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Abstract

I he group theory is appli~d to pr€~ellt all analysis of the prohlem of unsteady iunlinar

natural convection from a vertj~al porous flat plate. A~_\umillg suction for (he porous

plate. analylj~al e"pressiol1, for flow characteristic.I are obtained. j he apr! [cation of onc-

paramete, groups reduces th~ number of mdepelldellt variables by une ~nd the system ,,[-

governing partial dLflerenlial equations \\.[th boundary condil;on" reduces to a syslem Qf

ordin~ry dLfferenlial equalion, with appropriate boundary conditions. Tile possihl~ form,

01"~LLrfacetemperature variations are denved. The one set of ordinary differential

equation, are solved numerically using shooling method based on Sixlh order Il.ungc-

kutUl sch~mc along Wilh l\achhhiem-Swigen ilemtioilleehilique. Pmgramming soft"are

FORTRA1\ 90 i, used to implement Runge-Kulla method and visu~lj,ation :'o(\ware

TECPLOl' is uscd to creatc graph,>. The efrect of suction parameler On the velocity,

temperawL"c, thc skin li'lction and the rate of heat transfcr for (ixed Prandtl number is

di,cussed WJlh lhe help" I-graph,. AIso lhe heat tran,fcr chara~leri ,tic, fell \ at, iI\g value,

of Prandll nlLl1lher and Iixed su,tioll parameter ate pre,>enlcd.
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Nomenclature

Dimensional variables

Symbol

y

•
"
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Greek symbols
Symbol
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[)istnn~~l'~rpcnJi~ular!otheplate

Velocily component II1lhe boundary laler
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Time

Quantity
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Dem,ity oftne l1uid

L()~alshear ,Ire;s

Thermal conductivity

[)imcnsionles~ temperature function

Stream fUllction

Similarily vari~blcs

Real numbers

Unit

,
I
K

kg
ms

kg,
m,
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Subscrirt_~
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Chapter 1

1,1 General Introduction With Review of Previous Work

The PhenomenoL1 "I' Il~lural convection arises ill the J1uid whcn temperature changes

cause dcnslly variJLIOIlleadillg (0 buoyancy forces ~cling on the Iluid clemenls. Thi~ cun

be .wen ill our cvcrydav life in Ihe almospheric Ilow \vhich IS driven by tcmpcrJlure

tliJTcrcnccs. When Ihe vcrtlcal plate ;, bGing hCJlcd. the air layer adjacent to the w,lIl

cxp,mcis and risco linc 10 hu,,}'ullcy_ A n~(lIl'alCOl1\'ccllon houn,lary layer is fQllll~d

JdjJccnllO the wall "",[aLC.

Recently, unstc:ltly condill\lllS of motion and hCJting af bodie,> in Jluills have bCCDllle

increasingly illl]lOrLlllll lL1 cerlain applicJtil}l1s [or some tngmccnng fields of

aerodynamics and hydrodynlllllics_ Alw ;l natural conveclion flow has been generJted

due 10 Ihe l~l1lperalure diflGrcncc inside Ihe plastic green houses. Mankabadl (1988)

considered 1\\'0 )Jumping systems tilat call uli1Jze a u,able power about 200 W for

pumping underground WJter for ilTLgatl(lnpU'l'oscs, Thcrefore it become; necc"my to

pay mOle allenllOnto lhis problem_

Obviously, the intl'oduct1CJnCJftime ~0 the lbird indepcndcnt yal'i~ble 1I1the unstcady

prohlem incrcascs the complexity of IhG problem. Many altempts were made to lind

analytical and numcrical soluliollS <lpplying cerl~in spccial c(lllditiClllS~lld using dillcrcnt

mathematical appmaches. llImg\\'CJrlh (1950) studied the problem CJfunsteady laminar

1101'-1of gas ncar ,in infim le fbl pl~le_He obtai ned solution, \\'hich lire ~vailable only with

Pl'andtl 111Illlbcrunity and under transicnt eonditiClllS of step change in the snrfaee

tempcralUl'e. The problem of IrulloicL1tliT~ convection at tll~ h~ated surface ha, been

stllcli~d extellslvely. Siegel (1958) investigated the transicnt free eOL1vection from a

vertical pi,lte. Free cOL1v~ctivel10w past venieal ]lillte hJS b~eL1~tudieJ extensively by

O,lraell (1953,54) and lllanv others



Thc JI'cc com cell \'e hcal lrull' f~r 0'1 " vertical sCl11i-infinite p laic has h~cn invcstig<ltcd by

13crewvsl,y (1977) :Y1aI1yIlCllKO(l984)ill'~sllgakd the laminar frec COm'eellOn from a

v~rlical platc, 1n all lb~s~ p~jJer" the platc was assumed to be muintained at a cOllstJI11

IClllpC[iilur~ which is also thc \Clllr~'-atun: or the surrounding ~liltiOl1ary l1uid.

SOlllldalgekJr (1977) sludied tilc unslcady flce convection Ilow past an infinile \'enical

[,latc wilh constanl ;ucl;OL1alld lIlass [rJlls[cr. 1[ was a."urned that tbe platc tClllp~,-alure

oscill<llcs in ollcb ~ \\'''Y Ihal ils ampliludc is slll,lIt.

Possible simi!;]rily wlulions tor I:llnill~'- Il-eecllnvcclion OLlvcrlic,11plates aml cylimJcrs

ha\'e becn "tudieJ by Yang (l'!GCI). He cSl~blishcJ some necessary ~l1d sulTlciellt

conditions for which ,imilarity solutions ~rc possible, HanSCIl (1958) invesligaled

possible similarity solutions o('lhrce dimmsional lJll1mar mCOLl1pr~s.,ibleboundary byer

equations, Z"kcrullJh (2n01) h~, derived simitlrily SOlulH)J1~of Wl\1Cpossible case, of

ILn~wadymixed convection by group thco') wilhout suction. !:Ic also ;nve~lJgatcd steady

natur<ll convection by group thcory mdhod ,,,jlhoul ~ucll[)n_ Abdcl-el-Mnlek (1990)

inveslig~ted un;leady frce eonveclivc lJlllinJr bou~d~ry layer now on a nOll-lsol1wrmul

\'~r(ic~l nat plate without asslIll1mg suc\io~ ~t POroliSplate in this case.

The 111~lb~m"lical tecilniqllc used in thc prc,cn\ al1ulysis ;s one par~meler group

lransfnrm~tlon wh;clJ leads to ~ s;milanly r~pL'C,clLt"tlOllof the pmblcfll_ Tile

fundan\enwl simplieilY aL1dPOW~L'of IllLs met1wd are w~lI known. Mot'san (]()52)

presenled a theory ,,11\ch ktl \0 lI1\prOVclllclltso\'er ead,cr ~lm;IaL"1lyLlldhods.

I\lichal (1952) extendcd Morgans lhcol)'_ Group Mdhods, as J class 01"mcthods which

Ie:ld to ~ reduelion 01' lbe number o[ indepcndent v~ri~blcs, wcrc first introduced by

Birkoff (194H,19G0). lIe m~Je uw of One paramcter group traosl"on11ation, to reducc"

,ystcm of parti~l differc)]l;"l equalions in one intlependcnt vari;lble, Til" techniqllc has

been app l;cumlcnsi veil' by Abdcl.el- M~Iek (1990,1991) , Ames( 1nS) Jnd lll~ny o[her,_
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MOl":1Il,1Ild Gaggioii (190(',1968) pr~s~lll~d a gCllcrdl syst~l1laliL group fcmnalisln 101'

simi!:lrily allalysis. Thcy ull1i/cd dell1~nlal"Ygroup lh~ory for the purpos~ of redllciLlI; a

glVCIl"y,t~1l10 f partial <Iifkrcillial clju<LIion.' in a singlc vari able. Siml!:lriIy allalysis h<ls

bc~n ,lpphcd inlcIl,ivdy by Gabbert (19G7) ,For additional discuo,ioLlS 011 group

tr"Llslormarions. OIlL conSlIllS Atne, (1972, I'JS5), c"cnh"rt,Bllimall and Cole (I ~74),

Mor,111a"d CiaggioIi( I ')07) .

III til" wurk wc point oul the dlect OfSllClio" in thrce cascs (lcri\cd hy 'r ang (1%0). \\fe

present n ger,cral pI"uccdure 10•. Icducing the HLlmbcrof 1l1dcr~Lldcnt \'an<lhieo i" lhe

go\'cming eqllalions flOm Ihrc~ 10 on~ indcpcmlcL1t v:lriable, Thc I<:ehnique used I, Ihe

olle-parameter srO\lp lrans[orll1Jtioll which is appli~d to both lile govcrning p'Ll1ial

diffcrential c~\lations and the bOllnd.u)' coml,(ions to as,ure Ihe i"v"ri~nce eondilJon,.

