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Abstract

Maintaining proper balance between exploitative and explorative operations of an
evolutionary algorithm is essential for preventing premature convergence to local optima
and for sustaining sufficient convergence lspeed throughout the evolution. This thesis
introduces Recurring Multistage Evolutionary Algorithm (RMEA), a completely new
framework to balance the exploitative and explorative features of the conventional
evolutionary algorithm. The basis of RMEA is repeatedly alternating three different
stages of evolution, each with its own explorative or exploitative objective and genetic
operators. As the stages of RMEA repeat, the conflicting goals of exploitation and
exploration are distributed gracefully across the generations of the different stages. The
key concept of RMEA is to combine dissimilar information across the population for
search space exploration and to combine similar information within population
neighborhood for local exploitation. Performance of RMEA has been evaluated on a
number of benchmark numerical optimization problems and results are compared with
several existing algorithms. Experimental results show that RMEA performs better
optimization with a higher rate of convergence for most of the problems. Also, an
in-depth experimental study is carried out about the roles of the different stages and
operators of RMEA, as well as the sensitivity of its parameters. An adaptive variant of
RMEA is also proposed, which adjusts its parameters in an adaptive manner during the

evolution, and does not require any problem specific knowledge from the user.

n



Table of Contents

Acknowledgements. . ... e |
ADSETACE. ... oot e e e e n e ae b rras I
List 0f TaDIES ..o s s s e VI
LISt OF FRBUTES ...ttt s e e srre e ne s rresa e s e saneabessessasansasnie VIII
List of Algorithms‘ ....................................................................................................... IX
List of SYMBOIS ...ttt et cer et e en e sre e renrns s baneas X
Chapter 1: INtroduction ................ocoovovivvmeerreerceereceece et S 1
LT INtrOQUCHION. ...ttt e e srne s 1

1.2 Literature REVIEW ......ccconiiiiiierre et e e 3

1.3 AIm 0f the TRESIS.ccovveveieeieiceccce e e et 7

1.4 Thesis OrganizZation .......c..cceeieiieieieieeeeie et ere et e e enes 7
Chapter 2: Evolutionary Algorithm ............. ..o 8
2.1 Introduction.......cc.ccocveveuenenn.nn, et e et ire—es————yteaeae s etentene s aneas b enbetebe et eae e 8
2.2 Evolutionary Algorithm..........oooviiiiiriiriicciecertee et 8
2.3 Biological BasiS........ccccoveeccvveiiviieierenene, erer e et rae——re e ra——t e —neaannesarintanon 10
2.4 Components of Evolutionary Algorithm ... 11

_2. 4.1 Representation (ERCOAING) ..........ooeceeeeeiecriiecesieeecee et 12

2.4.2 Evaluation FURCHON ...........covvvireieereese e et 13

2.4.3 SCIECHON. ......ovveeieeteeeeeeeeeeeeceee ettt et v et e s nn e 13

2.4.4 ReCOMBINALION .......cooovveirvereeeeeesertiete ettt v 15

245 MUIQHON..........ccoooivevries ettt et bbb e ene e 16

240 REINSEIIION ......oveeeeeereeeeies ettt eene et e e e st see e ane e 18

2.5 Applications of Evolutionary Algorithim ......c.cccccveeeerirneeicceneeeeer v 19

1



Chapter 3: Recurring Multistage Evolutionary Algorithm ................................... 21

3.1 INtrOdUCHON. c.ce ittt s 21
3.2 The Prbposed System: RMEA ..ot 22
3.2.1 Conventional SIAZE .............ccouoeecvceiereeeereieesiesee e sses e 26
3.2.2 Exploration SIAGe ...........cocoovviiieiineieeecete et 26
323 Hill Clibrbing Steps during Exploration.............ccccoeveeveiiovireeeccennn, 28
3.2.4 Exploitation Stage...................... .......................................................... 31
3.3 Differences with EXisting WorKS.......ccocoiiiiieiiiee e 32
3.5 Review of RMEA .......ccocviirirciierr ettt et e e e 35
Chapter 4: Experimental Studies .............ccoooovoeinivnieinecceecee e 36
4.1 INTOAUCHON. ...ttt b et ettt sn st r e 36
4.2 Benchmark FUNCHOMNS ......coeecieirrecesees e et nne 37
4.3 Experimental Setup..........ocooviiiniieii e 39
4.4 Experimental RESUMS ........coccovoiininniiieieec e 40
4.3.1 Unimodal FUNCIONS .......ccocucercoiieeereneeeeeeeeeeevere et oneeseneeneonn v 40
4.3.2 Multimodal Functions with Many Local Minima...................ccuceveeennn... 44
4.3.3 Multimodal Functions with Few Local Minima ............c.ccoovevecennnne. 44
4.5 Comparison with EXiSting WoOrkS.......ccccevviveieioiniecccsceeceieeist s 46
4.6 Experiments with Components 0f RMEA ..........cooocoiviiiiiiiiieeeeeeeeeeeeeee s 53
4.6.1 Parameters.........coceeuveunnn, rresrereernenrannne OOV ¥
4.6.2 Operators........vvceeeeeeeene, s S 56,
FB.3 SIAGES ..ottt ettt 59
4.6.4 Evolution of Diversity and FIlNESS .....c.ocoveeeeeeceeveeceeeereesieenrsesevenenas 60
4.7 Adaptation of Parameters.............ce.cvvveveveenenee, ettt r et et aen et ane 67
4.7.1 Experimental ReSUILS .........ccoovimiueeiiieececeeeeeeeeeeeeev et e 69 .
4.7.2 Effects of Adaptation on Stage Lengths..................... e 72

v



Chapter 5: Conclusions and Future Works.............ccccoooocviiiiiiicnc e 75

5.1 ConCIUSIONS......ooivrereerceerrereee et e 75
5.2 Future WOTKS ..cconiee ettt ens e e 77
RefErences ...........ocoiii et e e e e 79
APPENUIX A ..o et a et sa e bt ee e sreanne e 83




List of Tables

Table 4.1:

Tabie 4.2:

Table 4.3:

Table 4.4:

Table 4.5:

Table 4.6;

Table 4.7:

Table 4.8:

Table 4.9:

The 23 benchmark functions used in the experimental study....................... 37
Comparison between CEP and RMEA on unimodal functions, fi—f5........... 41
Comparison between CEP and RMEA on high dimensional multimodal
FUNCHIONS, f3/13 <o overereeiseirerieecreiee e eee e etes e ee e se e ste et b b s e eeeeeermeoessnenn 45
Comparison between CEP and RMEA on low dimensional muitimodal
TUNCHIONS, f14= f23 1 ereerenreineerenieeieiecire e sa ettt e e e v e e e e seseenees 46
Comparison among SEA, SOCEA, CEA and RMEA on a number of
benchmark fUnCONS . ......o.ecvvrieeeiiree et oo 47
Comparison among DGEA, DGEA* and RMEA on a number of benchmark
FUNCHONS....coceeviietet it s s 49
Comparison among FEP, IFEP and RMEA on unimodal functions, fi—f;....51
Comparison among FEP, IFEP and RMEA on high dimensional multimodal
FUNCHONS, f8713. cverncrinirerre ettt st et sa et b 52
Comparison among FEP, IFEP and RMEA on low dimensional multimodal

fl.lI'lCtiOIlS,ﬁ4— 3 TS U SPRRNE 53

Table 4.10: Effect of varying lengths of the conventional, exploration and exploitation

Table 4.11: Comparison between SMEA and RMEA on a number of unimodal and

TNUItMOAA] FUNCHONS vt e e e 55

Table 4.12: Comparison between RMEA and naive-RMEA on unimodal functions,

S oo seeeees e seesee ettt et et ee e 57

Table 4.13: Comparison between RMEA and naive-RMEA on a number of multimodal

FUNICHIONS. oot eee et e et e e see e eeseeeseaaseeesaseaesasesvansesessoressseessnesrees 58

Table 4.14: Effects of varying the proportion of conventional, exploration and

EXPlOItAtioN OPEIATIONS. . ..ieviiicrciiiriei e sas s sre st snesae e 60

Table 4.15: Comparison between RMEA and Ada-RMEA on unimodal functions,



Table 4.16: Comparison between RMEA and Ada-RMEA on high dimensional
mMultimodal FUNCHIONS, f8 13- cveerveeeeireeeie e eeree st esseesr e e eeneesreneesee s rnsseens 71

Table 4.17: Comparison between RMEA and Ada-RMEA on low dimensional
muitimodal fUNCHONS, /14723 oo eee e e e s ebe s e e enes 71

Table A.1: Coefficients for Kowalik’s function, fis_...........ooomcri.. 86

Table A.2: Coefficients for Hartman function, 19 ........eceevevrirveveeeriereeeeseeecseeneeneas 87

Table A.3: Coefficients for Hartman function, /30 ....cc.coveruerrerreeeesencienicneriensecereese e 87

Table A.4: Coefficients for Shekel functions £3g, /52, /53 cvoeeeeeerevreern e ceee s 87
Vi1



List of Figures

Figure 2.1: Block diagram of standard evolutionary algorithm.........cocovvvennernrnncnss 9
Figure 2.2: TWO-POINt CTOSSOVET .....ocvruiireemeririeiereesrnrnesesie e st et et en o 16
Figure 2.3: Unifortn CroSSOVET ..ottt et 16
Figure 3.1: Recurring multistage evolutionary algorithm (RMEA)...................... 24
Figure 3.2: Exploration through the fitness landscape.........coooeeereeireeecnnnneicce, 27
Figure 3.3: Exploitation through the fitness landscape........cccovineninnnrninnincne 31
Figure 4.1: Comparison between CEP and RMEA on unimodal functions, fi—.......... 42
Figure 4.2: Comparison between CEP and RMEA on multimodal functions................ 43
Figure 4.3(a): Evolution of neighborhood diversity with generations..............c.ccoueee. 62
Figure 4.3(b): Neighborhood diversity vs. generation graphs (logarithmic scale)........... 63

Figure 4.4(a): Optimization conducted at different rates by the three different stages
for unimodal fUNCHONS ........ooooiie e s 65

Figure 4.4(b): Optimization conducted at different rates by the three different stages
for multimodal functions ... 66

Figure 4.5: Adaptive recurring multistage evolutionary algorithm (Ada-RMEA) ........ 68

Figure 4.6: Effects of adaptation on lengths of the conventional, exploration and
124 0) [$ 107218 o) 017 12t PPN 73

w - Vil



List of Algorithms

Algorithm 2.1: Standard evolutionary algorithm..........ccocviviieriii 10
Algorithm 3.1: Recurring multistage evolutionary algorithm..........ccccccomeirnnrercnnnns 25
Algorithm 3.2: Explorative parﬁal OPETALOTS ..ot eerr e ar e 29
Algorithm 3.3: Explorative complete Operators........ccocvveerneereeennsrencreersrerc e 30
Algorithm 3.4: Exploitative partial Operators............cvcereverieiivnciincime e nensisenesesienns 33
Algorithm 3.5: Exploitative complete OPErators. .........covcvriimnicnniiecinnnie e 34
Algorithm 4.1: Adapt;vc recurring multi.stage evolutionary algorithm ........................ 69
IX



List of Symbols

CEA
CEP
DGEA
EA

EP
FEP
GA
IFEP
RMEA
SEA

SOCEA

Cellular Evolutionary Algorithm

Classical Evolutibnary Programming
Diversity Guided Evolutionary Algorithm
Evolutionary Algorithm

Evolutionary Programming

Fast Evolutionary Programming

Genetic Algorithm

Improved Fast Evolutionary Programming
Recurring Multistage Evolutionary Algorithm
Standard Evolutionary Algorithm

Self-organized Criticality Evolutionary Algorithm



Chapter 1

Introduction

1.1 Introduction

During the last three decades evolutionary algorithms (EAs) have been applied
successfully in numerous and diverse application areas, such as different kinds of
optimization and search problems [1], engineering design [2], automatic programming
[3], combinatorial problems [4], data mining [5], game playing [6], evolvable hardware
[7] and robotics [8]. EAs maintain a population of structures which represent
approximate solutions to a particular problem. In each iteration, a new set of approximate
solutions is generated by the process of selecting a number of individuals based on their
fitness and applying some operators, borrowed from natural genetics, like recombination,
crossover and mutation. To mimic the Darwinian evolutionary principle of survival of
the fittest, better individuals are selectively given higher chance to reproduce and
survive. In brief, the classical evolutionary approach for solving problems can be

summarized into two major steps:
1) Change the individuals of the current population by using crossover and mutation.

ii) Create a new population by selecting individuals from the union of the changed and

the current individuals for the next generation.

i
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Chapter 1: Introduction

A major problem with classical EAs is that they have a tendency to converge to the local
optima [9]. The primary reason for the premature convergence is the rapid loss of
population diversity, starting from the very early phase of evolution. Diversity means the
amount of ‘variety’ existing among the individuals across the population [10], where
variety is based on the structural or behavioral differences across the individuals.
Maintaining the population diversity has been cited as a key issue in a number of
research works, e.g. [10-12], in order to prevent premature convergence and stagnation in

local optima.

The loss of population diversity is closely related to the exploitation-exploration trade-
off of the search process. If an EA is completely focused on local optimizations, i.c.
exploitations, it becomes quite similar to greedy algorithms and soon the entire
population is trapped around the local optimum points after loosing its diversity severely.
On the other hand, if the EA puts emphasis only on diversity by more global
explorations, it may not be able to completely analyze and exploit the already explored
solutions. This is because every search algorithm is restrained by space and time
constraints, and putting more efforts in one mode (say, exploitation) necessarily compels
the algorithm to put less efforts in the other mode (i.e., exploration). Exploitations
immediately improve a solution quality at the cost of reducing the population diversity
and possible fitness stagnation by being trapped into local optima. In contrast,
explorations enhance the diversity at the risk of deteriorating the solution quality and
reducing the convergence rate. Thus an appropriate balancing between the explorative
and exploitative features of the EA throughout the evolutionary process is crucial for
maintaining both adequate convergence rate and sufficient population, and thus avoiding

local optima in order to ensure better solution quality.

In order to achieve proper balance between the exploitative and explorative features of
the conventional EA, this thesis work introduces a multistage framework of EA, which

repeatedly executes and alternates different objective-driven stages, with their own

operators, to fulfill the exploitative/explorative objectives of the current stage. This is the

first time, to our best knowledge, that utilizes different stages, each with its separate
specific objective and operators, in a recurring manner for balancing the conflicting goals

of exploitation and exploration of the evolutionary approach. The proposed system will
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also maintain the population diversity in a recurring way to avoid entrapment into local
optima. The proposed algorithm will be compared with several existing evolutionary

systems on a number of benchmark numerical optimization problems.

1.2 Literature Review

The main problem of standard EA is its tendency of premature convergence around the
local optimum points, without finding the global optimum. Several algorithmic features,
especially high selection pressure and high gene flow among individuals, are considered
responsible [12] for premature convergence. First, a high selection pressure will select an
extraordinarily better but suboptimal solution multiple times for reproduction and fill the
population with several copies of that individual. As a result, diversity drops quickly and
the population no longer represents the entire search space, which leads the algorithm to
entrapment into local optima, But lowering the selection pressure often slows down the
convergence rate severely. Secondly, the standard EA allows any individual to mate with
any other individual across the population. Therefore, better genes spread rapidly

throughout the entire population and population diversity declines.

There is a number of existing works [9], [12-22] which try to achieve the conflicting
goals of maintaining a diverse population and converging to the global optima with an

acceptable rate. Most existing works fall in one of the following three categories.

e Complex population structures to lower gene flow, e.g., cellular EA [9],

multinational EA [13], religion-based EA [14].

» Specialized operators to control and assist the selection procedure, e.g., crowding

[15], fitness sharing [16].

