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Abstract

Mixed convective laminar compressible boundary layer Row about a vertical
developable surface is studied theoretically. Modified forms of Howarlh-Drodnistyn
ransformations are applied Lo avoid nsual Boussinesq approximation in order to have
the transformed equations in almosi incompressible fonms. The additional parameters
owed to surlace geometry and compressibility show many interesting cffects on
velocity and temperature profiles. This suggests that the present analysis may provide

accurate predictions for boundary layer characteristics.



ACKNOWLEDGEMENT

With deep sincerity. the author cxpresses his profound mdebtedness o lis
supervisor Dr. Md. Zakerullah, Professor, Department of Mathematics, Bangladesh
University of Engincering & Technology (BUET), Dhaka, for his conslant
ouidance and invaluable suggestions during this investization, He also expresses

his gratitude to ail the members of the leaching staff. the department of
Mathematices, DURT, Dhaka.

Finally, the author would like to thunk his wile Mrs. Rowshanara Azad who
persistently encouraged him and relieved him from most ol the family dulies while
this work was continuing,.

Pk



b

CONTENTS

Chapter |
Introduction

Chapter 2
Creometric figures of the flow configuration

Chapter 3

Boundary layer equations and transformations

Chapter 4
Study of dilTerent cascs for a developable surface

Chapter 5
Mumerical solutions, Resuit and discussion

Table and curves

Relerence

vl

e

42

48

35

0



‘:',f

Chapter 1 ,f"’ A )

'E
a’.'."?f [ﬂ?ﬂ? ?3 _‘“
'EJ k c-rz-?.f{. vow

.f
N Rk -

Introduction
The approximalions and simplifying assmnptions invalved in boundary layer equalions lor
two dimensional incompressible flow have been thoroughly discussed in many text books.
Cehen and Reshotko (1956) derived similar selutions for two dimensiconal compressible
boundary layer and Stewartson (1964) gave an account ol cerlain aspects of theory of
boundary layer in compressible fluids. In some cases analytical and in most of the cases
numerical solutions were displayed fo predict essential flow parameters. In the present
theoretical study the surface pecometry and the curving of the external flow play vital role.
for which the mathematical and physical analysis of the three dimensional boundary laycer
becomes considerably tough. Alleniion is concentrated mainly to the situation where the
forced and free convection act simultancously and both the convections are ol comparable

arder.

Heut transler. a branch of applicd thermodynamics, estimates the rale al which heat 15
iransferred across the boundaries subjected Lo specific temperature differences and the
temperature distribution of the system during the process whereas classical thermodynamics
deats the amount ot heat transferred during the process. Heat transfer is concerned with
temperature dificrence and we live in a world full of such difference, owing to either natural
or artificial causes.

We know that externally induced [low 1s provided and the [low arises naturally simply due
1o the effect of a density difference, resulting from a temperature difference, in a body force

ficld. such us aravilational field, the process is termed as “natural™ or “*free” convection.



IT the motion is maintained by an exlernally applicd pressure difference as in the case of
ITow through a pipe. we use the lerm foreed convection .

Developable [low surlace: Developable flow surface delines as the envelope of a one
parameter family of planes: a surface that can be developed or rolled out on a planc withowt
strelching or shrinking: 1.e. a surface for which the total curvature vanishes identically. That

ts lor a developable surface lollowing cquations,

1|d 5
K=—m j_(hzkv}"'i_(h]'kJ =0 (A)
hiv|od " "7 On
Cif
where, k. = ! fii: for &= constant,
TR, O
and
1 &hy

. ; for = constani.
nhy 0

a¢ | on

{K is the tolal curvature, A ({fﬁ?;) and fr, (ﬁ,;,f] be the length functions, &, and & are known
as the geodesic curvatures {or the co-ordinate lines.) hold good.

Stewartsen (1949) showed that if it is assumed in two-dimensionat flow that {3) the surface
15 thermally insulating, (b} viscosity varies as the absolute temperature and (¢} the Prandtl
number is unity, it is possible to transtorm the coordinates so thai the boundary layer
cquation Tor o compressible fluld with a given main-stream velocily become identical with
those for an incompressible fluid with a different main-stream velocily. In general, for three-
dimensionai flow 1t is not possihle to find a transformation to corrclate compressible and
incompressible boundary lavers in {his way. Howcver, there is one case which is amenable,
namely the case of small cross-flow which has been lairly cxtensively studicd for
mcompressible fluids. Here it is assumed that the velocity in the boundary layer normal to
the external streamlines and certain of 1s derivatives are simall. For the Incompresaible flow

at o three-dimensional nodal point of attachment, Howarth (1951) has shown that the

LR




houndary layer equations yield similarity solution which are also exact solutions al the

Navier-Stoke™s equations. The external flow is assumed to be irrotational and given by {ox,.
hys. - {a + B) ¥y}, where x|, x5, are cartesian co-ordinates of any poinl on the tangent plane al
the stagnation point x; = x, = 0 and x; is measured along the normal at the stagnation point.

. X . 11
Howarth discussed the properties of these solutions for c=8/=0,—.—.= and 1; the
prop .

3
4°274
limiting values ¢=0 and 1 corresponding Lo the two-dimensional and  axially symmetric
stagnation point, respectively. Later Davey (1961) showed that simlar solutions exist for
¢ > ~{. In Davey’s terminology the similar solutions for —1<¢ <0 cotrespond (o the flow
near saddle-points of attachment and in some case be related to the flow in the vicinity of
scomedrical saddle-point on the surface.

Moore {1951), Moore and Ostrach {1936), Tllingworth (1958), Gribben (1961) and King
(1966) studied the unsteady laminar compressible boundary layer tlow over iwo-
dimensional bodies by momentum-integral or series expansion methods.

Lighthill (1954) investigated the responsc ol an incompressible laminar boundary laycer
over an arbitrary cvlinder to small fluctuations in the external stream. Low and high
frequency solutions were obtained by a momentum-integral method.