One sci of the reslIllanl systcm of ()rdLllary dif[erelllLJI c'-j\lations wilh appropriate

bOllnd~I)' cOlldillOllS is then solved nUlnencally using shooling mclhoJ based on "lxlh

ordcr ]{Ullgc-Klltla schcmc ~IOllg ",Iii NJciltslliclll-S"igcrl 11~nI(ionwdm;'1"c (0 lilld

bound'll)' layer !low chJraclc[JSt)c, duc (0 suction effecl alld I'lr Val)'illg Pr,wdll llull1bcl

whcn suction parameter is r.x~d, i'l'Oglamming ,olhvarc FORTRAN 90 is used 10

impl~mcnl RlIl1ge-J(u(L::t.melilOd and \iSllali~:llioll software TECPLOT is lls~d lO n~a\C

graphs,

]
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Chapter 2

2.1 Group-Theory and Important Terms

2.1.1 Group Theory

Ol1e 0(" the most mathematIcally "'pi,islic,ltcd l11~lh(lds of cidCL'lllining simila"ly

so IUl;OL1sof partial di fTcrcntl:11equal LOll.';s based on concepts (lei iv~d CL"OLllthe 1heor)' of

conti I1UllLL' iran, rormation groups,

Groujl Concepfs: An alg~br~ic group is a collccllQll 0[" 'clements' which h,IS Wille

sons of operation ddined bclwecil the clements, In addition, " certain sd oC rules 01"

,(u[cmC!llS regarding Lhe elcL11cnb aml tl1e dc[jll~d operation must b~ satisfied. The

cJelll~llls can be almost anything we choose 10 ddil1c, well as ill!cgCI'S, cOl11plc, numbeL's,

\,cl"lor,. LlwtriCCS,Ir"nsforlll~llOllS, elL. OLle important CIileri"", hown Gr, is the dell ,,; liol1

01"an oper.llion for lhc,c clcLll~nls. TypicJI opermion" Lor [he classes of elemenl~ jll,l

Jllc[]lj()[]~d arc lll[cg~r adJlLlon, com[lkx Llumber multlpllCalioll, ,,~~lOl"addition, malrix

IrIulti PIiCJlioll anJ slIccc,si "'-' Iral "formalions.

The rules ",bich a scI ofclcn,ents must obey under a gLV~l'operation are given below.

(The ,yLnbol owill denote the gi\'ell opcralioL1 bClWCel\ two clemcnts; e.g., u. oh.j

I, Tbc ,CIS of ckmcn!s is closcd under the given op~rution. If "and b arc two clemellls

oflhe sels, lhe~ a ob = c i, also a unique clcmcnl of the ~CL

2, Thcre exists an idc~lily dement / such that a 0 / = J 0 II = a
3. Gi"'1l ~L1Yelemcnt (J, thcre exisls an clement ,,_I such thal {{O{l"' = ,,-lOll = I

4, Tile cissociali,'c law l~ \alid Lor lllG :;;ivcn operalicm {I u (ho c) = (il 0 1» 0,

4



Trallsformatioll group;

A complctc ScI of lrallSfonlmllOl1 is l~kell as group clcmcllls. SuccessivG tI'Jnsfol"m~llon~

cmploymg .•..~ri()lIs~ds of fUJIctioll,Ire eOllsiJGr~d10h~ "operalion" belwcen elcmeL1I'

Invariant Solution:

Wc eon&ldn ~ 'y.,kIll ofpanial diflcrenlial eqll~liom; I'lt whieh lhcy'are dcp~ndeLlt

variublcs Jnd Xi~rc inJcpenJenl \ ari"ble~, Solutions 0 r ~ sy,lem ()f eq uallOlIS for ",bi{:h

1'/ arc cx~(liy (he same fULlClioLlSol'lile " ;)SIhe Y i~rc of the X' me called illv,lrianl

"Olulio]\.\.

COllrormally invariant, COII~tant confonnally invnriant, 1lbsolll1c inv;lri""t:

Th~ dific,-cn[iui fomqb(:',,, ... ,,:I')j, Jdinr:d to he conformally inval"l,ml <Imler a onc-

pnrall1elGrtransi"ol"lmtioll group 7 = T" z i I'uL1dertllGgroup tr,Il1SrOnl1~!iol1s

wherc F(z' ,.. ,z~;a)l~,oIlIC !ullction ofthc z' ;ind the single group pm,lInctcl". (I,

lhe fUIlGIlon0 i~ s;lid to bc cOIl,;1anlconformally In.•..•lri~lI( under!llG group trall,forlll,lti-

ons,lf F(a)=lsoHml 0(ZI" .. "....Zl')=p(zl, ,zl')

the li.'lIetion 0 is SJid 10be ahsolule ill\~mll1luLider the tmllsfonna[iOIl group.

GrOllp Theory Method;

LGt us el\n~l(tr:1'u single partial dilTcrential equation in two inJepc;ldcm varJables, \Vc

,Gck tranSf0I111allOllSthal will rGducGlhc numbcr of indepcndenl "ari~blc, by onc, I.C"

lcud lO~n orJ;nary difi"crcnlial cquatlon ,The sleps arC to

1 Sdr:Cl a onc.pmumG1cr lr,llloformallOIi group. If xandyulc llw ill(kl'cildclll var;JbIGs.

u rea.,(}n"bi~ ur,l dlOicc might be

5



X=""T

)'=,,"',1'

11=/)1'"

~ Find an nb~ohJ\e invnriJIl1which i>a funelion Oflh~ ind~p~L1d~nlvmiables alone.

1'01'example

'1=)'"

F.,[ahli,h relm;oll between n,malld s ,ueh lhal

}"S = lX'

Th,' ab,oluk invar;anl f/ will b~ lh~ n~w indq'~L1d~1l1var;able.

3, Find ~ second ab;olulC invarianl g, chos~n ill sud, a way lhal g

il1\'(llveo[he dEpelldent variable", For exumple

g=uxT

FIl1dreblloll ,ueh lhal

ux = "X'
4.Selg=FI(1J), Th~L1

U = F](11jx-"

~l1d FI('11i, the Ile\\' dependent vari~hle.

5 Subslilutillg the lran"I("'Ill~LLon[()I'u into thc gi\'cn cq\l~tion alld employing the

dei'lllli()1l oj 'I ,hl\\lld reduce (he givcn partiJI diffcren(ial eq\latiall to a ordinary

dilrerel1l1~1equali')ll

If mOle d~pendcJll or illdependent variablcs ate ,,,valved , (he abave procedure remaills

~,'~Il[ially lh~ ,am\: , \:;>,~~pllhat ~ group of independent variabl es '11,'I;: ,. , are sought

f,-om lhe orig:in~l independent vmi,lblcs and ale onc less in number. Thcf/, m'e absolute

6



For cnch dependenL, an ab,olut~ i'll'arialll ti, IS sought which in\'Qlves Lhe dependent

vari"bk, A good choice is g, = "jh("l' ....."."" ....,,"')wilere u, is the dependent variable.

The luncllon ti, is then equated to a funclion

j'i ('I, ,'1'2 ..'In_] ) = ",hex] .rIJJ )

then

1,i('71 ,1/0 , 1
" = "
I hi(x], x2 x"')

i, thc dependent variable translormmie>1l . Substituting lh~ various transfQl'lllatiQns

inte>the uri ginal 'Y'lClll of equations 511,,"ld lead to a ncw system with the number

"f indl'p~Jl(lcLll variables reduced by Oll~.

Ev~lu~tionof the Group- TheolJ' Method:

'Ihe adv,mtages 01"the group theory method ,110uld bc obvious. The firsl i; thal lhe

method LSralilel' simple lo ilpply. We m~rely pick a trJnsformallon and pl"Occcd. There is

IlQ concern "bout boundary CQndiLiOIl', doie", for vari01IS functions, etc. Second, in

redUl'-1I1glhc tlllmber of illdependenl van abies by one it is pe>ss;ble to ob[uin u ncw system

of pmlial ditlel'clltiJI eguat;om ",ilhout continuing to obtain mdiL1ary dilJcrcntial

cgu,,[ ion, The poss; bk ~J\'''Jll''g~ 0 I' stopping _,bon of" 'y~lcm 01"ord Inary differenl;al

cqLlaLiutls is lilat illllay b~ po,;,iblc 10 solve wider vmiely ofproblcms in this manner. It

v..ould bc very interesting lO explorc 11115possibility ;11 50lvillg Ihc boundnry loyer

~qualions.

