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Abstract
• ---

In this dissertation, the effects of temperature dq)cndent lhenna1 conductivity on the

coupling of conduction and Joule heating with viscous di>sipation and

Magnctohydrodynamic free convection flow along a vertical flat plate have been

investigated numerically. A steady laminar two dimensional MHD free convection flow is

considered here. TIle gc}\'cmingequations contain the equation of continuity. momentum

and energy. TIlcse equations with associated bOlLndalYconditions for thi, phenomenon are

converted to dimensionless fonn using suitable transformations. The transformed non-

linear ordinary differential equations are then solved using the imphcit tillite difference

method wilh Keller-box scheme. FORTRAN 90 is used to perform computational job ami

the post processing software TECPLOT ha, been used to display the numerical rcslllts

graphically,

The re,ults III lerms of skin frietioll and surface temperature profile for JOllie heating

parameler J and viscou, dissipation parameter N are sho'Wnin tablllar form, Numerical

results of the velocity profile, temperalure profile, skin friction coefficient and smfacc

temperature profile, have been exhibited graphically for different values of lhe magnetic

parameter M, thermal conductivity variation parameter ~ viscous dissipation pararnel~r 11-',

JOllIehealing parameter J ,eparately "nd the Prandtl numher Pr as welL
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b Plate thickness

B Magnetic induction vector
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T", Temperature of the ambient fluid
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v Velocity component along y - dIrection
V )(H Electrical fluid vector
" Dimensionless velocity component along x - direction
v Dimensionless velocity component along y - direction

X Cartesian co-ordinates
y Cartesian co_ordinates

x Dimensionless Cartcsian co_ordinates
y Dimensionless Cartesian co-ordinates
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Similarity variable
Surfacc temperature profile
Thennal conductivity of the ambient fluid
Themlal cOlldudivity of the wEd

Co-efficicnt of thermill expansion
Thermal conductivity variation parameter
Vector differential operator
Constant

K,

r
V
8,
6(x,0)

Greek Symbols

fi

I(! Thermal condllctivity of the fluid

p Viscosity of the {\uid
f.l.<. Magnetic permeability of the fluid
v Kinematic vi,cosity
p Demity of the fluid inside the boundar~ylayer
(J" Electrical conductivity ofthe fluid
r", Shearing ,tre,s
'If Stream function
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Cha ter 1

1.1 Introduction
The natural convection procedures are governed essentially by three features namely the

body force, the temperature diiTercnce in 1118flow field and the fl"id den,ity variations

wilh temperature. Natural convection is the most importanl mode of heat !mosfc' from

pipes, transmission lines, refrigerating coils, buming radiator, and val ious Olher sitllahollS.

"j he manipulation of natural convection heal transfer can be de.,erted in the caSeof large

Reynolds number and very small Grashof number. Altcmalivc1y, the natural convCCllon

should be the governing aspect for large Grashofnumbcr and small Reynold, number.

Flow of electrically conducting fluid in presence of magnetic field and the effect of

temperature dependent thennal conductivity On the coupling of conduction and Joule

heating with natmal convection plOblems al'e important Irom the tcchnical pOlltt of "ie"'.

Such types ofproblcms have received much attcntion by many res~archers Experimental

and theoretical works On MUD free and forced convection flows havc been done

extensively but a fcw works have been donc. on the conjugate effects of convcction and

conduction pl'oblems.

It is pOHsible to attain equilibrium in a conducting fluid if the current is parallel to the

magnetic field. Thcn the magnetic force' vanish and the eqnilibrium of the gas IS the sume

as in the absence of magnetic fields, But most liquids and gases are poor conductol'o of

electricity. In the easc when thc conductor is either a liquid or a gas, electromagnellc

forces will be generated which may be of the same ordcr of magnitude as the hydro

dynamical and inertial fOl'ces Thus the equation of motion as well a, thc other forces will

have to takc these electromagnetic forces into account. The MilD ",as originally applied

to astrophysical and geophysical problem', ,where it is still very important but mOle

recently applied to the problem of fusion power where the application is the creation and

containment of hot plasmas hy electromagnetic forces, since material walL, would he

destroyed.

Magnetohydrodynamic, is that branch of science, which deals with the motion of highly

conduding ionized (elcctric conductor) fluid in pre,ence of mab'lletic field The motion of

the conducting fluid across thc magnetic field generatcs electric currents which change the



Introduction.

magnetic field and the action of the magnetic field on these currents give rise to

mechanical forces, which modify the fluid.

The specific problem selected for the present study is thc flow and heat transfe, in an

electrically conducting fluid adjacent to the surface. The interaction of the magnetic field

and the moving electric charge camed by the flowing fluid induces a force, which tends 10

oppose the fluid motion and nCar the leading cdge_The velocity is ve')' ,mall, so thaI the

magnetic forcc which i, proportional to the magnitude of the longitudinal velo~ity and acts

in the opposite direction is also very smal1. Consequently, the influence of th~ magnetic

field on the boundary layer is exerted only through induced forces withm the boundary

layer itsclfwithout additional effects arising from the free stream pressure gradient. S()lid

maller is gcnerally excluded from MHD effect" but it should be realized that the ""mc

principles would apply_

The motion of an electrically conducting fluid, like mercury, under a magnetic field, in

general, gives rise to induccd electric currents on which mechanical f()rces arc exerted by

the magnetic field. On the other hand, the induced electric currents also p[()duc~ induced

magnetic field. Thu, there i:; a two-way interaction belween the flow field and the

magnetic field, thc magnetic field exert, force on the fluid by producing induced CutTents

and thc induced currents change the original magnetic field. 111erefore, the

magnetohydrodynamic flows (the flows of electrically conducting fluids in the pre,enec of

magnetic field) arc more complcx than the ordinary hydrodynamic flows

The study of temperature and heat tran,fer ,s of great imponance bccause of ,t, almo,t

universal occurrencc in many branche' of science and engineering:.Although heat tran,f~r

analy,is i:; mo,l impoltanl for the proper sizing of fuel clement, 1llthe nuclear reactors

cores 10prevent burnout .Heat transfer i, comm()nly associated with fl\1iddynamics_ 'I he

knowledgc of temperature distribution i, e"cntial in h""t transfer ,tllllie, hecalt>Cof the

fact that the heat flow takes place only whenever there is a temp~ratut" gradi~nt 1tl a

system.

In electronic, in particular and in physic:; broadly, JOllie heating is the heating ellect of

conductors carrying currents. It refers to the increase in tcmperatllTc of a conductor as a

result of re,isumce to an electrical current flowing through it. At an atomic level, Joule

heating is the re,ult of moving electron, colliding WIth atoms in a conductor, whereupon

momentum is tran,ferrcd to the atom, increa,ing its kinel1e or vibrational en~rgy_When
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similar collisions cause a permanent structural change, rather than an elastic response, the

result is known as electro migrntion. Joule heating, is caused by interactions between the

moving particles (hat fonn the current (usually, but not always, c1ectron,) and the atomic

ions thnt make up the body of the conductor, Charged particles in an electric circUlt are

accelerated by an electric field but givc up some of their kinetic energy eacb time (hey

collidc with an ion. The increase in the kinetic energy of the ions m"nifcsts itself a< he"t

and a rise in the temperature of the conductor, Hence energy is transferred from electrical

power supply to the condudor and any material, with which it is in thermal COllta~l.

James Prescott Joule smdied Iirst Joule heating in 1841. Jt i, thc pTO~essby which the

passage of an electric current through a conductor releases heat. Joule's first la\~ is also

known as Joule effect. It states that hcat generation by a constant current through a

resistive conductor for a time whose unit ISjoule. It is also related to Ohm's first law.

Joule heating is also referred to as Ohmic heating or Resistive heating hecause of its

rclation,hip to Ohm's law. The SI unit of energy was subsequently named the jou1c and

given the symbol J, "]he commonly known unit of power, the wall, is equivalent to one

joule per second.

The heat flux, which is defined as (he amount of heat traosfer per uoit area in per unit

time, can be calculated from the physical laws relatives to the temperature gradient and the

heat flux. The three different manners of heat transfer namely; eonductlon, convection and

radiation must be considcred.ln reality, the ~ombined effects of these three modes of heal

transfer control temperature distribution in a medium.

Convection is the transfer of heat by the actual movemcnt of the wanned mailer. Heat

leaves the coffee cup as the eurrent-Sof steam and air rise. Convectioll is the transfer of

heat energy in a gas Or liquid by movement of currents. The heat mov~Swith the fluid.

Considerable convection is re'ponsible for making macaroni rise and fall in a pot of

heated water. The wamler portions of the water are less dense and therefore, th.cy rise

Mean while, the eooler portions of the water fall because they are d~nser.

Conduction is the transfer of energy through maller from particle to particle, It is the

t,an"fer and distribution of heat energy from atom to atom within a subst"nee. I'or

example, a spoon in a cup of hot soup becomes warmer because the heat frorn the soup is

conducted along the spoon. Conduction is most effective in solid, but it can happen in

fluids.

3
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1bermal conductivity i, Ihe inlen,ive property of material Ihat indicates its ability t(}

conduct hcat. Thermal conductivity approximately tracks electrical conductivity, a, frcely

moving electrons transfer not only elcctric current but also hcat energy, However, the

gencral correlation between electrical and thcnnal conductancc does not hold for other

materials due to the increased importance of photon calTies for heat non-mdals

Thermal conduction is the spontancous tran,fer of thennal encrgy through malter, from a

region of high tcmperature 10 a region of lower temperature. The ,arne forccs thaI act to

support the structure of matter can be said to move by physical conlact belwccn the

particles transfer and the !hennal energy, in the fonn of continuous random motion of

particles ofthe matter.

1.2 Literature Survey
TIle case of a heated isothennal horizontal surface with transpiration wa" discussed in

some detail by Clarke and Riley (1975, 1976), The combined free and forced convection

flow about inclined surfaces in porous media was studied by Chen (1977) The combined

forced and free convection in boundary layer flow of a micro-polar fluid over a hOlil.Ontal

plate was investigated by Hassanien (1977). Similarity ,olutions were acquired in his ,,",ork

for the case of wall temperature, which is inversely proportional to the square root of the

distance from the leading edge.

