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Abstract

In this research work, we have introduced a new graph problem namely “minimum face-
spanning subgraph problem”. Let G be an edge weighted connected plane graph, let
V(G) and E(G) be the set of vertices and edges, respectively. Let F be the set of faces of -
graph G. For each edge e € E, w{e) > 0 is the weight of the edge e of G. A face-spanning
subgraph of G is a connected subgraph H induced by a set of edges S C E such that S
contains at least one vertex from the boundary of each face f € F' of G. The minimum
face-spanning subgraph problem asks to find a face-spanning subgraph H induced by S
.of G such that cost of H is minimum. Finding a minimum face-spanning subgraph has
practical applications in planning irrigation canal networks in irrigation systems, planning
gas pipelines in a locality, layout of power supply lines in a printed circuit board etc.
Efficient algorithmns are necessary to solve these kinds of problems which arise from
numerous practical applications. However developing efficient algorithms is not always
possible. In this thesis, we show that finding an efficient algorithm for solving the mini-
muin face-spanning subgraph problem is unlikely by showing that this problem belongs to
the infamous class of NP-complete. problems. We also prove that a variation of the min-
inum face-spanning subgraph problem called “minimum-vertex face-spanning subgraph
problem” is NP-complete. Since it is unlikely to have efficient algorithms for both the
problems, design of approximation algorithms is an urgent need. We present approxima-
tion algorithms for both the problems in this thesis. Approxima.tion-ra.tio and complexity

analysis of the developed approximation algorithms are also presented in this thesis.

ix



Chaptef 1

Introduction

How can we supply water in all plots of a region from a single water pump at a minimum
establishment cost of canal networks given that the canal networks can pass along the

boundaries of the plots only? Or, how can we supply gas in all regions of a locality from

a gas-field at a minimum establishment cost of gas pipelines with the restriction that the

gas pipelines can pass along the road network of the locality only? These and many other
practical problems involve graph theory. In this thesis we deal with a newly introduced
graph theoretical ‘problem namely “minimum face-spanning subgraph problem” to solve
these kinds of problems. ‘
In this chapter we discuss the applications and motivations of the problem. We also
> review the literature about the problem and present the objectives of the thesis. We start
with Section 1.1 by giviﬁg a precise description of the face-spanning subgraph problem.
Section 1.2 describes some pi“acticall applications of the problem. Section 1.3 reviews the
literature. Section 1.4 addresses the scope of this thesi;s. In Sectilo'n 1.5 we present the

summary of the thesis.

7



CHAPTER 1. INTRODUCTION . ' 2
1.1 Problem Statement

In this section we define the face-spanning subgraph problem. Let G = (V,E) be an
edge weighted connected plane graph, where V' and E are the set of vertices and edges,
respectively. Let F' be the set of faces of graph G. For each edge e € E, w{e) > 0 is
the weight of the edge e of G. A face-spanning subgraph of G is a connected subgraph H
induced by a set of edges § C E such that the vertex set of H contains at least one vertex
from the boundary of each face f € F of G. A minimum face-spanning subgraph H of G is
a face-spanning subgraph of G, where st(e) is minimum, and a minimum face-spanning
subgraph problem asks to find a mini;fum face-spanning subgraph of a plane graph. In
the following section we discuss on some of practical applications of the face-spanning

subgraph problem defined above.

1.2 Applications

A minimum fa,ce'—spanning subgraph problem often arises in applications like planning

irrigation canal networks for irrigation systems, establishing gas pipelines in a locality,

establishing power transmission lines in a city, power wires layout in a complex circuit

etc. IFinding a minimum face-spanning subgraph is same as finding minimum canal net-
works for irrigation systems or finding road networks to establish gas pipelines in a lo-
cality. Below we describes some details on different applications of thé face-spanning
subgraph problem and also discuss on how those applications can be modeled using the

face-spanning subgraph problem.

1.2.1 Planning Gas Pipelines in a Locality

Let a gas company wants to supply gas to a locality from a single gas source. They are

allowed to pass the underground gas lines along the road network only, because no one

&



CHAPTER 1. INTRODUCTION 3

allows to pass gas lines through the bottom of his building. The road network divides the
locality into many regions as illustrated in Figure 1.1(a), where each road is represented
by a line segment and a point at which two or more roads meet is represented by a
(black or whité) small circle. A point at which two or more roads meet is called an
intersection point. Each region is bounded by some line segments and intersection points.
These regions need to be supplied gas. If a gas line reaches an intersection point on the
boundary of a region, then the region may receive gas from the line at that intersection
point. Thus the gas lines should reach the boundaries of all the regions of the locality.
Gas will be supplied from a gas field which is located outside of the locality and a single
pipe line will be used to supply gas from the gas field to an intersection point on the
outer boundary of the locality. The gas company wants to minimize the establishment
cost of gas lines by selecting the roads for laying gas lines such that the total length of the
sclected roads is minimum. Since gas will be supplied from the gas field using a single line
to the locality, the selected road network should be connected and contains an intersection
point on the outer boundary of the locality. Thus the gas company needs to find a set of
roads that induces a connected road network, supply gas in all the regions of the locality
and the length of the induced road network is minimum. Such a set of roads is illustrated
by thick lines in F"igure 1.1(b). |
The problem mentioned above can be modeled using a face-spanning subgraph as
-follows.- Let- G = (V, E) be an edge weighted connected plane graph, where V and E
are the set of vertices and edges, respectively. Let F' be the set of faces of graph G. For
each edge e € E, w{e) > 0 is the Weight of the edge e of G. If we represent each road of
the road network by an edge of G, each intersection point by a vertex of G, each region
by a face of G and assign the length of a road to the weight of the corresponding edge,
then the problem of finding a minimum fa.ce-spé.nning subgraph of G is the same as the

problem of finding gas lines in the gas company problem mentioned above.
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Figure 1.1: {a} A road-network of a locality and (b) a sample setup of gas pipelines drawn

by thick lines for supplying gas in all the regions from a gas field.

1.2.2 Planning Canal Networks in Irrigation Systems

Let us establish canal netwarks to irrigate a region from a single water pump. Let the
region consists of many plots and each plot has its boundaries. We are allowed to pass the
canal networks along the boundaries of the plots only, because no one allows to pass canal
networks throug}i the middle of his plots. The boundaries divides the region into many
plots as illustrated in Figure 1.2(a), where each boundary is represented by a line segment,
and a point at which two or more boundaries meet is represented by a small white circle.
A point at which two or more boundaries meet is called an intersection point. Ea.lch plot
is bounded by some line segments and intersection points. These plots of the region need
to be supplied water. If a canal network reaches an intersection point on the boundary
of a plot, then the plot may receive water from the line at that intersection point. Thus
the canal network should reach the boundaries of all the plots of the region. Water will
be supplied from a water pump which can be set up in any position on the canal network
to supply water in all the plots. We want to minimize the establishment cost of the eanal

network by selecting the boundaries for laying canals such that the total length of the
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selected boundaries is minimum. Since water will be supplied from a water pump to the
region, the selected plot boundaries should be connected. Thus we have to find a set of
boundaries that induces a connected canal network, supply water in all the plots of the
region and the length of the induced canall network is minimum. Such a set of boundaries

is illustrated by thick lines in Figure 1.2(b).

Figure 1.2: (a) Plot boundaries of a region. (b) a sample setup of canal network drawn by

thick lines for supplying water in all the plots from a water pump drawn by black circle.

The problem mentioned above can be modeled using a face-spanning subgraph as

follows. Let G = (V, E) be an edge weighted connected plane graph, where V and E are

the set of vertices and edges, resp'éctively. Let F be the set of faces of graph G. For each
edge e € E, w(e) 2 0 is the weight of the edge e of G. If we represent each boundary of
the plbts by an edge of G, each intersection point by a vertex of G, each plét by a face of
G and assign the length of a boundary to the weight 6f the corresponding edge, then the
problem of finding a minimum face-spanning subgraph of G is the same as the problem

of finding canal network in irrigation syétems mentioned above.

o

v
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1.3 Literature Review

Since the face-spanning subgraph probleﬁ is newly introduced, there is no mentionable
references on this problem. Anyway, ohe may think of the “vertex cover problem” [FD04]
or the “face cover problem” [ALO4] while considering the minimum face-spanning sub-
graph problem. Unfortunately, the minimum face-spanning subgraph problem is quite

different from those two problems. Below we discuss on the differences.

1.3.1 Vertex Cover Problem

A vertex set C C V is called a vertez cover if every edge of G is incident to some vertex
in C and the vertes cover problem asks to compute a minimum vertex cover in given G.
Thus the vertex cover problem asks to find a vertex set which contains at least one vertex
fron the end vertices of each edge of G whereas the minimum face-spanning subgraph
problem asks to find an edge set which contains at least one vertex from the boundaries
of each face of G. Hence, the vertex cover problem and the minimum face-spanning
subgraph problem are different. A simple graph G is drawn in Figure 1.3. We see that
the vertex set {v4‘, V10, Us, U11} of the face-spanning subgraph of G drawn by thick lines in :
Figure 1.3 does not contain at least one vertex from eéch edge of G. For example, the
vertex set of the face-spanning subgraph in Figure 1.3 does not contain any vertex from
the edges like (v, v2), (vs, vg) etc. Hence the face-spanning subgraph does not provide any
solution to the vertex cover problem. Thus, the vertex cover problem and the minimum

face-spanning subgraph problem are different.

1.3.2 Face Cover Problem

A set of faces whose boundaries contain all the vertices in a plane graph G is said to be
a fuce cover for G and the face cover problem asks to compute a minimum face cover in

given G. Thus the face cover problem asks to find a face set which contains all the vertices
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. Figure 1.3: A simple graph G with a face-spanning subgraph drawn by thick lines.

of G whereas the minimum face-spanning éubgraph problem asks to find an edge set which
contains at least one vertex from the boundaries of each face of G. Hence, the face cover
problern and the minimum face-spanning subgraph problem are also different.- A simple
graph G is drawn in Figure 1.4. Since the face set {fs, fs, f7, fs} in Figure 1.4 contains
all the vertices of the graph G, the face set is a face cover. Again, since the edge set
{{v2, vs), {vs, vg), (vg, vs)} drawn by thick lines in Figure 1.4 contains at least one vertex
fromn the boundaries of each face of G, the edge set induces a face-spanning subgraph.
Thus the face cover problem and the minimum face-spanning subgraph problem are also

different.