On the c>th~I'halld. lhcrc arc lWO ~'videnl di",dvulltagc, to employing group-lheory

melhod.,. Thc lil';[ is that boundal')' condiLion, aL'~not taken into uccount;n all) way utltil

lhc cmirc ~nalys;s ;, completcd. The second ;s lhe ullcertainty in choosing a pl'Oper

lrun,lonnatioll group. Ir wc should 1;1il to ~implil"y a 'y,lem L1lldcr one choice or

lmLlSIorma1l01l group. ll1i, doc, nOll\lcan tbal another, which would prove to be ~dequalc,

doc, LHllexisl. ForlUllalely, [he lypes of group employed in tile cxamples seem 10 be

adcquate for yiddillg the classes of sim; lari ly lrans format ions obtaill~d b) olher mcthods,

7



Although it has bcen pointcd nut th~l one adv~nw.g:eorthe g:roup- theory methods is to

reduce a system of partial di l'feremial equations in n indcpcndent variable, tll <Isy;tem ill

J1-1 "<lriables without ccmtinuing: to ordinary differential equations, tbc samc type of

result., could be achieved \Vilh a Illodification of frec parJlllctcr Inethod. We would

,imply introduce functions of more tll~o onc pammClCL".\Vc would bcgin an analy~i, by

assuming that the independent v,II'iobleswere expressible ill terms of (n-I) depend~nt

v~riablcs instead of a single parameter II. \Vhile such an approach has not been exrl",t~d

in litel"a(\lre,it would be quite ,implc W lIwe,tigate thi, pos,ibilily. However, the group-

lbellry method>;should yield complete re"lills with less errort.

2.1.2 Important Terms

Porous plate:

By POrull' plalc w~ mean that the plalc po"es"c,> very fine holes distributed uniformly

over the elltile ~urracc of the plate throllgh \vhich fluid can flow freely,

Plate with Suction :lnd Injection:

The plme from whidl the fluid elll~rs into the flow region IS known as plate with

injeclloll and lh~ pbk from whieh th~ fluid leavc, out the flow region is known os plote

with ,"clion. Sometime, it io nece0'>~IYlOcOlltrol the boundary laycI' flows by injecting

(lr withd"a\\,ing fluid through a be"ted boundary layer w~lI, Since this can cnhnnee

heating (or cooling) of the system, can help del~y the transition from the laminar to

turbulent flo". l1ound"ry 1,lyer sliction is used to colltrol laminar nnd turbulent

separations by removing nOI\i orthc low momentum. The technique i~ u,ed in all' wings,

somc wind tunneb lo remove boundary layer Blowing (injection) a boundary layer 011

high tempemture component~ call mJintoin U lhi" layer of colder flow that allows the

;YSlC1\110fllileliol\ with very high lluid velocity.

Isothermal:

11is a process if temperature is h~ld con,laill during the process. i,~, 6.T = 0 or, having

eqllHIor cOllsUinttemperature with re,p~ct to either space or time.

8



Similar Solutions' of the boundary la)'el' equation:

f'OUlld,Il)' la}er equations ilre Inl\le simpler than th~ original momcntum equations, yd

th~y are non-linear paninl dilTcremini cqudtlnn,_ W~, lilereJi)re, simplify them funher by

r~ducLnglhem inlO ordil1ary dI!T"L"en1Jalequalions_ To thi, end, we propose to change, if

possible, the independent and dependent variables LO;uch a way Ml '" to tranolorm the

partial differelllial equalions of the boundary I~y~r equations into ordinar} differenlial

e'lualioos Whenever such a tran~formati{l~ ex ists, wc say tlwt 'simi lar ,0Iu1Jon' c"i.,t,_

Similarity variable:

Similarity variable is ~ function of originnl indcpendel1t variable ••.

Thermal conductivity: Thc wcll-known Fourier's heat conduction law states that the

eonduclive heal now per unit ar~a (ur, heal flu,,) q" is proportional to the temperature

dcerca,c PCL"unit di,lanec in a direclion normal to the area through which the heat is

flowing, 'lhus, mathematically

ar'I cJ:.-- so lilat
II on

Jj'
'In'" -k- where k" said to be the lhermal conductivity.

D"

Viscosity: Visco;it}, offluids is due to cohesion and imeraction between particle.,. Vi,-

-cosily introduces resistance to motion by dcveloping ,hearing and i"ridioLlal ,l",~s

between the fluid layers and the boundnry, Existence of shearing rcsi>tancc ill real l1uid

cau;es the ~uids to adhere to the solid boundary, and hence there is nn rclative motion or

~Iip bet"'e~ll the t1l1idlayers imm~diatcly in contact with lhc ,olid boundary. Vi,~o;ity

causes the 110wIn OCCurIn I,,,,, diITcrentmouc;, mmely, laminar and turbulent flo,,'.

Kinematic Viscosity, Dynamic Viscosity: In Fluid probtems, the coettlcient 01

dynamic viscosity p usually OCClIl'Slogether Wilhmass density p in the form fl . III~uch
P

problems, il is convcnient to lISCanother coefficient called the coefficicnt of kinetic-

viscosity v (nu), It is the ratin of tile cocnicicnt of dynamic visco,ily to mass dcn,ity_

9 ,.



p
" =-

p

'[ he dimension of v

I+IL'/TI
I" CGS units, it is measured in 81o~e_",hid, is equal to I cm2/scc.

A paramder), dcf1llcd such that I,hear ,tre>sl~ Jl [,(rain rale]

Dyn~mic vi,c(i.,ily i, related to kinetic viscosity v by fl = fJF, where p is the den,i!y.

Incompressible, Compressible Fluid: A fluid is said to be in~olnprcssiblc if it

can not be ~omprcsscd easily, The density or un lI1comrrc,,~iblc j] uid is almost constant.

1\ tluid is snid to be cllmpre,,>,ble ,f It can be easily compressed. Compre~",ble lluid,

h~v~,arl"blc density.

Steady Flow: The flow is said to be ,[~ady when the flow characteristics, such as

velocity, density, pressure, temperature do not change with time. A flow will be steady

".hen the ralC of change of these cl1Jracteristic; i~ 7,ero. For example, if V is the velocity

at oilYpoint, lhe [1ow will be sleady if ~: = 0

Walcr Ilowing through a tap at con~(anlr~le" an example of steady flow.

Unsteady Flow: Th~ Jlow is IIllstcady if the velo~ity and othcr hydroulic

characteristics change with time. Mathematically, c:;; ¥-O. jfthe water is flowing a( a

CiJ,lIlgillg'-;Ile,a, I,;the ca,c \\ihcn tap is just opcncd, the Jlow i~ unMcady.

Uniform Flow: Thc flow is ,aid (0 b~ unitorm when thc velocity and othcr

ci,"raCleri,tics n"c con~tant in a rar1i~lIlar ,-~ach. II now will be uniform if the ralC of

ch8ngc (lfthe,e ~huraCl~m(ic~ with respect to di~tunce uiong the path i, zero.

For example, if V is the veiocLly at allY point, the flow will be uniform

S i,; lh~ distallcc meQsurcd Ii-omsome lixed point on the p"th of flow_

10
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In the olher wllrd" velocity is constant III lhe ,-each, A liquid flowing through a lung

slraight pipe of uniform diameter at C(lI1Slillltratc is ~Il example (Jf uniform flow, as the

velocity is tile same at all section, in thc reach.

Non-Uniform Flow: The !low i, non- uniform wilen the flow eharacterislic; cllBngc

at variOllSpoints along the palh. For example. if V is the velocity al any point, the !low

will be nOll-uniform if ':::. '"O. [fthe dimneterofthe pipe changes, i.e., the pipe is either

cOllverging 01'divcrging, the velocity at ditlerenl ~ections in the reach is not eon~tanl and

the flow is nOIHmilorm,

Stream Function: Stre~m function VI " a function which describes thc j(lrm of

pmtcm of flow. If the stream fimction VI lS cxpre.%cd as a function of x and y, lhe

streamline, Can be plotled The component of velocity at any point may be obtained by

laking p"ni,11deriv~tivcs ofl{!,

0\'1
l' '" ---

ox

Conver'icly, if uanJ vare given, the stream function'll Coilbe obtained by integration,

S",ee, J "'/I ilVf''I-' =--.dx+--.dy
ilx ~v

Thcrci'Jre, VI = ~ Z}it + (~; fy + C

\'1= f-vJx+ fudy+C.

