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Abstract
Mixed conv~ctivc laminar comprc,sible boundary layer flow about a vertical

dcvdopabJe surface is ,;tmlied theoretically. Modified forms of Howarth-Drodnistyn

transformations are applied to avoid usual BOllssincsq approximation ill order to have

the transfomled equations in almost incompressible fonns. TIle additional parameters

owed to surface geometry and compressibility ,how maDYinteresting effects on

velocity and temperature profiles, This sug.gc,ts that the present analysis may provide

accurate predictions for boundary layer characteristics.
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Chapter 1
Introduction

The aprroxjmalion~ and simplifying assumptions involved in boumbry I"ycr cqL);llions lor

two dirnen~ional incompressible nuw hav~ b~el1thoroughly discussed in man)' text books,

Cohen and Rcshotko (1956) derived similar solutions for two dimensional compressihle

boundary layer and Stcwllrtson (1964) gave an account Dr certain aspects of theory or
boundmy layer in compressihle tlllids. In some cases analytical and in most of the cnses

numerical solutions were displayed tu predict essential flow parameters. In the present

thcordical ~tudy the surface geometry and the curving or the external tlow play Vil,ll wk,

for which the mathematical und physical analysis or the three dimensional boundary layer

becomes considerably tough. Atkntion i, concentmted mainly to the situation where the

i(lrCed and Free convection act simultaneously and both the convections arc of eomparahk

order.

He,ll transfer. a branch of applied thermodynamics, estimates thc rak at which hcat is

IransfCl'l'ed across the boundaries subjected to specific temperature differences and the

temperature distribution of the system during (he process whereas classical thermodynamics

dcals the ,1I110untof heat transfcned during the process. Heat transfel' is concerned with

tenlpcrature difj~rence and we live in a world full ofsnch difference. owing, to either natural

or artificial causes,

We know that cxternally induced Dow is provided and the Dow arises naturally simply due

to the effect ofa density difference, resulting frolll a temperature difference. in a body forcc

ficld. slich a.' gravitational field. the proccss is termed as "nntural" or "Free" convection,



[fthe motion is maintained by an externally applied pressure difference as 111the ~as~ oi

now through a pipe, we use the term Il>r~cd~onvection .

Developable flow surface: Devclopable flow surface deJincs as thc envelopc of" Olll'

parameter family of planes: a surface that can be developed or rolled Ollt on a plane without

stretching or shrinking: i,e. a surface for which the total curvature vanishe& identically. That

i; lor a developable surface Jollowing equations,

'[' ']K~- ~(h,k,}+--;-(h,k,) =0
h.li, i5~ <'i'l

I D",,vhere. ko =----: for ;=constant,- ",11, 0'1

and
k =_,_a", - for !]=constanL

1 h,", aC,,
iJ..[,a {log",}]+~[,8"110gh,)]~oas (1) ai, 0<;

(1\ )

(K is the total curvaturc, h,(c,'1) and h,(,;,I,) be the kngth functions, k[ and k2 arc known

f\~the geodesic ellrvatllre~ for the co-ordinate lincs.) hold good.

Sicwarisotl (1949) showed [hat if 1t is assumed in two-dimensional flow that (a) the surface

is thermally insulating, (b) viscosity varies a, the ahsolute temperature and (c) the Prundtl

l1umher is unity, it is possible (0 transform the coordinates so that the boundary layer

cqunlion for" <:ompressible fluid wilh a given main-stream velocity becolllc identical with

those for an incompressible fluid with a different main-stream velocity. In general, for Ihree-

dimensional now it i~ not possihle to find a lramformation to corrclate compressible and

incoll1pres~ible boundary layer~ in lhis way. However, there is one case which is amenable,

namely the case of sl11all cross-flow \Nhich ila, been fairly extensively studied for

incompressible lluids. Here it is assullled that the velocity in the boundal)' layer normal to

the cxlcl'llal stream lines and certain of its derivatives are silluli. For the incomprcs.,>iblcflow

,It ~ three-dimensional nodal point of attachment, HowlIrlh (195 j) has shown that the

•



boundary layer equations yield simibrity solution wbich arc also exact solutions of the

Navier-Stoke'~ equations. The external flow is assumed to be irrotational and given hy lax,.

hs,. _ (a + b) X.1}, where XI. X2' arc cartesian eO-Drdinates of any poinl on the tangenl plane'll

th~ slagnation point x, = X2= 0 and xJ is measured along th~ normal at the ~lagnation point.

Howarth dis~ussed the properties of these solutions f[1r c=bf =O,~.~. 3 and \: the
fa 4:2 4

limiting, values e=O and I corresponding to the two-dimensional and axially SYll1llletric

stagmllion point, respeclively. Latcr Davey (196\) ,howed that similar solutions cxist for

c 2:~1. III Davey's terminology the similar ~olutiolls for - \:s; c < 0 correspond 10 the flow

nem saddle-points of attachnlcnt and in some ea~e be related to the flow in thc vicinity of

geometrical saddle-point on the surface.

Moore (1951). Moore and Ostrach (1956), Illingworth (195R), Gribben (1961) and King

(1966) studied the unsteady laminar wmpressiblc boundary laycr tlow over two-

dimensional bodies by momentum-integral or series expansion methods.

Lighthm (1954) investigated the responsc or an ineomprcssible laminar'boundary layer

over an arbilrary cylinder to small fluctuations in the extcrnal "tream. Low and high

frequcncy solutions were obtained by a momentum-integral method.

Tclionis and GUlltn (1977) invesligated thc response of the compre~~ible laminar boundary

laye!' to small l1uctuations in the outcr fie)\\' under more gencral conditions fDr both lwo-

dimcn~ional and axi~yml11etrichodies. Vimala and N:lth (1975) studied the above problem

a~ \~el1 as a constantly accelerating 11()\\' problem fol' a cold wall and solved thc govcrnillg

equation numerically using an implicit linite-differenee scheme.

Many natural convection proee~~e~ encountered al"<:not sufficiently vigorous to the result

lhat includes vis~olls dissipation effect (Le. a thennalization of energy through the

mechanism of vi,eous stresses) which is a appreciable compared to other energy j]ow~ on

the cDnvection region. However, it is dear (Gebhart, 1962) that the natural convection flow



fields of extreme SIZC, or cxtremely low-tcmpcratures. or in high gravity, thc VISCOUS

gelleration of heat will affeet the now. In that ease external boundary layer flow over a

vertical platc surface was considcred. The dissiplltion etlcct is non-similar for the 1II0st

~ommOll boundary conditions and a dissipCllion pmameter. E;(X) = g(l x1cp arose 1Il a

perturbation analysis of the uniform temperature and the uniform heat flux surface

~onditions. The effect was calculated for a PramHi number range from

found to increase over that range.

, ,
IO-tol0,andwas

Other studies of Ihis effect and the application of external two-dimcnsional now resulls are

di',eu\sed in Gebh:ut (1962). Roy (1968) found an asymptotic solutions for large l'randtl

number for external flow Oilan isothermal sudace, using a double boundary layer concept.

Chellg (1977) investigated the combined forced and ti'Ce convection boundary layer flow

along inclined surfaces embedded in porous media. It was found that when both the wall

tcmperature distribution of the plate and [he velocity parallel to the plate outside 01 the

boundary layer vary according to the some power function of distance, ie 'x', then the

similarity solutions exist. Hassanicn (1997) studied al,;o the combined forced and free (\

convection in boundary layer.

Merkin amI Ingham (1937) dealt with [he case for a waH temperature prescribed as an

inwr,;e square rool of lhe distance from the leading edge. In a related problem of similar

~()llI[ions for mixed eonvcetion on a horizontal plate ~Iossain and Afz:11(1933) ~howcd lhal

the solutions were dual with a turning point where the shear stress was still linite. This

(onclu,ion was also supported by De Hoog ct at (19R4) and Raju ct :II (19&4).

1l1e problem of mixed convection boundary !ayei' flow on a vertical plate has been

diseuS';cd in ,orne detail. by Wilks (1974), HUlIt and Wilks (1930). Grp:agoridllS (1975)

ill1dCarey and Gebhart (1982).



The problem of the mixed convection on a horizontal cylinder has been ~tudied by i\lcrkin

(1977). The occurrence of dual solUlions in mixcd convection similarity solutions was

shown hy Wilks and Bramlcy (1980). They also considcred the eigcn vallic prohlcm nrising

out of a linear stability anal)si~ of the~e solutions. Raju et aJ. (1984) and Schneider and

\Vasel (\9l!5) studied the mixed convection on a horizontal plate integrating the boundary

laycr equations by finite difference schcmes.

Hllssanicll and Gorla (1990) analyzed the combined forced <lnd free convection in

micropolar boundary layer fluid flow over a horizontal cylinder. Also, Gorla (1995) studied

the unsteady mixed convection in micropolar boundary layer flow on a vertical platc.

1\100"C recently Quiscr (\998), studied mixed convection flow about the vertical

developahle surbees with transpiration effecls in the cnse of incompres~ible flow.

So far the au!hor's knOlvledge goes no attempt hftS yet been made for compressibk

houndal'Y laycr for developable surface in mix.:d ~onv~dion flo'" with <I spe~ia\ attention to

the similarity solution.



Chapter 2
Geometrical figures oftlIe flow configuration.

Fig (1)

A healed (or cooled) body with curvilinear surface and i;-axis in upward dirccton is
moving vertically in a compressible fluid, The physic~j model of this problem in
orthogonal curvilinear co-onlma!es is schematically ~hown in fig. (I). 1110fluid 110w
ncar the body is caused by the combination of density dilference (free convection) and
external forcing velocity (forced convection). The bowldmy layer flow is thus influenced
by the surface geometry as well as by the orthogonal curvilinear co-ordin~tes (hi. hI, ilJ).
For simplicity we consider hol'c h] = 1. According to Prandtl boundary-layer concept,
boulldary layer occurs next to regularly curved surface: where the radius of curvature
were large in ~omparjson to thc boundary-layer thiekncss. It has becn suggcsted by
KCOlp1l951] that the now m the regions whcre largc or ilTcgularly vmying surface
curvaturc callcd boundary region flow is distinguished fwm conventional bO\lndary layer
flow.
It is clear form thc foregoing remarks that one must now re"evaluate the original
simplifications of the b<>undmylayer theory, and re-examine which tcrms may. and which
may not, be neglected in writing the conservation laws.
Fol' this rcason we considcl a developable ,urface s~tisfying curvature equation (A)
ass()ciated with the differential are length of the :" 1] and co-ordinate system on the
boundary surface by

(ll)

.,-.-



On the basis of dimensional analysis followed by Quiser (1998) a few terms in the
boundary layer equation are ignored and the following forms of the equations arc
subject to our study onward for a compressible flow situation.

Eymltion of continuity

o A a-" (p "h,)+ -;::-(p \'h,)+ :;;:(1' whLiI,)= 0a~ 01) 0"

n-momentum equation

v-momentum equation

w-momcnturn equation

ai'-=0
3t;

Energy equations

(I)

(2)

(3)

(4)

(5)

Here II,V.J.1" are boundary layer velocity components in ;-," - and'; -directions; hi
h2 are related to the body surface by the equation (0). p is the density, p is the
pressure. \\'e shall consider the body lorce to be caused by gravitational
acceleration. The components of the gravitational acceleration arc denoted here by
g; and g" in sand" directions. ;'1 is the vi&cosity, k is thermal conductivity.
C
p
is the specitie heat at constant pressure and Tis the temperature oi"the fluid.



(6)

The potential flow in the main stream outside the boundary layer is the function of
(~, 1]). Hence external velocity components V. , V.and external temperuture T. be
illdependem of (,.

To eliminate pressure tenns in equations (2). (3) and (5), the velocity component
uut side the boundary layer are imposed. Imposing the boundary conditions ,,----t
V.; v----tV,,;p----tp.; T4T,: :, ----t0 we have the following equations:

[
V, au, v, BU, V,V,ah, V.' ah,] 1 BP p,

p, ~ oeg +h;{);]+ h,h, 8IJ - h,h, oeg =--h-,oeg +~g<

Aod

(7)

(8)

T =- T. (constant) is one of the solutions of (8). In view of (6), (7), (8) and
T-l'
T" _;, ==8(;,1/,;); T". -T, =tJ.T, the boundary layer equations with the

elimination of pressure terms fi'om (2) and (3) become

Equation of conti nil itv
a a a7"(puh,)+-(pvh,)+ -(p wh,h,)=- 0
Deg 81] at;

u-momentmll equation

[
u ou I' ou au uv.ah, v' Bh,]_ 1 (p---+---+w-+----- --g p-p)
.h, 0'; h, 0'1 at; h,h, aI/ h,h, 0'; h, '" '

(9)

(10)



v-momentum equation

[

U Ov v Ov 3v vu ak, /I' Oh,] 1 ( )p --+---+w-:;-+---,------ o_g'l P-P.
h, oS h, D'7 or; h,h) GIJ h,k, as h,

w-momentum equation

Energv equations

, ( u aT v aT ()T) [II oP v OF)pC ---+---+w- - --+---
p hi a~ h2 ary ar; hi as h, <11)

(II)

(12)

(13)

We confine our attention to solve the above boundal)' layer equation governing the
flow field around a vertically inclined developable surl~lee. P-c1imination is
considered in Ulemomentum equation only, hut not in energy equation at present
stage,



V,(X,Yj

I
(U, ,V. 0)

U,{X,Y)

(ll. Y, w)

Y-COll'l,

Fig 2



ChaI .:er - 3

Boundary Layer Equations and Transformations

Let us now transform the boundary layer equations, (10), (11) and (13) from physical co-
ordinates (s,ry,() to a new system of co-ordinates (X, Y, <1».The appropriate transformation is
based on the work initiated by IIlingwarth( 58). A modified following form of transformations,
a bit different Ji-om those ofHowarth-Dorodnitsyn are used.

