
Analytical Investigation of Steady Flow Around a Circular

Wellbore in an Elliptical Domain

•

Md. Rakibul Hashem Sarker

!\tASTER OF SCIEi\'CE IN PETROLEUM AI';J) MINERAL RESOURCES

ENGINEEIUNG

Department of Petroleum and Mineral Resources Engineering

BANGLADESH UNIVERSITY OF ENGINEERING AND TECHNOLOGY

June 2005
~

Ii 1111111111111I11111111111111U
11'100981#



Bangladesh University of Engineering and Technology

Faculty of Engiueering

Recommendation of Board of Examiners

TIle undernigoed eertil'y that they have read and recommcnd to the Department of

Petrolcum and Mineral Rewurccs Engineering for acceptance a thcsis entitled

"Analytical IllvestigalirJll rJ{ Steady Flaw Around (l Circu/uf WelfbQre in an

Elliptical Domai,," submilted by Md. Rakibul Hashem Sarker m partial fulfillment of

the requirements for the degree of MASTER OF SCIENCE IN PETROLEUM

AND MINERAL RICSOI!RCES E]\""GINEERING.

Chairman (Supervisor)

Member

Member

Member (External)

Date: June 22, 2005

~Y
Dr. Mohammad Tamim
Professor and Head
Departmcnt of Petroleum and Mineral
Rusourccs Engineering
IlllE"f
Dhaka, Bangladesh

j/lI. ~wl,wk1Z,1c~
Dr. Mohammed Mahbubur Rahman
Assi,tant Professor
Department of Petroleum and Mineral
Resollrccs Engineering
BUET
Dhaka, Ban ladesh

Dr. Mohammed a ,hubm Razzaqne
Assistant Professor
Department of Mechanical Enginccnng
BUET
Dhaka, Bangladesh

~\V1b
Dr. Mohammcd Ali Bhuiyan
Professor
Depanment of Water Resource Engineel'ing
BUET
Dhaka, Bangladesh

•



"
CANDIDATE'S DECLARAnON

! hereby declare that this thesis or any pUI1of it has no! been submitted elsewhere for

the award of any degree or diploma,

(Md. Rakibul Hashem Sarkcr)

,



This work is dedicated to

My Uncle

Md. Abdul Hakim Sarker

•(



ACKNOWLEDGEMENT

I like 10express my gmtefulncs> to the ~Imighty Allah for allowing me to complete this

work.

I like to expre,.' my ,incere :?rm;llIue!O Dr Mohammad Tamim. Pl'Ofe:;,or~nd !Iea(!.

l)ep~llmenl of Petroleum & Mlneml Resources Engineering, BUET. lor hi, valuable

.,uppon. encour~~ement, and supervision Ihl"Ollgholltthi,work. It woulu not be p""ible

to ~omplete Ihis work without h" proper gUidance,

I ,d", like 10 thallk Dr. Mollalllillcd Mahbubur RJhman for hi, advke .",d

cncollragemcnt during the "mk.

Ilike 10take 11mopportunity t" lh~nk ailihe office" and ,tall of PMRE department lor

\h~i, unJer>wl1uillg~Ild "'pp"n during my M Sc. program.

I .H11,ndebted Jnd gt'~tduIIO my lamdy members lor their whole hearted "'I'P"n ill my

diu"l, 10accotnpli,h till'; work,



ABSTRACT

Flow behavior thmugll a porous med,um depend, on fluid propetties as well as the

chara~teri,ti~, (}f the medium, In a homogeneou., and i~otropic porous m(:dium. now

around a wellb",e i, gener~lly radial llI' lincar. In -lOme~a.,e,. flow "round a wellbore

may ulso become elliptical in,te"d of rudial or linear, Many authors di.,cu,,,ed the

elliptical flow behavior a«uming a vertical fracture at the center of the reservoir,

Elliptical flow may also be observed around a circular weJlbore at the center of an

anisotropi~ re,ervo;r even if thcre is no vert;eal fracture. Elliptical flow situation around

a circular wellb",e al,o occurs dllring the producl;on pha'E of cyclic .<te~mstimulmlOn

(CSS) when a ,hear lOne of enh~nced permcl1bdLtyl,\ crealed around the wellbol'e

during the injection pha,e of thb process, No dlScussion is found in petroleum literatlll'e

on elliptical Ilow hehavior with circular wcllbore at the center. This study modified the

analytical Sollilions available in litera1llre to Investigate sleady flow "round a circular

wellbore in an elliptical d()m~in.

The new model i., u.'ed 10~nnlyzc the effect of eccentricity of the elliptical domain on

ilow Me, It w~s found thm radial flow model WIll produce as much as nine percent

errol' in flow calculatioil if it is used ill ellJptical,'yslem, Using "Continuous Succe,,,ion

of Steady St~te.\" (CSSS) method. the model 1,\al,o applied to e~timme tilc depth of

inveslJgation for a 'y,tem with elliptical flow domain, Tile depth of investig"tilm in

nldi~l "nO elliplical sy'tem, ~re alw compared in thi, study. The elliptical model wa,

linLlldIn accordance with the radial model Jt eccentricity equal to zero. The Jretl of

dminage WJ~Jl<o founo to be independent of the flow mte. pressure level and ,hape of
tilCeIlipt1cnidomain.
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CHAPTER 1

INTRODUCTION

Study of l1uid /low Ihrough pomu.' media h", a greal imporlance in Petroleum

Engineering. Withoul knowing (he chmaCleri,tic, of l1uid 1101'1lhrough a porous

medium. it i., impos,ible to design and optimize the producliun facililie, of petroleum

sub'fance, from a hydrocarbon re'trv"".

Flow through porou, media depends on lhe eharaCleristics of the media ,uch as

homogeneily, perllleability diqribu(Lorl,.,hape of the re\e<'voirouter boundary, ,hape of

the ilqulfer inner boundary. cxi'lcnc" or fracture.' etc, Generolly, in a homogeneou,<and

'''lImpic medium, when two-dimelhiollol nnw i, con,idercd. a radial Or linear now

WlWl<Orl., fourld, On the other hand, in the area 'urmunding n verti~nl fraClurc, in "n

anisotropic formation or in a reservoir with elliptiral outer boundary, flow will become

elliptical (Ku~uk and Brigham, 1(79). Similar 1101'1situation also oc~urs in Cyeli~

Ste,tm Slimulmion (CSS) when a verti~al fracture is cre~ted during injeclion period

creating an elliptical now dom,ti11(Tamim, 1995),

The cuncept; or radial and line,tr !lows were developed many year, ago in Huid

mechanics a.' well as in re,ervoir enl!ineenng, However, elliptical !low in lhe POroW.I

media i., a reiQl,vely new cunc~pl. The carlie't di,cu."ion Oilellipti~ul flow behavLor"

atlribuled 10 Mu,kat i~ 1937. Afler th~1 ma~y aUlhor, Ined to model their n"erv"ir

incorporating elliptical now,

In case 01 a reservoir having a vertiCJI fr~~1Ure(Fig 1.1) at the eemer of lhe re.,ervoir,

1101'1~long lhe fraclllre ~"i, will be higher than th"t of other di'-e~tlon-,due to tile ,ntlrllte

cOndtlCI,vily of (he fracture, Thi.' variation 01 tlu.d veloeily nlong the diflerenl

directions create, "n clliptic"1 drainage area around the fracture.
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Fi~ 1.1, l>IIJplica!Flow with Fraclure allh. Middle of lhe resen'olr

In petrolellm cnginccllng '1udy. lhere JrC ,evcl'~1 situation, where the flow 1'<around"

c"culol' IVcllbor. in "n ellil't;.:ul domain, How ill ~n"o[rop'c ,c,ervoir i, an ex~mplc of

such c~se. If the re,crvo;r i, homogeneous but ani"'lropic i,c, If (!Ired;",,"] perme~bil ily

" pre,enl then a circular wellbore will nO!produce dr"in~ge area in a circular fo,hiol1.

In lhi.' cu,e the cir~ul~1'draJrlage .reJwill be di,IOrled und un elliptical domain around

lhe wetlbure will be created. Fillid \'oloCI[Y "long Ihe direction of maximUIU

penneQbiiily (f.uy k",,,,) hecome,; the highe.'1 llnd lh~l along the [Dwes! perme~bili(y (.,ay

k"",,) bewme, the lowes!. A, a re,uil. fluid wi]1 be drained to a hJgher distance along tbe

dLrectlOn of k",", than the direction "f k"'i'" EvenlUaily. it wili create an elliptical drainage

JIX'a around the wellbore (FLg 1.2). It i, pl1"ibic lo determine the direction' of

maximum unci minimum perme,loillty "f tile allisotropit: rc~crvoir, The techniques of

measuring ani,,>tropy aiX'""tibbie in muny rdcrent:e, (Arnold el al.. 1962, Heod etal,.

1993, Wanneli el "I" 199\ Iver"on und Aid~ri, 1996).

----.,-
High" flow "te

along " •••
AnISotropIC

poro., medium

Fig 1.1: Elliplicol Flow in An;",tr"pic Medi. (withuut Vertk.1 ~hcture)

•
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During the product;(ln ph.l_'e or CSS proce". the fracture, which were creoted ut the

injection ph,,'c can be d",ed Thc,e do'cd fractures create" ""beer wne" around the

wcllbore into the re'er",,;r. Thi\ sheer ZOnecxhibih Jire~ti"n~lpermeability and creates

elliptical now aruund the weilhOl'e,

In thi, 'Iudy, the ,lead y ,wte flow ~qua(i()Llfor a ,e,ervoi,. with incomprcsslblc 11uld and

ellipticol flow boundary L, considered. The cir,ulal wellbore is considered at the center

of the reservoir. The deplh of in,'c'lig"liull is ai,,, determined from the model ~nd j,

comr~red with olher model, in literature,

1.1 Statement of the Prohlrm

R"Jiul :111<.1lille~,- now sitll<ltioll, are "b,crvct! very commonly in re,ervoir engineering.

Elliptical flow _,iIU~lioll. nn the other h,,,,•..I,doc, not ",:ellr '" frequently as radial or

line~r tlows. In ~~,C of ,I n"crvoir having verti(,1 frJ~lUre, ~nisotropy or elliplical

<!lared oUier houndory, eillplieal flow i, /()und in the reservoir around the well bore,

Analytical flow equ~tlons I()r an cllipti~"1 now domain Wilh venJe~1 fractures ~re

~v~iI~ble in pelroleum I,icraturc (Mmk;II, IY37: Coats eI ai" 1959: Prah, 19li I; Pral, N

al .. 1962: Kucuk ~nd Bl'Lgharn, 1979, Obut ~nd Enekin, 191(7), In absence of ver[jc~1

fracture, the an',(llropi( formation producc, elliplLcal flow d(lm~in around a circular

wellbore, In Cyclic Steam Stimulatlon (CSS) proces.<, the production period also

Cllcounwrs ell ipti(~l tlmv ,itulll ion around a ci r~LLlarweilhme upon the cl'emion of shear

zone of en!l~nced perm~"bility due 10 the injecTi<lIl01 liigh-pr<:,"Ulc ,le~m during tile

illj~"tion period (Setl,.,.i ,,"d R'L1,k~k, IY~t), No referen~e i, found il\ petroleum

literature discus_,ing Ilow llround a c;lcular welllmre in an elliplical domain in ab,ence

of ~ venic~1 fr;lClUre,

The olljedive of thi" >ludy I' to adopl lhe 'k~dy '[;lIe waler flnw equation ,,1' vall d~r

Ploeg el 1'1. (1971) modeling the Ilow ~roLLnd~ cil'culnr wellbore al the (enter of the

elliptical domain lhat will be nppropriate in Reserv(lir Engineering application. The

effect of the shape and ,ize of tbe eltiptlcnl domain On flow rales will also he

illve.'ligaled, rhe new Illm]el w.ll k applied 1"01' detcrmining 'the depth of Inve'tigutinn'

in an elliptical duma,,!.
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1.2 Solution Method"I,,!:y

In developing the steJdy now CYUlll;O]] ill ell;p(IC~1domain wilh circular wellborc allhe

center. steady Slme well !low theory for a "o"filled elliptical aquifer developed by van

der Ploeg el al., (j 971) wu., used

The following i'eJlure, highl ighlcd the methodology (h~t 11", been ,,,"<I for thi, SlUdy:

1) Modification oregU~I,,,n ofv,," der Ploeg d "I. (1971) whi~h i, related 10w~lcr

flow In porous media, and U'C II in re,ervo;r engineering s~enari".

