figure 4.7(b) respectively against

lhe axial distmee x m the interval [0,16] for different values of th~ ,i,cous dissipation

parameler N (~O.l(), 0.40, 0,60, 0.90) for the fluid havmg l'randtl number PI' ~ 0,72. the

mab'Iletic pal'Jtnc\er M ~ 0,80, lhe Joule_healing pawmeler Jul ~ 0.40 "nd lhe prc."ur~

work parame[~r Ce ~ 0,70. II \s seen from figure 4.7(~} lh~llhe skiLl-fliclLo\\j"(.c. 0)

increases when the viscous dissipation parameler, ,v increase;. The same resuH holds

from figme 4 7(b) for surface temperalure distribution e (x, 0) wlnle N increases.

From figure 4.8{a), it can be observed that increase in the valuc of the pressure wOlk

parameter Ge l~ads to incleasc the value of skin friction eoel'fiC\~ntj"(." 0) whieh is

usually expected. Aguin figme 4.8(b} shows [h"t [he inerca,~ of lhe prc»\ll" wOlk

parameler Ge leads to increase the surface lCmpem[me O(x, 0),

Figure 4.9{a) and figurc 4.9(b) \lIustrate the variation ofskin-fric[ionj"(x, 0) and surt;oce

temperaturc distribution e (x, 0) against x for dilTcren( valuc, of magnetic parameter Or

Hartmann NU\l1b~rM(~0,90, 0,70, 0.50, 0.30, ij,IO).ll is Seell flOm figure 4,9{,,} tbal

the ,kin-frietionj"( .•, 0) decreases when the magnetic parameter or Hartmann Numbe\

•



M increases. It i, also observed from figure 4.9(b) that the surface telllper~t",e

distribution e (x, 0) increases whileM mcrca,es,

The effect of Joule heating parameter Jul (~0,90, O.iO, 0.40, 0.20) on the skin-il'ic(ion

coefficient/"(x, 0) and the ,urfacc temperature ,hslribntion 0 (x, 0) ag"in&I.., for PI" ~

0.72,M~ 0.40. N~ 0,50 and Ge- O,iO is ']'QWnin figur~ 4,10(a) and figul'c 4.10(b]. It

is found that lhe valucs of (he ,kill-friction cocffLcienlI ''(.,0) and the surface

temperature distrihution (J (x, 0) bOlh increase fn,. increasing values of Joule heating

parameter j"t. Here it has been observed that the valuc> of lhe skin-friction coefficient

I"(x, 0) mcrease" by 95,73% and the surface tel11pcmturcdistribullon e (x, 0) increases

by 9i.26% while J,,/ increases from 0.20 to 0,90.

In figure 4, ll(a), the ,kin friclion coefficient I "(:L, 0) and ligure 4, ll(b), th~ ,urface

temperature e (x, 0) are shown graphically for different values of Ihc I'randtl numbel' PI'

(~0.01, 0.10, 0.50, o.n, 1.00) when olher value, of the con\rollil1!;pa,"lllcters ale Ai ~
0.50, N~ 0,30, Jul ~ 0.40 and Ge~ 0.60.
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dimensionle.s distance '7 for different values of viscous dissipation parameter N
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Figure 4.3(a): Variahon of dimensionless velocity proJile, f' (",I)) against
dimensionless distance ') for different values of pressur~ work p~ramctcr Ge with
Pr ~ 0.72, M ~ 0,50, N = 0,30 and Jill = 0 .40.
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Figure 4.3(b): V"Tlation of dimensionless temperature profiles Ir (x, 'I) again,!
dimensIOnless distance I) [or different vnlucs of pI essurc work pal'n1ucwr Ge with
Pr = 0.72, M = 0.50, N ~ 0.30 and Jui ~ ° .40.
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M= 0.50
M = 0,30
M=O,10

1', ~ 0.72. lui ~ 0.50,
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Figure 4.4(a): Variation of ,dimcml()nie55 velocity profiles J (.',i/l againsl
dimension1css di,l"nce I) for different values of magn£llc parameter or H~rlnlann
~'lLrnber ,.'v{withPr ~ 0 72, Ge ~ 0,50, N ~ 0.60 and lui ~ 0 .50

----M=O.90
M=070
M=050
M=03D
M=O,10

'.0 Pr ~ 0.72, lui ~ 0,50, N ~ 0.40, Gc ~ 0.60,

,
')

Figure 4.4(0): Variation of dimensionless tcmpcmture prof Lies h (x,l)) again,t
dimensionless di,tance 'I for diticrcnl values Qf magnetic parameter or Hartl1l"nn
Number Mw;th Pr ~ 0.72, Ce = 0.50, 11'= 0.60 dnd J"I ~ 0 .50.
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---- Jul = 0.90
Jul = 0.70
Jul = 0.40
Jul = 0.20

Pr = 0.72, M ~ 0.40.
N~050,Gc~O,70.

Figure 4.5(9): VariallOn of dimensionlcs; velocity profile, J' (x,l)l against
dimensionless di,tance 'I for different v"lues of JQU1cliealing parameter Jill wLtil
p,. = 0.72, Ge ~ 0,70, !I"= 0,50 and M = 0 .40.
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---- Jul = 0.90
Jul = 0,70
Jul~040
Jul = 0.20

Pr ~ 0.72, M ~ 0.40, 1'-'~ 0.50. Gc = 0,70,

(b)

,
"Figure 4.5(lJ): Variation of dirncn,ioniess temperature profile, I, (x. 1/) agall\st

dimension1e" distance Ii for different values of Joule heating parameter Jill with
Pr = 0,72, Gc ~ 0,70, N = 0 50 and M ~ 0 .40,
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Figure 4.6(a): VanatlOn of dimensionlc" velac ity profile, J' (X,17) agaiLlst
dimcnoionless distance fI for different values ofPrnndtl number PI' v. i\h Jill ~
DAD, Ce ~ 0.60, N ~ 0.30 and AI = 0 ,50.
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Pr= 0 72
Pr = 0.50
Pr=O.10
Pr = 0.01

Iv!~ 0.50, N ~ 0,30, Jul ~ 0.40, Gc ~ 0,60
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"Figure 4.6(1;): Variation of dimensIOnless temperature pwfiics }, (x, III
again,t dimension1c" distance I) for differenl value" of Prandtl number 1',.
with lui = 0.40, Ge ~ 0 60, N~ 0,30 ~ndAt ~ 0 .50



N ~ o,eo
N ~ 0,60
N ~ 0,40
N=0,10

Pr - 0 72.),1 ~ 0.80, lul ~ 0.40, Go ~ 0, 70
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x
.Figu,c 4.7(n): Varintion of skin friclion coeffieient f "{x,
dimensionless Ji,tance x for different values of viscous dissipatioll
N",ilh Pr = 0.72, M= 0.80, J,d = 0.40 and Ge ~ 0 ,70 .

()) witll
pnramcter
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N = o,eo
N = 0,60
N = 0.30
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3: Pr~O,72,M~080,Jul~OAO,Ge~070
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(bl

x
Figure 4.7(b): Variation of ,urface temperaturc 0 (x, 0) ",ith dimell,ionic,s
dl,tance x for diffcrent value, of "i,cous dissip:olion parameter N with P,' =
0,72, Ai = 0 SO,J,tI = DAD and Ge = 0 70.
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---- Ge = O,SO
Ge = 0.60
Ge=040
Ge = 0,20

PI ~ U72, M m 0,50, J,,1 ~ 0.40, :-I ~ 0,30,

_.-'- ----~~~~~~-----------
(xi

Figure 4.8(a): Val'iation of skin friction codlicient f "(x, 0) with
dimcnsionle"s distance x for different vahles of pressure 'Work pamnwler Cc
with Pr ~ 0.72, M = 0.50, Jul ~ 0.40 and N = 0,30.

Ge = 0,80
G~= 0,60
Ge=040
Ge=020

.PI ~ 0 72, 1\1_ 0,50, Jul ~ 0 40, N ~ 0,30 .

.- - -------------
(b)

x
Figure 4,8(b): Variation ot wrfJce temperature 0 (x, OJ with dimcmivnle,,,
distance x for different value, of pressure 'Work parameter G~ with p, ~0,72,
M - 0 50, Jld = 0.40 and 11'= 0.30.
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Figure 4.9{a): Variahon of skm friction coeflicicm f "(x. OJ with
dimensionless di,wnce x for different values of magnetic pammeler or
Hartmann Number M WJtil PI' ~ 0, 72, Ge - 0,50, J"I ~ 0.40 and lI' ~ 0 30

M = 0,90
M = 0,70
M ~ 0,50
M=030
M=Q,10

p, ~ 0.72, N ~ 0.40, lui ~ 0.50, Ge ~ 0.60

,,,

(b I

,
x

Figure 4.9(b): Vanat;on of surface temperature 0 (x, 0) with d;mCIl~ionless
distance x for different ~alues of magnetic parameter OJ'Hartmann l\llmbcr M
wIth f'r = 0 72, Ce - 0 50, hi ~0.40 Jnd II'~0.30.
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----Jul=O,90
Jul = 0.70
Jul = 0,40
Jul = 0,20

Pr ~ 0, 72, M ~ 0.40, N ~ 0.50, Go ~ 0,70.

(0)

x

Figure 4.10(a): Variation of skin friction coefficient f "(x, 0) with
dimensionless distance x for different value, of JOlLieheating parameter Jul
with P,.M °72, Ge = 0,70, M ~ 0.40 and N= 0.50,

Jul = 0,00
- - - - Jul=0,70
-,-,-,- Jul ~ 0.40
---- Jul~0,20

Pr ~ 0, 72, M ~ 0.40,;-.r ~ 0,50, Ge ~ 0.70.

----_.- ----
__ ._,;0. ~;. =-=- ;:.----

(b)

"Figure 4.10(b): Variation of surface temp~rature 0 (x, 0) with dimcn,ionic;,
distance x for different value, of Joule heatmg parameter ,hI! W11]'P, = 0.72.
Ce = 0 70, M= 0.40 and N = 0.50,

72



,

Pr=1.00
Pr = 0.72
Pr = 0,50
P,=0,10
Pr=OO's

c.....
',5 M~05(),N=(),JO,Jul~0.40,Gc~06()

_._.

,

.-..- ,-' - '-.:...- --...: ...:;;...----
,- -.:....-

x
Figure 4,11(,,): Variation of "kin Inol;on cneff.cicnlj"(x, 0) with dimensionless
di,l"nce x for dIfferent values of Prundt] number PI' with Jul- 0.40, Ge ~ 0.60, M ~
O,50andN~O,50.
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Pr: 1.00
Pr = 0.72
Pr: 0.50
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Pr = 0,01

u
N~()30,M-O.50 Jul~0.40,Gc~O.60,

X

Figure 4.11(b): Varialion of surface tempCI"ture 0 (x, 0) wiln dimeos;onlc;,
dIStance X for different valucs of Pmndtl numbcr Pr with Jul = 0.40, Gc = 0 60, M =
0,50 and II' ~ 0,50,
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The value, of the skin friction coefficient and ,,,,face temperalure di&triblltion Lor

dilTerent values ofPrandtl number Pc whIle M ~ 0 5, N ~ 0.4, .htf = 0.4 "nd (;e = 0,6 ur~

entcr~d in Table-C, which is showed in Appendix C. Hcre II i, obscrv~d that the v~lLLcs

of skin fnction coefficient dccrease at different position of x for Prandll number Pi"

=1.00,0.72, ° 50, 0.10, The ratc of ,kin friction coefficient d~~rea&es by 16.436'10 <ISthe

Pmndtl number Pr changes from 0.10 to 1.00 and x = 4.0635, Furthermore, 11i, seen

that the numerical ~alues of the surface temperature distribullOn decre~se for inc, casing

values of l'randtl number Pro Thi, suggesls thot the interface of tbe p]~te ha\'ing

thidmess 'b' rcmains healed more ill the lower P,andll numbcl' fluid thaLl that of lhe

higller Prandtl number fluid and the ralC of dCL'c~sc of surface lempcralmG distl ibutlon

IS9.633% at positlon x = 4,0635 as the Prandtl !lumber chang.e> fronl 0,10 Lo1 00,

The values of the skin lj-i~lion coefficient and 8urfaee tcmper<lhlre fm ditTcrcnl vahlc,; of

pressure work parameter Ge v,.hile M = 0,50, N = 0.30, J"I ~ 0.40 and PI" = 0,72 are

~ntered in Table-C6 lhat is showed in Appendix C. Here it is concluded (h~l the "alliCS

of skin friclion eoefticl~nt incrcase at differenl position of x for pressure wOlk

parameter Ge ~O.10, 0.40, 0,60, 0,80. Thc !J1Cof the skin fJ inion coeffic iCl1tmcrca.,c,

by 83.0815% a, the Pl'es:mrc work parameler Gc changc, from 0.20 to 0 SO and x =

4,0635. Furlhennore, il i" seen lhat tbe numerical valu"" of thc ,mtace temperatul'e

dlS~.iblllion increase fm inCfCasillg \'alues of pressure work parameter Gc. The rak of

lllcrease ()[ surface l~mperature distribution is 62.2983% at pO>ltion x = 4 0635 as the

pressure v,.ork parameter Ge changes from 0.20 to ° 80.
The valucs of the skin friction coeffLcieM(and surfac~ tempcJ<llure fm eli[j'.:rcnt vah,cs of

viscous d;ssipmion pommetel' N while M = 0.80, G~ ~ 0,70, .1,,1~ 0.40 Jnd Pr = 0, 72 ~re

depicted in Table-C, which is showed in Appendix C. Hele WGlilld that the \'altlCS of

:;kin friehon coeffiCIent inereasc at different po,ition of " jor viscou, d,s,ipation

paramcter N =0.1 0, 0.30, 0.60, 0,90. Thc rale of the skin friction coefficient mcreases by

22.3172% as lhe viscous dISsipation paramclcr N change, from 0.10 [0 0.90 and x =

4.0635. l'unherrnorc, il IS ,een thnt the numeric~l val"cs of the surface tempcrature

distribution in~rea.,e for increasing values of viscous dissip"lion pal'amder iV. Th~ rate

of inerea,e of surthce lemperatufC distribution IS22.5327% at posil,on x ~ 4.0635 as the

prc>sme work parameter ~h""geS fl'om 0.10 to 0.90,

The v~lues of the skin friction coefficienl and s\lrface ["mperalur~ for dilJewnl \'alu~s of

Joule heating pnrameter Jill while N= 0.50, G<,= 0,70, M = 0.40 dnd Pi" = 0.72 illustratc

•



that the valucs of skin friction coefficient increasc at d,fferent position of" for Joule

heating parameter Jill =0,20, 0.40, 0.70, 0.90 as SeCnfrom Tablc-CB which IS shown

Appendix in C. The rate Qftbe skin friction coefficient incr~asc" by 43.t6~4% as the

Joule heating parameter Jul change, from 0.10 to 0,90 and x = 3.1340, Flll'lhermme, i( is

observed that th~ numerical values of the surfacc tempcrature distribution increase Lor

incrcasmg values of Joulc heating parameter Jul. The rate ot inc[ca,e of ,,,,face

tempcrature distribution i, 34.4605% at po,nlion x = J.1340 ns the JOllIe l1eatin"
parameter chan!;c, from 0 to \0 0.90,

4,3 Conclusions

From (he present investIgation, the followmg conclusions may be drawn:

• BOLhthe skin friction coefficient and Lhe,elocity profile ir.crease for incrCiising

values of the ,i,cous diSSIpationparameter .Ii, the pressure works parnmcter Ge

and the Joule heatin!; parameter Jul.

• Increased values of the viscous d;"ipation purnmctcr IV lead.' to il\crca,e the

smJ;1cctemperature distriblLtlOnas well as thc tcmperatUle distribution.

• Increased values of the prcs,me work paramctcr Ge leads to incrcasc thc surLace

temperaturc di,lribution as wcll a, (he temperature di,tribution,

• lncrea,cJ vahles tbe Joule heating parameter J,II kaJ, (0 inclease the ,urr.,~~

(emperature di,(ribut;on as well as th~ temperature d'stn b"Lion.

• It has been obscrvcd that (he skin friction coefficient, the snrfacc kmp~ra(ure

distribution, the tempcrature profile and the velocity profile decreasc ovcr (he

whole boundary layer with (he incrcasc of (he Peandt! numbcr Pr,

• Thc cff~c( of magnetic paramc(cr 01'Hartmann Numb~r .'l4 is to deerea"c tile .,kill
friction coefficient, the surfucc tempemturc distribution and the velocity

distribution over the whole boundary laycr dccrea,e, but !eVelse case happcm for

(empcrature di,(ribut;ons.



CHAPTERS

CONJUGATE EFFECTS OF STRESS WORK AND HEAT
GEI\ERATION 01\ MAGNETOHYDRODYNAi\lIC .FREE

CONVECTION FLOW ALONG A VERTICAL FLAT I'LATE W1TH
JOULE HEATING AND HEAT COl\"DUCTIOI\'

The most importum "pplie~tion ofMHD is in the generation of electrical power w,th th~

flow of an electrically conducting flmd lhrough ~ tmn,vc,se m~gnellc field. In case of

natural COll\'CCllOnflows, now a d"y, MHD analysis is playing; a vital !'Ole. H i, "1'0

uscful in geophysic, and astronomy. Geophysicists cncountcr MHD phCnQlllCI1<1in lhc

interaclions of conductmg fluids and magnetic lield, that arc pre,cnt in and Monnd

hC<lvellly bodies Engince" cmploy MHD principles in llw dc,ign oj heal cxch<lLlg"rs,

pumps <lnd flowerets, in 'pace ,chicle propu1>\On, control alld rc-cmry ~nd in conlrollcd

fusion, Heat is gcner~kd intemally due to Jou1c hcutmg of e1cClrle,,1 conductor or

intem~1 he"ting of solid.~tate electl'onie device.

The prcsenl investigation is concerned with [he effects of heal gcneration On the skin

friction and the surfac~ lemperature distnbution io the cnllre regioll from up _,trcam to

down stream of a viscous incompressible and eleetrieally conducting fl"id from a

vertical flat plate in prcsenc~ of magnetie fidd, 'rhe transfoffilcd non-sio, ilnr boundary

layer c'l''"tions governing; the flow tog;ether with the bouLlda,)' eondilion, based On

conduction und conveetlOn were solved numerically usiog [he Keller box (lLnplicit fJ "ilc

differcnce) method along with Newton's lillCari7.ation approximation method, which

was descnbcd by Cebee, "nd Bradshow (1984). TIle effcCI of thc l1lagnCli~ p"rameter

.111, [h~ Joulc heating parameter Jul, thc Pral1dtl number Pro the \'is~olLs dis.,ipation

parameter N, lh~ pressure work parameter Ge and lhe heat genemlion parameter Q On

lhe velocity and temperature fields as we]] "" on the skin fnction and ;urLace

tempcrdlure have been studied. ln the following seetiuns detailed dcn\'dllOllS of the

governing equ~tioo" for the now ~rc discussed.

5.1 (;ovcrniog equation, of the flow

The ,;tcady t\.vo dimen';lOn"1 laminar fiee convection bound",)' Iaye,. now of a viscous

incompressible and c1ech'ically conducting; fluid along" side of a \'crtlcal nat platc of

thickncss 'b' in:;ulated on the edges with lcmperature To mainluin~d on thc othcr :;ide in



the presence of a unif()mli} distributc:1 lransvelse magnetic field has been considered.

The eonfigurahon of the problem are given below:

---.-
Lower
surlaee

x
",,

kr Q

T(X,O)
v

•
•

y

l<'igure 5.1: Phy,ic"l configuralion and COOldiLla\e 'y,lcm

The mathematical statemcnt of the basic conser'alion laws of mJ" (2.26), momel\lllm

equation (2.27) and energy cqllation (2.28) wnh Joule hcating ~nd heal generation ten",

for the ,leady viscous ineompressiblc und eleclrically eoncillcling flow after SiI11jJ1il'ying

are given by

01' Dr K a'l' v au, l'jJU uB~, Q. ( )u-+v--;:-= ,'_(_) ,--pg,--U '--. T-T
roax oY pCp aY- c,' ay pCp pC" pC e

Using boundary conditions (2.32}-(2 33) and (he transformation equatIOn (2 35) in

equations (5 I) to (5.3), we have the following dlmensionless eq ualions

(5.1)

(5 2)

(5.3)

&u Dv
-,-=0 (5.4)
ax Oy

au au a'u
"-H-+1vfu=-+O (5.5)
ax Oy oy2

GO ae 1 a'e l'( '")' '11'1 G {T~+(T,-qO} Q" (5.6)"-H_o " _ +JlI 1J + + (7
ax ay Pr Dy' Oy '(1" -"I~)

where M, N, Ge and P,. are defined carher. Also their boundary conditiolls arc same i.e.