X=fh,d(

Y= l'",d'i
"od

(14)

(15)

~1I,+av, "J
$=~~~~~= pd.

~ p,p,{X +CY) " '
The transformed boundary layer flow configuration can be visualized in (X.Y.; = Z) C(I-

ordinates by [Fig.-2]. Here G' is constant and C is additive length scale parameter, the suffix e
refer, to any convenient exterior conditions, <1> represents non-dimensional similarity variable.
pc. lie ,V< and f.1e are function of X snd Y. Guided by the idea of non-dimensionalization and
similarity technique together we substitute u and v by the following equations.

" ,- = F,"(X, Y,<t» and - = S,"(X,Y,<t»
u, v.
The independent variable transtormations given by equations (14) must be incorporated in teflTI3
of derivatives, because terms iJ1VolvingS and I] in the original boundary layer equations, (l0),
(II) and (13) arc derivative terms. From thc chain rule, we have

a ax a DY 0 G<t>a Thus ~~ = ;~ th,d;=h,
-=--+-~+--
0; 8;8X 8;3r 8~atP d 8r_~l'hd-han - ,')-,c.,., 01] •

N.B. Meand v. are treated onward instead of U, and V,.

(15.1 )

.-•..



"'~_~ ~ + "'il,[",+",,))
ax 2(X+CY) 21 P.I-'. \

~~ - -% ex :cY) + ~ {lIllU'p:,~,V.)},
..E..=h~)r3h'dlll~-.!.h,<D ~+hl<1>J!Il[u,+av,)) ~
ig 'ax 1 81; or 2(X+cYjiJ$ 21 p,p, ,yCcD
iJ ax a or a O<t:> a
-~--+--+--
(1) ory ax 0'1 "r Of! J<D

..E.. = fO", dS....z... + h, ~ _ ~ h,<1> ....z...+ h,<1>J In[u, +av.)) ~
all "a'7 ax . Dr 2 (X + eY)C<D 2 1 P,}!, , ,)1>

iJ ax a or 8 84> a
m -~--+--+--'ar; at;ax at;or at;G<tJ

a iJ 88<D8
m -=0.-+0.-+--'ar; ax 8Y a; act)

a C<t> a-~--at; ar; O<D

8<1l_o<1>JX __ .!. ",<1> +hl<1>Jtn[u,+av,)1as - ax as - 2 (X +CY) 2 1 P,J.!, L
O<P 8'<P8Y C h2<P hl<t>j [",+<1",,))
Oil '" ax all =-2 ex +CY) +-2-1In

P,P. r

8<1> ;}".+av.and - ~ ~~~~~~ ,p
ar; ~ P,f', (X + eY)

Dot> I
or, ~;- =-k P

0., <>

where,

(15.2)

(15.3)

(16)

(17 )

(18)

(19)

(20)

(21)

k,(X, Y) = p,p.ex +c Y} = N(<1» /Po,u,,(X +c y)
u.+av. V ".+av,

(2Ia]

where N(<t» = P,I-I,.
PoPo

'l1)e laminar boundary layer equations and the energy equation in combined convection flow arc
governed by the following equations, where [1, and V, are replaced by "c and v, re.~pedively_



Continuity equations

(22)

u-mementum equation along the t,-direction:

(23)

y-mementum equation along the n-direetiotl :

(24)

and w-momentum equation along the s direction is zero 50 that the have

(25)

Energv egu<ltion:

pC (~ aT +....':::... aT +..':::.. aT)_[~ a? +....':::... O?) =..E-[~OT)+<D"lh, Ds h, DT) h, D( hi Os h, (1) D( h, o( (26)

The terms g,(p~p,) and g,,(p~p,) represent the body fOl'ee components exerted on fluid

particle, where ep" .u{( :~)' +(~~)'} is known as the viscous dissipation function. <t>

represents that part of the Vi:;COllSwork necessary for the correct balance of energy in thi:.

e f . 1 [UG? VUP) h d.particular ,OnTI0 the energy eqllatlOn. "lIe term -~+--- l'epl'cscnts t c eorrcspon 109
hi 0" h, 01/

part ,,1' the pressure work. At very slow motion of fluid flow where natural convcction also
exists, the heat due to na!mal convection and compresswn ITlUS!bc takcn into account.

•



iiI general the pressure term in the energy equation is of order Eckert number, so it is ncglected.
We wall! to retain these in our flow analysis, since for slow flow EJF, is of same order. Hence
the elimination of pressure term like momentum equations holds good.
Let two stream functions \I'(c;,'7,r;) and X(,;','7,r;) bc defined as the mass flow COl1lponent~
with in the boundary layer for the case of compressible flow, To satisfy the equation of
continuity.

we may introdClC\lthe component of the mass flow relations in the following way :-
Let 1/1;'" (h,pu) and Xc '" (h,pv). Henec

; ~ Dr
VI'" J (h,pu~!'; '" J h,p u,F~(X,Y,1:»d1:>---2..

"0 8<D

" 11,pu.F(X ,Y,1:» ~ p, /-'.(X + CY) ..!.. [using the equation (15) J
- ~u,+o:v, p

_ ~f',f"'{Y +CY) ( h )F(X Y <1»
1/1- 1M" "

"u, +uv,
1/1 == k" (X, y) u,h,F(X, Y,1:»

Similarly X(X, Y,<1» is found to be

(27)

(lR)

+ \<1> f'n[~"~.+_a_"~.Jl ~ (k" U, h, F{X, y,q,)) '"hL a~ (k ou, h, F(X, Y, <1»)1 p,p, ,\



"all a 1 h<1J
+ J-' d'1-(k ou, 11, F(X, Y,<D»)-- 1 (k,". h, l'~(X,Y,<t»)
,iJS ay 2(X+cY)'

+ h,'l>J1n[U' +a v. J) (k" 11, h, F4>(X,Y,<t»)
2 1 P. fl. x

:, 'I', "'[(h,h,)k,U, ~F +(h,h,)koF(X,y,<l»~u, +koh,uJ(X,Y,<t»oh, +(h,h,)u,F(X,Y,<1»(ko),, oX oX uX

+ [}~h: dry]!kah,u, 31"+ k,h,F(X ,Y,<D) au, + k,u,F(X, Y,4» iJh: + h,u,F(X, Y, <D)(k,,),)
.(l~ 1 ar BY ar

-(ll,h,) <1> kou,F(X,Y,<1J)+(h,h,) <1J fln[u, +av, I) kOIl,F,o(X,Y,<t»] (30)
'2(X+cY) -21 p,p,)\

= [['S8hl d~]~+h;£.-~ h,<1>~+hl<Dl,"[u,+av'JI ~]khvS(X Y,$)x" ~ ~ ax "ar 2(X Y)~(I) 2 "'" (I I, ,II al} +c () P,P, r <)'1-'

[
,S" BIl, ]lk h as 8h, k h )a" ( ) IX'I'" -,-ds ",v.-+kov,S(X,Y,<1J)-+" ,S(X,Y,<1J ----'--tv,h,S(X,Y,<D)ko ,-
001J ax ax ax

+ (h, h,)ko v, ~'~ + (h, h,)k"S(X, Y ,<1» ~~ +h,koS(X, y, <1J)v, ~; -I-(h, h, lv.S(X, Y,<D)(kJ,

c<1J <1Jll'u.+a~J)-(h,h,ll(X+cy)kov.s,,(x,Y,<i})+(h,h')l In P.t.'. yk"v.S",(X,Y,<i}) (31)

But we have,

w= __ l_(~/<+X") (32)
p!l,!I,

Substihlling ~/, and X'I from the (30) and (3 I) in to the equation (32), we get

'[ OF au, iJh, (),-. IV '" --- (h,",)k,,",-+(h,h,)koF(X,Y,<P)-+k,h,,,.F(X, Y,<P)-' +(h,h,)".F(X, Y,<I') ko ,_ph,", ax ax ax



_ (h,h,).--$--k"u.F(X .Y, <1»+ (l1,h2) cD J In[-"~' _,_a_"~,)) k"".F<J>(X,Y,<1»
2(X+cY) 21 P,t.". ,"

['I'" ]r ,as ", h" a" ' ( ) )+ 0 CT]d!; 1koh,v, uX + kov»(X, Y,<1»ax + k
"

,S(X,Y, <1» ax + v,h,5(X, Y, <1» k" ,\

(33)

I [OF au k, ah, () ["luh, ]or, W=-- k"u,-+koF(X,Y,<I»-' ,-u.F(X,Y.<1»~+u<F(X,Y,<1>J k" • + --~dll"
f' ax ax h, uX , as

1
ko aF ko au, kn,' ah, 1 ( ))-G, -,-F(X,Y,<b)-,~uJ (X,Y,<t»-+-u,F(X,Y,<!» kor

, h, ar h, or h,h, ar ",
_ <J> kou,F",(X, Y, <1» + c!JJinC" + av, I) kou,F",(X.Y, <1» + [f~hl dsJf.~~v.as
2(X+cY) 21 P,f.!')y 0011 [", ax
ko (Jh, k", 'lUI',. I. S(X Y ~)(k) ) as av,,-vS(X,Y,<t>j-"-5(X,J,<t>-,-I', ,.'¥ 0 \ +k,v-+koS(X,Y,<1»-h,", , ax h, ax fr, . "ar ar

+~s(x,y,<1»I'. ~h, +v,S(X,Y,<l»(kol, _ c<1> k"v.S",(X,Y,<D)
h, or l(X +cY)

+ <1> J1n(", +«v,)) kQv,S",(X,Y,<l»21 P,f.!. ,

a 1 [OF Uu, ko. aft, () ['13k' ],w-" -- kou, -:::-+ koF(X ,f,<1»- + -uJ (X, Y,<1»- + u.F(X, Y, <1J)kD \" + ---;::=-d'l
Di; poX aXh, ax - .os

lk aF k all k iJh, 1 )-.JCu,_ +-' F(X,f, <1J)-' +_n 1<J(X,Y, <1Jl---;::=-+-uJ(X, Y,<l»(k,,),
h, af h, ay h,h, "Y h,

_ <I> kou,F",(X,Y,<I»+<1JJ1n(u. +av.)) kou,.1':,,(X.Y,<1')
2(X+cY) 21 P.P. \

l'IDh, l1k" as ko ali, ko av, 1 ( ) ), -,-d, -",-,-+-v,S(X,f,tfl)-,-S(X,Y,4ll-+-v,S(X,Y,<I» ko \'
n (Jl) h, ax h, h, ax h, ax h,

as UV, ko ()h, , ( )
.dov, ay + k"S(X ,f,tfl) ay +--;;;-s(x,r, <1llv,ar H,S(X, Y, w) ko r



,$ "'1 [1I,+a
v'Jl 'J I a-----,k,v,S"'{X,y,<I»+- In ~-~ kov,S",(X,Y,W) -p-

2(X + eY) 2 P, fl, , k" A<1>

, [OF au ko ah, (k"),, [-luh, ]=> w- = - H, -+ F(X,1',<1»-' +-II,F(X,Y,<llj-;::-=-+II,F(X,Y,<!')--' + -d,) *
as ax ax h, oX k" 0 c,g

(
I BF 1 8u, 1 all, 1 (ko),.)-', - + - F(X, Y,<1:»- + -u,F(X, y. <P)--;;-=- + -u,F(X.Y, <1»--
h, 81' h, Dr h,h, or h, ko

---"'--u,F", (X, Y,<P)+ <D 110(-"-' +-"-"-ll u,F",(X, 1',<1»
2(X+cY) 2 P,f.!, ,

+[JDhldE]!-' v, as +_1_v,S(X, Y,4» ~h, + _1 sex, Y,<1»8v. + _1 V/I'(X, Y,<1» (kn) ,)
,,01/ - lh, ax h,h, oX h, ax h, k"

as ev, I ah, (ka),
H, - + S(X, Y.<1»-,-+-S(X-Y,<P)v, -;;-+ v,S( XX <1»--

Df or h, of ko

---""--v.s,,(X, Y,1» + <I> J1n[-"'-+-"-'-'ll v,S",(X,Y,();»]_'
2(X+cY) 21 P.I!, f' 8<!J

.!!-~=~F(XY<t»[h~+['Jah'd'I].!!.-._ <1>11, a +<1Jh,f'n[",+av'll-'-]
h,a~ 11,' " 'ax Dig or 2(X+cY)A<t> 21 P.Il, .,0<1>

And

:.~.E-=~s,,(X,Y,<l»[[fahld~] 8 +h,~- c<Dh,~+<l>h'110(u,+av'll-'-]
h,ury h, 001] ax -ay 2(X+cY)8$ 2 P,iJ, y8$

The convective operator, are as follows :-

(34)

(35)

(36)

(ua va cl. a F:"(X,r,<1»['j'Ch,]a <t> A--+---+w- =ul' (X Y <1»-+" ~---, -' dll ------u F (X r.<1:»-
h,D.; h,o,! De; '1" ax' hi oae; ay 2(X+cY)'" ,)'1'

+ <t> Jln[u, +av'll u.F.(X,r,<'t»_'_+_vc s,,(x,r,<'t>/ll-Dh_,d,]-'-+v.s",(x,r,<D)-'21 P.P. x a<:l>h, 0 a" ax ar

c<1> , a <:1>1 (u" +av'll . a of a au, a----v.s,'(A:,Y,<t»-+- III --- l',S,,(X,Y,<t»-::;--u,---F(X,Y,<t»-,---
2(X +cY) 8$ 2 P. I'.,. 0<1:> ax i'J<!> "x ,)c[J

