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Abstract

Covering and Partitioning problems are very important problems in computer
science. Both of them deal with combinatorial structure of the instances. In covering
problem the question is whether a certain combinatorial structure covers another.
On the other hand the partition problem asks for partitioning a certain combinatorial
structure to smaller structures maintaining some constraints. A prominent example
of covering problem is Set Cover problem while an important partitioning problem
is Integer Partition problem. In these thesis, we are interested in two string
related covering and partitioning problem, namely, Minimum String Cover (MSC)
problem and Minimum Common String Partition (MSCP) problem. The first
one is a covering problem and the second one is the partitioning problem. MSC
problems has its application in formal language theory, protein folding and in text

compression while MCSP has its direct application in genome comparison.

In this thesis, we are interested in designing efficient and practical algorithms for
solving MSC and MCSP problems. As both of them share the NP-hard complexity
status and are combinatorial optimization problem, we have applied variants of
Ant Colony Optimization (ACO) techniques to solve them. For MCSP we also
developed the Mixed Integer Linear Programming formulation. An extensive
experiment is carried that compares our result with the state of the art algorithms

for these two problems.
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Chapter 1

Introduction

String problems, a set of combinatorial problems, are seminal topics in computer
science. Various string problems with different complexity status existed in the
literature. In this thesis, we have explored two string problems, namely Minimum
String Cover (MSC) and Minimum Commeon String Partition (MCSP) problems.
The first problem is a cover problem on a set of strings. In MSC problem we
are given a set of strings called target string. For each of the substring of the
target string set, we define a cost function. In MSC, we have to find the minimum
cost string set that is a subset of the substring set of the target strings and the
target strings can be regenerated by any combination of the chosen string set. On
the other hand, the second problem is a partition problem defined on a couple
of strings. MCSP problém is the more restricted version of MSC problem, where
the partition set must be common between the two strings. In the MCSP, we are
given two strings on input with equal frequency on alphabet set, and we wish to
partition them into the same collection of substrings, minimizing the number of the
substrings in the partition. Both of these problems share the NP-hard complexity
staus and are related in their mapping in the underlying graph. Although some
theoretical work on these two problems exist in the literature, there are very few
practical analysis of these problems exist in the domain. In this research work,
we have developed some practical and efficient algorithms to solve these problems.

Qur algorithms liave been tested extensively on different benchmark test.

This chapter will serve as an introduction of the topics and thesis . we will discuss
about Minimum String Cover (MSC) and Minimum Common String Partition

(MCSP) problems and motivation of these two problems. Also we will discuss

1

"
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about our scope of this work and outcome of this thesis. Finally this chapter

concludes with a overview of the rest of the chapters.

1.1 Practical applications of MSCP

A string cover C of a set of strings S is a set of substrings from S such that every
string in S can be written as a concatenation of the strings in C. Given costs
assigned to each substring from S, the Minimum String Cover (MSC) problem
asks for a cover of minimum total cost. The complexity of the problem is NP-hard.
Although the problem is very hard to solve it has several applications in different

domain.

1.1.1 Protein Folding

In (16], Bodlaender et al. described an application for this problem in the context
of protein folding. (They referred to the problem as the Dictionary Generation
problem, and considered its unweighted variant under the parameterized complexity
framework.) Protein folding is the problem of determining the folding structure of
proteins using their amino-acid sequential description. This problem is extremely
important, since most of the functionality of a protein is determined by its folding
structure, and because current biological methods for extracting the sequential
description of a given protein exceed by far the methods for extracting the folding
structure of the protein. In [16], it is argued that since all known approaches for
protein folding are NP-hard, a possible heuristic for this problem is to break the
protein sequence into small segments, small enough for allowing efficient folding
computation. This heuristic is justified by the fact that many proteins seem to
be composed of relatively small regions which fold independently of other regions.
The theory of exon shuffling proposes that all proteins are concatenations of such

regions, where the regions are drawn from a common ancestral dictionary [32].

1.1.2 Formal Language Theory

MSC can also model interesting computational issues which arise in formal language

theory, and in particular, in the area of combinatorics of words. Our notion of cover
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actually corresponds to the notion of combinatorial rank, an important parameter
of a set of words . Neraud [65] studied the problem of determining whether a given
set of words is elementary, where a set of strings is said to be elementary if it does

not have a cover of size strictly less than its own.

1.1.3 Text Compression

Another important application of the problem can be found in data compression.
In data compression, the task is encoding information in fewer bits. If the bits
get lost in the compression process it is termed as lossy compression. On the
other hand if the original information can be fully decoded from the encoded
compressed information, the compression technique is called lossless compression.
It can easily be verified that, MSC can be used to generate a simple loss less
compression algorithm. Suppose we have a text with n lines of strings. If we can
find the cover of the n strings, the cover set can be used to index the text file. By

this the original file can be compressed. An example is illustrated as follows:

Example 1.1. Suppose we have text, T = { “abcad”, “adabedb”, “dbadabbc”, “abcabbedd”,
“abedb”, “abbead”, “dbaddbabbe”, “abeadabb”}. One of the cover, C = { “abc”, “db”, “ad”,
“abbc”}. After establishing the cover, we can rewrite the original text by the index
of the cover string. The tezt, T can be encoded as: {02,201,123,031}, where the
numbers are the indez of the cover set C starting from 0. It can be easily verified

that the decoding is lossless.

