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•• Abstract •

Gruetl"\;'s method determi L1CS all Ihe roots of univariate polynomials both real and complex,

repeated ill1dnon-repeated simultaneollsly.ln lhi~ thesis, it I, ~aid that this ~la\Cmcnt is no!

universally [me, It is shown tilat the method is valid if the algebraic cq\lation~ ~alisfy the

condition~,
(i) equations with zero coellidcnt lll\l~l have at leasl one pair of equidistant llon-~cro

coeJTicient from the /,cro coefficient.

(ii) any transformed equation of a given ~quation with n01\-7£1'O coefficient may have zero

coefficients but these new cocffici~nt5 must satisfy (i).

(iii) all the coel1icicnts ofnlln-lincar equation must nol be unity.

GRAEFFE.BAS program 19] ha, been modified in these light and has been extended for nol

~()Ivabje equations.
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Chapter J

Literature survey and objectives

1.1 Introduction
According to Pan in 1997 [I], the classical prohlem of solving an mh degree univariate

polynomial and it~ system ha, substantially influenced the development of mathematics

tluoughout cenluries and slill has several important applications to the theory and practice of

pre,enl-day computing of the computer age.

The nIh degree nonlinear univariate polynomial (algebraic equation of a single variable x) has

the fonn

f() " ,,-I n_2 0" =a t +ax +a x + '+a x+a =~o-I I ,,_In' ao '" 0 ( I .1)

This type of the equation arises in many occasions as

(il auxiliary equation of higher order ODE with constant eoeflieients,

(ii) characteristic equations of the m~trix eigenvalue problems,

(iii) in the area of computer algebra and computing geometry (an adive area 01' modern

research)

In general equation (1 1) has n roots (/,ero<;),which arc offollowing types:

(i) real and distinct root>

(ii) real and equal roots

(iii) imaginary or complex roots and comple" rools occur in conjugate pair

(iv) combination of (i), (ii) ,md (iii).

Although problem of ,olving (l,l) was known to Sumerians (third mil1cnnium BC) for

particular values of II, all the above types ofroots were not known to them. Aller centuries this

lypes oj" roots become apparent to the present generation. Nowadays many eomputalional

problem~ ari~ing in the sciences. engineering. business mallilgemelll and statistics have been

Jinearised and then solved by u~ing lools trom lineal' algebra, linear programming, Such roots

involve the solution of(Ll) for smaller n. Computer <I1gebru~olve~ (1.1) for large n. There arc

available ",nw<lre in eliSe oj" precision, error bound etc. fol' this causes pmblerns and thus

mutivation for nlrther researcb on [be de~ign of effective algorithm for solving (1.1) arises.



Thu, e(jUJlion (1.1) letail1'; it> major mle bolh n~ a resear~h problem and" pml of rra~lical

compul'ltionnl lasb in Ihe highly impOrlatll urea of ~omputi rig ~alJed complller a/Nehru. Th~s~

infoml'llion along \vith othcr~ are embodicd in Pan [I].

Nu generul ulgebraie mdhod is u\-'lilablc for the solulion of equation (1,1) eAcepl j'lr vcry

spc~ial cascs lih (,I) quadratic (b) cubic ~nd (c) quartic equation, Ther~ '-lrCsomc numerical

proeedurcs (mdhods) to determinc real roots both di~tjnet and e'lual only ~lI~has

(i) Bi.,eclion method

(ii) l-'alse-position method

(iii) Ncwton-Raphson mdhod

(iv) Se~ant method

(v) Muller's method

(\'i) Bairs[ow's mcthod

(vii) GraelTG'~method of routs squaring

Gracffe's method gives all the roOls simultaneously, both real and eomplox. This method bas

nol rcc~iv"d much attention. Modern research ba~~d on eompul~r has been carried ont b}' PHn

[I] in 1997. Malajovich [8] in 1999 and Ihe rcfcrcnG~S Iherein amund till; lasl purt or 20'1>

century and the beginning of 21st century. The lack of popularity of Gracile', method ,U~

~mbodictl in Malajovich [8] and in sec. 3.3,

Thi, projcet" OilGl'aeffc's method. MaJor work's eontnill~d in eha[ll~r 3 whiel, discusses

(i) the conditions for the 3pphcability of the melhod in 'c~. 3,2.

(il) Ihe necessary llIodiIication and eAI~nsion orth~ software GRAEFFE.I::lAS in sec. 3.4.

(iii) Modifi~d GRAEFFE,I3AS in sec. 3.5,



1.2 History of polynomial root finding and Gracffc's root squaring

NUl11encal root-finding for a univariate polynomial is a cias,icul problem. The exact starting

time of study of thi, problem is not known. But history reveab that Sumerial\~ in the third H.C.

have the root finding knowledge, Its study still continues to pre~ent day. Readers are referred

to run [1.2.3] and Barei,s [4] and the reJerenees therein for p~st and recent progre~s 111
polynomial n1<!t-finding.

Polynomiat root-Jinding occupies it~ position in the present day COll1tlutcr algebra Jild

computing geumetry. It is being widdy applied in the study of engineering sciences

particularly in netwurk theo!), control linear systcms and computer aided geomctrie design.

Iho: basis of Gmene's method 'is tho: "root ~quaring" proee,~. Controvcrsy prenlils ill the

designation 01"the It1dhod on the issue of a Russian trallslation which called "Gmen,!,

methoJ.' as "Lobaccvsk ii's, This controversy has been discussed in HO\lseholder 15J in detail ~
and the l'Cferences therein, Partial diseusslons are given in I-Iutchinoon [6.1, l'dalajovlCh and

ZuhelJi f7.1.According to them. the method is dllO:10Germinal Danrlelin (1794-1 S37) in IS26.

although the fundlmlcntal idea goes back to Edward Waring (1734 -1798) in 1762. Dandelin's

paper was not widely circulateJ and the process goes tinder the name of Carl Heinrich GracJTc

(1799 -1S73) in IID7. The method wa~ ,Ilso suggested inJependenlly by Nicholau, lvanovich

1 obacev~kii in lS34. Later contributions were made by Johann ['ranI. Encke (17Q1-1S65) ill

184 J. Somehow or other lhe method is popu1ari7.ed under GracJTe.

1.3 Literature survey

Litcr,ltlll'e reveals that study of root-finding of polymomial in speei,,1 cases begins ill unciellt

times ofSumerians and Habilonians. With the lull nedged growth of number ~y~tem, solution

of univariate polynomial find, it; new ways of achievements anti ,till it has bcen going on

with the advancement ol"compliler. Some 01.early and rccent loJormation on (;r~effe's method

li)r the .,tudy of p"l}nomia1 root-finding is briclly presented us parl of till' thesis in the
following pJragraphs,



In 1946, 1300kwing [1OJ ~tatcd many ildvantages of (',raclle's method sll~h as

(i) no first approximation nced bc known,

(i i) approxuD"-tion of ~jJToots arc obtaincd simultallcou,ly.

(1il) L1c)tmuch lailoriou, 1I1eompanson for knowillg a single root by any olhcr mdhod,

(1\') main a<.hantage 0 I'oiltaining wmpkx root.

(v) autolllillically sepm-ute close wot~,

(vi) it givcs multi pic root~ rt'al and complex,

(vii) ddermines ~~\'cral pairs of eomple.\ roots with ~"-memodu Ills.

Only disadvantage h~ Illclllioned, it is not useful in corr~ding a single root as in othcl'

melhods, Next he disC1l5S~J a solutWll proccdure 011 splitting the transformed cquallOll.

Discussing convcrgence proccss. he ob,crvcd that Graeffc's mdhod has gl'Cilk,t C'ffICIC1KY'"

lhe crror dctrcascs quadratically in cach subscquc11l transfollllcd ncw eql",tlOn. j'inally he

discH~,ed thc po,il ion of roots with samc modul us L1cara ClTde i11ArgandIGaLL~'iiallplall~

l3al'ei~, [4J ill 1959 pl'cscnted al the meeting of Associ"tion of U,S.A Atomic Enert\Y

CommiSSIOn 'lhe ("('sultanl proccdure' lor finding simultancOll>!y all /ems of polYllomials 'WIlli

rc,11we IliCiClltS,The procedure rei ies on Ihe moditication 0 r (jrae1Ie .~ rndliod, I'l'Ineiple~ of

the procedure are outlined Hc alsu rrc~ent stcp, fol' dcsigning the algOl'ithm. T-li_"di~cll,~i\Jn

ended with a summary of histol'Y ot root squmwg method, lie derivcd a lomllLla f(11'

determining the minimum numbcr ofrool squal'il1g.

Tn 1994 I\'lal,~""ieh III] in"e~tigatcd Jppro" lma1e Newlon iteration Cor,n nal gcnel" Ii/,at",ns

ot the l\c\vton opcratol'. He gencralized somc of the re~ult, dcvelopcd by Slmh and Sn",k in

1993 lrelcrcnce 6 in [11]]' The results hJv~ bcen used 10 prove compkXll)' them'cm on palh-

10Ilowing algorithms for solving systcm, 0 f pnlynomml equations,

In 1'196 Nell" and Reir [121 de\'elnpcd nil et"liell:nt nlgor;lhm 101'Ihc eOl1lpk~ roots up to

~peciticd precision of u univariate poIYllomiillj{x) of degree" with ~omplcx Cl)crlicJelll~ witb

norms le~s tban 2"', m is the smallest intcger. Their algorithm requires n0 'N,Lilllption I,"'

,cpamtion 01 ronts. Thi~ properly makes it remarkable.



In 1997 Pan [11 describes the imporlance of the equation (1.1), early hi~lory of solving

polynomial e'lUation5, solving equalion (I 1) fly gcometric construction, C(1l1lparCSsomc

approache~ lor solving equalion (1.1). thc divide and conquer approuch to approximatc

polynomial /,ero~, balancing problem in splitting thc polynomial, di~cu~s llw techniquc of

avoiding "pproximmion of the zeros or a higher ordcr derivative. cites lhrec "ppli~a(jon~ of

polynomial cquation (1.1) by di rfcrcnt rescarchers.

In 1999 Malajovich l~ldevelops a new varialion of Gracffe iteration of modem digital

computcrs, The algorithm i~ based on (i) classical GradTe itemtion and Newton Diagram~ (Ii)

changes of seale (rcnormalization). It implemented succes~fully wilh a Dumbcr of numcrical

experiments, This melhod ~omputes both the moduli and lhe argument at all roots under

certain generic ~()nditions,

[n :WOO Malajovieh and Zubcli [71 proposed and implemented a new version of tbe Gra~I1,,'~

algorithms for finding all the roOlSof univariatc complex polynomi,d, RenorL1laliYation idea is

used for lhe ~on~lruclion of the algorithm. They hav~ introduced Nc'W1ondiagram \\,hich i,; lh~

graph 0 f convex fUllction,

In 2000 Hazm and Loskor [14J ~onlradicts the univers~l ady,mlages 0 f Grue ITe. '> method about

giving the rOOl, of algebraic equation both real and complex repeated and non-repcilted

simultaneo\lsly stated by many authors like Hutchinson rG] in 1935, Cronvidl 115] in l'J39

Hod~wing [10 J in 1946. KopaJ [16J in 1961, Scarborough [171 in 1966, Carnahan [1R] in 1969,

Conslantinides f9J in [987 and Bnlagurusamy r19] in 1999 Finally lh~ authors pointed oul th~

conditions of validity of lhe Gral'ffe's root squaring melhod and slLgge~ted an algorithm

modifying the BASIC ~oli.warc designed by Constanlinide~ [9].

In 200 I Pan 121studied (lppmximale pul) nomial GCDs (greatesl ~()ml11ontin iMlrs1 which nrc

important both theoreli~ally and practically in control linear system, network Iheory ,md

computer aided design.



In 2002 Pan [3] develops t\\'O ,1IgoritlnllSfor arproXilll~tion "I' all roots ("l~ms) 0 r' a uni v>lr;atc

polynomial. Oll~ or them computes a basi~ well isoIilt~d ~cro free Jllnulu, on the ~oll1plc,

plane, The "thcr numerically splits input 11thd~gr~~ polytlOmial il"llotwo factoro balalleed in

dcgr~eo alld with the zcm sets separated by th~ hasic annulus, Tile IIrst lligoritlllli uses

GraelTe's root ~quari ng step r~cursivcly.

1.4 Objective
The main objectivc of till'> research i, to ~elur condition(s) li)r solvability of lllli,ari"te

polynomial u,ing Gr<lefi,,', root squaring method 1Jl sec. 3.2. On HlCbasis of lhe~c criteria

GRAFFFE.I3AS program developed by COL1stantinides['J] " to be modified in sc~. 3,5. so thJt

the program cun identify the problems solvable by (Jraeffc'~ mciboJ. I hl' l1lodli-L~d

(jKAEI'FE,BAS i~ to be tested in ,>olvingfew univariatc poly-nolll],II, in se~ 3,(,.