Skin friction: Plastic drag is drag cau,ed hy moving a solid object through a fluid. In

Aerodynamics, skin friction is the compollen[ of plastic drag arising Ii'om (he friction of

the 111",1again,t lh~ ,kin of the object tl1m" moving through iL.Skin friction is n function

of the inter"ction between thc IlULdand the skill of the body, ~s \\iell as the w~lled area, or

the mea of the surface of the body [h"l woulJ become \\iet if sprayed with water flowing

ill the wind,

II



Coefficient of skin friction:]( is dCllotcd by Cj Jnd is dcrined '" lh~ ratio l)ftllC

shear s[rGSSr 0 to the C[uimtlly (pU 2) / ~

Thus, C I
(t/2)pU'

l,arninar and Turbulent Flows: A 11ow,IIIwhich e~ch flllid parllcte lraces out a dCtlllitc

CurVCand thc curves Ir<lecd ,)ul by :lI1Y1"0 d,frerellllluid particle, do nO[ interscct, is

said to b~ taminnr ,011 11J~olhcr hJnd, ,I flow, in which each 11u;<1parll~lc do~s 110tlrac~

out" definile cur\'~ and th~ curves lraced out hy nuid particles inlel'scct, is 8,\1(110 b~

turbulcnt. 'the flow oflhick oillhrough ~ 0m~tllubc is an examplG oflaminJI' flow, The

flow in ,-ivGrsat ttIGtimc of floods is 1mbulcnt,

Grashof Numhcr: It is J dimension Ie,s group which represcnts thc ratio of buoyancy

force [0 VLSCOUSforc~ L11ircc convection. One of the paramc[cis which must bc the same

ill two free convecting systems for (hem [0 be dy",un;cal1y slm;lar.J[ is delincd by AT'

Gr = _,_a_"_'_1~
"'

,d,erc g is gravity, (i is thermal expansion coefficient, AT is [he lemperature di lIc,rellee,

f.1S the length scalc and I' is the kinematic viseosily,

Pr:llldti Nilmbcr: Prolldti tH,mbel' i, '"dimenslOLllessparameler of a cOL1vectll1gsyslem

t!lat ch"r"clerizes the regime 0 f convectioll. Il ", defined us

"Pr=--
K

where I' is the kinematic viscosity "nd ~'is the thenl1ai diffusivity, Pr,mdtl nUlllb~r I, tbe

ratio of viscous force to the [he[m~l force,

12
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ReYJIolds Number; The effecl ()f ""co,; ly of a Jluid phenomenon i, uoually ~Apres,cd

in lcrms 0 f a non-di lllcnsion,11p,lI'illl1cl~,-"~Ikd Reynold, Num bert R c) given by

"
whnc V dCllotes lhc chara~lcflstlC velocity, I' i, lhc killemali~ vl,cosily and L d~not~s

th~ cha,aclcris(i~ IcLlglll.Thi~ is the '-:It;Oof the ln~nia forcc to thc viscous forcc.

Two flows of HlComprcssible ,-iscnu, J1LLid~hou( simi I'll" gcomclrical bodic" nrc

clymunknll y Si'lliI~r "b~1l R~YL1old' S IlUmbers lor Ihe J10'"'> arc c'lUJI. A small Reynold',

nllmb~r ilnplics that viscosity IS pr~domil\~nt \vhcrcJs a large ReYllokl's l\lImhcl' implies

lim! viscosity is small. If lh~ VUlllC01'Rcynold's l111mbel'~"cceds a certain cntical v;iluc

(nJJllely 2,800) thc now ccuscs to be laminar and thc J10w becomes turbulcill. Whcn

Re < 2000, the flo" is lummar.

Nll!Ur,,1 COllWCtlOll; Convce(ion" !he study ofcondllctlOll IIIa fluid as cnhanced by lIs

"convectlve transport' thaI IS, il, vdoci!y '''Iith rcspeet to ~ solid SUrJilCC,It thus comhlllcs

the encrgy cgu~!ion, or J'fst law of lhcrmodynJmics, with the contillulty emdmomentllm

rciJtion:, 0 [.!luiu mcchunics.

In Il~tu,-alconvection !1uidmotion is due wldy (0 local buoY~l1cydifference~ causGu by

!hGprcscnCG of lbe hol or cold body surface. Mosl J1uid, ncar a hot wall, for c,ampk

will have their den,i( y decreased, and an upwi\rd Ileal'- wall mOlion wi11b~ induced.

Natuml conveclion "eloci!;e~ arc relativciy gentle and th~ rcsLL!lamwall he,,! nux ",111

g~nerally he less thJJl in forc~d moliGl\.
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BOlllldnry Layrr: Tile layer 01"reuuced velocity in l1uids, such as air and \','ater, that is

itnmedi.ltely adjacent to the surface of a solid past which the fluid is flowing, In oliler

word,. the bClUndary I:IYCIi:; thc layer of fluid in the immediate vicinity of a bounding

body, In lile atmosphere the bound"ry layer j, lile all layer neal" the ground ,IiTected'by

diuL'lLalI1G,Lt,moisture or momcntuill tmnsfGr to or Ii'om the surface, On an airclJft wing

the boundary layel' is the pali of lile Ilow closc to the wing. The boundary l"yer effcct

oeemS ~t tl,~ I,cld region in which ~11cha,,!;cs Occur i" the l10w pattan Thc hclundary

layer distort, ,urmLL"dLllgnon-vI seou, l1uw.

The houll(1a:y ]aycr LSa \ cry th in shcd 0 ('uir Iyltlg over th~ surJ:lCe (lr llw wmg (alld, ror

tiLatall thc surfaces 0 f the a; rplane) Bccause air !la.' "isc(bi ty, the lay~r of the ai r tCIIU:,to

adhere (0 the wing, As the wing mOVCIOlward tlirough thc air, the boundary layer al lir~t

flows silloolhly o\'er the ,tre,unlined shJpe of lbe Jirfoil. Here thc flow IS called the

lmninar layer.

As lbc boundary laycr Jpproaehcs to the centre of the wing, it begins '10 lose speed due to

skin friction and it becomcs thicker anti tlll"bulcnt Herc it is eallcd turbulent byer. Th~

point al whieb (hc boundary layer changes frOI11laminor (0 tllrbulent I~ called the

transition point. Where the boundary layer beeomcs turbulenl, drag uut: to ,kin fndlO" is

rebli ....ely high. A, speed inerca,es, the tran"l;,," pOll1ltends move forward, As the anglc

of attack incrcases, the trJnsition point Jlso tends 10move lOr\l'ard. The boundary b ycr 1s

partieulnrly important in acrodYll,lI11ie5because it is responsible for a eonsider,Lblc

amounl of dmg, In high-perfoflllJncc designs, such as sailplanes and comnlGr~ial

lransport aircraft, much attcnlion is pJid to controlling the bchavior 0 r thc bound~lry layer

10Illillillll"e drag.

Two effccts need to be considered, fir,t, the boundary layer ~dds to th~ ~m:cll\'c

thickllc;s of body, hence increasing the preS5ll1"edrag. Second, the shear forces at the

surface 0 f lhe wlng create ski" fncl;OI1drag.

14



Chapter 3

3.1 Formulation of the problem and the governing equation

l_~l us consid~t' n luminar free-convective boundary layer adj"celll LOa s~mi- inlillilL'

vertical 11Mpl,Hl:. rile Ll()Il-i,oliJcrmal pOL"nu.' plate i~healed ill ~n ulbkatly munJl\;r.

•con,~qu~ntly (he wmpcrJt\ll'c dimibution over the plate. ,'". ,viII be a function of Ih~

'wtlenl dist~llcC rand tbe limel. lhcrc is ~ normal velocity of sHclion Jt tbe P0I'OUS

plate" Th~ t1l1id is of constJIH tcmpCI\lhllC T; Jilr frol11 Ihe ]J1iJ1~ w,;h thal T".";> 1;,: in

F'Io\ .1

,,

"L~
y

Figure l:Phpicalm",kI uml cu-ordinate ,ystCIlJ
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n:l;';n:nL~ length,
L-as :I t"picai timc, whcr~U J

is " lypi~,,1 \c1rt~ily \\.ilh 'g'l]W ac~~lc-rmion du~ to

gJ~vity,' fJ' is th~volull,clrlc cocflicicn! 0 r \hcrl11~1exp~l1>ionand T,:[ i'; SOI11~mbim"y

rcfercilce 1ClnperatLLre, along \\.,th lh~ appllcmLOn of the I3ollssincs~ ~nd boundary layer

appl"ox i Illnlion, the equation, or motion may b~ wrinell ~s

0"+'["=11
ox OJ'

(3. I )

Momentum c~"atiol1_ (3 2)

Energy equatioll:
iJT aT aT ] ()2I'
-H-+\'-o---
iJ/ ox (~r 1',. 0,,2

(3.3)

\\Itil the boulldary conditions

,= II, )'=1'",(.,,1), T=T",(x,l) ,11 v=O
(3.4)

II = 0, v '" 0 , ,00 "' )' = '"

,
where.\' =:-,

,
/I =-,U ~

• I,'
Y (Ui )/4

v=
L

v' (Gr);';
v=

fJ
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,. .
gill," (T, ,1 - 1;")

•"-
is the GrasllQf !lllmber, v is (be kinemutic viscos ity.

"PI' = -1S LhePranJU number and a is the thennal dilTusivity.

"
J<roll1 the contilluily cqll~tion (3,t), there ex;,!!, a nOL1-dimensional stream functioll

av''f(.x,y,i)such that u =-,-c,
orj!

v = -- which satisfies (3.1) identically. We introducec,
_ _ _ T

the I1Qn-dllllell>".m~1 temperature dcllLlCUby f) =-
T",

Equation (3.2) J'ld (3.3) become

(
80 OCT"'J ()If(l' DO 08T",)' T 011'00 I a~o'"" T-, -- ,- -, - - ----T _00

2 "8/ or 6y" ax Ox "ox QV P,. way2

LC.,

(3.5)

'In " 88 + Ow au _ ';\'1 DO +o[~(inT ,)+ O\'f ..z.(ln T )] __ 1_ a20 = 0 (3.6)
- 01 By ex ax By 81 " 0' a~- IV Pr iJy2

with boundary conditions:

OW 8'/1-;;-=0,-----;-=1'''',0=1 itty=O
uy uX

at y=UJ

17
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OLLr melhod of ,olution depends 011 the applic3tion of one parameler group

(rall,I'JrLmL!ioll[() parlLaldilTerenlial equations (3.5) ,md (3.G). Under this tl'ansform3tion,

the three independent v3l'i3blc, x, y, I will be reduced hy One and the diiTerelltial

equal""'> (3.5) and (J,6) will be lranoformed into ordinary differential equ3tions in only

one independent variable, which is a SLmilarilyvariable.