(2.39) Substituting (2.40) inlo equations (5.5) and (5.6) "nd afte'- simplifying, we get

the following transfomled non-dimensiOIlJl eqUallOn,.



r + 16,. 15x ff" _ 6,. 5.>: /'2 _ Mx'I~(1 .•.X)LILO f' +h "'XU' af' _ f" Df )
20(1+.>:) 10(1+x) . < ax ax

2..h"+ 16+15:< jh'_ 1 j'h+Julx''"'(1+x)LllOj''+Q-,lI5(1+x)'IIOh(x,lll
p,. 20(1 +x) 5(1+.>:)

+Nxf"+G,.J(~)~(T~" Jor +h(.>:,'1) i3f)=_<(j,~h_h,a()l x T,,-j~ 0'1 0'1 ox ax

In tl1e above equation:; the primes denote differentiation with rnpcet to I) ,

The boundary conditions (2.39) then take the follO\,ing fOl'lll

I(x ,0) = ['(x,O) = 0, 1,'( _',U)=_ (1 + x)li 4 +.<11' (1+ x) 1120 !l(x,O)
1'(-<,00) = 0, li(~,(0) = 0

(5,7)

(5.8)

(5.9)

5.2 ltc'lIlts and di,cu«iQn

Here we 1,avc invc,tigated the problem of (he !;leady two dlll1cnsional laLmnnr free

conv~Gtiol1 boundary byer flow of a vi,cous incompres.,ible an,] ~kctrical1y conducting

fluid with ,tre,s work along a side of a vertical flat plate of thickness 'b' insulated on

the edgcs WIth tempcrature To mJintained On the othcr ,ide in the prcsenee of a

uniformly dislributed transverse mab~letic field and heat generation. Solutions are

obtain~d for thc tlU1d having Prandtl numher Pr= 0.10, a 50, 0,72. 1.00, 1.74 and for a

wide range of the values of the vi,cous dissipatlon parameter N ffi 0.20, 0.40, 0,60. 0, HO,

the pro"ure wOl'k parametel' i, Ge = 0.10, 0.30, 0.60, 0.90, the Jo"lc h~aling; parameter

JIll = 0.30, 0,50, 0.70, 0,90, the magnetic p~rnmeter.-\1= 0.10, 0.30, 0.50, 0,70, l.00 and

the heat generation parameter Q = 0.70, 0.50, 0.30, 0.10. W~again used another ,ioule-

beating parameter J"I, If we know the values of tbe functions j (x, ~), I, (x, 'I) and thclr

derivatives for dIfferent values of the I'randtl number f'r and the mJb'lletic parameter Or

Hartmann Number M, we may calculate the numerical value, of t11~surl"c~ temperature

(J (x, 0) and the ,kill flietion eoofficientj"(x, 0) at Lhe surfacc that arc llnp0L1allt ti'om

thc physical point of view,

FIgure 5.2(a) and figure 5.2(b) di'p!ay results for thc volocity and tempolaLurc profLlcs,

based on equations (5.16H5.17) wlLh bOUL1d~ryconditions (5.13), for ditlcl'cnl smull

values ofviscou, dissipation parameter N (=0,30,0.60,0.40,0.20) plotted ag~lllot '7 at

Pr ~ I .00, ]v[ ~ 0,60, Jul ~ 0.007, Ge ~ 0,20 and Q = 0.50. From figmc 5,2{a), it is scen

that an mcrease in thc ,i,cou, dis:;ipation parametcl' N, is 1l%ociated with ~ considerable

incre",e in velocIty profile, but ncar (he ,urfacc of the plate the veloclly increases and

become maximum and then decrea,es and finally app'oaches to zcw a.'Ylllptolic.llly.



The maximum values of the velocity are 0,6852, 0.6750, 0.6651 and 0.6558 fo, .N ~

0,80,0.60,0.40,0.20 respccti,cJy which occur at 'I ~ 1.31752 for the filol llnd 2'"L

maximum values and 'I ~ 1.2379 the last two maximum value,. Hem "e see that the

velocity increllses by 4.48% as N increases fl'om 0.20 to 0.80, whieh is VCI)' ncghgible

From figure 5.2{b), it is also obscrved that a similar situallon arises in thc casc of

temperature. Here it is seen that the local maximum ,'nlues of the tempcrature profiles

are 1,6658, 1.5922, 1.5235, I 4593 for N ~ 0,80, 0.60, 0.40, 0,20 respectively and t~ch

of which occurs at the surface. Thus thc tempel ature profile" Increase by I4, t 5% '" .Iv

increases from 0.20 to 0.80.

Figure 5,3{a) and fLgUrC5.3(b) represent, re'pcclively, thc vdo~ily and the wll\pemtLlrc

profiles for different values of the pressure work parameter G~for particular value> of

Pr, Jul, N, At ~nd Q, Here it is found from ftgure 5.3(a), that the velocity d"llihution

increases slightly as the presslIl'c work parameter Ge (~O 90. O.GO,0,30, 0, 10) Increases

in a region 'IE [0, 6.S}, but n~ar the surface of thc plate, velocity incrt""e, and hecoille

maximum "nd then decreao~s and finally approacc, to zelO The maximulll valnes of the

velocity are 1.0268, 0,8<)47, 0.7680, 0.6854 fo,.G~= 0.90, 0.60, 0 30, O.tO lcspccti\'ely

and each of which occur:; at 'I ~ 0,99g1 for first ma"nllLlm value, 'I = 1.1144 for ,econd

ma"imum value and 'I = 1,1752 for the thil'd and fOUlth maximum valu~s, Here we

found that the vc10eity increases by 49.81 % a" Gc increascs li01n 0 10 to 0.90. Howcva

figure 5.3(b) shows the disllibution of lhe temperature pwfiles against 'I for ,;ome

values of th~ pre"ure work parameter Ce (=0.90, 0.60, 0.30, 0, 10) CI~arly it lS oeen

that the temperature distribution increa,cs owing to increu,ing valnes of the pr~s",Ll'c

wOl'k param~ter Ge and maX\mum is at the adjacent of the plate wall The I"cal

maximum valucs of lim temperature profiles are 2,8603, 2.2725, 1.8171, 1,5737 for G,.

=0.90,0.60,0,30,0.10 lespcetivc1y and each ofwhieh alwi", at the surface. Tl1u> lhe

temperature profiles increase by 81,76% as Ge increase, from 0.1a to 0,90.
FIgure 5.4(a) and tigure 5.4(b) represent, respectivc1y, the velocity and the temperature

profiles for different value, of the Joule heating pammeter .hd for particular values of

thc Prandtl number Pr ~l,OO, the magnetic p~rametcr Ai = 0.(,0, the disslpat!On

paramcter N ~ O.OOG, the pressure work parameter Ge ~ 0.70 and the heat g~ll~ratlon

parameter Q = 0.20, From figure 5.4(a), it IS ob,cfVcd that an inel'~nse m th~ Joule

heating parameter Jul, is assoclated with a considcrublu increase in velocity profi Ie, btlt

near the surface of the platc thc velocity increase.' and bccomc ma"imum and tllen



dccreases and finally appro~chcs to'zero ~symplotically. The m3ximUIl1,,,lues of the

veloCIty are 0,7909, 0.7G20, 0,7337, 0.7060 for .lui ~ 0,90, 0,70, 0.50, 0.30 rc,pecti\'ely

nnd each of whIch occurs ~t IJ ~ 1.1752. H~re it is seen that the velocity increases by

12.03% ashi increases from 0,30 to 0.90, However fLgure5.4(b) shaws the d'olr,bulioLl

of the temperature profiles al;'liOot'I for ,ome vnlues of the JO\,k heatin:; P31';lll1ftcr.l,,1

(~o 90, 0,70, 0.50, 0.30). Clearly It if>,eell that the temperatLLredi,trillutiotl incr~",c,

owing 10mereasing values of the JO\llcheating parameter .lui and Ihe maxilll'"'' L,at lhe

adj~ccnl af the plate "aiL The local maximum ,,,lues of the lemperaUltc plOfile" ar~

17662, 1.6886, 1,6164, 1.5496 for Jill ~ 0.90, 0.70, 0.50, 0,30 respectively and ~aeh of

which aHaim at the surface Thus thc temperat1ll'Cprofiles incrcasc by 13,98';', as .lui
incrcase, from 0,30 (0 0 90.

Figure 5.5(a) and figure 5.5(b) display resull,; for the velOCllyand tempemturc proti1cs,

for different small values of magnetic palameter Or Ha,tmann Number M (=0.10, 0.3O.

0,50,0.70,1 (0) plottcd 3gainst II ali', = 1.00, jV~0 (,0,.1,,1 ~ 0.20, Ge ~ 0,30 und Q =

0.40. It is seen from figure 5.5(a) (hat the vdocity profile ,s mf1uenecd consider"bly

and decreases when the valuc of magnetic parameter or Hartmann NUlllb~r111 inci eoses,

But ncar the ,ulfaee of the platc vc10city increa,c, signiticanlly an~ (hen dccreases

slowly and linal1y approaches to zero. The maximum valuc, of the vclocity are 0.6235,

0.6661,06986,0.7348 and 0,7750 for Ai ~ LOO,0.70, 0.50, 0.30, 0,10 re'pectivc1y

whIch occur at ') ~ 1.1752 for all maximum vailies. Herc it is seen th"t the velocity

decreases bi 19.55% as Ai increases from 0.10 to 1.00. A1.<o,il h~s been okcl'vcd that

the temperature fLdd increases for ll1creasingvallics of magnetic parameter or l-brlmann

Number AI in figure 5.5(b). Hcre it is >cen !h~t the local mllximUlHvnlucs of the

temperature profiles arc 1.6278, 1,6101, 1.6009, 1.5942, 1.5906 for M~ 100. 0.70,

0,50, 0.30, 0.10 respectively and each of which occurs al the sudaec. Thus the

tempcraturc profiles InCreaseby 2.34% as M increasc, from O.Ia to 1.00.

Figure 5.6(a) to figure 5.6(b) display resu1(s for the vdoc,t}' and tempcl"aturc prof Lies,

for diffcrcnt small valuco of heat gencration pammeter Q (~0.10, 0.30, 0,50, 0.70)

plotted against IJ at Pr ~ 1,00,M ~ 0.50, N ~ 0.10, Jill ~ 0.005 and Ge ~ a a I. It ,5 ,Cen

from tigure 5.6(a) that the velocity pro/jle i, influenced considerably and lllcrea,e,

when the value of heat generation parameter Q incrcases. But \lear thc surface of the

plate, velocity increases SlgJllfican!ly~nd then decrcascs ,lowly and finally approachCi>

to zero, n,e maximum valucs oflhe velocity are 0.7343, 0.6661, 0,6193, 0.5172 and

"•



0.4297 for Q = 0,70, 0.50, 0.30, 0,10 respectively wnich occur at 'I ~ 1.3025 for j"

maximum value and 'I = 1.3693 for all others maximum values. Here it is ,een that the,
velocity inereas", by 70.89% as Q increases [rom 0.10 to 0,70. Abo figure 5.6(b), it has

been ob,erved that when value of heat generation 1'"'<ll\1et~rQ inc'Cilses, Lhe

temperaturc <ii,tribution also increase, signifi~antly. Here Lt ,; obseL,ed that the local

maXlllllLmvalues o[ the temperature profile, are 1.4146, 1.2072, I ,0503, 0.~33Gwh,k Q

= 0,70, 0.50, 0.30, 0.10 respectively und each of which OCCUlo~t the surface. Tllus the

temperature profile, illCl'eaSeby 51.52% as Q inCl'easesfrom 0,10 Lo0.70

Nnmerical valu~s of the velocIty gradientj"(-,. OJand the sllrJilee tomperatme {j (.t, 0)

~re depictcd graphically in figure 5.7{a) and figure 5 7(b) respectively again:;t the ,,,,,,,I

distance x in the intcrval [0,12] for different values o[ the v,"cous dissipntion parametcl'

11' (~0.20, 0.40, 0,60, O.SO)for th~ fluid with olh~r controlling parameters It is seen

from figure 5,7(a) that !he ,klll-frictiQn cocfficientj"(.<, 0) lllcrea,es when lhe V,"COl"

dissipation parameter, N increases. The samc result holds ill figure 5.7(11)10r surf"cc

tempcrature distribution e (x, 0) while N increases.

From figure 5.8(a), it can be observed that incrcasc III the value of the pre"ure wOl'k

parameter Ge leads to increase the valuc of [he ,kin friction coeffkientj "(x, 0) which is

),sually expected. Again figurc 5,8{b) ,hows that th~ inc,e~sc of thc pressure work

parameter Ge lcads lo increase the ,;urf"ce temperaturc e (c, 0).

figure 5.9(a) and figure 5,9(bj ,llustratc the vanalion of skin-fi'icllOncoefficient j "(>., 0)

and ,u,racc tempe,alure e (x, 0) distribution against x for d,ffcr~nt value, of Jouk

heating paramctcr Jill (~O.90, 0.70, 0.50, 0.30). It is oCenfrom fLgure 5,9{a) th~t tl,e

,kin-friction coefficient j "(x, 0) increa,es w1Jcn the Joule heating parameter. Jul

increases, It is also observed in figure 5,9(b) that thc suriae" temperatlll'C f) ( x. 0)

distribution increases while Jul increases.

The effect of mugl1ctic parametcr O[ Holtmann l\'umbcr },1 (=1,00, 0.70, 0.50, 0,30,

0,10) on the .Ikin-friction coeffie1cntj'"(x, 0) aLldthc :;",face tcmrC,.atlL[~Ji,uibLLlio1\

O{ .t, 0) aguin,t x for Pr = 1.00, 11'= O.GO,J"I ~ 0,20, Ge = 0.30 and Q = 0 40 is shown

in figures 5.IO(a) - 5.10(b), It is found that the voille., of thc skin-friction coeflicient

f"(x, 0) and thc surface temperamre di,tnbutiQI) 0 (x, 0) bOlh decreasc for lll~r"asing

values of magnetic parameter or Hartmann i\'umbcr M. Also, it io obocrvcJ that the

value, of the skin-friction coefficient j "(x, 0) Jecrease by 95,73% and the ,urface

•



temperature di,tribution a( x, 0) decrea,e by 97.26% while AI increase" f,om 0,10 10

1.00.

In tigun) S.ll{a), the shear stress coefficientj"(x, 0) and figure 5.11(b), the surface

temperature 0 (.t, 0) are shawn graphically far different value, of the pJ andtl number Pr

(=0.10, 0.50, 0.72, 1,00, 1,74) when other values Qfthc conlrolling p",ame(cr (kf ~ 0.50,

N = 0,30, Jill ~ 0.005, Ge = 0.20 and Q = 0,50), F,ve values 0, 10, 0,50, 0.72, 1.00, 1.74

are taken for Pr, the Prandtl number, 0.72 l'eprcscnts "lL I ,no correspond, 10c1ecllolytc

solutions ,uch as salt \Valer,0,10,0,50 and 1.74 have been "oed th~oretically. Here, it lS

found lhat the skin friction and the surface tempcrature bolh dccrease for lllcreasing

values ofPrandtls number.

figure 5.12(a} to figure 5,12(b} illu,tralc the \'ariation of,kin-f,ictioll eodfielcntj"(x,

0) ~nd surface temperature distribution g (0, x) against _~Jor different v~lltes of heat

generation p"rameter Q (=0,70, 0,50, 0,30, 0, I0), It is seen from figure 5.12(a) th~t the

skin-friction eoeffieientj"(x, 0) inere~sc, when the hcat generation parameter, Q

mcrea'es, It is ~l"o observcd in figure 5.12(b) that the ,urface tcmperatmc distribution

B (", 0) incre~ses whIle Q inereascs, A1>Q,it is observcu that tile vallies of (he skin-

friction codfieientj"(x, 0) increa,e by 52,~6% and the surface temperature distriblltion

B(x, 0) mcrease by 45,04% while Q increases from 0,10 100,70.

•
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Figure 5.2(0): Variation of dimcnsion1c,,, velocity profik, f' {X, I)) against
dimensionless distance '1 COTdifferent values of viscous dissipation parameter N
with Pr ~ 1.00,M = 0.60, Ge = 0.20, Jill = 0 ,60 ~nd Q = 0.50.

PI = 1,0, ),1 ~ 0.6, lui ~ 0.007,
Ge~02,Q~O,5

Cb)

---- N=Q,80
N=060
N=040
N = 0,20

""Figure S.2{b): Variation of dimensionless temperature profile, II (x,lll against
dImensionless distance lJ for different values of vi,cous di:;sipatlon parameler iI'
withPr = 1.00, M = 0.60, Ge ~ 0.20, lui = 0 .60 and Q = 0.50.
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Ge = 0.90
Ge=060
Ge=030
Ge=0.10

Pr ~ 1.0, M ~ 0.6,}; ~ 0.4.
lui - 0.002, Q = 0.6

,
Hgure 5.3(a): Varialion of dimcmionle5S velocily profilcs f' (X,'I) against
,.l1rnension1css dIstance 'I for different valucs of I"essurc work pal alJlctcr Ge wilh
PI' ~ I 00, M ~ 0.60, N ~ 0.40, Jul ~ 0 .002 and Q ~ () 60.

Ge = 0.90
Ge = 0,60
Ge ~ 0.30
Ge;u.l0

(bl

P, g 1.0, M~oG,N ~0.4,
luI ~ 0.002, Q ~ O.G
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Figure 5.3(b): Variation of dimensionlc,s lempel'alurc profiles Ii (x,ll) again"l
dlmen,ionless distance 'I fOl' different valucs of prc55UlC wQrk pmamctel Ci<'
with Pr = 1,00, AI ~ 0.(,0, N ~ 0.40, .lui = 0 ,002 and Q = 0 60,



"

~ Jul = 0.90
Jul = 0.70
Jul = 0.50
Jul=030

l'r ~ 1.0, !vi ~ 0 6, N - O.OOG,
Ge=07,Q=O.2

(0)

o

"Figure 5.4(a): Variation of dimensionless velocity prolilcs F (-','11 "gainsl
dimco&iOllicss distance 'I for different 'ullLes of lou Ie hcalmg paramc1.(:r lui wilh
Pr - 1,00, M= 0,60, N = 0.006, Gc - 0 ,70 and Q - 0,20.

p, = 1.0, M = 0 6, N = O,OOG,
Ge=O.7,Q=O.2

,

Jul = 0,90
Jul ~ 0,70
Jul = 0,50
Jul = 0,30

"
Figure $.4(b): Variation of (limen,jonless temperature profLlc, " (>=,'1)ugaimt
dimensionless dislance 'I for different values of Jauk hc"ting P"' ameter Jut with
Pr = 1.00, AI = 0,60,!I" = 0,006, Ge = 0 .70 and Q = 0.20.
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Figure 5.5(a): Variation of dimen,ion1c" velocity profile, r (X. II} ng~L"'[
dImensionless dIS lance 'I for difTcrent voluc, of magncllC p~,"mdcror 1-IJrlmUllll
Number Ai wIth Pr = 1.00, Jul" 0 20, N ~ 0,60, G~~ 0 .30 and Q = 0.40,
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Pr ~ 1.0, N ~ 0.6, Jul ~ 0 2,
Gc~O.3,Q~0.4

(b)

M" 1.00
M = 0.70
M = 0,50
M=030
M = 0.10

:Figurc 5.S(b): Variation of dirncnsionle" tcmp~ml"'cprotilcs II (x,lll against
dimensionless cii,tancc 'I [or different ,~Iucs of mJgt\ClI~ p"mmc(cr or 1-lartmUllll
Number M with Pr ~ 1.00, j,d ~ 0.20, N ~ O.GO,Gc ~ 0 ,30 and Q = 0.40.
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"Figure 5.6(,,): VariatIOn of dimension1css lcmperal\llC profiles I,
dimenSIonless dis(an~c I) for dIfferent value, of heat gcne,nti"n
with f'r = 1.00. tvl= 0.50, 11'= 0.1 O. Ge= 0 .01 and .lui = 0,005.

(x, III against
parameter Q

Pr~ 1.0, M - 0.5, N =0.1,
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Figure S.u(b): Vari"l1on of dimensionle:;s temperature profile, h (x,,!) again_,!
dimenSIOnless distance 'I for diffcr<:nl values of hem gcncmllon pnram~l<:r Q
wilh I'r = 1.00, M = 0.50, 11'= 0,10, Ge = 0 .01 and Jul = 0.005.
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Pr ~ 1.0, M ~ O,G, Jul ~ 0,007,
Gc-0.2,Q~O.5
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Figure 5.7{u): Variation of,kin friction eoefficientf"{x, OJ with dimcn,iolliess
distance x for different values of viscous dissipation parameter N with PI" = 1.00,
M ~ 0.60, Jul ~ 0.007, Ge ~ 0 .20 and Q ~ 0,50.

N= 0.8
N~0,8
N~ 0,4
N = 0,2
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1'1~ 1 0,),,) - 0.6, Jul ~ () 007,
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Figure 5.7(b): Variation of surface temperature U (x,D) "ith dil1lcnsioLlIc,.'
distance x for dIfferent valuc> of vis eous dissIpation parameter N with PI' ~ 1.00,
M ~ 0,60, ),,1 ~ 0,007, Ge =° ,20 and Q _ 0.50.
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Pr ~ 1.0, M ~ ° 6, )\' ~ 0,4,
Jul ~ 0,002, Q ~ 0,6
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Figure 5.8(a): VartatlOn of skin friction coefficient f "(x, 0) with dimensionless
distance.' for dIfferent v~lues of prc"urc work p~mmctel' G" with Pi" = 1.00, .'';1 ~
0.60, Jill = 0.002, N ~ ().40 and Q = 0,60.

----

Pr ~ 1.0, II-!- 0,6 ~ ~ 0.4,
.M ~ 0,002, Q ~ 0,6
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I<"igure S,8(h): VariatIOn of .,url~cc temperahac e (x, 0) with dimens;onlc"
di.,tancc x for diffel'ent values ofprcssure WOlkparameter Ge with P,. ~ l.00. A{=
0,60, Jul = 0,002, .'1= 0 .40 and Q ~ 0.60.
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Figure 5.9(3); Variation of skm friction coefficient J "(x, OJwith dimensionless
distancc x for differcnt values of Joule heating p~rameter Jul wllh P. = 1,00. Ai ~
0,60, Ge" 0,70, N= 0.006 and Q" ° 20.