In the l1l~;llltirnc weaknes,~~ of this method will bc poinled out and finally SOIlWopcn

problerns in sec, 4.:! wdl bc stated after ~Ollclll,;ion.
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Chapter 2

Gracffc's root-sqUUilig mcthod :llId GRAEFFE.I3AS prognlm of

COllstalltiuidcs

2.1 Gracffe's root-squaring method
A 1ll~I1U~1~, 'veil ilS desk ~~k"lat"r method of GractTc'~ n101 ~l]L1arillgIllclh",J i~ uc,crihcd

here flllll""ing a mainly Scarborough [17],

The principle of the Grueffe's method: Litel'aturcs reyc,11thm Gl'acflc's root squaring l~ ~

dil'cct mcthod of obtnining all typcs of roots - re,d distinct- le"l equ,lI "no cOll1pl~~ of a

linivari,lte polynomi aI wilh real COo'11,cient" and" I'nO iniliali/,;ltion. II [n""timllS a polynomlal

p,,(x) into anothcl polynomial ofsmne degree wh()~e rOol~ arc lhe "luarc, 01 ti,e moh Mtllc

original Jlolynomi~1. Due 10squaring, tllc roots ofthc tmnsfi)f[ncd cquation will Ix sprtad apdrt

more \videly thun lhe original onc. The mots of the transformed equalion are S,IHJ10 he

,cparated when the ratio of any roollO the 1l~.~1liJrger i~ negligible in enll1pari,,,,, Wilh unily.

This siluation is known as "lOot; are separaled". Proc~~s c"n(inu~, ulllil (I,~ mOb are reully

~Cpilr<lled.Flllally rools ar€ ~"lIlplLleddireelly fmlll the coefficients nsing :t\c\l'ton' s relations.

The root-squaring process; The lrun';iomled eqnalion i, obtained by repeated application

o I'~ rool-,'1 llilriL1gprocess, 1'01'fi l"stapplication of thi~ PI'OC~sS,gl vcn c(jwlliol] have b~clLrai,ed

illl eqll~ti()n wh,,~e rv"l~ are llie ~qllares of lhose of the original cquation, This se~ond eq lI<Jtion

is thell transfonned into a thild equation wh()s~ rool~ ilre llie ~'1LJarcol'!llO~e "I'lhe .,econd and

lher"li"e the I(ltLrlh row~rs of lhose of the original equution. The rool-squaring PI()CC~' I~

con[illu~d unlillh~ rools "I lhe Ia~l transforllled equation are completely sepurated.

Explanation of the method:

J .t:t lll~ glveLl e'llLation be

fIx) = ""x" + iI,X"-' + ",x"-' + + iI,,_,X + {/" = o. (10 '" 0

lh~nirx, x,,' ,x" be the roots of this eqwllion. Ihe e'1uivilknl Ibrm i,

/ (x) = o,,(x - x, )(x - x, l(x - xJ"""" .(x - x,,) = 0 0.2)



ThllS (-1)" i( -x) = (-1)" iio( -x ~ x,)( -x - x,)( -x - x,)" ., .. ,.( -x ~ x,.) = n

=ao(x + x, )(x oj, x,)(x -I- x,) ..... ,., (x + x,,j = Q

No\\' llIultiplying (2.2) hy (2.3), the result is

(-1)" j (-x)j (x) = ao'(x' -x,')(x' -x~)(x' -x;)-

Ld (-I)" f (-x)/(x) = .p(y) ~nJx' = y tben (2.4)beenmes

(F_ ..,)

(?A)

, I ' ,
.p(y)=a" (y-x,)(Y-x;)(y-x;)' ...(y-x,')=O (2,5)

'1he roots of this equation arc x,', xi ' . , .. , .. ", x,; which ~re the sq"are~ 0 r lh~ I"(lot~0 r th~ givcn

~qlL"llOn(2.2). Thc cquation (2.5) can be described other way round us

11."' 0 1,,)5-1,15-I, )(5 -,JR"i5H,15" )15 HJI
0(x) '" ~I,J/~- x,X~-x,) .(,1-';:- - x")Hao(£+x,X",I~+ x, ) ., (,j~+xJ (2.1'!

=Hl" /( '/-; )j"( -l-;) by(2.2)and (2.3) 0 7)

y?(x)= (-1r ,f(/-;) f (-.Ix) de,nib~s (he lir,( ikration (,'1ucLl'ing) of thc lllclh"d.

I-kllcc. 011multiplyillg .f(x) =0 by (-l)"j"(-x) an equation whose roots are the squares 01"

tho~c of {(x) = () is obtained.

'I his ll11iltiplieatioll maintains a simple routine which cun be best Jilustratcd wi lh lo\\'cr dcgree

equations, Let a sixth-degree equution be

r(x) = ii,,\" + (I,X' + ",X' + u,x' + a.,x' ., Ii,X + a, = 0

Then (-1)(' f (-x) = (loX" - a,x' + ",X 1 - "Jx-' + ",X' - "jX + ", = n

On Illultiplieation by f(x).

(-1)" f(-x}J(x) = a,;x" 1(' , 't ,Ii,

- 2<1Ja,
+2<10°,

, ,
x -ii,

+ 2a,",
- 211,0.,

+ 21.1,11(,

" ,x + Ii.
- 20.,11,

+ 21.1,(1"

Now Ie! " oeventh uq;rec cquation be,

,- as
-t. 2a,,",

x' + a,; =0 (2.8)

""'" 0f(x)=a"x +",x +a,x +a,x +a,x +",x +(I,x"'(I, =



=0

Multiplying, "" before

(-l)' I( -x)./ (xl'" u,;x"
,

-ii,

+ ?""{/l

-,',
+ 2a,a,
-2".p,

- 2a,"-,
+ 2u,,",

-2",11,

x'" -a;
+ 211,",
-2",0,
+ 2(1,,11,.
, ,x -a,=O

, 'x +t{;

- 211\a,

+2a,II{,

-2",a ..

r"

(2.9)

The equation ShOV'i~that the Imv of fOl1llation ofth~ ~oeITiei~llts in the squ;Jl"Cllequation is Ih~

samc wilcth~r the J~gree of the given cqUDtionhe ey~n or odd. In pra~ti~~ Ihe mulli pi iCDtioll;0
carrieJ Oul with deta~hed cndfici~nls;l~ ,;hown hell1\\':

an ", ", ", "'1

"" - !J, ", -a, ""

, ,
<I; -a,; ,

II,; - ",- ",;
+ 211,,1f, - 2a,"-, +2a,", -- •.a,"-,

+2",,", -2a,"~ +2",""

+ 211011(, -2<1,1/,

+ 2""""

a, -

-2",",-

-2",<1,,'

+ 2""",,,

hI) b, b, b,

(2,10)

Th~ ~ndficient~ in (ile new ~quatioll (2, I0) ,Il<' the sums bo ,b"h" .h" of th<.'~~v~1'll1column'

in the scheme above, The whole sch~l11ei, set up" follows:

I. The ~,,~mci~nb ()[the original equation ~\ln,ti!ute th~ firsl row ()fth~ ,ehe'llle,

positive,

"



Now the multiplication of thes~ (wo rows arc perfOlmed between two lines according to Lhe

following rule,l under the first line:

3 The numbers in the top row are the sqwres or the eoefficicnts directly above thcm, with

aiLernaling signs - the s~cond, rourtil, sixth. etc. square numbers being ncgatj\.c.

4. The '-juantities directly under these squared number" arc the doubled product> or the

cocfilcie~Ls eqlm[ly removed hom the o~e directly o"erhead. the first heing twice the

product of Lhe two coefficients mlJil"ent to the one overheild. the seeond thc doubkd

product onhc next two equally removcd coefficients. etc.

5, The signs of the doubled products ~re changed alternately in going along Lhe1'oWSand

also in goi~g down the columns, thc sign of the first doubled prouuet in each row not

being eh~nged.

rhe above discussiolJ~ are conccntrated to first ,ql1ilJ'ing(first iteration). Let :,ewnd iteration of

(2.6) transforms 1i(Y) to 0(z) , Thus rools .v, = x,' and 2, '" y/' = x: '" (x,')'. Proeeeding in

this way to k iteralions, the roots of the final tran~rormed cquation al'e, therd'orc r, = x," 119].

mth iteration formula:

A gencral forllluia lor mlh iteration CJll be wri(kn. I,e! I" (x) denote the unl ViII iato.;polynomial

(1. I) or (2.2). I, (x) denote the I<t iterate (2.7) i.e. the relation

I, (xl'" (-I)" fhr;)I( _"r;)= fo (,[;) fO<-.,J;).

Simillirly, the ~eeond ileralion

I,(x) '" J, (.,J;)J, (-.,J;).

Proceeding in lhi~ way. the mth itel'ation i~

Calculation of roots in three cases

Case 1; Roots all reul and unequal

(2.11)

The relations bet wcen the root:. xo, x I , x, , ..

lhe nth degl'ce generaiuni,ariate polynomial

.. . x" and the cue 11ieients {I" ", •a, a "I'

(")=Ux"+lIx""+a t,,-l+ +a x+a =Om-e, , " ,;-, "



N~wIOl)'s first relation "-' =-(.1', +.1', +.1', +""""'+.1',,) =SlInJ ofroob.
",

dl,a,. [I '"kwtnn'" seeon re atlOn - = ~(x, x, +XLX, + ...) = sum 0 t l~ proJlld~ taken two at a tlllle,"0
"NewlOn'~ third relation -' = -(.1',.1',.1',+ .1',.1',.1',... ) = stun ofthc product:> liLkenthree at a time.
",

Newton's 11threlation ~ = (-1)" x,x,x,'
",

.x. = product of lh~ f()Ol~.

In the final transformed ~llllalion (i.e, mth iteration in whieh m i~ a positive illtegr~1 pow~r of2

I.e. III= 2'1, q is a positive integcr)

(2.12)

whose rools

relutioll~

"'''"'drl' bbbb Ix, . .1',,"'.1'" an coe IClcnls 0'" 2'" "arc conncctc( by the

", '" '"-=-(.1', +\"0 + ....
"" .

[ ". ".
"".+.1'"')=_.1'''' I+.::i. +.:i. + ," , "'"'XL X,

, JX"+-, '
X,

b, m '" m '"-' =.1', x, +x,',
I . .
"

["" J"' '" x, x,...... =.1' X, 1+-.-+-+ ,,. "' ',"x, x,

b,_(",,,,",+,,,,,,,---X,X,X, .1',.1',.1',+
b"

Ii" (I}"'''' .'" '"-= - ~ x X •
I ' , J

"

,,)-- '" "' .m[I+X~+"'\1,.- x,X,x\ m

", ,

Now if the order ofm~gllilud~ oflhe roots is Ix,l >1.1',1 > 1.\11 > 1.1',,1, I
' x~' x;"

lhen lIe raliOS ~,-", de.
x, x,

are negligible in ~omp~rison with unity and c"n "II be madc ns snmll as desired by making III

large enough, Thu~ the relations betwecn the rools and the coefficients in the lin'll lran~ronm;d

equalion are

h, "'-=-.1'
h ""

b, '" '"-' =x, x"
h"

..,~" =(-l)"x;"x;'x;' ..

"

"



DiYiding eaeh of these equation~ arter the first by the preceding equation, we obtain

ii, "b,,, b" "h=-xl ,---,;=-x,.'" b=-x"
" ,-,

I fence IT-omthese and the equation

are obtuined.

b, '"-=-x
b """

(2.13)

one obtains
Icc b 0 c "e bOb "" cO .. b ''', ~ - 0JoX, + ,=. ",Xl + ,=. ,X.1+"'= " 'n_'X,,'U,,-. (2.14)

Thus the original equalion has bl'Oken up into n simple equations and the mth powered rools

can be found from them. Finully mth root of these gives the desired roots.

The number of root S'luaring to breuk up the original equation mto linear rragmenls depends

upon (I) tile ratios (,i'the roots of the given equation and (2) the number or sigmJ,eulll figures

desired in the cOll1pu[~droots, But it i~ nol possible to determine how many tim~s lhe root-

squaring proces~ i~ needed because the rool~ und their ratios are not known in advance, In thc

root squaring process. the signs of the doubled prodLlcts will not occur in regular ordcr bccause

the coetflcients in the given cquation are not in gencral all positive. !n mall\l~1 pmctice the

possibi litie, of m'lking a mistake in the sign are great and for avoiding this 111islake onc can usc

some nolalions like a "c" alter each term in which lhe sign is 10 he changed and an "/l" artcr

each !elTI]where the sign is not to be changed. Furthermore. in the lransrormcd equations thc

eocilieients, which are large numbers, thesc coefficients ma} he writtcn as simple Ilumb",o.

multiplied hy pow~r~ of 10.

Finally, by thc repealed rool-5quuring process, one oblains transformcd cquation and compute

all Ihe roots or an equution Equations (2.14) ean be combined 10 ,1 signul formula [19]

beh,/=1.2, .. ,n
e_'

(2.15)b.----. So, x, '" 2" th root or [",--] = ,,,II' b,
b,_, \ iJ,_,

CalTIahan [Ill] introduccs the s}mbol I A, for the .fth iteration of A, und develops the iterative

"Thus (X,)-

fOl1llUla



,.,A,=(-I)'[,A,'+2t(-I)!jA'+IIA'_I],O$i$n,-,
for coeffi~ienls ill (2.12) when; "A, '" G" the initial value of A, etc.