18



3.1.1 Case I: Tw oc (x+btr1 and suction velocity oc (x+bt),.1/2

Unsteally natural eonveclioll with MJrface tcmper:lture v:lryillg inversely as a
linear combinatioll of x aud I and the SUCtiOIi"c!ucily varying inversely as'a
square root of the linear combination of.>::ltld (

Finding tile simJi,l[uy 80lulioLls oC lloe equations (3,5) _md (3 Ii} ",-c equivalenl 10

ddeLlnlL1~the lLlvariant solutions of Ihese equ~t;oL1Sulllkr a parliclIIl1I'conlinuolls OIlE-

pal'<lmelc'-group_

In ol'de,- 10 ,eck invariant soIulion to tim oCIof PDE \\,c scareh II transform,ltwn g'-oup

Irol1lone parameler iEmSfOnll<ltioll,ki'Lllcd liy the following group (G I):

x' = ,,"I X
y' = (la,)'

1'=,,"',
'p' = a"J'/1

,
T -- "-, Tw __ " W

0' =0

(3.1, I)

I'lere ,,'" 0 IS Ihe paramcter of thc group anda 's lhc arbitrary real numbers whose

Lllt~r,-dat;oLlshipwill be dete,-mined liy (h~ ~lLb~~q(J~ntannlysis, We 1l0\~ IIl\'esllgak lh~

relulioLl,hip among the expollema's such that

~(,,,,,
Pi X,y./,II,V, ..

=H)(X,Y,I,lI'V,

----,~:~' J
a"p J r'--,;a 9} X,y,',II,V, ..
Dy I,

19
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for this is the ,-equiremelllthat the difrer«nLiill form, !iiI ,'h be eonformally invariant

under Lhe translormation group (3.1.1). Substituting the transformations (3.1.1) in (3.5)

and (J.G) we have

~ "ae' + eV' 00' _ cry' 00' + 0' [~(InT',)+ oW' .£(InT')] __ ,_ 0
2
0'

2 ai' fly' ex' ox' ay' ai' ~ 0" iJx' W J'r 0;2
-0' a(} '"'-"2-"1 DW DO a'-ao-"I oW oe=(/ -N, ---tl' • --

8{ 0' ax ax iJy

,[ _", a (, _) "',_a,_a, 0\'1 il (, l' I] I -2",a1()+va - nJ" +a. • -- n w --, - --,
01 oy Ox Pr oy

(3.1.3)

(3.1.4)

Equating Lh~ VarLOliSexponents of 'u' from equations (3.1.3) ilnd (3.1.4) leads to the

following eqllatioll~

aJ -al -(X2 = 2a] -al -2a2 = a4 = G:'3-3G:'2]

-ar = IX] -u1 -u2 = -2a2
(3.1.5)

Solving-the equation (3.1.5) we get the following reliltionship between the exponents

a.
m.-"=1",

0,m. -=-2",

20



]( fo1101'15that .pI ~nd 1'2 ~re ~onlonnally Il\variant under the follo\\' ing t[an~.rorm~tion

group,

y'=a"2y=By

",
x' =aa,;; = (aa2 )a2 x = B2x

",
,'=0."'/ = (aal )"21 = B21

( "''1/ = (I"Jql = ,,,", j", If! = iJ \'1

. "]' "1' (c, \, Tn-I],,,"'a ,...=0-)"2,,'" "
0'=0

(3,1.6)

Vie 5h~1lmnv ~how that 91, .p2can be expres,ed in terms of new independent variable I]

(~imil,,,,ty variable). dependent vanabb F, Ci, 1 and their derivatives w,r.to I] .The

.\Olulion of the new ~y~lem will be a particular ,et of mvariunl solutions of the original

system in term~ 01" x,y,u,v etc, The variable I]is to be an absolute invariant of the

subgroup of tile lransfot'll1otiollof the independent variables.

In otherworld" 'Ii, lObe a function such that ,,(x',y',1') = 1/(:x,y,l)

where

'I he way <if seeking absolute invariunt i~

cunceptions, it would be a good guess to

power of x and I,

(3.1.7)

nOI ,veil defined, From the b()undary layer

a,sume that "might be written in terms 01'

21
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Vari:lblc Tnlnsfonnlltion

Indqlcll{lcnt V~riabk Tr~ll~forlll~tioll;

\VC aS~lIl1le that

'I = Y(X4 hi)!'. (3.1.8) I

I

is all Jbsolule invan,mt of gwup (G 1), where p is a real numbcr. Now rcstnctlOn mighl

be placcd Illlp in order (hal/I would be inv~rianllLnder (3.1 ,Ii),

So "e 11lL"t haye, 'I' = y' (x' + hi ') J! = B 1+2"y(x + hI) I'

For ab>olulc il1v~ri~ntwc ]lui
I

1+2p=O=>p=-2'

I

So, 17= y(x + bl) 2 is an ab~:oluleInvanant.

DCJlcndent VHiablc Trunsformutio;m:

We now express all dcpcndcnl variables in (emlS of IJ. Since lhcrc arc threc dcpcmlcdt

variablc~. we seek three functions g, (I = 1,2,3) which are absol111,clyinvariant under

(3.1.1).

We selccl

gl = If/(X+ btJ'1

liz =T",(x+bl)'
gJ~e=G(II)

wllere '/ ' r arc real numbers.

Employing expression (3.l.G) in g{ gh'es

gl = Vt(x+b/)'I = B-I-2qlf/'(x'+b't'j'!

T b )' 112-ZrT' (' I 'I'g2='",(x+/= "x+J/
gJ = (J = ()' = G(I/)

22
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For con,tant conformnlly invariant we IllUsthave_

-1-2'f-O=>q--~]

2~2r=O=>r=1
(3.1.11)

For Invur;ulll ~oIUlioll"of the equation" (3.5) and (3.6) will be expressed in terms

of 1]and the li.mCl;on,;F,G nnd f

«I = (x + bl)' F(II)

:. Tw = (" +hl}-l f(ll)

B = G(IIJ

,I 1
o 1/' (' )_',.-,-=--lIx+'1 '11'1
GXily 2

,I 1
~: =--brl(x+hl)-Ij';m
oyol 2

-O'fl (}-«I I _I
-'--=--1](x+bl) FF
iJy iJxoy 2 I} '1'1

,
'I' [I 1 ] ---1'=-= -F--IIF (x+bt) 2
ax22'1

iJ21/f [I F 1 F ],' ( ')-'-- = - --17 II '1'1x+ul
oy222

80 . 011 [I _,]-=(, -=G --IJb(x+bl)
iii 'IBI ~ 2

23
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, , ,
il-? =Cl +bl)-2(;'I,,(X+"I)-'5. =G,111(,+bl)-1
~V.

OVI eo ar) I _I_.-.G -=--lIG F (x+hl)
"Y ux 'I ax 2 'I 'I

"0_10- I' ",. ( 1 )"-l'r ~"=- r "}llx+)1
(11 '

o ~ (InT...)~O=G[_b_~,!hJ'I](X+bl)-1
0/ (_y _ 1

iJV/fJ(.) [ 1/1111] .,1;-- InY'".=G~} -)--- (-,+hl)
0u;x 2 I

Substituting all values ill the cqu~tions (3.5) and (3.6), we obtaiil,

, [, b) [1 I/bl" J 'lf"F" JI',,-C + ~F+-q (i + ---+b+F +--- ([=0
li/122 "2/ "21

7;•.(x,1j = (x+bl)-l 1(1/)= (I)(x,I)I(rjl

(3.1.13)"

(3.1.14)

where w(x,I)=(x+bl)-1

SiLlC~~J(x,l) and 1'",(x,l) arc independent of y where I)dcpenJs on y it follows thaI f

musl be equal to a constant.

For simpllcity, let 1(11) = I => 1'(1/) = I)
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)\'ow. (3.1.1.» and (3,1.14) beconn;

'j he boundary cOlldition,,> are

F'I(O) = O,F(O) = Fw i- O,Ci(O) = lat II = 0

F~('-O)=O.G{ec)=O at 11_)'-0

(3.1,IS)

(3.1.16)

(3.1.17)

The add,lional parameter is givcn in thc boundary condition as F{O) = F", rclaled to (he

suction V"..