Jul" 0,90
Jul = 0.70
Jul"050
Jul = 0,30

Pr - I ,0, M ~ 0.6, l\' ~ 0 006,
Gc-0.7.Q~02
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x
Figure 5.9(b): Variation of surface temperature 0 (x, 0) with dimensionless
distance x for different valucs of Joule heating paramelCI' Jul with 1'. = 1.00, Ai=
0.60, Ge = 0.70, N = 0,006 and Q = 0.20,
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Pr ~ 1.0, N - 0 6, 1,,1~ 0.2,
Gc-O,J,Q-04

x
,

M -1.00
M-O.70
M=050
M=030
M=010

,
Figure 5. J O(a): Vanation of skm friction coefficient I"(x, 0) \\.itb d imcn,iQllless
distance x fm different values of magnetic parameter or Hartmann Number M
with Pr= 1,00, N~ 0,60. Ge = 0.30, J"I = 0,20 and Q = 0.40,

M=1.00
M ~ 0.70
M = 0.50
M = 0.30
M=O.lO

Pr = 1.0, N = 0.6. lui _ 0.2,
G" - 0.3, Q - 0.4

(b)
, ,

x
Figure S.lO(b): Variation of surface temperature 8 (x, 0) with dimensionless
distance X for dIfferent values of magnetic parameter or Hartmann N\lmb~rM
with Pr - 1.00, N~ 0.60, Ge = 0.30, Jill = 0.20 and Q = 0.40.
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M~ 0.5, I' ~ 0.3, Jul- 0.005,
Go~0.2,Q~0.5

Pr=0,1O
Pr = 0,50
Pr = 0.72
p, = 1.00
P,=1.74

(0)

x
Figure 5.11 (a): V~nalion of skin fnclion coefticicnt f"(x, 0) with d imcmwnle."
di,!"nce" for di[Tcrent values ofPrandtl number P,'" ith M = 0.50, N ~ 0.30, Ge
; 0.20, .1,,1 ~ 0,005 and Q ~ 0,50.

w

~1~ 0.5,}; - 0 3, .luI~ 0.005,
Ge~02,Q~0,5
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_~~.~.~.;c.::,-= ,==-=--
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Pr=0,10
Pr=050
Pr=072
Pr=100
Pr=174
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x
Figure S.ll(b), Vm;ation of sur[~ee lemperatme 0 (x, OJ with dimensionless
distance x for differenl values ofPrandtl number f'r with M ~ 0,50, N ~ 0,]0. Ge
~ 0,20, .lui = 0 005 and Q ~ 0.50,

••



,
0=070
0=0,50
0=0,30
0=0,10

Pr~ 1.0,M ~O 5, N -0,1.
lui ~ 0,005, Go - 0,01

('J

_ .._ ..-.- .-._.- -'
----------

,
x

Figure S.12{a): Variation of ,kin friction coefficient} "(x, 0) witll d Il\1en,i"n less
dlSt"nce x for different valuc" of heat generation parameter Q with M _ a 50, N=
0.10, G" - 0.01, Jul- 0,005 and Pr ~ 1.00.

-===~Q;-;-;o.""o-;:;-:-;-;-;';::-;-;-';~~---l. Q=0,50 Pr-1.0,M 0.5,N_O,1,
Q=0,30 Jul-0005,Gc=0,Ol
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Figure S.U(h): Variation of sur[ucc temperaturc e (x, 0) "itl1 dimcllsiolllc"
distance x for different vullles of heat generation paramcter Q with M~ 0.50, N~
0.10, Ge = 0.0 I, Jut ~ 0,005 and Pr - 1.00,
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Th~ values of the skm friction eoefficlCnt and surf"~~ t~mperatlLre dislribu(ion for

different valnes of heat generation Q while M= 0.50, N~ 0.10, Jld = 0,005, Ge= 0,01

and PI' = 1.00 arc entered in Table-Cj that is shown in App~ndix C. Here 1tis found that

the values of skin frictIon dec[eas~ at d,fferent position Df X fo!' heal g~neratian

parameter Q = 0.10, 0.30, 0.50, 0,70. The ratc of the skin f,.icllOnmerca,"s by 89,08"1<,

[\s the heat g~ncrat;on par~mclcr Q chang~, from 0.10 lo 0,70 :md .r = 3,0049,

I'nrthemlOre, it i, SeCnthat the numerie,,1values of the surf"ce (cmper;l(urc dlSt' ibLLtion

increa&cfor incrcasing value, of hea( genelation paramcler Q Tile l'<lkof increase of

surface tempera lure distribution IS61,07% at pOSIIl[)nx = 3,0049 '" the heat g~l\em(lOn

parameter changes from 0,10 (0 0.70.

Tab1e-Clv represents the skin tiiction coefficient and surface temp~rature for different

values of magnetic parameter or Hartmann Number M while PI' ~t .00, N = 0,60, hi ~

0,20 "nd Ge = 0.30, Q ~ 0.40 which is shown Appendix C. j lere it is dcpi~ted that the

values of ,kin friClion coefficient deere",e at dilkrent po,ition of .' for magnclic

paramelel' M =0.20, 0.40, 0.60, 1.00. The rate of lhc skin rrlc[ion coGflicient dCL"~nO~'

by 45.27% as the magnetic parameter or lJaJlmann Number M changes from 0,20 to

1.00 and -' = 10.0179. Furthermore, it is seen that the numer;c"1 ,,"hlcs of Hw ,urface

kmperalure distrihution decrease for l]]crcasing v"lues of magnclic palameter or

Hartmann Number AI. 11,i, suggests thallhe interface of lhe plate having thlcknes< "/)'

remains heated mOrCm lhe lower mapletic fluid lh~n that of the 11;ghcrn"'b'netic fluid

and the rale of J~~rease of surfacc temperature distribulion is 23,77% al po.,itian., =

10.0179 as !he magncti~ parameter or H~rlmann Number Ai change, f,-om0,20 to I 00

Table-Cl I depicts the valucs of the skin friction cocfficient and surface temperature lor

different values of Joule heating paramete, Jul white Pr ~I 00, II' = 0.006, M •. OB) and

Ge ~ °70, Q = 0.20 which is shown in Appendix C. Here it i, found that the value, of

skm friction eoeflicient increa,e at difkr""t po,it;on of.< for JOLLieheating pamm~tn

hi~0.30, 0.50, 0,70, 0.90, The rale of the skin trict;on coefrLeicnl;nc,ea,e" by 20,~7';1,

a, the Joule heating parameter J"I c11ange, from 0.30 to °90 and .< ~ 3,0049.

Funhennore, ;t is &CCnthaI the numerical vullle, or the surface lempclatUlGdish ,i>lltioll

increase for increasing values of JOlLieheating paromctcr Jul. The rale of ",clcase or

surface temperall'w di,tribution ;s 25,67% at position X = 3,004<)il' (he Joule heating

pmametel' lui chang~' fTOm0,30 to 0.90,

•



n,e values of the skin fnction coeffic ient and ,,,,face temperature for di fferent vailles of

pressure work parameter Gc while p,. =0.72, N = 0.001, M = 0.50 and .lui = 0.005, Q =

0,50 arc uepicted in Table-C'2 which is shown in Appendix C. Here it i" observed (hat

the ~alues of skin friction eocffici~nt increase at dilrerent position of , lor pressure

work parameter Ge = 0.10, 0,30, 0.60, 090, The rate of the skin friction coefJicient

increases by 109,67% as the pressure work pa,ameter Ge ~hanges f'om 0.10 to 0.90 and

x = 1 5095, Furlhennore, it ,; Seen that the numerical values of the Sillface tcmpnalUlC

distribution LnCreasefm increJsm!; values of pressure WOJk POmn1~ICrG~ Tlw rate of

incre",e ofsUITJCC temperalille distnbullOn i, 136,99% m po,ition x = 1,5095 n., th~

pressun; "ork pammeter Gc changes from 0.10 to 0,90,

5.3 Conclusions
FrQrn the present investigatlOn, the following conclusions may be urawn:

• TI,e skin friction coeftleient, the surface lempcmtUlc, the ,dueny and the
lempemture proJiles increase for lhc increasing valu~s of the visco"o dissipatioll
parameter N.

• The skin inction coefllcienl, thc surface lempclaturc, the ,docity and Ihe
lcmpemture proJiles increase for the inc, easing v"lues of the pr~"",c wook
paramcter Gc,

• 'I he skin f"ction coct1icwnl, the suri;1cc lempe'atul'c, th~ ,elocity Jnd lh~
lempemture profile> increase for the increasing value, of t11CJoule heating
parameler Jul.

• The skm friction eoeffic,enl, the surface temperature, the ~elocity ami Lhe
lemper4turc profiles increase for tllC lllefCasing values of lhe heat generation
parameter Q.

• Il has been ob,erved that the ,kin friction coefficient, the surface lempelawI'e
distribullOn, lhe velocily profile decreases o'er the whole bound",) layer wllh (he
increase of LhePrandtl n\lmber 1',. But the temperature proiile lllCrcase, at .'Qme
d'olance aga;nSI 1/ anuthen it stars to decrea,e over the whole bO\lnda",'layer wilh
the increa,e ofthc Prandtl number P,'.

• The clIecl of magnetic pamrneter or llartmann l\\lrnher M;s to uccTease the skin
frictlOn coefficient, the sUl'face lemperature distriblLtlOn and lhe velocity
distr;hution OVer the whole bounuaI}' layer, but 1Cverse ca", happen> for
temperature diotnbutions.



CHAl'TE;R 6

VISCOUS DISSIPATION AND PRESSURE WORK EFFECTS ON
MAGNETOHYDRODYNAMIC NATURAL CONVECTION FLOW
OVER A SPHERE IN THE PRESENCE; OF HEAT GENERATION

A ,tudy of lhc flow of eleelncally COnducling:fluid in pwsence of m"gnelic tleld IS

important from the lechnical poinl of view and such types of problem" hav~ received

much attenlion by many fe,earchcs. The specific problum ,elected for 'ludy is the !low

and heal tlansfer IIIan electn~ally condllctmg fluid adjJC~nl to the slIrhcc, The .,urfilcc

i, maintained al a unifonn temperature T", that may eilhe, cxcc~d the ambient

lemperoture T", or may bc less then T~ When Tw > T."" an upward flow is estabh8h~d

along the surface due to free convection; while when T", < 1'", there is n down flow, In

addinon a magnehc field of strenglh fJo acts norm,,1to the sllrfacc, "rhe inleraellOnof the

nlilb'lletie field and the moving electric elwrge calTied by the flowing t1uid induces a

force, which tends to OJlposelhe fluid motion so lhat the velocily is very small, The

magnetic force, which i, proportional to lhe magnilude of lhe longltlLdinal velocity "nd

nets in lhe opposite dir~ction is also very small, Comeqllently, the influence of Ihe

magnetic Jidd on the bounuary byer is exerted only through induced force, wilhin the

boundary layer itself, with no additionJl effccts arising from lhe free stream preS.,lLrc
gradient.

Howner, the study of heat generatIOn or absorption in moving t1l1lds is import,mt

dealing with eheml~al reactions and lhose concerned wilh dis:;ociatmg fluids. PosSIble

heat generation effects may alter the temperature di,trihutiOIl, Vajravelu and

Hadjinolauo (1993) 'ludied the hcal transfer chamcteristies in the lallllllar boundary

layer of a visco\lS flmd over a lincarly ,tretchlng conllllUOUSs\ll'facc w!th viscous

dissipatIOn or fricl1or1al healing and mtcrnal heat generation, In 11"" ot"dy they

considered (hal the volumetfl~ rale of heal gCl1enltion,,/" lwi",'.'], ,ho\,ld bc </" = Q,,( I'

T~), for T ~ I"", and equal to zero for T < T",< Q" Is the heal gcnclnlion I alx'0'1,lion

constant. Hossain el al. (2004) also dIscussed the problem of nalural eOLJVcetlOnflow

along a vcrti~al wavy surfaec Wilh unifonn surface temperatlll'e in presence of heat

generalion i absorption. To our best of knowledge, heal generation ~ffccl On



magnetohydrodynamics true convection flow f'om nn i,olhellllai sphere ha, not yet

been sl1ldicd and the present wmk demonstrates the issue.

The pre,;ent work comiders the natur,,1 convection boundm)' laycr flo'" on a 5jJllem of

an eleclrically conducting and steady viscous 111compressibk fluid in prcscncc of _,trOllg

mab",etic field, the pressurc ,;lress work and hem generation. The go'~mll1g partial

differential cquations arc reduced to locally non-simllar paltial diJferential fonm by

adopting appropriate trnn,f0l111atiom. The transformed boundary layer equ~!ion, are

solved numeri~ally using implicit finite dIfference sch~me together ",ith the Keller box

technique. Here we h"ve focuscd (}In attention on the evolution of the :;urf"~e shear

stre., 111tem15 of local ,kin friction and the rate of heat transf~r in ten", ol'local NllS.,clt

number, velocity d"lnbution a& "ell as !cmpcmturc distnbulion fo,. a ,dcctiotl of

p"mmeter o~l, eon,i.,ting of hem generation paramcter Q, viseo"s dissipation p"rameter

N, the pre>su,e work pamraeter Ge, the magnelle parameler Ai and the Prandll numbel'

Pro

6.1 FOTmulatioll of the pwblcms
Natural convection boundary layer l10w on a sphere of an eleclrically conductin!; and

,teady two.dimension~l Vi5COUSincompressible l1",d in p]'e;en~G of ,tron!; m"gnclic

fLc1dand heat gcncration is coo,id~rcd, hut radmtion effeet is nc!;lected. Then the basic

equation. (2.106) to (2 t08) Can be written as

a '-(rU)+~(rV)=Oax or

au Vau a'u,,(""). (XJ 15"fJ,' UU-+ -=V"--, +gl-' 7-T sm - - __ax Jy or' ~ a p

The boundary cot\dnions for the equutions (6 2) to (6.3) are

u=v=o, '1'=T,.ollY=O

u-)o.r-4T~ at y-,,,,,

(6. I)

(6.2)

(6.3)

(6.4)

(6 5)

•
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Figure 6.1: Physical model and coordinate system

where, ,ymhols have their usual meanings. To (ransfornl the ahove equations ml() non-

dimensional form the following dimensionless \'ariablcs (2, 112) arc introduced:

x
x"'-

"
a -,1.

u=-G,"U
"

(6,7)

Where Gr and Oarc defined in chapter ("'0.

11m, (6.6) becomes r(.\ ) = a SJnx

Using the above value" (he equations (6,l) to (6,3) tnkc the followIng rOlln:

a a-;;-(,-u) +-;;- ("0) =0
ox 0'

o~~, 1>"0" (,', UU g' ao~a"-H_o __ + S1~X-~~~c"
Ox ov 0' pvCrY,

(6,9)

(6.10)

•



->-c,a'e
pC" very,

(6.11)

where, M, Q, Nand Ge are defined earlier. Thorcfo,e momentum and energy equation,

(6.10) and (6. 1]) leduces lO

au au iJ'",,-+ P-;:- --, +/lsinx-A1uox 0' ay-

ao Be I a'e ,(a"J' (T 1"-H-~ ," - -Ge ro +0 u+Qfiax iJy 1'roy' 0' Tw -1:,

TI,e boundilry conditions associated with (6.4) to (6.5) becomes

lI=V=O. 0~1aly~0
u-)- 0,0--70 aSY--7oJ

(6.12)

(6.13)

(6.14)

1','ow SUb&tltuling:eqn~tions (2.121 und (2.122)) into cqnutions (G. 12) and (6.13) subject

to th~ bound"l)' eondi[][)ns (6. j 4), after simpliJ'ymg; we have the followings:

I a'o ( x 'iJO (O'f)'---'ll,-,-cosxjr-+QO+h'x' -'-
Pr 0" Smx oy \ oy'

-Ge( T~ +eJar ~x(8f oe _ af ael
'(,. - T. ay 8y ax ox oy

The eorrc>ponding boundary condilions are

f~f!!=0 ,e~lat y=O
"1

i!f---70 e-,o aSY--7oJoy ,

(6.15)

(6.]Il)

(G.17)

The skin fnetion coeflic;cnl and the heat \(an,fer coeffieicn\, which can he wrilt~n in

non- dimem,lOllal form as

•



.. "'I]_.C~~,=xlii'
y y-' (6.1S)

(Il 19)("]Nu,'=- -
ily ,'_'

Now velocity distribution ~s well as temperature Jislribulion [or a selectlOL1 of

parameter set, cO~oi,(ing ofhc"l generation parameter, MHO parameler, and the Pral1dlt

number at different POSlllQnof x (~O, IT/6,11/4,-- ----11/2) wlll be studied.

6.2 Result, and Db<:ussioll

Solutions al'C obtained for the fluid liavmg I'randtlnumber Pr (~ 1,00. 1.74,2,00, 3.00),

viscous dissip"llOll parameter N (= 0,10, 0,30, a,50, 0.70, 100), prc",,,,e \\'ol"k

parameter Ge (= 0,10, 0.40, 0.70, [).90) agaimt y a( "ny position of -yand [or a wide

range of ,alues of magnetic pnmmeter "vf ",ith the heJl generation parameter Q (~OAO.

0.50,0.60). Also Inc results [or the ,kill fnclion coeffiCIent and Ihe rate ot-hc"llran,fc,'

have been obtain~d for illlid, having Prandtillumber 1', (= 1.00. t 74, 2.00 3.00), the

heat generalion param~ler Q (= 0.60, 0.40, 0.20), the magnetic p~ranwler or lhrlrnanll

number M (= 1.00, O.SO, 0.60, 0.40) and pressure work parameter Ge (= 0.10, 0.40,

0,70, 0.90) ill dIfferent position of x for a wide range of va I"e, of magnetic pal ameter AI

with th~ heat generation pam meter Q = 0.40, 0 50, 0.60,

The etreet> of magnetic paramc\er OrHarlma~n number Ai for PI" = 0.72, Q = 2.00, N~

0.90 and Ge = 0.50 on the velocity profiles and tempcrahlJe p",files are sh,"'n in

figures 6,2(a) to 6.2(b}. FIgure 6.2(~) and figure 6.2(b) represent re'peeti,'ely lhe ef!(,C!S

of magnetIC parametcr }vf on the velocity and t~rnperaturc profiles. fi1'001the," figures, It

is seen that the vc10clty profiles decrease with the increasing values of M and thc

temperature profiles incrca,e with the mcreasing valucs of ;\1.

firom figure 63(a) Il 13 obscrvcd thaI vc\oci(y di.,tribution Increases a, the \'alUC8 of

viscou, dissipation parumcler N 'r1C[cose in lhc n;gioLl yE [0. 12) btll ncar thc 5",t~lCCof

\he "phcre, velocity incrca,c, sigmficanlly and thcn dccreasc, slowly and finally

approaches to 7.ero, The maximum values of lhc 'elocity an:: recorded (0 bc 0.4S450,

0.51282, 0.53527, 0.55384 and 0,56949 for N - 010, 0.30, 0.50, 0,70 and 100

re'pectivc1y which occur at y - I 23788 for first, sccond ",1d third maximum valucs, y ~

1.30254 for fourth and fifth maximum valllc,. Hele il is observed that the wlocity

increase, by 17.54 % as N incrc~ses from 0, 10 to I ,00 From fig:ure 0.3(1)). ;t i, seen tl.at



when the values of vi,cous dissip~t1onparameter N increases in the regIOnyE [0. 12J,

the l~mperaturc dislnbulion also increases, It is ob,~rved that the ma"imllm tel1lpcmtur~

has been found at the surface Onthe sphere.

From fLgure 6A(a) it depicts that the velocity distribution incrca,es stighlly dS Lhe

pre"urc work paramcter Ge lllcreases in lhe regiony6 [0, 9J but ncar the ,urfa~e of the

'phere, vctoCily incrcJlCS and becomcs m""-lmlllll and Ihen decreases and at a certain

point vetocity profiles coincide and fLnailyapproaches to ~~ro,The maximum "dues 01'

the velocity are recorded to be 0.43056, 0.44332, 0.47589 and 0 53463 for Ge ~ 0 10,

0040,070 and 0,90 re.'pectivc1yWhlChoccur aty _ 1 17520 l'or fir.,l, ,ecOlld ,mellhird

maximum values and at y - 1.23788 for tast maximum values, H~re we .,ee thaI the

vc1ocityincreasc, by 24 t7 % JS Ge increascs from O.tOto 0.90. From ligUlC6.4(b), It

1; ,cen that when lhe values ofpre5Sure work parameter Ge increases in the r~giol1.\'c-

[0, 9J, th~ lcmperJture di,tliblllion also increase,. But ncar the surl~ce of the 'I'llere

tempemture profile, are maxinnnn and then aeeren,"" a",ay from lhe ,urface and finally
lake asymptotic value,

From figure 6.5(a) it i, iltustrated that velocity di,lributiOIl inerea,es as thc v~luc, (}f

bcat generation Q increase in the regionYE [0, 8]' The changes of Vc10C1Lyprof LieSin

(he y direction reveals the typical ,docity profile for natura I eOn,eellOn houndary layer

[low that is the vel(}cityis l-croal lhe boundar)' surface then the ,docit)' increases 10the

peak v"lue as y incrcu,es and finally the vetocity upproaelles 10 7CrO(lhe asymplOl;e

value), The maximum values oflhe velocity are 0047717, 0.52815 and 0.54S07 for Q ~

0.20, 0.50 and 0,60 respcelivc1y which OCCurat y - 1.17520 [or first maximum value

and y - 1,]23788 for second and tlmd maximum values. Here it IS obsen;cd that lhe

velocity incr""," by 14,86% a, Q inere~ses from ° to to 0,60, From fLgme6,5(b), it is

,Ccn that when (he values of heMgeneration parameter Q increases m lh" rc&;on ."co[0,

8], the temperature di,tribution abo increascs, BlIl near the surfaco of the sphere

temperature profile,"fC maximum und then decl'eaoCoaw"y from the S\lrfacc and [-Lnally
t~ke asymptol1e value.