(2.16)

(2,1~)

Ol~e II. Complu Roots

Tile lOut ~qLIar;Ilg proccs~ br~aks all cqu~tiull into a pwduct of real Iincar and LJlIutim(ic factors,

in the presence of complex root>. The rcal roots are IQllild from linear li-agmcnts and the

complex roOlS arc found from quadrali~ fragments, each quadratic factor corresponding to a

pair of complex roots. The prescn~c of complex roolS i~revealed ill (WO""y':
(1) The doubled produd~ do nOIall disappear from the first row and

(2) the signs of some of the coefficients nUclllatc as the Inm~l\mna!iolls COlltUlIle,

The rea.>lln for these peculiarities arc explained h-dow:

Ld an equation having two distind real roots ami two pall"S of ~(llllplcx mots b~

x,. r,c'"'. r,c-'"', xJ• YJe'.', Y,e _"i, and let the order of their magnitllde be lx, I > rl > 1.1',1 > r,.

Then the eqllution having these roob i,
(x - X, )(x - y,e'O,)(x - J'le-'"' )(x - x,)(x - r,e'''' )(x - r,e-'{)') '" 0

The equation whosc roots are (he mlh powers of the roul, nfthis equation j, thereforc

(y _ xt )(y - r,me""'" )(y - r,"'e-,'"I', )(y - x.:")(y - r;' e,,',li,l(y - r;"e-''''u,) '" 0

where y=x'"

(2.19)

On per/orming the indical~d multiplication, 111 (2.19), then tuking out the lildllf'

"" '" .'" ",'m '" ,,,.m m "x, I', ,x, r, .x, Y, X, ,x, r, X,I", neglecting thc ratio

r,m "'",
x'. x;", X'",

x;"
-,-" '
"

""
'" '"

'"" for ncgligible in ~omparison \vith unity.

Finally. one oblajn~

'}" _ ¥,,, " '2 ~ "MOmO " _ ." ''''y' , ~m ."" " ,~ ~,}, x,r, W., L} X,r, TA,', x,Y

2'""",~m 0 ",2m 01 '''' 0- .1',1', x,r. eO,1n ,y+x,r, x,r, =

Thus the given equation has b~en broken up into the lineal' and quadratic fragmcnts

(220)

13



_x"'r'''),' =0, ,
y"-x;"y' =0

""2"" I"-x, y + x, r, <:0,111 ',Y
x;" ,.,'''' y' + x;" !",'mx;" y' = ()
xt ,;''''X~'y' - 2-,;"",'''' x;'r,~ cosmO,Y + x,'" r,""x;' r,'''' = 0

from which the original roots C,Ul be oblaincd.

The root-squaring process is applied to (2. J 9) once more, as shu\\'11below

(2.21 )

y' y' l V'

mth power I _ x,m 2Xm,.rnCllsmH m 1m, , , -X, r,

I 2m + 4.<,'"", 1m COS' ",0, '"' '"-X, -I, "
4"'" B 2 '"' ,,, 4 4-,,''"1','''' ,,;' cos m 0,+ x, r, Cllsm I - X, r,

+2""'''''' 4'''''''''''''' 0X,,, x, - X, f, x,,., cos'" ,

2 "' h, "' ,,"+ x, r, X, r,

2rJl/h 1 ,,,' +4x'mr',,, cos' me 2" 'm-Y, ' , , -x, 1",
2 1m ,,,'

p"wer - X, 1",

y' y y ,

mth power " 2", "' ') m.'", m.", . 0 , 'm , 2m
X, 1", I -_X,,, X) I, cosm , I, " " ""'

""' 'm '" -4x, ,,, ,", ,," '''' cos'ml1, '''' '" 2,,, _1"
+x, T, X, , J, " +-', , J, ", ,

4'm'mm""O~J1e 2 1", ""' ,,,.. ""'- X, " x\ r, C • I , + X, r, Y, "
4'mJ",~'", 0+ X, r, X,,, eosm I

2mlh + ,,,' 4 '" 2", 4 ,,, 4" ,,, ,,,' 'OS' nO ',,, 4" 2m 4"
X, r, X, X, r, X, r, ~ i , +X,- r, X, "

pow~r 2 1m 'm 'W ,,,'+x,r,-"-,F,

Thus it is obscrved that allthesc products from the abovc table ar~ negligible exccpt two in thc

first row, The uOl.lbled product ill (he first ro\V does not all Jisappeal' when !h~ complex roOl~



me present. Smcc 2cos'O - 1 ~ c()s28, the coefficient ofy' and y becomes lx,''''r,'''' cosl",O,

and lx,"" r,"mx;'" rt" cos lllJO, respeclivdy, Thus the l~~t tr~n~r()rmcd equation is

1 '"', 2 '''' ,,, 2 0 ,,".'''' , .'''' '''' ''''-x, T x, r, cos 111,-x, I, "A, r, x,
2 '"' <'" ,," '''' eM2 0 ' 2", .'''' .''''.'''-0- x, r, x, r, w.' III ,TX, I, A1', - (2.22)

The equ~tion (2.22) shows that e~ch root squaring double>; the amplilllde of the complex root"

The cosines eos2mB, and cosl",O, l1uclumes in v~lue ~nd even in ofthcse amplitl1d~" ~i~ns.

For this reason, the pre8en~e of complex rool> "h"w~ Jluetuation ofsigllo. Thl' ~Oll\rlcx mots

by solving the resulting quadratic equ~tions for x" and then extraction the mth rool oj ll1<:

results are obt~ined by means of De Moivre's theorem, But in thi~ process the amblguitlc, of

sign, in Ibe roots mise iIlld these cannot be e,lsily removed. To obtam the eomp1cx mots

without ambigully a,\ to signs some furlher relations between root~ and coefficients are (lenved

below.

Reiatillns between the coefficients of an algebraic equation and the rceiprocals of its

Routs: In the general equation <lDX" +a,x"-' +a,x"-' +

let x = I! y. The result. ~rter c1carillg offraction~, is

,.... ,.+u x+a ",0,,-, "

l'len~e Irom the relations between roots and coefficients,

(/"., ( )--~-y,+},+' --+y"

""
" ,~~ y,}', + y,y, +-- ... + y,y-, +.

""
"0 1)"-~(- y,y,y,,'"

""
Of,sincey=l!x.

"



___ I_-=(-lr~
x,x,x, ..... 'x" a"

I I-+-+
X, X,

I I--+--+
X,X, x,x,

1 U,,_I+_0 _

X" ""

I...+--+
-",x,

1 {/,,_,'+__ 0 __

x"_,x,, II

,
(2,n)

Thc~c relations hetween the coel1icient~ am.! the rcciprncnls of the roots will help to ,j\'()ld

ambiguities of sign in the cQmpl.Ilalion of complex roots,

Case Ill. Roots real and numerically fqual

If one of the double products will always remain In the first row and wilI he jll~l hall Ihe

squared term, th~n the root-squ8ring process can ne\'er break L1pinto linear fragments. For tilis

reason the equalion has lwo roOIS arc muncrically equal.

Let a third degree equation having three real roots x"x"x, be

x\+a,x'+o,-,,+(I,=O

Then the ~qualion ",h(J~c roots arc the mIll powers of (2.24) is

(y - x,m l(y - x;' )(y - x;') '"O. where y = x",

, ('" m m). (" m '''"' '" "') ~"' my - x, +X, +X, r +. x, x, +x, X, +x,x.1 y-x, x, x, =()

(2.24)

( ""'J [.. "Jl'-'_Xffl 1+2+2 ,,'+x"'x'" 1+2+x, "-x"'x'''x"'=o
~I mm~12 ",m~'"x, x, x, x,

Nu'" leI x, = x, ,md let Ix,l > lx, I. Then for sufficicntly large values of In Lh~ ratIOs

negligible ill comparison with nnity and (2.25) reduce> to
, m' 2m,', m'"" 0y -X, Y + x, x,y-x, x, '"

0.25)

x'",

(226)

The roots of the given cquntion ho.ve now he~n ~~pamtcd a~ mueh as they can ~\'er b~ but

applying the root-squuring proees~ to (2.26) using only the cocfficients. Vie h,lve.



",th power , -x;" 2r" '" m ,,"
• IX, -x, x,

, '"' • 4 'M 1m ,,,' < '"
- " X I X, -X, X,

+ 4x" m 2 'm ''''- X, X,1 X,

2mth power , - x''" • ~ 1 '" '"' 'm '"'~X, X, - X I X,,

It can be noticed thaI the first doubled product is negligible in eompuri~on with the ~ljuarcd

term above it, whereas the second i, of the same order of m~gllitlilieas the oquared term above

and just half as large, Further, in the equation for the lmth powers of the roots ull the

clle!licients except one are the squares ofthosc in the preceding equation. rhis rcmaining one

is only hull' of thc square of the corresponding coeffieient in the preceding ~ljlJalion.These

peculiarities enable one (0 detect equal real root>immediately,

2.2 GRAEFFE.BAS Program
Conslantinides [9] designed GRAEFFE. HAS program in BASIC prognlmming language for

IBM PC for solving univariate nOll-linem-polynomial equation using Gru~[[<:':;rool squm-ing

method. The prognull consists of a main progrum and 6 (six) subroutines. The flow ehmt oj lh~

main program i~con~tTl1clcdas follows:

"



Milill program: Input
(i) dcgl'ce of polynomial
(ii) EPS. Convcrgcnce criteria
orO.OOI. changeable by u~er

Print status of codi's
(pure ~Quarc or non sQuarc)

Factor eoefIiei~nt. into
mantissa and exponenl

COUlltthe nlImher
ofpuresquar~s

Print original eoeffs.

GrJelr~'$ root squaring
hcginning of iteration,
R=l. Changeable by us~r

Calculate new
coefficients

Pos~ibility 0 f complex
or repcatcd roots

Roob rcal di~tincl
evaluate them ilnd Wlll

(hea'lLoing
y =+1,"" .. k=12. 11~'-'vA' .,

Cull subrouline I for
ch~cking ~igll 01'ront

C"lcul"lc SlLl1\of
product of real ro()l~
using SUbrolI(ine2

Pnnt all ro()(~ @

F'lld location of nOll
sQuares =NSQUARES,

I
!

-j

Reducc iteration COUlller
byone,i,e.R~R-1

l
PO$~ihility of repcatcd

or complcx root
No

Delermine whether eocffs.
are pUl'e square or not (i) If NSQUARES = I. \IS~>;ub-routille 4 to calculatc

onc pair of complex ()r repeated roots.
(ii) lfNSQUARES = 2, branch () ~ub.j'()LltillcS

to calculate 2 pairs or complex or repeated roots
with different moduli

(iii)lfNSQUARES = 3 branch to sub-routine 6
to calculate 2 pairs of eomple:>.or rCj)~iltedmot,
with identical moduli.

(iv)If NSQUARES >3. Programe cannot bc used.



S~q\lt'nee of calling sil- ~\lbrOlJlines b} th~ main program and ~ubrouti nes thctl10elvcs i, ~hown

below:

All transform~d ~()cffs.
are pur~~'llmrc

Subroutinc 6 for calculating
two pair <)f complex or
repeated wots with
iden(ic~l moduli 6000

Subroutine 2 ealculat~~ sum
of products of reul roots 2000

C~lIs

SlibroUlin~ 1 lor
checkinl! si~ns ,,1'real

Calls

Calls

Calls

Subroutine 4 For
~alculating one pair
of complex or

repeated roots 4000

Subroutllle 5 for calculating
Calls twu pair of com picx or

repeated roots with
diffcrcnt muduli 5UOO

I Calls•

I....Ca~lsNSQUARE~= 3...------

NSQUARES = 1

NSQIJARES = 2

Subrouline 3 dlccks validity 01
complex ruO(~b)' direct

substitution ill original cqn.
Warning if COli". not ~atisficd

by COlllp. root 3000

'"



2.3 Procedure for identifying roots in GRAEFFE.BAS
Due 10 squaring. the square teml~ gruw more rapidly than the sum of product terms ill lhc

transformcd polynomial. As a resuH ne\~ coeffieincts ,A, are pure squares of '.1A,. However

prcscnec of complex 01'rcpeukd roots prevent, thcsc cocfficicnts from becoming pure sqll~re~

i.e. somc coefficients rcmain non-square, Thus Gr;leJrc'~ rool ~quaril\g method prm iJc~ a \'Cl'Y

powerfnl proccdurc for identifying ddlereot ~alegories 0 f rools fl.\10110ws:

(a) real and distinell'Ools cOITespond to ";Ill eoe Ilieient s. ,A, being pure ~llllarCS",

(b) One pair of complex roo[~ or rer~;llcd real roots correspond to "a nonsqllare sorrounded

hy 1'1'0pure squares" in the form [9]

,A",
Pure square

,A,
Nonsquare Purc square

and the roots a:!:ip arc determined by solving

relalion " a ,'" ,,-L,X, =---
,=1 a,

applied to original polynomial. If P '" 0, then the two 1'00ts are

real repeated.

(e) Two pairs of compJcx 1'00ts or repeated real roots with dlfi(mml moduli emr~~pond to

"lwo nonsqmres each io sorroun.deJ by two pure sqllmes" as

,A,,+I ,A" ,.\_1
Pure square NonsqllJre Pur~ "'Iume

,A,,+I ,A" "A,,_,
Purcsquafe NOllsquafe Pure~qllarc

mld the roots a,. :!: iP", a" :l;ijJ" ar~ d~t~rTl1inedhy SOIVlOg

'+P' _ ,A".,a _ _m __ ,

" '. A, ',.1

" aand Newton's firs! and second leialions LX, '" _---"..::l,,-, (/"

lhen the four roots arc real repeated.