I [ere - V" (X,I) = ~(x+ bltl/2 F(O).
2

"" < 0 :;ignilie, :;uc(ion, "" > ° SLgnilics injection,

The boundary. layer cl1aracl"mlics Ill]' lhl> cu:,e are

(i) Verlical ,'clocily

(ii) HOl'izonlal velocity

(iii) Surfaec bcat flux

q= I .,')[-G'(O)]
(x+bl)-','
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3.1.2 Case II: TwO:;(x/e) and suction velocity 0:; (1/-,lt)

Unstcady frcc convection with surface temperature varying directly with a
funttion x and inversely with the square Of;l function of t and suctioll velocity
vllrying inversdy wilh the square root ora function of [

finding Ihe similarity solutions of the equations (3.5) "nd (3.6) arc equivalent to

dctClTIlinc the invariant solutions of these equations under a particular continuous one"

parameler group_

[11order to seek mvarianl s"lulLon to this sel of PDE we seareh ~ traIl5r()nl1~tioll group

from one ]Jarameler trans IOllnation defined by the follo\\' ing group (G2):

x'=a"lx

y'=u"'V

(3.2.1 )

•

,
T =a""T
" "
0'=0

Here (1 i- 0 is the parameler or the gwup anda's Ihe arhilrary real numb~rs whose

imerrelaliollship will be uetcnn;ncd hy the subsequent analysis. We now invesligale the

rebtionshl]J ~mong LhecAro,,~nLa's such that

~J(X',Y',t',U', v',.. --,~;:J
= II, (X,y,I,U, V, , ~;, ;a J~J(x,y,l,iJ, v, , ~; J

26
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for lhi, is [h~ rC<jULrcl\1clltlilmlile dilTcr~nlial forms 19, ,P2 be eon formally invarianl

under lile transformation group (3,2, I). Substituting the transfonnQtiolls (3.2.1) in (3.5)

and (3.6) "e have

(3.2.3)

(3.2.4)

Equaling the various exponents of 'u' in equations (3.2.3) lmd (3.2.4) lea(!> to the

follo"in g e'luation,

~J-~' -:' =~aJ=~'-2a, = "< = a, -3a,]
a,-a, a, a,- 2a,

(3,2.5)

Solving the equation (3.2.5) we get the follolving rebtioll,hip bdwe~1l lile ~xp(lnenb

!:!--_2m, ",
or "3=1, ", or, ~=-2",
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II J"lIow, lIla! PI and 'h arc conform~lly invmiant undcr the f-oIiQwing:lran.,1'1I'lnalion

gr<JUP_

y'=,,"'y=8y

",,,'=,,"Ix= (,,'" l", x= B2x

"'/' = "a'l = ("a, ~ (= lJ2(

, ", I"')" nVI=,,-'ql=,,-a-,l/I= 'I'

",
'_ a4- _f",l"----, __ 2

T" _'I 7,. _\.'1 F,T", -B T",
f!' = f!

(3.2.6)

We shall nQWshow that P" hcan bc cApressed in terms of new independent variable 'I

(;imiIJrity vilriuble), dependcnt variablc> F, (j, 1and their deriv<ltive, w.r-lo 'iThe

~olulion or the new system will be a particular sct of invariant solution~ of the original

system in tenus Qi-x,y,u,v etc. The variablc 'lis to be an absolute invariant of the

slibgL'Oup"i-the transformation of the independcnt variables_

In otherworlds. 'I i, lo be a Lundion such thal II(Y',I') = '1(y.1) , Where

y' = By ] (3.2.7)

1'=[;2,



Variable Tnlusl"ormation

Independent Variable Transformatiou

We assume th~t

(3.2.&)

i, an absolule invariant of grollp (G2) whcrc pis re,,1number. Now rc,triction might be

placed on p il\ order that I)would be invariant 111lder(3.2.6).

For ab,olule invarianl we put 1+ 2p =0 => p =-~
2,

So, 'I = yl 2 L,an absolute invariant

Dependent Variable Transformation:

\'1e 1101\!cxpress all dependclll variables in lerms 0 fl). Wc select the dependcnt vmiables

lor '1',1'" and 0 in such a "'~y that

[ 'J' [ "J"X 1_2, ,X
gl =~I -, =1r 'r;.r""""( =F(rl)

['J' ['J', =T ~ =B-1-2rr ~ =/()g2 ,. ., I)
x X

g1 = eO' 0' = G('I)

(3.2.9)

wllcre q. I"are L"~alI\umbcrs. For invariant of transfol"l1,~ti()ngroup we mllst b~ve to put

-1- 2'1= 0 => q = -~]

2-2r=0=>I"=1

29
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,
[" J' ,VI = -,- F(rll = ,1/2 F(!])

... T., = U]tCII)

B = &(1/)

'V' ('JHere, U=-= - ~Ioy I

(3.2.11)

, ,
._/. {_1/2 =-iF
I '1'1 ,0 '1'1

I!I;, =C~}(li)G(rll
00 =G ar) =~C; (-'J,at IliN I'I 2'

eo_" al/_(, _1/2
-_v'I - ")'
ay Oy
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,hi =~G
~','!IJ
0'

iJf) = 0
ax

a'jI ,,&-.-0
OX "Y

1 {' ,.-;- , .''1,
•

1',.-1 a-f) = Pr-1 I G
it)'" ., 11'1

OG[" I.~1, 6, _2h'~')]
xl[I,IQ{

=(i[-::' _~ III,)] 1
2 1 ,

=r - 2(j - ~ /III/'J I
" 2! I
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(/iVI i5 (In T )
ayex W

=eovl--' aT",]
iJ.v Tw Ox

=07J~[~::A;n]
=G!-F~[.cJ~"J!) + 1.2-1]

t xfl/2 lax I"

• G' 1;,["- J -'-1,,0 +1.")]
I XI1/2 t

= Gf~l.~,
Substituting all values in the equation, (3.5) and (3.6)

we obtain,

F~wl +f .1-1]+ 1")'1"1111+ F~ - F,i + (if = 0,2 (3.2.12)

'I'"C--.0
1

(3.2.13)

Since C~J and Tw{x,1) are independent of y where JS IJ depend; 01\ y

,il 101l0ws that 1(T!) lTIust b~ equal to a constant.

For ~irllplicity, let i{T/) = I 0::; 1'(,,1 = 0

Now, (3.1, [2) and (3.2.13) become

F'I'I'I + ( .!-" +}, Jl';I~+ FQ - 1",i +G = 0,2

Pr -1°'11/+ (F +~I/ )Cq + (2- 1"'1)0 '" 0
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The boundal)' conditions are

F~(O) = O,F(O) = Fw '" O,G(O) = lat '1 = 0

l~,(C()=O,C(C()=O at 1]_'00
(3.2.16)

The additIOnal parameter is given in the boundary condition as F(O) = Fw related to the

suction v", when 'I = 0

Here -vjX,I)" 1-1/21'(0)

v", < 0 signifies ,uction, v", > 0 sig~ifies injection.

The boundary-layer characteristics for this case are

(i)Venical velocity

,
u=-F, '
(ii) Horizontal velocity

1v=--F,1/2

(iii) Surface heat flux

q= :/0 [-C'(O)]
" -

('")And for wall shear stress, T. "j.J ~
0} .,.-1)

Defining skin friction coefficient

2,.
cf=--

pU'
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3.1.3 Case III: TwO:tr and suction velocity variation is zero

Unstcady F,-cc Convcction with lin,fonn but Unslcad)' su,.facc Tcmperuiure
vl,riation at Large IJistatlccx

In order to seek invaria11l solution, we search a transfol'Jnation group (G3) from one

parameter lral'sJormation defined by

-"'=a"I"-,,

y' = a"2"v

t' = ,,"J"t

vI'=a",IJ""

, .• = "5",'w a w

8'=8

Here a" 0 is the parameter of the group and a '8 are the arbitrary real Ilumbers.

Substilliting tile above transtorl11ations in equations (3.5) and (3.6) we have

@ ~ a=rfl' -'- aVr' (;l'fl' _ a/fI' alrv' -0' T.' _ a1'f1' =0'-a'a"~. '0" ~.•' ,,2 II ,,:.,3y I ~Toy ax '--" cy '-Y

= a","-a,"-,qn 0
2
'f1 + a"" ."-la,,,-,w, D'fI D2'f1 _ a ""4"-Za,n-,,I" a If! a 21f!

(lyal <'tr (lym ax oy2
.;

'Len ,_ ''4''-0''2'' O'VI
-(l '" w -a -,-,

Dr

!/J '" af/ + a I';'ao' _ av;' ao' +B' [~(Inl" )+ a'fI' ~(ln l",l]__I a
2
0'

2 DI' or' Dx' ax' oy' DI' " Dy' ox' ~ l'r 8y.2

_ -a)1J00 ''4"-""n-",,'' ary ao a'''-'''2n-a,n a'f/ (jO-" -<" . -----" ----
DI oy ax Dx oy

.[ -",)n a II 7') a'''-'''2,,-a,'' OVI a II 7' I] 1 -2a2" (j20+" a - n +a ----" --" --vi '" <r,' 8x w Pr 3y2 .
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For con formal invarl anl we have th~ Iollowing ,d 01" eljualLons

a,ln - ao,,- a1" = 2a4,,- 2°2" - al" = a\ = °4" - 3°2". . .
- oJ" = a4" -02n - al" = -2a2"

Vie have the f"llowing rdalion~hip be(w~~n the ~xpo"ents

~=2
",

",,-' = 2", ",,- '" -211",
1J1 and 1J2are cOl\formally invarianl under the follow; ng trtlllSfOrmalion group.

y' = or'ln y '" By , where 0"'2" = B

V:lriablc Transformation

Indcpcndcnt V3 riablc Transformation:

I.d '7= yiP i5 an uhMllulC invariant ol'group (G3), whcrcp;s a real numbcr.