Telionis and Gupta (1977) invesligated the response of the compressible faminar boundary
laver to small fluctuations in the outer Aow under more general conditions for both iwo-
dimensional and axisymmetric bodics. Yimala and Nath (1975) studied the above problem
as well as o constantly accelerating flow problem for a cold wall and solved the governiug
cquation numerically using an implicit finite-difference scheme.

Many natural convection processes encountered are not sufficiently vigorous to the result
that includes viscous dissipation effect {le. a thenmalization ot cnergy through the

mechanism of viscous siresses) which is a appreciable compared {0 other energy flows on

the convection region. However, it is clear (Gebhart, 1962) that the natural convection flow



fields of extreme size, or cxiremely low-temperaturcs, or in high gravity, the viscous
gencration of heat will affect the flow. In that casc external boundary layer lNow over a
vertical plate surface was considered. The dissipation effeet is non-similar for the most
common boundary conditions and a dissipotion parameter. €(x) = g} x/c, arose i a
perturbation analysis of the uniform temperaturc and the uniform heat flux surface
conditions. The cffect was caleulated for a Prandll number range from 107 to 10°, and was
found to increase over that range.

Othier studics of this effect and the applicaiion of external two-dintensional flow resulls are
discussed in Gebhart (1962). Roy (1968} found an asymptotic selutions [or large Prandtl
number for external flow or an isothermatl surface, using a double boundary layer concept.
Cheng (1977) investigated the combined forced and free convection boundary layer flow
along inclined surfaces embedded in porous media. It was found that when both the wall
temperature distribution of the plate and the velocity parallel to the plate outside of the
houndary layer vary according to the some power function of distance, le “x", then the
similarity solutions cxist. Hassanien (1997) studied also the combined forced and free
convection in boundary layer.

Merkin and Ingham (1987) dealt with the case for a wall temperature preseribed as an
inverse square root of the distance from the leading edge. In a related problem of similar
solutions for mixed convection on a horizonlal plate Hossain and Afzal {1938) showed that
the solutions were dual with a turning point where the shear stress was still finite. This
conclusion was also supporied by D¢ Hoog et al, (1984) and Raju et al (1984).

The problem of mixed conveclion boundary layer flow on a vertical plate has been
discussed in some detail. by Wilks (1974}, Hunt and Wilks (1980), Gryzagoridus {1975)
and Carey and Gebhart (1982).



The problem of the mixed convection on a horizontal cylinder has been studied by Merkin
{1977). The occurrence of dual solutions in mixed conveclion similarity solutions was
showi by Wilks and Bramley (1980). They also considered the eigen value probiem arising
out of a lincar stability analysis of (hese solutions. Raju et al. (1984) and Schneider and
Wasel (1985} studied the mixed convection on a horizontal plate integrating the boundary
layer equations by finite difference schemes.

Hassanien and Gorla (1990) analyzed the combined [orced and free conveclion in
micropolar boundary layer fluid flow over a horizontal cylinder. Also, Gorla {1995) studied

the unsteady mixed convection in micropolar boundary layer flow on a vertical plate,

More recently Quiser (1998), studied mixed convection flow about the wvertical
developable surtaces wilh transpiration eflects in the case of incompressible flow.

So far the aulhor’s knowledge goes no attempt has yet been made for compressible
houndary layer for developable surface in mixed convection flow with o special allention to

the similarity solution.



Chapter 2

Geometrical figures of the flow conliguration,

< UE . 0)
c AN

Fig (1)

A healed {or cooled) body with curvilincar surface and C-axis in upward dirccton is
moving vertically in  a compressible {luid. The physical model of this problem in
orthogonal curvilinear co-ordimales is schemaltically shown in Fig. (). The fluid {low
ncar the body is caused by the combmation of density difference (free convection) and
external foreing velocily (forced convection). The boundmry layer flow is thus influenced
by the surface geometry as well as by the orthogonal curvilinear co-ardinates (#. A2, #3).
For simplicity we consider here Ay = 1. According to Prandt]l boundary-layer concept,
boundary laver occurs next to regularly curved surface: where the radius of curvature
were large In comparison to the boundary-layer thickness. 1t has been suggested by
Kemp}1951] that the flow in the regions where large  or irregularly varying surface
curvature called boundary region low (s distinguished from conventional boundary layer
flow.

It 15 clear torm the forepoing remarks that one must now re-evaluate the original
simplifications of the boundary layer theory, and re-examine which terms may. and which
may net, be neglected in writing the congervation laws.

I"or this reason we consider a developable surface satisfying curvaiure equalion (A)
associated with the differential are length of the £, 1 and co-ordinate system on the
boundary surface by

(ds) = tide? + hldn® 4 dL? (B)



On the basis of dimensional analysis followed by Quiser (1998) a few lerms in the
boundary layer equation are ignored and the following forms of the equations are
subject to our study onward for a compressible flow situation.

Fguation of continuily

i(puhz]+i(,ovhl)+~a—[pwhlh.,)=ﬂ (1}
(el an ol )

n-momentum eguation

iE:rJrl_f:EJr UH we B VB _ﬂl_ﬁ_P ] +2 EJ E}u (2)
Anac hon "or ki on hh 0 r

h 08 A
y-momentum equation

iﬁ.,. ¥ 51: ov  vu Oh u' hy _lcﬂ" gy 2 vy (3
P\uwor mon ac mhon mh E| mon h  G\ o
w-moementum equation

9 _, (4)

Energy cquations

I T Y R U - f"f 5 a0
pﬂp ———t——t k—
By 25 h, dn 5‘... 6‘:; as
z
o af v A tat F}‘L {5)
4| — || —
h BEh, 5¢;J e f'J{

Here v are boundary layer velocity components in £—, 77— and £ -dircctions:
#1, are related (o the body surface by the equation (D). p s the density, p is the

pressure. We shall consider the body force Lo be caused by gravitalional
acceleration. The components of the gravitational acceleration are denoted here by
g.and g, in ¢ and # directions. u is the viscosity, & is thermal conduclivity.
(', is the speeitic heal at constant pressure and 7'1s the temperature of the fluid.