'"



(til Two pairs of complcx or rcpe~ted real roots \\.ith idenlical moduli C01Tt"p,md lo "lilrcc

neighbourmg non''l""rcs sormlllldcd by two pure squares" as

, A'~I
P""' '4"'"'

,A, ,A,_, ,A'_2 , A,_J
p""'qu,,<

and roO(~ U, :!; ij}d .r = 1,2, arc obtained by solving

where R is (he common rllodllillS, and first 3 Newton's rclatioll~

,
I X,X)

'.1-1

'"

H'I}, = 0, .~= 1,2, thc mots arc rcaircjlcatcd.



Chapter 3

Solvability conditions, weaknesses and modification

3.1 Observation
None of the researcber8 in tbc references discussed !he following ob~crvaLi()Llscxcept u /CW,

Their commenls ablJul the method regarding advantages and dl,advantagc~ ar~ correct to their

point of view.

(i) l! i, ob~ened that there arc equations, which are nul transformable by root sqnaring into a

different one with non-/-em coefficients from where the roots lJf Ihe lJnginill equation are

calculated. It is found thallhe odd degree equmions set like

,
x +,,=0,

x'+a=O,
(3.1 )

x' +a=O,

x' + 2x' +2x' +2x' + 2x+ I'"°
etc ~ann"t be ,;olved by the Graeffe's root squaring method munUillly a~ well a~ using

GRALH'L.UAS of Consl<lI1tinides [9]. All the<,e equations (3.1) transform to the form

x" +a = 0, n = 3,5.7 aner lirst iteration and GIZ,\LFFE.lIAS shows overflow at the qal~mcnt

!080 Ofconstantinides[9]. l! is ob,erved that

x'+x+b=O, x"+a=O, x'+ax'+h=o'l

x'+ax'+b",O. X'+2X'+2X'+2x+l=Oj

(3.2)

etc. ean bc solved by both manuul procedures and using program UrCOll~lalllillides [9].1n lhis

ca,e zero c()eflicicnts revive and nonzero coefficients d" not vani,h. As a result final

tnmslormed equation ill eaeh ease provide, ~olution. Hou~eholder 12\] passes a simi I,ll' remark

for x" -\ = 0 in whieh all n roots have unit modulus and the Gmeffe method lilils lor sueh

equ~\ions \\,ithout deriving allY solvability Cllndilioll. Similarly. Wilkinson I22J called for



~qli;lljon X' -I = (J \\icll-condition z~ros x = l:1. becaLL,<'c011,quarillg the trans!()fI11cricql",!ioll

be~om~s x' -2x+ I= 0 and detcriorat~s 10~oill~i<Jel1till-conditiolled 1'00t I.

Ili) Adual computation rcveals ,molh~r ract that 4'1., 6''', HLI,.IOLl1elc, J~gl~~ ll(m-liLlear

equations with p,,~ilivc unit coefficients like

,," +x' +x' +x+] =0 (3.3 )

will nevcr stop the procedurc becausc the codli~ienb or th~ lransl\lI'Illl'd equation rCIl1U1n

lInito' i,c. (- J)' ,f(E)((-,f;) remai II~invariant.

3.2 Solvability conditions
The observations ill ~cc, 3,1 leads ~olldition or~olvability, In Grucffc'~ lllethod. r(\ol, (lflhc

on gi nul eq uu!ion are obtaiued from the CDCfJicicnts of the lasl Ir;lm,l'orl1ledeljualioLi. II' ,Dille 0 I'

!hosc intennedi,lle eoeil-LcLCIl!Sbcl\\icell the Iir,!1 and lhc In,t olle are zero. the rout, Ill'll' be

inlinile or even indcICrminate, So, the first and foremost C1ileria 01' Grad],;, mut 'iquming

mcthod to be su~ce~,ltil is thm the codlicie~ls ofthc last transformed ~lj\lation mu,,' be IlOIl-
zem wh ich 111turn depends on somc or all of (bc IlOIl-7.Cmcoctticicnts of lhc urigi Ilal C'llllitinn,

I d thc nth dcgr~e Jlgd.wic cquation bc

Ihe schel11eof the pro~~~s is as fo]lo\\'8:

•



Vanablc_ .•" .•"" x"., " ,
, , (-I)' {-1)""' (-I)"

CoeOideillS "0 ", ", ", "n" "",
- ",' , (-I)' I( (-1)""',,' {-1)"",:ao + ", " -,

2a,a, -2",0, ,... ,.(-I)"'2a a (-1)"20"'J"",., ,.,
+ 2ao". -(-1)'+'20,.,ahl

,,'(-1) '2a,.,",,,'

2'" ,Ao ,A, ,A, ,A, ,A" .• ,A"

pow~r

2,1+llh !"Ao
powcr

wl1~r~ i+,A, =(-1)'[IA;+2:b-1)"JA""IA,.,], O::;k::':n, k-I~O, k+l$n,,'
is a modification ofwl1at i~ given hy Carnal1:Ul[18] and oA, "'a,. Th~ ~qualion suppo~e that

(he root squaring process stops aftcr jth squaring ,I~~ording to the stopping conditions

suggcsted in thc sehcme.

The nmdillV/JI; of solvahility arc discussed for the following two casc~:

CASE A. Equations with L"Tll coefficients

ut a, '"O. 0 < k::; Il, If .•, A, = () for ()< k $ n and for anyj then the method will ~01)tmuc

indctinitcly \vithout satist)'ing JllY stopping conditions suggested in the rekrences am! S0 the

methodfilils, But if .'" A, ;< ° at som~ stages ofj then (he method is successful in giving roots.

l,ctj=O,so



,
2~::r-l)'.a>_I.a,,, '" 0
'~I

LC, from the 7,ero cocflicicnts Qk =0, e'llli<.lislant coefficients (/'.1 and a,,;" arc non-zero.

Once ,A, becum~ non-zero then the sub~cqucnt transformation \\.ill produce I A, 1-0, Thl,

fact m~y be observed from the c'luutioll set (3.2) with lew coefficient in sc~.3,J. But if it

happens that "l A, = 0, j > O. then the solvability conditions folio'" lh", next CaSe B.

CAS~: 8. Equation ",jlh non-zero cocfficicllts

Let "l ot O. 0 < k ::;n. The ca~c when ,+lA, '" O. j> I) is of less interest of di:;<;us~ion,

l3ecilu,c of ~llch case the mdhod is quite successful but ir it happens that /.L A, ,,0. j> 0

then the conditions will be same as the following.

Let !<,A, =0, O<kS:n,alsoj""O.Thcn ,A, = (-l)'[a;+2:t(-I)',a,_"a"I]=0,-,
,

(-l)' 0; +2~)~I)'".a,_,.a,., = 0,-,
I.~. Ih~ coefJicienls of thc second powe~ of lile roots in th~ Immlormed equation arc zero, If

these eoefficicnts satisfy, the conditions likc CASE A lhenthe given equation is solvabJ~ tinder

lhi8 method othcry"ise not. Similarly in any ,tages of transformation I"~A, = 0 but satisfy the

conditions like CASE A thcn the given equation is !,ohablc, Consider the equation

x' + 2x' +2x" +2x' + 2x+ 1= 0

in set (3.1) ror which I A, = 0, 0 < k < 5 and which do not s~tisfy th~ crit~ria in CASE i\. So.

for this equation GmelTe', mclhod fails whereas the method i, successful for the eqwltion

x' +2xJ+2x' +2x+2=O.

25



3.3 Weaknesses and recovery of Gracffc's method
The most imporlant advantages of Graef[e'~ root squaring method menliollcd in most or the

r~ferences are (i) lhc mcthod gives all the mots - rcal. complex, eljuill ~nd IJnequal. simple ami

mulliple; (ii) the method need~ no initial guess as in olher method. Although BnlagurusClm}

[1\Jj. Constantinid~ [9J mcntioned some di~advanlage ofcoefficicnt growth during ilcration.

Malf\jovieh and Zubell i [7J ekarly and spccifically point on the reasons for lack of popularity

of Gracffc"s method lor a pretty long time. They ~trc~, two main weakness - (il C()~(ficicnt

groVvth, (ii) lh~ mdhod rctUl'llS the 1ll0dllii of roots but not the Gctu,,1 root,. Spceifically

reasons for Graelli::' s root squaring meth",] for lack of popularity me

(i) its traditional form leads to exponents that easily exceed the maximum allowed by nouting

point arithmatic:

(ii) Chaotic behaviol.lT0 f the argumcnts of th~ roots of iterates.

To overcome the weakne~>;(i). they introducc renollll"liz(illon and to ovcreome wcakncss (il).

thcy differentiat~ the Ciracffc iteration operator, Gf(x) = (_I)" /( !X)f(-v';) [whcrc d lS the

degree of polynomial J and its effect is to square each root ofr, [7].

Constaintinidcs 19j in ilis progr~m alJeviat~ ~eriou, limit~tioll (i) abovc by the following 4

~(er~.

(a) CoelJ:iclent of the original polynomial are separated into mantissa and exponcnt pm-ts and

~tored into two separate matrices. The rallgc~ of mantissa used <ire:t 10.

(b) Aftcr each itemt;"n manti~~as part of coefficients are le~led. If th~ir absolute values arc

greatcr than 10 (less than I) these values arc divided by 10 (multiplied by 10) and thc

corresponding e),ponent~ are inereascd (decreased) by I,

(c) The upper "f limil of exponent factor is chosen as ')')') as maXlmUlll values of them mel}

bc i,e.IOxlO'-'"IO" which i~ not neecssary for Grue[fe'~ method. jfone of the exponent

t;letOrs exceed this limit, the ;leration i~lemlinatcd and the roots "re ev"jlLat~d.

(d) Ooth the matrices are treated together in the programme, ~o that exponent pan of eilch

eoc1J:icielll is alw<iys,,~counled lor.



HaLta and Loskor [14] ob,erv~ lhat the ajgebrai~ equalion ~d (1 I) i, nOI solvable manually a~

well as GRAEFFE.BAS software in [9]. ThlL~they conclude that

(i) equation with zew-~oeffieient must have al lea.>l one pair of equidislanl nOll-l:ew

cocffieient from the zero-coefficient;

(ii) any transformed ~qualion of a given equation wilh non"zero coefficient may have i~ro

~oeiTicien\s but these ne\\i ~oemcienls must satisfy (i);

(iii) aU the coefli~iel1b of non-linear albegrak equation Jllustnot be unity:

(iv) GR1\EFFE.UAS needs moddieation in the light of (i), (ii) and (iii).

The) suggest a testing procedure whieh identifies solvability oflhe e'luation. Thus software in

[9J has been modified for identifying those types of problems aOlI actually identified wilh lh~

l110dilied softwnre.

TIlustration "f (i)

Odd degree equalion~ or larm x" + a '" 0 does nol ha~e a pair of equidistant non-/.elO

coefficients from the z~ru coeffieients as is seen from fir~llhr~e cquations in (3.1); ,vhelc,ls

l'ven degree equation 01" Ihe rorm x" + a '" 0 do~, ha\'e a pair of equidistant 1l01l"zero

coeHicienl from the zero eoefti~ienls ,1Sis s~cn from 2"" equatioll x' +a = 0 in (1.2). Also the

3'~ and 4'11equalions possess a pair of non"Lero co~ftieient from the zero coclTicicnl. Hellee

these equations in (1.2) are solvable hy hoth m,mually and using GRAEFl'E,BAS soflwarc.

The last equation in (1.1) has no zero eoeffieienl bul has the codficients I/u= (/" = I and olher

codlic;enls are equal. This type tran~lalm to one with zero codIiclenls and p,,%c!'ses no

equidislant pair of non-zero eoeflicienls from the zero coefficients. J3ut the la~[ equation i[l

0.2) with ao 0# Go, and other eoefficient~ being cqual transforms into one with 7--eroC(lei'ficicnl,

having al [cast a pair of nUll-lero coefficients from the l~ro ~oel1icients Hence this type is

solvahle by GruefTe.~ method.

In other words, all thc equations in !he ,el 0 I) reduce to the forlll x" + I = 0 on lh~ first

it~ralion /, (x) '" fo (,f;;)f0(-,f;;) and the zero-eoeffi~ienl of the new transformed cqualion

does nOI have a pair of nOll-zero cocrJicient from the zcro coeffid~nb. Thal ,el (3,2) docs nol

have lhe ahove disl'usscd probleln and i, ,;olvable by Graeffe's root squaring method hy bolh

manually and using GRAEFFE.BAS 80ftwarc.