Takhar and Soundalgekar (1980) studied the dissipation effects on MHO tiee comeetion

flow past a semi-infinite vertical plale, The effect of axial heat conduction in a vertical flat

plate on ftee convection heat transfer was studied by Miyamoto et al. (l9RO). A

transfommtion of the boundary layer equations for free convection past a vertical plate

with arbitrary blowing and wall temperature ~ariation, waS studied by Vidbanay~gam el

al. (1980). Moreover, lZaptis and Kafoussins (1982) investig~ted the problem ofMHD fre~

convection flow and maS, transfer through a porou,; medium bounded hy an infinite

vertic~l porous plate with constant heat flux PozzI and Lupo (19~8) investigated the

coupling of conduction with laminar convection along a flat plate. Lin ~nd Yu (1988)

studied further detail discussion of a heated isothermal horizontal surface Wllh

transpiration.

The problem of the free convection boundary l~yer on ~ vertical plate with prescribed

surface heat flux was studied by Merkin and Mahmood (1990), Hossain (1992) analyzed

the vi,coll' and Joule hcating effects on MHO free convectioll flow with va"iable plate

4
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temperature, Pop et aL (1995) th,;'"nextended the analysis to conjugate mixed convcction

on a vertical surfacc in porou, medium. Moreover, the themlal interaction helween

laminar film condensation and forced convection along a conducting wall was investigaled

by Chcn and Chang (1996). Merkin and Pop (1996) analyLed thc Conjugate free

convection on a vertical surfacc, Hossain et aI, (1997) studied the free convection

boundm)' layer flow along a ,ertical porous plate in presence of magnetic field. AIS()

Hossain et aL (1998) investigated the heat transfer response nf MHO free convection flow

along a vertical plate to surface temperature oscillation, Shu and 1'01' (1999) analyzed lh~

thermal interaction belween liee convection and forced convCCllon along a ,crtical

conducting wall, Al-Khawaja et al. (1999) also studied MHD mixed convection flO\\

MHO free convection flow of vi.,co-elastic fluid pasl an lll11nite porous plate was

inve,tigatcd by Chowdhury and Islam (2000). Elbashbeshy (2000) also di,cusscd thc

cffect of free convection flow with variable visco,itl' and thermal diITuslvity along a

\'ertical plate in the prescnce of magnetic field, Khan (2002) investigated lhe conjugate

effect of conduction and conveclion wilh natural convection flow fwm a vcrtical flat plate,

Ahmad and Zaidi (2004) inve:;tigated the magnetic eITeet on oberbeck convection through

vertical :;tralUm. Chen (2006) analyzed a numerical simulation of micropolar fluid llows

along a flat plate with wall conduction and buoyancy effects. Alim et al (2007)

investigated the Joule heating effect on the coupling of conduction with MHD free

~onvcction flow from a vcrtical flat plate. Alim et aL also studied the combincd effecl of

viscous dissipation & Joule heating on the wuphng of conduction & lree convection along

a vertical flat plate (2008), Rahman et al. (2008) investigated the effect3 of t~'fllperat\lle

dependent thermal conductivity on Mill) free convection flo,," along a vertical fl"t plate

with heal conduction,

In all the aforementioned analyses the eITect:; of temperalure dcpendent lhenna!

conductivily with Joule heating and viscous dissipation have not been considered, In the

present work, the eITects of temperature dependent thermal conductivity on lhc coupling of

conduction and Joule heating with MHD frcc convection flow along a vertical flat plate

have been invesligated. The results have been obtained for different values of relevant

physical parameter:;: Thc governing partial differential equations arc reduced 10 locally

non-similarity partial differential fonn:; by adopting appropriate transformations The

transformed boundary layer cquations are solved numerically using implicit finite

5
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difference method together with Keller (1978) box technique and later used by Cebcci and

Bradshaw (1984).

In chapter 2, the effects of the temperature dependent thermal conductivity on the coupling

of conduction and Joule heating with MHD free convection flow along a verlieal flat plate

have been analyzed. Velocity, temperature, skin friction coefficient and surface

temperature profiles have been presented graphically for various values of (he thermal

conductivity variation parametery, magnetic parameter At, Prandll number I'r and Jonle

heating parameter J. In labular form the numerical results of (he local ,kin lrietion

coefficient and the surface temperature prollle for different value, of Joule heating

parameter J are aho represented. The comparisons of the presenl numerical results of lhe

~kin friction coefficient and the surface temperature profile with lhose obtained by Poni

and Lupo (1988) and Merkin and Pop (1996) are presented.

In chapter 3, MJtD nalutal eonvedion 110wof an electrically conducting lluid along a

verlical flat plate with variahle thermal conductivity on the coupling of condudion and

Joule healing in presenec of viscous dissipation has been describcd. !Iere numelical results

Qf lhc velocity, temperature, skin friction coefficient and surface temperature profiles for

different values of the viscous dissipation paramcter N, thermal conductivity variation

paramcter y, magnetic parameter M, Prandll number Pr, and Joule heating pammeter.f

have been prcscnted graphically. Some results for skin friction coefficient and surface

temperature for dilTcrentvalues of viscous dissipation parameter have also been prcsented

in tabular form as well, The compari50n ofmunerical values of the skin fnction coefficient

for different values of thennal wnductivity variation parameter (wilh and "ithout the

effect of viscous di,sipation parameter "'~ is also given.

6



______________ C_h~apter2

Effects of Variable Thermal Conductivit)' on the Coupling of
Conduction and Joule Heating with MagnetohydrodYllamic
Free Convection Flow along a Vertical Flat Plate

2.1 Introduction
n'e effects of the temperature dependent thermal conductivity on MHU free comeCllOn

flow along a vertical fiat plate with Joule heating and conduction have been descnbed in

this chapter. The govenling boundary layer equations arc tl'ansformcd into a non-

dimensional form and the resulting non-linear system of partial differential equation., is

solved numerically by very efficient implicit finite-difference method together with

Keller-box technique. Numerical re,ul1S of velocity, temperature, skin friction coefficient

and surface temperature profiles for magnetic parameter M, themlal conductivity vat'iation

parameter y, I'randll number Pr and Joule healing parameter J are presented graphically.

A1'0 in tabular form numerical res"lts of skin friction coefficient and ,urfaec temperature

profile are shown for Joule heating parameter J, In the folloWlllg .,ection detailed

derivations of the governing equatio"s for the flow and hcat transfcr and the method of

,olutions along wilh thc results and discussion arCpresented,

2.2 Governing equations of the flow
The mathematical statement of the basic conscn'ation laws of rna". momentum and

energy for the steady two_dimensional viscous ineompre;;sible and e1ectri~ally eondu~ting

t10wme respectively

V.v '" 0
p(V.V)V '"-'\Ip +)J V'V + F + (] x If).
pC /VV)Tj = V{K f VTf) +up x V)
where V = (u, iI) , Ii and iI are the

(2.1)

(2.2)

(2,3)

velocity component, along the x and y aXe"

resp~tively, Fis the body force per lInit volume which is defined as -pg, the terms

J and B arc respecti,cly t]le current density and magnelic induction vector and lh~ tCl'm

J x B i, the force on the fluid per unit volume produced by lhe interaclion of curr~nt and

magnetic field in the absence of exceSS charges, Tr ISthe temperature of lhc fluid in the \



MHD free C(}nveetionflow along a vertical flat plate with Joule heating

boundary layer, g i, the acceleration due to gravity, Kf is the thermal conductivity of the

fluid and C
p
is the specific heat at constant prcssure and fJ is the viswsity of thc fluid.

HereE '" fJ,Ho ' )1, being the magnetic permeability of the fluid, 110 is the applied

magnetic field strength and V is the vector differential operator and is defined b)

,8 A 8V=;,-+j, (24)
ox BY

where i, and J" are the unit vector along X and y axes respecllvcly. When the extemal

electric conductivity of thc fluid is zero and the induced electric field is negligible, the

current den,ity is related to the vcloeity hy Ohm's law as follows

J=aev"li) (2.5)

where ev" B) is elcctrical fluid vector and a denotes the electrical conductivity of Ihe
iluid under the conduction that the magnetic Reynold's number is swa1l. This conduction

is usually well satisficd in terrestrial application especially by low velocity free convection

flow. So it can be writlen as

B=J,H, (26)

Bringing together equation, from (2.4) to (2.6) the force per unit volume J"B acting

along the x - axis take' the following form

(J" B), = - all~Ii (2.7)

Again together equations (2.5) and (2.6) the Joule heating term in vector form becomes

(2.8)

Consider a steady natural convection tlow of an electrically conducting, v;scou, and

ineompre"iblc fluid along a vertical flat plate of length I and thickness h {Figure-2.1).!l 15

aS5l1mcdthat the temperature at the outside surface i~maintained at a eon,lant temperature

Tb, where Tv > T~. the ambient temperature of the tluid. A uniform magnetic field of

strength Ho is impo""d along tlle y-axis.

Using the eq\lations (2.4) to (2.8) with respect to above considerations into the baSIC

equation, (2.1) to (2.3), the ,teady two dimcnsional !aminar free convection bO\lndary

layer flow of a viscous incompres,iblc fluid with Joule heating and also thermal

8



MHD free convcction flow along a verticalilat plate with JOlilcheating

conductivity variation "long a vertical flat plate takes following electrically condllcting

form

(2,9)

(2.10)

(2,11 )

Hcre f3 is cocfficient of volume expansion, Consider the temperature dependent thermal

conductIvity, which is proposed by Charraudeau (1975), as 1'0110\','5

(2.12)

where K~ is the thennal condlletlvity of the ambient fluid and b" is defined a,

, __1 (8<)
-KfoT

f
'

The appropriate bOllndary condition, to be sati,fled by the above equations are (Merkin &

Pop 1996)

(2.13)

y

T,1

)1",0, -'<>0

insui"l,d, f1nt"facc
<-

g

I 1'(x,O)Lv
H,

o

T

;,~OK )"
T
j
'" T(x,O), -' • -' (Tf - T.)oy bKf

U --lo 0, I
j
--lo T~ as)l --lo "", x> 0

;; '" 0,

Figure 2.1: Physical model and coordinate system

,
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MHO free convection flow along a vertical flat plate with Joule heating

It is observed that the equations (2.10) and (2.11) together with the h(}undary conditions

(2.13) are non-linear partial differential equations. In the following section, the sollllion

methods ofthe,e equations are discussed in detail>.

