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Abstract

This thesis deals with the NP-Completeness and an approximation algorithm for

finding minimum edge ranking spanning tree (MERST) on series-parallel graphs.

An edge-ranking of a graph G is a labeling of its edges with positive integers such

that every path between two edges with the same label i contains an intermediate

edge with label j > i. An edge-ranking is optimal if the least number of distinct

labels among all possible edge-rankings are used by it. The edge-ranking problem

is to find an optimal edge-ranking of a given graph. The minimum edge-ranking

spanning tree problem is to find a spanning tree of a graph G whose edge-ranking

is minimum. The minimum edge-ranking spanning tree problem of graphs has

important applications like scheduling the parallel assembly of a complex multi-

part product from its components and relational database. Although polynomial-

time algorithm to solve the minimum edge-ranking spanning tree problem on series-

parallel graphs with bounded degrees has been found, but for the unbounded degrees

no polynomial-time algorithm is known. In this paper, we have proved that the

minimum edge-ranking spanning tree problem for general series-parallel graph is

NP-Complete and designed an efficient approximation algorithm which will find a

near-optimal solution of the problem.

1



Chapter 1

Introduction

In this chapter, we provide the necessary background, present state and motivation

for this study on the rankings of graphs, define the problem and scope of this thesis.

In Section 1.1, we discuss the historical background on graph coloring. We also

define the vertex-ranking, edge-ranking, minimum vertex-ranking spanning tree

and minimum edge-ranking spanning tree problem. Section 1.2 represents some

applications of the minimum edge-ranking spanning tree problem. Section 1.3 deals

with the scope of this thesis. At last, in Section 1.4, we discuss the results obtained

for solving the problems of this thesis and compare our results with the previously

achieved ones.

1.1 Backgrounds

Graph theory is a delightful playground for the exploration of proof techniques in

discrete mathematics, and its results have applications in many areas of computing,

social and natural sciences. Recent research effort is concentrating on evolving

2



CHAPTER 1. INTRODUCTION 3

efficient algorithms in combinatorial mathematics especially graph theory.

Graph coloring theory not only plays an important role in discrete mathematics,

but also is of interest for its applications. Graph coloring deals with the fundamental

problem of partitioning a set of objects into classes according to certain rules.

A graph G = (V, E) with n vertices and m edges consists of a vertex set V =

{v" V2, ... , vn} and an edge set E = {e" e2,"" em}, where an edge in E joins two

vertices in V. Figure 1.1 depicts a graph of seven vertices and nine edges, where

vertices are drawn by circles, edges by lines, vertex names next to the circles and

edge names next to the lines.

v, V2e,

e3 e4

V4

e6

es

es eg
Vs VB

Figure 1.1: A graph G.

1.1.1 Edge-Ranking Problem

An edge-ranking of a graph G = (V, E) is a labeling <p : E -r N such that for each

path between any two edges e, and e2, e, =J e2, with <p(e,) = <p(e2), there exists at

least one edge e3 on the path with <p(e3) :::: <p(e,) = <p(e2)' The label <p(e) of an edge

e is called the rank of edge e. An edge-ranking of G is optimal if the largest rank k

assigned by <p is the minimum among all edge-rankings of G. Such rank k is called
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the edge-ranking number of G and is denoted by X~(G). The edge-ranking problem

is to find an edge-ranking of a given graph G using X~(G) ranks [1][2]. This problem

is proved to be NP-hard for general graphs [3]' although a linear-time algorithm [4)

and a polynomial-time algorithm [5] are available for for trees and partial k-trees,

respectively. Figure 1.2 shows an optimal edge-ranking.

2

4

I

5

2

I

6

Figure 1.2: An optimal edge-ranking of graph G.

1.1.2 The Minimum Edge-Ranking Spanning Tree Problem

Makino et al. introduced the problem of finding minimum edge-ranking spanning

tree of a graph G. The minimum edge-ranking spanning tree problem (MERST)

is to find a spanning tree of G whose edge-ranking is minimum. They proved this

problem is NP-hard and proposed a polynomial-time approximation algorithm for

general graphs [6]. Exact polynomial-time algorithm for this problem is available

only for threshold graphs [7].

MERST (minimum edge ranking spanning tree problem)

Input: A simple undirected graph G = (V, E) that is connected, and a

nonnegative integer k.
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Question: Does G have a k-edge rankable spanning tree (Le., does there exist

a spanning tree T = (V, Er) of G with rank( T) :;:;k)7

1\..1) .\,r:
(al (bl

Figure 1.3: A minimum edge-ranking spanning tree T = (V, Er) of the graph G in

Fig. 1.3 (a).

Makino et al. newly considered the problem [6]. Given a simple undirected

graph G = (V, E) that is connected, we repeat contraction steps until all vertices

are contracted into a single vertex. Here one contraction step consists of many

simultaneous contractions of edges that do not share any of their end vertices. In

this process, all self-loops created are simply ignored. Under this setting, we want

to minimize the number of steps required before contracting all vertices into one.

2

3

2 - -~- •

Figure 1.4: Edge contraction steps.

It is easy to see that this problem is equivalent to finding a spanning-tree of G

whose edge-ranking is minimum. To see this, first assume that a spanning tree of G

and its edge ranking are given. Then no two edges with same rank share their end

vertices, and in the ith step all edges with rank i can be contracted simultaneously.
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Thus the required number of steps is equal to the largest rank in this ranking.

Conversely given a series of steps that contracts G into a single vertex, we assign

rank i to all edges contracted in the ith step. Then it can be seen that G contains

a spanning-tree whose edge ranking is defined by the above ranks.

1.1.3 Vertex-Ranking Problem

The vertex version of the ranking problem is also available and can be defined as

follows: a vertex-ranking of a graph G = (V, E) is a labeling <p : V --* N such that for

each path between any two vertices u and v, u i' v, with <p(u) = <p(v), there exists

at least one vertex w on the path with <p(w) ;::: <p(u) = <p(v). The vertex-ranking

problem is to find a vertex-ranking of a given graph G using minimum number

of ranks. This problem is NP-hard even for cobipartite and bipartite graphs [8),

although polynomial-time algorithms are available for many subclasses including

interval graphs [9), permutation graphs [9), trapezoid graphs [9), and partial k-trees

[8). A linear-time algorithm for trees is also available [10]. Figure 1.5 shows an

optimal vertex-ranking.

1 2 3

1 2 1

Figure 1.5: An optimal vertex-ranking of graph G.

•



CHAPTER 1. INTRODUCTION

1.1.4 The Minimum Vertex-Ranking

Spanning Tree Problem

7

A problem similar to minimum edge-ranking spanning tree for vertices, called

minimum vertex-ranking spanning tree problem (MVRST), is proposed by Miyata

et al. [11). This problem is essentially different from MERST because in MERST

edges are optional but MVRST requires connectivity among vertices. Miyata et

al. proved its NP-hardness for general graphs and presented an approximation

algorithm [111 for general graphs. Nakayama et al. presented O(n3) time algorithms

to solve MVRST for permutation graphs [12] and interval graphs [131.

1.1.5 The Minimum Degree Spanning Tree Problem

A minimum degree spanning tree of a graph G = (V, E) is a spanning tree of G whose

maximum degree, .6. is the smallest among all spanning trees of G. The problem

minimum degree spanning tree (MDST) is to find such a spanning tree of G. It is a

generalization of the Hamiltonian Path problem and thus is also NP-hard. MDST

problem has many practical applications including computation of spanning trees in

dynamic networks for non-critical broadcast and designing power grids [14][15].