•



3.4 Modification of GRAEFFE.BAS
1l is observed that there arc equations, which arc not llansformablc by root squaring inlo a ncw

one with non-zero eoefficicnts fwm "here the roots of the original cljuation at'~ ~alculmcd, 1t i~

found thai Lheequations like

x.'+a=O, x.'+a=O, x'+a=O. x'+2x'+2x'\+2x'+2x+l=0 (3,3)

etc. While running the problems with original program [9J shows "Overflow" at statement

1080: X(NR) = (A(R, K-l) I A( R, K)) A (11M )*10" (I'ACT(R. K-I)- VACT(R,K))! M),

To overcome this difficulty, we have to modifY and extenJ the original program 19]. So we

introduced following statemcnts and generate II new subroutine 7. SLatement llumbers in [9]

are 10.2030 ... ., 530. "lhe modified .,tatement numbers arc fi(leJ in bdwecn, Thc following

arc the modified ~talemcnts with new 8lakmcnt numbers different from Lh~original statement

Il\llllb~rs. The ncw subl'Olitine 7 rollo"~ next.

603: IFAllS(A(R,I))=0'IHENGOT0605ELSEUUlOlilO

605 : ]1'AllS (A ( R, l-J)) < > 0 AI\'OABS (A (R, 1+I )) < > 0 THEN UOTO 1350

1075: lI'CS:(N-I)<>I'SS ANOC$(I)<>I'S$ THEN GOTO 1110

1350: GOSUB 7000.

4065: JFC:l>(K)<>PS$ ANDCj,(K)<>NS$ THEN (jO l'O 4170

5085: IFC$(K)<>PS$ ANDC$(K)<>NS$ THEN (iOI'O 5230

SUlJROlTTINR 7

7010 FOR I=N-I 10 1 STI',P-I

7020 IF ABS (A(R, I)) = 0 THEN UOTO 7030

7030 IF AUS(A(R.I-I))<>O AND AUS(A(R,l+I))<>O THEN (jOl'07050

7040 NEXT I

7050 FOR K=I TO N

7060 IF X(K) +XI(K) =0 THEN GOTO 7[)90

7070 IF X(K)+XI(K)<>O T1-IENGOTO 1350

7080 NEXT K

7090 PRINT: PRINT" leQUATION]S NOT SOLVABLE llY GRAEHFS ROOT

SQIJARING METIIOO"

7100



The diflieulty of the problems (3.3) coefficients C$(1\'-I) und C$(I) do not sho'" PURE

SQUARE, If C$(1) do not show PURE SQUARE then ti:om ~Ultell1ent 1070 and st~lemenl

1I 10. we ohlain K=O. which ;8 oul of range of K at ~latement 1050. So we introduce new

stalement 1075 muong them as l(,l1ows:

1050: FOR K= N '10 I STEP-I

1070: IFC$(K-I)< >PS$ 'IHEN K= K-1 : GOTO 1110

1074 : New statement

1075: II'C$(N-I)< > PSS ANDCS(I)<>PS$ : GOTO 1110

1110: N~.xT K

Also some of the problems (3.1) such as x' + Ii = 0 do not show PURESQUARE und NON

SQUARE when K is N-I 10 I. In the original progrum it shows "overflow" ,It ~tatel1\eIll4070

und statement 5090. So we introduce statement 4065 und statement 5085

umong them as follows: ,

40(,5: IFC$(K)<>PS$ ANDC$(K)--.::>NS$ 11:1E1\'00"104170

4070: R(K) = (A (R,K-1) I A(R, K+l)) A (11M) * 10 " ((FACl' (R, K-I)

FACT(R.K+I))/M

5085 : IF C$ ( K ) < > PSS AND CS ( K ) < > NS$ THEN GOTO 5230

5090 : R (K)=(AI3S(A(R,K-l)/A(R,K +1))) A (l/M)*IO "«(FACT(R. K-I )-l'ACT(R,K+ 1)) / M

The program [9J ",ill be modified identifying the inability of solving ~omc ,,(' the nOll-lineal'

algehraie equations of the ronn (3.1). The modified GI?AEFfE.BAS is developed using the

following algorithm.

Algorithm

Identify (the prcsence orany zero coefficients)

or (all [he coefficients are unity)

if (thel'e is no piiir or non zero coefficienl~ Irom the zcro coefficient)

or (all coefficients arc unity)

then go 10print "equation is nol wlvuhle hy gl'aeffe's root squaring method"

Repeat the ~bove steps for e,lch subsequent new lransrormed coefficients,

• •



3.5 Modified GRAEFFf:.BAS

PRINT" U•••• H.** •••••••••••••••• **.* ••*••••• * ••• H.*1*.*.,_••.••*.*""
PRINT" H••• n* ••••••• *••*•• *••••• *••••••• **.* ••*.*.~*.*.~ •••• *.*.*."

PRINT" ••• *.u.n ••n •••• * •• *••*.n.n ••••••• ** ••• *••• , *.*.* •••• *.*."
,--

,
,--

,...

(Modilicd GRAEFrE. BAS)

GRAEFFE'S ROOT-SQUARING METHOD

PRINT" •

PRINT" •

PRINT" •

PRINT" •

• Dcfine thc polynomial

10

20
]0
40

50
90
60

100

110

120

130

140 PRINT" DEGREE OF POLYNOMIAL" ; : INPliT N

150 DIM A(20, N), C$(N), SUM(N), FACT(20. N). LC(N), R(Nl, X(N). X1(Nl.

ROOl'S{N)

160 FORK=NTOOSTEP-I

170 PRINT ,. COEFFICIENT" ; K:

180 INPUT A(O, K)

190 NEXTK

200 PRINT" GIVE T1:IECONVERGENCE VALUE OF F" ; : INPUT LPS

210

220 ' Extract factor of leo amI rCUllcecocfficicnts by lhi" fad""

230 ' In ordcr to bc able to hundle very large numbcrs.

240 ' Kccp account offaclor~, and incrcasc or decrease accordingly,

250
260 FORK'" N W 0 STEP-1

270 II' A (0. K)= 0 GUfO 300

280 FACT(O,K)= INT(LOG(ABS(A(O.K)))/LOG(IO))

290 A(O.K)=A(O,K)/(IO"FACT(O,K))

300 NEXT K



310 PRINT: I'KINT ,. ROOT SQlJAKING PROCESS:

320

330 . Print the original coel1icicnts with the fa~lors_

340
350 PRINT:PRINT"' [,";:FOR K=NTOO:.TEP-1 :PRINT" A ";:NEXT K, PRINT

360 I'OR K = N TO () STEP -1 : PRINT" r "; K; :NEXT K : PRINT

370 PRINT USING "## "; R;

380 FORK= N TO 0 STEP -1
390 PRINT USlJ':G "#ttll,###"; A(O, K):: PRINr'E": :PRlJ':T USING "11#11": FACT(O,K),

400 NEXI K

410 PRINT

420

430 ' Beginning or major iteration
440
450 fOR R~ I TO 20

460 PRINT USING "tIti "; R;

470

480 ' Calculate new coefficients

490

500 I'OR1= N TO 0 STEP -1

510 FACT(R,I)~2' FACT (R-I.I)

520 SUM(I)=O

530 FOR L=I TO I

540 IF(I-L)<O OR (J+L»N THENGOro 590

550 l'A=FACT(R-I,I+L)+ fACT(R-I,I-L)

560 FB ~ FACT (R, I) - FA

570 IF 1'!3> 20 GOTO 590

580 SUM(1 )~ SU:Vl(I)+2* (-I)" L' A (R-Ll+L)' A{R-1, I-L) I( 10" FB)

590 NEXT L

600 A(R,[)~A(R-I,W'2+SlJM(I)

602 . New statemenls



603 IF AI3S(A(R,I) ~ 0 THEN GOTO G05 ELSEGOTO 610

G05 IF ABS(A(R, 1-1))...:>0 AND ABS(A(R, 1+1»)=0 THEN (iOTO 1345

606
610 IF AI3S(A(R,l)> IOTH~.NA(R, I )=A(R, 1)/1O:FACT(R,J)=FACT(R,1)+I.GOTO 610

620 11'ABS(i\( R.I )<1 THEN A (R, I) = A (R, 1)* 10 ' FACT (R, 1)= !'ACT (R. 1)-1

630 PRIl\'T USING "lIiiil.NIi#"; A(KI):: PRrNT "E";:PRIN'l' USIl\!G"#iiil "; Fi\CT(R, I):

640 IFABS(FACT(KI»>999THENGOT0880

650 NEXT I

660

670 'Check whether coefficients are pure squures

680
690 PS$ = "PURE SQUARE": NS$ = "non-squure"

700 C$(N)=PS$: C$(O)=PS$

710 FOR I=N-I TO I STEP-1

720 II' SUM (I) = 0 GOTO 750

730 W= (A(R-I, I)A2)ISUM(l)

740 IF ABS(W»1000 THEN C$(I)=PS$ ELSE C$(I)=NS$

750 NEXT]

760 PRINT

770 SQUARES = 0

780 FOR I~ N TO 0 STEP -I

790 IF C$ (J) = PS$ THEN SQi\URES = SQUARES + I

800 NEXT I

810 NSQUARES = N + I - SQUARES

820 ll' SQUARES = N + I THEN GOTO 900

830 NEXl' R

840 • End of major ileruliOIl.

850

860 PRINT:PRINT "ITERATIONS EXCEEDED, POSSlBII.ITY 01' COMPLEX OR

REPEATED KOOTS."

870 GOTO 890



, Find location of non-squares

. Evaluate the real roots and the s"m oflhcSG roots.

PRINT: PRIN"j " [;ACTOR EXCEEDS 999, POSSIBILITY OF COMPLEX OR

REPEATED ROOTS"

R =R-l

PRINT: PRINT" THE COEFFICIENTS ARE: " : PRINT

PRINT" ";: FOR 1=]'< TOOSTEP-I :PR!NTC$(I);","; kEXT:I'RINT

FOR K= N TO 0 STEP-l

IF C$(K)<>PS$ THeN LC(K)=K

NEXT K

880

890

9()()

910

no
930

940

950
960

970
980
990

1000

1010 M~2"R

1020 PRINT :PRINT"THE NlJMDER OF SQUARIl\'() : r=" ; R :'TIIE POWFR:m ="; M

1030 PRINT: PRINT" CALeUT.ATION Of ROOTS:"

1040 SUMRT=O

1050 FOR K=N TO 1 STEP-l

lOGO NR= N+I-K

1070 IFC$(K-l)<> PS$THEN K=K-l,GOTOlI10

1074 . New srntemenl

1075 IF C$(N-]) <> PS$ AND C$(I) <> PS$ THEN GOTO III ()

1076

1080 X (NR) =(A(R, ](-1)fA (R, K)) A (IIM)* lOA «( fACT (R,K-l)-FACT(K, K )) I tv!)

1090 GOSUB 1500' Check thc sig.n ofth~ n:lot

ItOO SlJMR1= SUMRT +X(NR)

1110 NEXT K

1120

113() 'Calculating the ~llm of the producl of the real roots

1140 GOSUB 2000



1150 'Bran~h tv ~ubrnutillc for complex or rep~;ltcd root,

1160 OJ\' NSQUARES GOSlJll 4000.5000,6000

1170 IF NSQUARES > 3 THEN PRINT" ***PROGRAM CAN NOT DETERMINE

MORE THAN TWO PAIRS OF COMPLEX ROOTS U*"

I 180 'Print all [he roots

1190 PRINT; PRIN I "THE"'; N; "RaUl S ARE :

1200 FOR K= 1 TO N

1210 YY=1000

1220 IF AllS(X(K)*YY» 32000TI-lENYY=YYIIO:GOTO 1220

1230 IF X(K)=OTHENGOI'01260

1240 IFABS(X(K)*YY)<1000THENYY=YY*10 :00T01240

1250 X(K)= CINT(X(K)*YY)IYY

1260 YY= 1000

1270 IFAlIS(Xl(K)*YY»32000Tl-IENYY=YYI10 : GOTOI270

1280 IF XI( K) ~ 0 THEN GOTO 1310

1290 IFARS(Xl(K)*YY)<1000TI1EN YY=YY*10: 00TOl290

1300 Xl(K)~CINT (XI(K)*YY)/YY

1310 PRIN"l TAB (20); X( K);

1320 IFXl(K»OTllENPRINT "+";Xl(K):"i"

1330 IF XI (K) < 0 THEN PRINT "-"; - XI(K); .. i"

1340 NEXT K

1345 GOSUB 7000 'New Slal~m~nt

1350 loND

1360

1500 . ***u*u** Subroutine I : Checking: sign of real roots **Ut*t**

1510

1520 FUP = A( O. 0) * (10 /\ FACT (0,0»: FUN ~ A (0. 0) * (10" fACT (0, 0))

1530 FORl=N TO I STEP-l

1540 FUP = I'UP+A(O, 1) * (10" I-"1\CT(0, 1 )) * X (NR)/\ I

1550 FUN = FUN +A( 0, J) * (10/\ I<ACT(O,])) * (-X (NR)) "j

1560 NEXT 1



1570 PRINT:PRINT" l'UNCTlON WITH POSITIVE VALl)E OF(" ;X (NR); ")="; FUP

1580 PRINT" FUNCTJON WITH NEGAIT1VL VALUE 01'(" : X(NI\): ") = "; FUN

1590 IF ABS (FUP) > EPS A1\'O ABS (FUN) > EPS THEN PRINT" j \VAj{NING

CONVERGENCE NOT SA nSl. JED I3Y REAL ROOT *"

J 600 . choose root which gives lowest val"e offunction

1610 IF ABS (l'lJN) < AI3S (FUP) THEN X(NR) = -X(NR)

1620 RETURN

1630

2000 .• S"brominc 2: Calculation of the SllmMth" proullct ofthc real roots'.