1.2 Practical application of MCSP

In the Minimum Common String Partition (MCSP) problem, two strings X, Y of
length n, that contain the same symbols equally many times, shall be partitioned
each into k segments called blocks, so that the blocks in X and Y constitute the
same multiset of substrings. This problem is also proved to be NP-hard.

1.2.1 Measure of Evolutionary Distance

Evolutionary distance between two DNA strings of different species is a measure

of their similarities. Computing evolutionary distance is an important topic in
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Comparative Genomics [36]. Like Sorting by reversals {7) and Sorting by transpositions
[6] MCSP is a measure of evolutionary distance. Given two DNA strings, MCSP
answers the possibilities of re-arrangement of one DNA string to another [22]. In

MCSP, the transformation criteria is the Common String Partition(CSP).

Example 1.2. Suppose we have two species. The DNA string of the first species
is, “gtacggtcangc”. And the DNA string of the second species is, “sagcgtcagtac”.
One of the minimum CSP set is { “glac”, “ggtc” and “angc”} and CSP size is 3.

1.2.2 Ortholog Assignment of Genes

MCSP is also important in ortholog assignment. In [19], the authors present a new
approach to ortholog assignment that takes into account both sequence similarity
and evolutionary events at a genomic level. In that approach, first, the problem
is formulated as that of computing the signed reversal distance with duplicates
between the two genomes of interest. Then, the problem is decomposed into two
optimization problems, namely minimum common string partition and maximum
cycle decomposition problem. Thus MCSP plays an integral part in computing

ortholog assignment of genes.

1.3 Scope of the thesis

In this thesis, we are interested in developing practical and efficient algorithms for
solving MSC and MCSP problems. We are interested in Metaheuristic approaches
to solve the problems. To the best of our knowledge, there exists no attempt
to solve these problems with Meta-heuristic approaches. Particularly we are
interested in nature inspired algorithms. As the two problems are discrete combinatorial

optimization problems, the natural choice is Ant Colony Optimization (ACO).

1.4 Contribution of the thesis

The objective of this research is to develop efficient and practical algorithms
for solving these two problems. We have contributed in mapping the problems

into graphs. Upon these graphs ACO is implemented with various static and
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dynamic heuristics. For MCSP problem, we have also developed a mixed integer
programming formulation. It was solved by branch and cut method. In this section

we will briefly outline the contribution of the thesis.

1.4.1 Graph mapping

MSC and MCSP are NP-hard problems. So, no exact polynomial algorithms exist
(unless it is proved that P=NP). We have to rely on approximation algorithm or
metaheuristic approaches. As we have chosen ACO to solve these two problems,
we first need to map the problems into graphs. In our work for MCSP we have
developed common substring graph on two strings. The mapping of the graph
from the input string can be done in polynomial time. For MSC problem, we have

borrowed and modified substring graph from [18].

1.4.2 Mixed Integer Programming formulation of MCSP

There are two Mixed Integer Programming (MIP) formulation of MSC problem
in the literature [18, 48]. But no MIP formulation is found for MCSP problem. In

our work, we have developed an efficient MIP formulation of MCSP problem.

1.4.3 Developing dynamic heuristic

Heuristics play important roles in the performance in ACO algorithms. For MCSP

problem, we have developed some heuristics that effect solution quality positively.

1.4.4 Developing ACO algorithms

Using the mapping graphs and heuristics developed, we have implemented different
ACO algorithms, namely MAX-MIN Ant System (MMAS), Ant Colony System
(ACS) and Hybrid Ant System (HAS) on these two problems. The parameters of

the specific algorithms needed to be set to ensure the best results.



Chapter 1. Introduction 6

1.4.5 Extensive experiment

We conducted experiments for a detailed performance evaluation of our algorithms
and compared our algorithms with the best known algorithms available in the
literature. The supremacy of our algorithms are justified by the comparative

analysis performed based on this experiments.

1.5 Overview of the thesis

The rest of the chapters are organized as follows, Chapter 2 presents the preliminary
concepts necessary to comprehend the rest of the thesis. In particular, this
chapter briefly introduces MSC and MCSP problems and discusses definitions
and notations related to this thesis work, and finally presents a brief description
of the Metaheuristic techniques namely ant colony optimization (ACO). Chapter
3 presents related works and the existing algorithms to solve MSC and MCSP
problems. Chapter 4 and Chapter 5 contain the algorithms those were developed
for solving the two problems. Chapter 6 contains the experimental results of our
schemes and a comparative study with the existing state of the art algorithms on
several performance issues. Chapter 7 draws the conclusion describing the key
contributions of this thesis followed by some future research directions related to

this topic.



Chapter 2
Preliminaries

In this chapter we define MSC and MCSP problems formally and elabora.tely. We
will also mention some notations and definitions that will be used throughout the
thesis. Lastly we will discuss the basics of Ant Colony Optimization and Integer

Linear Programming,.

2.1 Strings

Traditionally string is an umbrella term for sequences of symbols or characters.
To formally approach strings, we need an alphabet typically denoted by £ and the

grammar of the language or the set of strings that we accept.

Definition 2.1. String: A string (or word) over I is any finite sequence of symbols
from ¥ [69].