J • , 8h, a {kill, a 'j'8h, (I aF a 1 8". a
--d(X L<1»-'--u F(XY"')--' -- _dn -" --+-F(X Y$)--
h,' ' ax i'JtP ' " ko i'J<!> I) ae; " h, • ar i'J<!> h, " ay 8$



I "h, 8 1 ., (kn), a)", ,.--F(X,Y,<t»u,--+-u j,(X,y,<:t»---- .----u F",(X,Y,<1»-
",h, aY 8<l> ", • ko O<IJ 2(X +cY) , D<iJ

_ <D f1{", +av, Jl u,F,"(X,y,<1»~ + __ "'--U,F:,,(X,y,<t»_d-_ <1>fh{u, +<11', J1 u),:,,(x,Y.<l»-'21 f'.II,. L 8\ll 2(X+cY) in> 21 r,.!-', L ()Il

'j'iJk II as a I 8va I Dh, a 1 (ko)" ill- -" dt -v.1-:::-+-S(X,Y,<1»-' -.-S(X,Y,$)v, --.-v,S(X,Y,<1»----
"All - h, c>r 0<1' h" ax ot> h.,h, ax 8'<1> ", k" ;)1>

iii) i), 81',. (I 1, oh, a (ko)" i)
- v, -,-y-",,- - SIX, Y, <1»-O-Y-,""---/" v,SI- (X, Y, <1»-"--0<1>- -voS(X, Y, <1»-,-,--",,-
+ c<1J v"S,,(X, Y,<1» ~() _ <1>J In[-"-' _._"_"_' ')1 ,".S",(X,Y, <1J)_a_[~~ + _, _6_ + w-a-J

2(X+cY) 8<P 21 P.p, L art> h,o.; h,a'l (11;

= u,l'i(X ,Y, <t» ~a + u. F",(X, Y,<1»[fDh, dl/J~ + ~s., (X, r,<1>\rilh,d~J--Z..-+ v,s., ex, Y,(I»~
(L¥ h, 0 a( iJY h, 0 alJ ax Dr

BF a , au. a I Dh, i3 (k"l \' a-a ---F(A,Y,<1l)----u F(X,Y,<t>j---u F(XYq,)----, ax 8<D ax ()<fl h, • Wi' oeD ' " k, a<P

'j' ah, 11 of i) I iJu, 8 I ak, a I (k,,)y a f- -- drl-u ---+-F(X Y4»--.-F(X Y<D)u--+-u F(XY4»----
o ar:; h,' ay iJ<D h, " 8Y 8<t> h,h, " < DY f)<J, h,' " k" aa,

'f'ah'd;!l as a IS av, (; I S y~) 8ho a 1 (k,,)\_ 01
- 0 8ry .,1h, v, -ax--""-+-h, (X.Y, <t»-ox--''''-.-h,h-, {X, , '¥ 1', -ill; -",,-+-h, V,S(X, r,<t»-k-, --""-I

os 8 av, 0 1 ah, a (k.,), a_, ---S(X,r,<1l)----v SF(Xy"')---v sexY4»----
, or o<t> ay a<t> h;' " ay a<t> • " k" a<tJ

0<.

[
u a v a a J' a a aF a, au, a--.--+w- =u l' (X Y "')--'-v S (X Y<I»--" ---j.(K.r <t»--
h,a~ h,ary or:; ,"',' ax ,'" " OY 'i)X()<D , 8X8<1,

_".FrX,Y,(I»)(kolx :' -v, as 8 _S{X,y,<t»~v< ,0 _V,S(X,Y,<1»(k,)r a
k f'<t> DY Dlf' oY 0<1> k il<I>" - "

or" F",(X,Y,(D)(}ah, dIIJ~+~S (X Y <t»[rah, ds'J-"-_-l u F(X r <1»ah,!l....
, h, oat; ar h, "', ' - "a'l ax II," " axa<l>

_.!.v sex Y <D/h, 0 _ 'jDh, d,l-~-u aF iJ +J.. F(X Y <l>/u, !l....
h,' " OY o<t> n ar:; 1h, 'or o<1l h, " Dr a<t>

1 oh, a I (ko), a f 'j'8h, lias 8+-F(X Y,'I-')u-' -+-u F(X Y <l»---- - -de -, --
h,h, ' , OY (')<fJ h,' " ko oW (I a'l II,' ax i7<l>

+-' SIX Y <l»av,. ~+_l_,(X Y <l»v ah, !l....+_1 ,S(X r <I»(k"lx 8)
I "'X'~lh'" ,~~ I'" ~" 0 G"" "2 oX o<l> I, k, oW

II



iJFD( ) OU'''( ) (ko)xo( )-", ax Qctl u.F:,(X,Y,<t»-F(X,Y,<t» ax OCI> u,F",(X,Y.<1»-u,F(X,Y,<t»T i»> u,F",(X,Y,(\»)

as i3 ( ), aI', a ( ) (kol, a ( )-V,--- U,P.,(X,Y,<1»-S(X,Y.o1»-- u,F",(X,Y,<ll)-v),(x.y,<P)---- II,F,,(X,Y,<1J)
ilY,!<lJ ar (7(lJ k" O<tl

F(XY<J»["'h J8 ['"~ J'+11, '" ., J~dl/ -,(u,F,"(X,Y,<D»)+~s,"(X,Y,(D) f~dq --Z...(u,F,,{X,Y,<i»))
h, oat; iH h, oa" ax

I ah a ) I ah, a 'S'OIr,
_-11, F(X,Y,'i')-' -(u,F",(X, Y,(ll) --v,S(X,Y, Q»)--{u,FQ>(X,Y, <1»)- -_ dl}*

h, ax a<t> h, Dr 8<P 0 iJ~

1
1 aF 0 1 au, a 1 oh, a 1 (ko)Y a)_" --+-F(X Y 'i,)--+-F(X Y <1J)u--+-1/ F(X Y $)---
hi • Dr iN' h, " ay i»> h,h, " 'ay 0<1> hi < " k" i3<I>

( )'JDh,!laSi31 eva1I.F",(X,Y,<lJ)- -. de -,.--+-S(X,Y,<D)-'-
"01) , h, ax 8<l> hI' ax 8(/)

I ah, a 1, (k) a)+-S(X,Y,'I»v,-::;-,,--+-v/i(X,Y,<P)-' -' -,- kF",(X,Y,<D))
h,h, dX i»> h, ko oW. [Ii a v ~ ,D J _ ' of," (file' ,aF~..__ ;_ +»- II-II, F,,(X,Y,<P)-+u,--;;:-;F,,,",(X,Y,<l»+u.v,.'i,,,(X,Y,<l»-
h, as h, ar} at; ax oJ.: ilY

au", , 8F au,
+v,F",(X,L<l»S",(X,Y,<l» ay -u, axF",",(X,Y,<1J)-u, ax F(X,Y,<l»~,,,,,(X,Y,<l»

'( ) as, av",
-II, logko ,\ F(X,Y,<1J)F"",,(X,L<l»-u,v, uy~"",(X,y,<l»-u,5(X,y,<l» DYF.,,,,(X,Y,<l»

(1 ,) 5' Y ). F,,(X,Y,<l»["S8h'd J D ( )-",V, og 0 r (X,Y,<l»F.,.,(X, ,<lJ -'-", h, 0 Dt; 'I BY u,F",(X,Y,<l»

". ['S"hl J a ( ) 1 2 a",+-S",(X,Y,<l» --:::;-ds- u,F",(X,L<l» --', -,-F(X,Y,<l»F"",(X,Y,<l»
h, 0 GT/ ax h, oX

1 Dil", 'sI8h, (I ,aF 0--u,v,-S(A,Y,<l»F",,,,(X,Y,<lJ)- -drl -u, --F"",,(X,Y,<l>}
ii, 8X " Ot; h, OY a<l>

1 [fII, 0 I 1ah"+- F(X, Y,<l»-- F"",,(X,Y,<l»+ -" -!'(X, Y,<tJ)F",,,,(X,Y,<lJ)
h, 8Y a<lJ h,h, ' oY

~ '(1 ,) . (X Y 'j) 'SOh, "1-1 os F+ 11, og 0, F(X,Y,<lJ)!"., ' ,'" - ,~ ",V, 4><,,(X,Y,<l»
h, 0 a'l h, DX



1 Ov., 1 ,8", .
"-", -.-,)., (X, Y, <I')F",,,,(X ,Y,<I:» + --", -S(X ,Y, <I:»J'",,,,(X,Y, <I:»

"" ax ",,,, oX

., _J "V (logk.,), S(X,Y,<I:»F,,,,,(X,y,<])))
I" .
"

..::::...a", = ",V. F;"(X ,Y,<I')S",(X ,Y,<lJ) ~h, [Iah, d;~
h,h, Ol} h,", cY oO!) UX

+" ..2..._::.. h,<I:> C +h,<I:>flnl'",+av,)) -'-]h
'aY 2(X+cY)c<1> 2 l P.I-'. I'c<1>'

~ Oh, = II.v, F (X Y <I')S (X Y <iJ) 8h,hh a hh"' " ," " ~}.,,'1'2 0
11V lah ah

" "-,, F",(X,Y_<D)S~(x,Y.<D)J-' dc-'
h,", 0 011 'ax

v'ah,v'" ["j1ah;0-''""=-'-s,', (X,Y,<D) h,;-+ --::=-dry-;;-
h,", a; h,h, c~ "u; cY

-~ h,~ -'-" h''''l(al''' ""', J) -'-]h
2(X+cY)8<I:> 2 P,P, 8<I:> 2,

~ah,_ v,' S' X Y<lJ ah, + v,' S' x r <:t»8h, 'jOhlr/1h,h, 0; - h, '" ( , , ) oX h,h, 'I' ( " ar 0 a; I

u, ou, ~ au, II, au, 'jOh, J----" -+--- -- 'I
h, a; 'ax It, i:lY 0 0;

(37)

(38)

(39)

(40)

(41)

(42)



~ 0 [p~l= (11, +av,) U,[~F_(X,y.<I»J
pat; at; (X+CY) P,P, ,"

Inserting (37) to (44) into the U-lTIOlTIentumequation (23). we have,

(43)

(44)

, . X Y of,,, au, F' X Y S X Y ) of,, F S au,,;r",( . ,<1» ax +11, OX ',,;{ , ,cD)+u,v.' ,,( , ,'I> or +v. ',.(X,Y,<I», ",(X,r,<1» a;
- u; :; F",,,,(X, Y,<1» ~ u, ~~ F(X, Y,<1»F:",p(X,Y,<1» ~ 1,;(logku l.1 F(X, Y,<1»F_(X,Y, <!J)

- u,v, :; F~",(X,Y,<1» ~ ",S(X,Y.<l» ~; SIX, Y,(I»F~",(X,Y,<1» ~ JI,v,(log k,), SIX, r.<1»r~.,,(X.t,<1»

+u F",(X,Y,<I»['J'8h, d J~("F (X Y $))+~S (X Y,<I»(J' 8h,d"l~("F (X Y OJ)
• h, "at; 7] ar ,'" " h, "', ~"a,) ~ ax ,~ "
!,ah, ,I ah"

- h, ", ax.F(X,y,<I»F",,,,();,r,<I»~~",y,, ax'S(x,r,<\')F"",,(X,Y,rI»

')'ah, J I ,aF 1 ou
- u o( dill~u; oy F~,,,,(X,Y,cD) + ~'F(X, Y,<I»u, a}: F"", (X, Y,<\')

I ,ah, I '( ) )• -,; -- F(X,Y, <1»F"",(X.Y,$) + -u, log ko r F(X,Y, rI»F",,,,(X,r, <l»
h,h, OY h,

'ah II as \ av- )-' d~ -u,v,-F",,,,(X,Y,<I»+-1I,~S(X,Y,<l»F ••,,,(X.Y,<I»
" al) h, ax h, oX



I oh,,_ 1) ).;-hih, v. ax S(X,y'<t»F",,,,(X,Y,<l»+ h
2
u,v,(Iogk" \ S(X,Y,<I»F"",,{X,Y,<ll)

".\'. . oh, u,", ~jah, eoh,, __ p",(X, Y, <t»S,,(X ,Y,<i')-, -- F",(X, Y, <t»S,,(X'y ,lD)-d,-
hih, ar h,h, " a'i ax

_ ",' S~(X,y,<!)ah, _ v,' S~(X,y,<D)ah, 'jUIt, dl]== (u, +m',lu.( Pli F"",,(X,Y,<t>l)
h, ax h,h, DY 0 c; (X +CY) P,jl, '"

1 (p-p,) p<! au, II,CU"j'Dh'd au" v,au"j'ah'd" ",.v,Dir,+-g, -- ,- " -,--- -- '"" -,-- -- <,----
ii, - P p' ax hi ar" 0;: < ar h, ax I) a'I" h, ar

+ u,v, fah, "f'0h, _ ,,; 8h, _ v; Dh,'jah, d'/)
h,h, DalJ "ax 11, ax h,h, ar D 0;

= (u, +av,l 11,( PP F""t,(X,y,<t»~J +~g [p-p,)+p, fu, cu, +u, e::, 'rCh,.dTj
(X +CY) P,.fI, '" hi' P P1 ax 11of r~