Figure (,.6(a) and figure (,.6(b) indICatc lhe effects of the Prandlt number Pr with ,-II-

0,50, Q - 0,60, N ~ °40 and Ge = 0,30 on the velocity profiles and th~ l~mperature

profileo. From figure 6.6(a) il i, ob'erved that lh~ increasing value, of l'randtl Il\lll\ber

Pr lead to decrease the \docity )llofLles. The maximum value, of the velocity an;

I ...•••

.~



recorded to be 0.52815, 0.42524, 0.38592 ~l1d036155 fur 1',. = 1.00, 1.74,100 MId

3.00 respcdively whIch Occur aty ~ 1.23788 for first maXIlI\UL11\alue andy ~ 0.~n06

for second, third and fomtll maximum values. Here it is dcpl~led that lh~ veloc;ly

dee1C"ses by 31.54 % asP" incleascs from 1 00 to 3,00. Again l;-OInfigme 6,6{b] ILl.,

ob"erved thaI the tempcratme profiles dccrca,e with the increa,ing v~lll~s of l'randtt

number PI', But near the surface of thc sphel'e temperatule proliles Jle Ill~ximum "nd

then decleascs away from the surfacc and finally take "symptollc value,

Thc dfects 01 magnetic parameter or Hartmann nllmber M for PI" = 0 72, 0~2.00, N =

0,90 and Gc = 0.50 on lhe local skm friction coefficient efK and local h~at tmLlstcr

coeffiCIent Nux are shown in figure 6.7(a]10 figurc 6,7(b). From ligUle (, 7(a] and figul'c

6,7(b) it is evident th"t lhe incrcasing values ofmagnctle paramelcr M leads to dcc'"Jse

both thc skin friction ~o-effjcicnl Cp: and the local heat lransfer co-cfficient Nux,

FIgure 6,8{u) and figure 6,8(b), represent the effects [or differcnt values of prcs,ure

work parameler Ge for lhe magnclic paramcter At =1.00, heat gencralion parameter Q =

0.40, viscous dissipalion pal'amCler N = 0,50 and Prandtl numbcr PI" = 0,72 On the

reduccd local skin friction coefficient CjX and local rate ofhcal lmn,fel' NUA' 'j'he skin

friction ~oefticienl Cp.' and hcat lransfer coefficient Nux incrco,c with lhe incrcasing

values ofpres"urc work paromcler Gc

figurc 6,9(a) and figure 6.9(b) show that botl1 skin fnctioll coefficient CJ:'- Jnd heat

Iransfcr coefJicient Nux decreasc for Increasing: values of Prandt1 number I',. while heat

generJtion paramctcr Q = 0,60, magnetic pammeter M = 0,50, pJessurc work paramcl~r

Ge = 0,30 and vi,cous dissipalioll parameter N ~ 0.40. 'll,e vallL~s of skin 'riction

coefficicnt CjX and l\ ""elt number Nux al'Crecorded to be 0.339R7, 0,33486, 0.3201 8.

0.31108 and 0.27366, 0.25235, 0.15165, 0.02378 for p,. =1.00, 1.74,2,00,3,00

respeeti\'c1y which OCCurJt the ,Ume point x ~ 0,38397. Hcre, it is ob>erv~d that atx ~

0.383<)], the skin li"icllon coefficient decrcases by 8.47% Jnd l\u:;sdl numbc, Nux

dec,ea,cs by 91.31% a, the Prandtl n"mber Pr change, from 1,00 Lo3.00

from figure 6.10{a) anu ligure 6,10(b), it is SCCnthat for different valucs of heat

generation parameter Q while the mab'l1etic parameter M =1.00, pressure work

parameter Gc = 0.10, viscous dlSsipJlion pal'amder N = 0.40 and t'randtl nUlllb~r 1'1"=

0,72 On lhe reduced local ,kin friction cocfJicient Cpo and local rate of he"t l,"nsfer ,'1",\.

The ,km friclion coefJicient CfX increases and the heat llansfct COC[ficient N".\. dc~n;",cs

with the increasing values of heat generation parameter Q.
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Figure 6.2(a): Variation of dnnensionlc" vcloClly profile, F (x, v) against
dimensionless di,tancc y for different value, of magnetic rar;Hn~lcr OJ']-l<lrlmal1n
number M with P," ~ 0.72, N ~ 0,90, Gc ~ 0.50 ~l1dQ = 2 00,
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i'igure 6.2(b): Variation of dimcn,;onlcss temperature profile; 0 (x, y) again,t
dLmcmionless dl,tance y for different values of Illagllelic parnmctcr or
Hartmann !lumber MWllh Pr ~ 0.72, N~ 0,90, Gc ~ 0,50 al\d Q ~ 2.00.
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Figure 6.3(a): V"riation of dimensionless velocity profile, f' ('"y) again,t
dimension!cas distance y [or different va lues of "'SCOn, dis.sipotioll p~ml1ld",
N with Pr = 0.72, Ai ~ 1.00, Ge ~ 0.30 and Q = 0.50,

"

Pr=O,72, M= 1 00, Q=0.50, 88=0,30

0.0

N=100
N=070
N = 0,50
N = 0,30
N=O,10

0.<

(0}
o
y

Figure 6.3(b): Variation ()f dimensionless temperature prolib, 0 (x, y)
against dimcn'lOnless distance y for tiiITerent values of "i,cons disSlpatioll
parameter NwilhPr ~ 0,72, Ai= 1,00, Ge~ 0,30 and Q = 0,50,
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Figure 6.4(a): Varialion of dim~n:;lOnlcss yeloci(y prolilcs f' (.r, yl ~gnin,t
dimensionless di,lancc y [or different vah,e, of pressure work parameter Ge
wIth Pr '" 0.72, M = 1.00, ili= 0.50 and Q = 0.40.
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Figure 6.4(b): Variation of dimensionleso \emperalure pm1iles e (.t, y)
agamst dlmensionles, distance y for different volues of pressure wOl'k
parameter Ge wilh Pr ~ 0.72. M ~ 1.00, N ~ 0,50 and Q ~ 0.40.
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Figure 6.5(a): Vari~lion of dmlcnsionless vdocity profiles F (x, y) again,t
dimensionles, distance y for different values of hcat generation parameter Q
with Pr ~ 0.72, M ~ 1.00, II' ~ 0.40 and Ge ~ 0.10.
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Figure 6.5(b): Variation of dimension1c" lemperature profiles e (x, y)
agaiml dimensionless di,tanec y for different values of heat generation
parameler Q with PI' = 0,72, M ~ 1.00, N ~ 0.40 and Ce ~ 0.10.
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Figure 6.6(n): Variation of dimensionless \'elocity profiles f' (" y) against
dimcn>lOlliess distance y for different value, of Prandtl nLLl1lbel'PI' wllh Q ~
0,60, M - 0.50, N = 0 40 and Gc ~ 0.30,
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Figure 6.6(b}: Variation of dimensionles:; temperature profiles 8 (x, y) "gains!
dimensionless distance y for different valu", of Pl'andtl nLLmher Pr wIlh Q =
0,60, M = 0,50, N - 0.40 Qud Gc ~ 0.30.
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Figure 6.7(a): Variation of skin !,-iction coefficient, CfX with Jnnens;onlc!"
di,tancc x for di[f~runl values of magnetic parameter Ol Harlmann number Ai
with Q ~ 2,00, N ~ 0,90, G~ ~ 0,50 and Pr ~ 0.72,
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Fj~urc 6.7(b): V"iation of local heat transfer coeffLclent, /1,'''" witll
dllllcnsionless dlolnnce x for dlfferent values of magnetic pm«metel" Or Hartmalln
number M with Q - 2,00, N ~ 0,90, Ge ~ 0,50 aJ,d P,- = 0.72.
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Figure 6.8(a): Varial;oll of skin friction codficient, Cp: wilh dimcn,ioiliess
distance x for different val"e, of pres,,,," work parameter Ge wIth Q = 0.40,
N ~ 0 50, AI ~ 1.00 amI Pr = 0,.72.
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Figure 6.8(b): Variation of local 1\'uo>clt number, Nux with dimc~,i[)nless
dis(~ncc x for dLffercnt ~alucs of pressure \Vorl..parameter Ce ";til Q = 0.40,
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Figure 6.9(a): Vanalion of skm friction eodficient, C,,,,.with dimensionless
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Figure 6.9(b): Vanu(lOn of local Nusoelt number, Nu, with dimellSioL1le,~
distanee.< for different vallie, ofPl'andtl nllmber Pr wilh M = 0.50, N= 0.40.
Ge = 0.30 and Q = 0 GO.
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Figul'c 6.10(b): V"nal;on oflocul N",,,,,lt number, Nu, with dllllensioilless
dislanee x for different .ulues of heat generalion par~meler Q w,th M ~ 1,00,
N ~ 0.40, Ge = 0.10 and l'r = 0.72.



The values of the local skin friction coefficient ljX and local l\'lIsselt numb~r IVU.\'for

different value, of magnctic parameter or Harmlann number M wlnlc Pr = 0.72, Q ~

2.00,N~ 0.90 and Ge= 0.50 are given in Table-ell which IS she""1l in Appendix C.

Here we see that the values of local skin friction coefficicnt Cp. decrease m Jiffelellt

position of x fo' magnetic parameter M = 0.40, 0.(,0, 0.80, 1.00. Thc rale of thc toeJl

,kin ffiction coefticlCnt CfX decreases hy 14.72% as the mdgnctic pal'amder AIchJnge,

from 0.400 to 1,00 und x = 0,80285 Furthermore, it is ,~en lhat thc numericat v~lu~, of

thc lo~al Nu:;scll number Nux decreusc as magnelic parameter or Hartmann nllmber M

increase, The rate of decrease of lhe local Nus,ell number Nux is 9,64% al position x =

0.80285 a, lhe magnClicparameterM changcs from 0.40 1o1.00

The vailles of the local skin friction coefficient Cp.- and local >.Ius,ell number Nux for

diffcrent valuc, of viscous dis"ipahon parameter II' whitc P,. = 0.72, M = 0,90. G~ =

0,50 and Q = 2.00 are recorded in Tahle-C" which i, shown in Appendix C. Here it is

seen that the values of local skin friction coefficient C>:r inerease at diffnent position of

x for VlOCOUSdissipution parameter N= 0.10, 0.50, 0,70. tOO, T1lCrale of the locul skin

fliction coefficient Cp: lllcreases by 8.57% us the viscous dissipauon parameter N

ch~nge~ from 0,10 to 1.00 and x = 1,04720 FUltlletmOre, il is SeCnthat the lllirnerical

valllCSof the local >.IlIsselt number N"x ,ncrea,e for inerea.,ing values of visco",

disoipation parameter N. Thc rate of incrcase of the local NlLSSCtt ""mbel Nux i6 69.08%

at posl\ion x = t 04720 as the Vlocousdissipution pal'amClerN chat\g~s from 0 10 to
1.00.

'llle valu~s of the local skin fri~tlon eocffielcnt (jx and locol NlLS\dl number Nu), for

different valucs ofpressurc work paramctcr Ge while Pi" = (J.n, k! ~ 1.00. IV= 0,50 and

Q = °40 arc recorded in Table-CIs which is shown in Appcnd!x C Bere it is found tbat

the vallLesof local skin friction coefficicnt Cp.' incrcase at different position of x for

pressure work paramcter Ge =0,10, 0.40, 0.70, 0.90 Thc rate of the loc"1 ,kin friction

coefficient Cp: incrc",cs by It ,74% as tbo pressure work param"lcr Cc changes frum

0, to to 0.90 and x ~ 1.30900. Furthermore, it is seen that the nUnlcri~ulvotue, of the

locotNussdt numbe, Nux increase for increasing vaillc, ofpressur~ work pa•.~metcr Ce.

The rate of Increase of the local Nussclt n"mber /1'uX is 194.02'10 at position x = 1.30900

as the pressure work parameter Ge changes from 0.10 to 0.90,



Numerical values ofloeal heat tram[er rate, l','"x arc calculated [rom equation (6. t 8) for
the surface of the sphere from lower stagnation point 10upper ,tag;nation poinl. ]n nrd~r

10verify the accuracy of ihe present work, the values of non dimen,lOnal heat tmnsfer

parameter N"xfor 11' ~ Ce = Ai = Q = 0.00 having; Prandllnumber 1',. = 0,70, 7,00 at

different positIon of X (in deg;ree) arc compared wIth tho.,e rcporl~d by Nazar el nt.

(2002) and Mollo el at (2004) as presented in Tab1c-C" which is shown in Append;>.C.
The r~,ults arc found 10he in cxcetlent agrc~m"nt.

6.3 Conclusions
FrOlllthe present problem the following conclusions may he drawn:

• S'gnificanl effects of heat generation parameter Q and magnctic paramete, M on

vclocity and temperature pl'ofilcs as well as on skin friction coefficient Cjx and ihe

rate of heat tl'an,fer N"x havc been found in lhis investlg~t;un but the effccts of

1,eat generation p~rameter Q and magnetic pJrumeler 01'H~11m"nnnumber M on
l'ate of heat t, ansfer is more significant

• An incl'easc in the values of magnetic p~rumcter or Harlmann numbcr AI lead 10

decrease both the locol skin friction coellieient C;'x and the local mte of heal

lmnsfer lVl<xTh~ velocity profile8 also dccrcale hut the tcmperatU1CproJiles
lnCre~Se,

• An lhe velocity profilcs. tempel'ature profiles>thc Joc"l ,kin friction cuefficieL1lCjx
~nd tile locat rate of heat lran,fer Nux increase signiticallily when the vah,c, of

pressure work parameter Ge iucrease while QftO 40, Pr ~ 0.72, M ~ 1:00 and N
~0.5().

• As VISCousdissip~tion parameter 11' increases, bolh the VclOClty and the

tempera lure profiles a1>oillcreasc significantty.

• tnereasing values of Pr~nJtl number Pr lead to decrea,e lhe velocity profile". the

temperatul'Cpwfiies, the loc~l skin friction coefficient C;'T and "t,o Lhetocal ra\c 0['
heat transfcr N"x,

• An incrc~se in the vatues of h<:'11gene,alion p~rameter Q teads to incl'e~sebot], the

,elocity profiles ~nd lhe tempcratutc profiles, also thc local skin lriction

coefficient Cpr lllcreases and the local rate of hc~t tran"fer Nux dccre",~s ,.ith the

inc[e~,ing value, of heat gencration parameter.



CHAPTER 7

CONJUGATE EFFECTS OF STRESS \VORK AND
MAGNETO HYDRODYNAMIC NATURAL CorWECTION FLOW
OVER A SPHERE IN THE PRESENCE OF I-IEAT GENERATION

AND RADIATION

Radiation i, tran;;formcd in the form of electromagnetic wa~e.' that dir<:cllytranspelll

energy through space and tlli:; is the only process which brings light and heat to Our

planet and earth from the sun which ISmillions ofrnrles away from us Convection is

the transfer of heat by the actllal movement of the wanned maj(~r Il cannot OCCur111

solids dlle to the particle, not being able to flow frccly. The most COmmoncau,e of

internal movement is a variation in dens\1y d"e to transfer of heat l'rcc con'~ctioL1 is

the <:onveetion in whicb motion of the fluid ari,cs ;olely due to lbe density gradients

that Can be mainmmed in the fhnd, for exalllpic hot air rising off the smfaec of "
radiator,

The effccts of radiation on free convection now are important in the contc'-l of 'pace

technology and very littlc is known about thc effects of radiation 01]the boundar}' layer

now of a radia(mg fluid ]lost a body_ -nlC incl",ion of ~ radiation dfects in tile e~a~y

equation, howe,cr, leads to a highly non-linear partiat difF.:rmtl1l1equJtion, Tbe

problem of free conveelion boundary lay<:,over or on ,",mOlLSsharcs Sll~h as \.e,1icnt

flat plate, cyliJ\d~r,ophc,e etc have bcon studled by many inveshgnto" "nd it has bc<:nu

vel)' popular re,eal'ch topic for many years, It i, lcadily recogni7cd tilJt a wealth of

information is now a,aibbte on convecti\"e heat "nd mass tr,mofn for viscous
(Newtonian) fluids

Thc goveming pamal differential equations art lo deal with 111the cas~ of

incompressible VISCOnsfluid such as continuity equation, lllOlllenl"m equation and

encrgy equation_ The radlalioll energy cmitled by a body i, tmnsmilted ill thc 'pace il\

thc form of electromab'lletic waves ~ccording to Maxwell's eta."ic ck~tlomagL1etic

wave theory or in the form of discrete photons according to Plan~k's hypothcSl1,.Both

concepts have been ulllized in the invc'(lgation of ]'adi~tivc"hcat transfer, The emISsion

Qr absorption of radiation ene]'gy hy a body is a bulk proccss; that is, radiation

originating from the interior of the body is emitted through the ,urface,



Vajravelu and Hadjinoiauo (1993) ,tud\cd the hcaty~"sfcr cha, "c(cristics 1L1lhc lmnin,,.

boundary layer of a ,iscous fluid Over a linearly otretching cont;nuolls .'llrtacc ",ith

viscous dis,ipatiOIl or frictIOnal healmg and internal heat generation. 1n this study they

considered that the volumetric rate of heat generalion q'" (w!ln.)]. should he q'" ~ Q" (T-

T",), for T;e: fro and equal to zero fOl l' < T"" Qo is the heat genemtion ,I absorption

constant.

The pr~sent work considers the natllr::tl convection boundary layer flow on a sphcre of

an eiCClnc"lly comJucling and steady viscous incOlllpW6sibie flu id m pre,once of strong

magnetic field, dfect of radiation, the press",e ,ness work and heal ~~L1eratiOl),Here we

have tocused our allention On the evolution of the surface shear ,tre" in term, of local

skin friction and lhe rate of heat hansfer ill terms of local Nu"elt numbe" ,eiQcity

distributIOn as well as temperature diMnbution lor a selection of pol'amcter, set

consistin~ of heal ~cneration parameter Q, the diSSIpation pilmmeler N, (he pressure

work parameter Ce, the m~gnetic parameter or Hartmann ""mber M, thc radiation

parameter Rd, the surface temllcrutlLfc 0" nnd the 1'randH number Pr,

7.1 Fo,mulatiOll of the problem

The governing equatiOllS of the flow unde,. the usual Boussine'q and boundary laycr

approximations are,

(18U Vau 8'Up(TT). (X
J
' uof!o'U.- + --=v __ +gl-' _ SIll _ ---_

8X8YJY' ~ap

TI,e houndary conditions for the equations (7.2) \0 (7,3) are

(7.1)

(7.2)

(7.3)

u=v=o, T=T. on y=o

U -t 0, T-tT~ at Y-tco
(7.4)



r(X) = a sin (~ J, where r = r{X),
(7.5)
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-----,
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~
X
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Figure 7.1; Physical model and coordinate .'ystcm

whcre, all symb(}ls reprcscnt theil usual meanings. To tmnsfoml the above ~4LLatiOIlS

into non-dimensIOnal form, the following; dimensionle.'S variables [(2.112), (2.113)] are

introduced,

"rhus (7.5) become, r(x) " asinx (76)

Substituting equations (2, 112) and [2, 113) into the equations [7. 1) to (7.3) Jnd after

slrnplifying we h"ve the follo'Wing equalions

a 3--;;-(ru) +--;;- (rv) =0

m " [7.7)

0'11 (J' [i,'a'
• --+OSIll x- 0 0 I,ll

oy' pvGrl2 (7,8)

g_30+ v ~e= _1 _, [J I + ~Rd(l +(0" _1)9)'\_00]
3x oy PI" By 1 3 , oy

G, (ag)' (__!~-_ o)gjJa Q, a' 0+------- -- - + --H -- _
a'C,(Tw-Too) By 1',.-Too C~ pC~ vGrY,

(7,<))

where, M, Q, N, Ge, Owand Rd are defincd emher. Thercfore momentum and energy
equalions (7,S) and (7.9) Can be writlcn as

,.
\



au a" _ 8'""- + 1-+Alu-lJsmx",_ax Gy oy'
uDIJ +voO =-' ~[fl+~Rd(!+(O",_I)9)')aO]
ax 0-' Pray l 3 oy

+QO+/1il(OU)' -eel ,T~ +IJ'J"
By 7w-T.,

The boundary conditions Jssociated wilh equations (7.4) bcco"'~

,,~v=O, e~I aty~O
u---;. 0, 8-,0 asy-fCJO

'"
(7.1 0)

{7.ll)

(7.12)

Now substituting equations (2.] 21 and (2.123)) into equations (7, 10) and (7,1 j) ,,,bject to

the boundary conditions (7.12), after slrnplifYing lh~n we ha, e the followmgs

il'f ( + ) a'J (afJ\l e _ Of [ora'1 a(?'r\-+ l-'---cou f-~ -' +-smx- M-o] _' _ ~__ '_I
iY' sin.. 8'/ oy.< iY 0' c;yU' ax 8" )

1 a (I 4 ,)'0) ( ~l J ao-~ ll+:;-Rd(l+(B,,-I)O) - + '+-.-cosx f-+QO
Pr 0' j oy SIIlX oy

+l'ix'[&'f)'_c/ T~ +0)0/ =x[8f30_8BCf)
iJy' lTw - T~ Oy oy ax cy ax

-nlC corresponding boundary conditions arc

(7.13)

(7 14)

(715)

In practical apphcation, the physical quantities of principal interesl are thc heal transfer

and thc skin- friction coefficient, which can be written in ll()n- dllllcnsi()llal rOml as

Nu = oGr-y, x_ k(T" -T.,l(80J
. k(l;,-1;.) oGr-)~ Gy ,_0

:. Nu, = -(1+(4/3) RdO,~,)a8~,O)
(7.t6)

,
•



.' (a'f)
.. cp: =x cry' y='

-
(7, i7)

Now we will discuss velocity dlslnbulion as well as tem~cmlurc dl,trihutiOll for a

selection of parameter sets consisting of heal generation parameter Q. radiation

parameter Rd, lhe sUlfacc temperature parameter 0,,, the Vl.,COUSdissipation p~ralllctcr

N, the pressure work parameter Ge, magnetic p~rameter M and (he handlt number Pro

7.2: Re&lllt, and Disc",sion

'rhe effcct of '!less work and mag~clohydlodynarnic natuJal convection jlow o~ a

sphere in prc,cnce of he.l generation :parameter and ",di"!;ol1 I'ar~mdcr !los been

invcstlg"ted. The problem considered here involves u number Q[p""'llle1ClS on th~ b",is

of which a wide rang" of numcllcal results have been derived. Of these rCSU1l:" a small

SCC!l(}nlS presented here for brcvll y. The numerical results of velocity and tClllpcmlure

profiles and also for local skin frictions as w~ll as local heal lransfer cocJliciellt ale

shown in flg\lrcs 7.2 to flgmcs 7.13 for v~riou, \"alues (\fpummeters eillenng into the

pwbbn,

Figure 7.2(a) and figure 7.2(b) di,pby the effeel, of thc velo~lty and lelllperalllw

pwlilc>, based on equations (7.13) and (7.14) ""llh bounda,)' eonJllions (7.15), for

different ,mall values of pressure work parametcr Gc (~ -0 10, 0,10. 0.30, 0 50) pl(\UeJ

against J' at x ~ rr.f6 having Pr ~ 0.72, Rd ~ 1,00, S" ~ 1,10, M~ 0.50, N ~ 0.10 and Q ~

0040,

From figurc 7.2(a), it is se~n that the velocity profile is mfluenced eomid~rably when

the value of plessure work parameter Ge increa,es. But near the surfaee of the 'phere

velocity increases (,;b'TIifieantlyand Jocreases slowly and linally appruaches to zero, The

maXlmum values ofthc .clocity are 0.36546, 0.39176, 0.42331 and 0.46132 for Ge (~

-0.10,0,10,0.30, 0,50) respectively which occur al J' ~ 1.17520 for first maximum

value, J' ~ 1.23788 f(\r second and third muximum values and at y ~ 1.30254 for lust

maxImum value, Here it IS observed that lh~ velocity 'OCrC",~ by 26 2J% ~s Ge

increases from -0.10 10 0,50. Also from figure 7 2(b), jt ha, been ob,ervcd lhal when the

value of pressure work parameter Ge incleases, the temperature 1"olile; also increases

significantly, The temperatures are 0,68229, 0,73077, 0,70949 and 0,86191 for (;e ~_

0.10,0.10, 0.30, 0,50 aty ~ 1.05539 which indicalcs that lhe temperatllre inc,cu,c by

26.33% at that point.