1.4 Scope of Thesis

Since the minimum face-spanning subgraph problem arises from numerous practical appli-
cations like finding irrigation canal networks in irrigation systems, planning gas pipelines
in a locality, planning layout of power supply lines in a printed circuit board etc, efficient
algorithins are necessary to solve these problems. However developing efficient algorithms

is not always possible for many such problems. In this research work, we show that
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Figure 1.4: A simple graph G with a face-spanning subgraph drawn by thick lines.

it is unlikely to have a polynomial-time algorithm for finding a minimum face-spanning
subgraph of a plane graph. We also show the same scenario for a variation of the face-
spanning subgraph problem called “minimum-vertex face-spanning problem”. In such a

case, design of approximation algorithms is needed for practical applications.

1.4.1 Face-Spanning Subgraph Problem

We show the hardness of the face-spanning subgraph problem in this thesis, that means,
we show that the‘face—Spann'ing subgraph problem belongs to the infamous class of NP-
complete problems. First, we show that the face-spanning subgraph problem is in NP.
For this, we prove that any candidate solution of the face-spanning subgraph problem
can be verified lin polynomnial time. To prove the face-spanning subgraph problem is NP-
hard, “weighted tree cover problem” [AHH93] will be polynomially transformed into the
face—spanning subgraph problem. These above two steps will immediately prove that the

face-spanning subgraph problem is NP-complete.
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1.4.2 Minimum-Vertex Face-Spanning Subgraph Problem

In this thesis we also introduce a variation of the face-spanning subgraph problem namely
“minimurm-vertex face-spanning subgraph problem”. Let G = (V,E) be a connected
plane graph , where V and E are the set of vertices and edges, respectively, and let
F be the set of faces of graph G. A minimum-vertez face-spanning subgraph H of G
is a face-spanning subgrapﬁ of G where |V(H}| is minimum. A minimum-vertez face-
spanning subgraph problem asks to find a minimum-vertex face-spanning subgraph of
a plane graph. The minimum-vertex face-spanning subgraph problem often arises in
Aa.pplica.tions like establishing base transceiver stations in wireless networks, establishing
power distribution centers in a city etc, where the setup cost for each establishment is
huge. In these cases the objective is to minimize the number of vertices instead of edge
cost.

In this thesis we show that the minimum-vertex face-spanning subgraph problem is
NP-complete. First, to show the minimum-vertex face-spanning subgraph problem is in
NP, we prove that any candidate solution of the minimum-vertex face-spanning subgraph
problen-l can be verified in polynomial time. To prove the minimﬁm—vertex face-spanning
subgraph problem is NP-hard, “connected vertex cover problem” [GJ77] will be poly-
nomially transformed into the minimum-vertex face-spanning subgraph problem. These
above two steps will immediately prove that the minimum-vertex face-spanning subgraph

problem is NP-complete.

1.4.3 Approximation Algorit'hms'

Since the face-spanning subgraph problem and the minimum-vertex face-spanning sub-
graph problem arises from numerous practical applications and both the problems are
NP-complete, design of efficient approximation algorithms is essential. In this thesis we

present the approximation algorithms for the face-spanming subgraph problem and the
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minimurn-vertex face-spanning subgraph problem. We show that the time complexities
of the presented approximation algorithms is linear. We also present the approximation

ratios of the designed approximation algorithms.

1.5 Summary

The main result of this thesis are as follows.

1. The face-spanning subgraph problem is NP-complete.
2. The minimum-vertex face-spanning subgraph problem is NP-complete.

3. We have developed a linear time algorithm for finding a minimal face-spanning

subgraph.

4. We have calculated the upper bound and lower bound on the number of vertices
for a minirﬁal face-spanning subgraph. Let G be a plane graph of n vertices with
maximum degree A. Let np be the number of outer vertices and f be the number of
faces of G. Then a minimal face-spanning subgraph of G contains at most n—rng+1

vertices and at least (f — 2}/(A — 2) vertices. We show that the upper bound and

the lower bound are tight.

5. We have dex"eloped approximation algorithms for sdlving the face-spanning sub-
graph problem and the minimum-vertex face-spanning subgraph problem. The ap-
proxifnation ratio of the develéped approximation algorithms for the face-spanning
subgraph problem and the minimum-vertex face-spanning subgraph problem are
{{n ~ ngH A — emaz }/{{f — Alemin} and 2(A - 2), respectively, where e, and
Eamin denote lthe rﬁaximum and minimum weight of the edges of G. The time com-

plexities of the approximation algorithms are linear.
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The thesis is organized as follows. Chapter 2 describes preliminary definitions on
graph, complexity theory and approximation algorithms. Chapter 3 proves that the face-
spanning subgraph problem is NP-complete. Chapter 4 shows that the minimum-vertex
face-spanning subgraph problem is also NP-complete. Chapter 5 discusses a linear time
algorithm for finding a minimal face-spanning subgraph of a plane graph. Approkimation
algorithins for finding solutions of the face-spanning subgraph problem and the minimum-.
vertex fa.ce-spaﬁning subgraph problem a.lqng with the approximation ratio and complex-

ity analysis are presented in Chapter 5. Finally Chapter € gives the conclusion.



Chapter 2

Preliminaries

In: this chaptet, we define some basic definitions of graphs. Some discussion on complexity
theory and approximation algorithms will also be presented in this chapter. Definitions
that are not given here are discussed as they are needed. In Section 2.1, we start by giving
the definitions of some basic terms of graph which are related to and used through out
this thesis. Section 2.2 describes the terms related to the computational complexities. In
Section 2.3 we dispuss on approximation algorithm and the approximation ratio. Section
2.5 illustrates on the “connected vertex cover problem” that will be used to prove the
hardness of the face-spanning subgraph problem. Section 2.4 defines the “weighted tree
cover problem” that will be used to prove the hardness of the minimum-vertex face-

spanning subgraph problem. Finally, Section 2.6 summarizes this chapter.-

2.1 ‘ Basic Terminoldgy

In this section we give some definitions of standard graph-theoretical terms used through-

out the remainder of this thesis.

12
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2.1.1 Graphs

Let G = (V, E) be a graph with vertex set V and edge set E. The number of vertices of
G is denoted by n, that is, n = |V, and the number of edges of G is denoted by m, that
is, m = |E|. We often denote the set of vertices of G by V(G)} and the set of edges of G
by E(G). We denote an edge joining vertices v;,v; of G by (v;,v;). If (v;,v;) € E, then
two vertices v;, v; are said to be adjacent in G; edge (vi,v;) is then said to be incident to
vertices v; and vj; v; is a neighbor of vj. ‘A loop is an edge whose endpoints are equal.
Parallel edges or multiple edges are edges that have the same pair of endpoints. A simple
graph is a graph having no lo:ops or multiple edges. The graph in which loops and multiple
edges are allowed is called a multi graph . Figure 2.1 depicts a simple graph G, where
each vertex ir-1 V(G) = {v1,v2,v3,vq,u5} is drawn by small black circle and each edge in
E(G) = {(v1,v2), (v2,v3), (va,vs), (va, v1), (1, v5), (va, U5}, (3, vs), (va, v5)} is drawn by a

line segment.

M -V

Figure 2.1: A simple graph with five vertices and eight edges.

The degree of a vertez v in a graph G is the number of edges incident to v in G. The
degree of a vertex v is denoted by d(v) and the.mazimum degree of G is denoted by A(G)
or sitnply by A. In Figure 2.1, the degree d{v;) of vertex v is 3 and the maximum degree

Aof Gis4d.

)
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A path in G is-an ordered list of distinct vertices {(v1,v2,...,Vq-1,%) € V such that
(v;-1,v;} € Eforall 2 <4 < g [WO01]. A pathis closed if v; = vg. A closed path containing
at least one edge is called a cycle . In Figure 2.1, (vy,ve, v3) is a path and (vy, vy, us, )

is a cycle.

2.1.2 Connectivity

A graph G is connected if for any two distinct vertices v;, v; of G there is path between v;
and v; in G. A graph which is not connected is called a disconnected graph . A connected
component of a graph is ém maximal connected subgraph. The graph in Figure 2.2(a) is
connected since there is path in any two distinct vertices of the graph. On the other
hand, the graﬁ_hl in Figure 2.2(b) is disconnected since there is no path between v, and
v3. The graph in Figure Z.Q(b) has two connected components G; and G» indicated by

dotted lines.

(a)

Figure 2.2: (a) A connected graph, and (b) a disconnected graph with two connected

components:

2.1.3 Trees and Subgréphs

G is a tree if G is connected and has no cycle. H = (V' E'} is called a subgraph of G if
V' C V and E' C E. A subgraph H = (V', E') of G is called a spanning subgraph of G

[
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if H contains all the vertices V' of G. A spanning subgraph H of G is called a spanning
tree of G if H contains no cycle. A subgraph H = (V’, E’) of G is called the edge induced
subgraph of G induced by the edge set E' if V' contains only the vertices of G which
are end vertices of the edges in E'. Figure 2.3(b) illustrates an edge induced subgraph
induced by the edge set E' = {{vy,v3), (vy,vs), (us, vs)} of the graph in Figure 2.3(a). For
a set of edges S C E, we denote by V(S) the set of vertices consisting of the end vertices
of the edges in S, that means, V(S) is the set of vertices of the edge induced subgraph of
G induced by S. Figure 2.3(b) illustrates that the edge induced subgraph of G induced

by S = {(v1,v2), (v1,v5), (vs,vs)} contains the vertex set V(S) = {v1, vz, Vs, Us}-

V.
V3 2

Yo

Vs

(b)

Figure 2.3: (a) A graph with six vertices and nine edges, and (b) an edge-induced subgraph

induced by edge set {{v,v2), (v1,vs5), (vs,v8) }.