. au, ",. au,. 'jOh,d~ u,v, oh, ",V, 'j' oh, doh, v; oil, v; ilh, 'jl ah, d )"" -,--- -- ,---,-- -- (---------- -- 'I'or h, ax fj 0'1" h, 8f h,h, , (1) ax h, JX h,h, ay" 0;



(u,+av,) [pJJ L' (Xy-,'J J [p-p,] P. ou. p, &1.1,~ " __,. '" +-~ + 11 -t-" -
(x+Cy) • P,I-'. 0"" " '" h,.< p p' ax p' BY

-u, ~; F~(X,Y,<D)-v. ~; F",(X,Y,<D)S,,(X,Y,<t:»

8u 8v
+1', a; F(X,Y,<t»F"",,(X,Y,<D)+u, a; S(X,Y,'D)F...,,(X,Y,<1»

_, ,,~(log kJ,\ F( X, Y, <t»F"'" (X, Y, <1» + ". v. (log ko), S(X, Y,<1>)F,"", (X, Y, <1J)

of., 2 of as
=u,,v, ax S.,,(X,L<D)-u, axF"",,(X,Y,c1»-U,v, oyF",,,,(X,y,<Il)

, of," [u, 'lj8h, a ( )
+U, ax F,,(X,Y,<1J)+ ""h,F",(X,Y,<t>lo i.J~dry or U.F<b(X,Y,<D)

V,. , 'Jilh, i) ( ) 1 , oh, .t-S",(X,Y.<t» -ds-;::- u,Fq,(X,Y,<t»--", -,-F(X,Y.ot»f"",(X,Y,<lJ)
iJ, 0 all oX h, ax

1 Bh" ['j8h, lIt ,oF ,--u,v.-;;-.'i(X,Y,<D)F",,,,(X,Y,(D)- -e d1] -Ii, -F<><l>(X,I,<1»
", ,,Y , 0'; hi or
1 CU, . 1, oh,

+ -II, -F(X, Y, <l»l'"",,(X,Y, <t» + -'. -' F(X,Y,<1»F ""',(X ,Y,<D)
h, or ",", BY

J '( ) ) ['j8", 'Jl J as+-u, logkQ, F(X,Y,<D)F",,,,(X,Y,<lJ) - -d, -u,vc-F.,,,,(X,Y,4»
", • Dry h, M
1 av'0 ,1 (jh, YIFt-".-.,(X,Y,4»F",,,,(X,Y,<1) +--u,v,~S(X, ,cD '"",,(X,Y,<t»
ii, 8X h,h, oX

, (,) . (X Y ) u.v, iJh, S' (X Y •t-u,V, ogk" ,S{X,Y,,",)!',,,,,, ' ,<1» +---.- '" ' ,<1»~,,(X,l ,<lJ)
h, h, or

II,V, fih, ~Jah, " 1 ,oh, " v; Dh, 'J8h, "< __ -d~S,"(X,Y,<1})F",(X,Y,<1»--,-.s",(X,Y,<1»-~- -d'l5.(X,Y,<l»
h,h, DX0 0" h, < ax h,h, ax 0 8'; ,

P. 111, au, 'J'ah, v. ;m, 'j' ah, d" /l,V. Ah, U,,", ah, ~Jahl v.' ah, v.' 8h., 'I' 8k, )]___ - -d"t--- -- ,t----t---- --d;------ -d" .
p h, Dr 0 as h, ax 0 U!j h, 8r h,h, ax 0 aT! h, ax h,h, Br 0 rg



1I,(X+cY)ll DII, I ', ---+(logk,,).,_ F(X,Y,<1»F",,,,(X-Y.<I»
(II, +(>'1',) ", ax
v.(X +cY)ll 8v, I . u,(X +cY) [p" ], , -- + (logk,,), SeX, Y,<1»1'_(X, Y,<1»+ (l"gll,), - - F",(X, Y,<1»
(u, +(>'1' ••) ", ay (II, +UV,) P

v,(X +cY) [Po ],----(logu.), - - F~(X,Y,<I»S~(X, Y.<1»
(lI, +av,l p

u,(X+CY)[., aF", OF] V,(X+CY)( aF", <1")~--- l',,(X,Y,<I»-- F_(X,Y,<I»- ,---, S",(X,Y,<I»-,-- F",••(X,Y,<I»- + 11"
(u, +(N.) ax "X (u, +av,) oY ar

where

(X +cY) [U, ")iJh, i3 I )H" =-----,-F"'(X,Y,<1» -,-d"- "J,,(X,Y,<I»
u,(u, +av,) h, 0 Os "Y

", 'j"h, ,a I' ) 1 ,ah,,-s", (X, Y,<1» -d, - u.!',,(X ,Y,<lJ) - -", -, F(X,Y, <I»F_(X, Y,<I»
h, " ("7 "X ii, Wi.

I ah, ('J' ahl )J I ~iJF .-~u,V,. i3YS(X,Y,<I»F_(X,Y,<I»- 0 a.; d'i 1~'"ar f"",,(X,Y,<1»
1 Gil 1 ,oh.

+ -u, -" F(X, Y,<1»F""l'(X, Y,<I»+ -,,; -' F(X .Y,<I»F_(X ,Y, 41)
h, ay h,h, ar

"I ) I (')ah, ')1' '"+-11, logk, , F(X,Y,<1»Fo,,,,(X,Y,<l» - ----:;-d.; -U,V,-, F"",,(X,Y.<lJ)
hJ ,oq ~ ill
I 8v I ~.

'-". -' S( x, Y,<l»F:"",(X ,Y,<I» + -II, v, -' S(X,Y. 41)F",,,,(X,Y,41)
11, ax h,h, 8X

+ ~, lI,v,(logkot S(X,y,<1J)F'"'J,(X;Y,(l)}}+ 1I~~,~~ S"(X,Y,<1J)F,,,(X,Y,<1J)

'h"1 1 -h I "h'''1li,Y, 0 , JO I, " .' (J,: . V," 1 j,n, I' .,---- -;-d~ S"JX, Y,<1J)F,.(X.Y,<1J) - -', --;::-:;-S"JX,}.<]» - ---,- --, (qS.,,(X,}, <1»
h,h, ax" G" h, (J); h,", "x " as

_ p, J~DII,'j')h, d,,+~ au, fah, d.;+ li,", Dh,+ li,", oh, fOh, dl.;- v,' ah, _ v,' 8h, 'fall, dill].
I' 1h, DY 0 8'; 11, ax 0 a" . h, i3Y h,h, ax 0 a" - h, ax h,h, BY Q ac;

Finally u.momentum equation takes the fom].

~ [1')1 F",,,,(X,y,<1J)] +{p, +f.lu)F(X,Y,<lJ)f~""(X,Y,<lJ)+c(p' +f.l,)s(X,Y,<lJ)F_(X,Y,<1J}
P,P, ••



(45)"[J(IF, Fool) .;[(5,5" ll]Hi
(X,<1l) (Y.<I» "

whet'e, U,,' '" g,fir""T x characteristic length, character;,l;c length", _1 (X +Cy),, h ,

(X +cY) [, "joh, (j ( )l1,=----,-< ~"(X,y,<l» 7d'l- u,F",(X,Y,<l»
u,(u. +al',) il, oo;?Y

"'h' 1 'hv" ie, hi ' ) ,0, .• -S •••(X,Y,<!J) -d!- uJ",(Ji,Y,<l» --", -r(X,Y,'l»F"",,(X,Y,<D)
Ii, 0 all ax h, ax

1 3h" , ["j8I<' ]\ 1 , DF--1'.1', -S(X,I,<1»F",",(X,Y,<t»- ~; d'/ -u, -.-F",,,,(X,Y,'i')
hL or 0 u" hi or
leu, ],f)h,

+-u,-' F(X,Y,<P)f",,,,(X,Y,<t»+-,; _.F(X,Y.(j)F"",,(X,Y,<1»
h, or h,h, or
1 '( ) 1 ['Jah, J\ I as,+-u, logko ,F(X,Y,<P)F"",,(X,Y,tP) - -d! -u,v,-fi""JX,Y,<l»
h, J 001/ h, ax
I EN" I ah,+_", --S(X,Y,<P)F",,,,(X ,Y,<t:»+ --li,V. -S(X,Y, w)F",,,,(X, Y,<I»
h, ax h,h, ax
1 () ~l ) !I,V, all, '"-lI,!'., logko \ SeX,y, ••..~,""(X'y'<D) +---;::-S",(X,Y,<l»f'",(X,Y,<t»
h, h, ar
U,v, ah, 'j' ah, ,1 ,all", v; all, 'jOh, ,+__ -d;S",(X,Y,<t»F",{X,} ,<t»--" -S",(X,Y,<t»--- -dryS, (X,Y,<t»
h,h, ax 0 0" h, 'ax h,h, ax 0 Os "

(45a)

and J denote~ the the Jaeeobian

The boundary conditions are,

F(X,Y ,0)= F~X,Y,O)=O, F",(X,Y, <:<:)=1, S(X,Y,O) = S<l>(X,Y,O)= 0, S",(X,Y, <:<:)=1

e (X, Y, 0) = 1 , ° (X, Y, <:<:) = °
Coe!Tieien!s of dependent variables (F,S,O and their derivatives W.r.to <t»in U-1l10men!um
equation are as follows:-

(46)



Ifth~ eoetlieients are treated as constants as Silmlarity requirements for a incompre"ible case ill

addition to ~ = Q, the coefiicicnt bccomes n where n is given by an equation
v" l+aQ

U, '" uo(X + eY)".

(I) u,(X +cY) ~{logu.J
Cu,+av,) ax

a
u. 'JX{logu.}

=
(u. +av.l ~{log(X +cY)}ax

'" n = ~, the common co-cfficient for all the terms except I" ~nd l~;t term for u-
l+aQ

momentUlTIequation.

(2) v,(X +cY) a {logu.l
(11, +av,l Oy

~Ilonu )
i'Jy ""

, ,
(u, +av,) !JOy(log(X +cY)}

"Q-~-,
l+aQ

Ie}

"'cQ~

(3) u,(X +cY) ;-(log(u,k,)}
(11, +av,) oX

[

~Ilonu 1 a (logk I ]
= "< ax = " " ax 0

(u, +av,) ~{log(X +cY)) Y-{log(X +cY)}
ax ax

.C I 'I }-'-{logu" u -'- logko I

= ", iJX +" _ox , c(ln~idering~ = N(<t»
(u, +av.) a: {log(X +cY)) (u, +av,) a: {log(X +cY)} P,/I,

= n [" + N (dJ )"" J, where n is given by the expression (C) and 110is related as
l+aQ

110 =l-n (D)



TfUeand v, are propoltional, so that u,=Qv, 01'~,_= Q where Q~prop0rlionally
".

~on,(anl, I~
(u,+av,) l+aQ

D a
-(logll) -(1ogk,,)

and ax ' - n(eonl), ~K -N(<p)no
~{log(X +cY)} ...£..{Tog(X+cY)}
ax ax
u(x+cY)a{ ( )}Iknee,' 10gll,k" =(fi+O,,)
(u,+av,J ax

" "wbere. ~ = and no == "1+(.IQ l+aQ

(4) ~y,~{X_'_'~Y),_a(Tog(v,ko)}
(u, +av,) DY ,

[
a' ]-{lo"v} -"-{Iogk }

1'" Bye, OY (I

= (u" +av.) : {log(X +cY)} c+ ~{log(X +cY)} c
or ar
--'-~{Io y } 8 { },) ay " - logkQ== v, ~ c+ v. ar c

(u, + a v,) ~ {log(X + cr)} (u, + av,) i!..- {log(X + cY)}
of i:lY

I Q
= (;---n+ ,I,'(<P)c---,',

l+aQ T+aQ

= dfi + N(<P)O,,)

= c [n+N(<P)J1oQ]l+aQ

i.e. Convective operators (for v-momentum equations) are a, follows :-

[
" y a a J [ - 8 A aF a---,--->w- v", U r {X.Y <P)-+v S {X y »--, -_
ha!; iJ,OI] at; ,',,' ax ,'" ,. Dy "(Jxa<p



_~ F(X .Y,<J:l)ah, ~ -~S(X,Y. <1» ah, ~ _ }ah, dl/J ~ 8F + 2. F(X, Y, <11) au.
", ax &"<1' ", Df 0<11 "oi; 1Ii, DY il, "I'

+~F(X,Y.<p)8h, + 3:-F(X,Y,<t>/k,), ).i-_ JOh,d!;J~ as +_1 S(X,Y,<tJ)Ov,
",", 81' h, ko a<tJ "oJ] 1il, ax h, ax

" 81;", (ko),)']+-~S(X,Y,<p)-+-$(X,Y,<1J)-- - l' 8,,,(X,Y,<tl)it,", ax II., ko 0<1>'

l"',D 'J[ , 8or. --.-" ---" w- V= uJ",(X, Y,<lJj-(V,S",)v,8",(X, Y,<l»-(v,S,,)
he; h, U!) at; ax or

OF i'Ju ( )- u.v. ax S"",(X, Y,$) - v. ~ F(X, Y.<D)S",~(X. Y, <Ill - u,v. Jogk, x F(X,Y.<\')S"",,(X,Y,<IJ)

_1',2 ~ S",,,,(X, Y,$) - v, Z; SeX, Y, <1')S,,,,,(X,Y, <1» - ", l(logko), sex, Y, <tl)S"",(X, Y, rI»

+~F Ix,Y.Q.l)'j" oh'dl ~(, S )+~s Ie>' y ~)'jDh'd~..£..(Vs _ u,v, ah, •
I " ~~ I ~y ,. h '" " ,., ~v "pl h 8V
1, GO~U , ,,(II/VA ,I'