The potential flow in the main stream outside the boundary layer is the function of
(£, m). Hence external velocity componenis U, , ¥, and external temperature T, be

independent of £.

To eliminate pressure tenus in equations (2}, (3) and (3}, the velocity componcent
put side the boundary layer are imposcd. Imposing (he boundary conditions zu—»

Uy v= Vo popas 075 % — 0 we have the following equations :
&

U, 38U, V.BU, UV, vV ooh, __tep p. {6)
ko BE  hy Om  hh, On hh B& BOE B P
U av, v.av. UV.en Ul oh, 1 88 p,
e e e . + — — =ity {?)
A 8E  h, Gn Ak, On hh, 8L h,on h 7
U o VvV of,
And gl =+ == |=
b 28 Mmdnm (8)
T = T, {constant) is onc of the solutions of (R). In view ot (6}, (7}, (&) and
-1,

T T =@(E 8y, T, -T, =4T, the boundary layer equations with the

elinination of pressure terms from (2) and (3} become

Fquation of continuity

9 P _ 9
o (puh2}+ a”{pvhl)+ % (pwh,frl) 0

u-momentium cquation
{u Gy  vou  Ou v Oh v’ Ei‘f:li] 1

— 4 = — —~
Anae iman ac T an nmoe | mELTP)

A

{UE au. v.oU UV.dh V! am} a[ ﬁu] (10)
+ +-—= + =\ —| p—

- ‘
h Ok, on  mh om mh o0& | oc\"8C



y-momentum eqguatign

oV v av ov  vu oh, 't ok, 1
fo -——Li=—go-p)

—_— t——+ Wt
hOE hoon O hh oy hk OEL R
uoav, V. ary, UV, ok, Uf ah. a O (11}
P, oo - Sl
h @& kR, dn  hh, On hh 05| 85\ 97
w-momenium equation
7y (12)

a¢

Encrgy equations
A wdt v ar s u afF v 4P
Pl ——+——+w—|-| ———+——

_a{, 00 auY (oY
—;(’*?H[T;) %) } 13

We conline our attention to solve the above boundary layer equation goveming the

flow ficld around a verically inclined developable surlace. P-climination is
considered m the momenlum equation only, but not in energy equation at present
stage.



KX 1)

—ay
X = canst. {—ax, —Bv, 1
—Bx
U (XY}
éﬂ ¥, W) W, V.0)
¥moeonst,

Fig 2
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Chag er -3

Boundary Layer Equations and Transformations

Let us now transform (he boundary layer equationg, {10), (11} and {13) from physical co-
ordinates (& 7,¢ ) to & new system of co-ordinates { X, ¥, &). The appropriate transformation is
based on the work iniliated by Tllingwarth{ 58). A modified following form of transformations,
a bit different {rom these of Howarth-Dorodnitsyn are used.

!

x = [ has
i
¥= _[ hdn (14)
and >
D = M, + I
\/pe,u (X+C}’) =

The transformed buundﬂr}f laver flow configaration can be visualized in (X.¥.{ =2) co-
ordinates by [Fig.-2]. Iere ¢ is constant and C is addilive length scale parameter, the sulfix e
refers to any convenienl exterior conditions, @ represents nen-dimensional similarity variable.
Do e , Ve and ;z are function of X and ¥, Guided by the idea of non-dimensionalization and
similarity technique together we substitute  and v by the following equations.

o F (XY, @) and  — = 5,(X,¥,D) (15)
M, v,

The independent variable (ransformations given by cquations (14) must be incorporated in terms
of derivatives, because terms invelving £ and # in the original boundary layer equations, (10),

{11yand (13) arc detivative terms. From the chain rule, we have

,1
a_e hds =R

Y 8 or o aq:nﬁnus of B¢
T A S 15
0¢ DgOX LY Oo 00 === [y =t
n o

N.B. i, and v, are treated onward instead of (/. and F..

3



&p 1 I i u, +av

=t — 15.2
aX . Z(X+Cn) 2{1{ P J}i (13.2)
EE’—:-EL.‘.E}_ ]_n uﬂ+av“ {15.3]
¥ 20A+CY) 2 Plte [,

L p PP 0 L AD 6 AP Htav. || O (16)
aé % a& 3y 2{X +ctyaod 2 Pt j|, O

A _ax a oY d &b @

E?'rp 6?} ax dnadY on ob

& Eih 6' d ¢ A 8 RO u, +av, d

——j —th——— —+ In —_ (17}
dn o 5 dn FX aYy 2{A+chyod 2 LA, , D

8 _dX 8 51” g +o¢* i

B L aX oL oY of ad

or, i:{} i+ﬂ i+@i

o,

8c ax Y 8 8o
o 28 | (18)
8l 8c &b
2 _p00x_ 1 n® ko fu+ay)
AE BX 8 2{X+CYy 2 2.1, fx (19}
& _apdy O m® hz H, +Iv,
Gr,‘r Car 6'?; 2 {X+C}') 2 Fe TN {20}
d g JH, T,
an —= ol
0 Jp.u, (X +CY)
Lo _ 1 210
ﬂl, aé’_k“p
where,
kﬁ’,?}:\/*"ﬂ“f(‘“” A N(cb}\’p“'“"(’r” ") (Z1a)
M, + v, u, tov, '

where N{d) = lﬂ
oty

The laminar boundary laycr cquations and the encrgy equation in combined convection [low are
governed by the following equations, where [/, and ¥V, are replaced by «, and v, respeciively.