1.2 Applications

Minimum edge-ranking spanning tree problem has some interesting applications

specially in the field of networking, multipart assembly and relational database.

Makino et al. has presented some practical applications [6]. Consider a network

of web sites, where data are stored in different sites. In order to derive some new
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information from them, we want to merge a set of relevant data into one site. During

the merging process, the pertaining data must be locked to avoid the interventions

from others, such as being overwritten, and therefore no data can participate in

more than one merging process at the same time. However, pairs of data can be

merged simultaneously if they do not share any data. It is now not difficult to see

that the minimization of the completion time of this merging process is formulated

as minimum edge-ranking spanning tree problem [16).

Another example is found in relational database theory. Let us consider the

"query graph", where its vertex set corresponds to a set of relations and its edge

set represents the pairs of relations that are joined. In this context, join operations

that are represented by nonadjacent edges can be joined parallel, but no two join

operations corresponding to adjacent edges can be performed simultaneously, since

a relation can participate only in one join operation at a time. The join operations

are then performed until all relations come into a single relational table. The whole

process can again be modeled as MERST.

1.3 Scope of the Thesis

This thesis deals with the problem of finding minimum edge-ranking spanning tree

of series-parallel graph. We show that MERST of series-parallel graph is NP-

Complete, and present an approximation algorithm for MERST, with its worst case

performance ratio,
i(£>T-l)IOgnl + 1
I log.6.T

max{t>T, flognl}

where n is the number of vertices in a given graph and is the maximum degree of a

spanning tree whose maximum degree is minimum. This algorithm is a combination
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Graphs Time Reference

General Graph NP-Complete Makino et al.[JA 2001)

Threshold graphs O(IVI + IEIl Makino et al.[ISAAC 2002)

Split Graphs O(nk) Makino et al. [DAM 2006]

Series- parallel

graph with O(nb.4Iog2 b.) Kashem et al. [ICCIT 2006]

bounded degrees

Series-parallel

graph NP-Complete Ours

(unbounded degrees)

Table 1.1: Algorithms for minimum edge-ranking spanning tree (MERST).

of two existing algorithms for the Depth First Search(DFS) and for the minimum

edge ranking problem for trees (MERT), respectively.

1.4 Summary

The known results of algorithms for solving the minimum edge-ranking spanning tree

problem on different types of graphs are summarized in Table 1.1. The main result

of this thesis can be divided into two parts: proving minimum edge ranking spanning

tree (MERST) problem for series-parallel graph is NP-Complete and finding a near

optimal approximation algorithm. Besides these, we improve the approximation

ratio of the known best algorithm for solving the MERST problem on series-parallel

graph.

The thesis is organized as follows: Chapter 2 gives preliminary definitions

9
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and representation of series-parallel graphs. Chapter 3 proves minimum edge

ranking spanning tree (MERST) problem for series-parallel graphs is NP-Complete.

Chapter 4 a near optimal approximation algorithm for finding minimum edge

ranking spanning tree (MERST) problem for series-parallel graphs. Chapter 5

concludes with a discussion of NP-Completeness and approximation algorithm on

MERST of series-parallel graphs, the results of the proposed algorithm and future

works.



Chapter 2

Preliminaries

In this chapter, we define some basic definitions and some special types of graphs.

Definitions that are not given here are discussed as they are needed. In Section 2.1,

we start by giving the definitions of some basic terms of graph which are related

to and used through out this thesis. Section 2.2 defines a special type of graph,

series-parallel graph. It also introduces different properties of a series-parallel graph

and representation of series-parallel graph through the binary decomposition tree.

Section 2.3 presents the upper and lower bound of edge-ranking of trees. Section

2.4 discusses complexity classes of the algorithm. Finally in Section 2.5 we define

approximation algorithm and the approximation ratio.

11



CHAPTER 2. PRELIMINARIES

2.1 Basic Definitions

2.1.1 Graphs

12

Let G = (V, E) be a graph. We call V(G) or V the vertex-set of the graph G, and

E(G) or E the edge-set of G. If e = (v, w) is an edge, then e is said to join the

vertices v and w, and these vertices are then said to be adjacent. In this case we

also say that w is a neighbor of v, and that e is incident to v and w. A loop is

an edge whose endpoints are equal. Parallel edges or multiple edges are edges that

have the same pair of endpoints. A simple graph is a graph having no loops or

multiple edges. The graph in which loops and multiple edges are allowed is called

a multigraph. Sometimes a simple graph is simply called by a graph only if there

is no danger of confusion. A graph is finite if its vertex set and edge set are finite.

Every graph mentioned in this thesis is finite.

e,

e9
V5

Figure 2.1: An undirected graph G.
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2.1.2 Degree of a Vertex

13

The degree of a vertex v in a graph G is the number of edges incident to v, and is

denoted by d(v). The maximum degree of G is denoted by tl(G) or simply by tl.

In Figure 2.1, the degree of vertex d(vd VI is 2 and the maximum degree tl of G, is

4 as d(v4) is 4.

2.1.3 Subgraphs

A subgraph of a graph G = (V, E) is a graph H = (VH, EH) such that V(H) £:; V(G)

and E(H) £:; E(G), we write H £:; G and say that G contains H. If H contains

all the edges of G that join two vertices in VH, then H is said to be the subgraph

induced by VH, and is denoted by G[VH]. If VH consists of exactly the vertices on

which edges in EH are incident, then H is said to be the subgraph induced by EH, and

is denoted by G[EH). Figure 2.2(a) depicts a subgraph of G in Figure 2.1 induced by

v,

e

V7

(a)

V, V3e,

e4

V4
e7e,

e

v, V7
(b)

Figure 2.2: (a) A subgraph induced by {VI, V3, V4, V6, V7} of G in Figure 2.1 , and (b)

a subgraph induced by {C2, e4, es, e6, e7} of G.

{VI, V3, V4, V6, V7} and Figure 2.2(b) depicts a subgraph induced by {e2, e4, es, e6, C7}.

We often construct new graphs from old ones by deleting some vertices or edges.
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V,
v.t;;r v,

VI

V2 VS

V12

Figure 2.3: A graph with three components

If v is a vertex of a given graph G = (V, E), then G - v is the subgraph of G obtained

by deleting the vertex v and all the edges incident to v. More generally, if Viis a

subset of V, then G - V'is the subgraph of G obtained by deleting the vertices in

V' and all the edges incident to them. Then G - Viis a subgraph of G induced by

V - V'. Similarly, if e is an edge of G, then G - e is the subgraph of G obtained by

deleting the edge e. More generally, if E' <;; E, then G - E' is the subgraph of G

obtained by deleting the edges in E'.

2.1.4 Connected Components

A graph G is connected if for every pair {u, v} of distinct vertices there is a path

between u and v. A (connected) component of a graph is a maximal connected

subgraph . A graph which is not connected is called a disconnected graph. Figure

2.3 shows a graph with three components.

2.1.5 Trees

A graph having no cycle is acyclic. A forest is an acyclic graph; a tree is a connected

acyclic graph. The vertices in a tree are usually called nodes. A rooted tree is a

tree in which one of the nodes is distinguished from the others. The distinguished
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node is called the root of the tree. The root of a tree is generally drawn at the top.