2.1.4 Planar Graphs and Plane Graphs

A graph is planar if it can be embedded in the plane so that no two edges intersect
geometrically except at a vertex to which they are both incident. A plane graph is a
planar graph with a fixed embedding. A plane graph divides the plane into connected-
regions called feces . Below we emphasis on some definitions usually used in the following
chapters.

Let G = (V, E) be an edge weighted connected plane graph, where V' and E are the
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set of vertices and edges, respectively. Let F' be the set of faces of plane graph lG . Wesay -
a sct of edges S C E covers a face f € F if V(S) contains at least one vertex from the
vertices on the boundary of f. Edge weighted connected plane graph is a éonnected plane
graph ;vllere each edge e has a weight w(e) > 0. Let G be an edge weighted connected
plane graph. Then for a subgraph H of G, the cost of H is computed as ng w{e}. We
say a vertex set V' C V covers all the edges of G if V' contains at least ;fle( vzartex from

the end vertices of each edge of G. H is a tree cover of G if H is a tree in G and V(H)

covers all the edges of G.

2.2 Complexity Theory

In comnputer science, compufationai complexity theory is the branch bf the theory of com-
putation that stud.ies the resources, or cost, of the computation required to solve a given
computational problem. This cost is usually measured in terms of abstract parameters
such as time and space, called computational resources. Time represents the number of
steps it takes to solve a problem and space represents the quantity of information storage
required or how much memory it takes. There are often trade offs between time and space
that have to be considered when trying to solve a computational prbblem. It often turns
out that an alternative algorithm will require less time but more space (or vice versa) to
solve a given problem. Hence in the complexity theory we can classify problems based on

how difficult they are to solve. In this section we discuss on different classes of problems.

2.2.1 Decision Problems and Optimization Problems

Much of complexity theory deals with decision problems. A deciston problem is a problem
where the answer is always YES or NO. One example of a decision problem is “given two -
numbers = and y, does z evenly divide 47”. This is a yes or no question, and its answer

depends on the values of z and y. An algorithm for this decision problem would tell how
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to determine whether z evenly divides y, given z and'y. Another example of a decision
problem related to the shortest-path problem is, “ Given a graph G = (V, E), two vertices
u,v € V, and a nonnegative integer K, does a path exist in G between u and v whose
length is at most K7” Here the answer is obviously either yes or no.

In computer science, an optimization problem is the problem to find among all feasible
solutions for some problem the best one [CCPS98]. One example of an optimization
problem related to the shortest-path problem is, “Given a graph G = (V, E) and two
vertices u,v € V. Find the shortest path between u and v in G”. In fact, the decisive

version of an optimization problem is a decision problem.

2.2.2 Complexity Classes

A complexity class is the set of all of the computational problems which can be solved
using a certain amount of a certain computational resource. There are-different complexity
classes in complexity theory. Below we briefly discuss on the commonly used different

complexity classes in the computational complexity theory.

The Complexity Class P

A problem is assigned to the P (polynomazal time) class if there exists at Iea.st.: one algorithm
to solve that problem, such that the number of steps of the algorithm is bounded by a
polynomial in n, where n is the length of the input. This complexity claé.s iﬁcludes the set
of decision problems that can be solved by a deterministic ﬁmhine in polynomial time.
More explicitly, a problem is polyndmial-time solvable if there exists an algorithm to solve

it in time O(n;) for some constant k, where n is the length of the input.

The Complexity Class NP

In computational complexity theory, NP (Non-deterministic polynomial time) is the set of

decision problems solvable in polynomial time on a non-deterministic turing machine. We
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assign a problem to the NP class if it is solvable in polynomieﬂ time by a non-deterministic
turing machine. We can identify that whether a problem is in NP or not, by verifying
a candidate solution of the problem in polynomial-time by deterministic turing machine
[GJT79)].

Since the polynomial problems are solvable by deterministic turing machine, they are
also solvable by non-deterministic turing machine. Hence P C NP. Figure 2.4 illustrates
the relation of P and NP. The question which arises now is whether P = NP or not.
The question of whether P is the same set.as NP is the most important open question in
theoretical computer science. Questions like this motivate the concepts of NP-hard and

NP-complete which we discuss below.

..NP=Problems '~ - 77

P -Problems YL .

All Problems

Figure 2.4: The set of all problems that contains the P and NP problems.

The Complexity Class NP-hard

In computational complexity theory, a reduction is a transformation of one problem into
another problem. Intuitively, if problem A is reducible to problelm B, then Asolution to B
gives a solution to A. Thus, solving A cannot be harder than solving B. A problem X is
NP-hard if all the problems in NP are polynomially reducible to X. Figure 2.5 illustrates

the relation of different classes of problems.
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Figure 2.5: Illustration of the relationship among P; NP, NP-hard and NP-complete

problems.

The Complexity Class NP-complete

A problem X is NP-complete if X is in NP and X is NP-hard. Figlure 2.5 illustrates
the relationship among P, NP, NP-hard and NP-complete problems where we see that
the part of the NP—hardrprgblems that are in NP, are the NP-complete problems. NP-
complete problems are combutationally intractable based on the folllowing properties of

this class [GJ77):

1. There is no polynomial-time algorithm that can solve any problem in the class.

2. Despite the wide variety and large number of problems in the class, the existence of
a polynomial-time algorithm for any one of them would imply that every problem

in the class could be solved with a polynomial-time algorithm.

Detailed discussion on the class of NP-complete problems and its members are de-
scribed in many references [AHUT74, K72, GJ79]. The reader is referred to [AHU74, GJ79]
for a thorough description of the formal requirements for a proof of NP-completeness. In
short, to prove a particular problem X is NP-complete, the following two steps are re-

quired:

1. Prove that X is in NP, that is, X can be solved in polynomial time by a non-
deterministic turing machine. In other words, it can be construed as any solution

of X can be verified in polynomial time.
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2. Prove that X is NP-hard. For this we have to prove that, some known NP-
complete problem X' can be polynomially transformed into X in such a way that
any polynomial-time algorithm for solving X could be used to solve X' in polynomial

time.

2.3 Approximation Algorithm and Approximation

Ratio

It is unlikely to have an efficient algorithm for a NP-complete problem, that is, it is
unlikely to have an optimal solution of the NP-complete problem in polynomial time.

But some NP-complete problem arises from numerous practical applications like the face-

spanning subgraph problem. Hence an algorithm is required that can quickly provide a

sub-optimal solution of the problem. An algorithm that finds a sub-optimal solution of
a problem in polynomial time within a certain range of the optimal solution is known as
approzimation algorithm [CLR90]. An epprorimation ratio is the measure of goodness of
an approximation algorithm. Approximation ratio is generally denoted by p(n) where n is
the input size of the problem. An approximation algorithm that achieves approximation
ratio p(n) is known as p(n)-approximation algorithm of the problem. If C' is the cost of
the suboptimal solution of a problem produced by an approximation algorithm and C* is

the optimal cost of the optimé,l solution of the problem, then

.
mas &, < o) 1)
This definition applies for both the minimization and maximization problems. For a
maximization préblem, 0<C <CH a.nd the ratio C/C* gives the ratio by which the cost
of an optimal solution is larger than the cost of the approximate solution. Similarly, for
a 111i11iﬁ1ization problem, 0 < C* < C, and the ratio C*/C gives the ratio by which the

cost of an approximate solution is larger than the cost of the optimal solution. Since all
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solutions are assurned to have positive cost, these ratios are always well defined. The ratio
of an approximation algorithm is never less than a 1, since C/C* < 1 implies C*/C > 1.
An optimal algorithm has a ratio 1, and an approximation algorithm with a large ratio

may return a solution that is very much worse than optimal [AHU74]. |

2.4 Weighted Tree Cover Problem

In this section we discuss another NP-complete problem called “weighted tree cover prob-
lem” [AHH93]. We use this problem to prove that the face-spanning subgraph problem
is NP-complete. '

Let G = (V, E) be an edge weighted connected plane graph, where V and E be the set
of vertices and edges respectively. Each edge e € E has a weight w(e) > 0. A subgraph
H of G is a tree cover of G 1f H is a tree in G and V(H) cover all the edges of G. We say
H be weighted tree cover of G if we compute H based on the weight of the edges of G.

A weighted tree cover H of a plane graph G is a minimum weighted tree cover if

Y. w(e) is minimum among all the weighted tree cover in G. It has already been

c€ E(H)
proved that it is unlikely to design an efficient algorithm to find a minimum weighted tree

cover of a plane graph. A weighted tree cover problem asks to find a minimum weighted '

tree cover of a plane graph. The formal definition of weighted tree cover problem is as

follows [AHH93):

Definition 2.4.1 (Weighted Tree Cover Problem) Given a plane graph G = (V, E) and
weight on the edges w(e) > 0 for all e € E and a positive real number B, does there exist
any weighted tree, T C (V', E') induced by E' C E, whose vertices V' C V cover all the

edges in E and Y. w(e) < B?
cEL!
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2.5 Connected Vertex Cover Problem

In this section we discuss a known NP complete problem called “connected vertex cover
problein” (GJ77]. We use this problem to prove that the minimum-vertex face-spanning
subgraph problem is NP-complete.

Let G = (V, E) be a connected plane graph, where V' and E be the set of vertices and
edges respectively. We say a vertex set V' C V is a vertez cover of G if V' contains at
least one‘ vertex from the end vertices of each edge e € E of G. Figure 2.6(a) shows a
connected plane graph where the vertex set V/ = {vl,vg,vs, Ug} is a vertex cover of that
graph. A vertex cover. V' is connected if the subgraph induced by V' is connected. A
subgraph H of G be a connected verter cover of G if V(H) is a vertex cover of G and
the subgraph H is connectejd. In Figure 2.6(b), the subgraph drawn by thick lines is a
connected vertex cover where the vertex set of the subgraph is {vs, v4,v5}. In some cases,
though a vertex set V/ C V be a vertex cover of graph G, the sﬁbgraph induced by V' may
not, be a connected vertex cover of G. For example, the vertex set V' = {v,v3, 5,05} in
Figure 2.6(a) is a vertex cover, but the subgfaph induced by V' is not a connected vertex

cover since V' induces a disconnected subgraph.