Continuity equations

(22)
"—{ﬁ ﬂu)+—(hlm’)+ (ﬁ hwp)=0
u-mementum equation along the £-direction:
o ia_”_L 5u+ v ah y ah, _ 1 o=
WO R dp aC hh 6n ki af B EH p
g lu, du, v, 8u, wyv, e v h b fu
R s +—— — et ———| (23)
by 35 hy dn R On A, 05 pdll O
y-mementum equation along the n-direction, :
ndv v il v ouv SR,  w® O | 2P,
—_—_——tw— — =g,
haEr hoon 30 Ah 8E hh &g A Io
oo lw, Bv, vov, wv 8B wl A 1 8 T
Sl fembeur et Pt S [P (24)
ool o hh, 3 Rbypdan| pdd\ O
and w-momentum equation along the £ direction is zero so that the have
ar
a (25)

Energy equalion :

S or v 8T w EJ'T u aP v aP 5 k GT (I)
20, — —_—t—— (263
h 48k, dn A EJ'C' h E:‘é i, 2 EQ’ h, 9

The terms g, (u] and g”(‘ﬂ — P J represent the body force components exered on fluid
foy 2

2 1

particle, where (I) = y{[g—;) +{%] } is known as the viscous dissipation function. @

represents that part of the viscous work necessary for the correct balance of energy in this

particular form of the energy equation. The term [hig—i+h1§—:;] represents the corresponding
1

part of the pressure work. At very slow motion of fluid [low where natural convection also

exists, the heat due to nataral convection and compression must be taken into account.

13



In general the pressure term in the energy cquation is of order Eckerl number, so it is neglected.
We want to retain these in our flow analysis, since {or slow flow EJT is of same order. Hence
the elinination of pressure term like mementum equations holds pood.

Let two stream1 functions w(ﬁ,r},{ ) and X{g,q,g ) be defined as the mass flow components

with in the boundary layer for the case of compressible flow. To satisfy the equation of
continuity.

_(h Pu}"‘ {h PV}+ {ﬁ,h_,w,a}: 0 (27)

we may introduce the component of the mass flow relations o the following way -
Let . v—(.’z ,ﬂu) and 7, ={n ,m»} Hence

Gl
v = j(hz pude = [ hypu, F (XY, tI))dtI}a

4

JP“'H*{X—FLY} — [using the equation (13)]
Jutov, P ,
A ep Y +CT)
- JH, oy,
w=k (X, FyuhF(X. ¥, D) (28}
Simitarly (A, Y, d) s found to be

=, pu_F(X.Y,®)

(e (X, T, )

X F D) = (X, P kS (X, Y, D) (29)
where &,(X,¥Y) = ACRIRS = N{D) Ip,},uc,{X tel) . Now,
u, ey, Voou +av,

A 5 4 :
Wy =L [Pyl L AO 0, Wy (sl @ e per v ay)
as& &x Jof Tay 2{X+elyad 2| 2, 14, X )

azj =y =k 9 (ko by FOXL T, 0)+ [—ldr; —{kyu b F(X,Y, DY)

b -
L P8 b FOLY.0)+ - {l.{”"*m’ﬁ J} D (ko b F (X YD)

2 (X +¢Y) oD N &

“oh. . D h®
N0 R ) I L :
Iz }’( ( ) 2{X+|:]r’) “m(k“” By F(X.Y,0))

&t .
== ko, F(X ., ) +

Ao 2
SP L EEEV N G b RO, 0= bk g, by FOXY,®))
2 2.1, , v oX ’



(ku u kI, ':X:FJI")]

o, & 1 A
hy F{X, Y,
Iag = W o By F( 3)- T

+h'rb{u{”f rav, ]} (k, 1, b Ey(X.7,®))

2 2 K
aF

[m by e, e FOXL Y D)k ),

Tk |

kuu,F(X,:-’,{Ia)ﬂhlhg)f m[“f “’”ﬂ ki, Fo (XY, ) (30)
2 pﬁ':{‘{e A y

1 L

" o
+| [y {ﬁ:hu F b FX, rm
il o) 4

_®
X el

“.3 3 . 3 a
By _y | 5_ P LB P (o 0 | G A 75 S P 0)
ag f‘f,r ‘aY 2{X+ceY)id 2 , &P

s ) ?
g\ (e | Lvp & e O 0 MO furav L8N L sox,y,0)
o il ax  C8Y 2{X+cY)ib 2 Pet, )|, 0D

: a av
2, = ja’* ]{ ﬁ+kﬂvES(X,Y,fI!}ﬂ+kr.h,u’i(x¥,?’,¢)? v B S(X,Y,0)k,)  }
i

3 27
, 5?? ’
+{h kv, a + {1 B, S(X, Y :1:) +h kaS(X,T, :In)u - Ry by 0 S Y D)k )
cD U, +av, ,

— (A, hz}mkuvrﬁ'm(ﬁ’,}’,cl}}+{hl };E)E{Iut i ]}} kv 8, (A, F.dD) (31)

But we have,
1
p=— vt
YT ok, e x,) 32)
Substituling y, and g, from the (30) and (31) m to the equation (32), we get
i,
SwE—— { P Yk, axﬂh e FEXLY, rr-) +ﬂnhu F(X,¥ 'fb}f—-r-+{h1f? u, FOX, Y, D)k, ),
phh,

i
[ ohy ]{kﬂhzu g + ko, F(XY, I:h)--——+kn FX.Y, ¢=) >+ gt (XY, Dk, ), }

4 0g ¥



+
“ “]} kot Fy (X, Y, 0)
pe i, ).