2.3 Transformation of the governing equations
Equations (2.9) to (2.12) "ill be non-dimensionali7ed by USing the following

dimensionles~ variables

x Y 1X=-, y=-Gr',
L L

-r 'u ' --ll=-Gr',, CL
I'=-G,,

1 1" -T, 0= f ~
To -1" ', .r (2.14)

where L = v~ is reference length, Gr is the Grashof number, () IS the non dimensional,
temperature, v =% is kinematic vi>;cosity. Substituting the relation' (2.14) into the

equalions (2.9) to (2.11) the following non-dimensional equation, are obtained

U,,+ftv=O
Ox ay
iJu au a'u
.-H-+1I1u=-"B
Ox By ~I"

oe i30 1 a'{) r (ao)' ,,-H -~-(l+rO)-,"- -- +J"
ax oy PI iy Pr By

(2.15)

(2.16)

(217)

where
fJ Cp •

Pr = --IS the Prandtl number,
K.

(T H 'L'
Al= ',.,

fJ, Gr,"
is lhe <limen,ionless magnetic

(2.18)

parameter, r =5(T, - T~) is the dimension1css thennal eonducti, ily variati(}n parameler

oIl 'vGrYzand J = . o( ) is the dimension1css Joule heating pammetel' . The eone,'ponding
pCr T.-T~

boundary conditions (2.13) then take the form as follows

ae
,,=O,v=O, 0-1=(J+rO)p 0' ' on y=O,x>O

U--l-O,(J-)O , as y--l-d),x>O
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[ J
' - -

K~b lI.,., .where p = IC,L Gr IS thc conjugate conducllOn parameter. In fact, magnitude ofO{P)

depends on b/L and GrJJ' being the order of unity. L is small, the term h/L becomes greater

,
than one, For air, ---"- attain, very small values if the plate is highly conductive. It reache,

"
to the order of 0.1 for material such as glass. Therefore in different case."p is different hut

not al"ays a small number. In the presem i11Ve,tigation, it i, consIdered that p = J which

i, accepted for b/L of O(K~ ).

"
To ,olve the equations (2.16) and (2.17) subject to the boundary conditions (2,18) the

following transformations are (Merkin & Pop 1996) applied. ,- --
~/=X'(1+X) "f(x,l)), ,-- --
I):Yx '(1+x) " (2.19)

, ,
8=x'(I+x) 'hex,'))
herc I) is the similarity variable and If'is stream function which satisfies the continuity

equation and is related to the velocity components in the usual way as

a~v = _ ax . Moreover, hex,')) represent~ the non-dimensional temperature, 1 hen the

lllornentlllll and energy equations (equations (2.16) and (2.\7) r~;pecti\'ely) ale

transformed to the new co-ordinate system, At first, the velocity components are expressed

in terms of the nCW\llriable, [or this transformation. Thus the resulting equations are

, ,
r+16+1S" fr- 6+5" f"-Mx'(l+x)'"f'

20(I+x) 10(1+,,)

+h:X(f' of' _rof]
it< a,

(2.20)

, }'- ,p,

, ,

,L(_'_)'hh'+.1-( _'_]' 10"+ 16+15" f'"
Pr I+x I'r l+x 20(l+x)

~,(f'ah -h' af)ox ax

(2.21)

•



MilD free convection flow along a vertical flat plale with Joule heating

where prime denotes partial differentiation with respeel to '1. The boundary condition, as

mentioned in equation (2.18) are tran,formed into

l(x,O) = j'(x,O) =°
~ _1

x'(l+x) 'h(x,O)-1
'''(x,O) = I L ,-- -

(l+x); +yx'(I+x) ""h(x,O)
(2.22)

I'(x,oo) --+ 0, II (x,oo) --+ 0

'ihe set of equations (2.20) and (2.2l) together with the boundary conditions (2.22) are

solved by applying implicit finite"differenee method with Keller-box (1978) scheme. The

solution process is given in Appendix.

From the process of numerical computation, in practical point of view, it i., important to

ealculate the values of the ,urface shear stress in term, of ihe skin friction coefficient. This

can be written in the non_dimensional form as (Mamun et al 2005)
,

C' 0 _G_'_-_'_L_'f r
w

(2.23)
W

where T w[= p(au Ii! Yly=,l is the shearing slress, U,ing the new variables described in

(2.14), the ioeal skin friction co_efficient can be written as
, ,

If,=x'(l+x) '" r(x,O) (2.24)

The numerieal values of the surface temperature profile are obl"incd from the relation
,

e(x,O)=x'(l+x) 'h(x,O)

2.4 Results and Discussion

(2.25)

TIle values of the Prandtl number are considered to be 0.73, 1.73, 2.97 and 424.

Numerical results of the velocity, temperature, skin friction coefficient and ,urface

temperature profiles for different value, of thc magnetic parameter, thermal conductlviry

variation parameter, Joule heating p"mmctcr and i'randt1 number are pre,entcd

graphically.

The magnetic field acting along the horizontal direction retards tlle fluid velocity with r =

0.1, J ~ 0.07 and Pr = 0.73 a, shown in figure 2.2. Because there cre"leS a Lorentz force

by the interaction between lhc applied magnetic field and flow field. This foree act,
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against the fluid flow. From fignre 2.3, it can be observed that the temperature within the

boundary layer increases for the increasing values of M from 0,1 to 3,7, The magnetic

field decreases the temperature gradient at the wall and increases the temperature in the

flow region due to the interaction. It is also obseTved that the temperature at the in!crfac~

varies due to (he conduction within the plate.

0.8

0.6

"~-0 040
0>

02

M =0.1
_____ M=1.7
_____ M=2.7
- .._..- ..-.- M=3,7

64200
~

}<'igure2.2: Vmiation ofvelocity profile against 'I for varying of Al with
r = 0.10, J = 0.07 anu Pr= 0,73

3

6

M=0,1
M = 1.7
M = 2.7
M=3,7

42

,

00

1

2

~
Figll~e 2.3: Variation of temperature profile against '1 for vJTyingof M
with r = 0,10, J = 0.07 and Pr = 0.73,
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0.8

04

--- y=0.01
Y= 0.21
y=0.31
y=0,51

02

0.6

'"oo
~

00 2 4 6

Figure 2.4: Variation of velocity profile against IJ for varying of ywith
M = 0 01, J= 0.01 and Pr = 0.73

'1'=0.01
2 ----_. y= 0.21

0
-----, y=0.31

~
---------_ .._". "f=O.51

0 1.5
rnc
0
0
E 1
0c-
0.5

-
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~

Figure 2.5: Variation of temperature profile against II for varying of i'
withM= 0.01, J= 0,01 and Pr= 0.73

The effect of thermal conductivity variation parameter r on velocity and temperature

pmfile. within the boundary layer with other fixcd parameters M = 0,01, J = 0.0 I and f'r ~
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0.73 arc shown in figure 2.4 and figul'e 2.5, respectively. Asy = 5(7;, - T~),so increasing

value' of y increase this temperature difference between outside the plate aml outside

boundary layer. Then heat is transferred rapidly from plate to fluid within Ihe boundary

layer. That's why both velocity and temperature profiles increase wilh the increasing

values of r Moreover, the maximum value, of the velocity are 0,7371, 0,8069, 0.8396 and
0,9001 fol' y= 0.01, 0,21, 0.31 and 0,51, l'espectively and each of which occur, at 'I =

1.1144. It is observed that the velocity increases by 18.11% when r increases from 0.0 I to
0.51, Furthelmore, the maximum valnes of the temperature are 2.0446, 2.1735, 2.2215 ond

2,2972 for r = 0.01, 0.21, 0.31, and 0.51, respectively, Each of which occurs al the surface
because thermal conductivity of solid is greater than fluid, It is observed lhal the

temperature increoses by 10.996%when yincreases from 0 01 to 0,51.

Figure 2.6 snd figure 2.7 illustrate the velocity and temperalure profiles fol' different

volues ofPr.mdll number I'r with M= 0.10, J= 0.07 and y = 0.10. It is well known that

Prandtlllumber is the ratio of viscous f"ree and thermal foree, So, increasing values of I'r

illcreo,e viscosity and decreases thermal action of the fluid, If viscosity's increa,eu, then

lluid doe, not move freely, Because ofthis fact, it ean be observed from figure 2.6 thaI the

velocity decreases as well as its position moves toward the interface with the increa,ing

Prandtl number. Also from figure 2.7, it is seen Ihat the temperature profile ,h,ft down

'Wardwilh the increasing Pr, It is shown that the veloeity decreases by 52.45% when Pr

increases from 0,73 to 4.24, Furthennore, the temperature decreases by 30.37% for

increasing values of l'r at the interface.

The effect of Joule heating parameter J on the velocity and the temperature profiles wilhin

the boundary layer with M ~ 0,01, y= om and Pr = 0,73 are shown in figme 2 8 and

figure 2.9 respectively. Due to Joule heating effecl, temperature ofthe conduClor increases

and electrical energy is transferred to thermal energy. So increosing value' of J increase,

temperature of the pbtc and temperature difference of (7~- T~),Tl,en ~eloeity, as well as

temperature profile increases within the boundary layer with the ll\creasing value of J.

Moreovcr, the moximum volues of the velocity are 0.7354, 0,7476, 0,7565 and 0,7723 for

J= 0.001, 0,15, 0.27 and 0,48 re"pcctively and each of which OCClII'at I) = 1.1144, It is

observed thaI the velocity increoses by 4.78% when J increases from 0001 to 048.