2010

2020 PRODRT = 0

2030 ['OR K = I TO N-[

2040 ['OR KK= K+I TO N

2050 PRODRT = I'RODRT +X(K) * X (KK)

2060 NEXT KK

2070 NEXI K

2080 RETUR.."l

2090

3000 'u Subroutinc 3 : Chcx;king complex roots *+u+**.**

3010

3020 FOR KK = 0 10 N : SUMI (KK) = 0 :NEXT KK

3030 FOR KK = 0 TO N : SUMC (KK) ~ 0 : NEXT KK

3040 SUMC(O)=1

3050 FORI= I TON+l

3060 :'>UMC(l)=!

3070 FORKK=2TON

3080 SUMC(KK) = SUMC(KK) + SUMe (lU(-I)

3090 Nt,X r KK

3100 FOR J= 0 TO N-'-I-I

3110 SUMI (J)=SUMI(J)+ A(O, 1-1+J).( 1O~FACT(0, I-I +J ))t(ALP}lA.~(1-1 ))*SUMC (1)

3120 NEXT J



3130 NEXT I

3140 SUMlI = 0

3150 FOR 1= 1 TO N STEP 2

3160 SUMll= SUMIl+(BJ"IA"I)'(SUMl(I)' (-I )"«(1_1 )/2)

3170 NEXT I

3180 SUMJl2=O

3190 WR.I= 2 TO N STEP 2

3200 SUMIl2=SUMII2+{HF.TAAI)'(SUMI(I») * (-I )"(1/2)

3210 NJ"XTI
3220 SUMALL = SUM1(0)+ SUMII+ SlJMIl2

3230 IF ABS (SUMALL) <EPS THEN RETURN

3240 PRINT" WARNING:CONVEJ:W8NCENOT SATISl'lED BY COMl'LeX ROO'!'*"

3250 I'KINT "* VALUEOFFUNCTlOI\'="; SUMALL; ";,"; EPS: .,*.,

3260 RFIlJR.N

3270

4000 ,****.* SubroLltine4 : One pair of complex or r~p~al~droots 'u"
4010

4020 PRINT: PRIN!" "CALCULATION IF ONE PAIR OF COMPLEX OR REI'EAH:D

ROOTS:"

4030 ALPHA =(-A( O.N-l)! A(O.N») * 10 "(FAC r (0, N-l)-FACT (0. N»)-SUMRT)l2

4()40 FOR K = N '10 15TH -1

4()50 NR= N+ I-K

4060 lFLC(K)= OTI-JENGOTO 4170

4()70 R( K) = (A (K K-I)/A{R, K+l)" (11M)• 10 A (F ACT(R, K-I )-FACT(R. K+1»)/ M)

4080 HETA= SQR(AI3S(R(K)-ALPHA"2»)

40')0 'Check lor repealed roots

4100 PRINI "CHECKFORREPEATEDROUIS:"

4110 X(l\'R)=SQR(R(K)):GOSUH1500

4120 IF ABS{FUP) > EPS AND AI3S (FUN) ;, Ers THEN PRINT" , ROOTS ARE

CO~1PLEX '" : GOTO 4190

•••



4130 IF ABS(FUP}< EPS AND ARS(FlJN) < EPS TllEN PRINT .. ~. ROOTS ARI':RfOJ\I,

AND REPEAl HI) !JUTOF OPPOSITE SIGNu": X(l\'R-I) = - X(NR)

4140 IF ABS(FlJP) < EPS AND A!JS(I'UN)> EPS THEN PRINT"" ROOTS ARE REAL

AND n-IE SAME SI(;N"": X(NR-I )=X(NR)

4150 IF AilS (FUP) > EPS AND ABS(FUN) < EPS TJ-lSN PRINT" •• ROOTS ARE

REAL AND REPEATED AND01' TIlE SAME SI(jN*~": X(NR-I)=X(NR)

4160 GOTO 4210

4170 NEXT K

4180 . Check convergence with complex rooh

4190 GOSUH 3000

4200 X(NR) '" ALPHA: XI(NR) = -BETA: X(NR-I) = ALPHA: X1(NK-I) = BETA

4210 RETURN

4220

5000 'Subroutine 5: I\-vopair oJ"complcxor repe,lteu roOISwilh diffcl'ent IllOUllli:"

5010

5020 RSUM = 0

5030 PRINT: PRINT 'TWO PAIRS Of CO:vlJ'LEX OR REPEATED ROOTS WITH

DlI'I'ERENT MODULI:"

5040 B = ( (A(O,N-I) I A(O,N) • JOA(FACT (0, }:-I) ~ FACT(O,N) +SUMRT) I 2

5050 l'RIl\T "CHECK FOR REPEATEDROOTS:"

5060 FOR K = N TO 1 STEP -I

5070 l\'R=N+ I-K

5080 I!' LC(K) '" 0 THEN GOTO 5230

5085 IF C$(K) <> 1'S$ANI) C$(K) <> NS$ GOTO 5230' Ne\\' ~!<llement

5090 R(K)=(ABS(A(R,K-I )lA(R, K-I-I))y( IIM)'1 0 A((I'ACT(R. K-I )-I'ACT(R, K+I»)IM)

5100 RSUM"'RSUM+R(K)

51I0 . Chcek for repealed Tools

5120 X(NR)"'SQR(R(K):(jOSUllI500

5JJO IF AI:lS (I'UP) > EPS AND ABS (FUN) > EPS THEN PRINT" * ROOTS ARE

COMPI.EX .": UOTO 5230

•



5140 IF ASS (FUP) < EPS AND AUS (fUN) < Ers THEN PRINT -' *~ ROOTS ARE

REAL AND REPEATEDBUT OF OPPOSITE SIGNu": X(NR-l) = -X(NR)

5150 IF ASS (PUP) < EPS AND ABS (FUN) > EPS 'IHEN PRINT "H ROOTS ARE

REAL AND REPEATED AND 01' TilE SAME SIGNu": X(NR-l)=X(NR)

5160 IF ABS (FUll) > EPS AND ASS (FUN)...:EPS THEN PRINT"*t ROOTS ARE REA!,

AND REPEAlED AND OF THE SAME SIGN".': X(NR-I) = X(NR)

5I70 'Cancel the non~qWlrecorresponding tll the repcated pail'

5IgO 'and goto the subroutinc for one p,lir ofroot~

5190 LC(K)=O

5200 SUMRT = SUMRT + X(NR) + X(NR-l)
5210 GOSUB 4000

5220 (;OTO 5400

5230 NEXT K

5240 C = ({A(O, N-2)/A (0. 1'1»* 10 f\ ( ~ACT (0, N-2) -FACT(O, N ) + 2 t 13* SUMRT
-PRODRT -RSUM) / 4

5250 ALPHAI = (-13 + SQR (AI3S (B f\ 2 - 4 * C»)) /2

5260 ALPHA2 = -13- ALPIIAI

5270 COUNT = 0

5280 I'OR K ~ N TO I STEP-I

5290 NR=N+I-K

5300 IF LC(K) = 0 THEN GOTO 5390

5310 COUNT = COUNT + I

5320 II' COWT ~ I THEN BETAI = SQR (ABS ( R (K) - ALPHAI ,. 2 )

5330 'Chcek convergence with complcx roots

5340 ALl'HA= ALPHAl: BETA = BETAl: GOSUB 3000

5350 IF ABS (SUMALL) > EPS THEN PRINT" • SWAP rHE VALUE Of' ALPHA1

AND ALPHA2 AND TRY AGAIN ''': SWAP ALPHAI, ALPHA2: GOTO 5270

5360 Il' COUNT~1 THEN X(NR)=ALPHA1: XI(NR) = -BioTAl: X (NR-I) ~ ALPHAI :

XI(NR-I)=UETA1

5370 11'COUNT = 2 THEN BETA2 = SQR(AL3S(R (K) - ALPHA2 I' 2) )

•
•



5380 IF COUNT =2 THEN X(NR) = ALl'HA2: XI(NR) = -BE1Al: X(NR-I)= ALPHAl:

XI(NR-l) ~ BETAl

5390 NEXT K

5400 REl URN

5410

6000 'Subroutine 6 : Two pair~ of ~omplcx or repeated rools with identical moduli

6010

6020 'Check for neighbllring nOllsquares

6030 W=O

6040 FOR K= N TO 1 STF"P-I

6050 IF LC(K) < > 0 AND LC(K-l) < > 0 THEN W = I

6060 NEXT K

6070 Ir W = 0 THEN GOIO 6520

6080 PRlNT: PRINT "T\1,'O PAIRS OF COMPLEX OR REPEATED ROOTS WITH

IDENTICAL MODULI:"

6090 1'= {NSQUARES+I )/2

6100 B ~ (( A(O, N -I)/A (0, N)) *10 1\ (FACT(O, N-I) - FACT (0. N » + SUMIU) 12

6110 RSUM=O

6120 PRINT" CHECK FOR Rl:iPEATED ROOTS:"

6130 FORK=NTO 1 STEI'-I

6140 NR=N+I-K

-6150 II<IL(K)=OTI-lENGOTO 6230

6160 R(K) ~ (A (R, K+I-2 ' P) / A (R, K+I » I\{ 1/ (P'M)) * 10 1\(FAr:T (R, K+I-2*P )

-FAC'I'{R, K+ 1) ) / (P*M»)

6170 RS1JM = RSUM + P * R(K)

6180 X(NR) = SQR(R(K)): (JOSUB 1500

6190 iF ABS (l'lJP) > EPS AND i\BS (FUN) > FI'S THEN PRINT" * ROOTS ARE

COMPLEX *":GOTO 6240

6200 ]1' ASS (FUP)<EPS AND ASS (FUN) < EPS THEN PRINT" U ROOTS ARE REAL

AND REPEATED BUT OF OPPO:'>ITE SIGN**": X(NR- 1)= - X(NR): GOTO 6380



6210 IF ABS (FliP) < EPS AND AilS (FUN) > EPS THEN PRINT" * ROOTS ARE REAL

,\ND REPEATED AND OF THE SAMI::SIGN**": GOTO 6240

6220 IF A13S(I'UP) "EPS AND AHS (FUN) < EPS THEN PRINT" • ROOTS ARE REAl.

AND REPEATED AND 01' THE SAME SIGN**": GOTO 6240

6230 )\,'EXTK

6240 'Repeated rool>or~'lme sign or complex roots

6250 C =«( A(O, )'\-2)! A(O,N») * 10" (FACT (0, N-2) -FAC! (0, N)-;-2*)3* SUMRT-

I'RODRT - RSUM)! 4

6260 ALPHA] = (-H + SOR (AilS (13" 2 --4 * C)))! 2

6270 ALPHA2 ~ -R - ALPHAl

6280 FOR K= N TO 1S!EI'-!

62'10 NR=N+l-K

6300 IF LC(K) ~ 0 THEN (l(n 0 6360

6310 BETA] = SQR (ABS (R (K) - ALPHA1 "2 ))

6320 X(NR)=ALPHAl: XI(NR)=-IlETA1: X(NR-!)= ALPHA1: XI(NR-I)= BE'lAl

6330 BETA2 = SQR (AI3S (R (K) - ALPHA2" 2))

6340 X(NR+2)=ALPHA2:XI(NR-;-2)=-I3ETAl:X(NR+ I}~ ALPHAl : XI(NI<+l)= BF.TA2

6350 GOTO 6370

6360 NEXT K

6370 RETURN

6380 'Repeated roots of opposite sign or complex roots with zero real part

6390 COUNT = 0

6400 ALPHA2 =- B

6410 FOR K= N TO] STEP-]

6420 NR=N+]-K

6430 II' LC(K) ~ 0 THE)\,'(iOTO 6500

6440 13ETA2= SQR (ABS (R(K) -ALPHA2" 2»)

6450 ALl'HA = ALPHA2: BETA = BETAl: GOSUB 3000

'"



6460 lI' A13S(SUMAlL»EI'S TI-IloNPRINT'~SWAP TUE VALUE OF ALI'l-lA2 AND

BETAl AND TRY AGA1N* ": SWAP ALPl-lA2,BEfA2: COUNT= COUNT+I:

GOTO 6450

6470 X(NR.+2)=ALPHA2:XI(NR+2)=-BETA2:X(NR.+I) = ALPl-lA2:XI(NR+1)= BETA2

6480 IF BETA2 =0 AND COUNT> 0 THEN X(NR.+2)=ALPHA2: X(NR+1) = -ALPl-lA2

6490 GOTO 6510

6500 NEXT K

0510 RETURN
6520 PRINT" ** PROGRAM CANNOT DETERMINE MORE THEN TWO PAIRS OF

COMPLEX ROOTS H"

6530 RETURN

7000 'SL1br0L11inc7:" fOfnot solvable'"