Figure 2.4 shows an example of a tree T, where VI is the root of T. Every node u

Vj

V, V3 V4

\
V5 V6 V7 VB Vg

Figure 2.4: A tree T.

other than the root is connected by an edge to some other node p called the parent

of u. We also call u a child of p. We draw the parent of a node above that node.

For example, in Figure 2.4, VI is the parent of V2, Va and V4, while Va is the parent

of VB and V7; on the other hand V2, Va and V4 are children of VI, while VB and V7 are

children of Va. A leaf is a node of a tree that has no children. That is a leaf is a

vertex of degree 1. An internal node is a node that has one or more children. Thus

every node of a tree is either a leaf or an internal node, but not both. A binary tr'ee

is the tree where each node does not have more than two children.

In a tree T, a node u together with all of its proper descendants, if any, is called

a subtree of T. Node u is the root of this subtree. Referring again to Figure 2.4,

nodes Va, VB and V7 form a subtree, with root Va. Finally, the entire tree in Figure

2.4 is a subtree of itself, with root VI' The height of a node u in a tree is the length

of a longest path from u to a leaf. The height of a tree is the height of the root.

The depth of a node u in a tree is the length of a path from the root to u. The level

of a node u in a tree is the height of the tree minus the depth of u. In Figure 2.4,
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for example, node V3 is of height 1, depth 1 and level 1. The tree in Figure 2.4 has

height 2.

2.1.6 Spanning Trees

A spanning tree is a spanning subgraph that is a tree. A spanning subgraph of a

graph G is a subgraph with vertex set V (G)

2.2 Series-Parallel Graphs

Let G = (V, E) be a graph with vertex set V and edge set E. The set of vertices

and the set of edges of G are often denoted by V(G) and E(G), respectively. A

(two-terminal) series-parallel graph is defined recursively as follows [17][18].

1. A graph G of a single edge is a series-parallel graph. The ends v, and Vt of

the edge are called the terminals of G and denoted by v,(G) and Vt(G).

2. Let Gy be a series-parallel graph with terminals v,(Gy) and Vt(Gy), and let Gz

be a series-parallel graph with terminals v,(Gz) and Vt(Gz).

(a) A graph Gx obtained from Gy and Gz by identifying vertex v,(Gy) with

vs(Gz) is a series-parallel graph whose terminals are v,(Gx) = v,(Gy) and

Vt(Gx) = Vt(Gz). Such a connection is called a series connection, and Gx

is denoted by Gx = Gy • Gz. (Figure 2.5(a))

(b) A graph Gx obtained from Gy and Gz by identifying vertex v,(Gy) with

vs(Gz) and v,(Gy) with v,(Gz) is a series-parallel graph whose terminals

are v,(Gx) = v,(Gy) = vs(Gz) and Vt(Gx) = v,(Gy) = Vt(Gz). Such a
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connection is called a parallel connection and Gx is denoted by Gx

GyIIG,. (Figure 2.5(b))

17

G

(a) (b)

Figure 2.5: A series-parallel graph G composed from G1 and G2 (a) with series

connection, and (b) with parallel connection.

The terminals vs(Gx) and v,(Gx) are often denoted shortly by Vs and v,

respectively.

2.2.1 Binary Decomposition Tree

A series-parallel graph can be represented by a "binary decomposition

tree" [18][19][20]. Figure 2.6(a) illustrates a series-parallel graph G and Figure 2.6(b)

shows its binary decomposition tree n. Labels sand p attached to internal nodes

in n indicate series and parallel connections, respectively, and nodes labeled sand

p are called s- and p-nodes, respectively.

Let n = (v", Eb) be a binary decomposition tree of a series-parallel graph G.

Let n(x) be the subtree of n rooted at node x. Every leaf x of Tb represents a

subgraph of G induced by two vertices Vs and v, connected by an edge ex = (vs>v,).
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P

/~
04 5

/~
P 5

/~/~
02 5 23 P

/~ /~
P P34 34

/ \ /\
01 0112 12

Figure 2.6: A series-parallel graph and its binary decomposition tree.

We associate a subgraph Gx = (Vx, Ex) of G with each node x of tree n, where

Vx = U{Sy I y = x or y is a descendant of x in T}, and

Ex {ey I y is a leaf node in T(x)}.

Here Sx = {VB> v,} is the set of terminals of Gx. The graph associated with the root

of T is the graph G itself. A spanning forest of a graph Gx is an acyclic subgraph

Hx that has the same vertex-set as Gx. A graph Gx may have k spanning forests

H~, H;, ... , H;. Let Hf = (vx, Ef) be a spanning forest of Gx where Ef <;; Ex.

For a subgraph Gx of G, x E VT, we denote by <pIGxa restriction of <pto Gx: let

<p'= <pIGx,then <p'(e)= <p(e) for e E Ex. We then have the following lemma which

characterizes the edge-ranking of a series-parallel graph by the number of visible

vertices.

Lemma 2.2.1 Let Tb be a binary decomposition tree of a series-parallel graph G,

and let x be an internal node in Tb with two children y and z. Then an edge-labeling

<pof a spanning forest Hf of Gx is an edge-ranking of Hf if and only if
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(a) 'PIH~ and 'PIH; are edge-rankings of H~ and H;, respectively, where H~ and

H; are spanning forests of Gy and Gz, respectively; and

(b) at most one edge of any rank is visible from any vertex v E Sx U Sy under 'P

o

2.3 Edge-Ranking of Trees

Makino et al. presented a top-down algorithm for tree-ranking and analyzed the

lower and upper bound of the ranking. We then cite the following two lemmas [6).

Lemma 2.3.1 For any tree T = (VT,ET), we have X~(T) > max{.6.T, flognl},

where.6.T is the maximum vertex degr'ee in T and n = IVTI.

Lemma 2.3.2 Let T = (VT, ET) be a tree with IVTI = n. Then

o

flog n1
(.6.T - 2) log n
log.6.T - 1

if .6.T = 0, 1,2

if .6.T :::: 3. o

Proofs of these lemmas are presented by Makino et al. [6].

2.4 Complexity of Algorithms

The efficiency or complexity of an algorithm is determined by the amount of

resources (such as time and storage) necessary to execute it. Generally, it is defined

as a function relating the input length n to the number of steps (time complexity) or

storage locations (space or memory complexity) required to execute the algorithm.
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In theoretical analysis of algorithms it is common to estimate their complexity in

asymptotic sense, i.e., to estimate the complexity function for reasonably large

length of input n. For example, since binary search is said to run an amount of

steps proportional to a logarithm, its complexity of the running time is defined by

O(log(n)). If the running time of an algorithm is bounded by O(n), it is said to be

a linear-time algorithm.

2.4.1 Complexity Classes: P and NP

A problem is said to have a polynomial-time algorithm if the worst case running

time is O(nk) for input size n and for some constant k. Generally, problems that

are solvable by polynomial-time algorithms are tractable or easy, and problems that

require superpolynomial time are intractable or hard. Based upon the running time

of algorithms, next we define complexity classes. The class P consists of all those

decision problems that can be solved on a deterministic sequential machine in an

amount of time that is polynomial in the size of the input; the class NP consists of

all those problems whose positive solutions can be verified in polynomial time given

the right information, or equivalently, whose solution can be found in polynomial

time on a non-deterministic machine. Any problem in P is also in NP, since if a

problem is in P then we can verify it in polynomial time.