Example 2.1. If & = {0, 1}, then 01011 is o string over L.
In this thesis, we only consider finite languages, that is, sets of strings with a finite
number of elements, which can be modeled with regular expressions as defined in

[53) A regular expression over an alphabet I is cither one of the following constant

symbols:

e the empty set ¢

e the empty string €
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¢ a single symbol of £
or a combination of regular expressions s and t using the following operators:

e the concatenation st
e the alteration s+t

e the kleene star s*

The regular expression corresponding to all possible strings over an alphabet
¥ = {4,B,C,...,} is often written as ©*. Concatenation is an important binary
operation on X*. For any two strings s and ¢ in £*, their concatenation is defined
as the sequence of symbols in s followed by the sequence of characters in ¢, and is
denoted st. The alteration of two regular expressions merges the languages, that
is, all strings represented by s and all strings represented by t. The Kleene star
represents all strings that can be constructed by concatenating strings represented

by s an arbitrary number of times.

Definition 2.2. Substring: A string s is said to be a substring or factor of ¢ if
there exist (possibly empty) strings u and v such that ¢ = usv. We define C(t) to
be the set of all substrings of &.

Example 2.2. Ift = “stringcoverandpartiion” then sy = “cover” and s, = “partition”

are both substrings of t.

Definition 2.3. Prefix and Suffiz: A string s is said to be a prefix of ¢ if there
exists a string u such that ¢ = su. If u is nonempty, s is said to be a proper prefix
of t. Symmetrically, a string s is said to be a suffiz of ¢ if there exists a string u
such that ¢ = us. If  is nonempty, s is said to be a proper suffix of t. Suffizes

and prefires are substrings of ¢.

Example 2.3. If t = “stringcoverandpartiion”, then s; = “stringcover” and

89 = “partition” are two of the prefires and suffizes respectively.

2.2 Graphs

The definitions in this section is based on [55].
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A directed graph G(V, E) contains a non-empty set V' of nodes and a set £ C &
of edges. An edge e = (u,v) € F starts at node u and ends at node v. Then, we
say that u € V and v € V are interconnected or adjacent. Further, both nodes are
incident with edge e. F is not necessarily symmetrical, that is, (u,v) € E does not
mean that (v,u) € E as well. A weighted directed graph G is a triple of (V, E, f)
with G(V, E) representing a directed graph and a weight function f:E—R.

A path b from node v € V to node u € V in a weighted directed graph G(V, £, f)
is a sequence of edges e;,es,...e, for some positive integer n such that edge e;
ends at the same node at which edge ei+1 starts. Furthermore, edge el starts at
node v and edge en ends at node u. The weighted length of path b is the sum of
its edge weights, that is

n

F0) =3 fed (2.1)

i=1
If there exists a path in G(V, E, f) from node v € V to node v € V' , we say that
u is reachable from v. A path starting and ending with the same node is called a

cycle. A graph without any cycles is called acyclic.

2.3 Notations and Definitions

In this section, we present some definitions and notations that are used throughout
the thesis.

Definition 2.4. Related string: Two strings (X,Y), each of length n, over an
alphabet 5" are called related if every letter appears the same number of times in

each of them.

Example 2.4. X = “abachd” and Y = “acbbad”, then they are related. But if
X, = “aeachd” and Y = “acbbad”, they are not related

Definition 2.5. Block: A block B = ([id,i,j]), 0 < ¢ < j < n, of a string S
is a data structure having three fields: id is an identifier of S and the starting
and ending positions of the block in S are represented by i and j, respectively.
Naturally, the length of a block [id, 1, 5] is (j —i+1). We use substring([id, i, j]) to
denote the substring of S induced by the block [id, %, j]. Throughout the report we
will use 0 and 1 as the identifiers of X (i.e., id(X)) and Y'(i.e., id(Y')) respectively.
We use [| to denote an empty block.
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Example 2.5. If we have two strings (X,Y) = { “abedab”, “bedaba”}, then [0,0, 1]

and [0, 4, 5] both represent the substring “ab” of X. In other words, substring([0,0,1]) =

substring(]0,4,5]) = “ab”.

Two blocks can be intersected or unioned. The intersection of two blocks (with

same ids) is a block that contains the common portion of the two.

Definition 2.6. Intersection of blocks: Formally, the intersection operation of
B;=lid,,7] and By=[id,#, j'] is defined as follows:

i if i > jori>j
BiNBy={ [id,#,7] i< (2.2)
[id,1,7]  else

Example 2.6. If, B, = [0,1,5] and By = [0,3,6], then BN B, = [0,3,5]. On the
other hand, if By = [0,1,5] and By = [0,6,8), then By N By = 1

Definition 2.7. Union of blocks: Union of two blocks (with same ids) is either
another block or an ordered (based on the starting position) set of blocks. Without
the loss of generality we suppose that, i < ¢’ for Bi=[id,1,j] and By=[id, 7, j|.

Then, formally the union operation of B; and B is defined as follows:

[2d, 1, j] if / <=4
ByUB, =< lid,i,]] ifj/ >jord==75+1 (2.3)
{B1, B2} else

Example 2.7. If, B; = [0,1,5] and By = [0,3,6], then BiUB, = [0,1,6]. On the
other hand, if By = [0,1,5] and By =[0,6,8), then BluBz_ {[o0,1,5], 10,86, 8]}

The union rule with an ordered set of blocks, B, and a block, B’ can be defined
as follows. We have to find the position where B’ can be placed in By, i.e., we
have to find B, € By after which B’ can be placed. Then, we have to replace the
ordered subset { B, Be+1} with By U B’ U By, 1.