¢ Reintroduction of genetic material, e.g., random immigrations [17], mass

extinction models [18].

The cellular EA [9], also known as ‘diffusion model’, models the entire population as a
two-dimensional grid of cells, with the edges and corners usually wrapped around. Every
individual is located within a cell, and mating (recombination/crossover) is allowed only

between an individual and its immediate neighbors. In such a framework, it becomes

Lo f



Chapter I: Introduction

difficult for a solution to quickly take over the entire population, because it takes several
generations to diffuse the genes throughout the cells. Thus limiting the interaction range
lowers gene flow among the individuals. Cellular EA has been proved to Bc more
diversity-preserving, and has displayed better performance than the standard EA for a

number of problems.

Another scheme, multinational EA (MEA) [13] divides the population into a number of
nations. Each nation searches for a potential peak in the fitness landscape. A nation
consists of a population, a ‘government’, and a ‘policy’. The government is a subset of
the nation’s individuals representing the peak in the fitness landscape to which the nation
is approaching. The policy is a single point representing the peak and calculated from the
individuals of the government. During the evolution, nations may merge together or split
apart, and migration may occur from one nation to another. All these processes are
controlled by a hill-valley detection procedure, which determines whether there exists a
valley in the fitness landscape between two given individuals. During each generation,
standard genetic operations alter the nations, and then the hill-valley detection procedure
compares every member of every nation with the nation’s policy. If a valley is detected
between an individual, 7 and the policy of its nation, then I is assumed to no longer
belong to its current nation. If another nation is found which is approaching the same
peak as I does, then J migrates to that nation. Otherwise, 7 forms a completely new
nation approaching the newly discovered peak. Besides, if two nations are found to
approach the same peak, they are merged to constitute a single nation. MEA has been
applied to a number of static problems and it has demonstrated to successfully locate a
number of peaks for each problem. Besides, it has also exhibited satisfactory results for

artificial dynamic problems.

The religion-based EA (RBEA) [14] is another model involving the concepts of
religions, believers, and conversion to religions. RBEA uses a grid of cells, each cell
being empty or occupied by a single individual. Individuals can move from its cell to the
neighboring empty cells. During the evolution, each individual tries to occupy an empty
cell, and tries to convert its surrounding individuals to its own religion. Such conversion
is probabilistically based on the fitness of the individual. Besides, mating (i.e.,

recombination or crossover) is allowed within the same religion. RBEA is compared
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with standard EA and the diffusion model on six benchmark problems. It performed
better than the standard EA in all the problems, and outperformed the diffusion model on

five (out of six) problems.

Crowding [15] was one of the earliest attempts to deal with diversity. Crowding inserts
newly created offspring into the population in such a way that it avoids crowding. When
inserting an individual I, a number of individuals are selected at random and searched to
find I’, which is most similar to 1. Then, I replaces the I" if I has better fitness than I'.
Crowding has been tested for a number of simple functions and displayed to maintain
good diversity. A problem with crowding is the risk of replacement errors, i.e., a new

individual may mistakenly replace a good individual from another peak.

The loss of diversity can also be prevented by changing the raw fitness values of the
individuals in such a way that diverse individuals are favored by the selection and mating
process. Goldberg and Richardson employed this idea by ‘fitness sharing” [16] among the
similar individuals. The individuals which are quite similar (i.e., close in the search
space) are penalized by reducing their fitness values, while diverse individuals receive
their raw fitness values unaltered. This algorithm was tested with two multi modal
“functions, each with five peaks. It was successful in locating all the five peaks

simultaneously.

The random immigrations model [17] uses a very simple, but effective scheme to deal
with dynamic problems. In each generation, a proportion of the population is replaced by
randomly created individuals. The replacement rate is usually set from 5% to 10% of the
population size. This model was proposed for handling time varying problems. The
algorithm was tested on three dynamic benchmark problems and a static problem. It
outperformed the standard EA on the dynamic problems, but not on the static one.

In mass extinction model [18], the diversity is ensured by forcefully exterminating a
portion of the population. Two types of extinction events are employed: mass extinction
event and background extinction event. During each generation, a stress factor (i.e., a
random number within some range) is generated according to some distribution. After
some necessary scaling of fitness values, all the individuals with fitness lower than the

stress factor are eliminated. Then the vacant slots of the population are filled by new
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1. Initializatioﬁ. Generate a random population of # chromosomes (individuals). Each
chromosome is a potential solution for the problem.
2. Fitness Evaluation. Evaluate the fitness f{x) of each chromosome, x of the
population.
3. Generate new population. Create a new population by repeating following steps
until the new population is complete
3.1 Selection. Select two parent chromosomes from a population according to

their fitness values (the better the fitness, the bigger chance to be selected)

3.2 Recombination. Combine the attributes of the two parents to form new
offspring.
3.3 Mutation. With a mutation probability, mutate new offspring at each locus
(position in chromosome).
3.4 Reinsertion. Either accept or reject the new offspring in a new population.
4. Test for termination. If the end condition is satisfied, stop, and return the best
solution in current population. Otherwise, continue.
6. Loop back. Go to step 2 to continue the evolution with the population of potential

solutions.

Algorithm 2.1: Standard evolutionary algorithm

2.3 Biological Basis

In this section some biological terms, related with EA, are defined. This will be helpful

to have some appreciation of the biological processes upon which EAs are based on.

Every living organism consists of one or more cells. Inside each cell, there is a nucleus,
which is known as the central part of the cell. The nucleus of every cell of an organism
contains the same set of chromosomes. Chromosomes are strings of DNA and serve as a
model or ‘blue print’ of the whole organism. Blocks of DNA within a chromosome are
known as genes. Each gene encodes a particular trait, for example color of eyes or hair.
Each gene is located at a particular position in the chromosome. This location is the

identity of the gene, and determines the trait to which it is related. The collection of all

10



Chapter 2. Evolutionary Algorithm

the genetic materials within all the chromosomes is called genome. A specific set of
genes in genome is called genotype. The genotype is directly related with the organism's
phenotype, i.e., its physical and mental characteristics, such as hair color, personality,
complexion etc. When two organisms mate, their reproduction makes some shuffling of
genetic materials of chromosomes from both the parents. A pair of chromosomes
exchange genetic information and produce offspring that contain a combination of
information from each parent. This is the recombination operation, which is often
referred to as crossover. Random effects are usually involved in the selection of parents
and in the process of shuffling of genes among the chromosomes. Usually organisms
with higher fitness get better chance of mating and surviving. EAs usually use some
function of the fitness measure to select individuals probabilistically to undergo genetic

operations such as crossover or rnutation,

Evolution requires some amount of diversity to work appropriately. In nature, an
important source of diversity is mutation, which changes a randomly selected gene in the
chromosome. In an EA, a large amount of diversity is usually introduced at the start of
the algorithm, by randomizing the genes across the popﬁlation. However, this diversity
may fall rapidly during the next generations because both recombination and selection
are diversity decreasing operations, So, the importance of mutation, which introduces
further diversity while the algorithm is running, cannot be overemphasized. However,
some researchers like mutation as a background operator, to reintroduce some of the
original diversity that may have been lost, while others view it as playing the dominant

role in the evolutionary process.

2.4 Components of Evolutionary Algorithm

EAs have a number of component procedures and operators that must be described to
have a proper appreciation of the algorithm. Each of these components needs to be
specified in order to define a particular EA. The most important components of an EA

are as follows.
% Representation (Encoding)
<+ Evaluation Function

<+ Selection

11
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< Recombination

s  Mutation

»

<+ Reinsertion

2.4.1 Representation (Encoding):

Representation means to represent possible solutions of the actual problem as data
objects inside a computer program, suitable to be manipulated by the simulated
evolutionary computation. A data object, representing a potential solution of the actual
problem, is called a ‘chromosome’, ‘genotype’, or ‘individual’ interchangeably while the
actual physical solution in the problem domain is referred as ‘phenotype’. The phenotype
is encoded as a collection of attributes within a chromosome. Each attribute inside a

chromosome is called a gene.

A chromosome, with its genes, may be encoded in several ways. Among them, binary
encoding is the most common. In binary encoding every chromosome is a string of bits,
0 or 1. For example, a chromosome A may be represented as: 110101010010010111.
However, in many problems, value encoding is used, which directly encodes the
chromosome as a sequence of its attribute values. For example, if each attribute is a real
number, the chromosome is represented as a string of real values. Values can be anything
connected to the problem, from numbers or characters to some complicated structures or

objects. Some examples of value encoding are provided here.

Chromosome A white, gray, gray, black, brown
Chromosome B bacdccabgacadbddccaab
Chromosome C 0.5498 1.5329 2.1092 9.2143 0.2241

Another form of representation is permutation encoding, which is mostly used in
ordering problems, such as traveling salesman problem or task ordering problem. In
permutation encoding, every chromosome is a string of numbers, which represents
positions in a sequence. For example, a chromosome A may have the permutation
encoding: 724 1 6 5 9 3 8, where the original sequence has 9 different members.
. Another special kind of representation, which is used with genetic programming, is the

tree encoding. In tree encoding, each chromosome represents a computer program or

12
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expression that is evolved through the evolutionary process. In this scheme, every
chromosome is a tree of some objects, such as instructions, or procedures of a

programming language.

2.4.2 Evaluation Function

The evaluation function performs the role to define how ‘well’ each individual
chromosome is carrying out as a possible solution of the actual problem. It is also called
‘fitness function’ because it assigns a level of fitness to each individual. The selection
and reinsertion phases depend significantly on the fitness values of the individuals
assigned by the evaluation function. As an example, suppose, we want to find the value
of x within the domain of 8-bit integers so that x” is maximized. Here, the phenotype
space contains all possible integers within the range. The evolution will start with a
limited number of chromosomes, sampled over the range of 8-bit integers. If we use a
binary encoding, then a chromosome 00010100 will represent the phenotype integer, 20.
To measure the fitness of the chromosome, the evaluation function may simply compute
the square of the corresponding phenotype: 20° = 400. The more the value of the square,
the better the chromosome is. Thus, the evaluation function builds a bridge from the
genotype space of the simulated evolution towards the phenotype space of the actual
problem domain. The direction of the evolution depends entirely on how the fitness

function interprets the fitness and evaluates the chromosomes.

2.4.3 Selection

Inspired by the role of natural selection in evolution, EA selects a number of individuals
(parents) from the population to constitute a mating pool, where they recombine with
each other to reproduce a number of offspring individuals. Selection is usually based on
fitness to provide the fitter individuals with better chance of mating, reproduction, and
survival in order 'to simulate the Darwinian evolutionary brinciple of survival of the

fittest.

There is a number of ways to make the selection of individuals. For example, roulette
wheel selection, rank based selection, tournament selection, and steady state selection. In

Roulette Wheel Selection, parents are selected in proportion to their fitness. The better an
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individual, the more likely it is to be selected. Consider a roulette wheel where all the
individuals are placed. The slice of each individual is as large as (or proportional to) the
fitness of the individual, assigned by the fitness function. The wheel is rotated at a
random pace and a marble is thrown into it to select a chromosome. So, chromosomes
with higher fitness and occupying more area on the roulette wheel will have better
chance to be selected. If we need N individuals, the marble is thrown N times; each time

it returns an individual.

When the best individual of the population is extremely better than the others, the
roulette wheel selection will cause problems by selecting the best individual several
times, and filling the populations with its multiple copies. For example, if the best
chromosome’s fitness covers 80% of the area of the roulette wheel, then the other
chromosomes will have few chances to be selected. Rank based selection eliminates such
problem. Rank based selection first ranks the population based on its fitness. Then every
chromosome receives fitness from its ranking, not from their actual fitness values.

Selection is made from these rank based fitness values.

In tournament selection a number, say T, of individuals is chosen uniformly at random
from the population and the individual with the best fitness of this group is selected as a
parent. This process is repeated as many times as individuals are needed as parents. The
parameter, 7 takes values ranging from 2 to N, where N is the number of individuals in

the population.

Another selection scheme, Steady State Selection ensures that most of the chromosomes
of the current generation survive to the next generation. Such a selection scheme usually
exhibits steady improvement of fitness values, and avoids wild oscillations in the average
fitness values. In each generation, some good (or best) chromosomes are selected for
mating. The offspring replace some bad (or worst) chromosomes from the population.

The rest of the population survives to the new generation.

A term closely connected with selection is Elitism. Elitism is a method which safeguards
the best part of the population. During each generation, the best chromosome or a few
best chromosomes are copied to the new population. Then any selection scheme
completes the rest of the selection. Elitism has shown good performance with a number

of problems, because it protects the best solutions.

14



A

Chaprer 2: Evolutionary Algorithm

2.4.4 Recombination

Recombination is the process of generating new individuals (offspring) by combining the
information of two or more existing individuals (parents). Each individual contains a
number of attributes. Recombination is done by combining the attribute values of the
parents. There are several ways of recombination. The representation (encoding) of the
parents play an important role in determining the method of recombination to be applied

on the parents.

For individuals with real valued encoding of the attributes, several variants of
recombination is defined. For example, line recombination, extended line recombination,
intermediate recombination. In intermediate recombination, the attribute variables of the
offspring arc randomly chosen somewhere around and between the parents’ attribute

variables. Offspring are produced according to the following rule:
o P P .
Var, = Var,'.oi+ Var, *. (1-®); i€(1.2,...,n)
0 € [-d, 1+d] uniform at random, d= 0.25,
@; is generated anew for each 1.

Here, » is the number of variables in each individual “(which is same as the
dimensionality of the problem), @; is a scaling factor :chosen uniformly at random from
the interval [-d, 1+d]. If d is set to (), offspring are always generated at the intermediate
region of the parents. So, over the generations, the area spanned by the offspring
gradually reduces than the area of the parents. From statistical studies, an appropriate
value of d = 0.25 has been chosen, which ensures that the area spanned by the offspring

does not shrink by recombination over generations.

When parents have binary encoding, their recombination constitutes a special case,
known as crossover. During crossover, a random bit position, k is selected from the
range [1...7]. Then, the pair of mating parent exchanges all their bits starting from the k-
th position. The random bit position k is called the crossover point and selected anew for
each crossover operation. Depending on the number of crossover points, there exists
single point, two point and multi-point crossover. An example of single point crossover

is shown here. The bits interchanged during crossover are shown by dotted outlining.
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Parent 1: 001:000101;
Parent 2: 101110100;
Crossover point; 4

Offspring 1: 0013110100
Offspring2: 101000101}
For two point crossover, two crossover points are selected at random, and binary string
from the beginning of chromosome to the first crossover point is copied from one parent,

the part from the first to the second crossover point is copied from the second parent and

the rest is copied from the first parent. This is illustrated with an éxa:mple in Figure 2.2.

110/010{11 + 101{111]01 11011111
Parent A Parent B Offspring

Figure 2.2: Two-point crossover

Another form of crossover is uniform crossover in which bits are randomly copied from

the first or from the second parent. Figure 2.3 illustrates this kind of crossover.

111001011 + 1]10[111{01 11011111

Parent A Parent B Offspring

Figure 2.3: Uniform crossover

2.4.5 Mutation

Mutation means randomly altering the chromosomes, Two parameters are associated
with mutation: mutation step and mutation rate. Mutation step controls the amount of
variation incurred by the mutation. Mutation rate controls the probability of a
chromosome being mutated. Usually mutations are applied with small mutation step and

low mutation rate. Offspring are probabilistically mutated after being created by the

16
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recombination step. Like recombination, there exist several methods of mutation. The |
encoding of the chromosome determines the possible means of mutation that may be
applied on it. If the chromosome has value encoding, with real values for the attributes,
then mutation means adding randomly created values with the attributes. For binary

encoding, mutation means the flipping of the bits, since every bit has to be either 0 or 1.