2.4.2 NP-Complete Problem

Here, we are mainly interested in another class of problems, called NP-complete

problems (or NPC), which can be loosely described as the hardest problems in NP

and therefore they are the least likely to be in P. No polynomial-time algorithm
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has yet been discovered for an NP-complete problem, nor has anyone yet been able

to prove that no polynomial-time algorithm can exist for any of them.

More precisely, a decision problem C is NP-complete if it is complete for Np,
meaning that:

(1) it is in Np, and

(2) it is NP-hard, i.e. every other problem in Np is polynomial-time reducible

to it.

"Polynomial-time reducible" here means that for every problem L, there is a

polynomial-time many-one reduction, a deterministic algorithm which transforms

instances I E L into instances c E C, such that the answer to c is YES if and only if

the answer to I is YES. To prove that an NP problem A is in fact an NP-complete

problem it is sufficient to show that an already known NP-complete problem reduces

to A. A consequence of this definition is that if we had a polynomial-time algorithm

for C, we could solve all problems in Np in polynomial time.

2.5 Approximation Algorithm and

Approximation Ratio

At present, all known algorithms for NP-complete problems require time that is

superpolynomial in the input size. It is unknown whether there are any faster

algorithms. Therefore, to solve an NP-complete problem for any nontrivial problem

size, generally it may still be possible to find near-optimal solutions in polynomial

time. An algorithm that quickly finds a suboptimal solution that is within a certain

(known) range of the optimal one is called an approximation algorithm.



cost. An approximation ratio is a measure of goodness of the approximation solution

Depending on the problem, maximization or minimization, an optimal solution

may be defined as one with maximum possible cost or one with minimum possible
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with the optimal solution of the problem. An algorithm for a problem has an

approximation ratio of p( n) if, for any input size n, the cost C of the solution

produced by the algorithm is within factor of p(n) of the cost C' of an optimal

solution:

{
C c.}

max C,' C (2.1)

An algorithm that achieves an approximation ratio of p( n) is called p( n)-

approximation algorithm. For a maximization problem, 0 < C :s; C', and the ratio

C' /C gives the factor by which the cost of an optimal solution is larger than the cost

of the approximate solution. Similarly, for a minimization problem, 0 < c' :s;c,

and the ratio C /C' gives the factor by which the cost of an approximate solution

is larger than the cost of the optimal solution. Since all solutions are assumed

to have positive cost, these ratios are always well defined. The approximation

ratio of an approximation algorithm is never less than 1, since C/C' < 1 implies

C' /C > 1. Therefore, a I-approximation algorithm produces an optimal solution,

and an approximation algorithm with a large approximation ratio may return a

solution that is much worse than optimal.



Chapter 3

Minimum Edge-Ranking Spanning

Tree

This chapter presents our NP-Completeness proof for finding the minimum edge-

ranking spanning tree of series-parallel graphs. We show the NP-completeness, after

showing few lemmas on the edge ranking and graph partitioning. Section 3.1

describes the shows the method of graph partitioning and k-edge ranking. In section

3.2 the NP-Completeness of MERST for series-parallel graph. Finally, section 3.3

summarizes the chapter.

3.1 Graph Partitioning

We assume that a graph G is simple, undirected, and connected. For a vertex set

W <;;; V, G[ W] denotes the subgraph of G induced by W.

Lemma 3.1.1 Any connected graph G with rank(G) = k has at most :f vertices.

23



Proof. Given a k-edge ranking r of a graph G =( V, E), let Ei = {r( e) = iIe <;;; E},

i = 1,2,. .. , k and Gi = (V, EIUE2U ....UEi), i = 0, 1,. .. , k. By definition, Go has

no edge and Gk = G. Since Gi is obtained from G by removing Ej=i+lIEjl edges,

Gi consists of at most Ej=i+JIEjl + 1 connected components. By the definition of

edge-ranking, each connected component in Gi has at most one edge e with r(e) =

i. Therefore, IEil is bounded from above by, IEil:;::; Ej=i+JIEjl + 1 where IEkl=1.

By induction, we easily derive lEi I:;::;2k-i from this equality. Thus, we have E~=I

lEi I:;::; E~=l 2k-i = 2k - 1. A connected graph with at most 2k - 1 edges can have at
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most 2k vertices.
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o

By the proof of lemma 3.1.1, rank( G) = k holds for a graph G = (V, E) with V

= 2k only if E = 2k - 1 holds; I.e., G is a tree.

2

Figure 3.1: A tree T with rank(T) = 3 and 23 = 8 vertices.

Let us introduce some additional notions related to minimum edge-ranking

spanning trees. For a graph G = (V, E) and a positive integer k, a size-k-partition

of Visa (IVllk)-tuple (VI,v2,. .. ,vWI/k) and V = VI UV2U"'UVW1/k, VinVj

= 0 for all i f-j such that I Vii = k for i = 1, 2,.. ',1 Vl/k. Each Vi is called an

element of the partition. A size- k-partition of V is connected if the graphs G[ Vd
are connected for all i. Let G = (V, E) be a graph with 1 VI= 2k, where k ;;" O.

We say that G has a nested partition if it recursively satisfies one of the following

conditions:
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(i) k = 0, or

(ii) G has a connected size-2k-I partition ( V I, V 2) such that both G[V d and G [ V 2]

have nested partitions.

Lemma 3.1.2 Let G = (V, E) be a graph with I V 1= fi' (k ;" 0). Then G has a

k-edge rankable spanning tree if and only if it has a nested partition.

Proof. To show the only-if part, let us assume that G = (V, E) has a k-edge

rankable spanning tree T =( V, ET). If k = 0 (i.e., I VI = 1), then G clearly has

a nested partition. If k ;" 1, rank(T) = k holds by Lemma 3.1.1, since otherwise

(rank(T) < k), we have I VI< 2k, a contradiction. The spanning tree T has exactly

one edge e with the highest rank k. Let TI = (V I, EI) and T2 = (V2, E2) be

the subtrees obtained from T by removing e. Since T I and T 2 are both (k - 1)-

edge rankable, I Vd, I V21~ 2k-1 holds by Lemma 3.1.1. Furthermore, since (VI

UV2) = V and (VI nV2) = 0, we have VI=V2 = 2k-1 Thus G has a connected

size-2k
-
1 partition (Vi> V2). By recursively applying this argument to TI and T

2
,

we can show that G has a nested partition.

Let us next show the if part. Assume that G = (V, E) has a nested partition. If k

= 0 (i.e., V= 1), T = (V, 0) is clearly a O-edge rankable spanning tree. Assume that

the if part holds for k = e, and consider the case of k = e + 1. By definition, V has

a connected size-2e partition (VI, V 2) such that the graphs G[ V d and G[ V 2] have

a nested partition. By the induction hypothesis, each G[ V;) has an e-edge rankable

spanning tree Ti = (Vi, Ei), for i = 1, 2. Let ri be such an edge ranking of Ti.

We now define a spanning tree T =( V, ET) of G and a mapping r : ET ---7 Z+ by

ET = EI U E2u {e'}
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rl(e) if e EEl

r(e) = rl(e) if e E E2

k if e = e',
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where e' = (v,w) be an arbitrary edge in E such that v E V 1 and w E V z. It

is easy to see that this r is a k-edge ranking of T. 0

We now show that MERST is intractable. The idea of our proof is based on the

NP-hardness proof of the connected size-k partition problem for planar bipartite

graphs [31 and NP-hardness proof of MERST by Makino et. al. [61.