Example 2.8. As an ezample, suppose we have three blocks, namely, B, =

[0,5,7],B, = [0,11,12] and Bs = [0,8,10]. Then BiUB, = By, = {[0,5,7],[0,11,12]}.

On the other hand, B, ,UB; = [0,5, 12], which is basically identical to B{UB2UB;s.

Two blocks By and B; (in the same string or in two different strings) matches if

substring(B,) = substring(B,). If the two matched blocks are in two different
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strings then the matched sJBstring is called a common substring of the two strings
denoted by cstring(By, Ba).

Definition 2.8. span: Given a list of blocks with same id, the span of a block,
B = [id,i,7] in the list denoted by, span(B) is the length of the block (also in
the list) that contains B and whose length is maximum over all such blocks in the
list. Note that a block is assumed to contain itself. More formally, given a list of
blocks, listy, span(B € listy) = max{¢ | £ = length{B'), B C B',VB' € listy}.

Example 2.9. If list, = {{0,0,0],[0,0,1],{0,0,2},[0,4,5]} then span([0,0,0}) =
span([0,0,1]) = span([0,0,2]) = 3 where as, span([0,4,5]) = 2. In other words,
span of a block is the mazimum length of the super string than contains the

substring induced by the block.

Definition 2.9. Partition: A partition of a string X is a list of blocks all with
i1d(X) having the following two properties:

(a) Non Overlapping: The blocks must be be disjoint, i.e., no block should overlap

with another block. So the intersection of any two blocks must be empty.

(b) Cover: The blocks must cover the whole string.

In other words, a partition of a string X is a sequence P = (By, By, ..., B,) of
strings whose concatenation is equal to X, that is ByBy... By, = X. where B;’s

are blocks.

Definition 2.10. Cover: Given a set of strings S, We say, C C C(8) is a Cover

of S if each string in S can be written as a concatenation of some strings in C.

Example 2.10. Let, S = {abc, cab,bc}. So, C = {ab,b,c} C C(S) is a cover of
S.

Definition 2.11. Substring graph: Substring graph models the factorization of a
string. Formally, for a string s of length n can be mapped into a substring graph,
G,(Vs, E,), where,

V, = {(s,0), (5,1), ..., (s, )} (2.4)

E, = {(s,p),(5,9) :p < q,(s,p) € Vi, (5,9) € Vi} (2.5)

The directed edge ((s,p), (s,q)) represents the sub- string interval (s,p,q — 1),
spelling a substring of length ¢ — p.
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2.4 Ant Colony Optimization

Ant colony optimization (ACO) [25, 27, 28, 31] was introduced by M. Dorigo
and colleagues as a novel nature-inspired metaheuristic for the solution of hard
combinatorial optimization (CO) problems. The inspiring source of ACO is the
pheromone trail laying and following behavior of real ants which use pheromones
as a communication medium. In analogy to the biological example, ACO is based
on the indirect communication of a colony of simple agents, called (artificial) ants,
mediated by (artificial) pheromone trails. The pheromone trails in ACO serve
as a distributed, numerical information which the ants use to probabilistically
construct solutions to the problem being solved and which the ants adapt during

the algorithm’s execution to reflect their search experience.

In the real world, ants (initially) wander randomly, and upon finding food return
to their colony while laying down pheromone trails. If other ants find such a
path, they are likely not to keep traveling at random, but to instead follow the
trail, returning and reinforcing it if they eventually find food. Over time, however,
the pheromone trails start to evaporate, thus reducing its attractive strength.
The more time it takes for an ant to travel down the path and back again, the
more time the pheromones have to evaporate. A short path, by comparison, gets
marched over faster, and thus the pheromone density remains high as it is laid on
the path possibly faster than it can evaporate. Pheromone evaporation has also
the advantage of avoiding the convergence to a locally optimal solution. If there
were no evaporation at all, the paths chosen by the first ants would tend to be
excessively attractive to the following ones. In that case, the exploration of the
solution space would be constrained. Thus, when one ant finds a good (i.e., short)
path from the colony to a food source, other ants are more likely to follow that
path, and positive feedback eventually leads all the ants following a single path.
The idea of the ant colony algorithm is to mimic this behavior with “simulated

ants” walking around the graph representing the problem to solve.

The original idea comes from observing the exploitation of food resources among
ants, in which ants with individually limited cognitive abilities have collectively
been able to find the shortest path between a food source and the nest. An

illustrative example is presented at Figure 2.1

ke
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FIGURE 2.1: Ant Colony Optimization

1. The first ant finds the food source (F), via any way (a), then returns to the
nest (N), leaving behind a trail pheromone (b).

9. Ants indiscriminately follow four possible ways, but the strengthening of the

runway makes it more attractive as the shortest route.
3. Ants take the shortest route, long portions of other ways lose their trail

pheromones.