Furthermore, the maximum values of the temperature are 20424, 2,0782, 2,1077 and

2.1608 for J = 0,001, 0.150, 0.270, and 0,480 respectively and each of which uccurs ot tht

15
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surface. It is observcd that the tcmpera(ure increases by 5A8% when J increases from

0.001 to OASO.
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Figure 2.6: Variation of vclocity profile against 'I for varying of Pr
wirhM~O.lO,J~O.07 andr~O.IO
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Figure 2.7; Variation oftempcratllrc profile against TJ for varying of Pr
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Figure 2.8: Variation of velocity profile against II for ~arying of J with
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The variation of the local skin friction coefficient Crr and surface temperature profik

lJ(x,O) for different values of Mwith Pr ~ 0.73, J~0.07 and r~ 0.10 at different positions

are illustrated in figure 2.10 and figure 2,]1 respectively. It is observed from figure 2,10

that the increased value of lhe Magnetic parameler M leads to a decrease of the skin

friction factor, Again figure 2.11 shows that the sUlfaee temperature IJ (x,O) increases due

to the increasing values of M. This is due to the interaclion between magnetic field and

flow field. It can also be noted that the surface temperature increases along the lip ward

direction of the plate for a particular value of M. The magnetic field acts agalllst the fluid

tlow and reduces the skin friction coefficient and produces the tenlperature at the solid-

fluid interface.

Figure 2.12 and figure 2.13 illustrate the effects of the thermal conductivity variation

parameter on the skin friction coefficient and Hurfacetemperalllre profile against x with M

~ om, J = 0.01 and Pr ~ 0,73. It is seen that the skin fnetion coefficient lllCleases

monolonically along the up ward direction of the plate for a particulal' value of r II is also

shown that the skin friction coefficient Increases for the increasing r. The same re;ult is

observed for the surface tempcralllre from figure 2.13. This is to be expected because the

higher value for the thermal 'onduetivity variation parameler aecelerales the fluid flow

and increases the temperature as menlioned in figure 2,4 and figure 2,5 respcclively,

Figure 2.14 and figure 2,15 deal wilh lhe effocls of PrandU number on the skin friclion

coefficient and sUl'faeetemperature profile agamstx with 111~ 0.10, J ~0.07 and r~0,10.

It ean be observed from figure 2.14 lhat the skin friclion coefl1cienl increase,

mOllotonicatly for a l'al1icular value of Pro It is atso noted that the skin friction coefficient

decrea,cs for thc increasing Prandl1 number. from figure 215, it can be seen lhat the

surface temperature decreases due to tho increa,ing values of Pr from 0.73 1O4.24,

Figure 2.16 and figurc 2,17 dcal with lhe effecl of Joule heating parametcr on the skin

fiiclion coefficicnt and surface temperaturc profile again,l x with M ~ 0.01, P,' = 0.73 and

r~0,01. It ,an be obscrl'ed from figure 2.16 that the ,kin friction coefficient increases

monotonically for a particular valne of J, It ean also bc noted that thc skin fndian

coefficient increases for the increasing J. From fignre 2.17, it can bc seen lhat the ;urface

temperature increases due to the increasing values of Jliom 0.001 to 0.480
In this problem lhe values of paramctera (magnetic paramcter M ~ 0.1, 1.7, 2.7, 3,7,

thcrmal conductivity variation parameter r ~ 001, 0,21, 0,31, 0.51, Joule healing

parameter J= 0.001, 0.150, 0.270, 0,480, and Prandtl number Pr = 0.73, 1.73,2.97,4,24)
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are taken. It is observed that for each parameter, if greater than above ,allle is taken then it

does not converge with other controlling parameters, In that case figures of velocity,

temperature, skin friction coefficient and surface temperature profile, will not be better

than that are shown above, Also then the fluid flow will no longer be Iaminu,
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Figure 2.10: Variation of skin friction coefficient against x for ~arying
of Mwith r = 0.1, J = 0.Q7 and Pr = 0.73
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Figure 2.11: Variation of surface temperature profile against x for
varying of M with r = 0.], J= 0,07 and Pr = 0.73
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Figure 2.12: Variation of skin friction coefficient against x for varying
of r "ith M= om, J= 0,01and Pr '" 0.73

3,--------------,

y = 0.01
y=0.21
1"'0.31
)'=0.51

o

--,_.--,,_ ..----"-"-- ---_._.-_.-_ ..- :: - - - - -= --= - --= --=--=
.-":::.::.~.~-~'~-::~- - - - -

/ •...~-;P
1

,

00 0.5 x 1 15

Figure 2.13; Variation of surface temperature profile against x for
varying of r with M = 0_01,J= 0,01 and Pr = 0.73

•

20 ,



MHD free convection flow along a vertical nat plate with Joule heating

4

Pr = 0.73
Pr=173
Pr = 2.97
Pr" 4.24

10

----- ,-'--

86
X

42

- ----- ,_..-
" -- -' ,_..-

/ --- .-..-
/ / --.._.-.-'

"" .••••::::...- ..-"" .•••• ,~
I/.:.:.,~.

I?/,-

2

00

1

6'3
co

"E

Figure 2.14: Variation of skin friction coefficient agmnst x for v"Tying
of Pr with M ~ 0.10,J~0 07 and r" 0.10

2.5

Pr=0.73
Pr= 1.73
Pr = 2.97
Pr" 4,24

-------- - -------------- - -------::::' - - - - _.
~ ---:..- ..-

/~ .•••• ..-;.::: _ ..-.•••• ,.-
'//
r/

If
1

2

0.5

1.5

00 1 2
X

3 4

Figure 2.15: Variation of surface temperature prof tie against x for
varying of Pr with,\4= 0.10, J= 0-07 "nd r= 0.10

21



MHO free convedion flow along a vertical flat plate with JOllIeheating

5,-------------,

4

U""
c 30
t.C-c 2

'"W
1

00 2 x 4

J=0001
J=0,150
J" 0.270
J" 0.480

/

6

Figure 2.1(,: Variation of skin friction coefficient against x for varying
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Figure 2.17: Variation of surface temperature profile against x for
varying of Jwith M= 0.01, r =om and Pr = 0.73

Table 2.2 and 2.3 dcpict the comparisons of the prescnt numerical rcsults of the ~lIrface

temperaturc (j (x,D) and the skin friction coefficient eft with thusc obtained by Pozzi and

Lupc>(1988) and Merkin and Pop (1996) re'pective1y.
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Here, the magnetic parameter M, thcnnal conductivity vat'iation parametcr rand Jonle

heating parameter J are ignored and the Prandtl number Pr ~ 0,133 with X'I' =,; is
chosen, It;s dearly ,centhat there is an excellent agreemcnt of the present ,esuits with the

solutions of Pozzi and Lupo in 1988 and Merkin and Pop In 1996,

Table 2.1: COlllpal;son of the pre,ent numerical result, of ,llrface tempcrature profiie

with Prondtl number Pr ~ 0.733, M~ 0.0, J = 0,0 and r = 0,0

8(x,0)

, Poni and Lupo (i988) Merkin and Pop (1996) Present work

-'"=~

0.7 0.651 0.651 0.651

08 0.684 0,686 0687

0.9 0.708 0.715 0.717

LO 0.717 0.741 0.741

1.1 0,699 0.762 0,763

17 0.640 0.781 0.781

Table 2.2: C~mparison of the present numerical re,uits of skin friction coefficicnt with

Prandtl number Pr = 0.733, M ~ 0.0, J= 0 0 and r = 0.0
(Ix

, Poui and Lupo (l988) Merkin and Pop (1996) i'rescnt work

x' ""~

07 0.430 0.430 0.424

0.8 0.530 0.530 0.528

0.9 0.635 0,635 0.G34

" 0.741 0.745 0.743

1.1 0,829 0859 () 858

L2 0.817 0.972 0.913
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MIlD free convection flo" along a vertical flat plate with Joule heating

Table 2.3: Skin friction coefficient and surface temperature profil~ agamst x for
different values of Jonle heating parameter J with other controlling paramete" y ~ 0.01,

M=O,Ol and Pr= 0.73

J=O.OOI J=O.l50 J=O.210 J= O.4~O

, C,' 0 Cr, e Cr, 0 Cr, 0

0.8881 1.3558 1.1538 1.3744 1.1179 1,3895 1.7'J76 1.4163 1.8329

1,3356 1.5560 \.8323 1,5943 1,8712 1.6258 1.9145 1,6820 1.9824

2.5346 1.9202 1.9504 2.0398 2.0702 2.1406 2.1746 2.3260 23742

3.7803 2,1846 2,0246 2.4298 2.2489 2,6427 2.4553 3.0461 2.~718

4.9370 2.3802 2.0757 2.7786 2.4209 3,1348 2,7555 3,8260 3.4635

5 5785 2.4753 2.0996 2,9741 2,5220 3.4272 2,9436 4.3167 3 8572

6.6947 2,6245 2,1361 3.3246 2.7112 3.9777 3.3143 5.2829 4.6713

7.%83 2,7641 2.1691 3.7135 2.9314 4,6226 3.7715 6.4673 5.7276

8,7021 2.8549 2.1900 4,0056 3,1030 5.1268 4,1436 7.4224 66187

9.2437 2.9108 2.2027 4.2033 3.2219 5.4761 4.4081 8.0959 7,2657

-2.5Conclusion
From the present investigation the following eonclu,ion may be d,awn

• The velocity profile within the bOllndal)' layer increase, for dec1"<:'asingvalucs of
the mab'Tleticp~rameter M, Pmndtl numb~r Pr and incre~smg value, "fthc t11enlla1
c"nduetivity variation pammeter J', and Joule heating p~[ameter J.