7011 FOR.I=N-l TO 1 STEI'-1

7021 IF ABS (A(R, I» = 0 THEN GOTO 7030

7031 IF ABS(A (R, 1-1) )< > 0 AND ABS(A (R. 1+1)) < > 0 THEN GOTO 7050

7041 NEXT I

7050 FOR K=l TO N

7060 IF X(K) + XI(K) =0 TJiEN GOTO 7090

7070 IF X(K) + XI(K) <>0 TIlEN GOTO mil

70HO NEXT K
70')0 PRlNT: PRINT" EQUATION IS NOT SOLVABLE IW GRAF.FFF.'SROOT

SQUARING METIIOD"

7100



******.*t** •••••• (iRAEFI'E'S ROOT _SQUARING METIIOD **u ••*.**.H.H' ."".
•**. **••• **. ** **. **. **.. (GRAEfFE.BAS)

DEGREE 01' POLYNOMIAl, 5

COEI;FICIENT 5 IS

COEFFICIENT 4 IS -5

COEFFICIENT 3 IS -15

COEFFICIENT 2 IS 85

COEFFICIENT I IS -26

COEFFlCIENT o IS -120

.H.H.H ••••••••••••••• H' .*.'H"

GIVE THE CONVERGENCE VALUE Of I' = 0.002

ROOT-SQUARIl\'(i I'ROCES~:

R A A A A A A

; 5 ; 4 ; 3 ; 2 ; ; 0

0 1.0001:: 0 -5.00012 0 -1.500E 1 8.50012 1 -26001' -1,20012 2

1 10.00012.1 55.000E 0 10,230E 2 76.450E 2 21.076E ] 14.40OE 3, 10.00012-j 97.900E I 24,77312 4 16.909E 6 22.402E 7 20.7361-': 7

3 10.000E -I 46.2nE 4 28,71212 9 17.53112 13 43,173E 15 42.998E 15

4 10.00012 -I 15.693£ 10 66,212E 19 28.254P 27 18.489E 32 18.488£ 32

5 10.OOOE-I 23.30212 21 42,954£ 40 79.5871' 55 34, I82E 65 H.I!>21. (,'i

(, IO.OOOE-I 54.210E 43 184471' 82 63.340E 112 11 6841'132 11,6841'132

7 IO.OOOE.1 29.38812 88 34,028F. 165 40.11912 226 13.6521': 265 13,6521' 265

THE COEFI'lC1ENTS ARE:

PURE SQUARE.l'URF: SQUARE, PYRE SQUARE, PURE SQUARE, PURE SQUARE,

PURE SQUARE

THE NUMBER OF SQUARING: r = 7 THE POWER: III= 128



CALCULATION Or ROOTS:

FUNCTION WITI-I POSSITlVE VALUE OF (5) ~ 1.6()2I73I:-04

FUNCTION WITI-! NEGATIVE VALUE I:'> (5) = -224(),00 1

FUNCTION WITH I'OSSITlVE VALUE OF (4) = -80,00003

FUNCTION WITI-!NEGATIVE VALUE IS (4) = 1.95980110-04

- FUNCTION WITH I'OSSITIVL VALUE OF (3) = I,525879E-05

FUNCTION WlTH NEGATIVE VALUE IS (3) = 480

FUNCTION WITH POSSIT!VE VALUE OF (2) = 1.478195E-05

FUNCTION W1Tl-INEGA nVE VALlJE IS (2) = 280,0001

HJNCTION WITH POSSJTIVE VALUE OF (1) = -80

FUNCTION WITH NEGATIVE VALUr.IS (1) = -8.583069E-06

THE 5 ROOTS ARE:

5

-4

]

2

-I



EXalnr1c'()2

*H******U.HH* GRAEFFE'S ROOT. SQUARING MFTHOl) HH***"* " .•• *, *'" ~1
••HH •••• ******•••••••• (GRAEFI'E.UAS) "HHtH"'U** 'H"*U"'~' *' * '*~1'

[)]-o:(jRI"C OF POI.YNOMI4.I. 5

COEFFleII'.NT 5 IS

COFFFICIENT 4 IS -10

COEFFICIENT 3 IS 42

COLH'ICIENT 2 IS -102

COEHICIF.NT I IS 145

COEI!FICIENT o IS - I 00

GIVE THE CONVFRUENCE VALlJI" OF f = 0,001

ROOT-SQUARING PROCESS:

R A A A A A "

I 5 I 4 I ] , 2 , I , a
0 I,OOOE 0 -I.OOOE 4,200E I - I '()20E 2 I 45OJo 2 -1 OOOE ,

10.000F - I I,GOOF 1.4001-' 0.224F ] 0.625E 3 IO,OO(lE ;

2 IO.OOOE - I 22.800E -57.220E 2 3.5271::, 5 -40.894F 5 I (J.oooe 7

3 1O.000E .1 63.42812 ] -13,li2GE 7 12.318E 10 -53.812E 12 IO.OOOE 15

4 IO.OOOE -I 42.9571:: 8 28.3221: 14 17.7761: 20 43.2121:: 25 JO.OOOF. ; I

5 IO.OOOE - I 18.447E 18 -72.495E 29 15,712E 41 -16,879E 52 IIl,OOOE G3

0 100001': -I 34.029E 37 -54I39E 5') 39.046E <2 -29149EI04 lOOOOE 127

7 IO.OOOE -I 11.580E 76 -23.643E 121 18.874E 166 -69.479E210 lOOOOF255

8 IO.OOOE -I 13.409E 153 12,188E 243 50.851E 332 lU..'i25E422 lO,OIlOE5ll

Y IO.OOOf. -I 17.9811: 307 12.183E 486 28.83.1E 665 'JO 7411;843 lO OOOEI023

I.',\CTOR EXCEEDS '>99. rOsslBII.ITY OF COMPLEX OR REPLATW ROOTS.

THE COLl'FICIENT<; ARE:

PURE SQUARE, PURE SQUARE, NON SQUARE, NON SQUARE. NON SQUAl<E,

,



THE NUM13IJR Of SQUARI~G: r = 8 THE POWER: III~ 256

CALCULAIION OF ROOTS:

FIJNCT10l\' WITH POSSI'lIVE VALUE OF (4.(l00002) = 1,125336E-04

FUNCTION Wrl1-ll\EGATIVE VAWE IS (4.000002) = -8584.013

TWO PA1RS OF CO:v1PLEX OR REPEATED ROO I'S WlTJ I IDENTICAL MODULi:

CllECK FOR REPEATED ROOTS:

fUNCTlON WITH POSSlTJVE VALUE OF (2.236068) = -[0,29418

FUNCTION" WITH NEGA"I IVE VALUE IS (2.236068) = -1709,705

*WARNTNG : CONVERGENCE NOT SATISflED BY REAL ROOT*

*ROOTS ARE COMl'LEX*

* THE 5 ROO 1S ARE:

4

2 + 1i

2 - J 1

1+ 2i

I - 21

•



**********"*****. GRAEFFE'S ROOT _SQUARING METHOD ***.*** •••• *nu ••••.u.uu.u.*.u........ (GR.AEl'!'E,BAS)

DEGREE OF POLYNOMIAL 5

COEFFICI]"NT 5 IS

COEFFIC1ENT 4 IS ()

COF.FFlCIENT 3 IS ()

COEFFICIENT 2 IS 0

COEFFICIENT I IS 0

COFFFICIENT o IS I

u••••••,••••••t •• *~~*•••••* •• *',.+

GIVE THE CONVERGENCE VALUE 01' 1'= 0.001

ROOT-SQUARING PROCESS:

R A A A A A A

, 5 , 4 , 3 , 2 , , ()

0 1.000E 0 O.OOGE 0 O.OOOE 0 O.OOOE 0 O,OOOE () 1.000l~ ()

10,000E -I O.OOOE -1 O.OOOE -I O.OOOE -I O,000E -I 10,OOOE -,
2 10,OOOE -I O.OOOE -3 O.OOOE -3 O.OOOE -3 O.OOOE -J 10.000E -,
3 10.000E -1 O.OOOE -7 O.OOOE -7 0,0001-; -7 O.OOOE -7 10.000F: -,
4 10.000E -1 0.0001:, -15 O.OOOE -15 0,0001' -15 O.OOOE -15 10JlOOE -I

5 1O.OOOE -1 O.OO()~_-31 O.OOOE -31 O,O()OE -31 O.OOOE -31 10.000E - ,
6 lO.OOOE -I O,OOOE -63 O.OOOE -63 o OOOE -63 O.OOOE -63 10,OOOE -,
7 10.000F. -I o,aOOE -127 O.OOOE-127 0,0001' -127 O.OOOE-127 10.000F. -,
8 10.000E -I O,OOOE-255 O.OOOE-255 O,OOOl-;-255 O.OOOE-255 ]O.OOOF -,
9 10.000E -I O,OOUE-5] 1 0.000E-511 O,nOOE-511 O.OOOE-5] 1 10.nOOE -,
10 10,onOE -I 0.000E%-1023

,



rACTOR EXCEEDS 'J99, POSSlUILITY OF COMPLEX OR REJ'I:;ATED ROOTS.

THb: COEfFICIENTS ARE:

PURl'. SQUARE,

THE NUMBER OF SQUARIN(i: r = 'I

PURE SQUARE

TIIEI'OWER: m=512

CALCULATiON OF ROOTS:

THE 5 ROOTS ARE:

o
o
o
o
o

EQUATION IS NOT SOLVABlE BY GR.A.FFFE'S ROOT SQUARING METIIOD

47



HHn***HU"" GRAEFfE'S ROOT _SQUARING METHOD •••••• **H.HHun •

••H•••H•••••• **....... (GRALFI'E.BAS) •••••••••••••• u ••••• **u•••u ••••

DEGREE Of POLYNOMIAL 4
COEFF1CIENT 4 IS ]
COEFF1CIENT 3]S 0
COEFFICIENT 2 IS 0
COEFF1CIENT I IS 0
COEFFICIENT 0 IS I
GIVE THE CONVERGENCE VALUE OF r = 0.0001

ROOT-SQUARlNG PROCESS:
R A A

, 4
o 1.00lU'. 0
] 10.000E-1
2 10,DOOE-1

3 10,OOOE-1

4 IO,UOOS-1

5 IO,OOOE-I
6 IO,OOOE-1

7 10,OOOE-1

8 1O.000E" I
9 JO,OOOE-I
10 1O.OOOE-1
11 10,000E-]
12 1O.000S-1
13 10.000E-1
14 10,OOOE-1

15 1O.000E-1
]6 10.000E-I

17 10,00010-1
I~ IO.OOOE-]
1<) 10.000E-1
20 10.00UL-]

, J

O.OOOE 0
O.OOOE -]

-40,000E -J
40.000E -I
40.000E -J
40.000E -1
40.000E -I
40J)OUE -I
40.000E -]
40.000E -1
40.000E -I
40,OOOE -I
40,OOOE -J
40,OOOE -]
40,000E -I
40,000E -]
40,000£ -]

40.000E -]
40,OOOE -I
40,000£ -]
40,000E -I

A
, 2

O.OOOE 0
20.000E ~J

liO.OOOE -1
liO.OOOE -]
liO,OOOE -I
GO,OOOE-1
60,OOOE -1
GO.OOOE-]
60.000E -I
GO.OOOE-]
60.(IOOS - [
60,OOOE -]
60,OOOE -I
60,OOOE -I
1i0,000E -]
60.000E -I

60.000E "I
GO.OOOE-]
60,OOOE .]
60.000E -I

60.000E -]

A
, 1

O,OOOE 0
O,OOOE -]

-40.000E -I
40,000E -I
40,OOOE -J
40,OOOS -I
40,OOOE -1
40,OOOE -I
40,OOOE -1
40,000E -]
40,000E -I
40,000E -I
40,000E -]
40.000E -I
40.000E -I
40.000E -]
40.000E -]

40.000E -I
40.000E ~]
40.000E -I
40.000E -I

A
, 0

O.OOW 0
]O,OOOE -I
]O,OOOE -1

IO.OOOE -1
I(),OOOE -1
10,000E -I
IO,OOOE -I
10,UOOL .]
10,000E -[
10,OOOb: -I

10.00010 -I
1O.OOOE -1
10.000F -I
IO.OOOE -1
10.0001' -1
10.000E -1
1O.000E -I

10.000E -1
10.000E -1
1O.000l" -I
10.OOOE -1



lrERATlONS EXCEEDED. POSSlBlIXl Y OF COMPLEX OR REPEATED ROOTS.

TH~. COErfJCl~~NTS ARE:

PURE SQUARE, NON SQUARE, NOl\; SQUARE. NON SQUARE. PURr'. SQUARE

THE NUMUER OF SQUARIM,: r= 20 THE POWER: 111= l04gS76

CALCULATION OF ROOTS:

TWO PAIRS OF COMPLEX OR REPEATED ROOTS WITH IDENTlCAL II,IODUI,I:

CHECK FOR REPEATED ROOT:'>

FUNCTION WITH POSITIVE VALIJE OF (I) = 2

FUNCTION WITH NEGATIVE VALUI.: IS (1) = 2

• WARNING: CONVERGENCE l\'OT SATISFIED BY REAL ROOP

* ROOTS ARE COMPLEX ~

THE 4 ROOTS ARE:

0,7071 +0.7071 i

0.7071 - 0,7071 i

-0,7071 +0.7071 i

_ 0.7071 - 0,7071 i

• •



Ex"mplc:05

•••• UHH •••• H' GRAEFH"S ROOT _SQUARING MEfllOD ***' *1*H*HHH ",~,'

U.* ••*••*.*.H.H •••• *. (GRAEFH:,IJAS) *.H>Ht ••U.H' *t*tU*~.*.*t**t3'.