The mutation rate is usually inversely proportional to the number of variables. The more
attributes (dimensions) one individual has, the smaller is the mutation probability.
Several papers [28—30] researched for the optimal mutation rate. A mutation rate of 1/n
(n: number of variables of an individual} has been reported to exhibit satisfactory results
for a wide range of problems. With this mutation rate, only one variable per individual is
altered. Thus, the mutation rate is independent of the size of the population. Higher
mutation rates at the beginning, and declining this rate with increasing generations has

shown an acceleration of the search for many problems.

The optimal size for the mutation step is usually difficult to realize. It always depends on
the problem at hand and may even vary during the search process. Small mutation steps
are often successful, while larger steps; when successful, produce good results much
quicker. So, a good mutation operator should produce both small and large step-sizes in
suitable proportions. Such a mutation operator, first proposed and employed in [28], [31]

is specified below.

Mut
Var —
; Var.+s,. ¥, a,

i €{l,2,..., ntuniform at random,

§. € {-1, +1} uniform at random

¥, =r. domain,, . mutation range (standard: 10%)

a, = 2 * k, u €[0, 1] uniform at random, &: mutation precision.
This mutation is able to generate most points in the hyper-cube defined by the domain of
the variables of the individuals. Most mutated individuals tend to be near the parent
individual. Only some mutated individuals will be far away from the parent. Thus, the

probability of small step-sizes is greater than that of larger steps, which is appropriate for

most problems.
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For binary valued individuals mutation means the flipping of variable values, because
every variable has only two states. Thus, the size of the mutation step is always 1. For
every individual the variable value to mutate is chosen mostly uniform at random.
Following example shows how a binary mutation alters a chromosome with 10 bits.

Here, mutation flips the bit at position 6 from 0 to 1.
Chromosome (before mutation): 0010001011

Chromosome (after mutation): 0010 011 011

In order to mutate real variables, it is possible to adapt the direction and step-size to
conduct a more effective search process. These methods are from evolutionary strategies,
[32, 33] and evolutionary programming [34]. The extensions of these methods and new
developments include several new schemes, which includes

« Adaptation of » (number of variables) step-sizes [35, 36]

» Adaptation of » step-sizes and one direction [36]
+ Adaptation of n step-sizes and » directions [37]

2.4.6 Reinsertion

Reinsertion is the process of constructing the next generation population from the union
of parents and offspring. There exist several schemes, each with its own merits and
demerits. In pure reinsertion, the number of offspring reproduced is equal to the number
of parents and offspring replace the parents entirely. So each individual, even the best
one, lives for only a single generation. In uniform reinsertion, fewer offspring are
produced than parents and offspring replace parents uniformly at random. So, better
individuals may be replaced by weaker offspring. In elitist reinsertion, the worst
individuals of the current population are replaced by the new offspring. Another scheme,
fitness based reinsertion produces more offspring than needed, and they are inserted into
the population based on their fitness. A number of reinsertion schemes may be combined
to construct a new scheme. For example, the elitist combined with fitness-based
reinsertion prevents the best individuals from being lost, and it is the recommended for
many problems. In this scheme, a given number of the least fit parents are replaced by

the same number of the fittest offspring.
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As well as these global reinsertion schemes, reinsertion may also be based on local
policies. In local reinsertion, individuals are considered within its bounded
neighborhood. The reinsertion of offspring takes place in exactly the same neighborhood
from where it is selected. This preserves the \locality of the genetic information.

Exampiles of some local reinsertion policies are as follows.

« Insert every offspring and replace weakest individuals in neighborhood.

Insert offspring fitter than weakest individual in neighborhood and replace

weakest individuals in neighborhood.

Insert offspring fitter than parent and replace parent.

Insert every offspring and replace individuals in neighborhood randomly.

Insert offspring fitter than weakest individual in neighborhood and replace parent.

Insert offspring fitter than weakest individual in neighborhood and replace

individuals in neighborhood uniformly at random.

During the reinsertion step, a number of better parents may be replaced by worse
offspring. However, this does not cause trouble for most problems, since if the inserted
offspring are extremely bad, they are likely to be replaced with new offspring in the next

generation.

2.5 Applications of Evolutionary Algorithm

EAs have been widely used for complex optimization problems during the last three
decades. The main advantage of EA 1s its ability to escape local minima and reach the
global optima with relative ease. The basis of this strength lies in the parallelism of EA.
EAs search throughout the search space with a population of individuals in parallel, so
they are less likely to get stuck in local optima. Besides, they are quite easy to implement
and to extend for other problems. Once an EA is designed, it only requires encoding new
chromosome and designing new fitness function to solve another problem. EAs are

robust. They perform surprisingly well with wide range of parameter values.

The main disadvantage of EAs is their high computational complexity. Besides,
evaluation of fitness of the chromosomes may be quite difficult, and may incur

additional computational cost, particularly for real world problems. However, EAs have
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been widely applied in diverse application areas for their general extensibility and

robustness. Some applications of EA are mentioned here:
< Bioinfonnatics

% Cellular programming

% Game playing

¢+ Automatic programming
% Non linear filtering

¢ Evolvable hardware

< Combinatorial problems
> Strategy planning

¢ Robot trajectory

+» Time tabling

< Designing neural networks

s Evolving images and music
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Chapter 3

Recurring Multistage Evolutionary Algorithm

3.1 Introduction

The standard evolutionary algorithm makes no explicit attempts to maintain balance
between the exploitative and explorative operations. Exploitation is conducted by fitness
based selection pressure and exploration is carried out by mutation, both in an implicit
manner, without any explicit control of the algorithm. Such an imprecise management of
exploitation and exploration often leads to quick loss of population diversity and stagnation
around the local optima of the scarch space. In contrast, the proposed system, RMEA .
makes explicit attempts to ensure a proper balance between the exploitation and
exploration. RMEA repeatedly applies three objective-driven evolutionary stages, each
with its own operators to fulfill the specific exploitative/explorative objective of the stage.
It has been tested against a number of benchmark numerical optimization problems, where
the objective is to locate the global minima across the high dimensional multimodal search
space. The experimental results establish that RMEA performs significantly better that
several exilsting evolutionary systems, in terms of both convergence rate and solution

quality. The following sections describe the framework of RMEA in details.
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3.2 The Proposed System: RMEA

In order to ensure a proper balance between the exploitation and exploration, RMEA
repeatedly alternates its conventional, exploration and exploitation stages during the
course of evolution. In the conventional stage, fitness based tournament selection and
gaussian mutation are employed for exploitation and exploration respectively. The
exploration stage employs a number of explorative operators that always use dissimilar
set of individuals from the population to reach the unexplored regions of the search
space. Application of any explorative operator is followed by a number of uphill moves
to evaluate the newly explored regions. The exploitation stage employs exploitative
operators that always use sets of individuals belonging to some predefined vicinity
(neighborhood) in the search space. In fact, all these operations are motivated by

observing some important facts, such as:

. Exploration is a non-local operation. Therefore, genetic operations involving
distant i.e., dissimilar individuals may lead the search process to unexplored

regions of the search space.

» After exploring to a new region, some hill-climbing operations are necessary to
realize the potentials of the newly explored regions and to avoid early rejection of

better solutions.

» Exploitation is a local operation. Therefore, genetic operations among the
neighbors and allowing only uphill moves are relevant to reach the local optimum

points of the search space.

Like every evolutionary process, RMEA starts with some initial population of
individuals, which represent approximate solutions to a particular problem. The solutions
may be values of variables that optimize a function, process, plans, design, strategies, or
any entity that need to be optimized. During each generation, RMEA employs the
genetic operators of that stage on the individuals to produce offspring. The offspring are
inserted into the population depending on the reinsertion scheme of the current stage.

The process of RMEA is described in the following steps:

Step 1) Generate an initial population of M individuals. Each individual, 1 is

represented as a pair of real valued vectors, (x;, #,), for i=1,....M; X;’s are objective
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variables and #,’s are standard deviations for Gaussian mutations. Each x; (and #,) has n
components, where »n is the dimensionality of the problem. Each component of x;, for
i=1,...,M, is generated uniformly at random within its domain. All the components of #,,

for i=1,...,M, are initialized to some moderate value (e.g. 3), as is done in [22].

Step 2) Initialize parameters ki, k; and &3, which control the behavior of RMEA by
defining the lengths, i.e., number of generations constituting the conventional,

exploration and exploitation stages.

Step 3) Conventional stage. Repeat the following step 4 for k; times. This

constitutes a single pass of the conventional stage.

Step 4) A single iteration of the classical evolutionary programming (CEP)
throughout the population. Details of CEP are specified in subsection 3.2.1. In brief, an
iteration of CEP consists of mutating every individual of the current generation to form
M offspring, calculating the fitness of all the parents and offspring and a tournament

among all the parents and offspring to select M individuals for the next generation.

Step 5) Repeat the following steps 6-7 for &; times. This constitutes a single pass
of the exploration stage. Usually, population diversity increases in this stage due to the

explorative nature of the operators.

Step 6) Calculate the distance of each individual I from every other individual in
the population to find a set of N ‘Strangers’ (farthest individuals) for 1. Strangers are

utilized by the explorative operators.

Step 7) A single generation within the exploration stage. For every individual, I
choose one of the six explorative operators (subsection 3.2.2) at random with equal
probability. Apply the selected operator on I to obtain a new individual I'. Try to make a
number (= k4) of hill climbing moves from I’ to obtain a new individual I'". These hill-
climbing steps (subsection 3.2.3) are to estimate the potentials of the search space around
I'. If I"" has better fitness than the original individual I, then replace I by I' {not 1"').
Otherwise discard I’ and I"". Repeat this entire process with all the individuals of the

population.

Step 9) Repeat the following steps 10-11 for &3 times. This constitutes a single pass
of the exploitation stage. Population diversity decreases in this stage due to the

exploitative nature of the operators.
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Step 10) Calculate the distance of each individual I from every other individual in
the population to find a set of N ‘neighbours’ (nearest individuals) for I. Neighbors are

utilized by the exploitative operators.

Initialize Population,
Setup Parameters |

h 4

Conventional Stage
(4, Generations)

v

v

Exploration Stage
(k; Generations)

v
: Expleitation Stage
(k3 Generations)

Stoppingl
Criteria

Result

Figure 3.1: Recurring multistage evolutionary algorithm (RMEA)

Step 11) A single generation within the exploitation stage. For every individual I,
choose one of the six exploitative operators (subsection 3.2.4) at random with equal
probability. Apply fhe selected operator on I to obtain a new individual I'. If I has better
fitness than I, then replace I by I'. Otherwise discard I'. Repeat this process with all
other remaining individuals.

Step 12) Check for termination. If the best solution found is acceptable or the

maximum number of generations has been elapsed, stop the evolutionary process and go
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to Step 13. Otherwise, go back to Step 3 to start another execution of conventional,

exploration and exploitation stages.

Step 13) The evolutionary process is over. Obtain the best individual of the last

generation which is the result of the entire evolutionary process.

i
1. Initialize Parameters. Generate Initial Population.

2. for k; generations [Conventional Stage]
Mutate each individual

Execute tournament among parents and offspring to get the next generation

3. for k; generations [Exploration Stage]
Jfor each individual, 1
Update the set of strangers of I
Randomly choose one of the six explorative operators
Apply the operator on I to obtain a new individual I’

Perform some uphill steps from I’ to decide whether to accept or reject it.

4. for ks generations [Exploitation Stage]
for each individual, 1
Update the set of neighbors of I
Randomly choose one of the six exploitative operators
Apply the operator on I to obtain a new individual I'
Accept I' if it has better fitness than I. Otherwise Reject.

5. If the best solution found is acceptable or the maximum number of generations has
been elapsed, conclude RMEA and go to step 6. Otherwise, return to step 3 and start

another cycle of conventional, exploration and exploitation stages. -

6. Obtain the best individual of the last generation, which is the output from the

evolutionary process.

Algorithm 3.1: Recurring multistage evolutionary algorithm

Algorithm 3.1 presents the pseudo-code of RMEA, which is apparently parallel to the
Figure 3.1. The necessary details of the different stages and operators are provided in the

following subsections.

25



Chapter 3. Recurring Multistage Evolutionary Algorithm

3.2.1 Conventional Stage

The classical evolutionary programming (CEP) is among the most basic evolutionary
systems and has been in use for many years for various optimization tasks. CEP does not
explicitly consider the issues of exploration and exploitation. It mutates individuals of
the current population for producing offspring, and selects the better individuals from the
union of the parents and offspring. Thus, explorations are conducted by mutations, while
exploitations are carried out by fitness based selection pressure. The following operations

are performed in every generation of CEP.
% Evaluate the fitness score for each individual of the population.
% Mutate each individual (x;, #;), for i = 1...M, to create an offspring (x;', #;"). That
is, for j = 1,....n,
SXOREIORETON(A)
7/'() = 1,G) exp(T'Ni(0,1)+ tNi(0,1))
xi(3), xi'(), #i(j), and #;'(j) denote the j-th component of the vectors x;, x;i", #; and
#,’, respectively. Nj(0,1) denotes a normally distributed one-dimensional random
number with mean = 0 and standard deviation = 1. The subscript, j in Nj(0,1)
indicates that the random number is generated anew for each value of j. The
factor T and 1’ are set to (V(2Vn))" and (Nen)yL.
% Calculate the fitness of each offspring generated by the mutation.
¢ Conduct a pair wise tournament based competition over the union of the parents
and offspring. For each individual, ¢ opponents are chosen uniformly at réndom

from all the parents and offspring. If the individual’s fitness is not less than an

opponent, then it receives a “win’.

e

*

Select the M individuals from the parents and offspring which have received the

most number of ‘win’s. They become the parents of the next generation.

3.2.2 Exploration Stage

The objective of this stage is to explore new regions of the search space. To achieve this
goal, genetic operators are applied on distant sets of individuals. The farthest (in terms of
edit distance) N individuals from a particular individual are referred as its set of

‘strangers’. Recombination and crossover are applied by using strangers and mutation is
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applied with a sufficiently large step size to facilitate exploration. As the attributes of
distant individuals are combined and the large step size is used in the genetic operations,
the population diversity tends to rise in this stage. The following scenario describes how
operations involving distant individuals, in combinatio.n with limited hill climbing, will

lead to an unexplored and better region of the search space.

fitness 7 i:[» Parent

.
.~ taoe y, attributes
Ed

Figure 3.2: Exploration through the fitness landscape

Figure 3.2 shows two groups of parent individuals, which are marked by oval
boundaries. When explorative genetic operators combine or mutate them, some
intermediate offspring may be produced, which are marked by underlining in the figure.
Initially, they seem to be quite similar in terms of fitness, but a small number of hill
climbing steps prove one of them (i.e., the one marked by an arrow) to be much better.
So it is allowed to enter the population and contribute to the optimization process. The
fitness landscape shows that this new individual will guide the evolutionary process to
better fitness values in comparison to its parents. Thus combination of information of
distant individuals facilitates explorations and when it is combined with limited hill
climbing, it may lead the search process to diverse, yet better regions of the fitness
landscape.
Two variants, named partial and complete, of recombination, crossover and mutation are
used as explorative operators. This means a total of six operators are used for
exploration. The complete specification of all the six explorative operators and their -
pseudo-code is présented here. Suppose, I is an individual of the current population and
{Is} is its sct of ‘strangers’.

%+ Explorative Partial Crossover — Crossover is performed between I and a

randomly selected stranger from {Is} on a random number of attributes.
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< Explorative Partial Recombination — Recombination is performed between I and
a randomly selected stranger from {Is} on a random number of attributes.

% Explorative Partial Mutation — Mutation is performed on a random number of
attributes of I. During mutation of a particular attribute, say x;, the standard
deviation of the Gaussian mutation is set to the average distance of I from all of
its strangers along the attribute, x;.