& &
—{h k) ———k o FIX Y D+ (R — ]
{ |3h}2{X+ﬂ},} ot L 1+ (A, 2]2‘[“[

a8 Bk,
(j—r—dg]{ e VS ek, S ) },
A (B by v, o +{Jzl fo Ve, SUXLY cb} +h k,S(X.Y, Dy, h +{h by S(X,Y,®)(k,),
o . i M_ v, "
_{hl hz}mkuvfﬁm (X, Y. il'l} + (hi hz)?{ln{ i J}} kﬂvrSrh(Xﬁ Y, CI})jl (3‘.}}

k 5k,
or, w=-— J‘-'u“fi}i+kaF(X,Y,ﬂI’)ai+—”u.F(LF.m)fﬁ‘—mfﬂx,r.w(h& Er—df
ax X h aK ) a

Iy 2
k Lk
A T Ry, )2 u bx,r s Ly poxy ok, ),
& ar h oy hl B, ar
L N R T +‘”*) kot Fo (XY, D) + fic o8 g b, S
2(X +cY} 2 Pt ] 2 dn f, OX
Gh &,
0y sy, oy K gy y, k), b kv, Bk S(X,Y, m)ff”_
Ak, X b, } oy
k ah ¢
+-L 85X, ¥, b —L v S(XY, Dk — ek v S (XL YD
h‘l ( } ¥ 5}, 1’& ( )( U]F’ E(X 1{} l,'l r.' ( }
+E{1n[”“ Tav, ]} kv, S, (X, Y, d)
2 Pette )],
i G k X 3,
WL knueif—r+knF{XJ’,¢) © 4By F(X,Y m)ﬁﬁ,w FX,Y, D)k, + jah-
ad 2 7). ¢ oX A | ; O&
ky | OF LK ] o, 1
F FX.Y, D)t —u F(X, Y, D)k
th: o T h o, 1Ty T, A X ”]y}
& th H, v
e R F (XY, D=t = b o F (XY D
AKX +T) e Fal ) 5 { “[ o ]}k nti, £l }
Ok k 8
o df |-| 5'.5 k S{X }’m}oji’ k_ Y, V‘,+ l ) Y, (ku)r
g hj ax a by ax A axX Ay
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Eliminating pressure term of the energy equation by (6} and (7), we have
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] l‘.'b( } [F V_ [

£
s L (XY m]+—{lngk) F(X,}’,xb)}(a?}yﬂ,—ji’[:;d {; s;

%S{X: ¥,y + ;i{log k), S(X,I’.([!}}{&T)EJ,],

]ﬁ‘m(L}r’,cD]:| = i1, (64)

ANATH)
JXY@f;ﬁ“a*
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(u, +av,} &F A

Lo,

(X +CY) Qu, Lﬂh gia Ve (X +CY) oAy ,a_h]d,

(u, +av,} OX by D 3n ° hhy (4, +av,) BX

U (X +CY) By 1

WX HC) By 1

i (u, +av,) o8

u((X+C}’}LIJ5h2 4 1 &,
1

(e, +ev,) iy 2 85 v, dY  (w, +av,) ks

L AX+CTY 1 o fa;:.g gy YAXACY) 1| ok

C{u, +av,) by OY B AE T (e, +av,) Ak, X

+ &
2 ”} "’{ (u, +av,) oK hy

R (X+CY}LELU‘JJ AL
an

Au, +av,) or i,
ax

iy
]

{6da)

The boundary condition for {64} are the traditional boundary conditicn (46).

The co-efficients of the dependent varniables in the energy equation are.
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Chapter 4

STUDY OF DIFERENT CASES FOR A DEVELOPABLE SURFACE
We shall discuss different sitwation for different values of & and A; satisfying the

following equation for a developable surlace.

A
RN LTSI A(YS W
| 9 Yy
where K is ihe total Gaussian curvature,
I | 1 @A, :
substituting the values of &, = ———2' and &, =———= the cquation (A} takecs
t M og
the form.
o{1on), &(1dh]_, (4-1)
6;’[&1 ac | anlh an

To derive different nature of of /| and »; we are to use generalised values of /1
and h; as to satisfy the equation (4.1).

Case |

o= (& and A, = f,() arc the casiest solutions of {4-1). For simplicity wc may
take for lhe above case as

Bo=al", hy=a'p"

o =be™; h,=b'e""

h =csinp&; hy=c'sin{p'n}

f=ccospd; B, =c'cos(p'y)

o'y

ho=ae™E", h,=a'e”n" ete.

Case 11
it ho=(&+ py)" and A, = (£ + BnY', then by (A) we have



-

& Mol bl . el
" Lu@}"’{g < } [{ oy A ]

or, n% [{5 + fig) ! ]'*' I r%[(‘5 + i) ] =0

aln=m =+ By + Brlm—n-1E+ )" =0

Aln=m =N+ B} + fHlm—n-1kE+ pp)"" =0

ma—m—1)+ F{m—n—1E+ )" =0

If m=n

—n—pF=0= f=tidn, tilm

for real values of m or n, Fbecomes imaginary. In this situation say for m=n = 1.
f = &+in which really absurd. Mence we have io put m = r = 0 implying m=1=h,.

This is the situation of rectangular Cartcsian system, onc of the developable

situations. These cases are extensively discussed by Mager (64}

Case 111

Suppose f=0 = n{n-m-1=0, n=0= n=m+1

i.e., b =£"and f=£&™" represents one of the developable surface .

Similarly #=n"". h=5" represent also a developable surfacc .

Case IV

Treating if i =&"4" and &, = &£" 5", we have from (4-1)

ol v el 801 8wl
mﬁ[mw ag(r 7 )}%EWE@ 7 )]—ﬂ

BT == ETT T e ET T e = T = 0

{mm' = m =140 (n—n' =Dyl -
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= {m=m-1, n=r"+I (i) m{m =m-N+nn-n=-1=0
or, m+l=m', A=n' (m+ N0 +nr—n+1-1=0
n + 0 =0
Hence h =&"5", then h, =&™'5™" represents an another developable surface.

Case ¥V
h =e™'™ and &, =¥T"

—ef et and e’ te’

? &
. ¢ ok . ' e
ol }upr {e L _E#E}_,_ e(F'F]fq - {e rr*r_elrr.'}: 0
A &

or. pr{pa _ p):,{ﬂ’—p]-h{:ﬁqr}.'} + q(q_qa}?fgr—r,-'].uj+[u+p]; =0
or. (o= p)ralg =) =0
This implies p=0, ¢ =0. That is, 4, =™ and #, s

This is similar to the one of the situation of casc 1.