2) Compuri'on (>1the ,.e,,,II, wilh r"diai modell" check the ""Iidity using ,arne ,el

of dUlu.

3) Derivation of the equat;()n for 'depth of investigation' using the method of

"Ccln(inuous Sllcce"ion "I' Steady Stutes" (eSSS).

4) Valicia!;on of the I'l"ol'","d "4Uali()n by c"mp~1'Ing rc," It, with lhe radial m(lde1.

5) Determination 01" d~plh of III""'ligation fnr eiliptic"al domuin for different

eccenlriClllCS.

1.3 Organization of Ihe Thcsis

Thi, silidy int~nJ, to ",t~hli,h" n~w uppro,,,:h 10 lllldcNand the elliplicul 110w thwugh

porom medlu with ~ ~iTCLLI"rwellhore al (he center of the now domain,

The litem'LL'''' review i, p,-e,ented in Ch"ple, 2. The whole review i, presellled under

two sections - 'elliptical now' 'eetinn and 'radius of dr~inage' ,ection.

In Chapter 3, developmeJlI nr 110we4u~tion and ll, analy.,is are discussed, The analysis

i; done on lhe ba,i, ofeccentl'idly oj Ihe elliptical domain. The dilTerence in radial and

elliptic"lllnw model i, "],0 di,cu"ed in the an"ly"i"

Chapter 4 conta; ns di"""i mt' 01""ppl Lcallon (lj' Iiii" new approach In determining depth

of inve'tlgation in elliptical domaLn. The e~p,e"ion of radiUS 01"drainage h", been

derived by the melhod of "Conlinuou, SlIcer,llion or Steady Swtes".
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Ch~plcr 5 pre"enl, general discll"inm, conciu,iom, recommend~(LOnS etc. from this

'luciy.

The {Im'i !abb for tlli, 'ludy ~"C pre'COliect in Appendix A AppendiX B prc,cnb the

deL"ivJtion of flow equation by Van der Ploeg, Kirkh~m and Boml (1971). Computer

programs for generating of data frum the propo,ed equation, wrltlcn in Turbo C++.

version 3.0 arc presented in AppendiX C and Appendix D.



CHAPTER 2

LITERATURE REVIEW

A Inl of wor~ is found In the liter~l1lr~un eillpti~alllo" ~nd radius of investigalion, The

works are reviewed here in ihe i'oliowingtwo ,e~lIon',

2.1 Elliplical Flow

Ellipll~al 11')\\0 in porous Illcd," " well e't~bli_,hed in pClrolcum litermure, A <eries of

amhon; considered elliptieuillow in their re"en,Olr modeling, hut it is mm;(lydi,\cu,,,ed
11\modeling of Ihe venical r-raClureor the reservoir,

MLL,kal(1937) fir.<tpre,cJlted an anJlytical solutIOn for the ,teady-stJte flow from a

finilc line "'urce in <Ininlinitc re,elv"ir. The all1horcon."dered <Ican~1or river as a line

SoulCcand the tl1eOI)'0t wnjugalc i'uncrion, In dcl'lYCthc model. II WJSshown lh~l

cqu Ipre.<ourecurve, are "onloe'al ell'p,e, ~nd 'treallll'lles ~rc con focal hyperb<Jla'.

Coat> <'11Ji. (l959) con,idered '''''leady.,tatc liquid flow lhrough pom", media having

elliptic"1 boundaries, Their flow model "'LSha,ed Oiltwo confocal ellipse", called inner

and outer b(lund~ries. Thcy ,taned with ditlu~Lvilyequation governillg unstcady-,late

liquid flow through P0[(lU' mcdia, They also as_,umed uniform p'lrU,ily and

permeability throughout the 110wmodel. They trdnsformed lhe Cane,ian coordinale

sy<tem tu elliptic~1 C()(lI'd"laIC'y'lem in tileir 'olulion. The final form of the flow

cqualion "I'" ,olvcd numcl'I~L1IIl'and compared with olher now models, They eompared

their elliptical model wilillaulLlI model on Ihe h~,i, of equal arca ~n~ompas'ed by the

exteri(>rellipi>etlnd Ih~CXlCnorcin;le and equal area, induded within lhe Lntcnorellipse

and the interior circle. Tiley ,howed that the w~ter influx calculation w~s about 7% In

el'l'Ol'whell an ellipli,ai boundLiryw," al'proxinl~led by ~n equal area circle for sl10rl

dimen,iunk,.' lime_



Pral, (1961) con"idered verlieal fraclure "t tile center of a cylindrical re'ervoir. j-[i~

incompressible !luid model ,hawed elliplLC"1pre"ure distribution ncar the wellbore,

Hi, Inodel characterize, the eHect or verlLc,,1fractme by defining a parameter which is

the ratio of the flow ubilitie, of the t{mn~tIOriund the fracture, He showed lhat lhe 110w

around lhe fraclure becomcs circu lar from ellLpticalas the parameter approaches J ntinity

f""11 zero. Prab, likc othe,- "uthor<. "b" u,'cd thc lnll"fml1l~tion of axes io elliptical

coOt'dmate 10 .\DIvehi, model. Pmb. Hazcbmek and Stl ickier (I %2) aLIa ,ludi~d with

compres,ible fluid, ~nd found thm ihe effect of f'-~ctures on compressible fluid could

alw be tgnorcd,

Arnold "nd Gonl~1e7 ([962) prc"'1llcd a g'-~phic,11method of e,ll1mating re,ervo'r

Jlmotropy from prod"~tioll data. llielr ,tudy wa, b",ed 011the lran,ient pre",ure

distribulion In ~ porou, and perrT\cabl~medium, The 'netbod eomidcred elliptical

i,'opotential iLne,;for anisotropic l'e~ervoirs, They "howed lhat lhe ralio of major und

minor axes is related to the maximum and mimmlLmpermeability ratio.

A clo,ed-form Solulion lor 'lLlu'-atednnw into a fully penelraling well in e[iipticnll1()w

geometl'Ywas prop,,"cd by v~()d~r Ploeg, Kirkham and Boa,t (1~71). Their work wa,

related to water now in a confined elliptical aquifer, A free surface WJ~Qssumedat lhe

w~l~r he~d. SteodY-llate now cquUlinmwere de\'e1oped for variolLswell locations u,ing

g,-,,"'ty 110w,Thcy 'I,uteu with L,II'I"ce'~ cquali@in polar coordin~te and solve Ltu,ing

the Gl'am.Schimdt melil"d J' moddied bl' P"we,-" ,'I al. (1~67).Result> urld 110wnel,
were pre,enled for ,eve,al c~,~,.

Kucuk and Brigham (1979) worked on the tran.,ienl now model in elliptical sy,lems,

They u'eu t",)-dil1len~IOtlaldilTll,ivity eqlLationand transform the equation 10elliptical

cool'dinate" Their model i~ ~pplKablc to inlinite conductivity venical fraclured well"

elliplically .,h~ped re'et'""ir" and ani'01l'Opic're'ervoirs producing at a "O"'tant "ate or

prc"ure, They genermed type curve, for both conSlant rale ~nd pre«ure, In thcir

following work (I 9S I), thcy applied the elliptic flow soilition to water inllux problem~

in clliplic~1 and armolrol'ic ~quirct, They prc,clltcd ""lutioLl< 1'01'the dimensionlcs,

clLmul"live w"ter intlux lmu innlLX,-"Ie '" a function of lhe uime",ionless lime Ln

tabular and gL'~phicalf()frn~,

•



Hale and Ever, (19HI) developed dliplic"l now equali(}n for vertlc~lly frae1lLredgas

well; in low permeubllity or light re,ervoir, The equation wa, developed for o,e Wilh

,hOrl-lerm !low tC,h m eilher ~()nqanl r"te 0" constanl pre"ure tesl condili(}",. Their

generalized elliptical equation combine' linear pmperlie, 01 early time behavior wilh

the radial properlie, of hue lime 11(", in a ",ngle equUlion They used the wnfOl'mal

mapping technique 10 ,olve the pl\lblem for ,teady ,wte elliptical flow regime and

modified lhe Solulion f()] ull'leady ,tate problem, by defining rQdius of inve'ligation

which "hange' 0' a function of diInen,ionle." time

A wmpo,ile 'ystem "1 ~llipti"al nnw geometry i, cnn"dered by Obut and Ertekin

(1984), Their ,tudy wa, b",ed on tnmsielll dma on inje~tion well having intinilc

eonduclivity vertical fraeture. They idcalized the swept volume a, an elliptical region

willl focit located ,Hlhe lip,1of lhe fra~turc wLng' A"uming cqual pre>sure and !lux al

tile Lntcrl'acethey gave ,olulion, for bmh nJll'lant pre"urc arrd ~on,Wnl ratc al lhe

wellbore li.,ing thc tc~hnLl]ue "j ,epaml1on of V"rillble,. Their solution is a gllod

approxImalion uf lhe wl!cd probkm,

While 'llidying tlic effect of tl1e,.,noclmti" ,tre'.le.1 on injcclio~ well tr~c(uring, Perkin<

and (jon7alc' (19~,';Jfound elllllll",,1nooded zonc around Lhefr,)~1Ul'e,They ,tated th~t

along Ihe growth of tilc Ir'lclule. tl1~Il"w .'y,tem evolv~d from an e'~enlially c',rcubr

gellmClry in plan vicw to olle ch,tractcrLted more ncarly a.1ellipticnl. Thclr ,ludy wa,

related 10ehangc 01 'Ire." duc 10tilc lelupel'ature dLiTerenceof lhe injecled fluid and thc

re,ervoir fluid Thcy derived an eXllrc"ion to tind the major and minor a"e, of the
cllip,c.

Okoyc el (i/, (J \lHl!)P'"C,clllcdall anJIytlC'ld,,,Iutioll to un'!c"dy WLteand p.leudu.,teady

.,tate flow in nalurally fra~lllrcd rc,em,i" Withelliptical boundanes. They "wned lrum

dln-u"i"ity eqli~tion nnd applied l..lplllCeTflLIlSr{"mallOn10dcvelop their modcl. Finally

tlley inverted the L;lpl.lee-'pace ,,,Iution u>tllgJllImerical Lnpbee inver,ion nlgorilhm to

calculale tile dimcrr.,ionlc',' prc."ure ""d limc value,.

Several aulhol" (Dlet,.,~h (1<)~6),Arthur el ,,/ (1991), Tamim el "I. (199,';))C(}midel'ed

elliptical Ilow gcomelry in CyclLc Stcam Stimulation (CSS) proee" of enhanced oil

rc,<"-cry. Dictl icll (19~6) col"idereu C~S model of tar .Ian(l.,with hydl'3ulieally induced

fmclure. He a'lumcd an elliplt~al ILc'atingpattern tl, hot injection t1ULdmoved off a



vellicoi fr~ct\lrc t~cc. He rllLL~dthor the m~jor ~nd minor ~xes llf the heated ellipsoid

which i, produced llul llf ,Ie~m Injection proce" hud greut impOllance In the choice of

we II 'pacing ~nd the Iime of ;nrel.•wcll he"t ~lll11mllllic"t iOI1

Arthur eI al. (1991) in their an~lytiL,,1 ,""del for C$S abo ~on.,idered ellipli~ut rlllW

geometl)'. They assumed thut the length of the fracture obrained dunng the steam

inJcctlOn for a parti~LLlarcycle does not change at the end of the production period for

tlla( (yde. They d,v,ded rhe enri,-e e1lipli(al now geometry produ(ed from the fract\lre

during rhe ,team injection into a hm and warm mne 10 ev,lllllllC the perl"ormance of C55

for the purpose of opti rllLzatillll und pm~e,.' control "I' eO!J\m~rcjal operation<.