3.2 Minimum Edge-Ranking Spanning tree for

Series-Parallel graph is NP-Complete

Given a spanning tree T = (V, ET), we can check whether T is k-edge rankable in

polynomial time [41. Hence, MERST belongs to NP. To prove the completeness,

we reduce the following NP-complete problem [21] to MERST.

3-Dimensional Matching (3DM)

Input: Disjoint sets,

Y = {YI, yz,.. ',Yn},

Z = {ZI, Zz,.. "zn}, and a set of triples,

S = {Sj =(Sjl,SjZ,Sj3), I Sjl E X, SjZ E Y, Sj3 E Z, j = 1,2,. .. ,rn}.

Question: Does S contain a matching M (i.e., M = n and every element of W
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= X U Y U Z is covered by exactly one triple of M)?
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An instance I of 30M is depicted in Fig. 3.2 as a bipartite graph with vertex

sets Sand W , where IS I = m and I W I = 3n. It is asked to find a set of n vertices

in S that covers all the vertices in W exactly once.

Figure 3.2: An Instance of 30M.

Without loss of generality, we can assume that n + m = 2£ (1)

holds for some integer e. Otherwise, let be e the smallest integer such that 2£=

(n + m) ~ 2, and let a and (3 be nonnegative integers such that 2a + (3 = 2£(n +

m) and (3E {O, I}. Then define the instance I' of 30M by,

Y' = Y U {Vn+ll Yn+2,"', Yn+Q}

SUSm+j = {xn+j,yn+j,zn+j}1 j = 1,2, ... ,a} if (3=0

S'= if (3=1

U{Xn+l,Yn+I,Zl}

It is easy to see that S has a matching M if and only if S' has a matching

M'= M U {Sm+jl j = 1, 2,...,a}. Thus the assumption (1) does not affect the

NP-completeness of 30M.
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Now we shall consider several cases for different set of triples that is, we will

construct the instance of MERST for series-parallel graph from different instances

of 30M. Then, we only need to prove the following property for the proof of Np-

completeness:

(i) S has a matching M if and only if the resulting graph G has a k-edge rankable

spanning tree T. To prove (i), we shall show below that

(ia) S has a matching M if and only if the graph G has a connected size-4-

partition, and

(ib) the graph G has a connected size-4 partition if and only if it has a nested

partition.

We construct the basic instance of 30M (i.e., X, Y, Z and S).

Let X' = { x~q)1 Xi E X, q = 1, 2, 3},

Y' = {yjq)IYi E Y, q = 1},

Z' = { zjq)1 Zi E Z, q = 1, 2},

and S' = { S]p) I Sj E S, P = 1},

In the instance of 30M in Fig. 3.3(a), a triple SjE S forms a claw including

three vertices sj 1, Sj2, and s j3 E W. We refer to these three vertices in X U Y u Z as

matching vertices and the last vertex Sj E S as a tuple vertex. In our transformation,

we replace each claw Sj = (Sjl, Sj2, Sj3) into a comb as shown in Fig. 3.3(b). A

comb consists of 7 vertices, where s]il ,q = 1, 2, 3, sW, q = 1, and sW ,q = 1, 2,

correspond to the matching vertices Sjl, Sj2, and Sj3 in a claw, respectively, and the

vertices S]p),p = 1, correspond to the tuple vertex Sj in a claw. We can also write

X(I) X(2) X(3) instead of s(q) q = 1 y(l) instead of s(q) q = 1 and Z(l) Z(2) instead
1 1 1 l t J1 1 , 1 J2 , 1 l 1

of sW ,q = 1, 2, as in the following.



Figure 3.3: (a) A claw in 3DM, (b) Transformation from a claw in 3DM to a comb

29

~,
(0) x,(aJ

CHAPTER 3. MINIMUM EDGE-RANKING SPANNING TREE

in MERST.

Now, we construct series-parallel graphs for finding minimum edge-ranking

spanning tree from several instances of 3DM and observe our constructions whether

they have k-edge rankable spanning tree whenever matching is found in 3DM.

Observation 1. For a triple 5j = (Sjl, 5j2) E M.

5,
5,

(a) (b) (c)

Figure 3.4: (a) An instance of 3DM set of triples S ={51, 52}(b) Transformation

from 3DM to the input series-parallel graph G and (c) Connected size-4 partition

of MERST.

We construct an input series-parallel graph G = (V, E) by V = X. U Y' U Z.

(2)

_ {( (1) (1)) (1) (I)) (1) (1»)1 -( ) S}where, E1 - Sj ,Sjl t Sj ,Sjl , Sj ,Sjl Sj- Sjl,Sj2,Sj3 E ,



and nested partition and the resulting graph G has a k-edge rankable spanning tree.
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_ {( (I) (2») ( (2) (3») I }E2 - Xi ,Xi , Xi ,Xi Xi EX ,
_ {( (I) (2») I }E3 - Zi ,Zi Zi EZ ,

{ (2) (3») (2) (I») ( (2) (2») I }E4 = (Sj ,Xi 1 (5j lYi , 5j IZi 5j E S .

Here, we have constructed an input graph where, IVI=6m+2n. Here, rank (G) =

3, IVI = 2
3

(= 8). Size-f!2 partition: Vjl = {xP), X~I), xi,1),S2} and V
j2

= h, VP),

z\!), z.11)}. Size-fj3 partition: Wj! = Vj! UVj2. Here, rank(G) (=3) can represent

the size-2
rank

(G) partition. That means the graph G has connected size-4 partition

"

Observation 2. For a triple Sj = (Sj}, Sj2, Sj3, Sj4) E M.

80, S has a matching M for this instance.

of MERST.

•

(c)(b)(a)

Here, we have constructed an input graph where, I VI=12m+4n, and rank (G) =

Figure 3.5: (a) An instance of 30M set of triples S ={S! ,S2,S3,S4}(b) Transformation

from 30M to the input series-parallel graph G and (c) Connected size-4 partition

4. I VI = 24( = 16).
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rankable spanning tree. So, S has a matching M for this instance.

S. ~2 V {(I) (I) (I) } V { (I) (I) (I)} V~ze-.c partition: jl = x, ,x2 ,:I;j ,S3, j2 = SI, Y, , ZI , z.; , j3 =
{X\2), X~2), :r;\2),S4} and Vj4 = {SI, y\2), Z\2), 42)}. Size-2' par.tition: W

jl
= V

jl

UVj2, Wj2 = Vj3 UVj4. Size-%!' partition: Xjl = Vjl UVj2. So, we have found

a size_2
rank

(G)(= size-24) partition. That means the resulting graph G has a k-edge

(a) (b) (c)

Figure 3.6: (a) An instance of 30M set of triples S ={SI,S2,S3,S4,SS,S6,S7,S8}(b)

Transformation from 30M to the input series-parallel graph G and (c) Connected

size-4 partition of MERST.