Figure 73 (a) and figure 7,3(b} deal with U1Cdfcct of tho ""'gnctic pal'alllete,,; or

Hartmann number AI (~0,1, 0.4, 0.6, 0.8,1.0) with oth~r controlling pammcte,s PI" =

0.72, Rd ~ 2,00, Ow= 1.10, Q = 0,03, N ~ a 30 and G, ~ 0.50 011the ,docity ~Ild

temperature profiles, From figure 7.3(a), it is re\'calcd that the velocity profile lctal'ds

with thc increase of the magnetic parameter M that indicates that magnetic pammeLer

decreases the fluid motion, But It is obserl'cd Lhat the tcmpemture protilc,\ lllcrease with

the increase of magnetic parameter M thut i" evident li-om figure 7.3 (b),

Figure 7.4(a) depicl' thc velocity profile for different values orthe Peandtl number PI"

(= 0.50, 0,72, 1 00, 1.74) with parameters R<I~ 2,00, 0", = 1, I0, M ~ 0.51l, Q ~ 0,30. N =

0.20 and G, • 0.40, Corresponding di,tribUlion of the temperature plOfile i< shown in

figure 7.4 (b), From fil,'llre 7.4(a), it can be Seen that if the Prandtillumbcr incwa,e,<. the

velocity of the 11",d decreases, On the other hand, flon] tigurc 7.4(b) we observe that the

temperature plOfilc decreases within the boundary layer due to mCrell,C of the Pr~ndtl

lllimber 1',.,

Flgure 7.5 (a) and figuro 7,5(b) illustrate the effect of the heat generation pltrametel Q (~

0,00, 0.20, 0.40, 0.50) wnh paramelcrs Pr = 0 72, R<I ~ 1.00, (1"~ 1,1, M = 0.50, ,V=

0,10 and Ge ~ 0.50 on the velocity profile and the temperaturc profLic. F'Olll fL~lIrc

7,5(a), it is rcvealed that the velocity profile increases with the increaSe of Ule heat

gencmtion parameter Q that indicates that heat generation pnrameter accelerates the

fluid motion. Small increment is ,ho"n from ligUle 7.5(b) 011the lcmperatut'e prolile for

increasing valucs of Q.

From figuru 7,6(a), it may be concluded that the radiation heat increases the "CloGity

field in the region Y'" [0, 12]. Tile changes ofvcloc\ty profiles ill the y ,hL'cclioLlrcveal>

lhe typical velocity profile fm natural convection boundary layer flo" i.e, the velocily i,

zel'O at the boundary of wall then it increa,es and rcache, to the pcak value as Y

increases and finally the \'clocity approaches lo zero (the asymptotic valllc). The

maximum valu", of the velocity me 0.40934, 0.44; 32, 0.47876, 0.50425, 0.52296 for

Rd ~ 0.00, 1.00, 2.00, 3.00, 4.00 respectively and which Oe~urs at y = 1,23788 fUI fLrst

and second maximum values, a!y ~ 1.3692') for third "nd foulth maXum,m valu~" and y

~ 1.43822 for last maximum value, Here we oee that the velOCIty increases by 27.76"!<,

as 1-1.<1inclea.e. fl'Om0.00 !04 00. In figure 7.6(1)) it;, c1c"lly ,een that the lempcratltt'G

distribution increases o"ing (0 increase of thc valuc, of the radiatLon paWl1letel Rd nnd

maximum is at tbe wall,
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FlgUle7.7(a) shows thc dfects' of the velocity profile for dlffcrcnl yallle, of the ~"rface

tempemture parameter 0" ~ 0.00, 0.40, 0.60, 0.80, 1.00, 1.20 while the other controllmg

pammelers Rd = 1.00, ?r = 0.72, Q - 0.30, M = 0,50, N = 0.20 and Ge - 0.50.

Corresponding distribution of the tempemtllre profile is sho'Wn in figlll'c7.7(b), From

figure 7,7(a), it 1, ,cen that if the surface tempera lure parameter mn<:a,e" the velocity

of the flUldalsQ inerea,es. On the other hand, it is observed that the temperaltm, profile

increase, wilhm the boundary byer due to increase of \he "urfaee tcmpe",tme

parametcll1w wl,ieh IS<:vldentfrom figure 7.7(b).

Numerical Hlues of the local skin frictIOn coefficient Cp.' and the ]oe~l ratc of heat

transfer coefficIent N~},' arc depicted graplucally in fignrc 7.8(a) and tigure 7,8(b)

respectively against the axial distance y for different values of the pre."ure work

paramctcr Ge (= -0,10, 0.10, 0.30, 0.50) for the fluid having Prandllnull1bcr Pr ~ 0 72

"nd other fixed parameters. From figure 7,8(a) and figurc 7,8(b), Il i" ,een thm nn

increase in thc value of the pressure 'Workparameter Ce leads to incr~os~ the local ,km

friction coefficient Cf-randth. local rate of heat transfe, coeffic,cnt .'III}.,

The variation of the reduced local skin friction coefficient Cp: and local rate of h~at

transfer N"x for different valucs or magnetic parameter M (= O.!a 0.40, 0 60, 0,~O,1.00)

withxarc illu3lTatedin figmc 7.9(a) and figure 7.9(b) both for P,.~ 0.72, Rd= 2.00, Q ~

0,03, 0, ~ 1.10, .'I = 0,30 and Ge = 0,50. From figurc 7.9(a) m,d figure 7,9(b), it i"

observed that bOlh local ,kin frictioo coeftlciCT\tCf.Y "nd local ,."t~ of heat tlallSkf

coefficient M,x dccrcase slightly as the vatues of magnetic parameter Or Hartmann

number M mCreases at differenl position of ., (in radian). Thus "c ~an say that the

magnetic field 1, limiled to retardation though in prcsen~e of heal gencration parametcr
Q.

Variallons of the local skin fnction coefficient CjXand local rate of hea! transfcr Nu,\ l"or

ditkrenl values ofPrandtl numbel' Pr (=0.50, 0 72, 1.00, 1.74) with othel' Excel values

of controlling paramelel'S arc ,hown in the figure 7,IO(a) and figurc 7,IO(b). 'From

tigure 7.10(H) and figure 7,10(b) it is seen that as thc j'randtt number P,' in~L'c"3cS,the

lo~al skin friction eoe[fi~lcnt decreascs and heat h'ansfe, cocflicienl mereu,e, but the

Tale of incrcasc In the heat transfer eocfficicnl i" highel' than that of the skin friction

coefficient. SQ, the effect of Prandll numbe, I'r on heat tmn,fer coefficient is mOre than

the effect of Pr on lo~al skin friclion eocffieient.



Figure 7. I I(a) and figme 7.11 (b) lI1u,h'atc the vari~(ion of local skin friction coeffiClcnt

CjX and (he rate of local heat transfcr Nux against X for different values of hcat

generation parameter Q (~ 0.00, 0.20, 0.40, 0,50) as obtaincd by s()l~ing numcriClllly

equations (7.13) and (7.14) where p,. = 0,72, 0", = 1,1, AI= 0,50, Rd = LOO,},-' ~ 0.1 0

and Ge = 050. It i, seen from figllTe 7.1 t(a) (ha( th~ ,kin flic(ion coefficient C" "
influenccd con,iderably and increascs when the nlucs ofheut gcnc'atiOIl p"",meter Q
tner~a,e at different position of:, (in fadian) "ith olher cOlllrolting parameter.'. F'g"r"

7, 11(h} indicatc, that the ratc of local of hell( transfer N"x decreases owing to inclca,e

in values of heal generation parameter Q with other f,xed pilrameters

The effect for differcnt values of radiation pammetcr Rei (~O.OO, 1.00, 2.00, 3.00, 4.(11),

the local ,kin friction eocfficient Cp; and local rate hellt of tmnsfer coctT,cicnt NII.\ are

shown m the figurc 7,12(a) and figure 7 l2(b} willie Prandtl "UmbCI Pi" - 0.72,

malo7'"lic parameter M ~ 050, hcal genelation parameter Q = 0.40, di"ipatiOll

parameter N ~ 0.40, pressure work paramcter Ge = 0.60 and surface tempcrntu[~

parameter 8" = 1.1. Here, i( is sccn that as (he radiation paramcter Rd i~clease8 both thc

local skm friction cocllicie"t ~nd local rale ofheat transfer coefficient increas~

From figure 7.l3(a) and figure 7,13(b}, it can also easily be seen tilat aUlllCwa;e in thc

surface temperaturc parameter 0,. Icads to increase thc local ,kin friction coefficIent Cf!(

and the local rate of heat transfer coeffi~ient Nux slightly while Pmndt! lllllnber Pr =

a 72, heat genel'ation pmameter Q ~ 0.30, magnetic p~",meter AI = 0.50, v,,~ous

dissipation parameter IV= 020, plessurc work p","meter Ge ~ 0.50 "nd L"ad,nt;M_

condu~tion palamctcr Rd ~1.00. Also it i, ob,erved that ~t any position of x, the loca!

skin friction coefficient CjX and the local Nusseh number Nux inerca,~ as 8" incr~ases

from 0.00 to 1,2. Thi, phenomcnon Can easily be under,lood from thc 1:1ct(hal "hen the

surface temperaturc parameler 8", increase" the temperature of the fluid rises ~nd lhe

thickness of the velocity boundary layer grows i.~. the therm~1 boundary layer becomc,

tilinner (han the velocity boundary laycl'. Thcrefore the ,kin frlCl;(}ll"oefileicn!. ejyand

thc local Nusselt number N"xare increascd.
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Figure 7.l( aJ' VariatIOn of d;mensionkss veloeity profile, f' (-',y) against
dimen,ionless di,(~nc" y for different values of pressure work parameter Ge
with Pr = 0,72. M ~ 0 50, N~ 0.10, Rd = 1.00, 8w~ 1.10 and Q = 0.40,
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Figure 7.2(b): Variation of dimensionless \cmp~mture )ll of. lcs & lx, y) again,l
dimensionless dlswnce y for different values of pre,sU(c work pammeler Ce
with Pr ~ 0 72, M = 0.50, N = 0.10, Rd = 1.00, 0.,= 1.10 and Q ~ 0.40.
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Figure 7.3{a): Variation of dimensionless wlocity profiles f' (x, y) against
dimcnsionles.' distance y for different values of magnetic parometcr or Ilul'tmann
number Mwith Pi" = 0 72, N = 0,30, Ge ~ 0,50, 1i.<I= 2.00, iJ", ~ t 10 and Q ~ 0,03
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Figure 7.3{b): Variation of dimensionless temperature profiles (J {x, y} against
dimension1c>s distance y for different values of magnetic paralneter Or Hartmann
number,lf with Pr ~ 0.72, N = 0.30, Gc ~ 0.50, Rd - 2 on, 0" ~ 1.10 "nd Q = 0.03.
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Figure 7.4(a): Variation o[ ullnen5ionlcss velocity profLks f' (x, y) against
dimensionless djs~1nc~y for different valne, Qf Prandtl number {'r with M=
0.50, N = 0.20, G~~ 0.40, Rd = 2,00, e", ~ 1 l(}and Q ~ 0,30,
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Figure 7.4(b): Variation of dimcns;on1cso tcmpewture profile, e (x, y)
aga,n't dlmcnsionlcS5 distance y [or different value, of Prulldtl nllmber [',-
wllh M = 0,50, h'= Cl,20, Gc ~ 0.40, Rd= L.OO, e", = 1.10 and Q = ()30.
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Figure 7.5{a): Variation of dimcmionless velocity profiles r (x, y) against
dimensionless distance y for different valuc, of heat genemtion p,Lfameter Q witll
M = 0,50, N = 0.10, Ge ~ 0.50, Rd = 1.00, ~" ~ Ll 0 and Pr ~ 0.72.
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Figure 7.5(b): Variation of dimcnsionk,,, tempelature profik, e (x, J') against
dimensionless di,tance y for di tfelent values of heat genel'atlon parameter Q witll
M~ 0.50, N = 0,10, Ge = 0.50, Rd ~ 1.00, cl, = 1.10 and Pr = 0,72,
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Figure 7.6(a): Variation of dimcmionle5S veloci\y profiles.f' C', y) ~gain,l
dimensionless dj;~mce y for different values of radiation parameter Rd with kf
= 0,60, N ~ 0.40, Gc ~ 0.60, Q = 0.40, 8," ~ 1.10 and Pr = 0.72.
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Figure 1.6(b): Variation of dimcn,ionles, temreraturc profile, e (-t, y) a~ail1.,t
dimcnsionles.' diSl.1ncc y [or different value, of r~d'ulion p"rmnclcr Rd with kf
~ 0 60, N~ 0.40, Gc~ 0.60, Q ~ 0.40, 8", ~ \,10 and Pr~ 0.72.
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Figure 7.7(a): Variation of dimensionless velocity profile, f' (x, y) again,t
dimensionless distance y for different value, of 5u]'f~celemperature pur"meter
e~ with M = 0,50, 1','~ 0.20, Gc = 0.50, Q = 0.30, Rd = LaO and Pr"" 0.72.
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Figure 7.7(b): Variution of dimcnslOnless lemperatU1C profiles e (x, y) agaiL1;[
dimensionless distance y for different values of surface lcmpcmturc paramete,.
0", with M ~ 0,50, N ~ 0.20, Ge = 0.50, Q " 0,30, Rd ~ LaO and Pr " 0.72.
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Figure 7.8{a): Variation of skin friction coefticicnl, Cp: witll dLLTICn,iollte,s
distance X for dIfferent value, of pressure work p~rmnd"rGe with Q = 0.40. N
=O.10,M=O.50Rd= 1 00, e",~L10atldPr~()_72.
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Figure 7.8{b): Variation of local ,,'usse1t number, N~,with dLinensionless
distance.< [or different value, of pressure work )laT~metcrGc \.jlh Q = 0.40, N
= 0, 10, AI = 0 50 Rd ~ 1.00, 0", = 1,10 and}',. = '0,72.
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Figure 7.9(a): Variation of ,kin frichon coefficienl, CfX with dimemionless
distance x for different values of magnetic parameter Or Harlmann NU\l1bel' Ai
wilh Q = 0.03, N ~ 0,30, Gc ~ 0.50, Rei = 2,00, 0", = t to und Pi" = 0 72,
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Figure 7.9(b): Variation of toeal NUi>,dt number, Nil, ",itn dimensiOlllcs>
distance x for different value, of magnelic parameter or Hmllllallil NUlllbcL'
Mwith Q ~ 0,03, N= 0,30, Ge'~ 0 50, Rei ~ 2.60, 0".= 1.10 a~d 1',' = 0.72.
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Figure 7.10(a): Variation of skin [nclion coefficiellt, (jx with JilllenSIOl\b,
dislanceJ: for dIfferent value, of Pmndll number Pr with Q ~ 0,30, N ~ 0,20,
Ge ~ I}40, Rd ~ 2.00, 0" ~ 1,10 Jnd M ~ 0.50.
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Figure 7.10(b): Vanat;on of local Nuosclt number, Nil, witll d"\lcn,iollic"
distance x for different willes of PrandU number p,. with Q = 0,30, i\l ~ 0,20,
Ge ~ 0.40, Rd ~ 2.00, 8" = i,l I}and M = 0,50.
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Figure 7.11(a): Variation of skin friction cocfliclCnt, Cp:with dllncn';lOnle."
distance x for ditferenl valueo of heal gcncmlion parameter Q with P,. ~ (J.n,
N~ 0.10, Ce ~ 0 50, Rei ~ 1.00, e~= 1, I0 and M _ 0.50.
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Figure 7.11(b): Variation of local Nus.cll number, 1'1"",witll dil\lcn,iollle,"
di,lancc x for different value< of heal generation parameler Q with Pr ~ 0,72,
N~ 0.10, Ge ~ 0.50, Rd = l.00, 8w~ 1.10 and M= 0.50,
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.Figure 7.12(a): Variation of "kin friction coefficient, etX wilh dimensionlcl'
distance X for diffcrent valucs of rad'atioll parameter lid with Pr ~ 0 72- ,V=
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Figure 7.12(b): Variation of local l\ussclt number, 11'''' with dimensionless
distance;( for different valucs of mdiation parameler Rd wilh Pr ~ 0,72. N ~
0.40, Ge = 0.60, Q = 0.40, iJ~'" 1.10 and M ~ 0.50,
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Figure 7.13(a): Variation of skin fnetion coefficient, CjX with dimensionless
distance" for different values of .urface lemperClturc p~rametel 0", with Pr"
0.72, N ~ 0.40, Ge ~ 0.50, Q = 0.30, Rd ~ 1.00 and Af ~ 0,50.
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Figure 7.13(b): Variation of local Nussel! number, Nu, with dimcnsionk"
distance x for different values of surface tempcmturc parameter Ow with Pr =
0.72, N" 0,40, Gc~ 0,50, Q" 0.30, Rd" 1.00 and M = 0.50.



The values of the loe"l skin friction coefficient Cjx and local Nussdt number ,'iux for

different valucs ofradiatioo pammctcr Rd while Pr ~ 0 72, Ow'" 1.1, M~ 0,5, Q ~ 0.40,

N = 0.40 and G~~ 0.60 arc presented in Tab1c-C" which is ,;hawed in Appendi;., C.

Here wc ,ee that the ,,"lues of local ,kin friction coefficient Cpr lllCrca,e at ditrercnt

positIOn "f X for m<!i"tionparameter lid ~1.00, 2.00, 3.00, 4,00, The rate of the local

skin friction coefficient (;,,,.increases by 6.76% as the radiation parameter R" Ch""ge:;

from 100 to 4.00 and x ~ 0,8028. Furthctmorc. it is seen tlwt the numeric"l \'~ILLe3of

the local Nusselt number .Nux inerem,e fm increasing value, of radiuuon parameter Rd,

The rate of incrca,e of the local Nusoelt numbel' Nux is 56.49% at position x ~ 0 R02~as
the radialion parameter Rei changes from t ,00 lo 4.00,

The vatues of the skin frictLoncoefficient and lo~al N"s.,clt number for diffcrcn! vnlue,

of heat generation parameter Q while PI' ~ 0.72, 8" - I. t, Rd - 1,0,M" 0.5, .,,' ~ 0.20

and Ge ~ 0.50 are entered in Table-C!! which ISshown in Append;;" C. Here we observe

that the vallics of skin friction coefficient Cp:decrease at d,ffercnt position of X for heat

generation pamrneter Q ~O,OO,0.20, 0.40, TIle rate of the 6lin fJiction coefficient

increasc. by 9,98% as the heat generation parmneLerQ changes from 0, I0 to t ,00 and"

~ 0.80285. Furthennme, it is SeCnthat the numerical values Qfthe local Nusselt numbcr

Nux deerc",c for increasmg values of heat generation pal'~rnetcrQ. 'rhe rate of decr~"se
of local Nusselt number i, 62.66% at po,ition x ~ 0.80285 '" lhe heat gCl\cmlLOn

parameter Q changes from 0,00 to 0.40,

The values of the local skin frictIon coefficicnt "nd local Nusscl! number for differcnt

, value, of ;urface temperaturc parameter e," whilc Pr ~ 0.72, Q ~ 0.30, 11."~ t ,00, ]'v[ ~

0.40,.1,' ~ 0 20 and Ge ~ 0.50 are rceorded in Table-Cl9 wluch is showed i1)Appendix C

Here lLis depictcd lhal the values of skin friction codIiclGlll Cp,' increase nt dIfferent

posillon of x for of surface tempcrature pummetc]' ()"~0.40, 0.80, I 00, t 20, The rate of

Lhe.,kin friction coefficient increasc, by 8,94% m, surface temperature pammete, 0.,
change> from 0.40 to 1,20 and x ~ t ,30900, Fmtllermore, it io ,em thut the numcric"l

value, of the local ~'lL"elt number Nux mcrease fm increasing values of surface

temperature parameter fl•..The rate of increase of locul Nusselt !lllmber IS 103.86% at

po;;ition x ~ 1.30900 as the surface tempcrature parameter e" chunges fmm 0.40 to 1.20.