% Explorative Complete Crossover — For every attribute x; of I, a stranger is
selected uniformly at random from {Is} to perform crossover between I and the
stranger on x;.

<+ Explorative Complete Recombination - For every attribute x; of I, a stranger is
selected uniformly at random from {ls} to perform recombination between I and
the stranger on x;.

< Explorative Complete Mutation - Mutate every attribute x; of I. The standard
deviation of the Gaussian mutation is set uniformly at random from 0% to as

large as 50% of the attribute value being mutated in order to ensure large jumps.

3.2.3 Hill Climbing Steps during Exploration

Every time an explorative operator is employed, RMEA makes a number (say, ki) of
uphill moves in the fitness landscape from the newly explored solution to decide whether
to accept or reject the new solution. Suppose, an individual 1 is altered by an explorative
operator to form a new individual I'. To make an uphill move from I', one of its
attributes is selected at random and is mutated by using the Gaussian distribution with a
small standard deviation (e.g., 5% of the value being mutated). If the mutation improves
the fitness of I, the mutation is accepted. Otherwise, the individual is rolled back to the
state prior to this mutation. This process is repeated for &, times. If the final resultant
mdividual, I"" has a better fitness than the individual I, then I' (not the final individual
I'") is accepted and it will replace I. Otherwise, I" and I'' are rejected. 1t is necessary to
determine an appropriate value of ks, which will be generic enough to prove effective for
a wide range of problems. It is intuitive that the value of k4 is related to the properties of
the fitness landscape. Since the size of the search space is exponentially related to the
dimensionality of the problem, ky should be dependant on the dimensionality of the
problem. .In addition, the value of k4 should also be dependant on the degree of
exploration provoked by the explorative operator which alters I to I'. RMEA picks the
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Explorative Partial Crossover

Input: I= { (xla n])s (x2= TIZ)a --------- s (xm Tln) }
Result: I’

begin
I’ €1 [start with an I’ identical to I, then alter random no. of attributes of 1']
Is € A Stranger of 1, selected uniformly at random from the set of strangers {Is}
r € arandom integer from the range 1...(n-1)
fori € 1 to r do begin
X; € an attribute chosen at random from I’
I''x; € Is. x; [crossover between I' and I on x;j]
end do
return I’

end

Explorative Partial Recombination

Inpln: I= { (X|, rll)a (x?.a TIZ)s """""" ’ (xna rlﬂ) }
Result: T’
begin

I"' €1 [{start with an I" identical to I, then alter random no. of attributes of I']
Is € A Stranger of I, selected uniformly at random from the set of strangers {Is}
r € arandom integer from the range 1...(n-1)
fori € 1 tor do begin
X; € an attribute chosen at random from I’
u € uniformRandom(0, 1)
I'x; € Is.X;* u+1'x; *(/-u) [recombination between I and I on x;]
end do
return I’

end

Explorative Partial Mutation
Input: I= { (Xls 111): (Xz, Tl?.): """"" » (xm nn) }
Output: I’
begin :
I' €1 ([start with an I' identical to I, then alter a single attribute of 1]
r € arandom integer from the range 1... (n-1)
fori € 1tordo
X; € an attribute chosen at random from I’
sd € average distance of X; from the same attributes of all the strangers of I
g € GaussianRandom(0, sd)
I'xis € I'x;+I'x;*g  [The actual mutation step}
end do
return I'
end

Algorithm 3.2: Explorative partial operators
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Explorative Complete Crossover

Input: I= { (xla Tll): (X?.) TlZ)a see e eeey (xns Tln) }
Result; T’
begin
fori € 1tondobegin [n=number of attributes in an individual]
I, € A Stranger of I chosen at random from its set of Strangers {Is}
I'x; € I..x; [crossover for attribute x;]
end do
return I'
end

Explorative Complete Recombination

IDPUt: I= { (xla T]] )9 (Xz, le): --------- > (xm T'n) }
Result: T’
begin
fori < 1 to n do begin [n = number of attributes in an individual]
I, € A Stranger of I chosen at random from 1ts set of Strangers {Ig}
u € uniformRandom((, 1)
I'x; € I.x;*u+1I'x; * (1-u) [recombination of attribute x;]
end do
return I'
end

Explorative Complete Mutation

Input: I={(x;,nl), (X2, M2}, ... ... ... , (Xn, M) }
Result: T’
begin :
fori € 1 to n do begin [n = number of attributes in an individual]

r € uniformRandom{0, 0,50] [r is random, uniformly distributed in 0...0.50]
sd € r* Lx; [the s.d. of gaussian mutation is set to as large as 50% of the
attribute value being mutated, i.e. x;]

g € GaussianRandom(0, sd)
I'x; € I'x;+I'x; * g [mutation of the attribute x;]

end do '

return I

end

Algorithm 3.3 Explorative complete operators

value of k4 uniformly at random from the range [1...m/2], where m is the number of
attributes altered by the immediate explorative operator. If the imrmediate operator is a

complete explorative operator, i.e. it alters all the » attributes of I, k4 is selected from

[1...n/2], where n is the dimensionality of the problem.
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3.2.4 Exploitation Stage

The objective of the exploitation stage is to reach the optimum points represented by the
local neighbourhoods of the population. Unlike exploration, genetic operators are applied
on the sets of nearest ‘neighbours’ to achieve this goal. Individuals that are close to each
other in the search space are referred as ‘neighbours’. For each individual I, RMEA
keeps track of the nearest N neighbours across the population. As exploitation is focused
to reach the local optima within the neighbourhood, a small step size is appropriate for
mutation. Six genetic operators, similar to the exploration stage, arc used for
exploitations. The only difference between the explorative and exploitative operators is
that, recombination and crossover are performed by using neighbours in stead of
strangers and mutations are performed with small step size. In this stage, omnly
improvements are accepted, i.c., fitter offspring are allowed to replace the weaker parents

to enter the neighbourhood. As a result, population diversity tends to drop in this stage.

fitness ﬂ' Parent

r 3
-Bgli- Offspring

¥ attributes

Figure 3.3: Exploitation through the fitness landscape

Figure 3.3 exemplifies how local operations help to reach the local optima. Two groups
(neighbourhoods) of individuals are marked by oval boundaries. Recombination and
crossover invoiving individuals within the same neighbourhood and mutation with small
step size produce offspring at the same neighbourhood (marked by underlining). Since
only better individuals are accepted, the two offspring, closer to the local peaks (pointed
by arrows) are allowed to enter the population. This moves the two neighbourhoods

closer to their local optimum points, which is the aim of the exploitation stage.
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The six explorative operators arc the ‘partial’ and ‘complete’ variants of crossover,
recombination and mutation. Exploitative crossover and recombination differ from the
explorative ones in the way that they involve the neighbours, in stead of the strangers.
The standard deviation of the exploitative partial mutation is picked from the average
distance of the neighbors, rather than strangers, along that attribute being mutated. The
s.d. of exploitative complete mutation is picked uniformly at random from [0%...5%] of
the attribute value being mutated, which ensures much smaller jumps than the
explorative mutation that uses as large as 50% of the attribute value as s.d. The pseudo-

code of each of the exploitative operators is presented in algorithm 3.4, 3.5.

3.3 Differences with Existing Works

RMEA differs from most existing approaches on a number of aspects. First,
it realizes the possibility of automatically distributing the conflicting goals of
exploitation and exploration across its recurring stages. Unlike some algorithms {12] that
have to manually make decisions whether to switch from one stage to another, RMEA
recurrently switches its stages at regular intervals. Since different stages repeat again and
again, there is no neced to make a ‘perfect switching’ and the conflicting goals of

evolution are automatically distributed across the generations of the recurring stages.

Second, a number of control parameters are introduced in RMEA to provide a precise
control over its degree of conventional, explorative and exploitative nature. Since
optimization problems vary widely from each other, and no simple algorithm can
perform well for all problems [21], an EA should be properly parameterized to enable the
user to control several features of the algorithm. However, unlike some algorithms that
require adequate problem specific knowledge from the user (e.g., threshold values of
diversity [12], or relative weights between fitness and diversity [19, 20]), RMEA
requires no deep knowledge from the user. Besides, an adaptive variant of RMEA,

entitled as Ada-RMEA, is also proposed that requires no parameter from the user.

Third, RMEA defines a number of different exploitative and explorative operations,
which select the participating individuals from a population based on their distance.
Different operators are applied in different stages depending on the explorative or
exploitative objective of that stage. This is quite different from most algorithms [12-22]

that use the same set of operators throughout the evolution.

32



Chapter 3. Recurring Multistage Evolutionary Algorithm

Exploitative Partial Crossover

Input:  I=§{(X;, M), X2, M2)s «v vvv e s (Xns M) 3
Result: T’
begin

I' € I [start with an I" identical to I, then alter random no. of attributes of I']
IN € A neighbor of 1, selected uniformly at random from the set of neighbors {In}
r € arandom integer from the range 1...(n-1)
fori € 1 to r do begin
X; € an attribute chosen at random from I'
I'.x; € In.X; [crossover between I’ and In on x;]
end do
return I'
end

Exploitative Partial Recombination

Input:  T={ (X1, M), (X2, M2)s o -on o » (Xs Tha) }
Result: T’
begin

I' €I [start with an I" identical to I, then alter random no. of attributes of I’]
In € A neighbor of I, selected uniformly at random from the set of neighbors {In}
r € arandom integer from the range 1...(n-1)
fori € 1 tor do begin

X; € an attribute chosen at random from I’

u € uniformRandom(0, 1)

I'x; € In. X;* u+I'.x; * (1-u) [recombination between I' and Iy on x;]
end do
return ¥’

end

i

Exploitative Partial Mutation

Iﬂput: I= { (xls T]]), (XZ, T]Z): ------- s (xﬂ: Tln) }
Result: I’

begin
I' €I [start with an I" identical to I, then alter random no. of attributes of I']
r € arandom integer from the range 1... (n-1)
fori € 1 to r do begin
X; € an attribute chosen at random from I'
sd € average distance of x; from the same attributes of all the neighbors of I
g € GaussianRandom(0, sd)
I'x; € I'x;+I'x; * g [The actual mutation step]
end do
return I'
end

Algorithm 3.4: Exploitative partial operators

33



Chapter 3: Recurring Multistage Evolutionary Algorithm

Exploitative Complete Crossover

Input: I= { (xl: T]l): (x2= T]Z): """"" » (xna T]n) }
Resuit: T’
begin
fori < 1 ton do begin [n=number of attributes in an individual]
I, € A Neighbor of I chosen at random from its set of Neighbors {In}
I'x; € 1. X; [crossover of attribute x;]
end do
return I’
end

Exploitative Complete Recombination

Input:  T={(x;, M), (X2, M2)s ... .. .o s (Xns M) }
Result: T’

begin
g1"0r i € 1 to n do begin [n = number of attributes in an individual]
I; €« A Neighbor of I chosen at random from its set of Neighbors {In}
u € wuniformRandom(0, 1)
I'x; € L. xi* u+1'".x; * (1-u) [recombination of attribute x;]
end do
return I’
end

Exploitative Complete Mutation

Input: I= { (Xls Tll), (X2> T]Z)a ------- H (xrb T]n) }
Result: I’
begin
fori € 1 to n do begin [n = number of attributes in an individual]

r € uniformRandom{0, 0.05] [r is random, uniformly distributed in 0...0.05]

sd € r*I'.x; {the s.d. of gaussian mutation is set to only < 5% of the
attribute value being mutated, i.e. x;]

g € GaussianRandom(0, sd)

I'x; € Lx;+Lx;* g [mutation of the attribute x;]

end do
_ returnI’
end

Algorithm 3.5: Exploitative complete operators

Fourth, extensive empirical studies have been carried out to analyze and evaluate the
performance of RMEA. A suite of 23 benchmark numerical optimization problems is

used for empirical studies. Few evolutionary systems have been tested on a similar range
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of problems. The experimental results show that RMEA performs better than other
algorithms for most of the problems.

3.5 Review of RMEA

A little reflection about the mechanism of RMEA makes it readily apparent that RMEA
automatically and gracefully distributes the local and global search objectives through its
recurring stages across the generations. The diversity of the population will usually
increase and decrease as a result of the use of strangers and neighbors, respectively, by
the genetic operators. The exploitative stage usually leads to the discbvery of local
optimum points and ends with quick decrease in population diversity, while the
explorative stage, in combination with limited hill-climbing, enhances population
diversity, and helps discover new optimum points of the fitness landscape which have
better possibility of being the global optima. No existing evolutionary algorithm exhibit
such an automatic dispense of exploitative, explorative and diversity preserving

objectives.

Although it seems that RMEA is a bit more complex than CEP, its essence is the use of
three different stages with specific object-oriented genetic operators for proper balancing
between exploitations and explorations in the evolution. A drawback of RMEA is the
increased computational cost. For each individual, the algorithm has to keep track of
neighbors and strangers. Besides, hill-climbing steps in the fitness landscape during

exploration require k4 extra fitness evaluations.

RMEA represents a new framework for evolutionary processes to balance the
exploitation and exploration. The applicability and usefulness of this framework can
further be determined through extensive research and experiments. In an effort to
discover the potentials of RMEA, this thesis work is oriented towards solving a number
of benchmark numerical optimization problems by employing RMEA, which is

presented in the following chapter.
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Experimental Studies

4.1 Introduction

This chapter presents an in-depth experimental study with RMEA. The performance of
RMEA is evaluated with a suite of 23 benchmark functions and compared with standard
evolutionary algorithm, cellular evolutionary algorithm, diversity guided evolutionary
algorithm, self-organized criticality evolutionary algorithm, classical evolutionary
programming, fast evolutionary programming and improved fast evolutionary
programming. In addition, experiments have been carried out to analyze the sensitivity of
the parameters with results, significance and effectiveness of the exploitative and
explorative operators, roles and effects of the different stages, gradual variation of the
population diversity by the evolutionary process and so on. An adaptive variant of
RMEA, named as Ada-RMEA, is also proposed which adjusts the lengths of the
conventional, exploitative and explorative stages depending on their relative
effectiveness in fitness improvement. Ada-RMEA is also evaluated with the benchmark
functions and compared with RMEA. The effect of adaptation on solutions and stage

lengths is also examined.
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4.2 Benchmark Functions:

RMEA is evaluated by using a suite of 23 benchmark numerical optimization problems.
The objective of each problem is to find the global minimum of a multi-dimensional
function. This becomes particularly difficult when the functions are high dimensional
‘and multimodal, because the volume of the search space and the number of local minima
increases exponentially with the number of dimensions. The suite of functions include
both unimodal and multimodal, low and high dimensional functions. A brief summary of
the functions is presented in Table 4.1. Among them, functions f; to f7 are unimodal
functions. Function f; is a step function, which is discontinuous, discreet valued and has
a single global minima. Function f; is noisy quartic function, where random[0,1]
simulates random noise. Functions f5 to /3 are high dimensional (with dimensionality =
30) multimodal functions, for which the number of local minima increases exponentially
with the number of dimensions. Functions fj, to f23 are low dimensional multimodal

functions with a smaller number of local minima.

Table 4.1
The 23 benchmark functions used in the experimental study. Here n is the dimensionality of
the function, 8 is the domain of the variables and fo, is the minimum value of the function.
A detailed description of each function is provided in Appendix A.