(b)

Figure 2.6: (a) A connected plane graph, and (b) a connected plane graph with a con-

nected vertex cover drawn by thick lines.

.
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" A connected vertex cover H of a plane graph G is a minimum connected verter cover
if |[V(H}| is minimum in G. A connected vertez cover problem asks to find a minimum
connected vertex cover of a plane graph. The formal definition of connected vertex cover

problem is as follows [GJ77].

Definition 2.5.1 (Connected Vertex Cover Problem) Given a plane graph G = (V, E)

and an integer K, does there exist a verter cover V' C V satisfying |V'| < K and the

subgraph induced by V' is connected?

2.6 Summary

I this chapter we discussed on some definitions of standard graph-theoretical terms.
We have discussed on different complexity classes. Basic concepts on approximation
algorithins, approximation ratios are given in this chapter. We have also discussed on two
NP-comnplete problems connected vertex éover problem and weighted tree cover problem

that will be used in the following chapters.

M
o



Chapter 3
Face-Spanning Subgraph Problem

" In this chapter we present our main result on the face-spanning subgraph problem. We
show that the face-spanning subgraph problem belongs to the NP-complete class. The
organization of this chapter is as follows. Section 3.1 formally defines the face-spanning
subgraph problem. In Section 3.2 we prove the NP-completeness of the face-spanning
subgraph problem. Finally, Section 3.3 summarizes this chapter. The approximation
algorithm to find a minimum face-spanning subgraph of a plane graph is discussed in

Chapter 5.

3.1 Problem Definition

In this section we formally define the face-spanning subgraph problem. Let G = (V, E)

be an edge weighted connected plane graph, where V and E are the set of vertices and

“edges, respectively. Let F' be the set of faces of graph G. For each edge ¢ € E, w(e) 20 |

be the weight of the edge ¢ of G. A face-spanning subgraph of G is a connected subgraph
H induced by a set of edges S C E such that the vertex set of H contains at least one
vertex from the boundary of each face f € F of G. Figure 3.1 shows two_face-spanning

subgraphs drawn by thick lines.

24



CHAPTER 3. FACE-SPANNING SUBGRAPH PROBLEM 25

(@) - )
Figure 3.1: A simple graph with (a) a face-spanning subgraph of cost 11 and (b) a face-

spanning subgraph of cost 13.

A minimum face-spanning subgraph H of G is a face-spanning subgraph of GG, where

¥ w(e) is minimum, and a face-spanning subgraph problem asks to find a minimum

- e€S

face-spanning subgraph of a plane graph. We say the face-spanning subgraph problem
as “FSSP” in short in many places rest of this chapter. The formal definition of the

face-spanning subgraph problem is as follows:

Definition 3.1.1 (Face-Spanning Subgraph Problem) Let G = (V, E) be a connected
plane graph, where V' and E are the set of vertices and edges, respectively, and let I be
the set of faces of graph G. Let w{e) 2l 0 be a positive real number assigned to edge e
as weight for every edge e € E. Then is there any set S C E such that the subgraph H
induced by S is connected, cover all faces of G and the cost of H is < B, for a given

positive real number B?
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3.2 - NP-completeness of FSSP

In this section we prove that it is unlikely to design an efficient algorithm for finding a
minimum face-spanning subgraph of a plane graph by showing that the face-spanning
subgraph problem belongs to the infamous class of NP-complete prdblems. For this, we

prove the following theorem.
Theorem 3.2.1 The face-spanning subgraph problem is NP-complete.

To prove the Theorem 3.2.1, we have to show that (i) the face-spanning subgraph
problem is in NP and (ii) the face-spanning subgraph problem is NP-hard. In Subsection
3.2.1, we prove that the face-spanning subgraph problem is in NP and in Subsection
3.2.2, we prove that the face-spanning subgraph problem is NP-hard. These two steps
immediately prove the Theorem 3.2.1. We use the well known _NP-complete problem

weighted tree cover problem to prove the hardness of the face-spanning subgraph problem.

3.2.1 FSSP is in NP

NP is the set of decision problems solvable in polynomial time on a non-deterministic
turing machine. We can identify that whether é problem is in NP or not, by verifying a
candidate solution of the problem in polynomial-time by deterministic turing machine.
In this subsection we prove the first step of the proof of NP-completeness of the face-
spanning subgraph problexﬁ, that is, the face-spanning subgraph problem is in NP. Let
G = (V,E) be an edge weighted connected plane graph, where V' and E are the set of
veré.ices and edgeé, respectively. Let F' be the set of faces of graph G. For each edge

e e' E, w{e) > 0 is the weight of the edge e of G. Thus we have the following lemma.
Lemma 3.2.2 The face-spanning subgraph prdblem is in NP.

Proof.  To prove that the face-spanning éubgraph problem is in NP, it is sufficient to

prove that for a given edge set S C E of G, we can verify in polynomial-time that the
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subgraph A induced by S (i) is connected, (ii) cover all faces of G and (iii) the cost of H
is < B. |

(i) Connectivity of the subgraph H induced by S can be checked using DFS in linear
time.

(ii) We can verify whether S covers all faces of G or not in linear time by the following

method.

AF AF
vi| fi b % £l o £l !
vi| ol ol a [ L5 ] g o | 5|
N R g L A e A BLO | B[
vo| =l e a el Pial] )0 | o
vs| o> o[> 5 & gl o) &|o0
Ve | * ] f fs ] £ ° gl 1

@ (i)
® L ©
Figure 3.2: (a) A graph G, (b) face-list for each vertex and (c) the boolean array AF (i)

after initialization and (ii) after checking the vertices of set V{(S) = {vi,vs}

Let F(v) be the set of faces of G such that each face in °(v) contains the vertex
v. We maintain a face-list for each vertex v as illustrated in Figure 3.2(b), where the

face-list for v contains the faces in F'(v). In the graph in Figure 3.2(a), F'(v1) contains
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the faces fi, f» and fs and the faces f1, fo and f; have appeared in the face-list for the
vertex vy as illustrated in Figure 3.2(b). We also maintain a boolean array AF of length
|F| to indicate whether the faces of G are covered by the vertices in V(S) or not. For all
j€{1,2,...,]1F|}, AF}j] corresponds to the face f; of graph G. Initially all elements of
AF are set to O as shown in Figure 3.2(c)(i) to indicate that no face is covered by the
vertices in V(S) initially. We traverse the face-list for each vertex v in V(S) and for each
face f; in the face-list, we change the value of AF[j] to 1 to indicate that the face f; is
covered by the vertices in V(S) As an example let us consider a set V(9) = {v1,v3}.
Figure 3.2(b) shows that F(v;) contains the faces fi, f aﬁd fe- Hence we set value 1
to AF[1), AF[2] and AF[6] as shown in Figure 3.2(c)(ii). Similarly, since F'(vs) contains
the faces f1, f» and fs, AF[1], AF[2] and AF[3] are set to 1 as shown in Figure 3.2(c)(ii).
After traversing the face-lists for all vertex in V' (S), we check the array AF to know that
whether all faces of G are covered or not.
| We now calculate the complexity of the method.described above. Since |F(v)| is equal
to the degree of v and |V{S)| is at most |V, then, to check all the vertices of V(5), we
have to consider at most Y. d(v) = 2m = O(m) = O(n) entries in total. Since the
length of array AF is equ;jk;;(oSnF |, the traversing time of AF is O(|F|) = O(n). Thus,
the overall time complexity to verify that whether the vertices in V(S) cover all faces of
G or not’is O(n).
(iii) It can be verified easily in O(n) time that the cost of H is < B. ~
Since it is possible to verify (i), (ii) and (iii) in polynomial time, the face—spanniﬁg ‘

subgraph problem is in NP. ]

3.2.2 FSSP is NP-hard

A reduction is a transformation of one problem into another problem. Intuitively, if
problem A is reducible to problem B, then a solution to B gives a solution to A. Thus,

solving A cannot be harder than solving B. We say a problemn X is NP-hard if all the
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problems in NP are polynomially reducible to X.
We now prove the second part of the proof of NP-completeness of the face-spanning
subgraph problem, that is, the face-spanning subgraph problem is NP-hard. Thus we

have the following lemma.
Lemma 3.2.3 The fuce-spanning subgraph problem is NP-hard.

To prove lemima 3.2.3 we prove that, the NP-complete problem weighted tree cover
problem defined in Section 2.4 can be polynomially transformed into the face-spanning
subgraph problem in such a way that any polynomial-time algorithm for solving the face-
spanning subgraph problem could be used to solve the weighted tree cover problem in
polynomial time. _ |

Let G = (V, F) be a connected plane graph, where V' and E are the set of vertices
and edges, respectively. Let F be the set of faces of graph G. We obtain a graph G’ from
G as follows. For each edge e = (v, v;) € E we add a vertex v, and two edges (vg,ve)
and (v, ve) to G. More formally, G' = (V| E') where V' = VUV, V, = {vele € E} and
E' = EUE, where E, = {(ve, %), (ve, v)|{€ = (vk,u)} € E}. In G’ we call a vertex in V,
a new verter, a vertex in V an original vertez, an edge in F, a new edge and an edge in £
an original edge. Note that original vertices and original edges of G’ are also the vertices
and edges of G. We assign the cost w(e)/2 to each of the edges (v, vi} and (v,,v;) for all
e = (v, u) € E. Figure 3.3 illustrates the construction of G’ where the vertices drawn by
white small circles are new vertices, the edges drawn by dashed lines are new edges, the
vertices drawn by black circles are original vertices and the edges drawn by solid lines are
the original edges of G'. If G has n vertices and m edges, then G’ has n + m vertices and
3m edges. Clearly G’ can be constructed in O(n) time. One can easily observe that the
graph G’ is planar as illustrated in Figure 3.3, where a plane embedding of G’ is shown.
Throughout the paper we consider G’ as é. plane embedding of the graph G’. For each

edge € = (v, v} € E, we call the face (vi, v, ve) of G' a a-face. We call each of the
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remaining faces of G’ a 3-face. Figure 3.3 illustrates a-faces and §-faces. We now have

the following lemma.