• The temperature profile within the houndary layer incre~se, for the mCl'easing
values ofM, rand J, and deerea"ing values Qfthe \'randtl number PI',

• The skin flietion coefficient decreases for the increa,ing value of the magnetic
parametcr M, Prandll nl,mbc[ Pr and dcereasing valucs of the th~rmal conductivity

variation parameler r. and Joule heating parameter J.
• An increase in the valnes Qf th~ thermal conductivity ~ari~tion paramcter ;: Joule

heahng pa,amet~r J and magnetic parameta M leach to inerea.,e in t1,e SUlfaee

temperature pl'Of.le

• The snrface temperature profile decrea,e, for the inerc~sing values of tl1el'randll

numher Pr,
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Chapter 3

Combined Effects of Variable Thermal Conductivity and Joule
Heating on MHD Free Convection .Flow along a VcrticaJ Flat
Plate with Conduction and Viscous Dissipatiun.

3.1 Introduction
This chapter describes combined effect, of variable thermal conductivlly and JOlile healing

onMHD free convection flow along a vertical flat plate with heal condlLchonand viscous

dissipation. The governing equations are made dirnensionle" by using H new class of

lransfonlliltions. The resulting non-linear system of partial differenhal equatIOns i, then

solved numerically u,ing very efficient implicit finite-difference method known as Kel1er-

box scheme. Numerical n::sults are presented graphically by velocity, t~mperatur~. skin

friction coefficient and surface temperature profiles for a selechon Qf parameter, set

consisting of magnetic parameter M, thermal CQndlLctivityvanation parameter y, viscou,

dissipation parameter N, Jonle heating parameler J and Prandll nnmher Pr, The

comparison of nnmerical values of the skin Ii:iction eoeffkienl for diff~rent vallLcs of

thell11a] cQndudivity variatiQn parameter (with and without the effect Qf viscons

d,ssipatiQn parameter N) j, also given a, weB,

3,2 Governing equations ofthe flow
In the present work it i, assumed that a steady natural convection flow of an ekcll'lcally

condncting, viscous and incompressible flnid along a vertical flat plate of length I and

thickness b (fignre-3. 1) Thc temperature at the outside surface is con,idereci at a constant

temperature Th• where Tb > T", the temperature ont,ide the bouncial)' byc!'. Along the r-
axis a uniform magnetic fielu of strength IIo is applied.

Under the usual Boussine'q approximation, the conlinuity, momentum and energy

equations for two dimensional laminar flow can be wrinen as

017,8" __0T (3.1)
ax ay
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Combinedeffecl, of Joule heating& viscousdissip"lionon MHDnow

_(HI _au a'u aH'ii,,_H_o; __ +gn(T-T)- 'ax iJY iJY' I' f ~ P
(3.2)

(3.3)

Here fJ is coefficient of volume e"pansion. CCln,ider the tempcrature dependcnt thermal

conducli vit)', which is proposed by Charraudeau (1975)

(3.4)

where K~is the thermal eonductivilY of the ambient fluid and ois delLilcd as

.The above cquations arc satisfied by the following appropriate boundary conditions

(Merkin & Pop 1996).

,

1""ul 0:,," T.

T"
H"

'0(l7til"

g
"

I 'i',oJL-,

(3.5)

LLl
O
------7 y

Figure 3.1: Physical model and coord inate 'yltcm

3.3 Transformation of the governing equations

The non_dimensional governing equations and boundary conditions can be obtained from

equation (3.1) _ (3.5) using the following non-dimensional quantitie"
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Combined dIed' of Joule healing & visco", dissip~tion on MHI) flow

- - ,, y-
x=-,y=-(Jr',

L L

- , T"vL -- f-,o-Or' 0= ~
, l' -1' ', . .. (3.6)

where Gr i, the Grashof number, L is the reference length of the pIal", 0 is the non

dimensional temperature, v = p is kinematic viscosity. Now sub'l11Uting thc equation
p

(3.6) into the equations (3,1) • (3.3), the following non-dimem,lOna1 equation, are obl"lllCd

au DOl a'",-H-+Mu=--,Oax ry ay'

u~o +vufJ =_1 (l+YB)a'~ +L(aeJ' +JU'+N('"J'
ox oy PI' or PI' ry uy

(3.7)

(H)

(3.9)

where M a H~L' . I d' 'I '= , ,,', IS t le ImenSlOn ess magnetic parametcl',
/1, (ir'

pC". I P dlPI'=--Istle rant
'..

number, r = 8(1; - r~) is the dimensionless thenna1 conductivIty variation parameler,

a Ilo 'vGry, 'd 'I' v'(JrJ 0 (, ) IS imenslOn ess Joule heatmg parameter and l;' =' "crr L'C(]:-"I')p,p,-~ ,,""'

the dimensionlef;s viscous dissipation parameter. The eOflesponding boundary conditions

(3 5) then takc the following f()[,1ll

DO
u=O,l'=O, 8-1=(t+y8)p- , on y=O,x>O

"11-70,0-70 , asy-:>oo,x>O

(3.10)

, ' [, "J "where thc conJugatc conduchon parameterp = K:L Or' . Magnitude of 0(1') J"P~nds

on b/f. and G,-''' being thc order of "nity. ".~ attains very "mall nluts if the plat~ ,s
K ,

higl11yconductive and rcacbes the urdcr 01'0_1 for matel'iah such as glass, Since L is small,

(he telm blL bccomes greater than one. p may be diflcrcnt in diffcrent cases but not al",ays

a ,mall number. p = I is cnnsidcred in the prcsent investigatioll_
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Combinedeffecls of Jouleheatlng& Vl'COUS dio,lpationon lvlHDflow

The following transformations are introduced to solve the equations (3.8) and (3.9)

subject to the boundary conditions (3.10),

, ,
V!=x'(I+x) lO/(x,lI)

, ,-- --
'/=yx '(I+x) 10

, ,- --
8=x'(I+x) 'h(x,lI)

(3 1l)

velocity components in the usual

here '7 is stream function which sati,fies lhe continuity equation and is l'elated to the

aVI av!way as ,,= - and v = -- , fJ is t11e,imilarity
Ely 13.<

variable. Moreover, h(x,ll) represents the non-dimensional tempcralilre. The momentum

and energy equations (equation (3.8) and (3.9) respectively) are transfonned fol' the ne",

coordinate system. At first, the velocity component, arc exp,e5SeJ in tenllS "f the new

variables for this transfonnalion. 1l1USthe following equations are obtaincd

, ' ,
r+ Iv+15x If"- 6+5x /"-Mx'(l+x)"j'

20(1+.<) 10(I+x)

+ h=X[j'~'-f"a:)ox ox

(3.12)

1I'- ,e,
,

" L(_'_)'''h"+PI' I+x
I [ .1 ):
l'r l+x "" +

16+15x Ih'
20(1 + x)

(3.13)

where primc denotes partial differentiation with re'pcet to II "lhe boundary condition, a,

mentioned in cquation (3.10) then take the following fOl'm

l(x.O) '" 1'(x,O) = °, ,
x'(I+x) 'Ii (x,O)-1

h'(x,O) = , ,
(l+x) , +rx'(1+x)

/,(x, "') -> 0, Ii (x,"') -) °

,
"h(x,O)

(314)

By applying implidt finite difference method with Keller-box (l97R) s~herne the ,d of

equations (3.12) and (3.13) together with the boundary conditions (3.14) can be solved.

28



Comhine<!efj~ts of Jouleheating& Vlscomdi"'pation onMHD ~nw

3.4 Results and Discussion

11'e main objective of the present work is to an~lyze the combined efli:cts of thermal

conductivity variation due to temperature and Jauk hG~tingon MH I) rree GOmectlOllflow

along a veltical flat plate with heat conduction and viscou, dis8ip~tioll, The values of Ih~

Prandtl number are considered to be 0.73, 1,73, 2,97 and 4.24 that eOITespond, Loair,

",ater, methyl chloride and sulfur dioxide respectively. Detailed numerical results of th~

velocity, temperature, skin friction coefficient and surface temperature profile, for

different values of the thermal conductiviLy vari~tion parameter, viscou, di,sipntion

parameter, Jouk heating parameter and Prandtl numbel' ale presented graphically, The

velo~ily and the temperature fields obtained from the solu(ions of the equallons (3. I2) and

(3.13) arc depicted in figure 3,2 to figure 3,11.

Figure 3,2 and figure 3,3 illltsll'atc the velocity and temperatllre profiles fol' differenl

values of I'randtl number l'r with other controlling p~rameteTSM = 0.02, N = 0,02, J =

001 and r = 0.1. from figure 3,2, it can be observed that the velocity profile dccrea,es a,

well as its position moves toward the inlCrfaeewilh the increasing !'r. From figule 3 3, it

is seen that the ten'perature prollle shifmdown ward with the inel'easing f'y,

The effect of viscous dissipation parameter N on the velocity and the temperature wilhin

the boundary layer with M = 2.6, y= 0.02, J = 0.01 and Pr = 0.73 arc shown in ligUle 3.4

anJ ligure 3.5 respectively. The velocity and temperature increas~ within the bounda,y

layer with the increasing value, of N, Moreover, the maximum values of tl1evelocIty are

0.2701,0.2777,0.2860 and 03007 forN= 0.01, 0.50,1.00 and 1,80 respectively and each

ofwhi~h occurs at 'I = 1.1412.lt is observed that the velocity increases by 10 I~ "j" when

N increases from 0.01 to 1.80, Furthermol'e, the maximum values of the telTIp~rHlllrearc

09133,0,9395,0.9693 and 1.0250 forN= 0.01, (1.50,1.00, and 1.80 respectively and cae],

of which occur;; at the surface. ]( i, ob,crved that the tcmpelalllre incre~ses hy 10.9 %

when N inCl'casesfrom 0.01 to 1.80

Figure 3.6 and 3.7 sho", (he effect of Joule heating parameter J on (he velocily and

temperatllle profiles witl,in the hOlLnd~rylayer with other controlling parametcl's M = 2,6,

r = 0.01, N = 0.0 I and Pr = 1.73 l'espedivcly. It is seen th~t from figure 3.6 and figmc 3.7