Case ¥

Again, let us consider

A, =H-‘.’"'f‘q“(-f”r}”)(a’{f+b'?;) --------------------- 0]

or, b, =e” ™ "”(f"".r;.r“ )[aa'§+ ab'n)

or, A, =e”‘§'”(aa’d””'r;” +ab’§”‘rf")

or, A =¢" f”’”(cl:;’"”':-'}'" +c2§”'.r}’7") where ¢, =aa’ and ¢, = ab’.
Similarly,

h,=e” " ”(c‘jé"’f"?}'"J +o,E" ?;r”'”)

or, ¢; =ha’ and ¢, = bb".

Substitutc A, and A, in (4-1). we get
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e_p' fl.q’ ?;{P'(C1§mr+1f?nll + r:*fmj ??.'1"4] ) + C3 (m.r + I)éml ??.'1". + Cdm;gm"—] ?Fn' Lt}
r‘;‘g EP:HJ '.'(Cllfm'-l”ﬂ + Ciétmnau-l)

ICF (.r.f' 240y {I)(Cld:_-um! ‘r?n + f-':;m}'?”;l) + C: (m+ 1]4_-.71??.!? + C'z.i?l'ém-l ??m-l }

0;? e:r £+q .'i-({_:jé_'m +I??r1 +C3|:Em }?ﬂ +I)

From equation (4-1) it is clear that if we consider & =A (& and i, = i, (4 the
cquation remain valid. Hence we may chosc (¢ =1. =1, a' =1, 5" =0, m=a-1,
n=0,m ==, =y, p=0g=0,p =0,g"=5.

Generally & =& and by =7e™; h 2 h,.

Case VI1

If 4 = A, : then the equation {4-1) becomes,

or, i—j[lnghil +i[iogh,} =0 e (1)
Z9 ©on

=

o A
Let, {log#t )= cquation (i} becomes -—I;+ —
P

oy
7

I YT

NOW suppose & = X (&)Y () (ii) becomes

1 @'X 18
T ot - - 2 =

[
1 -‘|3X g
L T R
X gl ¥ o

S X = AcosAx + Bsin dx
Y=Ce" + D™
. u={AcosAx+ Bsin A} Ce + De™)

L.e. 1 =(Acosdx + Bsin Ax)De™
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.. logh =(AcosAx + Bsin Ax}De™

= h, = exp( Acos Ax + Bsin Ar)De™ -- {iii}
=¢ " {A'cos A X + B'sind X]
or =¢ " [4"cos A" ¥ + B"sind’ ¥]
avolding exponential increasing function for a practical purpose.

A and A" are the eigenvalues. Details of Laplace's cquations arc discussed in

many text books with different boundary condilions.

STUDY OF CASE

We shall now usc A, =»™ and A, =£&" (i.e. one of situation of case I) into the equation

{45a), {55a) and (64a). Since b =q" and ki, =&" satisfied the condition of the

developable surface and conveniently using m =n =1, the equations (45), {55) and (64)
for u-momentum equation, v-moemenlum equation and energy equation become

= (N{D)F (X @)y, + (P + 0 3 5 ) F, (XY OV (XL, @)+ {e( A + Q) + £y}

S(X Y, D) F o (X, D)+ B+ kﬁ)[ﬁ—gﬁg{x,nm)]
2

{3 {652}
kg =10

T

+cOP, [:‘3‘; ~ P EL (X, Y, )55 (XY, rb]] +hS2(X, Y, D)+
o

= (NS o X VDN, + LB, + 60, + k1SN Y S o (XL F. D)+ (P + €, + &,)

I-(XJ’JIJ}S.MIIXJZ¢'}+L‘F{&— ﬂsifx.r.m}}
_ £
2 (63b)
+ (P [& — PSS (X, Y DM (X, r,m}] +k FLX,Y.D)+ ;’Z & =0
& .
Ll : z - 41 Eﬂ Llr}?
= (N(DW (X, ¥, DY, + EAN(FLIA Y, D)+ 8 (X, V. DN+ P FIRETE F (X, Y, D)
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¥ e

+[%+%]S¢(x.r.mn+{(f’. Hhg P Y.Q)+ QP + k)SIXLY . BYOL (X . Y. ®)

S Ak W (XY @Y+ (eOP + ks + k)8, (X, Y. ORI X, Y, 0)=0  (65¢)
The boundary conditions are,
FIXYM=F (XY =0 F (X TV xi=Ii
S(X, ¥ 0 =8, (X, Y. 0)=0, S5,(X. 7 ®)=1 (66)
X, Y.0)=1(X,Y,=)=0

2 I

where —— = £, and —— = F,, [Froude number]
gyl gL
by =2R(+0)+ch ky =P (1= Qe
k, = QRGO+, ki =48 + el
k, =2cF, by, =308 +cf + Q02
& = R{Q2+Q)1+ o)) ki = D20+ e+ -2)
ke =20 kv =R {Qe-0-3)
ko =R+
I I{ Q} Pzz[i+i3]5 P3=(I+k,1)
ky = c0P, %
by = (P (1430 +30)+ 20, p =t
¢F,

k,=28(1+¢)

n_ OeR
k=000 -0) Tk,
ky kg ks are the additional effects due io the introduction of curvilinear co-

ardinates {i.c. presence of 4 and k) in the boundary layer equation. All p’s and ks are all
in terms of a, (), C and 1.'n mainly represents exponent tor /4, f; which are responsible
for the different shapes of the developable surfaces connecting with the exponent of

exterial forcing velocity components u,.
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Chapter — 5

Numerical solutions, Results and Discussions.