We have constructed an input graph where, I VI=24m+8n and rank( G) = 5, I VI
= 2

S
( = 32). Size-~ partition: Vjl = {X\I), X~'), :r;\'), ss}, Vj2 = {SI, y\I), Z\'),

(I)} V - {(2) (2) (2) } V _ { (2) (2) (2)} V. = {X(3) X(3) r!.3)Z2 , j3 - Xl , X2 , X3 1 86, j4 - 82, YI , Zl , Z2 , J5 1, 2 , -J ,

} V - { (3) (3) (3)} V _ {(4) (4) (4) } d V _ { (4) (4)
87, j6 - S3, VI , Zl , Z2 , j7 - Xl , X2 ,13 ,88 an j8 - 54, YI , Zl ,

44
)}. Size-2' partition: Wjl = Vjl U Vj2, Wj2 = Vj3 U Vj4, Wj3 = VjS U V

j6

and Wj4 = Vj7 U Vj8. Size-%!' partition: Xjl = Wjl UWj2 and Xj2 = Wj3 UWj4.
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Observation 4. For a triple Sj = (8jl' 8j2, 8j3, 8j4, 8j5, 8j6) E M.
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So, S has a matching M for this instance.

Size-!!' partition: Yjl = Xjl U Xj2. So, we have found a size-2rank(G)(= size-25)

partition. That means the resulting graph G has a k-edge rankable spanning tree.

(a) (b) (c)

Figure 3.7: An instance of 30M set of triples S ={SI,S2,83,S4,S5,S6}(b)

Transformation from 30M to the input series-parallel graph G and (c) Connected

size-4 partition of MERST.

Here, we have constructed an input graph where, I VI=18m+6n and rank( G)

= 5, I VI = 24 (-'- 25 = 32). S' r,i2 t't' V {(I) (I) (I) } VI 'tze-~ par z zon: jl = Xl , x2 J XJ , 84, j2 =

{(I) (I) (Il} V {(2) (2) (2) } V _ { (2) (2) (2)} V
81, Yl , 21 , Z2 , j3 = Xl , X2 , X3 , 85, j4 - 82, YI , 2

1
, Z2 1 j5

= {X\3), X~3), :43), 83}, Vj6 = {86, y\3), Z\3), 43)}. Size-23 partition: Wjl = Vjl

UVj2, Wj2 = Vj3 UVj4, Wj3 = Vj5 UVj6. Size-gJ par.tition: Xjl = Wjl UWj2.

Size-!!' partition: Yjl = 0.

So, we could not find any size_2rank(G)(= size-25) partition. But connected 8ize-4
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partition is present here.

Observation 5. For a triple Sj = (Sjl' sj2, Sj3, Sj4) E M and Sj = (Sj5) E S\M.

(a) (b) (c)

Figure 3.8: An instance of 30M set of triples S ={SI,S2,S3,S4,S5}(b) Transformation

from 30M to the input series-parallel graph G and (c) Connected size-4 partition

of MERST.

Here, we have constructed an input graph where, I VI=18m+5n and rank( G)

= 5, I VI = 23(~ 25 = 32). Size-f!2 partition: Vjl = {X\I), X~I), X:il), S4}, Vj2 =

{(I) (1) (I)} V {(2) (2) (2) } V { (2) (2) (2)}
81, YI , Zl 1 Z2 1 j3 = Xl l X2 1 X3 ,85 1 j4 = S2, YI , Zl , Z2 , Vj5 =

{X\3), X~3), X:i3), S3}' Size-f!3 partition: Wjl = Vjl UVj2, Wj2 = Vj3 UVj4, Wj3 =

Vj5 UVj6. Size-J!4 partition: Xjl = YV}I UWj2. Size-it' partition: Yjl = 0. So, we

could not find any size_2Tank(G)(= size-25) partition. But connected size-4 partition

is present here. o

It is easy to see that each Vjq is connected and satisfies I Vjql = 4. For all h = 3,

4, ... , k we can construct a connected size-2h partition of V, in which each element



induces a graph with a nested partition except the observation 4 and observation 5

where matching is not possible.

Thus the problem of MERST for series-parallel graph is in NP-Complete [22].
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3.3 Conclusion

In this chapter we have proved that minimum edge-ranking problem on series-

parallel graph is NP-Complete. We have constructed instances of MERST for

series-parallel graph from different instances of 3DM. That means, we have proved

the NP-Completeness of MERST by reducing its instances into the instances of a

known NP-Complete problem to our problem.



Chapter 4

Approximation Algorithm

This chapter deals with the approximation algorithm for finding the minimum edge-

ranking spanning tree of a series-parallel graph. The algorithm first constructs a

spanning tree and then rank its edges. This chapter is organized as follows. In

Section 4.1, first we define the approximation algorithm for finding the minimum

degree spanning tree. We also analyze the time-complexity of the algorithm. In

Section 4.2, we present the algorithm for edge-ranking of tree. In Section 4.3, we

calculate and analyze the approximation ratio. Finally, section 4.4 summarizes the

chapter.

4.1 An Approximation Algorithm for MERST

Since MERST is NP-Complete, in this section we propose a near-optimal

approximation algorithm that uses Depth First Search (DFS) and Edge Ranking

of Trees (ERT) algorithms for finding the minimum edge ranking of trees (MERT)

on series-parallel graphs.

35
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Algorithm Approx_MERST _SP

Input: A series-parallel graph G = (V, E).

Output: A spanning tree T of G and its edge ranking r.

1. For each u E V, find shortest paths from u to every other vertex in G.

36

2. Considering shortest paths as distances, find a vertex x such that distance

from x to every other vertex is minimum among all the distances.

3. Obtain a spanning tree by using DFS starting from x.

4. Find the edge ranking r of the spanning tree by using [4] .

Complexity of Approx_MERST_SP: Let IVI= nand IEI= m, respectively.

As the undirected and unweighted version of the single source shortest paths

problem can be solved in O(m). The time complexity of Step 1 is O(mn). The

time complexity to obtain a spanning tree by DFS is O(m), and that to obtain

the minimum edge ranking of a tree is 0 (n). Thus, the time complexity of

Approx_MERST_SP is O(mn).

Theorem 4.1.1 For a series-parallel graph G = (V, E) with I VI = n, let T"fin

denote a minimum edge ranking spanning tree of G, and let TAp]ffoXdenote a

spanning tree of G computed by algorithm Approx_MERST_SP for the input graph

G. Then the approximation ratio of algorithm Approx_MERST_SP can be bounded

as

rank(TAppmxl
rank(TMin)

r<L'>T-l)lognl + 1
log.6.T<------

max{ 6.,logn}

Now we will define our ERT algorithm for ranking the spanning tree.
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4.2 Edge Ranking of a Tree by

Top-down Approach

37

All the existing exact algorithms for MERT [4][8][19] are based on the bottom-up

approach; choose an arbitrary vertex as a root (which is placed at the top) and

assign ranks from leaf edges to top edges in the resulting rooted tree. However, we

describe here a top-down edge ranking algorithm introduced by Makino et al. [6]'

which may not give exact minimum solution but is easy to analyze.

It starts from the single connected component T, and in each step, removes one

edge from a generated subtree of T to split it into two, until all the generated

subtrees become singletons. This process can be visualized by the partition tree as

illustrated in Fig. 4.1. We give the same rank to all the edges removed in the same

depth of the partition tree; the highest rank k's in depth 0, rank k - 1 in depth 1,

and so on, where k is the height of the partition tree.

Algorithm Edge_Ranking_oLTrees (ERT)

Input: A tree T = (V, Er).

Output: An edge ranking of T.

1. Start with the partition tree consisting only of T.

2. If there is a subtree T that has more than one vertex and is located in a leaf

position of the partition tree, choose an edge e in T according to the criterion to

be described later and remove it after giving it temporal ranking f'(e) = i, where i

is the depth of the chosen subtree in the current partition tree.