In Tuble-C,o, the value, of the skin friction cocfficient and loe"l Nussclt number for

different values ofpreosure work paralllcter Ge wInJePi' - (J.n, Q~0.40, lid ~ I O(»0",

~ Ll 0, Al = 0,50 "nd 11-'~ 0.50 are dcpicted which is shown ill Appendix C. 1LIS

','



concluded that tbe valuc, of skin friction cocfficicnt illCIC~SCat dLfr~renl po,ition of x

for the pressure work pammeter Ge ~ - 0.10, 0.10, 0.30, 050. Tbe mte of the sktn

friction coefficient increases by 16,93% as prel';Ut'c work parameter Ge changes from-

0.10 to 0,50 and); ~ I 30900, l'urthennore, it is seen thm the numeric~l v~lucs of the

local ~l1ssclt number .Nux deercm.e for increasing values Qf pressure \vork parameter

Ge The rate of decrease of loeal Nus.,el! number is 98,62% at position x ~ 1,30900 as

th~ pressure work parameter Ge changes from - 0.10 to 0,50,

NUmerical values of local heat transfer rate, Nux are calculated from equation (10.19)

for the surface of the sphere frotH lower ,tagnation point to uppa stagnation point.

NUmerical valucs of Nux are entered in T~blc-C" that is :;howed in Appendix C. In

order to verify the accuracy of the present work, the vallie, of non dimensional h~at

transfer parameter Nux for N = Ge ~ AI ~ Q = lid = 0",= 0,00 havmg Prandtl number

Pr =0.70, 7,00 at different position of x {ill degree} are compared ",ith those l'epOltcd by

Nazar el at. (2002) and Molla el uf, (2004) as jllesentcd in Tablc-C,,:the lCSUItSarC

found to be in excellent agreem~nl.

7.3 Conclu~ioD~

From the pre,ent inveshgation, the following ~onc1usion, may bc dr~wn,

• Increase in the v~Iues of pressure wOl'kparameter Ge leads to inel'~nsc (he velOelty

profile, the temperature plOfilc, the local skill friction coefJi~icnt Cp: hut the local

rate of heat transfer Nu:•.decreases with thc illcrea,e of pressure work paraltlckr

Ge while Q=O,40, 8" = 1.1, M~ 0.50, Rd~ 1 00 ,md Pr= 0 72

• "the velocity profile, the skin friction cocfficient Crxand local ralc "fheal transfer

/\.'''!-', all arc decreasing for incl'ca,ing values of magnctic p"rameter or Hartmann

number AI, but the temperature profile incl'ease Wl\1l the increase of magne\le

parameter AI.

• Significant effects of heat generation parameter Q on vclocity and tetHperahlfe

profiles as well as On local skin friction cocfliclent and the I'ate of hcat transfel'

have been found in this inveollgation but the effed of heat g~n~ration parameter Q
on rate of heat tt'ansfcr is more s;g.nificanL Alt inCl'caso in the values of heal

generation palamctcr Q lead, to both thc vc10city and lh~ IcmpGml",c p,olilc.,

increase. TIIClocal skm friction coeffJcicn\ Crx nlCf\:ascs at diffcL'cnl position 0 r v,



but the loc~1 mte of heot 1'~l1,fer Nux deet'case, at dillClcnt pn"ilLon of x for P,.

~0,72, Ow~ 1.1, M ~ 0.50, Rd ~ 1.00, Gc = 0 50.

• The inereaoed nlllcs of rad'atioll parameter Rd leads to inerea,e the velocity

profile, Ihe temperature profile, the local skin frictioll coefficient Cp: and the local

rale of heat transfer .vllX while Q~0.40, 0~ = I, I, M ~ 0.50, Gc ~ 0,60 und P,. ~

0.72.

• All the velocity :profiles, (cmpcrature profiles, thc local skin r, inioll coefficient G,'x

and (he local ratc of heat transfcr Nux lllCrease sigmlicanlly whell thc values of

,urface temperature parametcre~ ~ 1 1, inc,eascs while Q ~ a 30, M ~ 0.50, Rd ~

1,00, G~ ~ 0.50 and l'r ~0.72,

• lnerc""ing values of Prandtl nUlnbel' PI' leads (0 decrease (he veloCIty profiles, The

temperature profiles, (he local ,kin friction coefficlCnt C'p but (he local r"(e ofhe~t

lran"fer .vux incrcasc, with the ;Ilcrenoc of I'randll nUl\lber Pr while Q~O 30, e~ ~

1.1, Rd ~ 2,00, ;\1~0.50, Gc ~ 0.40 and Pr ~O,72,



CHAPTER 11
Conclusiolls
The problem, of free convection boundary layer flow over Or on bodies of various

shapc> have bcen discuo,cd by m~ny mathcmat;cians, versed cn(':mcen; an,l r~searchcro,

Many natural phenomcna and eagmeel'ing problems arc ,usceptible to MHD anal}',,;",

Natural conveclion he"t transfer gained eonsiderabk attention because of its numerous

applications in the areas of energy eonser\'atlOn, coohng of c1t:etrical and dectronic

components, dc,iS'" of solar collectors, heat exchangers, pumps and flow meter5 and

many others. Magnetohydrodynmnics IS that branch of continuum mechanics th"t deals

with the flow of electrical! y conducting fluids m electric and magnetic field" Probably

the lalgcst advance towmds slIch phenomena come" 60tn the field of ",tmphysic,. It

has long been suspected th"t mo,t of Ihe maHcr in the uni,"erse \s in the plasma 01'

highl}' ionized ga,cou, state, and much of the ba,ic knov"ledgc III the al'C;! of

electromagnellC fluid dynamics evolved from thc,e studies, Thc mo,t imjlorwnt

application of /vIHD is in the gcneration of electrical power wilh the ilov" of all

electncally conducting fluid thl'Ougha trans.cr,e mag;nellc field,

In the present dlssert~tion, thc solutions of two dimcmioJlal ,tcady MHD convcctnc

flow of vi,cous incompressIble fluid due to a vertical j]~t plate with heat conductiOll,

Over a sphere and Ona circular cone with the effect, of magnetic field, heat gen~rall(ln,

JOllIe hCaiing, radiation, surface tempcrature, Vl:;COUSdissipation and preS,Ul'e work

have been examined separatcly. The (low prohklll wnh all the,e phenomena t"l'dhCl.

infect rcsults in a very compl;catcd slructure physically as well as mathemallc"lIy. w~
have, however, taken into account rebtively simpler struc1lJml [onn.< of the above-

mcntioned flows In view of this, the effects of visCOli' di%ipallon and pre>sure stress

work on magneto hydrodynamic, f,ee convection flow along a veltical flat platc with

heat conduction taken into account in chaptcr 3, we h~ve consrdned thc strc" work

effect OJ]magn~lo-hydrodynamic (/vIHD) free convcct\On flow from the vert;cal nat

plate wIth Joule-hcating and heat conduction ill chapter 4. Conjugate ef[c~t ot. strcss

work and heat generat\On on /vIHD free convcction flow along a venical flat pbtc with

Joule heating and heat cond"et;on is considered in chapter 5. We de,cl'ibed the pressure

work "nd viscous dissipation effcct, with magnetohydrodynamic n"lural convcction

flow Over a sphere ill the presence of heat gcneration in chapter G. The cOlljugatc Slress



work and magnetohydrodynamic effects on naluml convection TIow over a sphere in the

prescnce of heat g~ncration Jnd radiation arc ,tudied ln eil"pter 7

We applied the implidt finite differencc method togClh~r with Koller-box SC]lGnWill

chapter 3, chaplor 4, chapter 5, chapter 6 ~nd chapter 7,

The results obtained for each of thc models hJVO been discu"ed and analYLed in thc

re,pectivc ,ections, Howe\'er, an overall discuosion on the works are pre,ented belo'" in

brief:

There is significallt effect of the prc"ure work parameter Ge on the \'clOClly prof Lies

and ternpcralure profilcs as seen in ch"pter 3, chapter 4, chJptc, 5, chapter 6 and chaptet

7. ]n rno,t of the cases, il" found thut the increu,c of the nwgnitude or Ge is

p'oportional to the increase of (he velocity and tempcrtlture pro/lle&, Also, tile pt'c,sure

work parametcr Ge leads to increase the skm f,iction coefficient as well as the surface

temperature observed in ehaplers 3-5. In chapter 6, the local skin friction coefljcient CfX

increase, and the rate of heat tran,fer Nux decreases sib'llificantly when th~ vJlues of

pr~ssure work parametcr Ge mcreases while Q=0.40, P,. = 0,72, Ai = 1,00 and N =0.50,

Again in chapter 7, as the prcssure wmk pJrHmeter Gc inerea,es, thc local ski" friction

coefficient also increases but (he local tate of heat tmnsfcr coefl'ClCLll decreaSeS wluch

means that the l'udiation paramct~r dominate,; the i'-Ius&cllsnumber

The effect of viscous dISsipation parameter 11' On the velocily profile, and tcmperature

profiles are displayed m chapter 3, chapter 4, chapter 5 and chapter 6, In these chaptcrs,

It is clearly observed that for incrca,ed values of vi,cous dissip"!lnn parameter lv.leod to

inCleasc the velocity profiles as well os temperature plOfilcs, Abo in chapkr 3, chapter

4 and chaptel' 5, ,t'is ,een thJt the skin friction and su(fa~~ temperatur~ di,(ribulLnn

increase for increasing valucs of viscous dissipation puramCl~CN.

For the cITect of mngneticparamct~, M in chuptcr J, ehnpkr 4 and chnl'l~r 5, it i,

depicted that thc skm fJictioll coefficient, the surface tcmperatulC distnbution ~nd t],€

velocity distribution over the whole botmdary layer dcerea,e, bllt lho tempelatllrC

distribution in~r"a'es, Again in chapter 6 and chapler 7, it is scen llmt the velocIty

profile" the skin f,iet;on coufficient CjA" ~nd local rate of heat transfer Nux. all arc
,

d~crca,ing for inerca,ing values of ll1agl1~tic pammeter M bul the lemperaturc profi leo

incTCase with the mcreasc of ma!;netie parameter M.

]n chapter 5, it IS SCen that the skin friction coefficient, the ,urrace temperature, lhe

velocity and th~ tempe,aturc profiles all are increo,ing fm the increasing \'JI"cs of the

heat genemtion parameter Q. Further, si!;'lificant cffeel' of heat gencralloll pmamcter Q

.'
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on vdo~ily and temperature profiles a" well as on loc"l ,kin fTiction coeff,ciellt nnd the

rate of heat ITansfel have been found in chapter G and chupler e but the eHcC\ of h~al

generation parameler Q on rale of heat transfer i, mOre significant. "In ll1CrCa,ein lhe

values of heal generation parameter Q leads to holh the \'clOCII} and the temperalure

profi les to incrcasc, the local skin friction coeffieient CjX incrcmc" but Lhelocal rate of

heat transfer Nux decrease:; at different position of x for Pr ~0,72, 0" = 1,1, M= 0,50,

Rei ~ 1,00, Ge = 0.50,

The skin friclion eoefticienl, the surface tempcral\lr~, the veloeity and the temperature

profiles all arc ;nerca,ing for the it\creasing values of tl1CJoule heatmg parameter .1,,1

dc:;cribed in chapter 4 and chapter 5

The CITed of radiation parameler Rd leads to incrcu,c lhe velocity prollks. Ihe

temperalure prof,les, the local skin friction eoefficlenl C,,. and tile local ral~ of heal,
transfcr Nuxwh,le Q=0.40, 8",= 1.1, .'11~0.50, Gr = 0.60 and Pr ~ 0,72 as displaycd in

chapter 7,

In ch"pter 7, all the veloeily profiles, temperature profile", the local :;)..111friclion

coefficienl CJx and the local r~lc of heat l,ansfer Nux incrcase signiticonlly wh~n th~

value" of surface temperature parameterO", = 1.1, increases while Q = 0.30, M ~ 0.50,

Rd ~ 1.00, Ge = 0,50 and Pr ~0.72.

There is marked effect of lhe Pralldtls number Pr on Lhevelocity prollles, temperature

profiles, the skin friclion and lhe surface temperature as seen in chapter 3, chapter 4 and

ehapter 5, In mO,1 9flhe eases, it has bccn observed that t],e skm fncti"n coefficient, the

smt'aee temperalure distribution, the lemperature profiles -ond lh~ velocity prof,les

deerea,e oyer lhe whole bound"ry byer will, Ihe \llCrCusc of Ihe Prandll number PI',

Increasing values of Prandl1s number Pr lead 10 decrease the vclOelly profiles, lhe

tempcratur~ profiles, the skin friction coefficient and the tale of heal lran.,for coefficient

as illustrated in chaptm, 6-7

Since we could nol obmin experimenlal results of the models we consldcred,

comparison of our resuli, could nol he made with expcnmcnt"1 reslIlts. lloweve,-, we

have mude some comparison, of our reslIlts with lheoretieal result:; of Na,..ar anJ Ch~n

(2002), Molla eI ul, (2004) in chapter 6 which i., shown lLli\pp~"dix C (rable-C",j, hy

Nazar and Ch~n (2002), Molla el ai, (2004) in chapler 7 which is shown ;n Append;,- C
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(Table-C,,). These eompariwn, ,how good agreements between OUfrcsult>;and of lho>c

mentioned above and henee an cncouragement for our wOfb.

It ,s evident from TabIe"C" that the skin friclion cQefficient and thc surface temperature

for dIfferent values of vi,wus dissipation parameter N obtained trom Tabl~-C] and

Tablc-C, are in excellent agreement which is shown m appendix C.

Similarly from chapter 5, it is concluded lhnt the heat generation param~(er dominate,

the pressure work parameter, viscous dissipallon parameter, Joute heating parameter and

also Prandtls number, I'or the Same values of pfessure work parameter G" ~ 0,60, lhe

.kin friction and the surfaec temperature in Table-C, and Table-C12 against" ~ 0.7090

are 0,6251 and 0,7810, 1.3160 and 1.5%t respectively, The variallon of the skin

friction coefficient and .urfuce temperaturc at x ~ 0 7090 in cbapter 4 and chapter 5

o~~urred only for heal generation paramct~r. Therefore, it is clearly ,1lustTatedthat the

h~"t generation parameter dominates the pr~"\lre wo,;; parameter, Abo, ull other ca.,e,

such as vi,cous di"'pation p"mmeter, Joute lic~ling parameter and PrJJ1Jtls nmnbcr

analy,!!, Canbe shown in a "milar 'Way.



Possible Future Works

.:. The effect:; of :;tres, work on magnctohydrodynamic:;(/vIHD) free convection

flow along a ve,ticul flat plate with tcmpemturc-uependent vi:;cosity .

•:. Conjugate effects of pressure work ,1nd YlS~oUSdissipation 00 magnclo-

hydrodynamics(MHD) [rcc conveclion !low ,dung a \cLtical flat plate w,lh heat

conduction and tcmperature-dependent viseo,it},

.:. Conjugate effect:; of pres"ure work and viscous di5oipatioL1 0" magnelo-

hydrodynamics(MtID) free ~onvection flow along a verlical flat plotc with hcu(
•

conduction and temp~rature-dependent thermal conductivity .

•:. The stress work effec\> on (he magncwhydrodynamic ("JAD) free convection

flow along II vertical t1a( plate w,lh Joulc-heoting ~nd h~at conduction in the

presence of temperature-dependent thermal conductivity .

•:. Conjugate clIcet, of ,~."ss work and Joule-heating on the magnetohydrodynamic

(MHO) frcc convection flow ~long a vertical flat plate w,lh heat geoeration alld

heat conduction in thc presence of temperature-dependent thermat cunducliVlly,

.:. Conjupte etfeclS or stress work and heat geLleratioL1 00 the

magnelOhydrodynumie (MHO) free COL1VeellOllflow atong a vcrtical fl.t plole

with Joule-healing and heat COndUC(lOn111the prescncc of Icnrperature-

dependcnt viscosity_

.:. The pressure work and viscous dissipation efkcts [Ill magnetohydrodynamlc

natmal convection flow over a sphcre in the presencc [If heat geLlcral'0" -'llld

tempCl'~mrc.dcpend"nt viscosity .

•:. The pressurc work and viscous dissipation effect, on m~gnclohydrodynal11ic

natural convection flow over a sphere ill the presence of heat generation ~nd

tempera lure-dependent themlul conductivity_ fli'



.:. The conjugate effect:; of stress work and magnelohydrodynamic natmal

convection flow m'er a sphere in the presence of heat generalion and radiation

w,th temperature-dependent thennal eonductl Ylly.

•:. The conjugate effects of :;tress work and magndohydrodynamic n"tnm1

cm1\'ection flow over a sphere in lhe l"e.'ence of heat generati,,,, and radIatIOn

with tcmperature-dependenl viscosIty.

•:. The stress work effects of laminar free convection from a vertical pcnneab1e

circular cone mainlllin"d at nOIHllliforrn ,urfac" temperature,

.:. Thc ,lrc", work effccts of laminar free eom,~~llon from a vel1lcal pcmlcuble
clreular COllemaintained al unif[)nn surfaec temperature.
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Appendix A

Numerical Method
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The momentum equation can be 'Hillen by applying central average tinite d,fference
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Here we applying the Newton', law for Jir:;( order, then in~ert the right side of "the above
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Appendix B

Table-B,

T °c P C, 0 , " p, j3, K1kwm) kJl(kg) m"ls WI(m) ml;,
11K

Mercmy
a 13,628,22 0.1403 0, 124x 10"" 8.20 42.99 0,028820 13,57904 0,1394 0.114 ~.69 46.06 0.0249 L~2xl0--l50 13,505.84 0,13% 0.104 9.40 50.22 0.0207
'00 13384.58 0,1373 0.0928 10,51 57.16 0,0162
ISO 13,264.28 0.1365 0,0853 11.49 63.54 0,0134200 13,144.94 0.1360 0,0802 12,34 69.08 00116
250 13,02560 0.1357 0,0765 13.07 74.06 () 0103

315.5 12,84700 0.1340 0.0673 14.02 8,15 o 0083
Table-B,

T "C
k;mJ

C, 0 , 0 p, j3, K'kJi(kg,) 111'/0 \V/(m) mlls
I/K

Water
0 1,002,28 4.2173 1.7S8x1O" 0.552 1.308 13.620 1,000,52 4.181~ 1.006 0.597 I 430 7.02 o 18x10-)

" 994.59 4.1784 0.658 0.628 1.512 4,3460 935.46 4,1843 0.413 0,651 1,554 3,0260 974.08 4,1964 0,364 0,668 1,636 2,22100 %0.63 42161 0294 0,6811 1.680 1,74120 945,25 4.250 0,247 0.685 1.708 1.446140 928,27 4.283 0,214 0.684 1.724 1.24 ]160 909,69 4.342 o 190 0.680 1.729 1.099180 889.Q3 4.417 0.173 0.675 1.724 1.004200 866,76 4.505 0.160 0.665 1.70(, 0.937''0 842.41 4.610 0.150 0.652 1.680 0.891'40 815.66 4,756 0.143 0.635 1.639 0,871
2S0.6 752.55 5 208 0.135 0.580 1.48 I o 910300 714.26 5.72~ 0135 0540 I 324 I 019

Table-B)

kgj'm'
C
"

p 0 , aT'K kJ/(kg.) kg/ems) m'/, W/(m) m'is p,
Sleam
380 0,5863 2.060 12.71xl0-'; 21.6 0.0246 0.2036 1.060400 0,5544 2.014 13.44 24,2 0.0261 0.2338 1040450 04902 1.980 15.25 31 , I 0.0299 0,307 I 010
500 04450 1.985 17.04 38.6 0.0339 0,387 0996
550 04005 1.997 \8.84 47.0 0.0379 0.475 0991GOO 0,3652 2.026 20.67 56.6 0.0422 0.573 0,9860;0 03380 2.056 22.47 64.4 0.0464 0.666 0995700 0,3140 2.058 24.26 77.2 0.0505 0.772 1,000
750 02931 2.119 26.04 88.S 0.0549 0,883 1,005800 0,2739 2.152 27.86 102,0 0.0592 1,001 I 010

,



Table-B,

p C, " " , "T'K kgimJ kJ/(kg:,) kg/(ms) m'ls W/(m)
, Pcm"/s

Air
100 3.6010 1,0266 0.6924xl0-l 1.9230 0,009246 0.02501 0770'50 2.3675 1 0099 1.0283 4.3430 0,nlln5 0.05745 0,753
'00 L7684 1.0061 1.3289 7.4900 0,018090 0.10165 0739
250 1.4128 1.0053 1.4880 9.4900 0,022270 013161 (U22
300 1.1774 1.0057 1.9830 15.6800 0,026240 0.22160 0708350 0.9930 1.0090 2.0750 20.7600 0.030030 o 29330 0(,97
400 0,8826 1.0140 2.2860 25.9000 0.033650 0,37600 (l.689
450 07833 1.0207 2.4840 n.8600 0.037070 042220 0.683500 0.7048 1.0295 2.6710 37.9000 0.040380 () 55640 0.680
550 0,6423 1.0392 2.8480 44.3400 0.043600 0,65320 0.680600 0,5879 1.0551 3.0180 51.3400 0.046590 0,75120 0.680650 0,5430 1.0635 3.1770 58.5100 0.049530 0,85780 0.682700 0,5030 1.0752 3.3320 66.2500 0.052300 0,96720 0.684750 0.4709 1.0856 3.4810 73.9100 0.055090 1.07740 0.686
800 0.4405 1.0978 3.(,250 82,2900 () 057790 1.19510 0,689800 0.4149 1.1095 3.7650 90,7500 0,060280 1.30970 0,692300 0.3925 1.1212 3.8990 99 3000 0,062790 1.427JO 0,696350 0,3716 1.1321 4.0230 108,200 0,065250 1.5510() 0,699
1000 0.3524 Ll417 4.1520 117800 0,067520 1.677')() 0,702
1100 0.3204 1.1600 4.4400 138,600 0,073200 1.%900 0704
1200 0.2947 1.1790 4.6900 159,100 0,078200 2.25100 0707
1300 0.2707 1.1970 4,9300 182,100 0,083700 2.50300 0705
1400 0.2515 1.2140 5,1700 205.500 0,089100 2.92000 OJ05
1500 0.2355 1,2300 5.40000 229.100 0,094600 3.26200 0,705
1600 0.2211 1,2480 5,6300 254.500 0,100000 3.60900 0.705
1700 0.2082 1,2670 5,8500 280.500 0,105000 3.97700 0.705
1800 0,1970 1,2870 6,0700 308.1 () 0.111000 4.37900 0.704
1900 0,1858 1.3090 0.2900 338.50 0.117000 4,81100 0.704
2000 0,1762 1.3380 6.5000 369.00 0.124000 5,26000 0.702
2100 0.1682 1.3720 6.7200 399,60 0.13100() 5,71500 () 700
2200 0.1602 1.4190 6.9300 432,60 0.139000 6,12000 0,070
2300 0.1538 1.4820 7.1400 464,00 () 149000 0.54000 0,710
2400 0.1450 1,5740 7,3500 504,00 0,161000 7.02000 0,718
2500 0.1394 1.6880 7.5700 543.50 0.175000 7.44100 0,730



Table-Bs

1';7

Magnetic Author's n"me Joumalnamc & Volume Page number> Yea,
Parameter 1\'0.