DEGREE OF POLYNOMIAL 3

COEFFICIENT 3 IS 1

COFHK'IENT 2 IS 0

COEFFlClFNT I IS 0

COEFFICiENT 0 IS I

GIVE THE CONVERGENCE VALUE OF F = 2

ROOT-SQUAR.Il':G PROCESS:

R A A A A

c 3 c 2 c I 0

0 I.OOOE 0 O.OOOE 0 O.OOOE 0 I.OOOF. 0

10.000E ~I OJ)OOE ~I O.OOOE ~I 10000E ~I

2 10,000E ~I O.OOOE ~J O,OOOE ~3 10.0001:. ~I

3 10,000E ~I 0.000[" ~7 O,OOOE ~7 10.0001, ~I

4 10,0001, ~I O,OOOE -15 0,0001' ~15 10.000E ~I

5 10.000E ~I O,OOOE ~31 O.OOOE -3 I 10.000]'; -I

6 10.OOOE ~I O.OOOE -63 O.OOOli -63 10.OOOE ~I

7 10.000F. -I O,OOOE -)27 O,OOOE -127 10,OOOli ~I

8 10.000F. ~I O,OOOE -255 0.00010 -255 11l.000E -I

9 10,000E ~I O.OOOE -511 0,000E-511 lO.OOOF. -I

10 10,000E ~I 0.00010%-1023

FACTOR EXCEEDS 999. rOSSll3lLlTY OF CO;\1I'LFXOR REPEATED ROOTS

THE COEFFIClENTS ARli:

PlJRli SQIJARE, 'pURE SQUAHF.

50



THE NL1MBER OF SQUARING: r ~ 9 THE POWER: m ~ 512

CALCULATION OF ROOTS:

TWO PAIRS OF COMPLEX OR REPEATED ROOTS WITH DIfFERENT MODUJJ:

CHECK FOR REPEATED ROOl'S:

"IHE 3 ROOTS ARE:

o
o
o

EQUA nON IS NOT SOLVADLE BY GRAEF~FS ROOT SQUARING METHOD

•



Fxample:06

****.****n*"'** GRAEFFC'S ROOT _ SQUAIUNG METHOD <'*U'U' .U •••• *.H*

DEGREE OF POLYNOMIAL 5

r:OEl'FlCIENT 5 IS

COLJiFlCIENT 4 IS 2

COE1' l'lCIENT 3 IS 2

COEFFIClliNT 2 IS 2

COEFFICIENT I IS 2

COEFFICII,N r 0 IS
GIVE THE CONVERGENCE VALUE OF F = 0.0001

ROOT-SQUARING PROCESS:

R A A A A A A

, 5 , 4 , 1 , 2 , , Q

0 I.OOOE 0 2.000E Q 2.0001', 0 2.()()OE 0 2.000E () 1,0001'. 0

I 10,OOOE -1 O.OOOE ~I 0,0001'. ~I OJlOOE ~I (),OOOE ~I 10.000E ~I

2 10.000E -1 O.OOOE ~) 0,00010 ~3 O.OOOS ~3 O,OOOE ~) 1(J.OOOE ~I

3 10.000E -I O,OOOE ~7 O.OOOE ~7 O.OOOE ~7 O,OOOE ~7 1O.000E ~I

4 10.000E -1 O,OOOE ~15 O.OOOE -15 I),OOOE - j 5 O.OOOE -I.~ 10,OOOE ~I

5 10,000E -) O,O[)OE -31 O.OOOF ~31 O,OOOE ~31 o OOOE ~31 I(),O[)OE ~I

G 10,OOOE-j O,O[)OE ~G3 (LOOOE -63 O.OOOE -63 O,O()OE -63 IO,OOOE ~I

7 IO.OOOE-I O,OOOE-127 0.00010 -127 O.OOOE-I27 O,OOOE-I27 10.0001'. ~I

8 10.000E -I O.OOllE-255 O,OOOE-255 0.00()~.-255 o OOOE-255 10,000E ~I

0 10.OOOE-1 0.000E-511 0,000E-511 O,OOOE-51I O,OOOE-511 10.00OE ~I

10 IO.OOOE-j o,OOOE'Yo-1on

l'ACTOR EXCEEDS 999. POSSIBILITY Of COMPLEX OR REPEATED ROOTS.



THL COEfFICIENTS ARE:

PURE SQUARE, NON SQUARE, NON SQUARE, NON SQUARE, NON ~QUARF_

PlJRESQUARE

HIE NUMHER Of SQUARING: r = 9 'l'1-IEPOWER: rn = 512

CALCULATION OF ROOTS:

TH~. 5 ROOTS ARE:

o
o
o
o
o

LQUATION IS NOT SOLVAI3LE BY GRAFI'FE'S ROOT SQUARING METHOD



******* •• ******** GRAEFFE'S ROOT _SQUARING MEI'HOD ****n********* IHH

DEGREE OF POLYNOMIAL 4

COEFFICIENT 4 IS I

COErl'lCIENT 3 IS 7

COEFFICIENT 2 IS 12

COEFFICIENT , 'S -4

COEI'FICIENT 0 IS -16

GIVE THE CONVERGENCE VALUE 01' F = 0.0001

Roor-SQUARING PROCESS:

R A A A A A

, 4 , 3 , 2 , , 0

0 I.OOOE 0 7.000E 0 1.200E -4.000E 0 -1.60012 I

10.000E -I 25.000E 0 16.800E 40.000E I 25.600E 1

2 10.000E -, 28.900E 1 87.360E 2 73.984E 3 65.536E 3

- 10.00OE -I 66.049£ 3 33.686E (, 43.286E 8 42950E 8
--
4 10.000E -, 42.951E 8 56.29GE 13 18.447~_ '8 18.447E J8

5 10.000E -, 18.447E '8 15.846E 28 34.028E 37 34,028L 7

(, 10,OOOE -I 34.028E 37 12.555E 57 11.579E 76 I 1.579E (,

7 10.000E -, 11.579E 76 78.818E 114 13.408E 153 13.408E153

8 10.000E -I 13.408F. 153 31.072E 230 17.977£ 307 17.977£307

9 10.000E -, 17.97712 307 48.341 E 461 32.31812 615 32.318E615

'0 IO.OOOE -I 32.316E 615 11.749E 924 10.445E%I232



I'ACTUg EXCSEDS 999, POSSIUJUTY 01' COMPLEX OR IU:I'EA TED ROOTS

THE COEI'FICI~:NTS ARE:

PURE SQUARb:, PURl-; SQUAR~., NON SQUARE. PURE SQLIARE, PURE SQUARE

HIE NUM13ER OF SQUARING: r= 9 TI-IE POWER: III= 5 12

CALCULATION OF ROOTS:

FUNCTIOl\ WITH POSITIVE VALUE OF (4) ~ 863 9999

FUNCTION WITH NEGATIVE VALliE is (4) = -9.536743E-07

~UNCTiON \VIm POSITIVE v ALlJE OF (I) = 4.768372£-07

FUNCTiON WITH NEGATIVE VALUE IS (1) =-6

0)\'1:: PAIR 01-' COMPLEX OR REPEATED ROOTS:

CHECK FOR REPEA I'ED ROOTS:

I'U?-JCnON WITH POSlTlVE VAIJJE OF (2) = 96

FUNCTiON WI III NEGATIVE VALUE JS (2) = 1.907349E-06

* ROOTS ARI', REAL AND REPEATED AND 01' THE SAME SI(j)\' t

TI-IE 4 IWOTS ARE:

-,
-2

-2

1

55



Exmnple:08
**u.****.u'uu GRAEFf<E'S ROOT _SQUARING METl 100 **.uu '*H .nH ••.••

•••••••••••••••••••••••• (GRAJiFFE.I3AS) ••••••••••••••••••••• ~, .,.t*.~*t••

[)1".CiREEOf POLYNOMIAL 4
COEfFICIFNT 4 IS I

COU'I'!CIENT 0 IS -8,
COEFfICIENT 2 IS 4"
COEFFICWNT , IS -go
COEFFICIENT 0 IS 125

GIVE TH£ CONVERGE"t'iCE VALUE OF F = 0.0001

ROOT-SQUAIUNG PROCESS: ,
R A A A • A A•

• 4 3 • 2 • I , [}

[} 1,000£ [} -8.000£ [} 4,lOOE -S.OOOE 1.25QE 2

10,000S - I -lO,OOOF. [} 73.400E .41.0001' 2 15.625F 0,

" 10,000E - I -10,6801-; 2 40.60 I~. 4 .6J.:!75F 5 24.414£ 7

] 10.OOOE - I 32.861£ 4 15.224£ 10 -16.070E 13 59.605£ I 5

4 10.QOOE -, .19.650E 10 23,2S3E 21 76,756£ 2G 35.527E 32

5 10.00010 -, -79.553f. 20 54,2101' 43 -10.6511; 55 12,6221~ (,(j

0 10.000L -1 -10.209E 44 29,387E '" -23.37% 110 IS 931E 133

7 10.000E -1 45.451E '" 86.300£ 177 -88,167E222 25.379E IGO

8 10.000E -, 33.R65E 177 74.5ROE 356 33.R99E 446 64.411E 535

9 10,00OE -, -13.749E 357 55.621£ 714 18.8%E 893 41.488E%1072

fACTOR EXCEEDS 999, POSSlBILJ fY Of COMPLEX OR R~.I'EAl'ED ROOTS.

THE COEFFICIENTS ARE:

PURl:'.SQUARE. I\'ON SQUARI':. PURE SQU 4.RE, NON SQUARE. PUT~10 SQUARE,



THE NUMBER OF SQUARING: r'" g THE pOW r:R: m = 256

CALCULATJON OF ROOTS:

TWO PAIRS 01' COMPU"X OR REPEATI-]) ROOTS WJTH DIFI+:R.ENT MODUI I.

CI-IH'K FOR REPF.AHol) ROOTS:

FUNCTION WITH POSITIVE VALUE OF (5) = 399,9998

FUNCTION wrm NFGATIVEVALUF OF (5) = 3199.999

• WARNING: CONVERGENCE NOT SATISFIED BY REAL ROO I <

• ROO rs ARE CaMPI ,F.X •

FUNCTION WITH POSITIVE VALU!::"01' (2,236068) = 91 ,671R5

rtJNCTION WITH NEGA TIVFVAUJE OF (2.13n06R) = 628.3282

• \VARNING: COJ'NLRGENCE ]\'or SATISFIED BY REAL ROOT *

• ROOTS ARE COMPLEX'

THE 4 ROOTS ARE:

3 -1"4 i

3 - 4 i

1 -I- 2 i

[-2 i



Chapter 4

Conclusion and open problems

4.1 Conclusion
Literature ~llr\'cy of Ihe past and lhe recent ha, becn carried out. CIJssi~al method of Graeffe' s

root sqllilring mcthod has becn discussed, Some problems not solvable manually <Uldllsing

GRAF.FFi:,13AS soli.ware r9] have becn d,,~overed under ob,ervatio~~. The weal;ne",,~\ ofthc

method llnd their recoveries have been discussed.

On the ohservations in sec. 3.1 the follo",'ing solvJbilily conditions of GraclTe'~ root squanng

method ha~ b",en dcrived in sec. 3,2.

(i) ~'-lualion wilh ~,ero-eo~nicienl must have at lea~t one pair of cquidistanl ~on-zero

co~lTieient from Ibe I.cro-eo~llicienl;

(ii) ,lilY Iran,form",d equation of a givcn "'lJuation \vith non-/).:ro coelTicicnt may h;l"e /,cro

coc fl"icients blltlhcsc new coeClicicnts must satisfy (i);

(iii) ill! Ihe coellicicnts of non-lin~ar albegraic equation mu~[ nnt be unily

(iv) GRAEl'I'E.BAS nceds 1l10dillcatinn in the light or(i). (ii) and (iii).

Under th~,c solvability eOlldltions GRAEFFE.HAS so!iwarc [91 h,IS hecn modiJi~d and

subroutinc 7 has be~n dcveloped und extended thc soft""ar~ lO identify Ih~ polYllomiab which

are not ,o!vable by this soflwarc. Finally ~omc open prohlems in s~~, 4.2 have b~en put

forvmrd I()r further research ofbolh ~omputer science and apphcd mathen",ll~~.

4.2 Open problems
Although Graefl"c's root squaring fimb its \vay in thc fil'st pi1rl of twentietil ccntury. ,till it

needs more study. So, soml' opell problems UI'C ~itcd lor furthcr re~ca,.ch and swdy

(i) Development of a generul software capable of solving any higher order llnivm;a!c

polynomial having diffcrent typcs of root" repcated uny nnmber of timcs.

(ii) Barciss [4J rc,ultant proccdure and his ALGOL 60 may be ~Iuclkd 10 solvc the equaliolls

sel (3.1),

(iii) Open problem~ of Nell and Reif lI2], Pan lUJ. De]l1lllc! [l3] arc good rcscarch

pl'OblelllSfor bolh cOll1pul~rscicnce and applied mathcmatics.
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