The houndary value problems described by the equation {65-a-b-¢) with boundary
conditions. {66) arc to be solved. It is difficult o get their solutions analytically in
closed forms. Hence we adopt a procedure to get the solutions numerically.
Runge-Kutta shooling method in collaboration with Runpe-Kuita-Merson and

Sweggert iteration techniques are applied here.
We are about to discuss {he nature of the flow processes arising from mixed
convection flow for the wvarious walues of the controlling parameters
e,

)

I/'

1.1

s
LN

PLE LN,

s, p],pl_‘. Here k’s and p’s arc the additional effects described

& ta
o oEd

in different stages. Numerical results arc obtained for different value of k; and 4s

] U2 :
and coupling parameter —£,—£ . Representalive velocity and temperature proliles
11’.

are shown in fig (1-8). The skin friction factors (f"(0).s"(0)) and the heat transfer
co-efficicnt (—#'((Y) are give in table (1-6) for different values of controlling

parameters.

The heal transfer and the shear stress characteristics of the problem may be of

great practical interest. So the numerical results for f7(0). s"(0) and -8'(0) are

presented in tabular form. Velocity profiles are alse shown grapbically. These are

- o U ;fz :
taken for the varialions of controlling paraineter [P E N — — k's,p.p ] in

Fre
I Ur

the range 0 =c <1. Fig. 1{a) shows that one of the components of velocity profiles

1

7() exhibit its unusual behaviour for the increasing values of —- where as

4
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: . : : o] Ve
other component $'(D} [Fig. 1{c)] rises with the increase of = for —£ = 0. When
M 1

Z
3 [

o : S N B 7 :
the buoyancy velocity is much higher than forcing velocity [I,E,—L=—;=|ﬂﬂ]..

i &

ar [

the components {F{d),5(®)) of the velocity profiles show their usual trends in

changing the Row configuration from forced to [ree convection flow. bul the

-

.. ¥i . .
cffecls of Ejr~1.,farwttu:nn on F{®) and -+ onS'(dyare similar [Fig. 2(a) and
u

2
el
e L

2(b}]-
Decrease on heat transfer co-cfficient are found with the increase of —- in [Fig.

€

2(a)]. The velocity profiles (F{D),S(dY for the fixed value of controlling

Uy :
paramcters £, =1.0; £, =08, ¥ =1 p =05, p, =13, [-ni— =L = U] i1 the range

e oo Ve

of 0<c¢ =1 show their dissimilarity in shapes |Fig. 5(a) and 5(b)]. This indicates
that frictional resistance’s on both the edge are not same.

One of the component of skin friction factors is comparable with that of Sparrow,
Eichom and Gregg {1959), but the heat transfer cocfficient (—£'(0))is not directly

comparable duc to presence of length fimction A, and A; in the governing

equations [Table 5-6]. Now the nature of flow process ansing from mixed

F

convection with respect to fixed controlling parameters P, =10, E, =038, ¥ =1 C

= (1) the velocity profiles (F{®). S (DY) in figures 7(a) and 7(b} shows that the

2 2
L and =5, {low processes tendes to coincide

v

[

increase of coupling parameters

1
r

i

with those ol free convection.
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Discussions

1 Vi
=1 £ =0, p|=£’fi_=_1_F=U, 1
FJ‘.JL F

rr

W=0 g tky=EmEL,

p,+hy +k, =—(n~2) and k, =k =0 then the energy equation colncides with

that of Sparrow, Eichorn and Gregg (1959). That is for a incompressible flow,

N=1=-P% 1 or. £ =1, then £-=1 for a Boussinesq fluid.
e, Ze 4,

To compare with the known similarity case of Sparrow , Eichorn and Gregg

2

{1939) we have to set 4 =1= A, . Thus controlling paraineters U—: becomes
1

&

_gaﬂIﬁT(X-l-C‘}r) _ _gu,ﬁr-'ﬁT X

I}[]II ur ue

for €=0. As », =2, (X+C¥)" beccomes

rd

) - U e . .
w, =u, X", Writing —L=Cont. we have AT = K,X*" which agrecs with the

4
result of Sparrow |, Tlichorn and Gregg. Hence we can predict that our cquations

arc true {or corvilinear surfaces also.
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Table-i

Kz
0.5
1.0
I.5
20
25
3.0
35
4.0
5.0

F1 0

1.24816
1.24801
1.24789
1.24760
i.24711
1.24681
1.24634
1.24011
1.23910

S7(0)
1.24741
1.24703
1.2468]
1.24630
124591
1.24551
1.24503
1.24476
1.24420

-0
0 63637
0.63602
0.63577
0.6353]
0.63498
063453
0.63407
0.63371
{.6334%

ForPr=10.P, =10, ufe=00, vie=00

Table-2

K:

0.10000
0.40000
0.70000
1.00000
1.30000
1.60000
1 80009
2.20000
2.50000
2.80000
3.10000
3.40000
3.70000
4.00000
4.30000
4 G000
4 G000

£7(0)

11.63750
11.63001]
11.62251
11.61549
11.60711
1160031
11.59280
11.5833]
11.57785
11.57003
11.56332
1155742
11.550G2
11.54219
11.53416
11.52823
11.52057

57(0)

10.63364
10.64015
10.64724
10.65143
1065839
10.66153
10 66891
10.67152
10.67834
10 68159
10.68511
10.69661
10.70317
10.71025
10.71832
10.72564
1073239

—&'(0)
2.22250
2.22297
2.22305
222314
2.22323
2.22329
2.22307
2.22313
22252}
2.22330
2.22338
2.22347
2.22353
2.22361
2.22368
2.22378
2.22385

ForPr=10,P;=10,ufe=0.0,vie=0.0
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Table-3

Ky FU0) 570) -0}
010000 57694 551445  0.82045
040000 576803  55H139 (.82044
0.70000 576861 551435 082044
100000 576820 351430 082044
130000 576779 551426 082043
1.60006 576738 551422 0.82043
190000 576697 551418 082043
2.20000 376655 551414 0.82042
250000 376614 551410 0.82042
280000 576573 551406 082042
310000 576531 551402 0.8204)
340060 576490 551598 0.8204)
370000 5.76449 551394 0.8204]
400006 576408 551389 0.82040
430000 576366 551385 (Q.82040
460000 576325 551381  0.82040
4.90000 576284 551377  0.82035

For Pr=10,P;=1.0, ufe =100.0,vfe = 1000, ¢ =0.]