Figure 3.3: Illustration for the construction of G’ from G.

Lemma 3.2.4 G' has o face-spanning subgraph H of cost < B’ 'if and only if G has a

weighted tree cover T of cost < B, where B and B’ are two positive real numbers.

Proof. Necessity. Assumé that G' has a face-spanning subgraph of cost < B, that
is, there is an edge set S’ C E’ of graph G’ such that the subgraph H induced by 5’ is
connected, cover all faces of G’ and the cost of H is < B’. We now prove that G has a
weighted tree cover T of cost < B, for a positive real number B.

From the construction of G’ it is obvious that the degree of each new vertex v is two
in G'. BEach new vertex has exactly two neighbors v;, v; among the original vertices and

there is an original edge (v;, v;) between the two original vertices as illustrated in Figure

3.4(a). Modifying the suBgraph H we construct a subgraph T of G’ such that T contains .

only tl‘le original vertices and original edges as follows. Since H is a subgraph of G’, degree
of each new vertex v in H is either one or two. For each new vertex v of f{ we perform
one of the two operations described in Case 1 and Case 2 below to obtain T from H.
Case 1. v has degree two in H

In this case v has two neighbors v;, v; among the original vertices such that (v;,v;) is
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an original edge. If (v;,v;) € E(H) then we delete v from H to obtain T' as illustrated
in Figure 3.4(b) and 3.4(e). Otherwise we replace the path (v;,v,v;) of H by the edge
{vi,v5) to.construct T as illustrated in Figure 3.4(c) and 3.4(e).

Case 2: v has degree one in #

In this case v has exactly one neighbor v; among the original vertices. We simply remove
the new vertex v of H to construct T. Figure 3.4(d) and 3.4(f) illustrates this case.

If T contains cycles, we delete an edge from each cycle until the resulting subgraph
has no cycle and we regard the resulting subgraph as 7', and take the set of all edges in
T as S. |

We now prove. that T is a tree in G of cost < B. Since H is connected, if we delete
the new vertex v or we replace the path (v;,v,v;) by edge (v;,v;) in Case 1, T' remains
connected. Again, the cost of the path (v;,v,v;) is w(e)/2 + w(e)/2 = w(e) in total,
which is equal to the cost of the edge (v;,v;). Hence in Case 1, the cost of the modified
subgraph is decreased (if we delete the new vertex v) or unchanged (if the path (v;, v, v;)
is replaced by edge (vi,v;)). In Case 2, the new vertex has -degree one and it is omitted,
‘hence T remains connected after considering Case 2 for all such new vertices. In this case,
edge (v, v;) is removed, hence the cost of the modified subgraph decreases. Thus T is a
connected subgraph of cost < B’ in /. Note that we have destroyed cycles to construct
T and T is a tree of cost < B’ in G'. If we take B = B’, then the cost of tree T is
- < B. Since the edges of T in G’ are original edges and the vertices of T in G’ are original
vertices, G contains T. Hence T is a tree of cost < B in G.

Note that T"and H are induced by S and S’ respectively. To prove that T is a weighted
tree cover in G of cost < B, it is now remained to show that the set of vertices V(S) of
subgraph T is a vertex cover in G. Since H is a face-spanning subgraph of G’, the set
of vertices V{S’) of H covers all faces of G'.. Hence V(S’) contains at least one vertex
(either black or White) from the boundary of each face of G’. Since H is connected, V(5')

can contain a new vertex v only if V(S’) contains at least one neighbor v; of v among the
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Figure 3.4: Illustration for the construction of T from H.

~original vertices in G’ Since a new vertex v has degree 2, the two faces covered by a new
vertex v are also be covered by an original vertex v; which s neighbor to the new vertex
v. Thus V(S') contains aﬁ least one original vertex from the boundary of each face of
G’. Since V(S) contains all the original vertices of V(S5’), V (S} also contains at least one
original vertex from the boundary of each face of G'. Sinee we create an a-face in G’ for '
each edge of G while constructing G’, there is a face of G’ for each edge in G. Since each
face of G’ is covered by V/(S), each edge of G is covered by V(S). Hence V(5) contains
at least one vertex from each edge of G. Thus V(S) is a vertex cover of G.

Since, T is a tree in G of cost < B and V(S) is a vertex cover of graph G, T is a
weighted tree cover of cost € B of G.

Sufficiency. Assume that G has a weighted tree cover of cost< B, that is, there is
tree T in G of cost < B and the vertex set V() that T contains is a vertex cover of graph

G. We now prove that G’ has a face-spanning subgraph H of cost < B’, for a positive
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real number B'. We take B = 5.

From the construction of G’ it is clear that all the vertices in V(S) and the edges of
T in G are also in G'. We take S’ as the set of edges of G' which are in S and let H be
the subgraph induced by S. Then H contains all the edges of 7' and V(S’) contains all
the vertices in V(S). We now show that the subgraph H of G’ (i) is connected, (ii) cover
all faces of G’ and (iii) the cost of H is € B'.

(i) From the construction it is obvious that all the vertices and edges of G are also in
G’ Since T is.a tree in G and T = H, H is a tree in G’. Hence the subgraph H induced
by S’ in G’ is connected.

(ii) Since the subgraph T induced by S is a weighted tree cover of G, then for each
edge e = (v, ) € E of G, V(S) contains either v or v or both. By the construction of
G’ from G, G' has an a-face for each edge e € E of G. Thus V(S’) contains vy or v, or
both for each a-face of graph G’. Since each edge of G is covered by V(S), each a-face
of graph G' is covered by V(S§'). We now need to show that the 3-faces of G’ are also
covered by V(S’). Since each (-face of G' contains the original vertices of at least three
a-faces and V(S') contains at least one original vertex from each a-face, V(S'} contains
at least two original vertices. Hence each (-face of G’ is covered by V(S’). Thus V(5')
covers all the faces of G', that means, the subgraph H induced by S’ in G’ cover all faces
of G

(iii) The cost of T is < B. Since T'= H and B = B’, thecost of His < B'in G¢'. O

Proof. of Lemma 3.2.3: Since the construction of G’ from G takes polynomial time,

Lemna 3.2.4 implies that the face-spanning subgraph problem is NP-hard. 0

After the long discussion on NP and NP-hard of the face-spanning subgraph problem,
we are now in a position to prove the Theorem 3.2.1. Below we prove the Theorem 3.2.1.
Proof. of Theorem 3.2.1: By Lemma 3.2.2, the face-spanning subgraph problem is
in NP and by Lemma 3.2.3, the face-spanning subgraph problem is NP—hafd. Hence the
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face-spanning subgraph problem is NP-complete. O

3.3 Summary

In this chapter we have proved that the face-spanning subgraph problem is NP-complete.
We use two steps to prove the NP-completeness of the face-spanning subgraph problem.
First, we have shown that Ethe face-spanning subgraph problem is in NP. For this, we
have shown that any candidate solution of the face-spanning subgraph problem can be
verified in polynomial time. As a second step, we have proved that the face-spanning
subgraph problem is NP-hard. For this, we have transformed the weighted tree cover
problemn to the face-spanning subgraph problem in polynomial time. These above two
steps immediately prove that the face-spanning subgraph problem is NP-complete. This
is the ﬁrlst time in literature that the face-spanning subgraph problem is introduced and

the NP-completeness of the face-spanning subgraph problem is proved.



Chapter 4

Minimum- Vertex Face-Spanning

Subgraph Problem

In this chapter we consider a variation of the face-spanning subgraph problem, which we
call the “minimum-vertex face-spanning subgraph problem”.' The minimum-vertex fa,ce;
spanning subgraph problem often arises in applications like establishing base transceiver
stations in wireless networks, establiéhing'power distribution centers in a,rcity etc where the
setup cost for each establishment is huge. In these cases the objective is to minimize the
nuinber of vertices instead of edge cost. In this chapter we show that the minimum-vertex
face-spanning subgraph problem belongs to the NP-complete class. The organization of
this chapter is as follows. Section 4.1 formally defines the minimum-vertex face-spanning
subgraph problem. In Section 4.2 we prove the NP-completeness of the minimum-vertex
face-spanning subgraph problem. Section 4.3 summarizes this chapter. The approxi-
mation algorithm to find a minimum-vertex face-spanning subgraph of a plane graph is

discussed in Chapter 5.

39
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4.1 Problem Definition

In this section we define the minimum-vertex face-spanning subgraph problem. Let G =
(V,E) be a connected plane graph, where V and E are the set of vertices and edges,
respectively, and let F be the set of faces of graph G. A minimum-vertex face-spanning
subgraph H of G 1s a face-spanning subgra.ph of G where |V(H)| is minimum. Figure
4.1(a) shows a face-spanning subgraph drawn by thick lines with 6 vertices whereas Figure

4.1(1) shows a face-spanning subgraph drawn by thick lines with 7 vertices.

(a) (b

Figure 4.1: A simple graph with (a) a minimum-vertex face-spanning subgraph of 6

vertices and (b) a minimuin-vertex face-spanning subgraph of 7 vertices.’

A minimum-vertex face-spanning subgraph problem asks to find a minimum-vertex
face-spanning subgraph of a plane graph. We say the minimum-vertex face-spanning
subgraph problem as “MVFSSP” in short in many places rest of this chapter. The formal

definition of the minimum-vertex face-spanning subgraph problem is as follows:

Definition 4.1.1 (Minimum-Vertex Face-Spanning Subgraph Problem} Let G = (V, E)
be o connected plane graph , where V and E are the set of vertices and edges, respectively,
and let I be the set of faces of graph G Then ts there any set S C E such that the
subgraph H induced by S is connected, cover all faces of G and |V (H)| < K, for a given

positive integer K < |V|?