M-O,0,OS,1.0 EirAmin, "I F, Jouraol ofmogncbsrn und 337-343 2003
m"gnelic mate".!;
Vol. 263)

M 1.0.2.0, Go",.n, P. & IntcmatlOnal Journal of 44+9-4+57 2004
3,0,4,0 P,lmu, C. Hoat a;7~!\los>Transfo,

Vol. 47
M~0,0,O.2, Md. Abdlll J},'AME I8-25 2004
1.0,3.0 Maloque "n~

Md. Shariful
At.m

M~2.0 Um.vatJll, J, C. Int. J. }lOl\-UKEAR 91_10I 2005
& M.losh"tty, ]l,lECHAr-,'lCS
M.S. Vol. 40)

M - 0.0, 0.4, EL.Am;n. M. F, 1.le.l lr"nsf",-Englneel'lng 75.81 2005
1.0,3 0 & (Vol "I

MohammaJc;n,
A.A

\-1 - 0.0, 0,2, Mollo ct .1, l\(lnlincor AllalyslS: 349-363 2005
0.5,0,8, 1.0 MOdclll~;~and Control

Vol. 10 }lo.4
M - 0,0, 0,2, IMolla et.1. ACATA MECHANIC" 75-36 2006
0,5,03 " Vol. 1M)
M 1.4,0,9, Ahrn 01a1. Nonlincar An.lyslS: 307.316 200,.
05,0,J Modelmg and ConllOl

(Vol. 12)No, 3

Table-B,
Surf.ce Author's name Jaum"l name & Volume P"ge numbe" Yca,'

temperature ,,'0.
l'ar"meter

ew- 1.1,2,0, 3.0 HOSSall101al. MECH'~"[CA 177-136 1998

"" 129)
e"~I.I,L5, Hossaill, M. A. Heal "nd Mass 't'rdmfor 321-326 1999
2,0,30,4.0 & Takhar, H. S. (Vol. 35)
ew- 1.1, 1.5, 2.0, Ho,sain 01.1. In!. J. I-lc~(and Mass 181-191 1999

" transror
Vol. 4-2)

O. U lIossaLTlcl al. In!. J. Therm. Sci. 115-124 2001
Vol,40)

r



Table B- ,
Radiation Author's name Journal name & Volume Page number, Yeal
"aramder No.

Rd 0,1, ° 0, Md. Abcl"s Journal of MathemalLtal 25_37 t 996
0.2,0 Sattor and Md. and P~~~i"al Soience

H'midKalim (Vol. 30, No. I
Rd- J.O,2 0, Hoos,i" el al. tnt. T, Ileal ood ~1aos t31-191 199~
10,0 (""sfer

(Vol 42)
Rd - l.0, 10.0, HossalIl, M , I lie", a1o,~~joss T"""ftl' 321_32() 1~99
000 & T,khar, J! S. Vol. 35
RO 1.0 Hossain et 01. Int. J. Therm ~ci, 115-124 I 200t

VoL 40)

Table H,-
Visoous Author's name Journal name & Volume Page ll<llnben, ¥ear

dis.,ipation No.
nal'ametcr

N - _0.5, 0,0, 3.0 EL-Alll,n, M. F. JO\lrJ1.1ofmOb'11otLSmand 337-34] 2003
m.gncl:~~'"tenals
Vot. 263

N - 0.9, 0,5, 0,3, Atam et aL Journal ofN~val 69-76 7D06o. , Architec~r: and Marine IEngincerin
N - 1.0, 0.7, 0,5, Abm ot 01. Joum.lofMechonlc.1 44_4S 2D06
0.3,0,1 Engineel1n~,

VoL ME36 ,
N LO, 0.7, 0.4, Alimetal. !ntcrn,tlOnal In p'esS 2007
"I. Communicat,ons '" Ileal

"tld Mdo; TrOllsfer -

Table B- ,
Heat generation Author's name Journal nalllC& Volume PJgc number> Year

parameter 80.
Q 0,0,0.5, LO. Molla ~l dl, l\-onh"(;,l,I\",t)-"lS; 349-]63

I
2005'.0 Modelhng otld Controt

VQI.IO)No,4
Q 0,0,0,2. ° 5, Motta el.1 ACATA Mt,CHA"ICA 75-86 I 2006
0,8. 1.0 (Vol 186)



Table-II ••
Joule heating Author', name I Journal name & Volume Page numhe'5 Ycar
parameter No.

J-0.9,0.7,OA, Alim e( al. ;..IonlillearAnalysis: 307-316 2007

"' Modeling and Control
IVol. 12.)NO.3, 1.0,0 S, 1i.5, Alim et"1. inlc""t1onal l\1 press 20070.' Communic.tions 1IlHeat
,md Moss Troll,fer

Table R'I, -
Prcs,ure work Author's name Journal n~me & Volum~ l'~ge nlllll1Jn, I Year
P"r~l11eter No.

G, -0.1,03, Ailm ct aJ. Journal of Mechanical 6. i I 20D60.0 Eng,"c<nn~\
(Vol MUG

Go 0,9,0.7, Alam Cl01. Journal of Naval (,y.7(, 2006
0.4.0.1 Architecture and Marine

Enuinecring
Ge-09,0.6, Alam ot al. l\onl1ne", Anal,,;s, 21-32 2007
3,0, -0.1,.G.6 Modeling "nd Conlrol

(Vol, 12,) No ,
Table-Hll

Water M~gnetic flcld Electrical_ Magnclic Joule hc"ling
slrcngth, B" Conduct;";l)', paramckr, Ai pararn~ter, Jill

cr(S/m',
10'C 3105 0.05 1.00 7xl0

I 20"C 4533 0,05 2,00 4xlO-l
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Appendix C
Lht ofTable~

Tablc-C]: Skm friction coefficient and surf"ce temperature for different v"lues
of magnetic parameter Ai againsl x ",ilh othcr controlling pamm~ters I',. = 0.72,
N = 0.50 and Ge = 0.70,

M= l.0
x ("(" 0) 0(.,,0)

0.00 0.0154 0.1044
0.10 0.3291 0.6634
0.20 0.3%7 0.7092
0.30 0.4421 0.7287
0.40 0.4757 0.7516
0.50 0.5017 0.7659
0.70 0.5397 0,7%3
0.90 0,5702 0.8118
1.00 0,5837 0,8213
1.20 0,6068 0.8312
j.40 0.6262 0.8456
1.60 0.6437 0.8629
1.80 0.6585 0.8697
2.00 0.6722 0.8775

M= 1,5
r(x.O) 8(x,O)
0,0154 0.2044
03137 0,6504
03768 0,6907
0.4134 0,7273
0.4413 0,7459
0.4614 0,7669
0.4901 07880
0.5160 0,8072
0.5265 0,8182
0.5489 0 8287
0.5595 0,8465
0.5685 0,8488
0.5803 0,8554"
0.5912 0,864R

M=1.7
r(."O) e(x .0)
0.0154 0.2044
0.3198 0.6504
0.3621 0.G907
0.3989 0.7273
0.4271 0.7459
0.4488 0.7669
0.4779 0.7880
0.4987 0.8072
0.5115 0.81g2
0.5238 0.8287
0.5304 0.8465
0.5485 0.8488
0.5579 0.8554
0.5684 0.8648

M=2,0
r(.•,O) 0(x.0)
0.11154 0,2044
0.3103 06449
0.3597 06H74
0.3865 0 716~
0.4045 073H6
0.4224 07542
0.4568 0.7789
0.4753 0.7950
0.4857 0.8039
0.4%7 0.8165
0,5]10 0.R208
0.5193 0,8293
0.5283 0.83H3
0.5362 O.E4(,9

8(" ,0)
0.1873
0,6074
06793
0.7495
0,7906
0.9037
1,0345

['k OJ
00137
0,3505
0.4974
0,61>01
0,7626
1,0167
12786

Pr= 1,00
B(;>: ,0)
0,2044
06300
0,7006
0.7685
0.8063
0,9105
1.0271

Pr=O,72
("(x, 0)
0.0154
0.3795
0.5356
0.7067
0.8131
1.0725
1.3332

0.0000
0.1102
0.3150
0.7090
1.0409
2.0369
3.1340

Table-C,: Skin friction and surfaee lmnperatufC for J,ffClellt v~luc, of
Prandtl number Pi" ag"inst x wilh other controlling parameters M = 1,00, ,V
= 0.60 and Ge ~ 0 50.

Pr=0.10
['ex, 0) I! (x ,0)
0.0313 0.37%
0.5707 0,7505
0.7801 0.8163
0.9946 0.8797
t.J 186 0.8874
1.3927 0,9477
1.6297 0.9958



I (>I

Tallie-C); Skin friction coefficient and surface temperature dislriblltlon for dilTerent
values of vi,colLSdiSSIpationj1a!llmeterN agnimt x with olhcr COll!'oll ing parameters Af
= 0,80, Ge = 0 50, Pr = 0.72.

N- 0.20 N= 0.40 N- 0.60 N= 0 90, ("(x, 0) 8(x ,0) f"(x, 0) 0(., .0) ("(.t, 0) 0(, ,0) f "(x, 0) O(x.O)
0.0000 0.0154 0.2044 0.0154 0.2044 0.0154 0.2044 0.0154 0,2044
0.3150 0.4572 0.7086 0.4598 0.7128 0.4624 0.7172 0.4(,64 0,7239
0.7090 0.5557 0.7630 0.5617 0.7711 0.5678 0.7795 0.5773 07927
1.0409 0.6048 0.7854 0.6135 0.7964 0.6225 0.8078 0.63(,7 0,8259
2,0369 0.6930 0.8294 0.7092 0.8472 0.7264 0,8663 1J.7544 0,8~~0
3.1340 0.7500 0.8566 0.7735 0.8804 0.7991 0.9069 0.8423 0.9525
4.0635 0.7841 0.8720 0.8132 0.9003 0.8456 0,9325 0.9018 0,9897
4.9876 0.8108 0.8848 0.8450 0.9171 0.8839 09546 0.9532 1.0232
6.1118 0.8369 0.8973 0.8770 0.')340 0.9236 0,977(, 1.0090 1.1J(,04
7.1132 0.8562 0.9072 0.9012 0.9475 0.9544 09963 1.054(, 1.0918
9.1512 0.8876 0.9216 0.9418 0.9687 J .0080 1,0277 1.1399 1.1503
10,1191 0.8999 0.9275 0.9582 0.9775 1.0304 1.0412 1.1781 Ll77.1

Ge = 0.90
("(x. Il) 0(.' ,0)
00154 0,2044
0.4692 0,7269
05872 0.81l18
0,6547 0.8414
0,8061 0.9391
0,9464 1.0334
1.0639 !.l157
Ll874 1.2065
1.3538 1.3343
1.5233 1.4710
1.9567 1.8432
2.2181 2,0834

0(., .0)
0.2044
0.7201
0.7881
0.8220
0.9020
0,9733
1.0315
1,0928
1,1744
1,2572
1.4643
1.5884

Gc~070
!,,(.<, 0)
0,0154
0.4651
0,5774
06.197
0,7738
0,8911
0.9845
1.0786
1.2001
1.3186
1.6036
1,7661

e{~.o)
0,2044
0,7135
0,7750
0,8040
0.8691
'0.9229
0.9640
1.0054
1.0580
1.1090
1.2273
1,2941

Ge = 0.40
{"(x, 0)
0,0154
0.4612
05679
0.6255
0.7446
0.8430
0.9179
0.9906
1.0808
1.1656
1.3592
1,4646

Tabk __C,; Skin fnction coefficienl and surface temperature distributlon for different
values of pressure work parame!el Ge agamst:c wilh other colltl'Olhngparal11ckr"M =
o 80, N= 0.60 and Pr ~ 0.72.

Gc=020
("(.t.0) O(x ,0)
0,0154 02044
04603 07111
0,5680 0,7720
06276 08014
0.7574 0.8709
0.8756 0.9343
0.9743 0.9879
L0731 1.0464
1.2181 l.i273
1.3602 1.2121
1.7166 1.4313
1,9251 1.5647

0.0000
0,3150
0.7090
1.0409
2.0369
3.1340
4,0635
4,9876
6,1118
7,1132
9.1512
10.1191

(



Table-C,: Skin friction coefficient and surface temperature distributIOn [01'different valnes
o[Prandll number Pr again,! x "ith other controlling parameters Jut = 0.4,;\1 ~ 0.5, N =
0,3. G" =0.6.

Pr=0.10 Pr=0,50 Pr~O,72 Pr ~ 1.00

" f"(x, 0) o (x, 0) j"(x,O) 6I(x, 0) ("(x, 0) o (x. G) ("(.'.0) 0(,-,0)
0.0000 0.0313 0,3796 00177 0.2280 0,0155 02052 0.0137 o 1873
0,]]02 0.5324 07562 0,3907 0.6640 03587 0,6380 0.3308 0,('143
0.2115 0.6310 07997 0.47il 0.7066 04344 0.6~ II 0.4022 0,657~
0,3150 0,6967 0,8240 0,5269 0.7332 0.4872 0.7084 0.4523 (J.(,~56
0,7090 0.8461 0,8906 0,6602 0.7957 0,6151 0.7721 0.5748 0.7504
0,9015 0.8945 0,8886 0,7065 0.8123 0,6601 0.7908 0.61~3 0.7707
1,0409 09252 0,8983 0,7364 0.8253 0.6893 0.8044 0,6467 0.7848
1 1907 0,9550 0,9078 07661 0.8382 0.7184 0.8180 0,6751 0.7990
1.4382 0,9996 0.9327 0,8114 0.8600 0.7629 0.8402 07187 0.8217
1.7182 1,0442 0.9371 o 8586 0.8789 0.8096 O.SUll 0,7647 0.8440
2.0369 1,0909 0.%15 0,9093 0.9033 0.8600 0.8864 08145 0.8702
2.4015 I 1402 0.9704 0,9648 0.9273 0.9156 0.9126 0,06')1 0.8982
2,5346 I 1578 0.9843 0.9848 0.93RO 0.9357 0.9235 0,8~97 0.9093
3,1340 1,2334 1.0715 1,0742 0.9802 1.0259 0.96~9 09800 0.9576
40635 1,3476 1.1491 1.2163 1,0492 1.1708 1.0442 11?61 1.0384

Tablc_C,: Skm friction coefficient and surface lemperature distribution for different
value, of pressure work porameler Ge against x "ilh other cOl\ll'ollmg pawllletcrs'J,,1 ~
0.40, M= 0.50, N ~ 0 30, Pr ~0.72

Gc ~ 0.20 Ge ~ 0.40 Gc"O,(,O Ge = O.SO

" ("(x, 0) O(x.O) r(x, 0) O(x, 0) j"(x, OJ (}(x, 0) /"(,\.0) () Cr,0)
D.OOOO 0.0154 0.2044 0.0154 0.2044 0.0154 0.2044 0,0154 0.2044
0.1102 0.3570 0.6363 0.3575 0.6371 0.35g1 0.6378 0,3536 0.6386
0.3150 0.4827 0.7044 0.4858 0.7075 0.4889 0.7107 04920 0.7139
0,7090 0.6021 0.761H 0.6134 0.1712 0.625l 0.1510 0,6370 0.7912
1.0409 0.6666 0.7877 0.6875 0.8036 0,7095 0.8208 0.7326 0,8391
2,0369 0.7963 0.8442 0.8582 0.8858 0,9283 0.9352 1.0065 0,9933
3 1340 0.8962 0.8g71 1.0242 0.9686 1.1817 1.0775 1,3693 I 2179
4.0635 0.9664 0.9172 1.1692 1.0441 1.4368 1.23 ]() 1.7693 I.4SS6
4,9876 1.0296 0.9455 1.3265 1.1307 1,743g j .4290 2,2798 I S63S
6.1118 1.1015 0.9783 1.5440 1.2563 2 2089 1.7506 3 OS77 2,5114
7.1132 1.1633 1,0078 1,7r,g9 1.3931 2,7258 2.1347 4.0127 3,3196
9.1512 12877 1,0669 23431 1,7668 41475 3.3045 6.6253 5,8998
10.1191 1.3479 1.0965 2,6826 20034 5.0298 4.1014 8.2718 7.7097

•
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N~090
/,,(x, 0) 8 (x, 0)
(J.O 154 0,2044
0.4701 0,7279
0.5906 ° 804<)
0.6609 0 R469
0.8~4,) 0,9544
0.9868 1.0(,(,1
1.1307 1.1703
1.2897 1.291<)
1.51% 1.4740
1.7572 1.6802
2.4153 2.2900
2.832<) 2.7106

N= 0.60
r"(:c,O) O{x, 0)
0.0154 0,2044
0.4661 0721!
0.5807 0,7910
0.6457 0.8270
0.7911 0,9153
0.926<) 1,0002
1.041<) 1.0745
1.1640 1.1572
1.3305 1.2745
1.5016 1.4006
1.9417 1.7441
2.2067 1%45

0.0000
0.3150
0.7090
1.0409
2.0369
3.1340
4.0635
4.9876
6.1118
7.1132
9.1512
101191

Table-C,: Skin friclion cocfticicnt and surface l~mrerahlrc ,hstrihution for diff~rent
values of viscous dissipatlOnparametcr N against x wIlh other eom",lhng p~ralllclcr,
Jul = °40, ;\{= 0.80, Ge = 0.70, Pr =0,72.

'\/=0,10 ,1,'=0.30
/"(x, 0) O(x,O) /,,(x, 0) O(x. OJ
0.0154 0.2044 0.0154 0.2044
0.4594 0.7102 0.4~21 0.7145
0.5~49 0.7694 0.5711 o.nn
0.6220 0.7969 0.6312 0.R085
0.7417 0.8598 0.7605 0.8807
0.8438 0.9130 0.8748 0.9449
0.9244 0.9550 0.9674 0.9978
1.0051 0.9987 1.0624 1.0542
1.1088 1.0559 1.1871 1.1304
1.2094 l.1131 1.3107 1.2087
1.4489 1.2514 1.6136 1.4068
1.5835 1.3317 1.7883 1.5262

B(x, 0)
0.2044
0.7158
0.7981
0.8511
1.0277
1.~<)(,2

1.6295
2-')416
4.0196
7,6283
102765

reo"~0)
0.0154
0.503 t
0,6591
0,7639
1 0700
I 4R48
1 9462
3.4900
45915
77768
9.8359

e (x. 0)
0,2044
o 7t36
0,7906
08374
0,%20
1.1802
1.4095
2.2499
2.9104
5.0504
6.5874

Jul-O,70
j"(x,O)
0.0154
0.5009
0.6505
0.7470
1.0112
1.3363
1.6823
2.7734
3.5287
5,671<)
7,0403

Table-C,: Skin fnclian coefficlCnt and surf"c~ lempcruture disll'ibutlon for differenl
v~lues of JOllIe heating parameter Jul againsLr "ilh other conlroltillg pamm~l"TSN =
0,50,AI= 0.40, Ge ~ 0.70,Pr ~0.72.