In a series of experiments on a colony of ants with a choice between two unequal
length paths leading to a source of food, biologists have observed that ants tended

to use the shortest route. A model explaining this behavior is as follows:

1. An ant (called “blitz”) runs more or less at random around the colony.

9. If it discovers a food source, it returns more or less directly to the nest,

leaving in its path a trail of pheromone.

3. These pheromones are attractive, nearby ants will be inclined to follow, more

or less directly, the track.
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4. Returning to the colony, these ants will strengthen the route.

5. If two routes are possible to reach the same food source, the shorter one will

be, in the same time, traveled by more ants than the long route will.

6. The short route will be increasingly enhanced, and therefore become more

attractive.
~ 7. The long route will eventually disappear since pheromones are volatile.

8. Eventually,r all the ants have determined and therefore “chose” the shortest

route.

2.41 Basics of ACO

In general, the ACO approach attempts to solve a combinatorial optimization (CO)
problem by iterating the following two steps.. At first, solutions are constructed
using a pheromone model, i.e., a parameterized probability distribution over the
solution space. Then, the solutions that were constructed in earlier iterations are
used to modify the pheromone values in a way that is deemed to bias the search

towards the high quality solutions.

2.4.1.1 Ant Based Solutions Construction

As mentioned above, the basic ingredient of an ACO algorithm is a constructive
heuristic to probabilistically construct solutions. A constructive heuristic assembles
solutions as sequences of solution components taken from s finite set of solution
components C = {ci,¢2,...cn}. A solution construction starts with an empty
partial solution s* = @. Then at each construction step the current partial solution
sP is extended by adding a feasible solution component from the solution space
C. The process of constructing solutions can be regarded as a walk (or a path)
on the so-called construction graph G. = (C, E) whose vertices are the solution

components C and the set E are the connections (i.e., edges).
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2.4.1.2 Heuristic Information

In most ACO algorithms the transition probabilities, i.e., the probabilities for

choosing the next solution component, are defined as follows:

7% - n(e:)®

plafs”) = Leseniery 5% 1(C5)

5 VG € N{(s") (2.6)

Here, 1 is a weight function that contains heuristic information and a,f are
positive parameters whose values determine the relation between the pheromone
information and the heuristic information. The pherolmones deployed by the ants

are denoted by T.

2.4.1.3 Pheromone Update

pheromone update consists of two parts. First, a pheromone evaporation, which
uniformly decreases all the pheromone values, is performed. From a practical
point of view, pheromone evaporation is needed to avoid a too rapid convergence
of the algorithm toward a sub-optimal region. It helps to forget the local optimal
solutions and thus favors the exploration of new areas in the search space. Then,
one or more solutions from the current or from earlier iterations are used to increase
the values of pheromone trail parameters on solution components that are part
of these solutions. As a prominent example, we describe the following pheromone
update rule that was used in Ant System (AS) [27], which was the first ACO
algorithm proposed.

ne(l-g)xnm+nx Y. Fls)xei=12..,n (2.7)

9€Giter |C1. €3

Let W(.) is the cost function. Here, Gy, is the set of solutions found in the current
iteration, € € (0, 1] is a parameter called the evaporation rute, and F: G = Rt is
a function such that W(s) < W($) = F(s) > F($),s # §,Vs € G. The function
F(.) is commonly called the Fitness Function.
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2.4.2 Variants of ACO

Different ACO algorithms have been proposed in the literature. The original
algorithm is known as the Ant System(AS) [24, 26, 29]. The other variants are,
Elitist AS [24, 29], ANT-Q [39], Ant Colony System (ACS) [28], MAX-MIN AS

[82-84] etc. Below we will discuss some important variants of ACO.

2.4.2.1 Ant System

Ant System is the first ACO algorithm proposed in the literature [24, 26, 29]. Its
main characteristic is that, at each iteration, the pheromone values are updated

by all the m ants that have built a solution in the iteration itself.

2.4.2.2 MAX-MIN Ant System (MMAS)

The MMAS algorithm is characterized as follows. Firstly, the pheromone values
are limited to an interval [main, Tarax] with 0 < Ty < Tarax- Pheromone trails
are initialized t0 Tmar to favor the diversification during the early iterations so
that premature convergence is prevented. Explicit limits on the pheromone values
ensure that the chance of finding a global optimum never becomes zero. Secondly,
in case the algorithm detects that the search is too much confined to a certain
area in the search space, a restart is performed. This is done by initializing all the
pheromone values again. Thirdly, the pheromone update is always performed with
either the iteration-best solution, the restart-best solution (i.e., the best solution

found since the last restart was performed), or the best-so-far solution.

2.4.2.3 Ant Colony System (ACS)

The ACS algorithm was introduced to improve over the performance of Ant System
(AS). ACS is based on AS with some important differences. Firstly, after each
iteration, a pheromone update is done using only the best solution found so far.
The pheromone evaporation is only applied to the solution components that are in
the best-so-far solution. Secondly, the transition probabilities are defined by a rule
that is called pseudo-random-proportional rule. With this rule, some construction

steps are performed in a deterministic manner, whereas in others the transition
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probabilities are defined. Let g is a random number and gq is a threshold value,

then the high level description of pseudo-random-proportional is,

best available component if ¢ < ¢qo
Nezt component = _
draw according 2.6 otherwise

Thirdly, during the solution construction the pheromone value of each added

solution component is slightly decreased.