Test function n A Janin
f,(x) =Z 1 x? | 30 | [-100, 100]" 0
LE=2" =1+ Ix 30 | [-10, 10 0

. ~N 2
7, (x):Z,.:,(Z;:lx;) 30 | [-100,100F | O
JSo(x)=max,{|x,|, 1 <i<n} 30 | [-100, 100]" 0
1, (x):Z:l' [lOO(xH, —x,?-)2+( - 1)2} | 30 | [-30, 307" 0
n 2 V
1, (x)zzi:l({xi + 0,5D 30 | [-100, 100]" 0
f,(x) 22; ix/' + random [0, 1) 30 | [-1.28, 1.28]" 0
filx)=>_" —x, sm(\/fxT) 30 | [-500, 500" | -12569
/o (x)=2:_l[xf'- 10cos (2nx,.)+ 10] 30 | [-5.12,5.12T 0
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Table 4.1(continued): The 23 benchmark functions used in the experimental study

Test function n S Jmin
1 1
fm(x)=—206xp(—0.2ﬂgz:le)—e}q)(gzr_:lcosflnxj) 30 | [:32, 32 0
+20+e
1 " ; X, [-600,
fii(x) 400021_:1(1:,) Hi=1cos(\/i)+ 30 6007]" 0
2
£205) - IOSinz(n:yi) + (y,,—l)
X)|=—
12 1 2 '
" +Z,-=1(y;—1) {1 + IOsz(ny,-H)] 30 | [-50, 501" 0
+3°7 u(x,,10,100,4)
2
sin” (31tx,) +(x,, - 1) {1 +sin (211:x,,)]
fi(x)=0.1 ae 2
+3 x,—) [1+sir12(3'n:xi+l) 30 | [-50,50" | 0
+3°7 u(x,,5100,4)
1 25 1 B
@506+ 2 T 6 > | Toossar |
j+21=1(x,—ay) .536]
2
7 " h (bi2+b’ xz) 4 | [5,57" 0000307
X)= a ——F— e .
15(0) 2’:1 * b,‘2+b,.x3+)c4
fm(x)=4x12—2.1x1"+%xf+xl x, — 4x; + 4x; 2 [-5, 51" |-1.03162
2
51, 5 1 [-5,10]
= x, — o x24+ = x, - 2 :
S (x) (x2 425 TN 6)+10(1 8n)c03(x,)+10 X [0, 15] 0.398
2
£a00)=11+(x,+x,+1) (19— 14x, + 3x7  14x, + 65, x, + 3x})
X ) 2 | [22r 3
X[3O+(2xl—3x2) (18—32x1+_12x12+48x2—36x1x2+27x22)j|
4 ” 2 -3.86,
fwlm(x)=—2j=lc,. e:qal—zjﬂaﬁ(xj—p,j)] m=46 4,61 [0, 1] 339
" T -1 -
Fomn®==2_ [x—a)x—a) +¢] m=5710| 4 | [0,10] -10
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Minimizing high dimensional multimodal functions is always considered challenging for
any search algorithm. In the experiments with the multimodal functions fg—/3, escaping
local optima is the focus of our interest, while for unimodal functions fi—f;, convergence
rate is also important. Details of each function are available in the Appendix A. Few
algorithms have been tested on a similar range of problems, as RMEA. Results,
presented in the following sections, demonstrate that RMEA performs extremely well on

most of these functions.

4.3 Experimental Setup

During the conventional stage, the same set of parameters, as in [22], is used: population
size, M = 100, tournament size ¢ = 10, initial standard deviations = 3.0 and self-adaptive
standard deviations are used for all the test functions. The iteration counters ki, kz and k3
for the conventional, exploration and exploitation stages are set to 30 for the unimodal
and multimodal functions f; - f;3, and f;5. However, for the rest of the functions, which
require smaller number of generations (i.c., 100 or 200), ki, kz, and k; are equally set to
10% of their execution length (i.e., 10 or 20). For the high dimensional multimodal
functions f; - f13, the value of k4, i.c., the number of hill climbing steps after exploration, is
picked uniformly at random from [1...m/2], where m is the number of attributes affected
by the preceding explorative operator. In each generation, the neighbourhood size is set
randomly to 1% to 5% of the population size. Random values are chosen, because they
always provide better immunity than fixed values against local minima. All these values
are selected after some preliminary experiments and are not meant to be optimal. The
encoding of -a chromosome (individual) is pretty straightforward. Each chromosome
possess n pairs of (x, 7) values, where the i-th pair (x;, #;) represents the value of i-th
objective variable, x; and the corresponding standard deviation, #; which is used as
standard deviation to mutate x; by CEP, RMEA is executed 50 times on each function. The
mean and standard deviation of the best solutions found by RMEA are summarized in

tables of the following sections.
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4.4 Experimental Results

4.4.1 Unimodal Functions

The first set of experiments was aimed to compare the convergence rate of CEP and
RMEA for the unimodal functions fi—f;. The average results and the progress of the mean
best solutions with generations found by CEP and RMEA over 50 independent runs are
summarized in Table 4.2 and Figure 4.1, respectively. It is apparent that RMEA performs
much better both in terms of the convergence rate and final solution quality than CEP for
all these functions, except f5. For example, for function f;, RMEA displays a faster
convergence rate than CEP from the very beginning. It quickly minimizes the function
down to 0.001 within only 700 generations, while CEP requires the entire evolutionary
run of 1500 generations to reach the value of 0.001. RMEA continues to approach the
global optima with the nearly same constant rate, and after 1500 generations, it reaches in
the neighborhood of 1072, which proves the outstanding convergence rate and fine-tuning

ability of RMEA.

CEP reaches the minimum value of (.93 and 2.08, respectively, for functions f; and fi,
while RMEA minimizes these two functions in the range of 10, and 107'°. In fact, the
optimization achieved by CEP for both these functions in 5000 generations is achieved by
RMEA within only 800 generations, as indicated in Figure 4.1. Similar result is found for
/7, for which RMEA exhibits its excellent optimization ability by minimizing in the range
of 10°. From the graphs in Figure 4.1, it is apparent that RMEA shows much better
convergence rate throughout the entire evolution and the rate of minimization does not
seem to stagnate during the late generations. This proves the effectiveness of RMEA with
its periodically alternating stages in fulfilling both exploitative and explorative objectives
during the evolution. The only exception in this group is function fs, for which RMEA

performs worse than CEP.

The step function fg is quite different from the others, which is distinguished by plateaus,
and abrupt, discontinuous edges between plateaus. CEP fails miserably for this function
because it employs N(0,1) distribution for mutation, which usually produces small steps,
but all the points around a point within a plateau have similar fitness value, except when

the points cross they plateau boundaries. Hence it is quite difficult for CEP to generate a
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large jump and move from one plateau to another one. On the other hand, RMEA exhibits
a much higher probability of generating longer jumps than CEP since its explorative
operators are focused to do so by combining distant individuals and large mutation steps.
This enables RMEA to move from one plateau to a lower one with relative ease. The rapid
convergence of RMEA within only 350 generations in most of the runs, as we have

observed, supports this claim.

However, this significantly superior performance is not absolutely ‘free of cost’. In each
generation, RMEA has to perform some extra computations during the exploration and
exploitation stages. RMEA has to keep track of the neighbors and strangers for each
individual and perform some additional fitness evaluations for hill climbing during
exploration. On the other side, the application of the ‘partial’ genctic operations by
RMEA requires less cost than the mutation of CEP that ‘completely’ alters an individual.
Since the results are considerably better, as illustrated by the following tables, it certainly

justifies the overhead of some extra computations.

Table 4.2
Comparison between CEP and RMEA on unimodal functions, f1—f>.

“Mean Best” is the mean of the best function values averaged over 50 Runs.

5 5 Best
2 = Mean Standard €S
+— ol -
§ 5 Algorithm Best Deviation Performance
= 8 by
CEP 1.09 x 107 28x10°
£ 1500 RMEA
RMEA 1.06 x 10 1.13x 10"
CEP 5.62x 107 72x10°
7 2000 m RMEA
RMEA 2.66x 107 9.37x 10"
y 5000 CEP 0.93 1.15 RMEA
’ RMEA 106x 10 | 7.19x10%
CEP 2.08 1.29
i 5000 = = RMEA
RMEA 6.81 x 107 3.90x 10
CEP 12.77 6.28
1 20000 CEP
RMEA 20.89 0.748
CEP 82.17 151.43
£ 1500 RMEA
RMEA 0 0
CEP 5.4x107 1.7x 107
% 3000 - RMEA
RMEA 1.24x 107 1.07 x 10™!
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100 - — RMEA || (1E+09 - —  RMEA
0.001 - 100 4
1E-08 - 0.00001 -
1E‘13 T T T 1E'12 T T T
0 450 900 1350 ] 600 1200 1800
Function #03 | —CFP Function #04 — CEP
— RMEA P
10000 - 100 RMEA
1E-09 - 0.01 -
1E-22 - 1E-06 -
1E'35 T T T 1E'10 T T T
0 1600 3200 4800 ] 1600 3200 480
Function #05 —— CEP Function #06 —CEP
1E+08 RMEA 90000 - RMEA
60000 -|
10000 -
\' 30000 -
—_—]
1 T T T 0 T T T T
0 6000 12000 18000 0 450 900 1350
10000 - Function #07 —CEP
——RMEA
0.1
1E-06 -
IE'].]. T T T
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Figure 4.1: Comparison between CEP and RMEA on unimodal functions fi—f;.
Vertical axis shows the function values, while the horizontal axis shows

no. of generations. Results are averaged over 50 runs.
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Function #08 |—CEP 1000 - Function#10 |——CEP
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Figure 4.2: Comparison between CEP and RMEA on multimodal functions.
Vertical axis shows the function values, while the horizontal axis shows
no. of generations. Results are averaged over 3() runs.
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4.4.2 Multimodal Functions with Many Local Minima

Multimodal functions have been proved to be quite troublesome for many optimization
algorithms. Functions fg-fi3 are high-dimensional multimodal functions, with
dimensionality set to 30. Their number of local minima increases exponentially with the
number of dimensions. Table 4.3 summarizes the comparison results for these functions.
It is apparent from the results that RMEA consistently performs significantly better than
CEP for all these functions. CEP appears to be trapped in some poor local optima, while
RMEA successfully gets rid of local minima and finds the global minima. RMEA
discovers the global minima and reaches very close to it for all the functions in this group,
except fz. By examining the graphs, some of which are presented in Figure 4.2, a number
of interesting results can be found. The minimization performed by CEP for ;3 and fioin
9000 and 1500 generations, respectively, is achieved very rapidly i.e. within only 500 and
100 generations by RMEA. RMEA takes less than 400, 350 and 450 generations to
minimize fi1—fi; to a level for which CEP requires 2000, 1500 and 1500 generations,
respectively. It is observed from Figure 4.2 that RMEA shows better convergence rate
from the very beginning and continues with similar convergence rat¢ throughout the
entire evolution. The only exception is function f3, which has the global minima of -
12569.5. RMEA starts with excellent convergence rate for fz and soon minimizes close to
-10000. It then loses its convergence rate and almost stagnates at that value. This behavior
is quite similar to CEP for function f; (and f5). However, RMEA is somewhat better, since
CEP is trapped to a worse local minimum with function value close to -8000. Such
unexpected result with a few functions is nothing discouraging, since optimization
problems have wide-ranging dissimilarity, and a particular approach never works well

with every problem [21].

4.4 3 Multimodal Functions with Few Local Minima

RMEA was applied on the low dimensional multimodal functions fi4-f23. Each function in
this family has dimenstonality < 6, and has only a few local minima. So they are simpler
than the high dimensional multimodal ones. Table 4.4 summarizes the results, averaged
over 50 runs. RMEA performs similar as CEP for the functions fs—is, and outperforms
CEP for the rest of the functions, i.e., fis—f15 and 3. CEP is trapped in a poor local
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minimum for the functions f3;—f3;. Although, for the functions fi¢—fi5, both CEP and
RMEA reaches the global minima and show similar behavior, this is due to the fact that
these functions have very low dimensionality (with dimensions = 2, 2, 2 and 4
respectively) and thus quite easy to minimize. However, functions f0—/»; have relatively
higher dimensionality (with dimensions = 6, 4, 4, 4) and the better performance of RMEA
clearly speaks of the superiority of RMEA.

Table 4.3
Comparison between CEP and RMEA on high dimensional multimodal functions f3-1)3.

“"Mean Best” is the mean of the best function values averaged over 50 Runs.

=
R=) Best
t;: Generations | Algorithm I\Igean Stm}da'rd Performance
= est Deviation b
< Y
CEP -8174.8 572.2
fi 9000 RMEA
RMEA -11332.6 61.2
CEP 1.87x 107 9.18x 107
£ 5000 RMEA
RMEA 5.34x10™! 1.56x 107"
‘ CEP 935 4.72
fio 1500 - RMEA
RMEA 1.18 x 107 6.27x 107
CEP 1.59 x 107 0.27
/n 2000 RMEA
RMEA 1.01 x 107 4,64 %1077
CEP 1.89 2.64
Nz 1500 RMEA
RMEA 2.77x 10" 1.09 x 107
CEP 1.95 3.79
fis 1500 RMEA
RMEA 5.99x10° 413x 10
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Table 4.4
Comparison between CEP and RMEA on the low dimensional multimodal functions,
fr 23 “Mean Best” is the mean of the best function values averaged over 50 Runs.

Function Value (Mean Best)

Algorithm S Jis Jis Jiz Jis Jis Jo o 2 J3

Ge”;’aﬁo 100 | 4000 | 100 | 100 | 100 | 100 | 200 | 100 | 100 | 100

CEP 1.41 | 59x10™ | -1.03 0398 ' 3.0 |-3.86 ! -331 | -6.98 | -8.32 | -9.18

RMEA 1,19 | 3.25x10% | -1.03 | 0.398 | 3.00 | -3.86 | -3.38 | -7.58 | -9.41 | -9.96

Best
Performance
by
RMEA
RMEA
Similar
Similar
Similar
Similar
RMEA
RMEA
RMEA
RMEA

4.5 Comparison with Existing Works

This section compares RMEA with standard evolutionary algorithm (SEA), self-organized
criticality evolutionary algorithm {SOCEA), cellular evolutionary algorithm (CEA),
diversity gmided evolutionary algorithm (DGEA), fast evolutionary programming (FEP),
and improved fast evolutionary programming (IFEP). The SEA uses Gaussian distribution
for mutation, with mean = 0 and variance = 1.0/ [\/(t+1)]. The SOCEA shows much better
performance than SEA by adjusting the mutation variance following a scheme [38] which
ensures variable step sizes for mutation. The CEA employs a population with 400
individuals, organized as a 20 X 20 grid, with boundaries and corners wrapped around. An
individual can mate with any of its four neighbours, selected at random, and better
offspring replaces the central parent. The DGEA uses the diversity thresholds of dj,,, =
5x10® and dhign = 0.25. Further clarifications on each of the algorithms are available in
[12], [38], [39].
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Four standard benchmark optimization (i.e., minimization) problems are used to compare
the algorithms. Based on the dimensionality, three variants of each problem is employed,
with dimensions = 20, 50, and 100. For each problem, the total number of generations is
set to 50 times the dimensionality of the problem, i.e., for 20, 50, and 100 dimensions, the
algorithms are executed for 1000, 2500, and 5000 generations respectively. The four
problems are: Rosenbrock’s function: f5, Rastrigin’s function: /5, Ackley’s function: fio and
Griewank function: fj;. The details and analytical forms of each of the functions are
provided in [12], and also in Appendix A. Table 4.5 compares the performance of RMEA
with the others. ' |

Table 4.5
Comparison among SEA, SOCEA, CEA and RMEA on a number of benchmark functions.
Results represent the mean of the best function values, averaged over 20 runs.