Tamim and Famuq Ali {l995) pr~,ented an"ther analytical C55 mlldel including

fot'nl,llinn partillg. Thei,- moJeI w:" h'I,,~d orl a I'raclurc hE~ling ~omputation coupled

with tluid 110w.They ;t1,0 ",lIl,;der~d dlLplic~1 now geometry in their C55 llloJel.

2.2 Radius of Drainage

R~diu' of drainage IS the d"lall~e lilat a pressure tran\;ent has moved imo a form~tlOn

following a rate ~hallge Ln a well. Radiu.' "I dl""in'lgc " ch"racteri?ed hy (he IWO

~I"itena. One is prC"\ll~ ~h,lIlg~ arid Ihe "Ihe,- ;s now I'ate. Many author, comidered

these tWll criteria '" a b~,,, in defining thE r~diu, ot druinuge.

Tck 1'/ al. (19.';7) developed a m"rhem"tical formulmion of the radius of drainage based

on a developed li~ld whCL'~g'" Pl'lldll~lj(Jn appl'Om,heJ ,teady sw!c condition. They

dclineJ the radius of draill~gc '" the '-,I<Iill,,II whl~h Ihe now mte i, one pel' cent of that

al (he wellbore al any ;n't.Hl\.

llt"'t ,,/ al. (1961) comp~red the KelVin ,,,luI;on (line soul'ce appro,,;mation), which

Jpplic, In an ItdJllllC '-C,CIYO;I,10 IhJ' iOI a boullJcd re,ervoir. and found that inil;ally

thc IWll ,olulion, were c.'>cnllHily idemi",,1 They ~orrclatcd the rime li[1 wh,,11 rhls

mUlch continue, Jnd iml"oduc~d a correlation for rad;u, of drainage.

van P""ien (]964) presemed mdiu, of drainage equation by combining the solution of

diffu,'ivily eqLLaLi,,~I'or bllill !Illite alld ",Iillite aeting re'el"voir. He ba,ed hi, der;vUlinn

on the Y- fun,tion (pre",,,, deri"'lIiw) 01 Jon~s (1%2).
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!.<hteiwy and van Poole" (j 969) derived radim. of dminuge equation for pressure

buildup anulysis tor II ,Ingle well. They con,idered two boundary conditions. The fim

b(lUndary conditioLl <:",,,iJ",.~d " ,ingle well Ilc", "11 eXlen.,jve linear ban-ier in an

,,(herwi,e homogcllcom and intililic ""ervo;], In the sec'ond ca,e, a single well i,

"",umed nC~ra linear and c~lcn,i\'e pre,"ure 'ouree in all otherwise homogeneou, and

inllnite re,ervoir.

K"I'''''V ,md Hejr; (j,)H-I) I"cd Ihe 1ll"!c,;,,1 bJI,lm;c condition 1<>determine well

drainage raJiLL.'_Their ",dim of Jr.lllhlgc w", h",eci on u well al COmlanl bottom-hole

pre"ure in :In inl'ini!e aCTing rc,~rv()ir They found the relationship belween

Jimen"on Ie" dral mLge radiu' ulld di men,;,,]]ie" Iime,

John,on (19~~) del'ined Ltd'l" "f thaill"gc a, th~ radius enclmed u volume in the

re,ervoi, lhal a~wunh lor" 'pecilied t'ICILllLl(c') of lh~ ~umulativc production. He

cnn,idered constant produclioll rate ~nd con,laLlt formmion volume factor with lhc linc-

sou'~e ,()lution of difiusivily equation. He used volumetric mmerial balance by

assu ming constant wmpre.,sibil ily and p",,,,ily of u homogeneous reservoir,

Liuo and Lec (1994) del~'ll1illed tlc'pill of illv~'lig~ti()n tor dliplic~1 flow problcm.1 fur

hydruulicatly fra,lUrcJ w,II,. Th~y ",slIrLlt:d ~n ellipti(~1 shaped wellbore formed duc to

fructure m thc (enie, of Ihe rc'crH,iL 'I hey al.<o med their model to elliptically

compo,i le re,erv"i!", They mod tile method nr "c()nlinu()u~ succc"ion of 'leady swtes"

in IheiJ den vulioll 01'dcplh "I "" '-"1<1'''li,," f, om 'Icnd y-'tllic now equat;on.



CHAPTER 3

RESERVOIR MODELING

The !low theory of van der Plueg, Ki,-khomnnd B(}a,l (1971) used in Ihi; study was

relaled l(}WJler !low "1 a confilled etllpti"~lu'luifer. They developed a elo'ed-formed

solution for 'te~dy s,lIuraled Llow into a fully penelr~ling well ln elliplic~1 now

geomelry. A free surtnee wa, ""umed at thc water heJd. Steady-stale solulion" were

developed I'm v~riou, well locul;om ll,ing grnvily now. Re.,ull" and tlow nelS were

I',c,ellled for ,evcral ca,e,. rig 3.1" Ihe geome,,-k repre,enlalion of their model. The

tLJHlleJ, redrawn ,hOWlllg lhe well "I Ihe <:~nlel",Thcy ~omidered diff~rcnt well

IOem,un" ('or their .,lUdy, The cS.,ell"e "I' thcII"~pp","~h wa, to derive ()rlhon()rm~1

functio]], for the problem millg Ihe method, or Power" ~l "I. (1967), Although "un der

Ploeg el ,d. pre,ented ,oILLti"n,for differcnt well loc~tions. only the solution for a well

~lthc center i, eonmle,-cd in lili, ,wely.

3.1 ~lowEqll~tion

h i, importanl to de"gn an ~ccur~le model to extract any me~nin!;ful re,~h from its

~n"ly,i,. for tile e,l'" of calelll,llIo'l It i, "I", crilieal t" muke the upPl'Opri~tc

~"umption~. III the pre.,enl wurk, " re,ervoir with elliptical druin~ge ~yslem "

comidered, Tile fQllowillg """ml'tioll,' arc tu he nm,idered in thc devel()pm~nt of Ille
model-

I. Flow j, elhptic~l into u LOmm(\n,,,urce or,ink

2. Re,crvoir h", d L()Ihl:lllltl"~~'le'.'

3. Reservoir i~cOIl'ldel"cdhOlllogcneou, in ~lt ruck propenie,

4. FOllll~I'()n" Clllllpklcly 'Jlumted wiIh .<inglelllLLd

5. Fluid ,~turJtion ISCOn,l"nl

6. Steady-.,t~te, single ph~,e now



i. OJmpre"ibility ot the 'Y'lcm i, ",,]];tant and 'mnll

H, Vi"co.<ity oj the Iluid i, con,t"nt IhE'Ough()Ullhereservoir

9. Well i, completed lltlO" (he emirI' form~[lori thLckne"

WELL

- -- - - REF. l.EVEL

_ C<_

--
IMPERMEABLE LAYER

'" ,

•

'"'
Fig .1.1:t:e'''''tiric Rel','"entaliclU "I vun ,kr l'i",,~ el "1. Model

(i\) C"",-'eeli,,,,al View, (III l'lun View

The now cqumi,m from ~ dl'tular wellhore of 'In elliptical dratnage houndary ~,

developed hy "<IlldCI Ploeg ,'I "I. (Appendix B) i" given by-

2trKhA" ;,Li~,j

"In-.,
3.'
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wllere.

K is the hydraulj~ conch".l; viI}' or lhe ,e,en'o;l',

u i, (he mujor axe, "f lhe reser",,;r,

r" is the wellbore radius ~l1d

A,va is J dimensionless "oefiiciellt that depend, on (he geometry of the reservoir

(eccentricity) "nu the locat;on Dr (he well. A dctatlcd dc,criplion of the development

and ,,,Iut;on rr(\c~d\lrc "lIlli, cqll"lion i, given in Appendi~ A.

The hydraLLli~ WlldUCliv;{y K u:;cd '" gl()UIlUv,uler rlow i, related lQ pe,-meubility,

<!ensil}' and "i,c'o,ity u<cd in petroleum cngHlcering. Hydraulic conductivity c~n be

w,illen as-

where,

k j, (he ,-e,ervoir pcrmcabi Iil)'.

P" lh~fluid demit)'.

g i, the ~c<:elel'ali()n (]lICio g,-avity "nt!

!1 is the fluid vi"'''''ly.

Therefore.

t..ij = :1(" + p,d
PI'.

3,2

3.3

3.4

,
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So, Eqn 3, 1 become.'-

'I'"
2IlkiJA."ii.(p + pg:)

",l)ln-

'"
3.5

For horizontal now.de Lo zero ,melhenc'e Eqn 3 ..' bc,-ome,-

211J:I1AN"D,pIi = - ..... J6

",I) In--

""
Ignoring the rnHlU, ,ign '111<1rC'IITangL[\gthe Eqn 3.5, a dimen,innies; 110w equation

may be found to be-

3.7

3.1.1 Pfrmeability

III ~.qn 3.5. (ile permeahility IeI'm J.. UPP""" in the numerator, hu" different value.' for

,wl"'pi, und ~nisotmpic re'tf\'OII'S. For ""Iropi<: Icscrvou' 11i, ,imply k, an average

permeabJlily of the '-e'er"", •.. Typically. th., permeability j, determined either from

core-analy,i.' dalu '" from well te,ling. On the (uher hund, in anisotropic rc,ervoir the

average permeability value ba" 10de~l wnh at le~'l two dJrection"1 permeabLiL!JC'<, k"""

and k""". Kuchu~ and Brlgh:11Il (In'!) reponed average permeJbllLty for aniwtropic

porou, media as-

3.&

.'..J.2 Axes of the elliplie~1d"'"'lin

of I'c~crvoir.