2.4.3 Application of ACO

Recently, growing interest has been noticed towards ACO in the scientific community.
There are now available several successful implementations of the ACO metaheuristic
applied to a number of different discrete combinatorial optimization problems . In
[27], the authors distinguished between two classes of applications of ACO: those to
static combinatorial optimization problems, and those to the dynamic ones. When
the problem is defined and does not change while the problem is being solved is
termed as static combinatorial optimization problems. The authors in [27], listed
some static combinatorial optimization problems those are successfully solved
by different variants of ACO. Some of the problems are, traveling salesperson,
Quadratic Assignment, job-shop scheduling, vehicle routing, sequential ordering,
graph coloring etc. Dynamic problem is defined as a function of some quantities
whose values are set by the dynamics of an underlying system. The problem
changes therefore at run time and the optimization algorithm must be capable
of adapting online to the changing environment. The authors in [27], listed
connection-oriented network routing and connectionless network routing as the

examples of dynamic problems those are successfully solved by ACO.

In 2010 a non-exhaustive list of applications of ACO algorithms grouped by
problem types are presented in [30]. The authors categorized the problems into
different types namely routing, assignment, scheduling, subset machine learning
and bioinformatics. In each type they listed the problems those are successfully
solved by some variants of ACO. Some current applications of ACO algorithms
are listed in Table 2.1.
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TABLE 2.1: Some current applications of ACO algorithms (adapted from [30]).

Problem type Problem name Authors Year References
Traveling salesman Dorigo et al. 1991, 1996 ; [26, 29|
Dorigo and Gambardelta | 1997 [28]
Stutzle and Hoos 1997, 2000 | [83]
TSP with time windows | Lépez Tbafiez et al. 2009 {58]
Routing Sequential ordering Gambardella and Dorigo | 2000 [40]
Vehicle routing Gambardella et al. 1999 [41]
Reimann et al. 2004 [72]
Fuellerer et al. 2009 {38]
Multicasting Hernandez and Blum 2009 [49]
Quadratic assignment Maniezzo 1999 [59]
Assignment Stiitzle and Hoos 2000 [84]
Frequency assignment | Maniezzo and Carbonaro | 2000 [60]
Course timetabling Socha et al. 2002, 2003 | [77, 78]
Graph coloring Costa and Hertz 1997 (21]
Project scheduling Merkle et al. 2002 i64]
Weighted tardiness den Besten et al. 2000 f11]
Merkle and Middendorf | 2000 (63
Scheduling Flow shop Stiitzle 1997 [85]
Rajendran, Ziegler 2004 i71]
Open shop Blum 2005 i12)
Car sequencing Solnon 2008 79
Set covering Lessing et al. 2004 57
Subset F-cardinality trees Blum and Blesa 2005 [14]
Maximum clique Solnon and Fenet 2006 &0
Classification rules Parpizelli et al. 2002 63
Martens et al. 2006 [62]
Machine Learning Otero et al. 2008 [66]
Bayesian networks Campos, Fernandez-Luna | 2002 (23]
Neural networks Socha, Blum 2007 [76]

2.4.3.1 String algorithms and ACO

There are not too many string related problems solved by ACO in the literature.
In [15], the authors addressed the reconstruction of DNA sequences from DNA
fragments by ACO. Several ACO algorithms have been proposed for the longest

common subsequence (LCS) problem in [13, 75]. Closest string problem(CSP)

is an important problem is sequence analysis. Ant Colony algorithms have been
proposed for CSP in [8, 35]

2.5 Mixed Integer Linear Problem (MILP)

A common approach to modeling optimization problems with discrete decisions

is to formulate them as mixed integer optimization problems. In this section
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we will briefly overview the structure of MILP and their applications in discrete

optimization problems. This section is based on [51].

Definition 2.12. Mized Integer Linear Problem (MILP): The problems in which
the functions required to represent the objective and constraints are additive,
i.e., linear functions. Such is called a mized integer linear optimization problem
(MILP). The general form is

mazx Z C; Xy + Z CiTj + Z CiTj (28)

JjEB Jel jeC
subject to,
<

Z QT4 + Z Qi3T5 + Z QT = bi Vi eM (29)

jeB jel je€ > )
z; €0,1 Vj€ B | (2.11)
s, €Z Vi€l (2.12)
z;€ER VjeC (2.13)

A solution to Egs. (2.8)-(2.13) is a set of values assigned to the variables z;, j € N.
This solution set is sometimes referred as feasible region, feasible set, search space,
or solution space. The objective is to find a solution that maximizes the weighted
sum Eq. (2.8), where the coefficients ¢; , j € N are given. B is the set of indices
~ of binary variables (those that can take on only values zero or one), I is the set
of indices of integer variables (those that can take on any integer value), and C
is the set of indices of continuous variables. As indicated above, each of the first
set of constraints Eq. (2.9) can be either an inequality constraint (“<” or “>”) or
an equality constraint (“="). The data I; and u; are the lower and upper bound

values, respectively, for variable z; , 7 € N.
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Feasible sets may be bounded or unbounded. For example, the feasible set defined
by the constraint set (z > 0, y > 0) is unbounded because in some directions there
is no limit on how far one can go and still be in the feasible region. In contrast,
the feasible set formed by the constraint set (z > 0,y > 0,z + 2y < 4) is bounded

because the extent of movement in any direction is limited by the constraints.