Algorithm Best
Function Dimensions Performance
SEA SOCEA CEA RMEA By
20 8292.3 406.4 149.0 16.79
Rosenbrock
£ 50 414256 | 47832 1160.0 48.2 RMEA
100 912503 | 304276 | 6053.8 97.8
20 11.12 2.87 1.25 453 %1012
Rastrigin 19
% 50 44.67 22.46 14.22 1LIRX 107 RMEA
100 106.21 86.36 58.38 4.93x 10°%
20 2.49 0.63 0.23 1.76 x 107
A‘;l::ey 50 2.87 1.52 0.65 3.26% 107 RMEA
100 2.89 222 1.14 223x 10"
20 1.17 0.93 0.64 2599 x 102
G“j,:’a“k 50 1.61 1.14 1.03 1.26x 107 RMEA
100 2.25 1.62 1.17 121 %1073
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The excellent performance of RMEA is apparent from the results of Table 4.5. RMEA
outperforms the others by several orders of magnitude for all the four functions. For
example, for the 100 dimensional variant of the Rastrigin, Ackley and Griewank
functions, CEA performs minimization down to 106.21, 2.89, and 2.25, while RMEA
minimizes them to a level as low as 10, 10™, and 10 respectively. For the Rosenbrock
function, all the SEA, SOCEA, and CEA are far away from the global minima of zero,
while RMEA has rapidly converged much closer to the global minima, which is evident

from the results.

Table 4.6 compares RMEA with DGEA on the same set of functions. DGEA controls the
diversity of the population in an explicit manner [12], and shows significantly better
performance than the SEA, SOCEA and CEA. Both DGEA and RMEA are executed for
the same number of generations for each function, while DGEA* is executed until the

best solution value does not improve for 500 generations.

Table 4.6 exhibits the superiority of RMEA over DGEA and DGEA*. Results show that
RMEA outperforms both DGEA and DGEA* on almost all the functions. DGEA* shows
better performance only with the low dimensional variant of the Rosenbrock function f;,
while RMEA surpasses DGEA* by orders of magnitude for all the rest of the functions.
This performance from RMEA is quite encouraging, since DGEA* always gets the extra
favour of executing more generations than the others, until its fitness values stagnate.
Summarizing all these results, it becomes apparent that RMEA exhibits superior

performance to all the other approaches.

Fast evolutionary programming {FEP), first introduced in [22], employs cauchy
distribution, in stead of the widely used gaussian N(0,1) distribution, to mutate the
individuals. FEP is evaluated with the same suite of 23 benchmark functions, and it has
demonstrated good performance, especially with the high dimensional multimodal
functions, which are considered as the most difficult family of functions for optimization.
Another improvement over FEP, Improved Fast Evolutionary Programming (IFEP)
combines the features of CEP and FEP by using both gaussian N(0,1) and cauchy(1)
distributions in order to produce two offspring from each parent, and accepting only the
better one. IFEP further improves the behaviour of FEP and exhibits better performance
than FEP and CEP. '
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Table 4.6
Comparison among DGEA, DGEA* and RMEA on a number of benchmark functions.
Results represent the mean of the best function values, averaged over 20 runs.

Algorithm Best
Function Dimensions Performance
DGEA DGEA* RMEA By
20 96.00 8.12 16.79 DGEA*
Rosenbrock
£ 50 315.39 59.78 432 RMEA
100 1161.55 880.32 97.8 RMEA
20 221x10° 337x 10 453% 107" RMEA
Rastrigin . .
% 50 0.0166 1.97 x 107 1.18x 10° RMEA
100 0.1566 6.56 x 10° 493x107% RMEA
20 8.05x 10" 336x107° 1.76 x 107 RMEA
Acfkley 50 461x10° 252x 10" | 326x107° RMEA
10
100 0.01329 9.80x 10 223x 107" RMEA
20 7.02 % 10™ 788 % 10° 2599x 10" |  RMEA
Grl;wank 50 440 x 107 119x10° | 126x10™° RMEA
11
100 0.01238 324x%10° 121 x 10 RMEA

In the following section, RMEA is compared with both FEP and IFEP. Table 4.7 shows
results on unimodal functions. Results show that RMEA outperforms the others on five
functions, shows similar result on one (f;) and worse performance with only one (f5). The
superiority of RMEA is even by order of magnitude for the functions fi-fs, and f;. For
example, RMEA minimizes /5, f3 and f; down to 10", 10, 10®', while IFEP (or FEP)
minimizes them only to 107, 107 and 10" respectively. For the step function fs, RMEA
finds the global minima quite easily, within the first 350 generations in most of the runs,
as we have observed. The only exception in this family is the function f5, for which FEP
performs better than RMEA.
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Table 4.8 compares RMEA on high dimensional multimodal functions fz—f13. FEP (and
IFEP) is better effective for such difficult class of functions [22]. Out of the six
functions, RMEA outperforms both FEP and IFEP in three, even by an order of
magnitude. For £, fio, and f;; RMEA performs minimization to 107" 107, 10 while
IFEP or FEP exhibits minimization only to 107, 103, and 107 respectively. However, for
the remaining three functions: f3, fi» and fi3, FEP performs better than RMEA. An
interesting optimization pattern is observed for Schwefel’s problem, f;. Here, the
exploration stage is found to operate in the reverse direction of the exploitation and
conventional stage to deteriorate solution quality. RMEA employs limited number of hill
climbing steps to prevent such situation, but hill climbing seems to fail with exploration,
only for this function. Some more sophisticated hill climbing considering the properties
of the fitness landscape may improve this situation. However, for the low dimensional
multimodal functions f14-f23, RMEA always performs better than (or at least as well as)
FEP and IFEP, as exhibited by Table 4.9. Comparison of the results for the functions fj4,
fis, 20, 21, 22 and fo3 speaks for the superiority of RMEA. Summarizing all the results, it
may be concluded that, RMEA demonstrates very promising results and some more

investigation with its workings may further improve its performance.
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Table 4.7

Comparison among FEP, IFEP and RMEA on unimodal functions, fi—f7 “Mean Best”
is the mean of the best function values averaged over 50 Runs.
“N.A.” means result is not available in {22].

o g E
-8 B ﬁ Mean Standard Best
Q z = B Deviati Performance
5 2 =) est eviation by
= 0 43
&)
FEP 5.7x 10" 1.3x 10"
A 1500 IFEP 46x% 107 NA. RMEA
RMEA 1.06 x 1077 1.13x 10"
FEP 8.1x 107 7.7x10*
£t 2000 IFEP 2.44x% 10* N.A. RMEA
RMEA 2.66 x 107" 937x 1072
FEP 1.6 x 107 1.4 x 107
£ 5000 IFEP N.A. N.A. RMEA
RMEA 1.05x 107 7.19 x 10°%
FEP 0.3 0.5
f 5000 IFEP N.A. N.A. RMEA
RMEA 6.81 x 10°7'° 390x 107"
FEP 5.06 5.87
£ 20000 IFEP N.A. N.A. FEP
RMEA 20.89 0.748
FEP 0 0
‘ RMEA,
fs 1500 IFEP N.A. N.A. FEP
RMEA 0 0
FEP 7.6x10° 26x%10°
£ 3000 TFEP N.A. N.A. RMEA
RMEA 124 x 10™ 1.079 x 107!
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Comparison among FEF, IFEP and RMEA on high dimensional multimodal functions,

tw

Table 4.8

Js—113. “Mean Best” is the mean of the best function values averaged over 50 Runs.
“N.A." means result is not available in {22].

E § E Best
5 E g Mean Standard Performance
= D ) Best Deviation
I g P by
FEP -12554.5 52.6
£ 9000 IFEP N.A. N.A. FEP
RMEA -11332.6 61.2
FEP 46x10* 1.2x 107
5 5000 IFEP N.A. NA. RMEA
RMEA 5.34x10°! 1.56 x 107"
FEP 1.8 x 107 21x10°
o 1500 IFEP 483 x10° N.A. RMEA
RMEA 1.18 x 107 627x10%
FEP 1.6x 107 22x 107
fin 2000 IFEP 4.54x 1072 N.A. RMEA
RMEA 1.01x107% 4.64x 10%
FEP 92x10° 3.6 x 10°®
fia 1500 IFEP N.A. N.A. FEP
RMEA 2.77x 10* 1.09x 107
FEP 1.6x 10" 73x10°
i3 1500 IFEP N.A. N.A. FEP
RMEA 5.99x 10° 4.13x10°
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Table 4.9
Comparison among FEP IFEP and RMEA on low dimensional multimodal functions,
fra—123. “Mean Best” is the mean of the best function values averaged over 50 Runs.
“N.A.” means result is not available in [22].

Function Value (Mean Best)

Algorithm
Jis Jis Jis Jir | fis Jio Jo | S S22 S

Generations | 100 4000 | 100 100 100 100 { 200 100 100 100

FEP 122 | 5.0x10" | -1.03 | 0.398 | 3.02 | -3.86 | -3.27 | -5.52 | -5.52 | -6.57

IFEP N.A N.A. N.A. | NA. | NA | NA. | NA | -646 | -7.10 | -7.80

RMEA | 1.19 | 325x10™ | -1.03 | 0.398 | 3.00 | -3.86 | -3.38 | -7.58 | -9.41 | -9.96
S

=4 [ — [

mugm ~ ~ A 7 % & 5 =~ &
[= W

4.6 Experiments with Components of RMEA

This section presents a number of experiments with results in order to closely observe and
achieve insights on different aspects of RMEA. The sensitivity of the parameters with
solution quality, significance of the different operators, and roles of the different stages in

RMEA are examined in the following sections.

4.6.1 Parameters

ky, ky and k3 are used in RMEA to define the length of its conventional, explorative and
exploitative stages. The sensitivity of these parameters with the optimization performance
is examined in this section. Table 4.10 shows the results of RMEA, which are averaged
over 10 independent runs, with different values of &, &, and 43 for 9 functions randomly

selected from the functions fi—f|3. Functions fj4—f2; are ignored because they are quite
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simple in comparison to the others due to their low dimensionality. The results show that
RMEA is not significantly sensitive to k;, k; and k3. When the lengths of the stages are too
short (e.g., 10) or too long (e.g., 100), the results are slightly worse. Somewhat better
results are obtained with moderate stage lengths (e.g., 30 or 60). It is observed from Table
4.10 that the best results are always found with moderate stage lengths (i.e., 30 or 60).
However, results are quite satisfactory for every choice of parameter values shown in
Table 4.10. It, therefore, indicates that RMEA is not critically sensitive to &, k; and 43 and

any moderate choice of values can produce nearly similar results.

Table 4.10
Effect of varying lengths of the conventional, exploration and exploitation stages.
ki, ks, ks are the lengths of the stages respectively.

Short Stages Moderate' Moderate® Prolonged
Function b Eek _g 10 Stages Stages Stages Best
LR ki=k=k=30 | k=k= k=60 | g = f= k=100
) 3.53x 10" 1.06 x 102 4.72x 10" 1.23x107 Moderate'
A
£ 8.52x 107° 1.06x10™" | 249x10% 722x 10" | Moderate'
fi 3.86x 107 6.81x 10" 127x 107 1.95x 10" | Moderate®
£ 8.30x 10 1.42x 10°! 7.31x 107 1.03x10% | Moderate’
f -9843.93 -11332.6 -10614.86 -8328.66 Moderate'
Ffio 1.17x10° 1.18x 107 587x10° 3.64x 107 Moderate'
fit 6.63x 10" 1.01x 107 6.89x 10" 2.75x 107 | Moderate’
T 3.12x 10" 2.77x 107 3.28x 10" 6.88 %107 Moderate'
i3 2.83x 107 599x10° | 142x10° 571x 107 Moderate’

In fact, what is crucial in RMEA is not the length of the stages, but their recurring nature.
This 1s established by the results summarized in Table 4.11, where conventional,
exploration and exploitation stages are run sequentially, not in a recurring manner. These

schemes are named as sequential multi-stage evolutionary algorithm (SMEA). Depending
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on the sequencing of the stages, three different variants of SMEA are specified here. The
first variant, SMEAc pr gr starts with conventional stage and executes it for the first one-
third of the total generations needed for 'minimizing a function. Then explorative stage
continues for the next one-third and finally exploitative stage executes for the last one-
third of the total generations. For example, to minimize f; for 1500 generations, SMEAc,
ERr, ET €Xecutes the conventional stage for 500 generations, followed by explorative stage
for 500 generations, followed by exploitative stage for the last 500 generations. Another
variant, SMEAgg, ¢, et executes the stages in this order: exploration stage, followed by
conventional stage, followed by exploitative stage. The third vanant, SMEAggr, T, ¢
executes the explorative stage first, then exploitative stage and finally concludes with the
conventional stage. These three non- recurring variants of SMEA4 are applied on seven
functions, chosen randomly from fi-f23. The results of the experiments are averaged over
50 independent runs and compared with RMEA in Table 4.11.

Table 4.11
Comparison between SMEA and RMEA on a number of unimodal and multimodal
Sunctions. RMEA outperforms the non-recurring SMEA variants in every case.

Function | SMEA ¢ gr Er SMEA gr_c ET SMEA R g7,C RMEA Best
1 8.77x 10°® 2.60x 10 1.48x 107 1.06 x 1072 RMEA
fi 487x10° 1.14x 10°° 1.76 x 10°° 6.81x 10" RMEA
£ 2.73x 107 8.08 x 107 297 x 107 1.24x 107 RMEA
fro 1.31x 10" 3.02x 107 530x 10 1.18 x 107 RMEA
fir 839x 107 1.12x 1072 8.98x 107 1.01 x 107 RMEA
fis 6.26 x 107 1.80 x 10 9.86 x 107 5.99x10° RMEA
o 9.90 -8.37 9.21 -9.96 RMEA

To make fair comparisons, all three vanants of SMEA employ the same number of
conventional, exploration and exploitation stages in total as RMEA, but they do not mix
and interleave different stage. The results in Table 4.11 show that, RMEA performs
significantly better than the variants of non-recurring SMEA. This proves the necessity of

interleaving and mixing different stages regularly instead of trying to make a perfect
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switch from one stage to another. Generally, an evolutionary approach needs to escape
from several local minima when exploring through the fitness landscape for optimization.
Such a situation makes a recurring and randomized algorithm more appropriate than a
sequential and static approach. The results of RMEA, when compared with that of SMEA,

make this fact apparent.

4.6.2 Operators

RMEA uses neighbors and strangers for recombination and crossover operators. It
therefore keeps track of the neighbors and strangers throughout the evolution for each
individual of the population. Besides, the standard deviation of mutation is also carefully
decided either from the deviation of other individuals along an attribute or from the
magnitude of the attribute being mutated. To examine whether all these extra
calculations have contributed to the exploitations and explorations, we now introduce
another variant of RMEA, named as naive-RMEA, which neither use neighbors/strangers
nor controls the mutation standard deviation. To conduct recombination or crossover,
naive-RMEA selects participants randomly across the entire population. Besides, it
always employs gaussian N(0,1) distribution for mutation. Naive-RMEA still consists of
a conventional stage similar to CEP, and both exploitation and exploration stages. The
only difference between the exploitation and exploration stages is that, the exploitation
stage accepts better individuals only, while the exploration stage, by some hill climbing
moves, may accept immediate worse individuals, which have potentials to prove better in
the future. Naive-RMEA is compared with RMEA on the 23 functions. Results from the
following tables 4.12, 4.13 indicat; that, naive-RMEA has performed much worse than
RMEA on all the functions, except slightly better performance only for fi; and fj3. This
letdown of naive-RMEA is by order of magnitude for fi, £, 3, /1, /5, fio and fj;. All these
results exemplify the contributions of neighbors, strangers and controlling of the
standard deviation of mutation behind the effective exploitations, explorations and thus,

superior performance by RMEA.
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lable 4.12
Comparison between RMEA and naive-RMEA on unimodal functions fi—f7.
Results are averaged over 50 runs.