(hat these profiles increase within the houndary layer with the increa,ing values of J Irom

om t() 0.23,
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0.6

" 0<
Z'.0
0
w>

0.2

00 ,

---- Pr = 0.73
Pr= 1.73
Pr = 2.S?
Pr=424

6

Figure 3.2: Variation ofve1ocity profile againsl 7/for varying of PI" wilh
M ~ om, N~ om, J= 0.01 and r = 0 1

Hgure 3.3: Vari"lion of temperature profile against ]/ fm valy;ng of PI'
with M = 0.02, N= 0,02, J~0.01 and y ~ 0.1
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Combined effeds of Joule healing & viscous di";pation on MUD flow

0.3 ,,~'--

'"
.~0.2
0

~

"
2 4 6

N = 0.Q1
N = 0.50
N = 1.00
N = 1.80

}<'igure 3.4: Variation ofvelocily profile againsl 'I for varying of 11'with
r = 0.02, M= 2,6, J = 0.01 and Pr = 0.73

1.2
N=0.01

----- N~050

0.9 ----- N~1,00
0 - - ---'-- N=1.80

•,-rn" 060
0
E,.,
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Figure 3.5: Variation of tempemt1ll'e profile against 'I for varying of N
wilh M = 2.6, r =O.02,J = O,OJ and}',. ~ 0.73
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Combined effects of Joule ~eating & V1SCOUS dissipation on MHD flow

0'
J"O,01
J"O,10
J"0.19
J" 0.23

, , 6

}<'igllre 3.6; Variation of velocity profile against 'I for varying of J "ith
M= 2.6, r ~ 0.Q1, N= 0.Q1 and Pr = 1.73

00 , ,

J ,,0,01
_____ J,,0,10

----- J"0.19
-,,-,,-..-..- J" 0.23

6

Figure 3.7; Variation oftcmperat\lre profile agamst 1/ fOTvarying of J
with M" 2.6, r = 0,01, N = 0.Q1 and l'r ~ 1.73
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Combinedeffods of Jouleheating& viscousdIssipationonMHDflow

Table 3.1: Skin' friction coeffi~icnt and S\lrface temp~rature profile against x for

different values of viscous dissipation parameter N "ilh other conlrolhng parameters Ai=

2.G, r ~ 0.02, J ~ 0.01 and Pr = 0.73
N=O.OI N= 0 50 N= 1.00 N= L80

, Lj, 0 C1' 0 Cf, e Cf, 0

1.1752 0.6435 0,8060 06654 0.8304 06900 0.8584 0.7354 0.')112

2.3756 0,6958 0,8469 0.7295 0,8821 0.7698 0,9251 () )(515 1,0146

3.4792 0.7219 0.8664 0.7633 0.9086 0.814~ 0.9619 0.9272 1.081g

4,5494 0.7388 0.8790 0,7861 0.9263 0,8469 0.9880 0.')879 1.1362

5,6929 07519 0,8888 0.8045 0,9405 0.8738 1.0100 1,0452 1,1882

6.8315 0.7619 0.8962 0.8188 0,9516 0.8957 1,0280 1,0978 1 2364

7.7112 0.7681 0.9008 0,8280 0.9588 0,9103 1.0400 1.1366 1.2723

8,8791 0,7751 0,9060 0.8385 0.9669 0,9274 J.(1541 1.18(,8 1.3193

1O.Q179 0.7807 0,9103 0.8471 0,9737 0.9421 1,0662 1,2354 1,3652

12.0026 0.7887 0.9163 0.8597 0.9836 0.9642 1.0846 1.3213 1.4478

15,2684 07983 0,9236 0.8756 0.9%2 0,9941 1.1098 1.47G4 1.6009

Figure 3.8 and figure 3.9 deal wilh thc effecl of prandtl numbcr on the "kin fi-iction

coefficient and SUifacelempcratule profile against x with M= 0,02, N ~ 0,02, J = 0.Q1and

r ~ 0.1. j[ can bc observed from fig\lre 3.8 lhat the skin fnction coefficlcnt increasciJ

monotonically for a particular val\le of Pr, It can abo be noted that the skin f"clion

cocfficients decrease for the incrcasing Pr. From figure 3,9. It can be "een that the surface

temperature profile decreases for lhe increasing Pro

The effect "f viscou:; dissipation parameter on the skin fnetion coeffiClent and ,urfaee

tcmpcl'ature profile against x "ith M = 2.6, J' ~ 0.02, J = 0.01 and }'r = 0,73 are ,hown in

figme 3.10 and figure 3.11, rcspectively. It IS observed from figure 3,10 that (he skin

f,;ction coefficient increases mon"tonically for a pal'lic\llar va1l1cofN. From figure 3,II it

can be seen that the surface temperature profile increases for increasing l,' from n,m (0

1.80.

Thc variation of skin friction coefficienl and surface tcmperaturc profile for d,flcrent

vallles of J with r ~ 0.01, N = 0.01, M = 2.6 and PI' = 1.73 a( different position, are
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Combinedeffect, of Jouleheatiog& viscousdis,ipationonMl-lDnow

illustrated in figure 3.12 and figure 3.13 respectively, It is observed from figure 3,12 that

the increasing values of the Joule heating parameter J leads to an increase in lhe skin

friction factor. Again figure 3.13 shows that the surface tempelatUfe increases du~ to the

increasing value, of J.

, .c

0.8

~ 1.2
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~
c

'"'" 0.'
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,
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Pr",O.73
Pr"'173
Pr"'2,97
Pr" 4.24

3

,
~

• 08
0;,
• O.C
0
E
••• 0'0

"'0'" 0.2

Figure 3.8: Variation of skin friction coefficienl against x for varying of
Pr with M ~ 0.02, N ~ 0,02, J ~ O,OJand r ~0.1

Pr"'073
_____ Pr'" 1 73
_ - - - - Pr"2.97

Pr" 4.24,
Flgurc 3.9: Variation of SUl'face lcmperature profile against x fOl
val)'ing of Pr wilhM~ 0.02, N ~ 0,02, J ~ 0,01 and i' ~0.1
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Figure 3.10: Variation of skin friction ooefficient against X for varying
of NwithM=2 6, y ~O.D2,J=O.D1 and Pr=0,73
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Figure 3.11: Variation of surface tempcratu,e profile again~t " for
varying of N with M = 2.6, r ~ 0.02, J ~ 0,01 and Pr ~ 0.73
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Fignre 3.12: Variation of ,kin friction coefficlCnt against x for varying
ofJwithM = 2.6, y ~ 0,01, N= 0.01 and Pr = l.73
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Figure 3.13: Variation ofsurfaee temperature profile against x for varying
or Jwith M= 2 6, r = 0.01, N = 0.01 and f'r = 1.73
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3.5 Comparison of effect of N
Thc comparison of thc effects of thennal conductivity variation parameter! on the

velocity pl'Ofile withm the bOllndary layer with other controlling pammcte15 M ~ 0,01 > J ~

0.01 anJ Pr ~ 0.73 (having t11eeffect of N= 0.0 and N= 0.1) are shown in fIgure 3, 14 "nJ

figure 3.15, respectively. In figure 3.14, maximum valucs of velocity arc 0.5937, 0,61 38,

0.6234, and 0.6416 due to values of r ~ 0.01, 0.21, 031 and 0.51 re'peetively, Each of

thcm occur, at 1/ = 0.2808, Vclocity profilc increase~ by 7.47%, whcn y increase' from

0.01 to 0,51. From figure 3,15 it i, not~d that maximum values of velocity arC 0,5~7(',

0.1i076. 0.6171 and 0.6352 in the case of using ,V~ 0.1. Ilere velocity increases by 7 51%.

Figures 3.16 and 3.17 show the comparison on tempel'ature prallle within the houndary

layer for the eff~ts of y u,ing the parameter N = 0.0 and N ~ 0.1 respectively Maximum

values oftempcrarure are obtained 08293, 0,8397, 0,8441 and 085161rom figure 3.1(,.

Each of them occurs at the interface. Tempcrature profil~ mCl'eases by 2,62% in the

ubsenc~ of effect of viscous dissipation parameter N (N ~ 0.0), Maximum values of

temperature are 0,8451, 0.8553, 0,8595 and 0.8667 due to incrcasing valucs of y from 0.01

to 0,51. Temp~rature increases by 2.5% in thc ease of using N= 0.1,

Figure 3.18 and figme 3.19 illustrate the comparison of thc effects of thermal conducti\'ity

vanation parameter on the skin friction cocftlcient against x "ith other controlling

parameter M~ 0,01,.! = 0.01 and Pr ~ 0,73. It is secn that the effect of v;,cous dissipation

parameter is ignored (N ~ 0.0) in figure 3.18 and is used significantly (N ~ 0,1) ill figure

3.19, re,'pectively.