_ V.'~" 'jM, Iw,oF}'(X,Y,<1J)S_(X, Y,<tl)---S(X,Y,<D)5,,,:,(X,y.<t» - ~'/ -,
h, ar c o~ "] (,Y

I 01''' ah,+ _ F(X, Y. (I')~ +-'- F(X, Y, (I')--;::-=-
h, ,,)' h,h, oY

, 1 : ah (vas 1 EN,-' F(X,Y,'I»(logko), v,S"",,(X,Y,<1»-j-.-dc -' 7'-S(X,Y,'I»~
h, 0 07/ IJ, oX h, uX

+ ls(x, Y,<1» fjh~+ .:!..S(X,Y,<1»(logko)x ~,S•.",(X, Y,(1))1h,", a..\ h,
Now,

~ 0/', =:::& F (X Y <Xl)' (" r <I>}[h ..£...+ 'Joh, dl'..£... _ I ",'!> a" h,<Xl(In u, + av,)' -,-],
"

" " '" " '~'" ,~V , , " ' })~ ~,',',~, ',', v., ,i\ vY ~('(+C "",2 P,I'. ,_'-""

(47)

I,V (~h 11 v Bil u v 'I ail ah (48)
_..:....2=~F (X 1'.<1»S(X Y.<l,)--.2+~F (X Y<Il)S(X Y4»j-' d,,--.2
I I a' I ", "', ;'v I h •. " "' " 1-" ~y
','~ ~ I, VA '" " c" 'j



.::.'.... i'Jh, = ~ F", 2(x,r,<l»[i"'h, d,;'~+h, ~ _.:. h,<1J (3 + ;',$ fin u, +av,) ~]h,
h,ll,o" h,", 00'1 ax or 2(X+cY)0<fJ 21 p,p, ,O<fJ

II,' oh, '" II,' F '(X Y $)oh, + II,,' F '(X Y $)')011,droh.'" ", "', , ~h,ll; a'l ii, oY hJh, 1I QIJ - ax

i.e, ~ i'Jv, =u D", +~'Jah,dl]i)v,
h,G{ 'ax h,uo{ BY

2:•. UV, = v. m', f8h, d{ + v Ov,
h, 0" 11,ax "a'i ' AY
",", oh, = I',", oh, + ",", ok, filh, drj
11,1.,as h, ilX h,h, ar u Os
l!L ah, = u; oh, + u; uk, soh, di'
h,h, Dry hi ilr h,h, ax u 0'7 ~

lD[""]18(I}ofocIlO ):. p ar; f.l a; = p ar; ac1>111ar; C<t:> V,S••(X,Y,<t»

01.

I a [ eN) 1 ;j{". +av.l D i \{(u. +av,l 'X )--"- ~-~~~~~~p- p~~~~~~pv~ ( Y<l»
par; 'at; p~P,fI.(X+CY) G<t> Jp,J1,(X+CY) "DO, "

.. .l-E.-[, '"] = (1', +av,l v [ pit S (X YO»)
"( f y (X "Y)h • """' ,P(j. "." +e.-, Pol.!, '"

Substitute equations (47) to (54) substitute imo the eq WItion(24); we have the

v-momentum eqLIalion in compressihle flow as fbllows:

(49)

(50)

(5 I)

(52)

(53)

(54)

Where,



(X +en [". 'jOh, a I " !jGh, a I .H, =---- -F",(X,Y,<1» -dq-;:- ",S••(X,Y,<t»)+-S,,(X,Y.<1l) -J,-, v"\,,,{X,Y.<t»)
v..cu.+av.l h, 0 "s of 11, 0 01/ ax

1 Dh,. ,1 iJh, I, 'Ij". l' AF
- ---, 11,",1' (X, y, <1»5••••(X, y, <1» ---v, S(X,Y,<l»S",,,,(X, Y, <1» - -d,) -11,-
h, tH. h, Dr " Os fI, Dr

I A", I 8h,l. III- - F(X, Y,<1»- + --u'p(X, Y,<t»-- +-u,1' (X .Y.<IJ) logko]' V)'q",(X.Y, <1»h, of h,", Br h,
'jolr, lv' as 1. _ avo I , _ 0", J • I )).- --:::-d!; --. +-S(X. Y,<D)-. + - •.•,,(X,] .<1»_. +-",S(.\ ,Y,<l') log.", ",.1_(.1. r .<1»,_"'7 Ii, a.I!>, ill 11,11, en h,

1 ,i3h, 1" 'jOil, ah,+ -!i., v,F." (X, Y,<tJ)5",(X,Y,<D)-,- + --lI, vJ' '"(X, Y.<1».'>., (X, Y,<Il) -d'l-
", eX ",h, " as Dr

_I',' F",'(X,y.<f:>/h, +~F",'(X,Y,<1»Jah, ds~h,_&J~avo '1"'1>: d'i
h, or 11,11, 0 a'7 oX p, l",BY 0 Os

v, CV, 'jOh, Je !I,V. DII, 1/.v. cih, 'j; oh, u,' ch, lI,' oh, "j" Dh, )]+--- -- •+----+---- --d'I-------- --<is
11,DX 0 fJl/' h, DX h,h, oY" 0; hJ cr h,h, oX" iJ'/

~(PflS (XY$))-+ (X+cY) 1[1'-1',)+ (X+cY) \vEiv'+"I' k))'
<W> " g'l , ',og 0 ,

1',)1, ~ v,(u,+av,)h, P v,{u.+av,l oY

. . (X +e)) \ D". ( ) 1 .S(X,),<P)S,,,,,(X,Y,<P)+~--~ '.-+u,v, logko x F(X,Y,<PlS,",(X,Y,<P)
v,(u,+av,) ax

(X +cY) v, ~\":(I', -S~'(X,Y,<P)\J+ (X +cY) u, cr. (I'. -F"(X,y,<p)S,,,(X,Y,<lJ))
",(u,+al',) oj P v,(",+av,) oX p

(X'ICY)! uS". ,I'JS",., of,
0 • u,v, -r",(X,Y.<lJ)+v, -S~(); ,J ,<1»-u.v. -.\,,~(X,y,<P)
v,{",+av,) ax oy ax

.,(jS~ ,)
-', uy-S~~(X,},<P) +H,.

(
PI' . J IX+e)) 1 iN.. 1~ --S~,,(X,Y,<1» + I',-+V, (logk,,), S(X,Y,<P)S",,,,(X,Y,<!')
P,I-i, '" v,(u,+av.) oY

(X+cY) ! iJu, ( )) (X+cY) CN[I' , J+---- '.-+U.V, logk, \_ F{X,Y,<l»S"",,(x.y,<1»+~---,.-' -' -s" (X,Y,<l»
v,(",+av,l ax - V,(I',+av.) DY p

[. J .
-I- (X +cY) ", 0", ~-F",(X,Y,<J)lS,"(X,Y,<1» -I- v< 8

v,(", +a V,l ax p v;

1"



(55)

(56)

(55a)

= (X+cY) S(F,S",)+ (X+cY) 5(8,S")+11
v,(u, +a V,) n(X,<t» ".{u. +a ",J c5(r,<t» ,

~ [ PI' S~",(X, Y,<J»] +c(~+Qo)S(X, Y, <t»S.,~(X.Y, <t» + (~ + .oo)F(X, Y, <l»S"",(X, Y.$)
P,fl, ",

+Cf{: - S",'ex, Y,<1»J + CQp{ ~ - 5<l,(X,Y, <l»F",(X, Y, <1» J
+ v/ 19 =[J (F,S",) +.J (5,S-o)]+ H

V,, (X,<l» (Y,<1» .

where

(X +ef) [", 'I' oh, a ( ) " '1817, a (H,. - -F",(X,L<t» -;dl)- v,S~(X,Y,<1JJ +-S",(X,Y,<t» -d;- v,S,,(X,Y,<l>
v,(". +av,l h, "a~ Dr h, 0 a1] ax

I Bh, 1 8h 'SIX Y ~IS (X y 'IOh, II of-----lIvF(X,Y,<!J)S~"'(X,Y,(I))---.v, . ,'" "'~ ,,<l»- -d'l~/./-
11,ax ' , h, Dr o0,g h,' ar

1 Cu,! ah,i (lk»)'--F(X.Y,<IJ)-+-u,F(X,Y,<t»--::;-:-+-u,F(X,Y.<t» og v, v,S",,,,(X,Y,<1J)
h, ar 17,h, (,r h,

'jot, jv as 1 C\', 1 ,. Dh, J () )__ , d~ -'-_, + -S(X,Y,<l»;:;-;+ -",S{,\, r ,d»-,-+-",S(X.Y,<iJ) logk, " v,S"",,(X ,Y,<J»
, i)'1 h, cn h, d: h,h, aX h,

I _ ail, 1 IS x Y "18h, ah,'c-"."J'<"(X,Y,'1»S,,,(X,Y,<P)-' +--",,,.F,,,(X,Y,<1> ,.( . ,<1» -d,-.-", ax ",h, 0 as or
, 81' " iJh ~h lu 8v 'I ~h-~F '(X Y $)_1, +..!i-F '(X Y.<PI1-' dt~_A -' -' l'!...2dl

I"'" 'Ylh'"" ~ -~x I'Y3"I, 0 I" "uti () Il, I,'" 0 ~

+~avo fah, ds+ ",V, ah, + ",V, 8h, 'Jail, dlJ- u,' Dh,_ 1.1,' ah, fah, dS)]h, ax , al) h, ax h,h, tir" at h, ay h,h, ax 0 aTJ

where,v" = -gJJr!:JT x charactcristic length ~lld characteristic lellb>th,= f(X + eY)_,
Equation (55) i3lhe transformed boundary laycr v-momentuln equation fo" a three dimensional
compre;sible 110win curvilinear co-ordinates,
Boundary conditions are,
FtX, Y,O)= f;" (X, Y,U) == 0, F,,(X, Y,"') = I]
S(X. Ym: s",(X, Y.0) == O. So,(X ,y,~) == 1
I1{X,Y,O)_l, O(X,Y,"')-O ,



Energy equation:

Convective operator (for energy equations) are as follows:-

[
"a VG oj [ a, a aFa all,a--.--+w- T= "F~(X,Y,<I»-+v,S••()':_Y,<I»--lI<---F(X,Y,d»--
n, a~ h, a" ar;' ax afax O<JI ax ad>

(ko), ° as 0 av, a (ko), D-, F(XY.d»-----" ----S,X Y.)---v SIXy.)----
<' ko 8<P ' 8f 8<!> " af iJ<1> < " ko iJ<D

(57)

_~F"'(X,Y,(D)'JJh:d"~+~S,,,(X],4»fah, d~~-~ F(X,Y,<1» a", ~-~S(X,f,<1» an,~
", 0 a4 oy 11, 0 a" ax 11, ax 0<1' h, of 2<tJ

'j'ah'dj".8FO lFXy_)a",o u<F(Xy_)ah,o U<F(XJ'I)(ko),aj- - 'I -----+- ( , ,'v --,- ". --'-' ,," ----
o a; h, ar a<1>h, ilf iJ<1> h,h, 8Y iJ<D 11, ko iJ<D

_ JiJh,dsf~ nF a +_1 S(X,r,4»av, ~+ls(x,r,<1>l"h, 8
u all lh, ar iJ<1> h, ax 0<1' h,h, ax 8<1'

+~s(X y .)(ko), ~)]T
h, " ka iJ<1>

T-TBut we have, --" = 0 or T - T = 6.Tf! =::;, T = T + 6.Tf!
f:,T ' "

i.c, convective operators arc :-

[--'--'-~+----':::...~+II'~J(T+6.T{!)=[U F (X f <1»-Z..+v S (X Y <1»--Z.._I' of ~
h,as h, Gq a, ' ,'" " ax ,'" " ar 'ax alP

au a (k,)\ a as a av a
-F(X y <1»-' --" F(X y .)-----" ----S,X Y .)-'-" ax iJ<1> " " ko 3<D ' ar 8<P " or 8<P

, (k,), a u, "joll, il v< 'foh] "a-v S(X,f,4»------F,,(X,Y,4» -d'I-,-S'D(X,f,<1» -d,-
• ko a<l> h, 0 a4 ay h, Q 011 ax

u ah, a v eh, a 'f'" ju, aF a 1 eu a
--< F(Xf <l»-'---=-S(X f <D)--- -' d, ---+-f(X Y<D)-'-
h, " ax iJ<D h, " af 8<D 0 84 h, ay iJ<1> h, " of O<D

+~F(X,Y,4» ah,~+~F(X,y,4>/ko), --Z..)_ !(lh, dsf~ as~
",", ay 0<1J ", k" 8<P 0 all lh, ay 8<!>

1 av, 0 v, oh, iJ v, (ko)x G )]1 ),-S,X Y.)--,-S(X y ")--'-S(X Y.4»---- T+f:,T(J
h, " ?X A<1> h,h, " oX iJ<1> h, ' ko iJ<1> <

(58)



Or,

(.!'.-!!...- +....':'...!!...-+W!!...-JIT + ATO)0 [" F~ IX, Y.<l» ~ IT + ATO)+v 8," IX, Y,<1»-"- IT +ATe)l1,o.;h,o" 0;' ."' ax' '- ay'

-1/. ~; ~ (1',+ATO)- F(X.Y,<ll) ~~ a: (1',+ATO)-u,F(X,Y,<P) (k;),. a: (1'. +ATfJ)
o

_ v as ..2-IT -;-,11'O)-S( X Y.<P) av• ..2-IT +A1'O)- v S(X y <P) (kol, .!!.-IT +M'()I
'DY,,<1> , ,. "YOO> , ," k" D<D'