I'or absolute ;nvur;allt \\'c PUl

So, '1= VI 2

I1+2p=O=>p=--
2
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Dependent V..riablc Transformation:

We now express all dependent variables in terms of I}, We sclect the dependent variables

lorq/ , Tw ancl f) in such a way that

gJ '" f) '" (I' = U(II)

where q, ,I"af~ reall\L1mbcrs.

Fllf ~ollslunl eonrormally invariant wc must havc,

-2q+2n=O~q=n
1

-2s-I=O~,,",,,--
2

We mu,t hovc,

We have

gJ '" (j '" (;' '" 0(11)

Therclorc,

(; '" 0(11)
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Dr;; --+1.
Now, u=-,-=I 1-'1

coy

D'Jf-v~,=-,-=o
m

I,e v," variation is zero,

DO -0 O'l_(j I 2
ily- 'IOY- 'I

ii8=G 0/1=0
oX I} oX
oql.ao=o
0' i)x
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o (Inl~.)",OeX

0(.)"(']"- InT "'-+11 ---
u("(/12(

'( .. ) [, , ( 'J"]B---;:- Inl" ",G -+1 I, -- -
01 1121

Substituting all values in the equations (3.5) and (3.6) we obk1in,

01/111+ +lJf;!IJ - (r + 1)J-~+ G1 '" 0

For simplicity, Ict 1'" constant"'l =;> 1'1 '" 0

Vic gCI

F'JII'I+~/IF'III - (J' + I}F'1 + G '" 0

p,-IGIIII + ~liGll - r G = °
Tilc boundary conditions are

F,JO) = F(O) = 0 G(O} = I at II = 0

f;l(w} = o. (J(w) '" 0 at 11---) w

38



The houndary-layn ~hma~lerislic, lor lhi, eH;Carc

0) Vettic~1 velocity

r+1 F
1'=/ ')

(ii) Horizontal velocity

v=o
(iii) Surface heat flu},.

The situation is valid al large dLMuncex. Thcrefore all pmtial derivatives \\'.r. to x will

be negle~ted, Sin~e Tw = I' I (II), surface temperature di>;lribulion i, indepcndent of x ,

i.c uniform, it is a function 01"lim€ 1_Thc surface temperature may increase or de~re<lse

with time according (0 r being positive or negative respectively.
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Chapter 4

4.1 Results and Discussion

Figure 2 shows th~t the velocity decreases with incrcClsing SUCllOl1p~rameter, Fw. It call

also be seen that at each value ofFw, there exists a local maximum value of the velocity

profile in (he boundary byer region, The maximulll value.,> are ob(ail1~d <t." 0.540, 0.405,

0302 at '1= 1,778 and as 0,109,0.062,0,046 at //=1,238,0.347,0.242 respectively_

For the temperature prolilc, Figure 3 indica!,:s Ihe OCCurTCnCeof the decrease Lil

temperature, G near the plaLe far ,uction. Also, the thermal bOllnd~ry layer thickness

tn~rea,e, with Increasmg Fw. It is evident lhat temperature does noL exhibit any defect

corresponding to Fw = 2.0 ami Fw = 4,0. The temper"ture decreases slowly near lh~ plate

I'orFw = 0.1 than Fw = 0, Fw = 0.5 lhan Fw = 0,2 and so Oll, Figure '4 indicates lhat "kill

friction decreases with increasing suction parameter, Fw, From Figure 5, it is observed

lhullhe r;Lteof heallransfer mcreases wI(h mcreasmg suclion parameter, fw, FIgure (,

show~ thallhe velocity increases in (he vicinity of lhe plale and (hell decreases far from

lhe plate for increasing Prandtl number, The temperature profile In the Flg:ure 7 sh(",~

(hat G be,omes negative in a cCltainl'egion of tile boundary layer for varying vullles of

Pro This phenomenon is knuwn as temperature dcfe,t that wi)] va.nish for the limiling

,ase Pr---t CI), Physically it is lrue because thc inCl'casc in the Prandtl number is uue to

inCI'~,ISCin the viscosity of tile nLLid.So, ski" frieli()n uecrCUSGSwith increasmg Pro The

FLg. 8 shows that (he skin friction decreascs will1 increasing Pr. In (his figure il is scen

thaI skin fdelion decrcases rupidly for Fw ~ 0.5 lhan Fw = 0,2.

FlgllrG ') represents the effe,t of Pr~ndtl number and suction paramctcl' Oil the surtace

heat tlux represented by -G'{O). The rate of h"at lransfcr increases wllh inCl',G,C';lng

Pr~ll(hl nlllllber, Pr, The ralc of heat transfer increases rapidly for Fw = 0.5 than liw =

0.1, I.e" ~t a given Pr in,rease in thc suction results in an increase in heallransfcr.

40



Fw=O.O
Fw=O,l
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"Fig. 2:Vclocity profiles for tixed Prandtl number, l'r = I 0 and vary ing
value50fFw.
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Fig. 3: Temperature profiles for fi"ed Prandtl number, l'r =10 and
varying values 01' Fw,
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Fig. 5: Effect of Fw on heat transfer factor for fixed Pramltl n"mber,
l'r=lO.
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Numerical resu Its Df1;"(0) and -U(O) are presented in the following Table I, Table 2
and Table 3

Tablcl: Numerical values of shear ,;lres,;, F" (0)
and LhemLeor heal lmnsfer, -G'(O) for dirr~r~nl
values of slietion parameter, Fw while l'r = 7,2

Fw F"(O) -G'(O)

0 3.88345 0.97461
1 3.16530 1.83355
2 2.31261 2.82467
3 2.00563 3.68462
4 1.85072 4.47856
5 1.71367 5.26384
G 1.58603 5,81176
7 l.53174 6,04768
S 1.45846 6,28258
9 1.41117 6.51869

Tabld: NUmerical vulues or shear Tablc3: Num~rjcal valu~s or ,h~ar
,Ires<; F" (0) and lh~ rate or h~aL ,lr~,~ F" (0) and the ralC of heat
trans1i.::r,-G' (0) for different values transkl', -G' (0) for different values
or PranJlI number, Pr whik Fw = of Prandtl number, Pr while fw =
0.4 0.6

p, F"(O) -G'(O} p, 1""(0) -G'(O)

0.1 0.87050 0.60055 0.1 0,826579 0.703205
07 0,75411 1.12784 0.7 0.715988 1.242018
1 0,70200 j .38759 1 0.666493 1.515695
2 0.56120 2.12758 2 0.531272 2.269813
4 0,37823 3.36781 4 0.359833 3.535938
6 0,24141 4.28272 6 0.218922 4.4 J 8237
7 0.19056 4.5%90 7 0.181469 4.725248
8 0.14140 4.88185 8 0.133919 5.030259
10 0.11542 5.24689 10 0.091173 5.397764
12 0.05145 5,58191 12 0.048421 5.755267
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4.2 Conclusion

A successful method 0 f obtaining sim ilari(y ooll11ions from partial' diffcrcntiJI equall ons

is the method of b'TOUP(heory, Hcrc boundmy conditions arc not taken into account for

choo~illg variOLL~fUllcllons. So (his method is vcry casy and simplc to Jpply. An unalysis

is made of the two-dimcnsional unstcady natural convection boundary layer flow wlth

sLJclionon vertic~1 plate for establi,ilmg the c(}nd,tion~ under which similarity solutions

arc possible. Three possible cases have becn derived on the basis ofthcse conditions. The

case "UnsleaJy free convection witi] surface temperature varying directly with fllnction

of .• anJ inversely with the square of a function of I and suction velocity varying invcrsely

with the square root of a flillction of /" has beell studied numerically. Thc velocity and

temperature distributions are presenled for finite ~a1l1es01" suction parametcr and Pmndtl

number, It is shown that skill frictioll dccrcases with increasing suction parameter and

increases ill Ihc suction results in an incrcases ill heat transfer .Tlle effect of Pnmdll

numbcr on thc surfacc hcat flux and skin friction is also fOlllld here, The skin fric(i()ll

decreases with increasing Prandtl !lumber and the rate of beat transfer inercases ",ilh

increasing Prandtl number.
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4.3 Future work

1. Future work should foclls on lhe apphca\lon 0 r Iwo-parameler group transfonnali-

ons to reduce the syslem of governing parlJal ,ll ITerenlial eqnations with bound~ry

conditions (0 ordinary differenlial equations with appropriate boundary conditlOns

lor the problem.