CHAPTER 4. MINIMUM-VERTEX FACE-SPANNING SUBGRAPH PROBLEM 37

4.2 NP-completeness of MVFSSP

It is unlikely to design an efficient algorithm for finding a minimum-vertex face-spanning
subgraph of a plane graph. For this, we show that the minimum-vertex face-spanning
subgraph problem belongs to the infamous class of NP-complete problems. We have the

following theorem.
Theorem 4.2.1 The minimum-vertez face-spanning subgraph problem is NP-complete.

To prove the Theorem 4.2.1, we have to show that (i) the minimum-vertex face-
spanniing subgfa.ph problem is in NP and (ii) the minimum-vertex face-spanning sub-
graph problem is NP-hard. In Subsection 4.2.1, we prove that the ;ﬁinimum—vertex face-
spanning subgraph problem is in NP and in Subsection 4.2.2, we prove that the minimum-
vertex face-spanning subgraph problem is NP-hard. These two steps immediately prove
the Theorem 4.2.1. We use the well known NP-complete problem connected vertex cover

problem to prove the hardness of the minimum-vertex face-spanning subgraph problem.

4.2.1 MVFSSP is in NP

As discussed before, NP is the set of decision problems solvable in polynomial time on a
non-deterministic turing machine. We can identify that whether a problem is in NP or |
not, by verifying a candidate solution of the problem in polynomial-time by deterministic
turing machine. |

In this subsection we prove the ﬁrst_gstep of the proof of NP-completeness of the
minimum-vertex face-spanning subgraph prob.lem, that is, the minimum-vertex face-
spanning subgraph problem is in NP. Let G = (V, E) be a connected plane graph, where
V and E are the set of vertices and edges, respectively. Let F' be the set of faces of graph

G. Thus we have the following lemma.

Lemma 4.2.2 The minimum-vertez face-spanning subgraph problem is in NP.
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Proof. To prove that the minimum-vertex face—sparlming subgraph problem is in NP, it
is sufficient to prove that for a given set 5 C F, we can verify in polynomial-time that the
subgraph H induced by S (i) is connected, (ii) cover all faces of G and (iii) |V (H)| < K,
for a positive integer K.

(i) Connectivity of the subgraph H induced by S can be checked using DFS in linear
time.

(ii) We can verify whether S covers all faces of G or not in linear time using a method
similar to one in the proof of Lemma 3.2.2.

(iii) It can be verified in O(n) time that [V{(H)] < K.

Since it is possi‘ble to verify (i), (ii) and (iii) in polynomial time, the minimum-vertex

face-spanning subgraph problem is in NP. a

4.2.2 MVFSSP is NP-hard

A reduction is a transformation of one probleml into another problem. Intuitively, if
problein A is reducible to problem B, then a solution to B gives a solution to A. Thus,
solving A cannot be harder than solving B. We say a problem X is NP-hard if all the
problems in NP are polynomially reducible to X.

| We now prove the second part of the proof of NP-completeness of the minimum-vertex
face-spanning subgraph problem, that is, the minimum-vertex face-spanning subgraph

problem is NP-hard. Thus we have the following lemma.
Lemma 4.2.3 The minimum-vertex face-spanning subgraph problem is NP-hard.

To prove lemma 4.2.3 we will prove that, the NP-complete problem connected vertex
cover problemn can be polynomially transformed into the minimum-vertex face-spanning
subgraph problem in such a way that any polynor'nial—t.ime algorithm for solving the
minimum-vertex face-spanning subgraph problem could be used to solve the connected

vertex cover problem in polynomial time.
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Let G = (V, E) be a connected plane graph, where V' and E are the set of vertices
and edges, respectively. Let F be the set of faces of graph G. We obtain a graph G’ from
G as follows. For ‘ea.ch edge e = (vx, ) € E we add a vertex v, and two edges {(Vk, Ve)
and (v, v.) to G. More formally, G' = (V' E') where V! =V UV, V, = {v.|le € E} and
E' = EUE, where E, = {(ve, v}, (ve, v1)|{€ = (v, 0)} € E}. In G’ we call a vertex in
Ve a new vertez, a vertex in V' an original vertez, an edge in E, a new edge and an edge

in E an original edge. Note that original vertices and original edges of G’ are also the

vertices and edges of G. We assign the zero cost to each of the edges (v, ux) and (Ve, V1) .

for all e € E. Tigure 4.2 illustrates the construction of G’ where the vertices drawn by

white sinall circles are new: vertices, the edges drawn by dashed lines are new edges, the

vertices drawn by black circles are original vertices and the edges drawn by solid lines are

the original edges of G'. If G has n vertices and m edges, then G’ has n + m vertices and

3m edges. Clearly G’ can be constructed in O(n) time. One can easily observe that the -

graph G’ is planar as illustrated in Iigure 4.2, where a piane embedding of G’ is shown.
Throughout the paper we consider G’ as a plane embedding of the graph G’. For each
edge e = (vg,v) € E, we call the face (vi,v,v.) of G’ a a-face. We call each of the
remaining faces of G’ a 3-face. Figure 4.2 illustrates a-faces and [-faces. We now have

the following lemina.

Lemma 4.2.4 G’ has ¢ minimum-vertez face-spanning subgraph H' with |V(H")| < K’
if and only if G has a connected verter cover H with |V(H)| < K, where K and K' are

lwo positive inlegers.

Proof. Necessity. Assume that G’ has a minimum-vertex face-spanning subgraph

H' with |V(H")| € K, that is, there is an edge set S* C E’ of graph G’ such that the
subgraph H' induced by S’ is connected, cover all faces of G’ and |[V(H’)| < K'. We now
prove that G has a connected vertex cover H with |V{(H)| < K, for a positive integer X.

From the construction of G’ it is obvious that the degree of each new vertéx v is two in.

G'. Each new vertex has exactly two neighbors v;, v; among the original vertices and there
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G

Figure 4.2: Tilustration for the construction of G’ from G.

is an original edge (v;, v;) between the two original vertices as shown in Figure 4.3(a).
Modifying the subgraph H' we construct a subgraph H of G’ such that H contains only:
the original vertices and original edges as follows. Since H' is a subgraph of G', degree of
cach new vertex v in H' is either one or two. For each new vertex v of H' we perform one
of the two operations described in Case 1 and Case 2 below to obtain H frdnx H'.
Case 1: v has degree two in H' |
In this case v has two neighbors v;, v; among the original vertices such that (v;,v;) is
an original edge. If (v;,v;) € E(H') then we delete v from H’ to obtain H as illustrated
in Figure 4.3(b) and 4.3(e). Otherwise we replace the path (v;,v,v;) of H' by the edge
(v;, ;) to construct H as illustrated in Figure 4.3(c) and 4.3(e)..
Case 2: v has degree one in T'
In this case v has one neighbor v; among the original vertices. We simply remove the new -
vertex v of H' to construct H. Figure 4.3(d) and 4.3(f) illustrates this case.

We regard the resulting subgraph as H and take the set of all edges in H as S

We now prove that H is a connected subgraph in G with [V(H)| < K. Since H' is
connected, if we delete the new vertex v or we replace the path (v;,v,v;) by edge (vi,v;)

in Case 1, H remains connected. Again, number of vertices in path (v;,v,%;) is 3 and an



CHAPTER 4. MINIMUM-VERTEX FACE-SPANNING SUBGRAPH PROBLEM 41

edge (v, v;) contains 2 vertices. Hence in Case 1, the number of vertices in the modified
subgraph H is decreased by 1 whether we delete the new vertex v or replace the path
(vi,v,v;) by edge (vi,v;). In Case 2, the new vertex has degree one and it is omitted,
hence H remains connected after considering Case 2 for all such new vertices. In this
case, the edge (v, v;) is removed, hence the size of the modified subgraph decreases. Thus
H is a connected subgraph in G' with |V(H)| < K'. If we take K = K', [V(H)| < K’
implies |V (H)} < K. Since the edges of H in G’ are original edges and the vertices of H

in G’ are original vertices, G contains H. Hence H is a connected subgraph in G with

V(H)| < K.

v ¥
A v
v {b) Yi v, (©) Y Y (d) Y
\ / vi
‘:p‘ I" \\\
. ”’ \\ ﬂ’ ‘.
—_———————p— % v
ey - {e) -y ® J

Figure 4.3: Illustration for the construction of f from H’.

Note that H and H’ are induced by S and S’ respectively. To prove that H is a
connected vertex cover in G with |[V{H)| < K, it is now remained to show that the set
of vertices V{S) of subgraph H is a vertex cover in G. Since H' is a minimum-vertex

face spanning subgraph of &', the set of vertices V(S of H' covers all faces of G'. Hence
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V(S’) contains at least one vertex (either black or white) from the boundary of each face
of G'. Since H' is connected, V(S') can contain a new vertex v only if V(S’) contains at
least one neighbor vertex v; of v among the original v;artices in G”.- Since a new vertex v
has degree 2, the two faces covered by a new vertex v are also be covered by an original
vertex v; which is neighbor to the new vertex v. Thus V(5') contains at leaét one original
vertex from the boundary of each face of G’. Since V(S) contains all the original vertices .
of V(8§"), V(8S) also contains at least one original vertex from the boundary of each face
of G'. Since we create an a-face in G’ for. each edge of G while constructing G’, there is
a face of G for each edge in G. Since each face of G’ is covered by V(5), each edge of G
is covered by V/(S). Hence V(S) contains at least one vertex from each edge of G. Thus
V(S) is a vertex cover of G.

Since, H is a connected subgraph in G with |V(H)| € K and V(S) is a vertex cover
of graph G, H is a connected vertex cover of G with |V (H)| < K.