Jul- 0,20 Jul- 0.40
/"(x, 0) 0 (x, 0) r(."O) e (x, 0)
0,0154 0,2044 0.0154 02044
04955 0.7080 0.4977 0,7102
0,6296 0.7729 0,6378 0,7799
0.7069 0.8059 0,7226 0,81g1
0.8798 0.8871 0,9294 0.9218
1.0371 0.9640 Ll463 1.0386
1.1657 1.0293 13472 1.1547
1.4685 1.1<)<)0 1.9027 1.5133
1.6364 1,3001 2.2536 1.7633
2,0394 1.5586 3.1890 2.4995
2,2671 1.7148 3.7618 2 <)945

0.0000
0.3150
0.7090
1.0409
2.0369
3.1340
4.0635
6.1118
7,1132
9,1512
10.1191
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Q=0.10

0,0000
0,3045
0,7090
1.0265
2.0369
3.0049
4,0219
5,0387
6,0502
71132
8,0285
9.05%
10,0179

{"(x, 0)
0,0155
0.5083°6416
07067
0,8372
0,9169
0,9794
1,02%
1.0717
Ul00
1.1395
1.1698
1.1956

fI(x ,OJ
0,2052
0,7352
0,7907
0,8152
0,8614
08885
0,9095
0,9263
0,9405
0.9534
0.%35
0.9738
0.9826

Q= 0.30
/"(x, 0) O(x ,OJ°0155 0,2052
0,5801 08126
0,7502 0 ~847
0,8356 09168
I (l113 0,9773
11213 1.0131
1.2093 1.0414
12811 1.0645
1.3423 1.0844
1.3989 1.1031
1.4430 11178
1.4888 1.1333
1.5284 1,1468

Q=0,50
/"(-',0) 0(,.0)
0,0155 0.2052
0,6663 0.9106
0,8851 LOOS7
0,9982 [.0531
1,2373 1.1381
13913 1.1893
1.5169 1.2304
1,62l] 1.2648
1711] 1.2949
1,7955 1.3237
1.862] 1.3468
1.9320 1.3714
1.9930 1.3933

Q=0.70
("(x. 0) IJ(" 0)
0,0155 02052
0,7686 1,0338
10490 1.1701
1,1981 1,2332
1.5208 I 3559
1,7337 14311
1,9101 14924
2,0583 1,5443
2 1877 1.5903
2,3103 16348
2.4078 1.6710
2.5109 1.7100
2.6016 1.7451

0\1=1.0
rcx.O) O(x .0)
0.0155 0.2052
0.5512 0.8455
0.7054 0.9397
11.7829 0.9854
0.9440 1,07%
1.0471 I 1412
1.1313 11923
1.2013 1.2357
1.2619 I.2n')
1.3637 1.33'.17
[.4108 1.3707
1.4519 1,3981

AI= 0.60
rc.•.OJ ()(.\ ,OJ
0.0155 0,2052
0.5791 0,3294
0.7550 0,9190
0.8466 0,%36
1.0462 1,060S
1.1824 I 1292
1.2998 Ll906
1.4027 1,2464
1.4960 1.2%7
1.6635 1.3965
17461 1.4466
18212 1.4931

M= 0.40
/"(x,O) fI(x .0)
0,0155 0.2052
0.5950 0.8212
0.7849 0.9039
0,8862 0.9534
1,1144 10543
1,2772 1.1299
14232 1,20]4
1.5557 I,ZiJ97
1,6803 1,3368
1.9144 1.4702
2.0353 1,5426
2.1484 1.6124

0.0000
0,3045
0.709()
1,0265
2,0369
3,0049
4.0219
5.0387
6.0502
8.0285
9.0596
10.0179

Tablc-ClO: Skm friction coefficient and surfJcc Icmpel'~tLLrc,kt,-ibution tor d, frCl~L1l
values of magnetic par~mctcr M agamst,~ with other controlling pararnGl~r, Jill = 0 40,
0=0 50, -"1=0.30, (;e = 0.60,

M= 0,20
/"(x, 0) (7(.,,0)
0.0155 0.2052
0.6125 0.8131
0.8190 0.8991
0.9324 ,0.9440
1 1981 1.0512
13982 1,1380
1.5862 1,2257
1,7644 1.3147
1.9386 1.4069
2,2841 1,6043
2.4716 1,7188
2,6528 1,8340

,..'• •



0.]873
0.9488
1.2618
1.5208
2.6228
4,3575
7.4402
127665

U.OP7
0.6721
1.0805
1.4027
2.6417
4.3332
6.9402
10.8319

J,d - 0,90
f"(x,O) 0(:. ,a)

() 1873
0,9270
1 2170
1.4549
2 4605
4.0360
6.8279
11.6428

0,0137
0.6535
1.0387
1.3407
2.4%2
4.0692
6.4906
10.1026

Jul- 0.70
r(x,O) O(x .0)

0.1873
0.90(,4
1.1752
1.3937
2.3106
3.7397
6.2645
10,6098

Tablc-C jj; Skin liictlOn coct1iclen( and surJace temperature di,lriblltion for diflhent
value, of Joule healing parameler J"I agninslx wilh other comrollillg pmamders I',. =
1.00, Q = 0.20, M = 0.60, 11'= 0 006, Ge ~ 0 70.

Jul- 0 30 Jul = 0.50
f"(x, e(x ,0) f"(x, O(x ,0)
0) 0)
0.0137 0.1873 0,0137
0,6184 0.8871 06356
0.%14 i.1362 0,9990
l.2262 1.3369 1.2819
2.2289 2.1726 2,3586
35850 34674 3.8199
5,6664 5,7475 (,,0662
87656 9,6629 9.4141

0,0000
0,3045
07090
1.0265
2,0369
3,0049
4.0219
5.0387

(7e-O,90
F(T.O) (i(, ,0)
0.0137 0.1873
0.8710 1.24(,)
1.5102 18(,)8
2.0607 2.4439
3,0697 3,6262
4,5136 5,5389
8,6175 12.0634
9,7696 14.1307

Gc = 0,60
("(x, 0) O(x JJ)
O,OU7 0,1873
0,8148 1,1646
1.3160 ),5961
1.7046 1.9542
2.3520 2.5992
3 )848 3.5105
5 2230 6.0(,20
5.7397 6.,7) \

Table-C,,: Skin friclion cocfficient and 'lLrracekmperaturc di:;l"butiQn lor different
values of PrC>5UlCwork paramcl~r Gil against x witll Olhcrcont",,1hng parameter, 1'1" =
0.72. Q = 0.50,;\1 = 0.50, .'I= a 001, J"I = 0.005,

Ge-0.l0 Ge-0.30
("(x, 0) (J(x ,0) ("(x, 0) O(x ,0)
0.0137 0,1873 0,0137 0,1873
0,7268 1.0423 0,7612 1.0892
10346 12462 1.l4)2 1.3736
1,2197 1.3671 1.3988 1.5723
1.4641 1.5301 1.7794 1.8812
1.7075 1.6990 2.2090 2.2533
2.1349 2.0143 3.0943 3.0931
2.2212 2.0810 3.2940 3,2948

0.0000
0.3045
0.7090
1,0265
1,5095
2,0369
3,0049
3.2005

Tablc-C ,,: Skin friction cocfficlCnl and rate of hc~t lranslCr ag.in" x for dliTcrent valLLe,
ofmagnClie parameter At with other controlling parameters f',. = 0,72, Q ~ 2.00, l,' =0.90
and Ge = 0,50.

M= 0.40 M= 0.60 M -.0,80 M~ 1,00

" C" 11'''' C'X Nux Crx IV"X r". Nu,'
0,00000 0.00000 1.02248 0.00000 0,99028 0.00000 0,96003 0,00000 0.93160
0,10472 0.08795 1.02141 0,08340 098919 0.07933 0.95893 0.07569 0.930450,20944 0,)7522 I 01838 0,1(6)3 0,98612 0.15800 0,95582 0.15073 0,92731
0.40143 0,33132 1,00768 0,31395 0.97528 02')842 Q.94485 0.28455 0,91625
0.50615 041318 0,99902 0.39132 0,96651 0,37181 Om597 () 35437 0,90730
0.80285 0.62615 0,96344 0,59178 0.93047 0.5(,[21 0,89952 0,53401 o 87053
1.01229 0,75407 0.92818 0.71112 0.89478 0.(,7310 0,86343 0,63938 0.83415
1.20428 0,85072 0,88812 0.80021 0.85425 0,75569 0.82249 071638 0,79291
1.30900 0,89399 0,36301 0,83950 0.82887 0.7916\ 0,79685 0,74945 076711
1.50098 095406 0,81068 0.89264 0,77603 0.83900 074355 0,79206 071350
1.57080 ()96930 0,7S954 0,90550 0,75471 0.84993 0.72206 0,80142 069192



IOe,

Tablc"C 14: Skin friction coettie LentJnJ IOte of heal transf~I against x for different v"lu~,
OfV1SCOU,dissipation pammder Nwith othcr ~ontrolling paramcters p,. = 0.72, Q = 2.00,
M= 0,90 and Ge = 0.50.

1,'= 0.10 N= 0.50 11'=070 },I= 1,00

" Cc NUl" C(X Nu\' Cr,- l'y'ux C,'x Nil\'
0,00000 000000 0,84401 0,00000 1.l2528 0.00000 1,24688 0.00000 L35~48
0,17453 016143 0,62483 0,17022 0.85247 0,17328 095091 0,17583 1.041 ~3
0,34907 0.31993 061026 0,33730 0.83433 0,34335 0,93127 0,34~3'J 1.02090
0,52360 0.47266 0.59539 049819 0,81517 0,50708 0.91027 0,51449 0,99819
0,69813 0.61686 0.57701 0,64992 0,79122 066143 0.88390 o GilOI 0,96959
0,87266 0.74982 0.55426 0,78959 0,76142 0,80343 O.~5106 0,81496 0,~3391
1.04720 0.8G897 0.52667 091444 0,72523 0,93026 0.81114 0,94344 o 8'J05 I
1.22173 0.97186 0.49388 1.02182 0,6821~ 1,03921 0.76364 1.05.\69 o ~3887
1.39626 1.05612 0.4555] 1.10922 0,63180 1.12769 0.70806 1.14308 0.77844
1.57080 1.11947 0.41114 1.17419 0,57358 1.19322 0.64382 1.20908 0.70860

Table.C I,: Skin liietlOn coefficient "nd rate of heat transfer against x [or different values
ofpressurc 'Workparamcter Ge with othcr conlrolling parJmeter, {',..= 0,72, Q = 0.40, AI =
1.00 and N = 0.50

Ge~O.IO Ge = 0.40 Ge = O.iO Ge=0,90

" C1x N"x Co ll'lIx Crx N!!x c'-x N"-,,
0.00000 0.00000 0.21716 0.00000 0.24647 0.00000 033411 0.00000 0.53155
0.10472 0.09115 0.21652 0.09236 0.24576 0.0%26 0,33326 0.10311 0.53036
0.20944 0.18174 0.21467 0.18415 0.24377 0.19192 0,33083 0.20554 0.52698
0.50615 0.43071 0.20291 0.43635 0.23104 0.45454 0,31535 0.48(,44 0.50540
0.80n5 0.65895 0.18123 0.66737 0.20761 0.6')455 0,286~2 0.74224 0.46~57
1.01229 0.80133 0.15969 0.81133 0.18434 O.R4355 0,25M6 0.90015 0.4~591
1.204~8 0.91447 0.13516 0.92555 0.15785 0.96121 0,22615 1.02391 0.38063
1,30900 0.96812 0.11977 0.97%3 0,14123 1.01661 0.20586 1.08169 0,35215
1.50098 1.04983 0.08765 1.06178 0,1065~ 1.10009 0.16353 1.16761 0,29257
1.57080 1.07375 0.07467 1.08575 009260 1.12416 0.14643 1.1~190 0,26843
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09437°9416
0,9354
0.9248
0.9100
0.890')
0.8(,7J
0.8390
0.81J59
0.7675

(2002)
0.4576
0.4565
0.4533
0.4480
0.4405
0.43()8
0.41S9
0.4046
0.3879
0,36S4

""dcgree
o
to
20
30
40
50
GO
70
80
90

Table-C,,: Compari,ons of the pre,ent numerical results of Nu, for the Prandtl tlulnbc,S Pr-
0.7, 7.0 without effect of the viscous disslpallon palanlctcr, magn~lic parametcr and heat
gcneralion parameler with those obtained by ;'1olla ct al. (2004) and Nal.ar cl al. (2002)

Pr~0.7 f'r-7.()
Nazar e( dl I\fulla et aL PlC,enl ;-.I.zO!'el al \1o]Ja CI al. Pre.,C!1t

(2004) (2002) (2004)
0,4576 0.4529 0.9595 09582
0.4564 0.4516 0.9572 0,9558
04532 04485 0.95()(j 0,9492
0.4479 0.4444 0.9397 0,9383
0.4404 0.4367 0.9239 0,923 I
04307 0.4282 0.9045 0')034
04188 04134 1J.R801 08791
0,4045 ().4()12 0.8510 08501
03877 03836 0.8168 0.81(,1
0,3(,83 0,3MI 0.7774 07768

Tablc-en: Local ,kin friction coeffieienl and local Nu!>:dt number coefficient for dIfferent
values of radiation parametcr Rd against" WIth other controllmg pal'~mcwrs Pr ~ 1J.72,
B",~ 1.1, M~ 0,50, Q ~0,40, N~ 0.40, G~ ~ 0.60,

RJ ~ 1.00 Rd - 2.00 Rd~3,00 Rd - 4,00, Cry M,x C,G( Iv".,. CIX Nux en' Nil.,.
0.0000 0.00000 0,33781 0.00000 0.49783 0.01l000 0.62810 0.00000 0.74233
0,1047 0.08857 0,33664 1l.091S1 0.4%30 0.09391 0.62629 0.09539 074027
0.2094 0.17649 0,33341 0.18293 0.49212 0.18711 0.621.10 0.19005 073456
0.3141 0.26316 032807 0.27270 0.48522 0.27891 0.61307 0.28327 0,72516
0.4014 0.333')8 0,32200 0 ..14601 0.47737 0.35384 0.60371 0.35935 071449
0.5061 0.41674 0,31277 0.43161 0.46543 0.44130 0.58947 0.44812 o 6n22
0.6108 0.4%52 0,30136 0,51403 0.45068 0.52545 0.57 [89 0.53348 067815
0.7155 057273 0.28774 0,59264 0.4.1309 0.60563 0.55092 0.61478 065421
O.S02S 0,63310 0.27467 0,65479 0.41621 0.66897 0,530~O 0.67895 0(,3125
0.9075 0,70129 0.25688 072483 0.39324 0,74026 0,50:144 0.75[\1 0,6000]
1.0122 0,76432 0.23674 0,78938 0.36725 ° 805~4 0.47247 0.81741 o 56467
1.1170 0,82165 0.2141(, 0,84787 0.33814 0.865 I2 0.437~1 0.87726 052.')13
1.2042 0,86472 0.19344 089159 0.3[144 0,90932 0.40603 0.92 [SO 0.4~888
1,3090 0.91030 0.16623 0.93757 0.27639 0,95565 0,30433 0.%8.17 0,44132
1 5009 0.97505 0.10940 1.00193 020329 1,0]9')3 0,27741 [.03260 0.34n4
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Table-C,,: Local skLn friclion cocffic\~nt "nd 10c.\1 Nu"cli numbcL"
coefficient [or different value, of heat generatIOn par"metcl Q against" with
other controlling paramclcrs Pr = 0.72, 0,.~ 1.1, Rd ~ 1.0, M ~ 0.5, li ~ 0.20
and Ge = 0,5

Q~0,00 Q ~ 0.20 Q~040, CfX liux Cp Nuy Cf),' ,'lux
0.00000 0.00000 0,7i946 0.00000 0,57605 0,00000 0,337S1
0.10472 0.08092 0,77866 0.08441 057510 0,08857 ° JJ(,64
0.20944 0.16121 °7i641 0.16819 0,57244 0,17649 ° JJ341
0.40143 0.30478 076848 0.31812 0,5()303 0,333% 0,3?200
0.50615 0.38004 076206 0.39680 0.55541 0.41674 0.31l77
0.80285 057563 0,73568 0.60185 0,52406 0.63310 0.27467
1.01229 0,69287 0.70955 0.72542 0.49291 0.76432 0.23674
1,2042E 0,78121 0.67988 0,81922 0.45745 0.86472 0.19344
1.30900 o 82062 0.66128 0.86141 0.43519 0.91030 0.16623
1 50098 0,87502 0.62256 °92047 0.38876 0.97505 0.10940

Tablc-C'9: Skin fndiQn coefticicnt and rate of he"t lt~n,t"r again,l x 1'0['<IilTerenl YUilLe,of
surface temperature parameter Ii", wnh otber controlling parameters.

Ii", ~ 0.40 e,~080 ()" ~ 1.00 ()",~ I 20, C~ "l"x c," Nux c,0.' jI,'''x Cp Nux
0.00000 0,00000 0,27949 0,00000 0,36957 O,()O()OO 0.43920 O.OOOO() 0,52463
0.10472 0,08146 0,27880 () 08492 0,36872 008726 0.43823 0.08971 0,52353
0.20944 0,16236 0.27685 0,16913 0,36634 0,17390 0.43553 0.17877 0,52044
0,50615 038378 0.26446 03998] 0,35121 0.41071 0.41833 0.42206 0.50071
0,80285 058417 ,0.24163 0,60804 0,32334 0.62422 0,38662 0.64106 0.46432
1,01229 0.70694 0,21897 0,73490 0,29564 0.75395 0,35509 0.77373 OAlSI2
I 20428 0,80197 0,193i9 0,83261 0,2641] 0,85352 0.31917 0.87527 038684
1.30900 0,84575 0,17703 0,87733 0,24432 0.89889 0.29660 0.92132 036090
1.50098 0,9095] 0,14338 0,94l74 0,2030(' 0.96378 0,24952 0.9867] 0,30671
1,57080 0.9269') 0,12980 0,95909 0,18641 0.98106 0,23049 1.00392 028479

,



Ge~0,50
C"" l'{,'_

0.00000 0.20136
0.09096 0.20006
0.18128 0.19647
0.42S25 0.17355
0.65116 0.13122
0.78680 0.08902
0.89104 0.04081
0.938(,() 0.01049
1.00M,(, -.05284
1.02~79 •.07S4~

Go ~ 0,30
CI)( Nux

0,00000 0.46222
0,10074 0.46081
0.17214 0.45824
0.40628 043954
0.61670 0.4()50S
0.74390 ().37080
0.84()83 0.33172
0.R8462 0.3()717
0.')4638 025592
0.96244 0.23521

,
0,00000
0,10472
0,20944
0.50615
0.80285
1.01229
1.20428
U09()0
1.5()0%
1.57080

Tablc-C,.: Skm friction coefficient and ruLeof heal (,""nofer~gai",l.1: [01dillc'~nl v"I,,">
afprcs:,ure work pummelel Ge wilh otber colt\rolling POjOI\lC(~lS1',' ~ ().72, Q ~ O.4(), ,0\1 ~
0,50, Ril ~ 1.00. 0...~ 1.l0 and N~ 0,50,

Ge=-0.10 Ge~O,10
C", Nux C[X NIIX

0,00000 0,87109 0.00000 0.68184
0,07937 0,87035 0.08258 0.68098
0,15811 0,86827 0.16453 0.67853
0,37262 0.85499 0.38799 0.66294
0.56405 0.830Gll 0.58807 0.63426
0.67850 ().80648 0.70832 0,60581
0.76447 0.77912 0.79924 0.57345
0.80267 0.76200 0.83997 0.55315
0.85507 0.72638 0.89658 0.51085
0.86809 0.71201 0.91096 0,49376

Table-Cl': Comparison, of lhe present nllmeric~1re,ults of N"., [or LhePWlldtl numbelS
Pr = 0.7, 7.0 withoul effect of the vi,cous di'51potionparameter, mn!,'lletic],"l~tl)cter and
heat generation pOlameter with those obmmed by Molla ct 01, (2004) ond N-,zm el "I.
(2002)

Pr~O.7 Pr~7,0

"" Noza et al Molla et Present Naza et al Malla et 01. Present
degree (2002) ~1.(2004) (2002) (2004)
0 0.4576 0.4576 0.4495 09595 o 95~2 0.9527
10 0.4565 0.4564 0.4489 0,9572 0,9558 0.9487
'0 0.4533 0.4532 0.4470 0,9506 ()9492 11.9413
30 0.4480 0.4479 0.4402 0,9397 0,9383 0.92S3

'" 0.4405 ().4~04 ().4J~5 ().9239 (),923] 0.9145
50 0.4308 0.4307 0.4264 0.9045 0,9034 0.8949
60 0.4189 0.4188 0.4i07 0.8801 0.8791 0.8616
70 0.4046 0.4045 0.4002 0.8510 0.8501 0,8401
80 0.3879 0.3877 0.3789 0.8168 0.816i 0.813990 0,3684 0,3683 0.3613 0.7774 0.7768 0,7711
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Table-en: Skin friction coeHicienl and surface tel1lperalur~ dislributiOIl lot' diHerCflI

value. of viscous dissipation parameter N againsl x in chaptor- 3 (Table-C,) and chapter-

4 (Table-Cd with other controlling p~ramolers.

Chapler-3 Ch~pler-4
N~ 0,60 N~O,')O N~ 0.60 !,'~O.')O, ('(:" rJ) 0(",0) f'( x, 0) O(x, OJ F (.,. 0) 0(.,.0) j"( l, Dj e(\.O)

0.0000 0.0154 0.2044 0.0154 0.2044 0.0154 0.2044 0.0154 02044
0.3l50 0.4624 0.7172 0.4664 0.7239 0.46(, I 0.7211 0.4701 o 727')
0.7090 0.5(,78 0.7795 0.5773 0.7927 0.5~07 0,7910 0.5906 0,804')
1.0409 0.6225 0.807~ 0.6367 0.8259 0.6457 o 3270 0.6609 0.84(,<)
2.0369 0.7264 (1.8663 0.7544 0.8980 0.7911 0,9153 0,824() 0.9544
3.1340 0,7991 0,9069 0.8423 0.9525 omm 1.0002 0,9%X 1.0661
4,0635 0,8456 0,,)325 0.9018 0.9897 1,0419 1,0745 1,1307 1.1703
4,9876 0,8839 o 9546 0,9532 1.0232 1,1640 U572 1,n,)7 1,2919
6,1118 09236 0,9776 1,0090 1 0(,04 1.3305 1.2745 1.5 156 14740
7,1132 0,')544 0,9963 1 0546 1.0918 1,5016 1.4006 1.7572 1.6802
9,1512 1,0080 I 0277 1.1399 I 1503 1.9417 1.7441 2.4153 2.2900
10,1191 1.0304 1.0412 1,178] I 1773 2,2067 1.9645 2,832') :? 7106
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