= E
= -2 Mean Better
= = . [
§ § Algorithm Best Performance
[ [:F]
O
NAIVE-RMEA 6.95x 107
£ 1500 RMEA
RMEA 1.06 x 10
NAIVE-RMEA 3.26 x 10
f 2000 RMEA
RMEA 266x 107"
NAIVE-RMEA 1.64x10°
£ 5000 RMEA
RMEA 1.05x 10"
NAIVE-RMEA 9.66x 107
f 5000 RMEA
RMEA 6.81 x 1071°
NAIVE-RMEA 78.19
fs 20000 RMEA
RMEA 20.89
NAIVE-RMEA 0 (450 generations)
f 1500 RMEA
RMEA 0 (350 generations)
NAIVE-RMEA 7.51 x 10!
£ 3000 RMEA
RMEA 1.24x 107!
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Table 4.13
Comparison between RMEA and naive-RMEA on a number of
multimodal functions. Results are averaged over 50 rums.

& .§ E Mean Better
3 o 5 Performance
g 2 50 Best
(i (B = by
NAIVE-RMEA -10259
S 9000 ' RMEA
RMEA -11322
NAIVE-RMEA 974x 10"
fo 5000 RMEA
RMEA 5.34 x 10™"
NAIVE-RMEA 462x 107
fio 1500 RMEA
RMEA 1.18x 107
, NAIVE-RMEA 1.19x 10°
a 2000 RMEA
RMEA 1.01 x 102
NAIVE-RMEA 1.62x10°
Sz 1500 NAIVE-RMEA
RMEA 2.77x 10
NAIVE-RMEA 263x 107
fis 1500 NAIVE-RMEA
RMEA 599 x 103
NAIVE-RMEA 1.992
S 100 RMEA
RMEA 1.19
NAIVE-RMEA -7.27
N 100 RMEA
RMEA -7.58
NAIVE-RMEA -8.52
I 100 RMEA
RMEA -0.41
NAIVE-RMEA -8.03
P 100 RMEA
RMEA -9.96

58



Chapter 4: Experimental Studies

4.6.3 Stages

Since conventional, exploration and exploitation stages employ different operators, they
affect the populaﬁon fitness in different ways. An interesting question is: what are the
roles of these stages in evolution, especially in terms of fitness improvement and diversity
preservation? This issue is introduced in this section, and further elaborated in the next
section. To examine the effect of the different stages on fitness, RMEA is parameterized in
three different ways with different sets of values for #;, k; and k;z. In the first setting, which
has been named as RMEAC;,,,V, the conventional stage has been set much lengthier than the
other two stages by using ky= 50 with k;= k3= 10. In the second and third settings, which
have been named as RMEA, /. and RMEA,,p#, more exploration and exploitation are

allowed by setting k; = 50 (with k;= k;=10) and k; = 50 (with k; = £,=10) respectively.

Table 4.14 shows that RMEA. 0. performs better than RMEA,,,, and RMEA, .0, With
6 out of the 9 tested functions. Since all other parameters are kept identical in all the
experiments, the better performance of RMEA,, .. indicates that the effectiveness of the
exploration stage for optimization. This is’because the exploration stage tries to balance
between the population diversity and solution quality first by applying explorative
operators to reach new regions of the search space and then by applying hill-climbing
steps to discover better, yet diverse individuals. This means exploration is not a basic
operation, rather is a compound operation that uses several hill-climbing steps after the
application of an explorative operator. However, exploration may not be suitable rather
harmful for simple functions where the number of local minima is small. This is possibly
the reason for the worse performance of RMEA,,,0r With respect to RMEA 101 fOr f21-
Jf23. RMEA 1, performs best for these functions. The worse result of RMEA i6r ON
some functions suggests that RMEA should employ moderate and equal/nearly equal
proportion of conventional, exploration and exploitation stages to achieve robusiness.
Besides, this is also indicative that, a single setting of the parameters, with some extreme
choices for parameter values, usually never performs better for all the problems. Instead,
a moderate choice of parameter values, (e.g. k;= k> = k3 = 30) usually proves to be more
robust. However, for all the experiments presented in this section, RMEA performs
sufficiently well, which proves again the extra-ordinary effectiveness of RMEA, and the

robustness of its parameters.
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Table 4.14

Effects of varying the proportion of conventional, exploration and exploitation
operations. Exploration stages exhibit exceptionally better performance for

the high dimensional functions, fi—13, while exploitation stages exhibit
superior performance for the low dimensional functions, f14-123.

Function RMEA xpioir with | RMEA o, with RMEAcspiore with Best
K, ko, k= 10,1050 | &y, ko, k3 =50,10,10 | i, k2 k5= 10,50,10
N 2.49x 107 3.22x 107 8.11x 107 RMEA ¢xpiore
f3 2.19 x 107 1.46x 107 2.35x 107 RMEA gxpiore
i 3.95x 10 6.95x 107 5.58x 107 RMEA gxp/ore
fio 3.63x10* 5.56x 107 8.23x 10" RMEA ¢xpjore
fu 3.13x10™" 5.02x 107 1.85x 107 RMEA gxp/ore
Si3 593x10° 1.86 x 107 4.83x10° RMEA ¢xp/0re
S 9.78 -7.21 -8.81 RMEA exp/oit
fa -10.25 -8.45 -8.77 RMEA oxploit
fr3 -10.41 -9.91 9.31 RMEA ¢p/0ir

4.6.4 Evolution of Diversity and Fitness

This section introduces a new measure of population diversity, named as Neighborhood
Diversity (ND), and examines how ND is evolved throughout the evolution. During each
generation, the neighborhood size, N is set uniformly at random from 1% to 5% of the

population size. As mentioned previously, RMEA maintains a list of N nearest neighbors

and N farthest strangers across the population for each individual. Suppose,

M = the size of the population, which is static throughout the evolution

N ~[1%...5%] = size of the neighborhood at the current generation

S; = the set of neighbors (nearest individuals) for individual i

dj;= distance (euclidean distance) between individuals i and j
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The neighborhood diversity, ND of the popuiation at the current generation is defined as,

Since the exploitative or explorative operations involve individuals from the same or
different neighborhoods, the proposed measure of population diversity, ND is directly
affected by the exploitative and explorative operators. To examine how ND is evolved,
RMEA is executed on a random selection of 9 functions. While RMEA evolves the
population, the population ND is calculated in each generation and plotted against the
generations for the different functions, and presented in Figure 4.3(a), (b). The graphs
show that ND undergoes periodic rise and fall under the impact of the recurring
exploration and exploitation stages. The same graphs for CEP show only gradual
decrease of ND with the progress of the evolutionary process. If the population diversity
falls by a significant amount, it may lead the search process to be trapped into poor local
optima. Therefore, loss of diversity has been mentioned as the principal cause for
premature convergence [10]. However, RMEA successfully prevents such unrestrained

fall of diversity with periodic reduction and restoration of diversity, as illustrated in the

graphs,

Consider the graph of function f; in details with logarithmic y-axis in Figure 4.3(b).
While CEP exhibits a gradual decrease of diversity to as low as 0.001, RMEA nicely
allows the diversity to rise and fall in the range of 0.1 to 10, which is high in comparison
to CEP. At the beginning of the evolutionary process, CEP starts to drop population
diversity slower than RMEA, and it maintains more diversity than RMEA up to about
800 generations. Afterwards, the diversity by CEP falls below that of RMEA and it
continues to drop more and more by CEP as its evolutionary process progresses. On the
other hand, RMEA, after an initial quick lose of diversity (due to the exploitative
operations), periodically restores nearly the same level of sufficient diversity by its
recurring explorative operations. Each time the diversity falls during the exploitation
stage, it is nicely raised in the subsequent exploration stage, without any difficulty or
irregularity, till the end of the evolution. RMEA displays a similar periodic behavior with
diversity for the functions f, fs, f7, fi0, fi1, fiz and fi3, while CEP drops the diversity

significantly and it never shows any attempt to recover the diversity.
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Figure 4.3(a): Evolution of neighborhood diversity with generations, for functions fo, f4,
J& f2 fio f11, fi2 and fi13. Graphs exhibit that diversity falls drastically by CEP during
the late generations, while RMEA shows periodic rise and fall of diversity.
Similar results are observed for rest of the functions.
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Figure 4.3(b). The Neighborhood diversity vs. generation graphs, reproduced with
logarithmic scale along y-axis. The small values of neighborhood diversity

Similar results are observed for rest of the functions.
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In contrast, RMEA periodically restores the lost diversity to a sufficient amount (e.g., 10
in f3 or 100 in fi;). Similar results are found for all other functions, which reveal the

sufficient diversity-preserving potential of RMEA.

Not only does RMEA show periodic characteristics with diversity, but also a regular and
periodic optimization pattern is observed in the progression of the fitness values. To
illustrate the fact, some graphs from the figures 4.1, 4.2 are redrawn in Figure 4.4, but for a
smaller number of generations. The graphs display the fitness vs. generation curves for the
first 350 generations of some functions from f;-f;3. All of them demonstrate quite similar
optimization pattern. Different color is used to represent the optimizations carried by the
différent stages. It is noticeable that both exploration and exploitation stages participate
significantly in the optimization process, while the conventional stage seems to have
relatively weaker fitness gain. The exploration stage initially shows higher fitness gain
than the exploitation stage, which is apparent for the functions f;, £, f7, fi1 and fi,. This is
natural, because explorations are easier than exploitations at the beginning of the search
process. Afterwards, both explorations and exploitations perform nearly equal role, except
for f7, for which exploitations prove to be more effective afterwards. It is noticeable that
the recurring nature of RMEA is nicely reflected in the progression of fitness curve for all
the functions, which indicates that the periodic nature of the algorithm properly matches
with the characteristics of the fitness landscape, consisting of re-occurring peaks and
valleys. Therefore, these functions pose no difficulty for the algorithm. It is quite appealing
when the properties of an evolutionary system are directly reflected in the progression of

the evolution.
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Figure 4.4(a): Optimization conducted at different rates by the three different stages for
unimodal functions. The horizontal and vertical axes show no. of generations and
the function values respectively. Graphs exhibit that, exploration stage contributes
maximum in optimization, while the conventional stage contributes the least.
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Figure 4.4(b): Optimization conducted at different rates by the three different stages for.
multimodal functions. The horizontal and vertical axes show no. of generations and the
Junction values respectively. Graphs exhibit that, exploration stage contributes
maximum in optimization, while the conventional stage contributes the least.
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4.7 Adaptation of Parameters

Three user-specific parameters k,, &> and k3, which define the lengths of the conventional,
exploration and exploitation stages, control the principal characteristics of RMEA. These
parameters, however, may cause some difficulty for an inexperienced user to specify. In
addition, fixed values of these parameters throughout the entire evolution may not be
appropriate for some problems. In this section, an adaptive scheme is proposed which
automatically adjusts these parameters based on the effectiveness of the stages. This new

scheme is entitled as Ada-RMEA, reflecting its adaptive ability to adjust the parameters.

The central idea behind. the proposed adaptation scheme is using the relative gain (in
fitness) per generation (RGPG) of a particular stage which is an indication of its
effectiveness. in the evolution. Suppose, a particular stage starts execution just after the i-
th generation and ends at (7+N)-th generation. During this span of N generations, the
function is minimized from f ¥ 10 f e Thus, the optimization achieved by the stage is f
O _ f (HN), which may be either positive or negative to indicate improvement or
deterioration, respectively (since minimization is being considered). If the amount of
improvement is expressed as a ratio to the original starting value f (i), we get fhe relative
gainas [ f O_ FE¥N f ® When the relative gain is averaged over the N generations, we
get the RGPG as:

amy =100
The RGPG values are calculated for the conventional, exploration and exploitation stages,
which are expressed as RGPGeonys RGPGexpr and RGPGexy. Their arithmetic mean,
RGPGmean 15 also calculated. The basic idea for adaptation is, if a stage exhibits. higher
RGPG than the average RGPGpen, its length is increased. Otherwise, its length' is
decreased. The stage lengths: &y, k; and k; may be adapted using the following formulae:

K= 5@ + A0 i=1273
where, A" =RGPG.pm— RGPG oo,

£ky® = RGPG e — RGPGooa

AkB(t) = RGP chpt - RGP Gmean
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Figure 4.5 Adaptive recurring multistage evolutionary algorithm (Ada-RMEA)

These formulae ensure that if a particular stage shows higher RGPG, its length is

increased. However, to ensure continuity and stability of the evolutionary process, two

further considerations are employed, too. Firstly, the values of k), k2, and k3 are always

maintained within the range [10...50], since too short or too long execution of a particular

stage may not be beneficial for the optimization process (Table 4.10). Secondl_y, ki ka2, ks

are not allowed to be changed by more than 10% of their previous values at a single step.

This regulation ensures smoother changes of the behavior of the evolutionary process.

The flowchart of

algorithm 4.1.
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1. Initialize Parameters. Generate Initial Population.

- 2. for ky generations [Conventional Stage]
Mutate each individual

Execute tournament among parents and offspring to get the next generation

3, Jor k; generations [Exploration Stage]
Jor each individual, 1 il
Update the set of neighbors of I
Randomly choose one of the six explorative operators
Apply the operator on I to obtain a new individual I'

Perform some uphill steps from I’ to decide whether to accept or reject it.

Jor each individual, 1
Update the set of neighbors of I
Randomly choose one of the six exploitative operators
Apply the operator on I to obtain a new individual 1*
Accept I if it has better fitness than I. Otherwise Reject. f

5. If the best solution found is acceptable or the maximum number of generations has
been elapsed, conclude RMEA and output the best individual of the last generation.

Otherwise continue.

6. Adjust the values of k;, k, and k; based on the relative. gain per generation (RGPG)

of the conventional, exploration and exploitation stages.

i 4. for k3 generations [Exploitation Stage] “

7. Return to step 3 and start another cycle of conventional, exploration and
exploitation stages.

Algorithm 4.1: Adaptive recurring multistage evolutionary algorithm

4.7.1 Experimental Results

This section presents the results of applying Ada-RMEA on the suite of 23 functions.
Initial values of &y, &, and k3 are set to 30. To make fair comparison with RMEA, all
other parameters are kept identical. Table 4.15 compares the results of Ada-RMEA with
RMEA on unimodal functions, fi- f5. Results show that Ada-RMEA always performs
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better than RMEA for these functions, with the only minor exception of f5. This proves
that, emphasizing the stages with better-fitness gain promotes the performance of RMEA
further. Table 4.16 compares Ada-RMEA on high dimensional multimodal functions, fz-
f13. Again, it is noticeable that Ada-RMEA performs better than RMEA. Table 4.17
shows the comparison results on the low dimensional multimodal functions, fi4- fa3.
These results are somewhat similar to RMEA and sometimes better for Ada-RMEA,

especially for the relatively complex functions in this family: f31, /2, and f3.

Table 4.15

Comparison between RMEA and Ada-RMEA on unimodal functions, f1—1-.
Results represent the mean of the best function values, averaged over 50 runs.

Algorithm
Function | Generations | BETTER
RMEA ADA-RMEA

h 1500 1.06 x 10" 1.20x 10" | ADA-RMEA |
£ 2000 2,66 x 107t 121x 10" | ADA-RMEA
£ 5000 1.06 x 10 456 x 10 ADA-RMEA !
fr 5000 6.81 x 107° 1.97x 107 ADA-RMEA
£ 20000 20.89 22.88 RMEA
£ 1500 0 0 SIMILAR.
£ 3000 1.24x 107 1.18x 10 ADA-RMEA
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Table 4.16
Comparison between RMEA and Ada-RMEA on high dimensional multimodal functions,
Jf3—f13. Results represent the mean of the best function values, averaged over 50 runs.