_ ~ F",(X, Y,<1»fah: d'l i) (T, + ATO)+~S~ (XX <1»f~h, de;.!!.-(T. + ue)
II, , J~ AY h, 0 0'1 ax

u Dir, AI ) v ,ah, ill ) 'j'ilh, (u of 01 )__ , F(X,Y,<l')-- 1',+/).1'8 -~8{X,},<IJ)--::;-- T, +t:-.T8 - -' d'/ ~.-- T, +.1.1'0
Ii, JX a<I> h, or a<I> u De; h, Dr D<1>

+2- FIX r,4» a". ~IT +ATrf)+ ~ FIX, Y <1»Jh,.~IT +M'tI)
h, , aYa<I>' 11,11, ' ill' 00> '

" (k,),. D ( )1 '.(Jh, lv' <1~ iJ ( • ) 1 m' () I )+---'- F(X,r,<I»-- T, dT() - J--;:;-d~ --- 1,+!l.T8 + +-S(x,r,<l>j-----;-- T,4!'.TO
h, k, 3<1' , '''I ii, ar 3<1' I" ,,).. iJ<1>

+~S(X, Y,<1»~h, -'2-(T. +b.TO}+~S(X, Y,<1»(ko)" ..E-(T. + U8))]
h,lI, oX a<I> h, ko o<J>

(,,",aa)ll[ al) all~--'--'w- 1',+b.T8 == "J.•(X,Y,<1»- 6TH +v.S",(X,Y,<IJ)- b.Tf}
h, 0'; h, 01/ or; ax ay
aF au ~

-", O)6T}1", - F(X. Y,<1J)8; (b.1'}1",-u,F(X,Y, <!')(logko)" (A1'}9."-v, ay (.1.1')'.1"

Co I '" I) ( '" 0. 'j'''' a I )- sex, Y,<1»-;:-,- b.TP,D - ",S(X,Y, <!') log k" J' 6 Tr,o __ I F",(X, Y,<IJ) -: d,,- "0oY h, 0 0'; ar
\.', 'JAh'J a ( ) II ah,( \" v. Db,I '",-8",(X,Y,<1» " q-;:;- ATO - -" F{X, Y,<1»--;:-=--!::.TP", - -8(X, Y,<1»- Al ,.,~
h, oUIOX ", ax h, ay

'J' ah, (dF I ,im w ah, WI))I ,,,- _' til] -' -+-F(X,}.<1»-' ,-' F(X,r,<IJ)-' ,-' F(X,Y.<1» logk", b.Tp"
to Oq h, ar h, DY h,h, ar h,

'jDh, (vas 1 cJv v ah,- -d( -' -,-S(X,Y,<1»-' ,-' S(X,Y,<IJ)-
001/ II, ay h, ax h,ir, ax

Eliminating pres~ure term of the energy equation by (6) and (7), we have

(59a)



~nd

OC,

Adding (59b) and (59c)

(59b)

(59c)



!!.-OJ' +...::...iJP=-(r'JE JF<1'{X+Cy)iJu,. +QS", (X+CY) OV, +QF<j>(X+CY)8u,
hliJ,; h1o" P 'l (u,+av,lCX {u,.+av,)iJX (U,+av,,)iJY

(X+CY) av,) (pc &.';1<1' (X+CY) p,. g'18<l> (X+CY)j+s.., , + ~---------"---------- E,
(u, +av<l Dr p u,(u, +av,l hi P v,(u, +avJ h~

1 (x.j.cY) j [ j"'v, iJh, 1'; iJh2 Ii, au,. [8h2 1', GU,.['h,-------- r" F --------+--- --dl/+--- --d,
pC!, (u,.+av,) AT "", hi ar h1 ax hi 8Y ) as h. ax all

+ u,v,. {''lhl d" 811, _ v; ail, r'ih2 dT/)+ P v S J 11,''c ah} _ Ii; 8111"
hlh, 0'1 ~ ax ",h, as o.g , , '1'1 h, ax hi ar

+ (X +CY) oU,._1 (Jh:! d'l+ Q ex +CY) au, _1 roh, ds+~ (X + CY) ahl [aill d;
(u,.+av,,) Dr hi iJlg (u, +uv,l ax hl DI) hlhz (u, +avJ ax (1)

_ ~ ex +en Dh, I'Dhl dl/1 + s'" Ju,ex +en iJil) _1 _ Ve(X +en iJhl _,
h'''2 (u, +av,) as as J l (U,. -Hl'V,J ax hI h,(u. +av,l iJY h,

U,.(X+Cy) 1 l,ahl 1 <lv, (X+Cy) 1 [ab] I,av,+Q----- -d,---"----- -,,-
(I', +av,l hi • or; "c ar (11,.+w',) h, ) 0'1 - ax

1/ (X~(,Y) I Ah, l,ah, I v,,(X+CY) 1 ()h'I,Dh, I)]+ ' -- -',ry--------- -'S
(II, +av,l hih, ar a~ (u, +uv,.) hih]ax a'i

Now .

.i-(k aT] _ D<!> .•.Q.Jk a<l> ~(T + (ilT 0 1)ar; ar; - ar; il<l> l ac; a<l>' ) "
m.

(1i0)



,_.~[k ar] = u.+ a v'_p..E...{kpf!>Te", ]
Dr; or; P,II,(X +CY) C<!>

, -'-"-[k iJT]= p II,. +av, {-'-k-I'-t:..Tf:! ) -'-"-[k i)T]
"pepur; a,; (x+cy) pCp P,J.J,' '" "pepor; at;

= u,+av, (i'lT\J_k_ PI' 8) _'_"-[kGT]= ",+av, (,IT)(_1 PP (J)
(X+CY) '1,uC,'P.P, ," ",pCpur; Dr; (X+CY) p,P.}',. '" '"

pC
whcl'c, P, ==T [PrandtlnumberJ

m,

, ((O"J' (")'1 I [(u,+av,l "F' XI'. (1I,+av,) ",' ]--I' - ,- '--1' ----ftl' ,( )+-----1' l' 5 (X Y <1»
pC" ,,0; at; pC, P,fI,(X+Cy) ,''''' " P,t',(X+Cy) < ,,~ "

m,

-.L ([ c, J'. [~' J') . -'- (I', + a,v,) [-eL:..u: ~':D(X,Y,<1»I, pjl V;S~(X, y.$)]
pCp At; 01:; rC" (X +CY) Pel', P,!',,

([ ]' [ ]'l [. ']~ OU + OV _(u,+av,,) PJ.! U;F' XY<1l+ PI' ~~, XY<1>
)C (jr 1J( - (X+CY) C .,",C , ,) c '-( , , )I ~I' ~ _ P,IJ., p 1',1', p

From the equalions (58) 10 (62) sl.lb,titute into the equation (26); "Ie have the transform

energy equation in compressible flow arc 35 follows:

0,.

(u<+av.1IJ.T[_1 -E!.!....f3~J +(".+a1'.)j PI) u; F,:,,(X,Y,<D)+ PI' v; S~",{XT,ot»1
(X+CY) I',P.P. ~ (X+CY)11'.P,Cp p./i,e,

((;I)

(1l2)

(63)



[,a(1 '()'F()e '"'()e'" U,F",(X,I,<l» ax /),T(:J +v,S",(X,Y,<lJ)or c"TB -11. ax t1T ",-F(X,Y,<jJ) ax t1T ."

- II,F( X.Y, <lJ)(log k,J,. (L'lT)9 '" - v, ~~ (L'lT)9", - 5(X, Y. <1» Z; (t'J.T)9 '" - v"S(X .Y, <!J)(Jog k,), (1'1 T P",

I' ah, ( )e 'J'"' (II 81" I Ou II iJh,---"-S(X,Y,<l»;:;-;- t'J.T '" - -;:-dl) -' -+-F(X,Y,<1J)-' ,-' F{X,Y,<I»-
h, doc!; ", Dr II, Df ",", Df

" () l( )e 'JOh, (v, as I iN v iJh,,,-' F(X,Y.<J»logko y !,;T ",- -,-d~ --, ,-S(X,Y,<v)-' ,-< 5(X,Y,<I»-,-
hi 0 ar! h, or h, ax ",", UK

'" (Il(')e]'['" 8P,-S{X,Y,<D) logk, \' tl7 '" -- u,1\"(X,Y,<D)-+v"S",(X,Y,<I»,,
I,. pc., UX cY

+~ F",(X,Y, <1» 'fah, dry oJ' +~S'"(X,Y, <1» fah, d!; oJ' ](_1 PP y",)
h, 0 as ar h, l' 01) ax ll', P,jl, ",

+ F:,L_£~(F,;,,(x,Y,\I') + S,;,,(X, y,(I»))1
lr,f',

(X+cY) 1 [, D( ,) a(,,) AP( ')0
o~_~ lI,f,,(X'y.<l>j-,- t:,.10 +V,S",(X,Y,<tJ)- ,HO -11,- 117 ,I,
(", +av,l!'iT oX ar ax

- F(X, Y,<I»:: (8T)9",-u,F(X, Y,<1»(logkutC1T)e", -v, :: (8Tp", -S(XY,<t» Z; (8Tp",

, 'J'oh D v 'J'" 8- v,S(X,Y,<t»(iogkn)r{8Tp", - -' F~(X.Y, <t» " d'I-, (8TO)+-' S",(X,Y,<tJ) ~ds -;--(!iTIJ)
h, I) 0'; i}} h, I) 0'1 (}X

_ ~ F(X, f,<1') oh, (")e _v, S(X, f <1') 'h, (")e 'J' Ah, d, (2DF + ~ F(X Y $) 011,
a ~v" h "Y ," -< I I "Y a " 'Y

, VA I a I)a~ ',~ I 0

U oh. U () l( )e 'JOh, (vas 1 ov,-' F(X,Y.<t»-' ,-' F(X,f,ll') logk" , tiT ," - -dt -' -,-S(X.Y.<t»-'
h,h, OY hi r, D'I - h, DY h, - ax

"" oh, , v. (I l( )0] 1 (X'I'cY) 1 [, DP,-S(X,Y,<tJ)-,-,-S(X,Y,<tJ) logk" \' !if 'D -- " - u,F,.(X,Y,<tJ)-
ir,h, oX h, pc" (u, . av,) 8T ax

5, "y i!P u, F (X Y )'J' i3h; d' OP v. 5' X Y 'JDh'd ar]+v, ,,(fl., ,$)-'-" ,.$ -, ,-,- ",( , ,<tJ) - ;-of h, , i!q of h, " 0'1 DX

(IP1') (PPI' ")'(OFi3IJ,,=;> p--e" +E, -- F,,~(X,f,$)+S,'"I)(X,},$} ,+ u.-,-'-,-HX.Y,$}
,P,Il, ~ P,Il, J dX aX



I) as (N, () , ) (X +cY)+ II, logk'J \ F(X,Y, <1» + v, - + -,-S(X, Y,<1J) + ". logk" ) S(X, Y,<D) ----,0.
ilY uY Cu.+al',)

(X +cY)u, a () (X +cY)v, a ( )= "( )-;;- /!.TO F",(X.Y.<1»+ ( )-,- ATf) 'i',,(X.Y,<D)+ H,
tJ.ll1, +av, oX DoT II, +(1\', oY

01'. [_1 ~() J ,,( PI' (F' (X Y <1')' S' (X Y (l»)!+j"'(X+CY) DF., , ~~" "~,.,
f', P,P, ., P.t', (II, +av,l ax

+ (X +-en au, F(X,Y,<1»+ v,(X -Iocr) as +- (X +cY} GveS(X,1'-<P)
(U, +av,) f!X (",,+uv.) Of (u.+av,)(lV

II,(X +cY)( ) , v,eX +eY)() )+---- Jogk,yF(X,L<t»+----,logko ,.S(X,Y,<IJ) 0.,
(u, +av,)' (u, +av,)

_ (X + cYj", (,.ao ?(liT)) _ (X+cY)v. ( 81) 0("'1'))
- ( ) M-+O-- F,,(X.Y.<D)+( ) oT-+'-- S"(X.r.<1J)+Jf,,
f'»Tu,+av, DX ax !J.T". +av, iJr of '

"where E '" -'- [Eckert Humber]
, CO AT,

v (X +cY) as II (X +eY) 1 tJU l' (X +cY) I OV
+ ' -+ ' ---' F{X,Y,<1»+ ' --' S(X,Y,'!')
(", +O"v.) rJV (u, +(1v.) u. ax (11, +o'v,) v, or

II (X +cY)() veX +eY)() )+ ' Jogko rF(X,Y,<I»+ ' Jogko )S(X,Y,<Il) B,"
(".+(LV.) , (u,+av,)

1 (X+cY)u. 8(~T) (X+cY)v, Q(~T), ( )- 1 )--F,,(X,Y,<I»+ ._( )-,-.'i",(XJ, lJ) B
~T M, +av, ax ~l 11, +av. oY

(X +CYjIl. iJ(O) , (X +cY)v. aD
~ ( )-F~(X,},$)+ ( )-s,,(X,Y.$)+HF

". +av. ax ". +av, oY

0"

('PI' J 11'1'(' ')\1> w---0", +E, -- F_(X,Y.$)+S~~(X.YAl) + f,F{X,Y,$)+3cQP'S(X.Y,$),..,~
I', (l,I,. '" P,I',

- (p'F<j>(X,Y, <1» + cQP1S", (X, Y, <1»)0



(64)

[Fl'Oudc number]

[
Ii 8h, v ah, J( ." "Iah, 1" aF F Ju- -' -' F(X.Y,<1»+-'--S(X,Y,<1') !1Tp" - -- dfJ -' -+--"",ax li,oY "as ",vY",vY

11 a", ", ( ) ')()o '10", "lv, as+-" -F(X,Y,<1»+- logko ) F(X,1 ,<1» !1T ,',- -d, --
11,11,OY h, u iJII 11,ax

101' vah v I+---' S(X,Y,<1»+-"---' S(X,Y,<1»+-' (logk,,),.S(X,y,<[l) (!1T)9",
h, ax ",h, oX ",

1 1"' "Iah, op v, "Iah, or )--- - -d'l-:;-F",(X,Y,<1»+- --ds-;;:-S<j>(X,Y,<I»
pc!, "I ~vs oY hl ~all oX

-l'-I'-")E [F 1_,_,I_X_+_"_'_)__Oh_,__"_,I_X_+_C_Y_)__Dh_,+_1_X_+_C_Y_)_Du_,~ t_8h_,dry
p c <l>l(u, +nv,)h, ay (u, +OV,)"2 ax (u, +av,,) BY h, Ds

+Q(x+cy)all,_l tDh'ds+~(x+cY)ah, tDhldS
(u, +ov,) aX"2 all hi"2 (u, +ovJ ax 0'1

_ U, (X +en Jh~fa~h2dfJ) + .'>'c) u,(x +cn i3h2_' _ v,(X +cn ah, _1
hi", (u, +0'1',) a~ Os 1 (U,.+m',) ax h] h,(u, +ov,) ar h)

The boundary condition for (64) are the traditional boundary condition (46),

The co-efficients of the dependent variables in the energy equation are.