3. The two subtrees resulting from the removal of e become the children of T in

the partition tree. If there is no subtree satisfying the above condition, then go to
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Step 4; otherwise return to Step 3.
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4. Let h be the height of the resulting partition tree, and define the ranks of all

edges e by r(e) = h - f(e).

It is easy to see that this algorithm in fact gives an edge ranking. The main point

of this algorithm is how to determine an edge e to be removed from T in Step 3.

Our criterion selects an edge, which makes the resulting two subtrees most balanced

in the sense that the difference of their sizes is smallest. Formally, such an edge is

defined as follows.

Definition 4.1. For a tree T = (V, ET), a partition (V 1, V2) of V is called

connected if the induced subgraphs T[ VII and T[ V 2] are both connected (i.e.,

subtrees of T). A connected partition (V 1, V2) is called optimal if the difference of

their sizes I Vd-I V21 is minimum. An edge is called optimal if its removal produces

an optimal connected partition.

depth 0

depth 1

depth 2

depth 3

depth 4

depth 5

Figure 4.1: Partition tree constructed by top-down approach.
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Definition 4.2. Given a tree T = (V, ET), the weight w(v) of a vertex v E V is

the size of the subtree that has the maximum number of vertices among all subtrees

in T[ V\ {v}]' where T[ V\ { v }I denotes the subgraph of T induced by V\ { v }. The

centroid of a tree T is the set of all the vertices having the minimum weight. A

vertex in the centroid is called a centroid vertex.

7 5

7

7

9

Figure 4.2: Weights of vertices and centroid.

We show in Fig. 4.2 two example trees and weights of vertices. The centroid vertices

are indicated by doubled circles. Now take a vertex voE V of a tree T = (V, Er),

and consider that T is rooted at vo. Let us assume that Vo has b _ dcg( vol children

VI, V2,' ',Vb. If we remove Vo from T, then there remain b subtrees TI, T2, .. , Tb,

where each Tj is rooted at Vj . We index these Tj in the nonincreasing order of

their sizes ITjl (i.e., the number of vertices). This is illustrated in Fig. 4.3. By

definition, lTd ~ IT21~"'~ITbl, and hence w(vo) = ITII holds.

The following lemmas characterize a centroid vertex v.

Lemma 4.2.1 Let T = (V, Er) be a tree with n

vertex of T if and only if w(Va) :s:; n/2 holds.

I VI. Then Va IS a centroid

Proof. For a vertex Vo E V , let Tj (j = 1,2,", b) be defined as above. For the

only-if part, let us assume that w( vol = IT II > n/2 holds. In this case, we regard
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VI as the new root. Then we see that, the subtree {Vo} U T2 U T3 U... U Tb has

the size n - ITII( <n/2). Since the sizes of other subtrees of VI (contained in Td

are less than T I, we can conclude that Vo is not a centroid vertex.

Conversely, if w( vo)= IT d:( n/2, then w( vj)~ n - ITjI ~ n/2 holds for all

vertices vj in Tj, where j = 1, 2, ... ,b. Thus, Vo is a centroid vertex of T. 0

Lemma 4.2.2 Any tree T has either one centroid vertex Va or two centroid vertices

Va and VI that are adjacent to each other. In the latter case, w(vo) = W(VI) = n/2

holds.

Proof. We suppose that Vo is a centroid vertex of T, and let VI, V2, ... ,Vb, TI,

T2," ,Tb be defined as above. By Lemma 4.2.1, w(vo) = ITil :( n/2 holds. Here,

no V E UJ~2Tj is a centroid vertex, since its weight w( v) is at least IT 11+ 1 > w( vol.

Furthermore, no vET I\ { VI} is a centroid vertex, because its weight w( v) is also

greater than n - ITII~ n/2. Thus, there remain only the following two cases: Vo

is the only centroid vertex, or Vo and VI (which are adjacent) are centroid vertices.

If both Vo and VI are centroid vertices (i.e., w(vo) = W(VI)), by Lemma 4.2.1, we

have w(vo) = ITd:( n/2 and W(VI)~ n-ITd:( n/2. Then w(vo) = W(VI) implies

w(vo) = w(vd = n/2. 0

'0

n Tj To

Figure 4.3: A tree T rooted at a vertex vo.

We choose Vo and VI so that Vo is the centroid vertex if there is only one centroid

vertex (in this case, VI is the root of subtree Td, and Vo and VI are both centroid
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vertices if there are two centroid vertices. The following lemma immediately follows

from Lemmas 4.2.1 and 4.2.2.

Lemma 4.2.3 Any tree T has either one centroid vertex Va or two centroid vertices

Va and Vj that are adjacent to each other. In the latter case, w(va) = w(Vj) = n/2

holds.

So, we an choose the optimal edge (va, vd in the subtree under these considerations.

4.3 Analysis of Approximation Ratio

Now we will find the approximation ratio which is the measure of the goodness of

our proposed approximation solution in comparison with the optimal solution of the

problem. To calculate the approximation ratio we first find the lower bound of the

optimal edge-ranking number on minimum spanning tree of series-parallel graph.

lemma 4.3.1 and lemma 4.3.2 states the lower and upper bound of the approximate

edge ranking number used by our approximation algorithm.

Lemma 4.3.1 For any tree T = (V,ET),

mnk(T)2 max {t:.T, ,log nl},

where t:.T is the maximum vertex degree in T and n = IVI.
(2)

Proof: By definition, no two edges with the same rank can be adjacent. Thus, T

requires at least T different ranks.

Moreover, since a tree T has at most 2rank(T) vertices by Lemma 3.1.1, we have

2rank(T) > n, Le., rank ( T) ? log n. 0
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Lemma 4.3.2 Let T = (V, ET) be a tree with IVI = n. Then

rank( T) = ilogn 1 if /::;.T = 0,1,2

rank(T)';:::: f(L'.T-l)lognl + 1 if /::;. >- 3"'"' log6.r l T ;:;..-"
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(3)

(4)

Proof: We know, a tree T is a line when T = 0, 1, 2. Therefore, equality (3)

of Lemma 4.3.2 is clear since, as noted earlier, we have rank( T) = ilogn 1 in these

cases. To prove inequality (4), let T(d, h) denote a tree in which the maximum

degree is d and there exists a vertex Va such that the distances between Va and the

leave vertex is exactly h. Let dep(v) denote the depth of vertex v in T(d, h). For a

vertex V with dep( v) = k, let E( v) denote set of edges (v, w) such that dep( w) =

k+ 1. Let us consider the minimum edge ranking r of T(d, h) , which is computed

by the bottom-up procedure proposed in [4),

r(E(v)) = {r(e)J eE E(v)}

S. - 1'P I' b d d b dh_73 dhlllce n = 1 (d.h) IS oun e y, n = d-Z ~ d-Z

We have h >- ~ + log(d-Z) >- ~ _ Zloge
1 7 logd logd:;;--- logd logd

Where the second inequality follows from the inequality,

In(a+b) - Ina ~ b/a

for a,b > 0 with a= d -2 and b=2

logd - log( d-2) ~ (d':Z)

So log(d-Z) ,;:::: ~
, logd ~ (d-2)

For ranking of a tree T, we have,

rank(T(d,h») ~ (d -1)h + 2

(5)

(6)

(7)

- (d-l)logn 21- logd - og e

= r(d-l)lognl
I logd

+2

o
Consequently, the proof of Theorem 4.1.1 is completed.