Algorithm -
Function | Generations : BETTER
' RMEA : ADA-RMEA
i | 9000 | -11332.6 -11503.5 ~ ADA-RMEA
5 5000 534x 10™ - 8.66x 107 ADA-RMEA
fio 1500 1.18 x 107 ' 3.71x 10% ADA-RMEA
fi 2000 | 1.01x107 1.69 x 107 ADA-RMEA
Sz 1500 2.77x 10"  195x10* | ADA-RMEA
fis 1500 5.99 x 10° 433x10° | ADA-RMEA
Table 4.17

Comparison between RMEA and Ada-RMEA on low dimensional multimodal functions,
J1e/23. Results represent the mean of the best function values, averaged over 50 runs.

' Algorithm
Function Generations ' . BETTER
' RMEA ADA-RMEA.
fis 100 1.19 1.08 ADA-RMEA |
fis 4000 | 325x10° | 325x10% SIMILAR
Jis 100 -1.03 : -1.03 SIMILAR
hr 100 0.398 | 0.398 SIMILAR
fis ' 100 , 3.00 f 3.00 SIMILAR
Jis 100 : -3.86 -3.86 . SIMILAR
S 200 -3.38 : -3.38 1 SIMILAR
A | w0 | ass | 1022 | AvaRMEA |
Sz 100 9.41 _ -9.58 ADA-RMEA
| 100 9.96 o .1021 ADA-RMEA
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4.7.2 Effects of Adaptation on Stage Lengths

This section describes the effect of adaptation on the lengths of the conventional,
exploration and exploitation stages. Initially, an equal length is used for each stage.
Figure 4.5 shows the lengths of the different stages being changed with generations by
the adaptation scheme. The adaptive process lengthens more effective stages, and
shortens the weaker stages. As illustrated earlier, the exploration stage exhibits the
highest fitness gain, while the conventional stage shows the least fitness gain for most of
the functions. So k), the length of the conventional stage tends to decrease, while k3,
being the exploration stage length, starts to increase from the very beginning. For
example, for function £, the evolution starts with kj=ky=k;=30, while it ends with k=19,
k=40 and k3=29. This shows that the length of the exploration stage has eventually
become double of the conventional stage. For function f;, evolution ends with k= 10,
k=44 and k=18, which means the exploration stage completely dominates the other two
stages in the optimization process. The exploration stage also outperforms the others for

function f4, as the evolution ends with k= 10, k;=50and k3=30.

However, all the three stages contribute significantly for some functions. For example,
for the function f; the evolution ends with k= 26, k=32 and k;=32. Similar scenario is
found for fs and f5, where the exploration stage takes away a few generations from the
conventional stage. However, a completely opposite scenario is found in case of f; for
which the evolution ends with k= 49, k=10 and 43=50. So, exploration stage suffers
miserably in this function. As we have observed, the exploration stage operates against
the ongoing optimization performed by the conventional and exploitation stages for this
function. Each time the cenventional and exploitation stages minimize fz by some
amount, the exploration stage starts execution and deteriorates the solutions to some
extent. So, the adaptive RMEA truncates its stage length to the minimum (i.e., 10).
However, in almost all the functions, the exploitation stage contributes nearly, or slightly
less than one-third of the total optimizations. For example, for fi,, the exploration and
exploitation stages end with identical strength (=16, k=33, k3=33). Also for fis,
-exploitation stage contributes more than the others (=23, k=24, k;=34).
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Figure 4.6 Effects of adaptation on lengths of the conventional, exploration and
exploitation stages. Vertical axis shows the proportion of conventional, exploration
and exploitation stages. Horizontal axis shows no. of generations.
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In summary, all the stages contribute somewhat more or less in the minimization process.
This is quite natural, because searching is a complex task and each stage has its particular
strengths (and limitations, too) to overcome the barriers and continue the search in order
to reach the global optimum. The results presented in this section clearly establish the
significance and necessity of each of the conventional, exploration and exploitation

stages during the search process.
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Conclusions and Future Works

5.1 Conclusions

RMEA introduces a novel framework for evolutionary algorithms to unravel the
conflicting goals of exploitation and exploration during evolution. RMEA has
demonstrated very promising results, outperforming several other existing algorithms on
a number of benchmark problems. However, worse performance with only a few
functions is nothing unusual, because no evolutionary approach can perform better for
every problem [21]. Such an inspiring performance from RMEA is well-desired, because
RMEA employs quite a different mechanism than the others. However, RMEA needs to
perform some extra computations to keep track of a set of neighbors and strangers for
every individual, and to perform extra fitness evaluations during the hill-climbing steps

after exploration.

RMEA realizes the possibility of distributing the conflicting goals of exploitation and
exploration across its recurring stages. Since RMEA repeats its stages again and again, it
does not need to make an explicit decision of ideal switching from one stage to another.

Instead, its recurring stages ensure that the different phases of evolution are
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automatically distributed across the generations. While most algorithms seem to stagnate
during the late generations, RMEA still continues optimization at a graceful rate. This is

. because the alternating and repeating stages ensure better immunity from stagnation.

The framework presented by RMEA is generic enough to be effectively extended to
many other existing algorithms. As every EA has to maintain a population of potential
solutions, it may readily introduce the participation of neighbors and strangers in the
genetic operations. In addition, the algorithm may define its own specific exploitative
and explorative operators, tailored particularly for the problem to be solved. However,
the hill climbing steps after each explorative operation require extra evaluations of
fitness and may increase the computational complexity, especially for some real world

problems that require considerable computations for fitness evaluations.

Three parameters — ky, k», k3 define the proportion of conventional, explorative and
exploitative operations during evolution. RMEA is not critically sensitive to these
parameters. We have tested with several sets of values from the range of [10...100], and
RMEA always performed well. However, moderate and equal values are preferred for
these parameters (e.g., ki=k>=k3=30). The amount of hill climbing steps after exploration
has been made dependant on the amount of exploration caused by the immediate
explorative operator. The neighborhood size is set randomly to 1%~5% of the population
size during the advent of each generation. All these choices are just ‘rational’ and they
are not meant to be optimal. RMEA is quite robust with all these parameter values. In
case when the user has no prior problem-specific knowledge, the default values may be
safely assumed as they have performed well with every problem we tested. However, we
have also presented an adaptive variant of RMEA, i.c., Ada-RMEA, which adjusts the
values of k&, k3, and k; based on the effectiveness of the different stages. Ada-RMEA
shows better results than RMEA because it extends more effective stages and shortens
weaker stages. More importantly, Ada-RMEA requires no problem specific knowledge

from the user.
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5.2 Future Works

i) Iﬁcorporating the fitness landscape information to guide the algorithm: The

algorithm considers all individuals across the search space in similar fashion, without
considering its position and prospects within the fitness landscape. The properties of
the fitness landscape are also ignored for defining neighbors and strangers,
exploitations, explorations, and for determining the necessary number of uphill steps
(i.e., k4) after explorative operations. Some approaches, e.g. [13], have reported
significant improvements by guiding the algorithm using the information of the
fitness landscape. So, it remains to be seen how the fitness landscape information can
be incorporated into the algorithm for exploitation, exploration, hill climbing and for

defining neighbors and strangers. We hope to explore this possibility in future.

Dynamic Size for Neighborhoods and Population: The current implementation of
RMEA uses the same number of neighbors and strangers for each individual
throughout the search space. This ignores the actual distance among the individuals.
Besides, a static population size is also used throughout the entire evolution. But the
different phases of a search process usually requires varying amount of support from
the population. Maintaining a dynamic population size has been proved effective for
some previous works [40]. So, it remains to be seen whether dynamic size for the

neighborhoods and population can produce better performance for RMEA.

iii) Regarding Both Fitness and Diversity for Adaptation: The adaptive variant of

RMEA, i.e., ada-RMEA considers only fitness improvements by the different stages
to adapt the stage lengths, without considering their effects on diversity. The
reinsertion scheme is also solely based on fitness. So, a further possibility of research
with RMEA is to employ both fitness and diversity information in order to adapt the
parameters and stage lengths of RMEA, and to test how the adaptive system
performs on some benchmark problems which demand preservation of adequate

population diversity throughout the evolution.

iv) Combining RMEA with Other Algorithms: RMEA employs generic and simple

genetic operations, e.g., recombination, crossover and mutation for both exploitation

and exploration. But there exists several kinds of algorithms, e.g., greedy and
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machine learning algorithms, which may better exploit the current population
information to constitute a more effective exploitation (and exploration) stage. So,
there are lots of possibilities to check how different algorithms may be employed for

exploitation and exploration to improve the performance of RMEA further.

Parallel Implementation of RMEA: RMEA is particularly suitable for paraliel
implementation. The conventional, exploration and exploitation stages may run in
parallel as separate independent modules, while a central control module may get
feedback from them from time to time in order to initiate some important procedure,
like exchange of individuals between modules or recombination of the best
individuals from different modules. This may significantly improve the performance

of RMEA, especially for complex optimization problems.

vi) Evaluate RMEA on Other problems: RMEA has displayed successful results on

numerical optimization problems. There exist numerous complex problems,
including many real world ones. So it remains to be seen how RMEA performs on

other problems. We hope to explore this possibility in the future.
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Appendix A

Benchmark Functions

A. Sphere Model

0 .
fix)=>_x}, 100 <x, < 100
F=1

min (f,) = £,(0,0, ....0) =0

B. Schwefel’s Problem 2.22

30 30
fz(x)mZ|x,|+H|xl|, -10<x,<10

i=1 ‘i‘—-]

min (£,)=71,(0.0, ...,0) =0

C. Schwefel’s Problem 1.2

2

f3(x)=§:(i:xj) , -100 < x, < 100

i=1\ /=1

min{f,) = £,(0.0 ..0)=0

D. Schwefel’s Problem 2.21
£y ) =max, {|x|, 1 <i<30}, -100 <x, <100

nm(f4):f4(0,0,...,0)=0

E. Generalized Rosenbrock’s Function

29

1, (x)=2[100(x,.+_1 —x) +(x, - 1)2}, -30<x,<30

i=1

min(f)=f,(1.1, ....1)=0

F. Step Function

fﬁ(x)=2({x,+o.sj)2, -100 <, < 100
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G. Quartic Function i.e. Noise

3

1 (x) =ZO ix; + random {O, 1), -1.28<x,<1.28

i=1

H. Generalized Schwefel’s Problem 2.26
k] N .
fo(x)==)"x, sin(\/lx,.|), -500 < x, < 500
i=1

min (1) = £, (420.9687, 4209687, ..., 420.9687) =0

I Generalized Rastrigin’s Function

30
fg(x)=2{x3wlocos (2mx,) + 10} -5.12<x,<5.12

i=1
win (£,)=1,(0,0, ....0)=0
J. Ackley’s Function

1 30 5 1 36
Siolx)=-20 exp( 0.2, 3—6;& )exp(%; cosan,.)+20+e

-32<x,£32

min(£,,) = £,, (0,0, ...,0) =0

K. Generalized Griewank Function

1 30 5 30 x'_
£, (x)=W; () -H cos (W)Jr 1,  -600<x, <600

min(f, )= £,, (0.0, ....0) =0

L. Generalized Penalized Functions

flz(x)=;—0{105inz (T':yl) + (yaof l)z+i(yi" 1)2[1 + IOSiIf (T':ym'l)]}
+_320u(x,., 10, 100, 4)
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-50<x,<50, min(f,)=7,(L1 ...1)=0

f;(x)=01 {sin2 (3nx,) +i(x,. — 1)2{1 + sin (3‘.;tx‘+1‘)] +(x30 - 1)2 [l + sin’ (21tx30)]}

+ u(x,.5100,4)

i=1

-50<x,<50, min(f,)=f,(L1...1)=0

, k(x,,—a)m, X, >a
where, y,.zz(x,.+l) and u(x,.,a,k,m)= 0, ] —a<x,<a
k(—x,—a) , x,<—a
M Shekel’s Foxholes Function
-1
1
) 500 Z 2
J +Z(x ~= {1 )
-65.536 <x,<65.536, min(f,,)=f,,(-32,-32)~1
32 -16 0 16 32 32 ... 0 16 32
h V=
where, (a,) (-32 32 32 32 <32 -16.... 32 32 32)

N. Kowalik's Function

f (x)=i[a.—M}z, 5<x.<5

2
bi+b.x,+x, '

i=

min(f,;)~ f,,(0.1928, 0.1908, 0.1231, 0.1358)
~0.0003075

O. Six-Hump Camel-Back Function

1
gxf+x]x2—4x22+4x;, -5<x,<5

% o = (0.08983, -0.7126), (-0.08983,0.7126)

flﬁ(x)=4x,2—2.1x1" +

min (£, ) =-1.0316285
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Tuble A.1
Coefficients for Kowalik’s function, fis

i a b
1 0.1957 0.25
2 0.1947 0.5
3 0.1735 1
4 0.1600 2
5 0.0844 4
6 0.0627 6
7 0.0456 8
B 0.0342 10
9 0.0323 12
10 0.0235 14
1 0.0246 16

P. Branin Function

2
51 , 5 1
flv(x)z(xz“4n“2 x12+~7—{x1— 6) +10 (1 -g)cos (x,)+ 10,

5<x,<10, 0<x,515

% =(—3.142,12.275), (3.142,2.275), (9.425,2.425)

min (f,} = 0.398

Q. Goldstein-Price Function

2
fw(x)=l1 +(x] +x,+ l) (19 — 14x, + 3x] — 14x,+ 6x,x, + 3x§)]

2

x |30 #(2x6,— 3x,) (18— 32x, + 12x7 + 48x, — 36x, %, + 27x§)]

-2<x,<2, min(f,,)=min(0,-1)=3

R. Hartman’s Family
4 n 2]
ro==$5e0m -3 a0
iz =
with n = 3, 6 for fi9 and fa, respectively. 0 <x, < 1. The coefficients: ¢; and aj
are defined in Tables A2 and A.3, for functions fis and f, respectively. The global
minimum is equal to -3.86 for f;9 and -3.32 for J20, which are reached at the point (0.114,

0.556, 0.852) and (0.201, 0.150, 0.477, 0.275, 0.311, 0.657) respectively.
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Table A.2
Coefficients for Hartman function, fio
i a; ]=1,2,3 ¢ P 1=1,2,3
1 3 10 30 1 0.3689 0.1170 0.2673
2 0.1 10. 35 | L.2| 0.4699 0.4387 0.7470
3 3 10 30 3 0.1091 0.8732 0.5547
‘4101 10 35 320038150 05743  0.8828
Table A.3
Coefficients for Hartman function, fag
i ag j=1,...,6 ¢  ppj=L1..6

1| 10 3 17 35 1.7 81 1 {01312 01696 05569 0.0124 0.8283 0.5886
005 10 17 01 8 14]|1.2]02329 04135 0.8307 0.3736 0.1004 0.9991
3 35 17 10 17 8| 3 02348 0.1415 03522 0.2883 0.3047 0.6650
17 87 0.05 10 01 14|32 04047 0.8828 0.8732 0.5743 0.1091 0.0381

AN

S. Shekel’s Family
m - 7 -1
fza (x) =—Z{(x —a)x—a) + Ci]
=1

withm =5, 7, 10 for /1, 22 and fa3, respectively.

0 <x, <10. These three functions have 5, 7 and 10 local minima respectively.
For 1<is<m, x4 .x~4 andf(xlmliom) =~ 1/¢;.

The coefficients: ¢; and a;; are defined in Table A .4.

Table A 4
Coefficients for Shekel functions fo, 132 fos
i a;, j=1,...,4 G
1 4 4 4 4 101
2 1 1 1 1 |02
3 8 8 8 8 |02
4 6 6 6 6 |04
5 3 7 3 7 104
6 2 9 2 9 |06
7 5 5 3 3 103
B B 1 8 I |07
9 6 2 6 2 |05
107 36 7 36|05
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