3,1.2,1 t:II'pllcQI re,len",ir

For ell1l'lIcal L<nt,.op'~r'C,~,.,,,,i,.m'lI"'- "xi, '0' and minor axis 'IJ' will he n.' good a' the

geomet'-Icaxe, "I' lhe re,e,.vni,.,

3. 1.2 2 Ani,"OIrrJl'i<' re ICTmir

For anisotrop'c re,ervoir [he perme"bility will be considered accordlllg 10Eqn 3.8, The

1ll,lj", and minol' axes of the clliptical drainage 'y.'lem formed due to ani'<OtfoPYof the

re'el'voir are related to thc dirccti'''lal permeabil'ly or Lhe re.,ervoir, Arnold and

Gonc~lel (1962) expre."ed the Jel"Lioml1ip of major ~Ild minor ~KeS with

permeabililie,. They ,howed IhJtthc ratio of major ,md min", axe, be~ome,-

,,/1, '= Ik 1<
, \ "'," '"'"

3.2 Ch~ructcrbtk."!lFA,"(J

In r"dial system the !low equ~li(ll) I' given by-

3.9

3,10

The Ilnw equalion in elliptical d"linage sy,tcm (Eqn 3.5) is vcry \imilar lOradiul.\ystem

(~.:qllJ,IO). The only d,flercncc bdwccn tl1e'e tWOequations is the presence of an

add,t,urlallCrm 11,,{)in the e1lipti~alnllC,;\[,0 tile oulcr boundary radim rc i, repl"ced by

lhe m,~or axi, " of ell iptical dnm" in Dcvelopmcnt or '~l]ucnlial formulas for elliplical

egll(lilOIlby Powc", <"I "I. (Appendix B) re,'eal, lilnt tbe coeff,cient ANO depends on

,,)8) only, The lerm lIJe) i, gi,en hy-

3.11

v"lu", of wellhme rJdi,,,, m,IJ"" '1<)(1minur a~cs uf the elliplic domain but on their
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ralio,. So the coellicicn! Inell, ptic cqualion AN(J j, n dimensionless quantity and depends

On the ,hape "f the elilrli~ domain with re'pec! to the wellbore radilLs. In other word.',

A,va i, a geometnc ta~lOr of the re.,ervoi,-.The s\lffix N of the constant ANO tends to

infinity but the vnlue of A,,, cunverge, to" number with only few values of N. Fig 3.2

depict, the cOIl"~rgcllc~ of II,,"" Flg 3.2 i, plotted for mOJor ~xcs" lOa, minor axe, =50

and radills of wcllbofe = I un;l The IIg1ll'e shows lhat only at N = 5 the vulue of A,w

converges. Table A. J and Table A. 2 are con<;lructedto realize how ANa varie.\ with

different 'els of m~jor a~es. minor axe, and wellbore radius ratios. The data are plotled

in Fig 3.3. The figure indicates [h~1A,vi! increu"e, with eccentricity but decreases when

the I'Jtio of majm ax", Hilt!v.cllhorc ,-"dit" inuc<I,c:;,

The volues of ccccm,-i~ilic, I'or an ellLrt;col domain vary from zero to unity. The

eccentricl1y values, whi~h are close 10 zero, indicate the circular ,hape or closely

circular ,hape Gf the domain. The v~lucs or Am in the,e cases Jre unity or clo,e to unity,

Su the constant AMi " a ~ind 01' dn'i,llion factor which correspunds 10 the effect of

cccentricity or the de"i,llion or thc d",n,un from the circle. Whcn the wellbore

dimension tS small comrared to other d,mcl\sLonS ,uch as major or minor axes of the

ellipticJI domain, the varialio~ of A,wi value, becomes small as the eccentricity

Jncrea,es,
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3.3 CGmparisoo Gfthc flow cquations

In (his section the elliplic,,1 rI"w equati"n i, comp~red with the radial tlow equation.

The wmpari",n is _,h""," Lnt~blll"r form as well a, gmphicall y. To compare radial flow

equation and elliplical now equation. primarily a circular re,ervoir i., coo,idered.

Keeping the nre~ or Ihc rc,,,.,,i,- "'"'t"m, equivalent elliptical domains arCconstruc(ed

(Fig 3.4) for differenl eccel1llli;;ly 10 'Ippl)' thc dliplical equation. The radius of (he

wellbore i, kepi con,lant fur both Ihe _'y,tem,.

-600

Fig3.4:Cir"ular••ndEquh••l,nl ElliplicalRo,.,'Vnir,(cQu.1an~)

10Table A. 3 dimenslOnle'~ Ilow mle, are ,hown where nxes of the elliptical dom"in

Qrecxprc",ed by the ralio of r",.

From the Fig 3,5 it is dcar (h"t at eccentricity below O,'i, tile dimensionless flo\\' rates in

both r~dial and elliptical dminage 'ystems do not vnry significantly, With the increase in

eccentricity, a.< Ihe value of ANI' increases, the dimensionless flow rate in elliplical

drainage system also Incrc~sc,. It c"n be noted that (he value of QOI<!I.p"''''1 does no!
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dWflgCup to three dec'im~1pklCC' ",h~rI ell'enlr;c;t)' change.' from zero to around 0,5.

For an eccentricity ,."Iwe "bove O,~,<!C,i"lion of Q""cl1il"iw/) becomes significant.

Percentage of elTN ~Ild corrcsp0rldHlg 10e~centricily of the elliptlcai drainage area is

,hown in Fig 3.6. An eccentTlcily abo\'e 0.9 may pmduce as l1igh as nine.percent error

in fI"w calculation. A "mll"r error in now calculation was reported by Coms el QI.

( 1959),
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CHAPTER 4

DERIVATION OF "DEPTH OF INVESTIGATION"

In (hiSsection, an eyuati<mof deplh or inve-'lig"lion for elliptical flow systems, such a,

for ~nlso(ropic homogeneou, reservolr is going to be developed. Depth of investigation

i, a vcry important p''''\lneter as i( i, u,cd in well te,l de,ign ilnd analysis. The depth of

inve'tigation for e1l<pllc,,1now 'y,'om, can be lI'cd in <Iway similar to radius of

invesligation for radiaillow problem,.

4.1 Depth of Investigation

For I'adiaillow problem;, the CQn~ept01 "'",dill" of im'e,tigolion" has been eSlablished

and widcly lIsed in well te,t deSign and analy,i" \\,'hen a change in prOdu~lionrate of a

well in a resel'voil' takes place, it can be considered as a di,turbnnce or a pulse and it

will propagate Ihroughout the reserVOirto be adjusted with time. The dislance over

whkh Ihe pre.'Sllre Ir<llNenl 11,1,Inoved in(o ~ formalio" following a rate change in a

well can be defined H Ihe md,us of "'''~'Iigation,

For mdiaillow systems. Ihe d,-'l",b"m:e prop~gale' radially and the investigated orea i,

circular, A circle should ilave a mdiu, and ${l the term "radius of Inve_'tigalion" is

'uit"blc ror radial ,'y,t""" III~",c of linear or elliptical flow problems. the ,cenario i,

different, For Iincar now C"'C, invewg,l1cd arc:! I.' rcctangular and for elliptic~1c~\e, It

i, ellipticul. So the lerm "radius of inve,tig~lion" is nOl.\lIilable for Ihe laUer systems. It

is betler 10 lise lhe term "depth or invcIligalion" imtead of "radills of investigation" for

lhese cases,

If Ihe pre,sure lI'anSlenl of a re,ervoi, can he expre,scd as a functiorr of distance from

lile well. r and lime, I, i e,



1'=1'(1',1)

the depth of investigalLon ut llme I can be defined implicitly by Eqn 4.Gb",-

a-1'(0)=0a,

24

4JJa

4.0b

0-

1 P(r,t)

Fig 4.1; nepth oflnvesligalion

--p ,

4.2 Derivation of Depth of llwcstlgation

The method of "Continuo", Succe%ion of Steady Slale" (CSSS)" is used to derive lhe

depth of investigation for elliptical flow SY\lem ll,ing _'leady slate Ilow equalion around

a ci,-culilf wellborc Lnan ellipti"al domain,

The concept "I' CSSS was lirst introduced by Mu,kat (1~37).Tl\ll method considers a

transient unsteady-slate flow as COnilnuClu, succession of steady Slale flow pallern. Ea,h

steady ,late flow pattern is different from the otilers,

Determination of depth of invc,ligntion de"], with transient !low problem. or time

dependent problem. In the method uf esss, the time variable plays the role of a

parameter mther than an independent vanable. and doe.' not occur In the governing

equation. Thus while the analytical detail, are earned through with the e~plicit

as~umption of lime dependent boundary conditions, [his is done with the undemanding

that it tile boundary c()ndition~ do not vary wlth lime, the pre,SUl"edistribution wlluld be

a ,teady-state dlstribulion appropriate to the corre.'pondi~g instantaneous vallies of

bou~dary conditions.

The ste~dy-'lalc Il"w ill an elliptical dom"ill with circular wellbore located at the center

w, cxprc"eu earlieI' by the Eqn .1.., can he w,ilten with ,light modification a,-



4 '" mJ<hA,vo(p - P".)
pln(a/r.)

For a porow.' medium, Uao and Lee (j 994) f,,"nd Ihe expresslOn of porosu.y a,-

and I'm a t1uid, Ihe dcn'lly i,-

where,

9 " porosily at pre."me p

9" '" poro,ity at pressure p"

c,,, '" pore compre"ih iIily and

P '" tluid density al prc"ure I'

p" '" fluid demily ,1tpre"lIrc p"

"

4.2

4.3

If the compre,SLbiliti~, "", ~nd ,,' ,Ire ,mall then ming the upproxim~tion of exponential

series (e-series) one can wrile-

~jp'" (t/Jpl., + (9,<)),,", (I' - 1',,)

Where, C, '" em+ c,. arid c, i, ~,Lilcd tmal (o'np,.c,,,bility.

Thus It can be wrilten-

4A

4.5
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,",,,,
,

" ,R"p,

:::iJP<, ", ",. , ., ' . ,, ", ,

---

For a given time I. il j1 " '1'''"11~J thaI the di'lurban"e (pressure variation) !la,

influenced an arCa from F" lo I, where lh~ pressures areI'. and Pi respectively, (hen the

inswntaneow; prc,!;urc distnbutLoll at tili, time obeys the steady state distribution of

Eqn 4.1. The equation ~an be rewritten '1'-

(
'If' )In(u/r,)

1'-1'"= -- '
2Jrk" """

9.6

'"
und,

__ (qp'J1n(u,/r,,)
p, p" - 21/k1 \

! I '0,

98

((12tz1..1, ( )
or, In a, r" =--11",,1', -/\,

""
9.9

Now,

", ["'J l' "JIn-=In - -In ~
<l ~. r.

4.10



I ) 1'_"/-1)",or, A,,(), 1', - 1'" - !I,o I' - I'" J - -'''-'1> n-;;-

Putting the \'alue of z'::L, ill 1:([114,12 trom Eqn4.8 one Can write,

AI i" ')",1',-/'" A I";MJ, 1',-1'. - .",1'-1'" ,,) ,-t), n
In ",:'1'" (I

A p-pA am, ANO'(p,-r"l-{I'-IJ,,)-' ~......!'!.!!...ln--'-
.,'0 In(a)rJ A,,() a

or, !I'\'()'(I',-I',,)-(I'-I'J=~ {I,-;'" ln~
ANI) A,o() In(", i ,~,) a

27

4.11

4,12

4,13

4.14

4.15

_ A",[, ior,I'-I'"-A f',-p"
,"

1',-I'" In£..]
In{a,/~,) II

4.16

or, I' = p". + A"", [(I', - pJ p, - P. In'::"]
II,,, In(o)rJ a

Subtracting p, from both sides-

r-f',=-f',+!'"+ A,,,, [(p,-I'J- P'-,f'" Ina,]""f) In(a, ...~,) (/

[')']1 )A '-'"or,!,-p,=-,l!.!..-II',_p,,_~'-' '-"In--'-
A,.o II,,) IrI(a,/~,) a

or, I' = 1',_[(1_ 11,,(). ](1', _ I',,)+ II"" p, - ;" ln~]
A,,, '~,'f) In(",/,:,) a

4.17

4.19

4,20

4.21

- ..



The in,lQnt~neous prodLLdioll ,."tc "glvcn by &lrI 4.1 ilnd il i., rewritten il'-

All incTcmcnlU1\'olullw wilhin the Jrai""ge "illume i, dV.

dV =h(rdrde)

Up 10 lhi, lime I, thi, sm~1l volume ha, produced an ineremenlalliquid mass dG.

de =r(~,ip),-(~,jp)~I\'

lhu, up lo lhi, lime 1, the tolalliquLd ma« from this volume is-
.t, H

G(I)=4 f j[(\1lp),-(\1lp)]hrdrdfl

From Eqns 4.26 nnd 4,5 one ~Ullwrite

0(1)=4 f f(~p)"c,(",-,,)hrdrde
" '.