Sufficiency. Assume that G has a connected vertex cover of size < K, that is, there is
a connected subgraph H in G with -|V(H H € K and the vertex set V(§) that H contains
is a vertex cover of graph G. We now prove that G’ has a minimum-vertex face-spanning
subgraph H' with [V(H')| < I, for a positive integer K’. We assume K = K’.

From the construction of G’ it is clear that all the vertices in V' (S} and the edges
of H in G are also in G'. We take S’ as the set of edges of G’ which are contained in
S and let H' be the subgli"a,ph induced by 5. ‘Then H’ contains all the edges of H and
V(5') contains all the vertices in V(5). We now show that the subgraph H' of G’ (i) is
connected, (i) cover all faces of G’ and (iii) V(H') < K'.

(i} From the construction it is obvious that all the vertices .a.nd edges of G are also in
G’. Since H is a connected subgraph in G and H = H’, H' is a connected subgraph in
G'. Hence the subgraph H' induced by S” in G’ is connected. -

(ii) Since the subgraph H induced by S is a connected vertex cover of G, then for each

edge e = (v, vy) € E of G, V() contains either vx or v; or both. By the construction of
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G’ from G, G’ has an o-face for each edge e € E of G. Thus, V(S’) contains v or v or
both for each a-face of graph G'. Since each edge of G is covered by V(8), each a-face of
graph G’ is covered by V(S'). We now need to show whether the B-faces of G’ are also
coverea by V{(S"). Since each f-face of G’ contains the original vertices of at least three
a-faces and V(') contains at least one original verte;c from each a-face, V(S') contains
at least two original vertices. Hence each G-face of G’ is covered by V(S’ }. Thus V(S’)
covers all the faces of G, that means, the subgraph ' induced by 5’ in G’ cover all faces
of G

(iii) The size of H is < I, that is, |V(H)| € K. Since H = H' and K = K',
\V(H')| < K" in G | o

Proof. of Lemma 4.2.3: Since the construction of G’ from G takes polynomial

time, Lemmna 4.2.4 implies that the minimum-vertex face-spanning subgraph problem is

NP-hard. O

After the long discussion on NP and NP-hard of the minimum-vertex face-spanning
subgraph problem, we are now in a position to prove the Theorem 4.2.1. Below we prove
the Theorem 4.2.1. |
Proof. of Theorem 4.2.1: By Lemma 4.2.2, the minimum-vertex face-spanning
subgraph problem is in NP and by Lemma 4.2.3, the minimum-vertex face—spanning sub-
__.graph problem is NP-hard. Hence the minimum-vertex face-spanning subgraph problem

is NP-complete. - _ |

4.3 Summary

In this chapter we have proved that the minimum-vertex face-spanning subgraph problem
is NP-complete. We use two steps to prove the NP-completeness of the minimum-vertex

face-spanning subgraph problem. First, we have shown that the minimum-vertex face-
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spanning subgraph problem is in NP. For this, we have shown that any candidate solution
of the minimum-vertex face-spanning subgraph problem can be verified in polynomial
time. As a second step, we have proved that the minimum-vertex face-spanning subgraph
pi‘oblem is NP-hard. For this, we have transformed the _éonnected vertex cover problem
to the minimum-vertex face-spanning subgraph problem in polynomial-time. These above
two steps immediately prove that the minimum-vertex face-spanning subgraph problem is
NP-complete. This is the ﬁrst time in literature that the minimum-vertex fabe—spanning
subgraph problem is introduced and the NP-completeness of the minimum-vertex face-

spanning subgraph problem is proved.



Chapter 5

Approximation Algorithms

It is unlikely to have efficient algorithms for finding optimal solutions for the NP-complete
problems. Bﬁt there exists numerous practical applications which unfortunately fall in
the infamous NP-complete class. Hence design of approximation é,lgorithms is an urgent
need. Since the face-spanning subgraph problem and the minimum-vertex face-spanning
subgraph problem are NP-complete, we design approximation algorithms for finding min-
imum face-spanning subgraph and minimum-vertex face-spanning subgraph of a plane
graph in this chapter. . -

In practical applications of the face-spanning subgraph problem like the gas pipelines
‘planning problem discussed in Section 1, an input is often a plane graph G such that
‘each vertex of .G has degree three or more. We thus consider those plane graphs where
the minimum degree three is at least three in this chapter for designing approximation
algorithms.

I_n this chapter we introduce a new terminology called “minimal face-spanning sub-
graph”. This minimal face-spanning subgraph is used to find approximate solution of the
the face-spanning subgraph problem and the miniﬁum—vertex face-spanning subgraph
problem. This cﬁapter is organized as follows. Section 5.1 formally defines the minimal

face-spanning subgraph and presents a lower tight bound on the number of vertices of a

45
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face-spanning subgraph of a plane graph. Sectio-n 5.2 gives a linear-time algorithm to find
a minimal face-spanning subgraph of a plane graph and the upper bound of the algorithm
is calculated in this section and it is shown that the upper bound is tight. Section 5.3
illustrates approximation algorithms to find face-spanning subgraph and minimum-vertex
face-spanning subgraph of a plane graph. The approximation ratio and complexity of
the presented approximation algorithms have also been calculated in Section 5.3. Finally

Section 5.4 discuss the findings of this chapter.

5.1 Minimal Faée-_Spanning Subgraph

~ In this section we define a minimal face-spanning subgraph of a plane graph. Let A be
a face-spanning subgraph of &G induced by edge set S C E. We call H a minimal face-
spunning subgraph of G if there is no edge set S’ € S such that the subgraph induced by
S’ is a face-spanning subgraph of G.

Clearly a minimal face-spanning subgraph is a tree. Figure 5.1 illustrates an example

of minimal face-spanning subgraph. The thick lines in Figure 5.1{a) is a minimal face-

spamiing subgraph. The thick lines in Figure 5.1(b) is not a minimal féce—spanning -

subgraph since the subset of this thick lines can induce a face-spanning subgraph.

A plane graph may have many minimal face-spanning subgraphs. In Figure 5.2(a),
a minimal face—spé,nning subgraph of cost 4 is drawn by thick lines and in Figﬁre 5.2(b)
another minimal face-spanning subgraph of cost 2 is drawn by thick lines for the same
graph. Note that a minirnum face-spanning subgraph of G defined in Chapter 2 is one of
the minimal faee—épanning subgraphs of G whose total edge weight is minimum among
all the minimal face-spanning subgraphs. Thus we can find a minimum face-spanning
subgraph of a plane graph G by finding all minimal face-spanning subgraph and choosing
one of ‘the minimal face-spanning subgraphs of G whose total edge weight is minimum

among all the minimal face-spanning subgraphs of G.~
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(@) (b)

Figure 5.1: Illustration of {a) a minimal face-spanning subgraph, and {b) a non-minimal

face-spanning subgraph.

A minimuﬁl-vertex face-spanning subgraph H of G defined in Chapter 4 may not be
a minimal face-spanning subgraph of G, since the definition of a minimum-vertex face-
spanning subgraph allows cycles in H. However, there exists a minimal face-spanning
subgraph H' of G with the vertex set V(H), and H' can be obtained by removing an edge
fromn each cycle in H if H has any cycle. Figure 5.3 illustrates an example how to find a
minimal face-spanning sub.graph from a minimum-vertex face-spanning subgraph. Figure
5.3(a) shows a simple graph with a minimum-vertex face-spanning subgraph H drawn by
‘thick lines and Figure 5.3(b) shows a minimal face-spanning subgraph A’ drawn by thick
_lines obtai_nf-:'d by removing an edge e from each cycle of H in Figure 5.3(a).
We now establish a lower bound on the number of vertices of a minimal face-spanning

subgraph of a plane graph. We have the following lemma.

Lemma 5.1.1 Let G = (V, E) be a connected plane graph. Assume that each vertez of G
has degree three or more. Let H be a minimal face-spanning subgraph induced by S C E

of G. Then |[V(S)| = (f — 2)/(A — 2), where f is the number of faces of G.

Proof. Let G be a connected plane graph with maximum degree A and f faces. Let

H be a minimal face-spanning subgraph of G induced by § C E and 5 contains & edges.
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@ . ®)

Figure 5.2: (a) A minimal face-spanning subgraph of cost 4, and {b) a minimal face-

spanning subgraph of cost 2.

We prove the above claim using inductioh on k.

If £ =1, then § contains exactly one edge and hence |V(S)| = 2. In this case S cover -
at most 2A — 2 faces. This implies (f — 2)}/(A — 2} < 2 = [V(S)|. Therefore the claim
holds. | |

Assume that & > 2 and the claim holds for all connectéd plane graphs each of which
has a minimal face-spanning subgraph of fewer than k edges, and suppose that G has a
face-spanning subgraph of K edges. We remove an edge e from S such that the graph
H' induced by S’ = S — {e} is connected. Since H' is (conneg:ted, V(5] = |V(5)] - 1.
Let G be the subgraph of G such that G’ contains all faces of G covered by S’ and H’
is a minimal face-spanning subgraph of G’. Let f' and A’ be the number of faces land
the maximum degree of G/, respectively. Then f' > f -~ (A - 2), since S can cover at
most (A — 2) faces more than the faces covered by §'. Furthermore, A > A’. Since
S’ has less than k edges, by induction hypothesis |[V(S5)| > (f' — 2)/(A" — 2). Since
fz2f—(A-2), A=A and [V(S)| = |V(S)| — 1, the claim immediately follows from

induction hypothesis. o

We have a graph of 9 faces with A = 3 as illustrated in Figure 5.4, for which the
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(a) : - {b)
Figure 5.3: (a) A minimum-vertex face-spanning subgraph H, and (b) a minimal face-

spanning subgraph H' obtained from H.

minimum number of vertices required for a minimal face-spanning subgraph is 7. Thus

the example in Figure 5.4 attains the lower bound, and hence the bound is tight.

Figure 5.4: A graph of 9 faces with A = 3 for which the minimum number of vertices

required for a face-sﬁélﬁning .subgl;em'ph drawn by thick lines is 7.