Let T(3,4) denote a tree in which the maximum degree is d= 3 and there exists a

vertex Vo such that the maximum distance between Va = S\I) and leave vertex is

Figure 4.4: MERST of a series-parallel graph with T(3,4).
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s,

Now we will observe the tight examples of the approximation ratio.

Tight example of Observation 1. For a triple Sj = (Sjl, Sj2) E M

k(T ) >- r(d-l)Jognl - r(3-1)log(8)1 - 3ran (3,4) '" I Jogd - I log(3) _.
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exactly h = 4. From (4) we have For ranking of a tree T,

Tight example of Observation 2. For a triple Sj = (Sjl, Sj2, Sj3, Sj4) E M.

Figure 4.5: MERST of a series-parallel graph with T(4,5).
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Let T(4.5) denote a tree in which the maximum degree is d= 4 and there exists

a vertex til such that the maximum distance between Va = sP) and leave vertex is

Figure 4.6: MERST of a series-parallel graph with T(4,5)'

exactly h = 5. From (4) we have or ranking of a tree T,

rank(T ) >- r(d-I)lognl = r(4-1)IOg(32)1 = 5.
(4,5) '" logd log(4)

rank(T ) >- r(d-I)IOg"l = r(4-1)log(16)1 = 4.
(4,5) '" logd log(4)

Tight example of Observation 3. For a triple Sj = (Sjl, Sj2, Sj3, Sj4, Sj5, Sj6,

This is a special case when the number of elements in set Sand Ware not

Let T(4,1O) denote a tree in which the maximum degree is d= 4 and there exists a

vertex Va such that the maximum distance between Va = xf) and leave vertex is

exactly h = 10. From (4) we have or ranking of a tree T,

Tight example of Observation 4. For a triple Sj = (Sjl, Sj2, Sj3, Sj4,Sj5, Sj6) E

M.

available as required, but we can still rank it following our algorithm.
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Figure 4.7: MERST of a series-parallel graph with T(4,lO)'
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Let T(4,1O) denote a tree in which the maximum degree is d= 4 and there exists a

vertex Vo such that the maximum distance between Vo = 5~1) and leave vertex is

exactly h = 10. From (4) we have or ranking of a tree T,

rank( T ) >- r(d-l)lognl = r(4-1)IOg(24)1 = 5.
(4,5) "'" logd log(4)

Tight example of Observation 5. For a triple 5j

and for a triple 5j = (5j5, 5j6) E S\M.

"

Figure 4.8: MERST of a series-parallel graph with T (4,5)'
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Let T(4,1O)denote a tree in which the maximum degree is d= 4 and there exists a

vertex Vo such that the maximum distance between Vo = 8(1) and leave vertex is

exactly h = 10. From (4) we have or ranking of a tree T,

rank(T ) >- r(d-I)lognl = r(4-1)IOg(24)1= 5.(4,5) "" logd log(4)

This lemma implies that the upper bound in Lemma 4.2 is good for the family of

trees T(d, h).

4.4 Conclusion

o

In this chapter we present a polynomial time approximation algorithm for solving

the minimum edge-ranking spanning tree problem on series-parallel graphs. There

is still no polynomial-time algorithm available for solving minimum edge-ranking

spanning tree problem. But our proposed polynomial time algorithm can return a

near-optimal solution.

The approximation algorithm for general graph uses an algorithm due to Fi"lrer

and Raghavachari [14] to find a minimum degree spanning tree of the graph

which approximate the minimum degree spanning tree problem to within one of

optimal. Our algorithm uses an DFS algorithm to construct the spanning tree. The

approximation ratio of the algorithm is,

r (Il.r-l)lognl + 1
I logLlT

max{ 6.,logn}

So, our algorithm provides a closer to optimal solution.
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Conclusion

In this thesis, we dealt with the problem NP-Completeness proof of minimum

edge-ranking spanning tree problem on series-parallel graphs. We have constructed

instances of MERST for series-parallel graph from different instances of 3DM. That

means, we have proved the NP-Completeness of MERST by reducing its instances

into the instances of a known NP-Complete problem to our problem. We present

a polynomial-time approximation algorithm to find the minimum edge-ranking

spanning tree of series-parallel graphs with unbounded degrees. The algorithm

for DFS is used to construct spanning tree and a polynomial time approximation

algorithm for finding minimum edge-ranking spanning tree with an approximation

ratio of

r<L'>T-l)lognl + 1
logLlT

max{ ,0.,iogn}

where ,0.T is the maximum vertex degree in G and n is the number of vertices in G

is proposed here. The approximation algorithm runs in polynomial-time for series

parallel graphs with unbounded degrees. Although Kashem et al. presented an

approximation algorithm [18) for finding MERST of series-parallel graph but this is

47
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the first time that an algorithm using OFS is proposed for solving minimum edge-

ranking spanning tree problem on series-parallel graphs with unbounded degrees.

Our algorithm provides a closer to optimal solution.

In Chapter 1, we focus on the background history and related motivations on

this research field. We also define our problem and discuss our motivations behind

solving the problem. In Section 1.1, we discuss the historical background and results

on graph coloring and graph-ranking problem. Section 1.2 represents the some

applications of the minimum edge-ranking spanning tree problem. Section 1.3 deals

with the scope of this thesis. Section 1.4 we discuss the results obtained for solving

the problems of this thesis and compare our results with the previously achieved

ones.

In Chapter 2, we discuss the required definitions for solving the problem and

developing the properties. In this chapter we also mention different types of

characterization, which are needed in the way of evolution. In Section 2.1, we

start by giving the definitions of some basic terms of graph which are related

to and used through out this thesis. Section 2.2 defines a special type of graph,

series-parallel graph. It also introduces different properties of a series-parallel graph

and representation of series-parallel graph through the binary decomposition tree.

Section 2.3 presents the upper and lower bound of edge-ranking of trees. Section

2.4 discusses complexity classes of the algorithm. Finally in Section 2.5 we define

approximation algorithm and the approximation ratio.

In Chapter 3, we prove NP-Completeness of minimum edge-ranking spanning

tree problem on series-parallel graphs. In Section 3.1 we develop the idea of the graph

partitioning and k-edge ranking. In section 3.2 We have constructed instances of

MERST for series-parallel graph from different instances of 30M. That means, we
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have proved the NP-Completeness of MERST by reducing its instances into the

instances of a known NP-Complete problem to our problem. Finally, section 3.3

summarizes the chapter.

In Chapter 4, we present an approximation algorithm for solving the minimum

edge-ranking spanning tree problem on a series-parallel graph. The algorithm uses

an DFS to construct a spanning tree of the series-parallel graph, which it then ranked

using ERT algorithm in top-down approach. Section 4.1 presents the approximation

algorithm for finding the minimum degree spanning tree, and its complexity analysis.

In Section 4.2, we present the algorithm for edge-ranking of trees. In Section 4.3,

we calculate and analyze the approximation ratio.

The following problems related to the algorithm for solving the minimum edge-

ranking spanning tree problem of series-parallel graphs are still open.

1. Reduce the time complexity of the approximation algorithm for solving the

minimum edge-ranking spanning tree on general series-parallel graphs.

2. Develop a linear time approximation algorithm for solving the minimum

edge-ranking spanning tree problem on series-parallel graphs with better

approximation ratio.

3. Develop an approximation algorithm for solving the minimum edge-ranking

spanning tree problem on partial k-trees.
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