K/l "

=4(bpj,,()1 f j(1', -1')"(/1"(1()

"'K A A I ( II]=4(ot>pj"c,h(",-r"lf 1_~+......!!0. n(u"u) rdrde
(I" A"" A"(J In ",ir",
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4.22

4.23

4,24

4.25

4.26

4.27

4,28

4.29

4.30

4,31

4.32

-



= 4(q,pLc,h(p, - (I" )'f 'J1n(a,jr.)- A,v, In(a/r..l]rdrd(J
in(a,/rJ u,!l ""'

On the other hand, for CGmtanl rate production,

cil)' Ip = 2J1i,;!lA,.",{,', - (I" )fl ..1
, .. I ( , )Jl rr a "I r"

Compari,on of Eqn~ 4,36 and 4,37 YLcld,

Now, the following dimcnl;()nlcss grnllp~ arc defmed

29

4.33

4.34

4.35

4.36

4,37

4,38

4.39

4.40

4.41

4.42



Therefore.

Introducing dimen';()nl~" group' in Eqn 4,:19 it i, found

30

4,43

4.44

4.45

4.46

7!'1 .,", I

2 "
4.47

or M,"rJ'l
. 2 "

',"', ''''''''In(avlJ Jln(u",)r" dr" I1B-Il,.", J J---r"dr"dO
" , I, I AN"

4.48

Now, from equal'o" 01'all ~1I11"~-

,.'co,'e r',in'B
----,----~ 1a' b'

where. e i, the eccentricity of tile ellip,e

, . '0 r'sln'O
or,a=r"cos +( ,)1-,

4.49

4.50

4.51

4.52

4,53

•



then

,=".r(o)

and (/ = rj .r(8)

S(l, EC[1l4.4H beGomc,

454

455

4 56

457

Jl1l ,/,
~t =In(,, I)2 0 IJ, , 4.58

In the left nilnd ,ide or E<j[\4.58 the tllere ~re two p~ns. These are-

'I'
I, = In{an.l J,
A"d

",,1101
Jrntlr/)dfl, 4,5~

,-" ",,11"1 1 (. '\
h= J J --'''l-'-(''I)rlJdr"dlJ

",AHn.rO

I, can be evaluated by integr~l1on~nd 'I c~n be written a,-

On the other hand, I, i, nal",,(cd numcrie"lIy, Su Ibe final expression become,-

IJ) = ffA:,,,, [: In(a", Xa;,,~!I- c' - 1)- A"f', X I,]

4.60

4.01

4,62

Eqn 4,62 i.' the equ~lion of lhe depth or ;nvc'l;galion, "0,. h i, an implicil equation of

an,. One can readily lind tile 001 from In" equ~(ion if h ean be evaluated. The f,



"ont~in, r" or (lpterm So for J given 1'1)or an, I" l'an b" calculated from lhi, equation

veryea,ily.

4.3 Validation or the Model

The imphit cxprc$\iol1 of depth of ime,tig"tion, Eqn 4.62 is derived for elliptical flow

with cir~ular wcllb()]'e"t the center. Differerrt """"mritity will represent dLfferent,hape

ot the elliptical flow. Circle i, a ,pecLJI c",e of ellipse whOle etcentriclty IS zero. In

liter~ture ~n e~pTe."i()ll"I' depth of inv~,mgation for radial /low 'y,tem whose drainage

~reu il dreulur" avaLlahle.LillOlind Lcc (1')<)4) di,cu'led lhe depth of investigation in

detaiIs for rudial flo" ,)'"tc II\~u, w~11a, ell iptical !low, y,lem, with ,'crtical fr~clure at

the middle. For radiall10w "y'tcm" they found Ihe depth of inve<tigation as-

4.63

illS ~Iso an implicit eXpI'c"ioll I'mdeplh uf invcstlgation rl}' Eqrr4,62 and the Eqn 4,63

both are in dimen,ionlc" r",m, Eqn 4,62 i, 'ol"ed with computer program which is

given in Appcndix D, The gcnerated data ~re given irrTablc A. 4, As Eqn 4.62 is not un

explicit expre"i()l1 for JimcnsLonless dep(h of in'estiguti()n UD" i( wa, not suitable (0

calculatc aD! for dilferelll dimensionless lime I",. For (he convenience, ID, values were

generated for different af)," (aking the ccccnlricl1y of the elliplicul domain as the

p~rameter.

Whcn Ihc eccen(ricity of thc elliptical domain i, zem it bccomcs circular. In (hi, ca,e

i.e. al e = 0, Eqn 4,62 should produce the depth of inve,liglliion sLmilar(0 the radiu, of

investigation in circular domain~, given in Eqn 4,63. Both the equatiorrs are plotted m

Fig 4.3. Fir,1 ten dala lor Fig 4,3 are ,hown in'j able A. 5.

111Pig 4,3, it i, found thai the curves are overlapping each other giving merely lhe s~me

valucs of dCplhot "l"C,qig:lllonor radiu, 01 inve,tigation, This i, a good support t\" (he

validily of the ellip(Ical model of [hi" study.
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4.4 Result,

The depth of investigation for elliptLcal .<ystem is expressed in terms of the length of

major axe,. The elliptical drainage boundary can be obtained from major axes and

eccentricity of the elliptical domain. In Fig 4.4, dimensionless depth of investigation is

plotted agairrs! the dimen,ionie" time ut different eccentricities. The values for this

fi!lure arc given 111Table A. 6.

The depth of investigatIOn In terms of IllLnor ~XLScan easily be calculated from the data

of Table A, 4, The calculated data of minor axi:; are given in Table A. 6 and Table A. 7.

The data were planed in Fig 4,5,
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From Fig 4.4 and Fig 4.5. it i, found that the depth., of investigation or (he lengths of the

major and minor axe< of the elliptical propagation increases with increase in

dimen~ionless lime. Wilh the inc,eu,e in eccentricities. major axes of the elliptical

domain illcl'ea~e.<hUltlle minor a~es decreases which c~n c~Sllybe understood from lhe

propcrlic, of dh p,'c.

After u definite <iimcnsionie>, lime period, different elliptical domain, for

corresponding eccentlicitie, pmduLo dilferenl depths of Investigations. Depths of

invc,tigal iOIl I'm ctiIferenl CC"~111"".11,~',lrC'i:l!>lll,lted In T~ble A, 8 for different values

01 II!. Thc,c dalu 01 Tahle A S are l~ad 1''')111hg 4.4. The vulue' are ploued in fig 4.6

and it ,hows lhe ,,\ere",i"g trend" "I' deplh of in'estigUlion with eccentricities.

Cullcndcr (1955) fOlindlhm lhe extent of drainage area i, a f\lnction of lime and i,

independent of the rure "I' !low <lndpl'e,'lll'e level. The dminage areas are calc\ll~led in

TJhle A. [) anti pIOIl,'d 'J1 Fig ..),7, It ,IHlw, th"1 the druinage areaS are almo,l constant

and do not change "'Ith the ,Ilap" 01 th~ domain a, ",ell. Fig 4.8 is another

repre,emation of lhe clat" "fT"bk A 9. It i, plotledlo "heck the variation of drainage

area wilh dimen,ionle" lime for different eccentricities. The little deviation of the

point' for differenl " hill p.Il1i<:I,1:lrI" ,I' observed in the Fig 4.8 is due 10 the error of

numerkol integ'-,III("1 ,,1 11K"LlllIP" tel'. '11", error Call he mi nLmized with lhe rcfLllCment

of lhe mesh poini' with lillpn ,vcd ~Ig\,ri tilln, Equation of lhe deplh of investigation, Eqn

3.62 i, independent ot' II"w rate ami il,"C""re tGnm. So the deplh of inve,ligarion and

hence lhe draimgc Jle" do nOI depend 011llow rute or pre,sure level. bIll it depend, on

(ilne. Thcrefol"C. il ~lIn be wncllL<led that the elliptlcal model i, con"'len( with

ClLllender".' Wllell1~tll. In "dd,t,on to tl1i" It I.' alv' \ll1dCr~lood from the elliptical mod"l

lhal lhe drainage arell i, independent of the ,h"pe of the elliptical domain.
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CHAPTER 5

CONCLUSIONS

In this work the d'''c(i f"rm ",Iurion f,,, nnw into ~ircular wellbore in an ellipllcal

domJin propo,eJ hy \'.H1Jcr Ploeg el al. i, modified and adopted for petroleum

engineering appiocatllJll.The !low cquatilln derived from their proposition is fllr steady-

state condition, U,illg Ihc method "f nJll1inUO\l<;succeosion of ,teudy .,[ates, the

equ"lion is applicd 10 ",dl'"lat~ til,' ,I-'I'tl\ "f lIl1ie,'llgation in e1liptLcal now in a

petroleum re,cry"ir ')"1""', Tlie ,''''ll'l'PI "r depth uf ,nve,<ligation is related to the

tmmient now behavior of" Ic,crVoLr.When the pr~,sul'e transient pl"Opagatesfrom the

wellbore. the drainage area and hence the depth of investigation Increases and

ultimately the prt"'llC Ir",,,i~1l1 lOuches the outer boundary of the reserVOlr.The

pseudo-ste~dy "lal~ or lh~ ,t~~dy .<iJle,ondition hegLnl from thi, point, E,timating the

depth nf inveltigatjol1 L,Ivery imporlHJlton many Cllunts.Dcplh of inyeSlig~tionconcept

In elliptical t10w syslems i>~s good a\ radius of investigation of radial systems. A well

test analysis provides importnn1 reservoir information on an average basi,. This

information is good for Ibe region wLthin the depth of inyeSligation i.e, within the

drainage area, So il is wry imparlUn!10 ~now the extent of tile-reservoir that i; being

te'led to provide lht p~,-alllcw,-,IJ~" pCL"lll""bilityund ,torage capacity 01 the reservoir

from a welJ.te,'t an"I}"I', Another impOl'lant ~'peCI of ~nowing the depth of

inve.,tigution i, 10"plimi;e Ille locution, of nCv.owells 10be drillcd in a fle1d.lt is very

diffLcultto IdenlIIy the ",ell lc,1 1LlnIime withOlll,m e'limation of raJ ill,' of drainage.

5.1 Conclusions

• Row around" l'irl'lrlm w"llh"rc IIIelliptical domain should be lrealed according

to this new I110tlellllincorporate the elliptical flow behavior of the system.
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• Radinl Ilow rn"del will produce 1\,' m"d, as nine pcrccm error in flow

c~lculo(ion if LI"Il'cd in elliptical !low ~y,lem.

• A new eqllal,on for (he calculation of depth of invesligation In an elliptIcal

domain has been developed that can be su~ce%fully used in well tcst modelJng

for such ~ystcm.

• The depth of investig"tioll for ellipti~al flow model produce, (he same resuh as

of a radial model when ccccntncLIY oftlJe domain is zero.

• Depth of ioveolig~(ion in terms of major aXIs Increases with the Increase In

eccentricily of the ell iplical domain.

• An equ<ll (hlll~lhlL",I,." IlIllC1'1'OJu~csthe equal drain:Jge area irrespective of the

cccenln~ily 01 rhe <loil"';I1.

5.2 General Recommendation

• The wellbol"c j, <.\>INdcICd ,II the ,Cll1er "f the ellipticJI dom~in in the flow

equ~tion,_ Furtllc,- '11IUY,on be made conoidering wellbore al locations other

than the ~enlcr (lIthe doma.n.