11'e comparison of the cffccts of y (without and with the effect of ViS~OllSdi"ipatlOn

parameter Ai on Surface temperature profilc are ,hown in figure 3,20 and 3.21,

respectively. It is observcd that th~ surface tempcrature profile inCle",~o fol' both ~ascs

duc to the increasing valu~s of yfrom 0.01 to 0,51. This parameter also accclerate, (he

fluid flow and inCl'eases the surface temperature.
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Figure 3.14: Variation of velocity profile against 'I for varymg of 7
with iII = 0.01, J = 0,01, Pr = 1.73 and 11'= 0.0.
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Fignrc 3.15: Variation of ,c\ocity profile again,( '1 for varying of y
with M = 0.01, J= om, Pr = 1.73 and 11'= 0.1.
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y=O.OI
y=0.21
Y = 0 31
Y= 0.51

00 , 6

Figure 3.16: Valialion oftempemlurc profile against 'I f"r varying of r
with M = 0.01, J= 0.01, Pr ~ 1.73 and ,V= 0,0.
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Figure 3.17: Variation of lemperature profile against 1/ for varying of )'
with M = 0.01, J= om, Pr = 1.73 and 11'= (l.1.
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Figure 3.18: Variation of skin friction coefficient against x for ~arying
of r with M= 0.01, J= 0.01, Pr = 0,73 and N= 0.0.
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Fignre 3.19: Variation of skin friction coefficient again,t x for varying
of r wilh M= 0.01, J ~ 0,01, Pr = 0,73 and N = 0.1.
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Figure 3.20: Variation of surface temperature pwfile against x for
varying of r with M ~ 0,01, J= 0,01, Pr =°73 andN= 0.0.
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Figure 3.21: Varialion of surface temperature profile agamst X for
varying of r with M = 0.01, J= 0.01, Pr = 0.73 anu N= 0.1,

From the above figures it is observed thaI when there is no effect of viscous di"ipatioll

parameter N, then the figures are same as in the previou; chapter. Also when the effect of
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N ~ 0.1 is introduced then some variations are obtainecl significantly, fhis is because for

N ~ 0.1, vi,cosity is dissip~tcd and fluid velocity is increascd hy 7.51%, which is greater

thal1 7.47% in the case of using N = 0,0. Also maximum v~lues of temperature profi Ie are

greater for N = 0,1 than that ofus;ng N = 0.0 in each cabe. So additional u,,;ng of viscous

dis~ipation paramcter l'l in thi, chapter s;gnifie~ ~ignificanl significance,

Table 3.2: Comparison of Skin friction coeffiClcnt Cf, against x for different \'alu", of

thermal conductivity ~ariation parameter r (without and with the effed of \";'COlL,

dissipation parameter l'.~ having other controlling p~ramcters M ~ 0.01, J = 0,01 and f'r =

0.73

C" r ~ 0.01 r = 0 21 r ~ 0,31 Y = 0.51

, N= fl.O N=O.l N~O,O N~O,1 N=O.O 11'=0.1 11'~ 0,0 N ~ 0,1

0.8615 0.9434 0.9564 0,%90 0.9821 0,9807 0,9938 1.0021 1.0152

1.0847 1.0079 1.0251 1.0348 1.0521 1.0471 1.0644 1.0694 1.0867

3.1340 1.3779 1.4419 1.4080 1.4124 1.4213 1.4858 1.4452 1.5099

5.6929 1.6530 1.7903 1.6812 1.8200 1,6935 1 8329 17152 1.X558

7.4063 1,7967 1.9910 1.8227 2,0201 1.8339 2.0327 1.853(, 2,0548

8.7021 1.8939 2.1350 1.9179 2.1646 1.9284 2.1771 1.9466 2.1991

9.6231 1.9587 2,2365 19814 2.2657 1.9913 2.2784 2,0085 2.3004

11.3011 2,0703 2.4188 2.0906 2.4495 2.0994 2.4626 2.1149 24854

14.9654 2.2433 2.S230 2.3107 2.8625 2.3177 2,8787 2.3300 2.9059

In Table 3.2, the numerieal values of the skin friction eoefficient Cj, ~gainst x fot differcnt

values of r (with and without the effect of l'.~ in the case of nxecl value' M ~ 0,01, I'r ~

0,73, J ~ 0.01 are shown. It ;, observed from the table that thc values of the skin friCllOn

coefficient at different position of x for r = om, 0.21, 0.31, 0,51 me lowe, when

par~meter N is not used (N = 0.0) than that of using N = 0.1. Near the aXIal positlOll X =

7.4063, the rute of increa~e of the local skin friction coefficient is arounJ 3.07% J> I

changes from 0.01 to 0.51 when there i, no effect of N. But applying tne cffect of j'" = 0.1

the corresponding rate ;s around 3.11% a, r ehanges from 0.01 to 0.51.
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3.6 Conclusion
Combined effect, of variable thermal ccmductivity and Joule heating on MHD fre0

convection flow along a verhcal flat plate with conduction and viscous dIssipation has

been studied. Tbe conclusion is a, follows

• Significant effccts of viscous dissipation paralllet~r N on velocity and temperature
pl'Ofil~, as well a' on skin friction coefficient and smface t~mperatme "ithm the
boundary layer have been found in this investigation.

• The increase in Pr leads to decrease in velocity, temperature, local skin fl iClion
coefficient and snrface temperahlre pl'Ofilcs.

• All the velocity, temperature, skin friction coefficient and surtace kmp~ralure
profiles increase significantly when the vHlncs of thennal condnctivity val'iatinn
parameter r increase for both cases (without and with th~ effcct of l'I").

• Tbe increase ill J leads to an increasc in velocity, temperatme. local skin friction
~ocmcient and surface temperature profiles,
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Chapter 4
4.1 Conclusion
The effects of variable thennal wnciucrivity on the cOllpling of conduction and Joule

healing with Magnctohydrodynamic (MHO) free convection flow along a \'",11eal fl,n

plate in presence of viscous dissipation have been studIed, From the present investigation

the foll""ing conc1n,ion may be drawn

• TIle velocity profile wilhin the boundary layer increases for decreasing \'UlllCSof

the magnetic parameter M, l'randtl number Pr and increa"ing values of the thel'mal

conduct;y;ty variation parameter y, viscous dissipation parameter N and Joule

heating parameter J.

• The temperature profile within the boundary layer increases for the incl'ea,ing

vallie of magnetic parameter M, thermal conductivity variation pammctel' i' and

viscous dis,ipation parameter N, Joule heating parameter J, and decreasing values

of the l'mndtl number p~,

• The skin fric!ion coefficient decreases for the increasing value< of lhe magncllc

paramcler M. Prandtl number l'~ and decrea,ing values of the (hernIal conductivity

variation parameter r: viscous dissipation p"ramcter N "nd Joule heating parameter

J

• An increase in the values of the therm"l conducli ,ity variation parameter r. VISCOUS
dissipation p"TIlmcter N, Joule heating parameter J and magnetic paramclcr M

leads to an increase in the surface temperature profile,

• The surface temperature protlle decreases for the increasmg values of the Prandtl

nnmber Pr,

• n,e presence ofa magnetic field normal to the flow in all eleclrieally condudmg

Quid introduces a Lo,entz force, which acts against the flow. This resistiYe forc~

tend, 10 slow down the flow and hence the fluid velocity dee' ease, WIth the

in~rcasc of the magnetic paramcter. There is a friction between magnetic field and

fluid flow. It produces hcat. As a result the temperature profile increa>cs with the

increasc of the magnetic paramcter and also s\\, face lCmpc, ature profile increase

with the increase of M. Since the velocity decrease, for the increasing ,,"lues of

magnetic parameter, so ~kin friction reduces for increasing v"lues of M,



ConclusIOn

• Thermal conductivity depends on the lcmpemhlre dIfference benvem the
temperature outside the plate and the temperature out,ide the boundary layer. If
thi~ difference increases then also thennal conductivily increa,cs, so incr~as;ng
valne of thermal condnctivity variation paramctcr indicates that heat is tran,fci red
rapidly from plalc to the fluid in the boundary layer. Then temperature increases
within the boundalY layer and also fluid mass i~ tran,ferred InCleasi~g velocity
incre",cs skin friction coefllcient and surface tcmperatme as wc11

4,2 Extension of this work
The prescnt work may be extended in diftelent ways. Some ofth(}se are:

• Temperature dependcnt thcrmal conductivity has bcen considercd in the present
study. for fllrther cxtemion temperature dcpendent vi,cosily of the tluid may bc

considered.

• The problem may be extended consid~ring thc Radiation heat tratlsf~r cffects,

• Forced convection may he shldied with the same geometry.

• It can abo be considercd for unsteady flow of the tluid,

• Wavy surface can also be eomidered here.

• Thi, problem may be eAlcndedby considering critical bchaviur of (he flow.
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Appendix
Implicit Finite Difference Method
To get the solution~ of the tran,formed goveming equation, (2.20) and (2.21) along with

the boundary condition (2.22), the implicit finite difference method together witl, Keller

box elimination technique is employed, It ;s well documented and widely med by Keller

(1978) and Cebeei (1984).

To apply the aforementioned method, equations (2.20) and (2.2I) are fin,! converled into

the following system of flTst order equations with dependent variables "(,;, IJ). v (~ , IJ).

p(.;,I/) and g(,;,q)a.'

f'=u,u'=v,g'=p

, f I ' (au of,v +P, v- ',u -P,u+g"'C; u--'-
OC; 0';

1 P. ,F. og of
_p' +P,J p-P,ug+-' g p +-' p' +1', II' 0='; (u- - p-)
Pr PI P, OC; Dc;

(AI)

(A2)

(A3)

where 1;= x, h = g and

!' _ 16+15x p. _ 6+5,
'-20(l+x)' '-IO(l+x)'

P, =JxJJ,(I+x)XO

and the boundary conditions arc

, ,

p = j
, 5(I+x)'

, ,
P,=Mx'(l+x)lO,

,

P"[-I'J;"
\ +.\

p(~,O)
~'(1+;)'g(~,O)-l

, ~ .!-
(l+~) '+r~'(l+~) "g(~,O)

(M)

u (~,O)=0, g (~,o)= 0

Now con.ider the net rectangle on the (~,1))plane shown in the Figure: A.j and Jcnote the

net point. by

-, 0 P ""_L k 12q = ,~ =<;" +"' nO" ,,. ..

'1,=0,1), =1)J-'+"" j=1,2,

"'''''',N
...... ,J
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'I, p

o
I

J'

h,

'I}-I -pJ-----'-----hL--J'j

('-I

Fignre: A-I Ket rectangle of difference appro.~imalions for the Box seh~m~.

Hcre nand j are just sequence of numbcrs on the (s, 'I) plRlle, k, ami hi are the variable

mesh widths. Approximate lhe qllantitie,j 11, >', P at the poinls ({','I}) ot the net by

1,,". u;,";, p;' which call net function, 11is also employed that the notation I'," for lh~

quantities mid,vay between nel points sho",m in Figure: A -I and for any net funclion as

I
'1J-," = '2('11 + 'I 1-0)

(A5)

(A6)

(A7)

(A8)

Thc fillite differencc appro'\imalions according to box method to tile three fir,l ol'd~1'

ordinRry differential equations (A I) ate written for the mid point (t,1/)-17) of the ,CglTlCllt

PIP] shown in the figure, A"l and the finite difference approximation, to thc two fir'l

order differential cquations (A2) and (A3) are wrilten for the mid point (('.n, 'Ij-I '!) of the

rectangle 1'11'}P jP', This prQcedure yields.