(64a)



u.(X+cr) I iJu, ,
'" -- • 1,.aQn=~(II, +av,) ". ax

".(X +cy) 1 (iI', 'Qm • n=cQ1i
(".+fll',.) I',. ilY l+aQ

(3) ".(X+cYJi'...-(1ogk,)= I n=N{<fJ)Q"
(u, +av.) ax l+aQ

v (X+cr) a eQ
(4) , -(logk,)=--n=N(<l»cQ.

(u,+av,)iJr l+aQ

,,(X+cY) e )'
(5)' -(log/)"T =---,,=1'

(u, + ("',) iJX l+aQ I

(6) ",(X +cYJ i) I' ),) ,Q QP----- 109/)" =-~-,n=c
(u,+av,)aY l+aQ I



Chapter 4
STUDY OF D1FERENT CASES FORA DEVELOPABLE SURFACE

We shan discuss different situation for different values of hj and h2 satisfYing the

following equation for a developable surface.

K= __l_[~(h,k,)+: (h,k,)]
h,h, D~ Ol}

where K is the total Gaussian curvature,

(A)

.. Idh, la~ .
subshlulmg the values of k, == ---- and k, == ----. the equatIOn (A) takes

h,h, 01] • h,h, o!;

the form.

(4-1)

To derive different nature of of hi and h2 we are to use generalised values of hj

and hI as to satisfY the equation (4.1).

Case I

h, = f.(S') and h, = f,('71arc the easiest solutions of (4-1). For simplicity we may

lake for the above case as

h,="'~'. h,=a'r("
II, =be"'; h, =b'e"'

h, =cslap.;; h, =c'sin(p',,)

h. =('cosp.;; h, =c'cos(p"Jl

h, =ae"'S"; h, =a'e"''1,,"' etc.

Case II

If h, = (s + !J11Y' and h, = (,; + fillY, then by (A) we have

• "•



"1(' I' )"'''''] ,,01(' (' )"",.,] 0nr,I1-';+'1 +"'-"+'1 ={.'i; - ,.'II] ~

n(" - m -IX~ + jh,y-m-' + ji'(m - n -IX,;-+ jillt-'-' = 0

"(,, - m -j Xs- + ji'ly_m + fJ'(m - n -IX.: + J3TJt-o = 0
n(n - m -1)+ fJ'(m - n -lX; + (i,,)'''-'" == 0

If m=n.

-n-{3'=O=>(J==i:.i,{;;, :tiJ;
for real values ofm or 11, j3becomes imaginary. In this situation say lor m = 11 = 1.

hI = ~+il/ which really absurd. Hence we have to put m = n = 0 implying h1=I=h2.

This is the situation of rectangular Cartesian system, one of the developahle

situations. These cases are extensively discussed by Mager ("64).

Cll~C111

Suppose {J=O => n(n-m-l)=O, 11 "'0::;:. n=m+!

i.e., hi =;m and hf'=';"" represents one oflhe developable surface.

Similarly hl=,,"". h2 =11m represent also a developable surface.

eliSe IV

Treating if h, = ,;'"'7" and h, = f" II'" , we have from (4-1)

a[, a'''""i18[ 1 alc,")]_"- ----\~ 'I +- --, - ~ 1/ -
as ;M't oig - 8'1 t""i' 0'1

( '(' '1 ( , ')J-"'".~'.') '1"-"'." 0mm-m-+Iln-Il-<; II ==

'.--',. ~.
" I~),",.



::::> 0) m=m'-I, n=n'+1

or, m+1=m', n=n'

H I 1'"" th I ~m.' 0_'enee ',=~ 'I, en" =~ 'I

ellSe V

=e"',e"1 and cp".e'"

(ii) m'(m'-m-1)+n(n-n'-1)=0

(m + 1).0+n(n-n+ \-1) = 0

o +' 0 =0

represenl& an another developable surface.

This implies p=(), q'=O. That is, 11,=e"" and h, =cP".

This is similar to the one of the situation of ease I.

Case VI

Again, leI us consider

h "'"'(''' ")( " b' ) ('), = ae ~ IJ , (l ,,+ 'I ---------------------I

d ""+",,(p,' "')(" ,,) ..an h, = he - ~" a S+h IJ ------------- (II)

or, h, = eP"" '(aa' ;""',1' + ab',gm r(")

or, h, =c"''''"(c,;'''+',," +c,f'rf") where c, =aa' and c, =ab',

Similarly,

or, c, = ha' and c4 =bb',

Substitute h, and h, in (4-1). we get



~["", <'1' '1{p ,(C,q""" fl" +C,q'" 1/''''') +C, (m' + 1);"' I/"' + c,m' qm'-'I I" .•}]
177; eP"q'I(C,C:"'.'lt +G,qmq,,.,)

+ iJ [""""H',("",," +,,;",,"")+c,(m+I)(",," +c,m;""'''')]
0'1 e""'""(C,Srn +''1" +C,f"'q''''')

rrom equation (4-1) it is clear that if we cOll5idcr hi = h, (() and 11,= h, (IJ) the

equation remain valid. Hence we may chose (a =1. b=l, a' = 1, b' =0, m = a-I,

1/=0, /11'=-1, 11'=r,p=~,q=O, p' =O,q'=o.

Generallv h = t." eP< and h = n' eOo. h "" h
JI. "1'1"

Case VB

If h, = h,: !hen the equation (4-1) becomes,

"l'i J "[" J- -Iogh, +- ---;:-logl1, ",0
(:!S 0{ m, (}II

, '

c ) c' .or, r/S (logh, , + el/ (Iogh, )" = a ------------.-------------------.- (I)

.. IJ'u ii'" ..Let, (Iogh,)=u equatIOn (I) b~~umcs --:;--,+--;;-;-=0 (II)
Os err

Now ~upposc u = X(';)Y(lj) (ii) becomes

I J'X I (J'y 0---+---~
X J( Y {7ri'

X=ACOSAx+BsinAX

u = (A COSAx+Bsin J.x)(CeA
' + De-")

i.c. II = (A COSA.t+ Bsin Ax)De-A'



... logh, = (AcosJ..x + Bsin..1.x)De-A}'

::::> h, = exp( A cos..1.x+ llsin ..1.xJOe _.t, ------------------- (iii)

'" e-J> [A' COSA X + B' sin A xl
or '" e")',\ [A" cos A' r + B" sill A' Y]

avoiding exponential increasing function for a praclieal purpose.

). and ",' are the eigenvalues. Details of Laplace's equations arc discussed III

many text books with different boundary conditiuns.

STUDY OF CASE I

We shall now use h, = 'I'" and hl == q" (i,e. one of situation of case Ij into the equation

(45a), (55a) and (64a). Since hi ==l7m And hI ==q" satisfied the condition of the

developable surface and conveniently using lJI==" == I, the equations (45), (55) and (64)

for u-JIlomentuJll equation, v-momentllm eqllJltion and energy eqllJltion become

S(X,Y, <!J)F",,(X,Y, <!J) + ~ (l + k6>l ~ - P,F,; (X, Y,<!JjJ

+ <;:QJ'I[Pc _ PJF", (X, Y,<!JjS",(X, Y, <1»)J+ k5S~(X, Y, <!J) + U: e == 0
p ~

(65a)

=:> (N(<!J)S"",,(X. Y, {I)j)~ + {e(P, + n,} + k, )S(X, r. <!J)S~~(X, L <I')+ (~ + no + k.)

I'(X -L <1:»S.,~(X -L <1:»+el',( ~ - P,S;(X. y.<!J)J

+ cQ~(p, - p")',,,(X, Y, <1)/'q,(X,Y, <1))J + k"/'~ (X, Y. <!J)+ ~r~e '"0
p '.

(65b)

J( E U' J::::> (N(<t>)O",( X, Y,<D))", + E. (N(F;,,(X, Y,<!J)+ S1",,(X, Y,<!J»)} + ~l F~ + u: F,,(X,Y, <!J)



.[~+V,; js",(x. Y. <Il)+ {(I', + k" )F(X, rA») + (cQI', + k" )S(X, Y. <l»)O",(X. Y.$)
F," V.

- {(F, + k: + k'4)F<t>(X ,Y,<tJ)+ (CQl'l + kj + k'5 )S<!,(X, Y.<1»}H(X, Y ,'1')" 0 (65c)

TI,e boundary conditions are,
F(X,LO) = F",(X,Y.O) = 0,
SeX, r,O) = S.,(X, Y,O) = 0,
O(X,Y.O) = 1,O(X, Y,ce) = 0

(66)

u' V'
where-<- = J';" and -<- = F" [Ft'ouctenumber]

g.\'L g,L

k, =2e1',

k. =P,((2+Q)(I+c)}

k, = 2QP,

k, =1',(1+Q)

k,=cQP'

k, =(P'(1+3c+3Q)+2Q,l

k, =2p'(l+c)

k", =Qf~(l-c)

k" = 3QP' + ep' + gno

k" oor,{2Q+cQ+c-2)

k" =p'(Qc-Q-3)

P, =[I+kJ
), P, =(l+k,)

- I+k.

Qep'!',=--
I + k"

k"k) k" are the additional effects due (0 the introdllction of curvilinear c()-

ordinates (i.e. presence of hi and h2) in the bOllndary layer equation. All p's and k's are all

in terms of 0;, Q. C and Tl.'n mainly represents exponent for hi, hl which are responsible

fol' the different shapes of the developable smfaees connecting with the exponent of

extefllal forcing velocity components If,.,



Chapter- 5
Numerical solutions, Results and Discllssions.

The boundary value problems described by the equation (65-a-b-c) with boundary

conditions. (66) arc to be solved. It is difliclIlt to get their solutions analytically in

closed forms. Hence we adopt a procedure to get the solutions numerically.

Runge-Kutta shooting method in collahoratioll with Runge-Kulla-Merson and

Sweggert iteration techniques are applied here.

We are about to discus, the nature oflhe f10\\' processes arising from mixed

convection flow for the various v"lues of the controlling parameters

[I'" E, ,1\/,UJ ' V! ,k' s,Pl' p,]. Here k's and p's arc the additional effects described
u, l'e _

in different stages. Numerical results arc obtained for different value of k2 and kj

U' v'
and coupling parameter -+'----', .Representative velocity and temperature proliles

H, v,

are shown in rig (1"8). The skin friction factors (f"(0).5"(0)) and the heat transfer

co-efficient (-11'(0)) are givc in table (1-6) for different values of controlling

parameters.

Thc heat transfer and the shear stress characteristics of the problem may be or

great practical intcrest. So the numerical rcsults 1'01'1"(0).5'(0) and -8'(0) are

presented in tabular fonn. Velocity profiles are also shown graphically. These are

. ["]taken for the variations of controlling parameter P" E., N, 1.J;' ,i',; ,k' 5, P"P, in
"" v.

where asj'(ot» exhibit its unusual behaviour for the

the rangc 0:; C $), .Fig. I(a) shows that one of the components or velocity profiles

.. f U~mcreasmg values 0 -,
",



other component S'(<1» [Fig. l(c)J rises with thc increa.>eofU~,,;
v'for -%-=0.". When

I b I .. I h' b b f" I' [. 1/,: V,; 101']t 1C uoyancy ve OClty IS muc 1 Ig er t all orcmg ve OClty l.e.-, =, = ,
"" v"

th", components (F'(<lJ),S'(d;») of the velocity profiles show thcir usual trend~ in

changing the flow configuration from forced to free convection flow, but the

effect~ of

2(b)].

U' V,'
---{-variation on F'(<D) and onS'(<lJ)are similar [Fig. 2(a) andu; v;

Decreasc on heat transfer co-efficient are found with the increase of U~ in [Fig.".
2(a)]' TIle velocity profiles (F'(<lJ),S'(<lJ}) for thc fixed value of controlling

parametcrs P, '" 1.0;E, = 0.8, N = I P, = 0.5, p, = 1.5, [ut = V~: = 0] in the range
". v,

of O~c~l show their dissimilarity in shapes lFig. 5(a) and S(b)]. This indicates

that frictional resistance's on both the edge are not same.