• The study conwlcrcd ,ingle-phase fluid flow in the reservoir. Further study can

be mJde fix nwliiple-pha-,e fluid 110w In the reservoir,
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APPENDIX A

TABLES

Tobie '0.. I: Va,i"t;"" "I' ,\ .,' <air" ~ III, ,II, ]I~II
-- ..-=F--air., '" 50 I 100
-- - --,--._--, hi,.". i ,.\ II< bl,.". A \II I b/rw I AN"..._--- ---- ------

0 10.000 I 1IIJiliHIO SO,OUO I ()OO(HlO lOO.(}(JO j ,000000
----- ---- ----

0.1 9,950 1,001094 49.749 j ,000646 99.499 1.000548

0.2 9,798 1.0()4519 48.990 1,002655 97.980 1.0Q2255

0.3 9,S.'\) IOlllnS 47.697 1.006279 95.394 U105329
----

0.4 <) 165 I.(J2()~~4 45.826 1.012010 91.652 1.0l0184

0.5 8,6(1) 1,035826 43301 1.020776 86.603 1.0175931
0.6 ::;,000 I j ,0597921 40,000 1.034347 80.000 1.029027
0.7 7.141 1,099930 I 35,707 1.056480 71.414 1.047575
0.8 i (>,1)(111 1,17617°1 }O,OOO 1.090674 60,000 1.0809451 ----
D.9 I 4 ..'159 1.3725351 21.794 I.J90080 43.589 1.J56972,

Table A. 2, V"na,ion of 11"_,, {air. = 5UO, IOUO)

ok, 500 1000
, I,/rw A", blr. A","----

0 500.000 I,I)(H)OOO 1000.000 j .000000

o 1 497.494 j ,000406 994.987 1.000365

0.2 489.898 1.001670 979.796 1.001502

0,3 476.970 1,003943 953.939 1,003546
-.__ .._-_ .. ----

'" 45~.258 1 ()()7527 916,515 1,006767

0.5 4",OIJ 1.01297~ 866.025 1.011661
-0.6 400,(1)0 1.021349 800.000 1.019166

--,--"
0.7 357.071 1.034825 714.143 1.031221

•
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ok, SOO IOOU
- ---, blr., A,," blr. AN'

0.& 300,000 1.058751 600.000 1.052546

0,9 :'17.945 1111776 435,890 1.099445
--

T.bl. A. 3: l'.rc<"I"~(' "I hn,,- ,h", '" hWlltridt)-' IQ"rm',."= ],11110J7)

air., blr" , A"" Qv «Ilip'i,"') % errQr

500,00 soo,no O.{)()(J l.O()()()OO 1.011037 O,OI)(){lOO

.'> ]{),OO 4!)(I,"O I 0,276 I 1,003217 1.011068 o ()O3()44
--~------

525.00 ~7() 1'1 (J 4~ I 1,(J(Jg044 1.011231 0,019161

550.00 4';45'i 0,563 1.016078 1.()11776 0,073032
..•- ._ ...•.

575,00 4:1-1-,78 0.654 1.024095 10\2625 0.157042

625,00 400,O(J 0.768 1,040043 1.015075 0.399332

675,00 3/(1 ,17 0836 I_OS5~:18_~1,018317 0,720012
- - -

725.00 .\-l4,S1 (J,R~r) 1,1I7]72h 1.022425 1.126382
._-- -----

I775.00 .':'2 'i ~ (I,'JII') 1,086828 1.026439 [.523360

825.00 30,'.<J:1 0,930 1.101980 1.031060 1.980385

800.00 J 12.S0 0921 1.094434 1,028713 1.748294
---~----_._- .. --- ----~-

90U,OIl 277.7~ II.'):; I , 124244 1,038436 2.709944
----- - ._._- _._--_._,.

I(lUU.oo 2:;II,OIl Il.l)()~ 1,1S3047 I,U48796 3.734642

15OU.OO 1(,1',(,7 0,994 1,283042 1.102334 9,029987

fable A. 4: Differenl V"I"" "f lJimen,ionl",.'Time "nd Cucn"po"di"~ Dlmen'i"nl••••nepth "f
In',e<li~a\i,,tl, f,,,' Differ,'nl l\",e," ridlie'