This general class of problems has many important special cases. When B = I=
¢:, we have what is known as a linear optimization problem (LP) . IfC =1=¢;
then the problem is referred to as a (pure) binary integer linear oplimizalion
problem (BILP). Finally, if C = ¢;, the problem is called a (pure) integer linear
optimization problem (ILP). Otherwise, the problem is simply an MILP. Throughout
this discussion, we refer to the set of points satisfying Egs. (2.8)-(2.13) as S, and
the set of points satisfying all but the integrality restrictions Egs. (2.11)-(2.12)
as P. The problem of optimizing over P with the same objective function as the
original MILP is called the LP relazation and arises frequently in algorithms for
solving MILPs.

Sohition of an MILP involves finding one or more best (optimal) solutions from
the set S. Such problems occur in almost all fields of management (e.g., finance,
marketing, production, scheduling, inventory control, facility location and layout,
supply chain management), as well as in many engineering disciplines (e.g., optimal
design of transportation networks, integrated circuit design, design and analysis
of data networks, production and distribution of electrical power, collection and
management of solid waste, determination of minimum energy states for alloy
construction, planning for energy resource problems, scheduling of lines in flexible

manufacturing facilities, and design of experiments in crystallography).

2.5.1 Solution Method

Solving integer optimization problems (finding an optimal solution), can be a
difficult task. The difficulty arises from the fact that unlike (continuous) linear
optimization problems, for which the feasible region is convex, the feasible regions
of integer optimization problems consists of either a discrete set of points or,
in the case of general MILP, a set of disjoint polyhedra. In solving a linear
optimization problem, one can exploit the fact that, due to the convexity of the
feasible region, any locally optimal solution is a global optimum. In finding global

optima. for integer optimization problems, on the other hand, one is required to
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prove that a particular solution dominates all others by arguments other than
the calculus-based approaches of convex optimization. The situation is further
complicated by the fact that the description of the feasible region is “implicit” In
other words, the formulation Eqgs. (2.8)-(2.13) does not provide a computationally
useful geometric ‘déscriptibii .O'fditih’e set S. The general outline of a general solution

method is as follows.

1. Identify a (tra;ctél.ble)_c,onvex relaxation of the problem and solve it to either

(a) obtain a valid upper bound on the optimal solution value; or

(b) prove that the relaxation is infeasible or unbounded (and thus, the

original MILP is also infeasible or unbounded).

2. If solving the relaxation produces a solution # € RV that is feasible to the
~ " MILP, then this solution must also be optimal to the MILP.

3 Oltherwise, either

(a.) identify a logical disjunction satisfied by all members of S, but not by
# and add it to the description of P (more on how this is done below);

or

(b) identify an implied linear constraint (called a valid inequality or a
cutting plane) satisfied by all members of S, but not by # and add
it to the description of P.

In Step 1, the LP relaxatioﬁ obtained by dropping the integrality conditions on
the variables and optimizing over P is commonly used. Other possible relaxations
include Lagrangian relaxations [37, 42], semi-definite programming relaxations
[73], and combinatorial relaxa_i:ions, e.g., the one-tree relaxation for the traveling
salesman problem [47}. Some of the successful MILP solving methods are discussed

below.

2.5.1.1 Branch-and-Bound Algorithms

The branch-and-bound method was first proposed in [56] and consists of generating
disjunctions satisfied by points in S and using them to partition the feasible

region into smaller subsets. Some variant ‘of the technique is used by practically
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all state-of-the-art solvers. An LP-based branch-and-bound method consists of
solving the LP relaxation as in Step 1 above to either obtain a solution and an

associated upper bound or to prove infeastbility or unboundedness.

2.5.1.2 Cutting Plane Algorithms

Cutting plane algorithms was first derived in [46]. A general cutting plane approach
relaxes the integrality restrictions on the variables and solves the resulting LP
relaxation over the set P. If the LP is unbounded or infeasible, so is the MILP. If
the solution to the LP is integer, i.e., satisfies constraints Egs. (2.11)-(2.12),
then one has solved the MILP. If not, then one solves a separation problem
whose objective is to find a valid inequality that “cuts off” the fractional solution
to the LP relaxation while assuring that all feasible integer points satisfy the
inequality, that is, an inequality that “separates” the fractional point from the
polyhedron conv(S). Such an inequality is called a “cut” for short. The algorithm
continues until termination in one of two ways: either an integer solution is found
(the problem has been solved successfully) or the LP relaxation is infeasible and

therefore the integer problem is infeasible.

2.5.1.3 Branch and Cut Algorithms

Branch and cut [67] (sometimes written as branch-and-cut) is a method of combinatorial
optimization for solving integer linear programs (ILPs), that is, linear programming
(LP) problems where some or all the unknowns are restricted to integer values. The
method solves the linear program without the integer constraint using the regular
simplex algorithm. When an optimal solution is obtained, and this solution has
a non-integer value for a variable that is supposed to be integer, a cutting plane
algorithm may be used to find further linear constraints which are satisfied by
all feasible integer points but violated by the current fractional solution. These
inequalities may be added to the linear program, such that resolving it will yield

a, different solution which is hopefully “less fractional”.