One of the component of skin friction factors is comparable with that of Sparrow,

Eichorn and Gregg (1959), but the heat transfer coefficient (-0'(0)) is not directly

comparable due to presence of length function hI and hi. in the governing

equations [Table 5-6]. Now the nature of flow process arising from mixed

convection with respect to fixed controlling parameters P, = 1.0;E, = 0.8, N '" 1 C

= 0.1) the velocity profiles (F'(<lJ),S'(d»} in figures 7(a) and 7(b) shows that the

increase of coupling parameters

with those of free convection,

u' V'-+ and -+, flow processes tendcs to coincide
u; v;



Discussions

If !Ii =1, £,=0,
v' V'

f' = _F = ----"'-= 0'F c' '
,A I'"

k" = O. p,+k,,=m+l,

1', + k, + k" == -en - 2) and k,< = k,s = 0 then the energy equatioll coincides with

that of Sparrow. Eichorn and Gregg (1959). That is for a ineompressib1c flow,

N = 1::> -Pi! = I or. £ = 1. then L = I for a Boussine,q fluid.
P.JI. P. JI.

To compare with the known similarity case of Sparrow , Eichorn and Gregg

(1959) we have to set h, = 1" h" Thus controlling parameters u~becomes
"

for c=o. As H, "H,,(X+Cy)" becomes

U, = U" X", \'v'riting u'_, = COni.

",
we have /':,T = KoX'o-' which agrees with the

result of Sparrow, Eichorn and Gregg. Hence we can predict that our equations

are true for curvilinear surJ'<lcesalso.
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Table-!

K, F'(O) S'(O) 0'(0)

0.5 1.24816 1.24741 063637
LO 1.24801 1.24703 0.63602
L5 1.24789 1.2468J 0.63577
2,0 ],24760 ) ):4630 0.63531
2.5 1.24711 1 24591 0,63498
3.0 1.24681 1.2455] 063453
3.5 1.24634 1.24503 0.63407
4.0 1.24011 1.24476 0.63371
5.0 1.239)0 1.24429 0,63349

For Pr = 1,0, P, = 1.0, ufe - 0,0, vfe = 0.0

Tablc-2

K, F'(O} S'(O) B'(O}
0.10000 11,63750 10,63364 2.22290
0:40000 11.63001 10.64015 2.22297
0.70000 11.62251 ]0.64724 2,22305
1.00000 11.6]549 10.65143 2,223J4
1.30000 11.6072J 10.65839 2.22323
1,60000 11.60031 10,66153 2.22329
1 90000 11.59280 10 66891 2.22307
2.20000 11.58531 10.67152 2.22313
2,50000 ] 1.57785 10,67854 2.22321
2,80000 11.57003 1068159 2.22330
3.10000 11.56332 10.68911 2.22338
3:40000 11.55742 10.69661 2.22347
3.70000 11,55002 10.70317 2.22353
4.00000 J1.54219 10.71025 2.2236J
4.30000 J1.53416 10.71832 2.22368
460000 11.52823 JO.72564 2.22378
490000 11.52057 jn,73239 2.22385

For Pr = 1,0, PI = ] 0, ufe = 0,0, vfe = 0.0



Table-3

'., F'(O) SOlO) B'(O)
0.10000 5.76944 5.51443 0.82045
0.40000 5.76903 5.51439 0.82044
0.7oo00 5.76861 5.51435 0.82044
1.0oo00 5,76820 5.51430 0,82044
1.30000 5,76779 5.51426 0,82043
1.60000 5.76738 5,51422 0,82043
1.90000 5.76697 5.51418 o 82043
2.20000 5,76655 5,5]4]4 0,82042
2.50000 5,76614 551410 0,82042
2.80000 576573 5.51406 082042
3.]0000 5,7653J 5,5]402 0,82041
3.40000 5.76490 5.51398 0.82041
3.70000 5.76449 5.51394 0.82041
4.00000 5.76408 5.51389 0.82040
4.30000 5.76366 5.51385 0,82040
4.60000 5.76325 5.51381 0.82040
4.90000 5,76284 5.51377 0,82039

For Pr = 1,0, PI~l ,0, ufe ~ 100.0, vfe = 100,0, C~ 0, 1

Table-4
--

K, P'(O) S"(O) B'(O)
0.10000 1.14503 1.14324 063847
0.40000 1.14462 1.14320 0,63842
0.70000 1.14420 1.14316 0,63837
1.00000 1.14379 1,14312 0,63832
1.30000 1.14338 1.14308 0,63827
1.60000 1.14297 1.14304 0.63822
1,90000 1,14255 1.14299 0.63817
2,20000 1.14214 1,14295 0.63812
2,50000 1.14173 1.14291 0.63807
2,80000 ,-1.14132 1,14287 0.63802
3.10000 1.14090 1,14283 0.63797
3.40000 1.14049 1.14279 0.63792
3.70000 1 14008 1 14275 0.63787
400000 1.13967 1.14271 0.63782
430000 1.13925 1.14267 0.63777
460000 1.13884 1.14263 0.63772
4.90000 1.13843 1.14259 0.63767

For Pr = ] ,0, P,=l ,0, ufc = 0,0, vfe = 0,0, c = 0.1

-



o 10000
0.40000
0.70000
1.00000
1.30000
1,60000
1,90000
2.2.0000
2.,50000
2.80000

•

Table-5

'",-,--"F"'r"O)'-Cs"'r~o') ---00'(0)
0.87659 ,1.87817 O,695G4
087672 0.87826 069509
0,87685 0,87835 0,69514
0.87698 0,87844 0.69519
0,8771! 087853 0.69523
0.87724 0.87862 0.69527
0.87737 0.87871 0,69532
0.87750 0.87880 0,69537
o 87763 0.87889 0,69542
087776 0.87898 0,69547

For Pr ~ 1.0, P,~O.O,ufe ~ 0.0, vfe = 0 0, C= 1.0
N=l,(1 R"~"O,\.',=OO.

Table-6

" F'(O) SOlO) O'{O)
0,10000 30.61OJ2 30,59021 2.17944
0,40000 30.61059 30,59050 2.17963
0,70000 30.61096 30,59087 2.17984
1.00000 30.61143 30.59126 2.18003
1.30000 30.61182 30,59163 2.\8024
1.60000 30.61229 30.59200 2.18043
1.90000 30,6]268 30.59239 2.18064
2.20000 30.61315 30.59276 2.18083
2.50000 30.61354 30.59315 2.18199
2.80000 30,61301 30.59352 2 ]8219

For Pr= I 0, p)=o 0, ufe = 100.0, vfe = 100,0, c= 1 0
N = 1 0, ak= 1.0, k's= 0,0.
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U'lu'.500V'Iv'.OOr , F •

'300 coOl
=10.0 pr=1.0
• 5,0
= 0.0

00•
Fig (1 ,a): DimenSion less velocity distribution along u-dlrection for several

values of UF2/u•2 (=50 0,30.0,10.0,5 0,0.0) for the equation (65)

If
I
t

l!ro'fu,,'~50.0V/Iv/'O,O
~30,O 0'01
~10,O p<~1.0
• 5,0
= 00

'"------------0
Fig (1 b): Dimension less velOCity distnbutlo~ along v-direction for several

values of Ul'u.2 (=50,0,30 0,10.0,5.0,0 0) forthe equation (65)
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_lOa pr~10
= so
= 00
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Flg(l 0) Dimensionless temperature dlstnbution for several values

of UF2/U"2 (=50.0,30.0,10.0,50,0,0) for the equation (55)

U 'Iu '~1000 V 'Iv '=QO
", 'F.

_500 e~O'
.10.0 pr~10
= 50
~ 00

""$

Fig(2.a): Dimen5ionle5S velocity distribution along u-dlrection for several

vailles ofV/Iv. 2("100.0,50,0,10 0,5.0,0.0) for the equ~tlon (65)

59



'"
'0

.-~

"-in .-
"
""
"'
"'
"'
"'"" " "'

U,,'lu,' = 100,0 V/N,'=O,O
~5QO c=Ol
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= 00

~~~-~-~~~~--.
FIg(2 b): Dimensionless velocity distribution along v.<:Jirection for several

values ofVf 2N• 2 (=100,0,50,0, 10,O,5,a,O,O) for the equation (65)

U, 'I",' = 100,0 v,'Iv,' = 0,0
=500 c=01
:10,0 pr~1.0
= 50
= 00

"
Fig(2,c): Dlmensionlsss temperature distribution for several values

of V f 21v• 2 (=100.0,50,0,10,0,5,0,0,0) for the equation (65)
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•
DimenSionless velocity distribution along u-dlrectlon for several

values of Uf 2/U•2 (=50.0,20.0, 10.0,5.0,0 OJfor the equation (65)

"

"~

&
"'
00

00

"
00

00

FIg(3 OIl'

"

.~

U'I" '~500 V.'Iv'~OO,. -, 0

~2DO o~o_,
~100 pr~1_0
_ 50

= 00

UF'I",'~50,OVF'iv.'~O,O
=20,0 0=0,1
010,0 jlf~1,O
~ 5,0
= 00

"

Fig(3.b)'
•

Dimensionless velocity distribution along v-direction for several

values of UF21u•2(=50.0,20.0,100,50,0.0) for the equahon (65)
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~2Iu,'M 00 \/,'N,'=O_O
=5.0 c=01
~'GO pr=10
:20,0
=5OQ

Flg(3 C), Dimensionless temperature dlstnbution for several values

of UF2/\1.2(=50.0,20 0, 10.0,5,0,0,0) for the equation (65)

"

V 'Iv '_500 U "u'~oo'. - ", '

~ 300 c=Ol
~10,O 1"=10
= 50
= 0,0

m

Fig(4 a)' Dimensionless velocity distribution along \I-direction for several

values of V F2tv•2{=50.0.30 0,10,0,5 0,0,0) for the equation (65)
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'0
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I II,'Iv,' ~o_o U/IU.''' 0.0

: 30,0 0=01
=WQ pr"10
= 5.0
~ 00

------------ .
Fig(4,b)' Dimensionless velocity distnbutlon along v-direction lor several

llalues of VF2No 2(=50.0,300,10.0,50,00) for the equation (65)

\I/Iv,'~50,O Uc'Iu.'=O,Q
= 300 0=01
=10.0 pr=1.0
= 5,0
= 00

•
Flg(4o): Dimensionless temperature distribution for several values

ofVF 21v/(=50 0,30.0,10 0,5 0,0.0) for the equation (65)
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~ 0.5 pr~1,0
~ 0.7
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00
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•
Fig(5.a) Dimensionless velocity distribution along u-direction for

several values of c("'O, 1,0.3,0,5,0,7) for the equation (65)

'" -~
e." "'

"'
0=01 U/Iu,' = 0.0

0' v,lN,1 ~ 0,0~ 0,3

= 0.5 ",=1,0

"'
~O7

"0 , , , ,
•

Fig(5.b): Dimensionless velocity distriblllion along ".direction for
several values of 0(=00.1,0 3,0 5,0 7) for the equation (6S)
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~U5

= 0 7

UF'lu/ ~ 0.0
,,'., '-nn"COV, -~,~

1If"1.0

F,g(5.c): Dlmensionl9Ss temperature distribution for severnl
values of c("0.1 ,0.3,0,5,0,7) for the equation (65)

, ,
U,lu". ~ 0.0

Vc'Iv,'~O,O
11'=10

0=0.'

" -=~
e
i:C 00

''0

•Flg(6 a)' Dimensionless velocity dlstriblltlon along u--<lirection for
several values of c(=0.1 ,0.3,0,5,0,7) forthe equation (65)
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~ 0.7
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Fig(6 b): Dimensionless velocity distribution along v-direction for

several values of c("'O, 1,0.3,0.5,0.7) for the equallon (65)
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= 0,3
= Q 5
~O,7

u '," 1=00c •
VF'/v,'~oo

pr=I,O

Flg(6 c): Dimensionless temperature distribution for several
values of c(=D, 1,0.3,0 5,0 7) for the equalion (65)
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U 'Iu '_1000 V 'Iv '_1000" '''._ 5O,0 0=0,1
100 ppl,O

'"- 0.0

-----------" .
Fig(7 a): Dimensionless velocity distribution along u-dlrection for several

values of UF2/U•2(=100.0,50,0,10,0,5,0,0.0) for the equation (65)

U--'Iu' _1000 V 'Iv ' _ 1000,. '''. .
- 500 c_O,l
- 100 pr=l,O
= 5,0
_ 0.0

Fig(7 b)' Olmenslonle55 velocity di5tribuuon along v-direction for several

values of UF2Iu/(=100 0,50 0, 10,0,5,0,0,0) for the equation (65)
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= 00

Fig(7.c)' Dimensionless temperature disiriblllion for several values

of UF2/U•2(=100 0,50,0, 10 0,5,0,0,0) for the equation (65)

o:Q,l 4o'Ju,1: 00

~03 V/ly,'~1[)(j,O
:0,5 pr=10
= 0.7
=09

Fig(S a), DimenSionless velocity distribution along u-direction for several
values of c(=O.1 ,0.3,0.5,0 7,0.9) for the equation (65)
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Dimensionless velocity distribLJtiol' ",Io~g v-direction for several
values of c(=0.l,O,3,O,5,0.7,0.9) for the equation (!lS)
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Fig(8.c): Dimensionless temperature distribution for several
values of c(=O. i,O 3,0 5,0.7,0.9) forlhe equation (65)
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