c - 0.9

0.000

0.091
1,532

H79

7.206

11.339

16.444

22336

0.000

0.574

2,660

6.081

10,728

16.588

23.796
3?.I179

~_O.8

3,875

8.520

14.869

22.797

32,506

43.700

c _ 0.6

0000

0.999

(WOO

1.231

172.'-6

26.460

37.371

50,M,(J

c::OA

IU,74(o 'J,94l(

54.290

18587

28,470

40.416

O,OI)()

- ~~~I--,-RT1.312

19.390

29.617

41944

563112

S,311 I

11.29.1~

to - 0.0 -~-- ~-;;,0.2
!

0.000,
3

5

7

9

""
"
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t",
.m

Ie:O.O c_O.2 c _ 0,4 c_O.6 e" 0,8 e=O.9

17 72,9,'11) I 70203 6.1.004 56.760 41.757 29,219

" HX 741 ' XX.,S'i H2.406 71.600 52.496 36,673

109,-1"191
.. . .-21 IOR.liM IOO.9R7 87.730 64849 45.261

- --23 131.rm 1.,0.926 121.991 105.869 78.060 54.736

" 156,196 155,010 144,509 125.414 92.400 65.128

n 182.901 181.400 169.461 147,1('2 108.179 76.333

29 21 !.719 209,712 196,268 169.662 125.567 88.043

J] 242,654 24U.243 224.731 194.393 143,640 100.828

33 275,706 273.037 254.619 221.324 162.990 114.560

35 310.878 307.552 286,912 249.830 184.152 129.347

37 348.171 343,917 321,133 27<),506 206.127 144.888

39 387.587 383,203 357.492 310,974 228.950 161.323

41 429.1281 423,921 3%.507 343.395 253,932 178,368

43 472.796 467.460 436.135 379.217 279.219 196.609

45 518.591 512.074 478.373 415.893 305,982 215,5591

47 566515 559.004 522.329 454.660 334.873 235.308

49 616.569 60K893 567,950 493.780 364.273 256.345

51 668.755 659,045 616057 535,583 395.338 277.B32

53 723.074 i 71U18 665.819 578.946 427.152 300,184

55 779.526 I 768.736 I 719.240 624.154 459,901 322,531

" 83R 114 826.772 772.272 671.243 494.420 347.478

59 898 lm 885.804 827.533 718.863 530.157 372.477

61 961 699 947.268 885,515 770,062 567.839 398.864

63 1026.69H 1012,849 944.640 821,330 605.848 424.926

C5 I043.S3() , 1018.';41 1006.086 875.387 644.476 452731,
07 1163,1 U! 1146.72l\ 1070.300 930.031 685.430 481.538

69 1234529 1:'lll.56D 1136,620 987.538 728.229 511.263

" 1308.0H.'i 12H8.465 1204.426 1045.272 770.610 541.060

" I3nn2, 1362,'125 1173,276 1107.304 815.796 572.131-_ .._--_.
75 1461.621 ! 1--I.,89S7 1345.008 1169.131 861.179 603.531

~---



I",
am r-' -e = 0,11 I e-O.2 c _ 0,4 e = 0,6 I' - 0,8 I' _ 0.9,

77 1558.6-'71 151~ 7115 1411,745 12:12.02~ 909.125 6-'8.032

'" 1641.2~41 15~~.424 14~-,.92-, 1298,629 956.459 671.383

"' 1726.098 i 1682.413 1572.687 1366.904 1006.922 706,231

83 1813.04~ I 1768.002 165().205 1434.492 1058.269 740,8951

85 1902.148 I 18.'4,5'ill 17l1.752 1505.2.34 1107.965 778,0891,
87 1993.3~5 I 1'J43,772 1815.904 1577.183 1162.819 815,3771

89 2086.792 2034.481 1900.8971 1652,961 1216.114 852,950

91 2182.338 2128.547 1986.547 1728,922 1272.517 890.758

93 2280.035 2222,784 2077.939 1806.543 1331.110 932,371

95 2379.8831 2."21.(I()3 21(,8.257 1885.729 ] 388,335 972,369

77 2481,882 2421.539 2261.(188 1964.53'; 1448,939 1014.146

99 2586033 252().581 2356.458 2048.409 150') 424 1056.150

Tabl. A. 5: I)jmen<ionlo" Ti",. Valu", for Elliplic.1 Model
(0= 0.0) "",I RUlli.1M"dol

I",

fm Elliptical Model Radial Model
d<:nn 3,58) (E"n 3.59)

1 0 0
) I -' 12 1.451

5 5,3 j 1 I 5.195

7 1i .20-' 11.027

9 19.399 18.901

11 29.617 28.801

13 41.944 40.718

15 %3~2 54.646
--

17 72.93 70.583

19 88.74] 88,528

T.ble A. 6: Dm.r.nt ,'oil"" "f dimOlL,i"nlo<,Ii"," nod <urr",pondln~ dimensionl"" d'plh of
inV"-,li~alio", Iin I,','n" "f min", 0<0') for .,eoulr;olly 0 100.4

'.



52

'0' bl), II!! b,,( 1m bm
1,312 3.000 I,J~1 2.939 1.231 2.750

5.3111 5.000 5,(j1l6 4.H99 4.628 4.583
11.293 7.000 10,746 6.859 9,948 6.416

19.399 9.000 18.587 8.RIS 17,236 8.249

29.617 11,000 28.470 10.778 26.460 10.082

I 4 l.'j44 13 non 40.416 11.n7 37.371 11.915

I 56382 15.000 54,299 14.697 50.660 13.7481

72.930 17.000 70203 16.657 65.604 15,581

88,741 19.000 88,385 18.6161 82.4% 17.414

109.119 2I,(I()() 108,664 20,5761 100.987 19,247
._.~_._-

131.6031 l.',{)()() 13002(, I 22,535 121.991 21.080

156.1961 25.1)00 155.010 24.495 144.509 22.913

182,901 27.1100 ISIAOD 26.454 169.461 24.746

211,719 2<) {H)O 209,712 28.414 196,268 26.579

242,6541 J 1.000 2411.243 30,374 224.7311 28.412

275 7061 33,000 273.11.17I 32333 254.(,191 30.245

310,878 3S.WO 307.552 34,293 286.912 non
348,171 37.000 343.917 36,252 321.133 33.911

387.587 )(),OOO 383.203 3g,]12 357.492 35.744

429,121\ -t I 000 4?3.Y21 40,172 396,507 37.577

472.796 -tJ,I~I{) 467.460 42,131 436,135 39.410

518.591 45,OlHJ 512.074 44,091 478.373 41.243

566.515 47.()()(J 559.\104 46.050 522,329 43.076

616,569 49.000 608.893 48.010 567,950 44.909

06R,75S S I ,(lOU 659,045 49.970 616,057 46.742

723.074 53,000 713.818 51.929 665,819 48.575

779.526 55.000 768,736 53.889 719.240 50.408

838,114 57.000 826,772 55.848 772.272 52.241

898,838 S9.000 885 804 57.808 827.533 54,074

961.699 61.(JOO 947,268 59.768 885.515 55.907

1026.6% 63,000 1012,849 61.727 944.640 57.740

•••••
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- ------e _ o,n ,'- 0.2 e-O.4 I----
lUi I VI)! IIJi hili lUi bw I

1093.836 I 05.000 lO7S,54 t 63.687 1006,086 59.573

11"3,113) 67.000 1146 ng 65.646 1070300 61.407
-'."_.

12345)9 (,Y.lIO() I') I (,..'iflll 67.606 1136,620 63.240

130~,Ol\5 71,1100 12SS 46'; 69 'i6r) 1204.426 65.073

1383.782 7J,IM1O 1362.925 71.525 1273.276 66.906

1461.021 7'UlOO 14.'\8.9R7 734851 1345JlO8 68.739

1558,637 77.{HIO 1518.7051 75,4441 1417.745 70.572
..

11)41.294 7'IIHHI 1.'l'Il\.424 77 .404 1493.923 12.405

1726.098 ~ I OliO 1682.413 79363 1572.687 74,238

1813.049 Hooa 1768.(}(J2 81.323 1650,205 76.071

1902.148 85.Dno 1854,550 83.283 1731,752 77.904

1993,395 87.000 194:1.772 85.242 1815,904 79.737
----_ ..

2086.792 89.000 20J4481 87.202 1900.897 81.570

2182,338 91.000 2128,547 89.161 1986.547 83.403

2280.035 93.000 2222.784 91.121 2077.939 85.236
..

-- 93,081 12379,81U 95.000 2321,093 2168.257 87.069

2481,882 97.000 2421.:i:19 95,(140 I 2261.088 88,902

2586.033 99.000 2520.581 97,000 1 2356.458 90.735

Tabl. A. 7: Dirr.r<nl ,'aim, or dimon,ionl,,, time and ,corr••ponding dim,n,ionl •.•• d<plh of
in'CSli~"lion>(in IOnmor nuno, aw,,) for e,"cenlricily0.610 0.9

e= 0.6 e-O.8 e - 0.9

1m bl)i I", b", II)i bl)i

0.999 2.400 0,574 1.800 0.091 1.308

3.875 4.000 2,660 3,000 1.532 2,179

8.529 5.600 6.081 4,200 H79 3,051

14.869 7.200 10.728 5.400 7.206 3.923

22.797 8 SIl() I 16.588 6600 11.3]9 4795

32.506 IO.4()O 23.796 7.800 16.444 5,667

43.700 12,(JOO 32,079 9.000 22.3361 6,5381

56,760 11000 41.757 10.200 29,219 7.410
._--

71.6001 15.~()() 52.496 11.400 36673 8.282
-- "._- ....



e '" 0.6 e '" 0.8 e=O.9

tJ)j bl)i '" bm tDi bDi

87.730 I!l.80() 64,849 12.600 45.261 9,154

105.869 18.40() 780('{) I-'.HOO 54,736 10,0251

125.414 20.000 92.40(J 15.UOO 65,128 10,8971

147.162 ?1.600 108,179 11l.200 76,333 11.769

169.662 ?3.200 125.567 17.400 88,043 12.641

194.393 ?4 ROO 14H4() 18,6oo I 100.828 13.513

221.324 26.400 162.990 19,800 114.560 14.384

249.830 2H.000 184.152 21.000 129.347 15,256

279,5961 29.600 206,127 22.200 144.888 16,128

310.974 31.200 228,950 23.400 161.323 17.000
----343,395 .12,800 253.932 24.600 178,368 17.871

379.217 .14.4(H) 279.219 25.800 196.609 18.743

415.893 36,()oo 305.982 27,OOU 215.559 19.615

454.660 37,6oo I 33U73 28,2oo 235.308 20.487

I 493.nO .,l) ::'011I 364.273 29.4oo I 256.345 21.359
-

535.583
..~~I.OI.I~.,i._

YJ5..n8 30600 277.832 22.230

578,9461 4:,';'<)') --1:7,152 31.800 300.184 23 102._._-
624,154 44.000 459,901 33.000 322,531 23.974

671.243 45,~{JO 494.420 34.200 347.478 24.846

718.863 4~ 'Oil 5.10,157 .15.400 372.477 25.718
---

770.0li2 4H,HIIO 567.839 36.600 398,864 26.589

821.330 5(141HI 605.H48 37,8oo 424.926 27.461
--_ ..._- -----

875.387 52 (jOIl I 644.476 39,000 452.731 28,333

930.031
_.. _._.5:':,~~IJ

685 ~.,O 40.200 481.538 29.205
..._----

'J87,538 I 'i' c'lll nH,c2') 41.--1(1(1 511.263 30.076
..._ .. - . ----_.- _ .._---

1045.272 Vl,~II() 770,1>111 42.600 541,060 30.948
- - -

1107.304 50,-1110 HI5.7'J(, 1 43.80() 572.131 31.820--_.
1169.131 60 OliO 861.179 45,000 603.531 32.692

1232,028 (ll~I~(iliT '!()t),12~ 4(,,2011 638.032 33,564
---- ..- '('.'.20() r-- .- -- _. __ ._---

1298,6291 lJ5(',4.S9 47AOO 671.383 34.435
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e=0.6 ,,_0.8 e = 0.9

1m bl!' tD; Pm tm bDi
1366,904 il.H()() 1006,922 48.600 706.nl 35.307

1434.4921 ()()_~IJ() 11l5U69 49.800 740.895 36,179
- - ---

1505.234 1i8DOn 1107.965 5LOOO 778.089 37.051

1577.183 (,0,(,I)() 1162.8[') 52.200 815.3771 37,922

1652.961 " 'ilil 1216.114 SHOll 852.950 38,794
---".-1728.922 72 ~O() 1272.517 54.600 890758 39.1i66

. -
1806.543 74 ~IJ() U3i,IIO 55.800 932,371 40.538

1885.729 76.000 1388,335 57.000 972.369 41.410

1964,535 77.1l!IO 1448,939 58.200 1014,146 42.281

-2l148,409
--------- --5(j~4TiO -,'J,lOO IjU9Al4 1056,150 43.153-_.-

Tobl. A. 8;Depth,01'Innqj~ali"n!l" for f1lrr,ronlu«ntrldtios
-------- ,

'" I0 1l.2 0.4 0.(, 0.8 0.9
10 (,,1111 (, 811 7.00 750 8,70 10.40

-_.-. , ._.__ ._- --
IOD 211,15 lO, I 7 21l.90 22 37 25.99 30.84

--
200 28.21 20., 29.27 ]1.43 36.45 43.36

--- ... .. ._ ..,---
3(H) -,4 ..'Y 3457 35.78 38.31 44.57 52.95

..-..
50G I 44.117 44 '7 46.1)() 49.46 57.42 68,23

I 1000 I f>2,OI) 1i26ill M27 70.00 80.21 96,00_.__ .-

10 136,8481

0.2 OA

142.D2(, 141,U81i9,

0.6 - r--' ()~ii
141.-'72 142.6726

0.9

148,1134

___._1~_ .1?74.927, 1252,271
1
1257,717

20012499.212, 2470)'7i2466812

- .. ~ilo13715.48-' , 11>7X.62, ' .'1i8(),1.'5

)OOI610U05; (lII\c.(ll+ 11II')2,1i5, .
.-- jOO_~112076, 3 1J 1~(J6~:4~, 1.1.1.8')J.43

1257.688 1273.253 1302.436
---

2482.731 25~..:~!J. .?57~~9 __
3688.(,31 3743.773 3838,642

6148.21616214.819 6374,974



APPENDIX B

FLO"'" INTO A WELL LOCATED ATTHE CENTRE OF AN

ELLIPTICAL BOUNDARY

Van der Ploeg. Kirkham ~nd 130~,1(J971) presenled u do-cd. form solution for steady

.,me saturated flow into a finile circular wellbore in an elliptical confined aquifer, They

solved lile tlow problem for dlfferenl well location in an isotropic and homogeneous

aq\lifer.

B.l Well at the center of an ellipse

Tile equation of eHip'" ill a le~tJngular coordinate i,-

U.,ing polar ~oordinJ!e' (r, OJ .< nnd y may be writlen as

.1'=1<"'.1'8

.\'= /'.1mB.

and the equali,,,, ()r~llil"~ I'm ~ pOint{'(r.(!) at the boundary is

R.2 lIoundary ("o"ditlo",

(8, 1)

(1'-2)

(B.3)

(BA)

".,')=() 101"1'= '" (B.5)



b. 1/1,,1 jorr=R O.:;:I1:;:m'2

"
o,p = (J j(,,-fi=1J r".<r<aae