9.2 Find-Minimal-Subgraph Algorithm

We now give an algorithm for finding a minimal face-spanning subgraph based on a
spanning tree [HSR98]. Let G = (V, E) be a connectéd plane graph, where V and E are

the set of vertices and edges, respectively, and let F' be the set of faces of G. Let vy be an
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outer vertex of G. Let G’ be the graph obtained from G by deleting all outer vertices of
G except vg. Let T be a spanning tree of G’. One can observe that T is a face-spanning
subgraph of G. We traverse the tree T and delete each leaf vertex v of T if each of the
faces of G which contains v is covered by any other vertex in T. Deletion of v from T may
generate a new leaf vertex qf T. We repeat the operation above for all the leaf vertices of
T including the newly genefated leaf vertices. The resulting tree H ié our desired minimal
face-spanning subgraph. Using a data structure similar to that described in Lemma 3.2.2
we can obtain a minimai face-spanning subgraph mentioned above in linear time. We
call the algorithm describéd above Find-Minimal-Subgraph. Figure 5.5 illustrates the
transformation of G' to G’ along with a minimal face-spanning subgraph H of graph G

drawn by thick lines.

v
0

G/

-

b
(@ - (b}

Figure 5.5: Nustration of the transformation of G to G’. (a} a simple graph G and (b)

G’ obtained from G with a minimal face-spanning subgraph H of G drawn by thick lines.

Clearly the following lemma holds on the upper bound of the number of vertices of a

minimal face-spanning subgraph produced by Algorithm Find-Minimal-Subgraph.

Lemma 5.2.1 Let G be a plane graph of n vertices, and let ng be the number of outer
vertices of G. Assume that each vertez of G has degree three or more. Then Algorithm

Find-Minimal-Subgraph produce a minimal face-spanning subgraph with at most n—ng+1
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vertices in linear time.

The upper bound in Lemma 5.2.1 is also tight, since we have an infinite number of '

examples attaining the bound; one example is shown in Figure 5.6. 1

FFigure 5.6: A graph of 7 faces with n = 10 and ng = 6 for which the minimum number of

vertices required for a face-spanning subgraph is 5.

5.3 Approximation Algorithms

We can use a minimal face-spanning subgraph of a plane graph to find an approximate
solution for the face-spanning subgraph problem and the minimum-vertex face-spanning
subgraph problem. In this section we present approximation algorithms for the face-
spanning subgraph problem and the minimum-vertex face-spanning subgraph problem

along with the appi‘oximation ratios and complexity analysis.

5.3.1 Minimum-Vertex Face-Spanning Subgraph Problem

We can take a minimal face-spanning subgraﬁh of a connected plane graph G produced
© by Algorithm Find-Minimal-Subgraph as an approximate solution of the minimum-vertex

face-spanning subgraph problem. Then we have the following theorem.

Theorem 5.3.1 Let G = (V| E) be a connected plane graph. Then the approzimation
ratio of Algorithm Find-Minimal-Subgraph for finding minimum-vertex face-spanning sub-

graph s 2(A — 2).
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Proof. Algorithun Find-Minimal-Subgraph constructs a minimum-vertex face-spanning
subgraph of G with at most n—ng+1 vertices. By Lemma 5.1.1 a face-spanning subgraph
of G-has at least (f —2}/(A —2) vertices. Hence approxirﬂation ratio is (n —ng+ 1)/{(f -
2)/(A — 2}}. From Euler’s Formula for planar graphs, we have f — 2.z m — n. Since
degree of any vertex in G is > 3, 2m > 3n. This implies (m — n} > n/2 and hence
{(f - 2) > n/2. Therefore the approximation ratio is (n — ng + 1)/{(f — 2)/(A = 2)} <
(n—ng+ 1)/ {{n/2)/(A = 2)} = 2(n — ng + 1)(A —2)/n < 2(A - 2). O

Since we have ﬁsed Algorithm Find- Minirnal-Subgraph to find approximate solution of
“the minimum-vertex face-spanning subgraph problem and the time complexity of Algo-
rithm Find-Minimal-Subgmph is linéar, the time complexity of the approximation algo-
rithm to find approximate solution of the minimum-vertex face-spanning subgraph prob-

lem is linear.

5.3.2 Face-Spanning Subgraph Proble'rri

A minimal face-spanning subgraph producea by Algorithm Find-Minimal-Subgraph can
also be taken as an approximate solution of the minimum face-spanning subgraph problem.
One can easily observe that approximation ratio of Algorithm Find-Minimal-Subgraph for
finding minimum face-spanning subgraﬁh is {(n—no)emaz}/{{{(f —2)/(A—=2)—1}emin} =
{(n — ng)(A — 2)emaz }/{(f — A)emin}, where emez and e, denote the maximum and
minimum weight of the edges of G. The timme complexity of this approximation algorithm

is also linear.

5.4 Summary

In this chapter we have introduced minimal face-spanning subgraph of a plane graph.
This minimal face-spanning subgraph has been used to find approximate solution of the

the face-spanning subgraph problem and the minimum-vertex face-spanning subgraph




CHAPTER 5. APPROXIMATION ALGORITHMS 23

problem. We have established a tight lower bound on the number of vertices of a minimal
face-spanning sﬁbgraph of a plane graph. We have also designed a linear-time algorithm
to find a minimal face-spanning subgraph of a plane graph. We have also calculated the
upper bound of the algorithm which is also tight.

We have designed approximation algorithms for finding minimum face-spanning sub-
graph and minimum-vertex face-spanning subgraph of a plane graph. We sce that the time
complexities for both the approximation algorithms are linear. The approximation ratio
of the face-spanning subgraph problem and the minimum-vertex face-spanning subgraph

problem are {{n — n0){(A — 2)emqez }/{{f — A)emin} and 2{A — 2) respectively.
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Conclusion

Inn this thesis we deal with a newly introduced graph problem called the face-spanning

subgraph problem. We have proved the hardness of the face-spanning subgraph problem.

We also proved a variation of the face-spanning subgraph problem called the minimum- -

vertex face-spanning subgraph problem is NP-complete. We have introduced minimal
face-spanning subgraph of a plane graph in this thesis. We have established a tight lower
bound on the number of vertices of a minimal face-spanning subgraph of a plane graph.
We have also designed a linear time algorithm to find a minimal face-spanning subgraph
of a plane graph. We have calculated the upper bound of the algorithm which is also
tight. We have used minimal face-spanning subgraph to find approximate solution of the
the face-spanning subgraph problem and the minimum-vertex face-spanning subgraph
problemn. The approximation ratios and complexities have also been analyzed for the
approximation algorithms. Below we summarize each chapter and its contribution.

In Chapter 1 we have a brief descripi;ion of the problems we have addressed in this
thesis and discussed our motivation behind solving these problems. We also reviewed the
literature about these problems in the chapter. We have presented that how the practical
applications like establishing gas pipelines in a locality, establishing power transmission

lines in a city, power wires layout in a complex circuit, planning irrigation canal networks
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for irrigation systems etc can be modeled using graph theoretical terms. We have also
described our main result of the this in this chapter: We have described the scope of this
thesis in this chapter too. |

In Chapter 2 we have mtroduced basic graph theoretical terminologies that have been
used tlnoughout the thesis. We have presented a brief description of two known NP-
complete problems, connected vertex cover problem and weighted tree cover problem in
this chapter. |

In Chapter 3 we proved that the face-spanning subgraph problem is NP-complete. To
prove that the face-spanning subgraph problem is NP-complete, we use two steps. First,
we have shown that the face-spanning subgraph problem is in NP. As a second step, we
prove that the face-spanning subgraph problem is NP-hard. These steps immediately
proved that the face-spanning subgraph problem is NP-lcomplete.

In Chapter 4 we proved a variation of the face-spanning subgraph problem, which we -
call the ininimum-vertex face-spanning subgraph problem is NP-complete. The problem
often arises in applications like establishing base transceiver stations in wireless networks,
establishing power distribution centers in a city etc where the sretup cost for each es-
tablishment is huge. We have proved that the minimum-vertex face-spanning subgraph
problem is NP-complete. First, we have shown that the minimum-vertex face-spanning
subgraph problem is in NP, As a second step, we have proved that the minimum-vertex
_ face-spanning subgraph problem is NP-hard. These two steps iﬁmediately proved that
the minimum-vertex face—épanning subgraph problem is NP-complete.

In Chapter 5 we have introduced minimal face-spanning subgraph of a plane graph :
This minimal face-spanning subgraph is used to find approximate solution of the the face-
spanning subgraph problem and the minimum-vertex face-spanning subgraph problem,
We have established a tight lower bound on the number of vertices of a face-spanning
subgraph of a plane graph. We have designed a linear time algorithm to find a minimal

face-spanning subgraph of a plane graph. We have calculated the upper bound of the
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algorithm which is also tight. We have presented an approximatioﬁ algorithm for finding
minimum face-spanning subgraph of a plane graph. The approximation ratio of the pre-
sented approximation algorithm is {(n — 10)(A — 2)emaz }/{(f — A)emin} and the time
complexity of the algorithm is linear. We have also designed an approximation algorithm
for finding a minimum-vertex face-spanning subgrdph of a plane graph. The approxima-
tion.ratio of the presented approximation algorithm is 2(A - 2) and the time complexity
of the algorithm is linear.

‘This is the first time that the face-spanning subgraph problem and the minimum-vertex
face-spanning subgraph problem are introduced in literature and and the NP-completeness
of both the problems are proved. Linear-time approximation algorithms have also been
presented in this thesis. However, the following problems related to the face-spanning

subgraph problem and the minimum-vertex face-spanning subgraph problem are still open.

1. Develop an approximation algorithm for finding a minimum face-spanning subgraph

of a plane graph with better approximation fa,tio.

2. Develop an approximation algorithm for finding a minimum-vertex face-spanning

subgraph of a plane graph with better approximation ratio.

3. Design an algorithm to find all minimal face-spanning subgraphs of a plane graph.
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