2. An analy,is should ean.y out to study the eflcn ofmJgnetic field for the problem,

which is applied nOffilallO the surface.

3. Fulure work in Ihis area consists of identifying the effect of suction for case I.

4. Finite difference method can be used to solve system of ordinary diffcrenlial

equations numerically for comparing wIth the results oblameJ by li>;ingshooting

method based on sixth order Runge-Kutta scheme along with Naehtshiem-Swigert

,leralion lcclmiquc.
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Appendix

Runge-Knila Shooting Method along with Nachhhicm-Swigert
Iteration Technique

In shootiL1g lTIethod, the mis~illg (ullspecified) initial cQndiliQll~<It lhe initial point in the

interval is gllessed and differential equalion l; then inlegralcl! Ilumt:rically n5 ~Il initi,iI

"due problem to the terminal points by R\lnge-Kulla melhou. Cukulalcd values arc then

compared "jlh the given values at the terminal poims, jf there is any difference (error)

found guessed values must be changed before next iler~\ion, This process is repealed

1I1ltl1lheagreement between the calculated and the given conditlOll <llthe terminal'point is

within (h~ ~pecijied (oicr:lncc small quantity, r:.

F~+ (~I/+ F )F" + F' _F'2 +G = 0

and G" +[F+!l)G'+(l-F')G"'O
p, 2

The procedure of refining the values F'(O), and e(o) by a shooting method hased on

Nachtsheim-Swlgerl (1965) itcration tcchniquc, whcreF'(O). e(o) sl~nd lor

dimel1siullle~s vcloeily, and temperature respeclivcly.

The boulldary eOlldilJons as~oeiated wilh non-dimensional ordinary differenLml equations

of the boundary type are of the I\vo-poin\s ~symplolle clas" Two-point boundal)'

condilions have value~ oflhe dependenl variable specified at two differenl values or lh~

independent variable. SpecifJcation of an asympLuLic boundary condition implies lhe

velocities F' and e tend tQ unity as the independenl variable lends Loouler specirt~d

valuc. Thc method numerically integrates two-point as}1l1p\o\ic boundary value problem

of the boundary layer type, lhe initial value method, req\lires Lhal it b~ re~ast as an initial

value pmb!cm, Th\ls il is l1e~essary \0 gues> a, many boundary eonditiolls atlhc s\lrl:lce

as were gIven at infinity. The solutiun h"" becn achicvcd nshcn thc requircd Oll\er
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bOlmJary conditions are satisfJed after the inlegration of govcrnilig differen(ial cquations

by the assumed 5urface conJi(ions, II'this is not salisfied, anolher ncWsurface boundary

condilion is estimaled lor lhe nexl trial integralion, Bul (his is not so easy, becausc

sc1ccting a value Illay resL,lt in lhe tlivergenee of lhe In'll integration or in slow

convergence of surface boundary con(hllon~ required satisfying the asymptotic ollter

boundary eondilion, Moreover selecting 100 large a value of the independent variab1c is

expensive in term~ of computer time. Naehtshcim-Swlge,-l developed an iteration method,

which overcomes these difficuhies. In cquation there arc three asymptotic bOLll1dary

conditions and h~nce two unknown ,urracc conditions F" = /;, and G' = g,. With,n lhc

conte:>.lof lhe iniUal value method and lhe Naclllsheim-Swigerl ikrntion technique lhe

ouler boundary cond I(ion, 111ay be fUllctionally represenled as

F(II""J= F(g" g,) = ,1',

G ('I",,,) = Ci(g, ,gl) = 0,

Wilh lhe asymplotic con vergence erileria given by

Ci'(II"".)=G(g" g,)= <'is

Expanding the equalion (1.1)-(1.5) in a first order Taylor's series gives

. , DF DF .
f (11"".)=l'J'!m••)+-,-i'lg, +--;--L\Xl = G,

o g, U if,

G ('I".,,) = G. (11",,,) + ,DG d..'i, + ,DG L\g, = <5,
gJ g,

, F' ~F'
'''( ) "( ) 0' 0 ,.
f' 'I"." = f', I!",~ +-a-i'lg,+a6g, = ".\

g, "l

(1. I)

(1,1)

(1.3)

(1.4)

( 1.5)

(1 ,6)

(1.7)

(1.8)

F"(, )-/"," - (1.9)
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The subscripl c indicates lhe value or the funetioll al I/,,~,dclennined from lrial

intcgration, Solution of these equalions ill a leasl square sense reqlllres detemlining the

mLllimulTIvalue of

E - 5' +5'+0' +S' +0' (1.11)-".'"
Di rfcrel1liatmg E with re~pecl to g, and Ii, respeclively di rferentiatlon yields 'I system

or lincar equations in the following from as

all"'g, +"" "'Ii, = b, (1.12)

a"D.g, + a,,"'g,"''', (1.13)

Wherc thc cocfficients a'l und h] arCshown in (A4).

From cquJtiollS (1,12) and (1.13), we have

dct A.
/.\g, = del A ' del A,

"'g, = -~
dcl A

Where, del A = [all a" ]
a21 a"

~ [b, "" ]A, •
b, a"

And ~ ["" b, ]det A, =
. a" iJ,

Now, the guess values are revised by f.,g, and "'g, respectively,

'.'
1;, = g, +l'Ix,
g, = x, + l:.g,

Thus adopting lhe numerical teclmique described above, a computer program was sel IIp

for lhe solutions oflhc basic nOll-linear differentml equations (1.12) and (113) \\,jth lhe

boundary conditions

F(I/) = I'", "" 0, F'(q) = 0,0(1/) = 1, for ') = 0

F'(I)) = 0, G(I))= 0 ,al I)---too
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Of our problem whcrc the illtegration techniquc was adopted as the sixth order lnlplicit

Range-Kutta of integratioo. Bascd 011the integralJon done with the above numerical

technique, the results obtained are presented in the follo",'ing sectiun

E <' <' 5' -, ,"= ", +", +', -I"), +v,
Diffcl'cntmting (AI) with l'CSpcctto g" we have

,ali, 2'~ c6, a6, 2< c6, a5,20,--+ ",-+26,-+ c,-+26,- =0cg, ag, cg, Dg, ag,

5 a", ,_cS, > 0", 5 a", _ ali,~ ',--+,,_--H,-+',-+(\- 00
aI', • Dii, ag, a!,', 'ilK,

[
oF aF ]3F=>, l'~,+-ilg,+-Ag, --+ag, 01,', age

[
ac ac ]~ [ 8F' me' ]FG, +-ilg, +-ilgl --+ F;.'+-6g,+-'g, -•• -,.
~, ~, Dg, Dg,~,~,

(Al)

[
CC' 8G' ] aGe [ 8F' aF" J 2F"C;+--Dg,+--ilg, --+ /<;"+--Ag,+--Dg,-'-=0
Dg, Dg, Dg, Dg, Dg, Dg,

[3F')' +[O,F")'+[aG']' +[~,:]'],g,ag, c:g, og, o~,

~C' oCi' + oF" OF")Ag,
og, ag, og, cg, -

0-[1' of + C ac +F'~l!'+G,!jG' +F,aF" )
" ag, ' 8g, ' iJg, " ilg, "ag]

=;> !I"Dg, +",,"1,', = h,

Where, the coefficicnts all' ulland b, arc shown in (A4),

DilIerentiating (A1) with respect to g" we have

J~a6, 23 8o, . < a6, 2< a6, - a6,_0_v, +, -12", + ", +20, -ag, ag, ' og, ag, 8g,
< as, ,,06,. 5 06, . o,l', ,,86, 0=> v,--+",--",--+o,--+vs-oiJg, ag, ag, cg, og,
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[
oF De laP;0;. F...+-6g,+-'g, -+og, ag, og, [ ee i'JC JaGG, +-L'.g,+-6g, -+

og, 8g, ag,

[
,iJF' or ) aF' [, BG' 8C' ) aG'F; +-"g, +-"g, --+ G, +-,-i'lg, +-"g, -+og, ag, og, 01:, ag, og,

[
BF" BF" ) of"F;"+-tlg, +--"g, - 00Jx, aG, og,

( DF aF cO Be DF' of'
::::> lag, ag, + ag, og, + ag, og, +

DC' 8C'--+
Cg, og,

of" cF" )-- "g +og, ag, I

c' aG' +F.aF')
'ag, 'ag,

a"l!.g, +a" Ag, = b,

The coerficicnts il", a" and the constant b, arc shown in (A4).

(aF)' [OF')' [or]' (aG]' (aG')'
a"=l(Jg, +ag, +ag, +l8g, +lag,

(A3)

[aF')' + (aG')'+ (aF")']
og, lag, log,

(M)

h =~[F of +G Be +F'
I "8 ca 'g, ii,

or G' DC' ".-+ -+.
8g, ' ag, ' aF')ag,

b, = JF aF + G Be + F' aF' +0' DC'+F' Dr )l 'ag, ' ag, " ag, ,.og, 'ag,
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