I; - 1;_1
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p (,),,-,'"' - J' ( ')'-'" - l' ( )"-'", J' ,,_Ll' ,U j+', ,U !_'"

(" j"-'. j_"l - i-l")

Ie,

( )"-'"P, ug ,.,,",-1-

Xow [rom the equation (A 12) we have

"" ,_Lo_L 'IV-v [V-V II )_(! '-')_(! J-')_P(')" (f')"":::::> 2 h t- 2 h +?' ( jV J-L,"' + ').,,', ,-

=>1,:' (v; -v;_,)+ P, (f");_lI' - P, (U');_'I' - P, (u);_", +g;_",
=' a.( (u' );_,,",-(u );_,,",(u );::.'2 +(u );_'" (" );::1> l

(AIO)

(All)

(A12)

(A13)

"( 'j""' P (jO_' '-') [( ')"., (,.),_1 ')" U }_'" - , " J-''"' -I- g)_L" +a" - II j_'" + 'j" 1_'"

(•.r-'JV }_L,"'-
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="> hi' (v;' -v;_,)+ ~ ([v);.'/2 - P, (u');.,,", - P, (u);_,., +g;_,,",

- a,[r"1);_'i' - (]v );_''"'+ ,,;'_," f;_~~,- j ;:" 1V;~:,,)}]

="> h;' (v; -.';_, )+{p, +a,,} (jV);",,", -( P, +a. }(U');_",
- P, (u);_'" +g ;_,,",+a, (1/_,,", v;::'2 - ";-'1' f,:;~" )
{(')"-' (')"-' 1'--'=0', JV }_'" -" }_'" - ~ 1_112

(A14)

where

Again from the equation (AU) then

- [' " )"-' ()--' ] W-'- a,; VP H'"' - lIg 1"(12 -, I-V'

where,
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I "
M'" ',I", "'j (,)", ,( ),,' Pd'I'" ('I'"!_y,"'--p:;:-V'; -P,_L +PLJPj-}i-j,uXd~+PrV' i-Y,+P,II ).}~

P. h -I"-'_'_g".' ,1-,.-' - p"-' I2Pr l_j,1JJ I-I

] T,,-l M'" i{fi )'" ()'" IWlere 1."'=- 1_"'+0'. P }_li'- "g j-I"

1lle houndary condition becomes

1:;'=0, u~=O,

(A15)

p~(;,O)=

"',,,0, '

, "

, -
;'(1+;)'g;'-l, ,

(1+ S')' + yt"(l + 01li g~

g;=O

{A16}

for 0:;; j ~ J are known Th~n equatiom

(A5) to (A15) form a system of 5J+5 non linear equalion~ for the ,olutions of lh~ 5J+5

unknowns U;', ,,;, .';,g;, p;) ,j = 0,1 ,2,3", ,.. .J 'j hc,e non-linear 'y~tems of alg~brale

equations are (0 be linearized by Newton', Qua,,)' linearization method. The iterates

(j /' ,,;, v;, g;, p;), j = 0,1,2, 3.. .... N, arc delined with initial values cqual those al lhe

prevIOUSx-station for the higher iterates, Thus the foHowing forms can he wrinm

f{"')=f'~t5J' (At7), , ,

u1i"l ",,,' +S"fi (A jg), , ,
vI«') = v' +(;v' (A 19), , ,
gl'.'\=gi +5g' (A20), , ,
p~"L)'" p~ +" p', {A2l)
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Now by substituting the right hand ,ides or the above eq"ations ;n place of r, u ',',< and

g; dropping the terms that arc quadratic in 8 f;, ou;, 8v; and SP'i' the cquatiom (A9),

(A 10) "nd (A 11) then take t11efollowing linear ,ystcm of algebmc fonn

hSfl'! - 0 f.I') - ---.L(ou(') +;;ul') )" (I)
J )-1 2 J J-J I i

h8,,!!) - aui') __ , (8/" + ov'" )" (I ), J-'2 I J-L '}

5g") -0 ,,(/)_5-(0 nlJl .Lop'" )" (I )
J "1-1 2 ",' J-I 'J

1 () f'" f'" I ,«W lere, r, j 0= j_J - j + JjU j_"2

('l 0= ,,'" - ui') + h v,r)'J J-' , J J-It'

(Il "g") _g{ii+1i p'"S I J-' ! J J-J,~

Then equation (A14) becomes,

(An)

(An)

(A14)

h" (vii' +a v'" _ vi') - 0 V{I) ),( ~ + a" )[, 'I") -i- 0 (fi')") + I 'v){') + o(fi')'" 1
J J J 1_' )_J 2 V', ) V'.'_, ,-'

_ (P, ~ u" ) Ku' )~)+ 5~,'r + (u' )j!, + ,,"{,,'e}-~ j(" )~'J,1, Ii(,,)~"~(u l'.:~,+ 0(" l'..'~,1
,'{"If) +0 g '" + ,,(I) + 0 g" 1+s... {fli) + Iif,n + f'" + 0 f") ,,'-'2 "'J J J-' }-, 2) ! )-1 J-I f-I"

_ ", iv'r)+ov(') +v'i) +ovl'l )f"-' = R,,-I2 J I J.L j_L ,_,I' }-I"
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=> (s,) I" V~d+ (.1',)J" vj'!, + (s,) 1<5 f),j + (",)} <5f)~:+ (.1',) j 8,,~"
+(s.)) 8u;'!, +(s')J" g~')+(s,), <5gj'~,.1{s,)rO+(s,)rO = (r,l)

(A2S)

where,

(",), < [1!2]

(',l, <[1/2]

(s,,,)}=0

(A26)

llere thc coefficicnts (s,) I andes,,) J' whieh are LCTOin this case, arc included here for the

gencrality. Similarly by using the equations (AI7) t(} (All), thcn the ~quati(}n (A 15) ~an

be written HS
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Appendix

='> ~r"}_L {pi, + 4>; _ P;., - 4>;_,} + (P, ;0:J {Up)~ + oUp l'i + Up )~_,+ 6(fj>)',_,1

P.+o:) .' p,,,_l
( 0 2 " {(ug); +6{llg); +(Ug)~_1+o("g)~_,l+ 4(r L,,; +og;_, +g; +og',_,l

{' " ,_, "_'I P,hl-' ".,} , j;n' , Xn'} ", {( ')'
p,-pJ-,+P,1 -Pi-' + 21', gj_~PJ+'-Y,,'-PJ-L-'-YJ-' '111'r P ,+,
o(p')'} + (p')~_,+ o(p' )~_,}+ '; t"'1, + a(,,' t + (II' t-1 + 0(11' 1/-,}
"", [( , + ~ '+' &') ,,' I j ",",i I ",",' J ,,' (' '"' -'- "2 u, ('J u

f
_, -I- i-1 gJ-l - gj +'-'5, +g,., +'-'/;j_1 ",_, - P, +'1') . P ...,, '

",,' )f"-1 + (f' "'r' "f' "ii{' ) "_1 J 0= 1"'-''1-'}_, , 1 I J-l J-l P L ,}_, j-, J-,
/-' Po ,,-'

:=>5!"[-,,-+p,P f'+_'_'_g'-1 +P, '-~j"-'l
1 I'r 1 J 2Pr J_l PrP) 1 rl, ,

h-' I'P 1'h-' P. a
-I-,5P' [ __ '_"_'_/, __ '_' g"_' + -' p' --" f"-']

J-1 Pr 1 } 2Pr j-~ Pr J 1 j_l, ,

(t,) J i5PYI + (t,) j 6 pi'!, + (l,)!,5 fii) +(1,);1; ff3 + (I;) j 6 IIi')
+ (t,») ()UY~L+ (I,) j 6 g;') + (I,) j" gi'~L+ (I,) /i vi'l + (tlO) ," vY~, 0= (r,) j

(A27)

where, (t) 0=_\ h-' + (Pl+a')j.m +!l-,,-' "_E~+~,'-~f"-~-
llprl 1 J 2I'r,g}-"-.Pr!J 1,-1,'-
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Appendix

,',',= (P,+a.)"i'i +..!l-h-'{p'_p' .p.-L_p"'}_ScU'-12 ,-1 4Pr I j J-I ) }_1 2 H"

,,) = T"-L __ 1 h-,I ..(il_pm)Jp,+aJ{(jp)IIi+(jp)"'{
, J I_Ill Pr 1 If'} I"' 2 J ,_1

+(p, +a") {I, g)'" + I, ,I'"~{_..!l- Ii-, (gl,) - pl.1 ) (I" - p' ;_p.-I - P ,,-II
2 1 )-1 4Pr) , I-I } )-1 ) I-L

_..5-'-',pl') _,01 )g'_1 _~II"I,) +1."1" I_I'.flU')' .( 'I )-2Pr 'J } )-, H" 2Pr If' 1 IF ,-I 2,~ } " I-I

"",,,111 +ul') )g"_1+~'g(L gli) ) U,-l +a" (pOI + p'" ,/"-' _2 I j_1 i-V', 2 I 1_1 H" . 2 J I-L )-\"

The boundary conditions (AI G)becomes

(A28)

(5f; =0, (5,,~"'0,

OP;(?,o)=,,[ ::(l+,;)~g;-l_,],
(1+';)' +r,;'I'(1+,;)" g;

0";,,,0, og;=O

(1\29)

which ju,t express the rcquirement for the boundary condition, to remain Junng the

iteration process. Now the system of linear equations (A22), (An). (A24), (1\25) and

(A27) together with the boundary conditions (A29) can be written in matrix or vector

fonn, whcre the coefficient matrix has a block tri-diagono1 ,tmcture. fhc whole procedure,

namely reduction to first order followed by central difference app'oxima1lOLl",NeWlOn's

Quasi-linearization mcthod and the block Thomas algorithm, i, well known as Kellcr-bo'\

method.
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