(B,6)

(B.7)

d. 3,p=0
Be for ()=Jif2 r. <r<1> (RS)

Laplw;c'.' cqUtil ion '" pol JE'COOI"<.1LtlJle, " -

(8.9)

The ,oIUlin~ or lili, pr<\hkm ,ilOlild give all c~pl"e"ioll of I/! whkh ,huuld ,alisfy the

B.3 Soluti{lll

The nUlhors u,ed Ih~ G'tim-SLhimdl method '" IlIOJilicd by Powers, Kl'ikhum and

Snowden (I967) to determine the ,OiUlioll 'l'

,
,p= LAM,.um(r,e)

where

m=O,I,2,. "N:

N=O,1.2,. =:

. (~r-[ic;]r
u",\r,e)= (r,,' J'''' cos2mO

1- --

"

(B,lO)

(B.ll)

Replacing" wilh R ,It Ih" tll'und<ll)' ,mel u.,ing Eqn A.4 10 expre;;~ R in term of B, u(r,e)

may be writlen ,I'



[:;r-l:: ;.r
u (B)=-------co,2mB
m I-(;;q''';

where,

The hydraulic head may he defined as
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(8.12)

(13,13)

"tP,o' " 2:A""u",(e)
,e""

(8,14)

ApplYLngbound~ry condition (h). the hydraulic head may be written as

"0,~H= j = 2:A,.,,,uje)
'''~"

(B,IS)

Power, el ai, (I967) derived u tuble or orthogonal function, to solve poteollal tlow

pmblclm, like ,eep<1g:eof 'lead)' raLn through -IOilbedding. In aa()rdance with Powers el

al., (he (11'0con,wnh III determine Il"',,, ,n thi, problem are

w"' • i(",,,(e~o,
"

,
,

um" = Ju.,(e)u.,(6')dfJ,,

m=O,I,2 .. ,N (13,16)

(13.17)

The parameter, 1!,,{Oj ,,,,,I ",,(0) IH"y be dClc"",in~d lrom Eqn A.12. Wheni\' --+~,

boundary ~"'ld'IL()" n'i " ,,,li,ILer! ~x.H:tl)' 1[ c""" be ,een Ihal the term with zero

\lIb,,:ripl, prodllu iIId~lc['ln"),l1elorm, lhiLlg L' Hiipiml' s rule "0 would be



c
1"-

I'o(fl)=~,
"in-
c,

Therefore, the hydraulic head may be wrincn as
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(B 18)

(B,19)

After the value.' "I' \l'", ""J Ii"", nrc dCl~rmLned. 011value, can I>ecalculated by using

Table 2 of Power, 1'1"I, (1'167),

B.4 Sequemi<llFormulas presented b}' Powers et al.

,
AN", = Em - LE, J,,,,

I'~""I

"'-,
G" • W" '" G G-L."","

"."

'"-,
J=c-"cJ

",I) ",I) L. ..," ""
,"'

",.'
J"",=c,,,,,-2.:c,,,,J,,,

,~".l

,,-,
(uwu,,)- If", (II",/!,)

m=(), I." ." .•••

m=iJ,I.2,. __.N

m=O,I."

m=2.3.4.

n=I,2.3, .... m-l

m = 1.2.3. '

1I=(l,Ll, , ... 111-1

(B.20)

(8.21 )

(B.22)

(B.23)

(B.24)

(B,2S)

-



""
D", = (u",u",)- L'"'~'"n,.

"C<>

n.5 Well Discharge

111=1,2,.\,

/1=11,1.
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(B.26)

U,ing Darcy', e'lLLalloli I'll- Ihlll'lIllul 11<11"IN ltlH( Ihidne", the flow rate q can be

written a!;

'Kd9 '>(/<'.1" -Kt>t/J -J /"dfi i'" -> 0,
" <1,- ,~,

where. K is the hydl\lILhc' Lollciu<:lll'jl)

thickness 11,the (owl tl"w"

(8.27)

.\1ulliplying the above equution with (he

"[ d'Jq=-KhMJ d; ,~,.1't18 (B.28)

The flow ralC for a well at the center of ~n elliptical drainage 'yllem is

"III -

r"

(B.29)



APPENDIX C

COMPUTER PROGRAM TO CALCULATEA,vo-VALUES

To "alcul~le tile v,due, LlrA,",' r", "",cl'voi,, "ith circular wellbare at the centre of the

elliplical dmi nagc m'c'iloj" dl ftcl'enl ecccnt' icily, the followiog programming codes are

wrilten in C languagl',

!'
Programming Lll1gllag~ '11"ho C++

Ven,ion: 3.0

The I""i t iOIl "I' I I". II l II j, "I C,"" II c'<,I ihe I'e,CI'I'<'LI'.

'!

#i ncilldc<st d i0, h>

#include<conio.h>

#inciuJc<m'Ilh,l1>

#deli ne pie J, 14 IYJ2(,~ ,1'\l)

#dcfinc crrO,OOI

I~Glob~1Variable D""k['<llLl"I "I
double K, h. ciell,lli. a. 11,'\I.

1* Function Decler.llloll:{

double find_um{lIl1 Ill, int theta):

double find_u_mn\"l1 rn.int n):

double rind_\\'llnl ml:

double R(lntlhelJ):

I' Function Definition, *1
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double factor= piell ~O,O,

double result=O,

if(m==Oj re,uh=(Iog{H(theta)/rw) )/(logl ai,,,, )):

else {

re\ul(=cos(2~m*lhcl~~fac(or)'((pow((R(thet~*faclOr)/a).(2'm))-

puw( (rw~rw/("~R ([hela' factor)) ).(2' m)) )/( I-pow( (rw!a).{ 4 'm)))):

return re,ult:

double find~u~mn(j III Ill.inl 11) /* [migralion i" done u.,ing TRAPIZOIDAL Method *1

im x={):

double re.,uh=O.

for(x=O;x<=R'J.++,) I

rc,u ll+=tlllld_llil ,I III , I - 1"11,,1_"'"111.\ 1+1illJ_lIlll( m.(x + I ))~rilld_ u m(n.(x + I )))*0.5:

illl ~=O;

double re'ult=O:

for(x=O;x<=R'J.++xj I

,.eturn re.wlr:

double R(inl thel"l
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dOllblc faclor'" plcll~IJ,II.

return

(sqn(lI(cos{[hcla'j~CI<\,.)"'ul,(tilcw*rac(or)l(~*a)+sin((hcta~factor)*sin{lhe(a.factor)l(b

'b))));

,'oid main (void)

pnntf("\nlnD'II<llllp"1 Pan:\n\n\n");

primf("Propel'tie, of the Elliptic~1 Acquifer: In" J:

primf("Ma,ior axe, (ul =\l");

\C~nf("'JtIf' .&J):

prinlf("Mino, axe, (bl =\t"):

scanf("%lr' .&b):

pri~tf("\n\n**~H'1t. '*H' '\n");

prinlf("Welbo,e mdiu, (rw) =\t");

,canf{"%lr' .&r'W):

prinlf("\n\n\rrData Lnput l-ompleled .... ," J;

prinlt("\n\nlnDc,j red v"lue of N :\1"):

inl N;

,canf("%d",&N):

printf("'nlnP'-c" "n)' ,cJ' 10 ",ml;IlLl" _ '"):

gClch():

clrscr():

textcolor(WH ITh [I [ J,\J K):

cpr; I1lf("ln\n\n\n\ll\olnln\n\n

double D[501:

double C[501151l1:

d()uhlc J 1'i0 II :iO I

double G [50 l.r: 15111:



in! iJ.k,l:

IOl~,,,,O:i<=N;++i)

0[; J"find_u_mn(i.i):

for(j=O;j<i :++j)

Dli 1=1l1;I'CiIIII] '('I ill i I 'DU [:. .

for(j=D;j<=i:++J)

CI ;+ I II i1=I';,,,I_,,_,,,"( I + 1.J):
1'",(, =11'k<=j_1:T+'!

CI i+ [ IU I=C] ,+ llliJ- J liJ [kl*find_u_mn(J+ I ,k):

CI;+ IIU 1=C1L+IJLiJIDlj I:

for(j=O;j<=i:++j)

J[;+ IlUJ=CI i+ II U]:
for(k=j+ I ;k<=i:++k)

J[i+IIUI=J[L+ IlIjl-C[i+lllk]*J[k][j]:

I

G[il=fmd_w(i):

for{j=O:J<I:++j)

GI; [=(;]; I-CI,I[J I'-GIj I:



[,I,I=OI,JI!JI'I:

// Cakul~li()n of con'l,ml, AU\m)

u""hk AISIIII';III:

for(i=O:i<=,,-':++ i)

Ali IIJ I=Elj I:

lor(k=j+l.k<=i.++kJ

"'I illJl=A[iIUJ-ElkI' JlklLJJ:

I

texlco]nrjUGHTGRA V\.

dN;r{):

for(i=O,i<=N.+-'-i)

f'or{j=[): i <=, :++j \

pJlIlI!1 'cill ".AIIII.III:

prinlf("ln"l:

printt'i"\n\nlnln" I:

textcolor{UGHTGRA Y):

cprintf("Press nny key (0 return ,,"):

gmh(): )
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APPENDIX D

COMPUTER PROGRAM TO CALCULATEtD ANDaD,-VALUES

#1n"lude<'tdto.h>

#,'" 11I,Ic'<cO'I"',I,>
#Lncludc<mlllh.lp

#includc<\ldl,b.il>

#dclillepi 3 141)(J:~h'i\-"'!

#d"l'llc ~'T{IIIIII

IIGlohalvmi"bb

lloat aDi,c: II aDi '" d"'k'"""nk" 111"1"'" aXC, lenglh, (ai/rw)

Ill' "",',",'111'" 'I) 01 Ill" ~II'I'l<"al pmpag~tion

11(;lobal vari"ble a, LL,edIIIANO

double f(tlo~t thew):

,Ic'ubk A NO( ilLI,ll ,I I:

double fEnd lIm(1I11 III illl 11"'1"1,

double find_u_mn(illl rn.illl II),

double find_w(im m):



double R(im thew):

IlFunction definition

double f(flom theta)

double lob", ]-c'e:

douhle, = ';Ll(II1"I,,)"

double <: '" c,,,ftI1Cr:L):

double rc,uit =''lrt(l"b ),"qrl(, < ,+l()b*c~c):

return result:

double At"O(floal a)

rw AND = LO:

u_At\O" :I:

b_,\ NO " """WI( I -c"\' !:

lilt ,,' " I,":

II Local V Jrinbk delle, ,011,>11

dnuhle 0[201:

,i<lublc C[2011:'1l1:

double J [20112111.

double Gl20],1:121l]:

in! l,j,k,l:

fore i",O:i<"N :+-i-i )
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D[i]=find_,,_mn(i ,i);

i'''' li=O: i<;. +~ i I

01; 1=])1i 1-<:1i IU I~CI illll'DIJ I:

i"'(1=11:,1<=t'~ + II

q1+ilU I=rllld_,,_mn(i+ I J):

lor(k=O:k<=J.J :++k)

<-'I<+IIIII=CI:+ Illi I-JI iJik 1'find_u_mn(i+ I ,k);. ..

CI i+ 1]III=CIl+ ilU IIDI.i I:

fmU=Il:j<=i:++iJ

J[i+JII.i I=Cli+ IIU I:

fur(k=j+ I ,l<=i:++k)

I
J[i+ I] U]=J [<+ I ][j].C1 i+ 1JlW J(kllj I;

I

GII]=fllld_ w( I):

forU=O:j<i;++j)

I
Gli 1=(;1 L ]-C1IIU ]*GIJ]:

I

E(i]=G! i1/0] ii,

II Catcu!ati'ln of LOn,lam' A( Nm)

•
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double A[20][20J:

for(i =O:i<=N;++i)

for(j=O:j<=i :++J)

I
A[I]!J]=EUJ:

for(k=J+ I :k<=i:++k)

I
1\1; Il.i 1=,\[ i II i 1-101k I" Jlk IU I:

printf("lnANO", %11",AI1511(1):

return AI1.'iIIOI:

double IU~lOr=)',/1 XII 0,

double re,ul!=O:

,1"(m==01

r~Md(=\ 1,,1"I{III'U:I ,'il W_,\;,\0 J 1/1Ie'1'("_ ,\ NUlm'_A NO J):
ebe

resull=~m(2Cm ' llida ' Llcwr)' ((pow((R( thcw*factor)/a_ANO),(2*m))-

Pl1w((rwj\:-JO "'-11',. ,\ ~ l ).': ,L,.'\ ',,0" I{( Illtl 'I~ r,"'I<" ))1.(Yin)) li( I.

p"w( (I"W _ANOj"_,, ,,( ) , I-I ' In 11J J

reWrn re,ull:

douhle f,nd_u_mn(i III m.1m III J" Inli~1al;oll i, done u,ing TRAI'IZOIDAL Meth"d '/
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in! x=O:

double re,ul!=O:

for(x=O;x<=89:++x)

resull+=( finu_" m!m,x)" find_urn( n,x]+find_um(m,(x+ I})*find_um(n,(x + J) ))*0.,,

return re.,ult:

dOllble find_wOnt m)

in! x=O:

double rcsul[=O;

for(x=O:x<=89;++x)

return result:

<.!()uhlc1'I;nlll1el:l1

double faclor= pil I~IJ.{):

return

('qn( lit <;o'(thela 1.1',1' 1<'1"''(' ','IIhela'i ,lC'tor)f(a_ANO*a_ANO)+sin(the!u'faclor).sln{lhe

(J 'f~Cl()r)l(b_Al\'()' h_:\ N() II )I:

void Illainl)



FILE *1'1':

double ID. illlcg,-.,1 '" lUI:

cli-,cr(j:

printt{"\nEccenlr;cily" ").

sc~nf("%g".&e);

if({fp '" fopen(" ANO, 1,1", "a+") )",,,,NULL)

printj("CannOl open file"):

e~it( I):

fprinlf(fp."\nEccentricity: %g\n".e):

fc]o,;e(fp):

double uptheta '" pi/2: Iluplheta 1.\ lhe upper limit of theta i.e. 90 dcgree Or pi/2

double hi '"0,05, Ilhl is lhe incremcnt In lhemdirection

double h2 '" 0 05: IIh2 ,s the im:remenl in r direction

im notl Lnes'" uplhclalh I+ I.

double *line3Ildl'o'rll:

llllc_cndpoini = rdOLLhk") malloc(,izcof(double)*notlines):

if( line_endpO'llI==NU LU

printf("\nN(lt enough memory 10 run tbe program ...\nPress any key to exil" ");

getch(j;

e\ il( I ):

r Looping *1
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for(int .I ",O:j<lIn 1'1inc-'.j I +"

Ilne_cndp"inllil = 1.11

r",(aDi= I ;aDL<: IOO:aDi+=2)

double to '" 0,0:

in! i=li;

for(double theta" 0; lhel"<uplliela: thetu+=h 1)

printf("lnTheIU" %If radian" ,theta);

dC\llhlc nhcl" = I'Ith"I"); ilTh~l.1i, illl'adiJn

d()t,bk 1(1) '" "Il," Illlela.

fOl( 11""1 rI )~I ;m' _c'Hlp, ,i1Il[i I:rlkR D:rD+=h2)

prilltf( "\nR I) "'> 'kg oj %1f' .rD,RD):

JOLlhle,-2" '" rDlrth~I": 1!J2~i, tbe ~on\'crsion of a from r (a =

rlf(theta))

j nteg, ..,1 = iIllcgrai .;. rD h I 'il2~I(}g( r2a}1ANO{r2aJ:

line_endpoilillil '" rD+il2:

<++;

dou ble p~n I '" (pil~ )~log{aDi )'(" DI*aDi~.\qr((l"e*e )-1);

double ANO;=M'()(',[)II:

tD = (p,ml.AN(li"lfllcgmijl(upll1ela*ANOi): Ilhcre uplheta '" pil2 which is

defined earlier



pnlllt{ "\11\1"Di = '~I I\l\n D = e~II" ,aDi.lD):

if((fp = rop"n(' M\O.L\I". "a+"})=""ULL)

prirrtf( 'Cannot open lile"j.

Exil(l):

rprin(f( fl'. '\n\l<1f), " ':f 11\(\llD = c,;It" .aDi ,(D);

fcl",e(t'pl:

getch():
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