Table-4

Ks (0} 570} —810)
0.10000 114503  1.14324 063847
040000 114462 114320  0.63842
0.70000 114420 114316  0.63837
1.00000  1.14379 114312  0.63832
130000 1.14338 114308 0.63827
1.60000 114297  1.14304  0.63822
1.90000 114255 114299 0.63817
220000 1.14214 114295 063812
250000 114173 114291  0.63807
2.80000 ~1.14132  1.14287 0.63802
310000 1.14090  1.14283 063797
340000 1.14049 114279 0.63792
370000 114008 114275 0.63787
400000 113967 114271 063782
430000 113925 114267 063777
460000 113884 114263 0.63772
490000 1.13843  1.14259  0.63767

ForPr=10,P=10 ufe=00vle=00,c~0.1
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Table-5

P

0 10000
0 40000
0.70004
1.000G0
1.300G00
1.60000
1.80000
2 20000
2.50000
2 80000

Fr0y

0.87659
087672
0.87085
087698
087711
0287724
0.37737
0.87750
{87763
0 87776

S

87817
0.87826
087835
0.87844
0 87853
0.87862
0.87871
0.87880
(0.87882
(.8789%

- &'10)
0.69504
0 69509
0.69514
0.69519
0.69523
0.69527
0.69532
0.69537
0.65542
0.65547

Far Pr=1.0,P:=0.0,ufe =0.0,vfe=00,c=10

N=10ak=10, =00

Table-6

Py

0.10000
.40000
0.70000
1.00000
1.30000
1.60000
1.50000
2.20000
2.50000
2.30000

Fr{0)

3061012
361059
3061095
3061143
3061182
3061229
3061268
3061315
30.61354
30.61301

80

30.55021
30,59050
30,59087
30.59126
3059163
30.59200
30.59239
30.59276
30.59315
30.59352

~8'0)
2.17944
2.17963
2.17984
2.18003
2.18024
2.18043
2.18064
2.18083
2.18199
2 18219

ForPr=10,P,=00, ufe=100.0, vfe = 100.0,c=10

H=10ak=10k's={.0.

R,
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Fig {1.a): Dirmenston less velocity distribution along u-direction for several
values of U %1 ? (=50 0,30.0,10.0,5 0,0.0} for the equation {65)
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76 - /g U, = 500 ¥2a,2 =00
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f’/ =100 pr=10
04 - F = 5.0
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R
a0 T T L T T T T T T L]
o L' L4 Q& Uk 1

o

Fig {1 b): Dimension less velocity distribution along v-direction for several
values of L,I,_.z.ufuﬂ2 {=50.0,30 0,10.0,5.0,0 0} for the equation (65;
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- {0l
Fig{t ¢} Dimensionless temperature distribution for several valuas
of U 2us? (=50.0,30.0,10.0,5 0,0.0} for the equation (65)
o
/ /"j.__ =T

g oo §
w

O

Uptu,” = 1000 Va1 =00
04 =500 e=01
=10.0 pr=10
= 50
07 = 04
on r , . . , , . , . T .
[£13] n2 04 NG e 16 12
*

Fig(2.a): Dimensionless velogity distribution along u-direction for several
values of V"M, %(100.0,50.0,10 0,5.0,0.0} for the equation {65)
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1=
in
U 2= 1000 Vo2 =00
c=01
pr=1.0
T
10 12
- q
Fig{2 b): Dimensicnless velocity distribution alonhg v-direction for several
values of V.2 2 (=100.0,50.0,10.6,5.0,0.0} for the equation (65}
iy
‘g" 05
1 V2.2 = 1000 V.2 2= 0.0
16 =500 c=1{1
0.0 pr=1.0
na 4
na -
M0y
o

Fig{2.c). Oimensionless temperature distributicn for several values
of Vv 2 (=100.0,50.0,10.0,5.0,0.0) for the eguation (65)

60



Fl@}

Ute, =500 VAN 2=00
=200 c=01

100 pr=10

50

¢

In

GE 08 10 17

- @

Fig(3 a)y Dimensionless velocity distnibution afong u-direction for several
values of U, ” (=50.0,20.0,10.0,5.0,0 0} for the equation (65)

08

S{@)

06

U % 2= 5008 v 2n 7 =00
=200  ¢=04
=100  @E=10
= 50
= 00

FE I

e

oo . ' : : . ; . : . ' .
oa [E] Bid ] 03 11 12

= i
Fig{3.b)y Dimensionless velocity distribution along v-direclion for several
values of U2, %(=50.0,20.0,10 0,5 0,0.0) for the equation (65)

b
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U= 00 v, 2= 00

=50 c=01
=100 pr=14
=200
=514

oo T T T T T T T T 1

Fig(3 ¢y Dimensionless temperature distnbution for sevaral values
of Ug?u, %(=50.0,20 0,10.0,5.0,0.0 for the equation {65)
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an 0z o4 & o0& 10 12

=

Fig{d ay Dimensionless velooily distribution along u-direction for several
values of V2, %=50.0,30 0,10.0,5 0,0.0) for the equation (65}
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by 2 iy 2=
v, E =500 Ui =00

= 30.0 ¢=D1
=100 pr=it
= 50
=00
T ¥ I v 1 T I
04 1)4] 3 10 12
- I
Fig{4 by Dimensionless velocity distribution along v-direction faor severat
values of V2 %(=50.0,30 0,10.0,5 0,0 0) for the equation (65)
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