At this point, the branch and bound part of the algorithm is started. The problem
is split into multiple (usually two) versions. The new linear programs are then
solved using the simplex method and the process repeats. During the branch and

bound process, non-integral solutions to LP relaxations serve as upper bounds and
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integral solutions serve as lower bounds. A node can be pruned if an upper bound
is lower than an existing lower bound. Further, when solving the LP relaxations,
additional cutting planes may be generated, which may be either global cuts, i.e.,
valid for all feasible integer solutions, or local cuts, meaning that they are satisfied
by all solutions fulfilling the side constraints from the currently considered branch

and bound subtree.

2.5.2 Applications

Many discrete combinatorial problems have been formulated as MILP. Now we

will discuss some of the applications of MILP.

2.5.2.1 Knapsack problems

Suppose one wants to fill a knapsack that has a weight capacity limit of W with
some combination of items from a list of n candidates, each with weight w; and
value v;, in such a way that the value of the items packed into the knapsack is
maximized. This problem has a single linear constraint (that the weight of the
items selected not exceed W), a linear objective function (to maximize the sum of
the values of the items in the knapsack), and the added restriction that each item
either be in the knapsack or not. It is not possible to select a fractional portion

of an item. For solution approaches specific to the knapsack problem, see [61].

2.5.2.2 Network and graph problems

Many optimization problems can be represented by a network, formally defined as
a set of nodes and a set of arcs (uni-directional connections specified as ordered
pairs of nodes) or edges (bi-directional connections specified as unordered pairs
of nodes) connecting those nodes, along with auxiliary data such as costs and
capacities on the arcs (the nodes and arcs together without the auxiliary data form
a graph). Solving such network problems involves determining an optimal strategy
for routing certain “commodities” through the network. This class of problems
is thus known as network flow problems. Many practical problems arising from ‘
physical networks, such as city streets, highways, rail systems, communication

networks, and integrated circuits, can be modeled as network flow problems. In
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addition, there are many problems that can be modeled as network flow problems
even when there is no underlying physical network. For example, in the assignment
problem, one wishes to assign people to jobs in a way that minimizes the cost of the
assignment. This can be modeled as a network flow problem by creating a network
in which one set of nodes represents the people to be assigned, and another set
of nodes represents the possible jobs, with an arc connecting a person to a job if
that person is capable of performing that job. A general survey of applications

and solution procedures for network flow problems is given in [3].

Space-time networks are often used in scheduling applications. Here, one wishes to
meet specific demands at different points in time. To model this problem, different
nodes represent the same entity at different points in time. An example of the
many scheduling problems that can be represented as a space-time network is the
airline fleet assignment problem, which requires that one assign specific planes to
pre-scheduled flights at minimum cost ([2)). Each flight must have one and only one
plane assigned to it, and a plane can be assigned to a flight only if it is large enough
to service that flight and only if it is on the ground at the appropriate Location,
Routing, and Scheduling Problems Many network-based combinatorial problems
involve finding a route through a given graph satisfying specific requirements.
In the Chinese postman problem, one wishes to find a shortest walk (a connected
sequence of arcs) through a network such that the walk starts and ends at the same
node and traverses every arc at least once ([34]). This models the problem faced by
a postal delivery worker attempting to minimize the number traversals of each road
segment on a given postal route. If one instead requires that each node be visited
exactly once, the problem becomes the notoriously difficult traveling salesman
problem ([5]). The traveling salesman problem has numerous applications within
the routing and scheduling realm, as well as in other areas, such as the routing
of sonet rings ({74]), and the manufacturing of large-scale circuits ([10]). The
well-known vehicle routing problem is a generalization in which multiple vehicles
must each follow optimal routes subject to capacity constraints in order to jointly

service a set of customers ([44]).

A typical scheduling problem involves determining the optimal sequence in which
to execute a set of jobs subject to certain constraints, such as a limited set of
machines on which the jobs must be executed or a set of precedence constraints
restricting the job order (see ({4])). The literature on scheduling problems is

extremely rich and many variants of the basic problem have been suggested ([70]).
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Location problems involve choosing the optimal set of locations from a set of
candidates, perhaps represented as the nodes of a graph, subject to certain requirements,
such as the satisfaction of given customer demands or the provision of emergency
services to dispersed populations ([33]). Location, routing, and scheduling problems
all arise in the design of logistics systems, i.e., systems linking production facilities
to end-user demand points through the use of warehouses, transportation facilities,
and retail outlets. Thus, it is easy to envision combinations of these classes of
problems into even more complex combinatorial problems and much work has

been in this direction.

2.5.2.3 Packing, Partitioning, and Covering Problems

Many practical optimization problems involve choosing a set of activities that must
either “cover” certain requirements or must be “packed” together so as not exceed
certain limits on the number of activities selected. The airline crew scheduling
problem, for example, is a covering problem in which one must choose a set of
pairings (a set of flight legs that can be flown consecutively by a single crew)
that cover all required routes (|50, 86]). Surveys on set partitioning, covering and

packing, are given in {9, 17, 52].

2.6 Definition of the main problems

In this section we will define the two problems we are solving in this thesis namely
Minimum String Cover (MSC) and Minimum Common String Partition (MCSP)

problem.

2.6.1 MSC problem

The input of MSC problem consists of a finite set S (also called Target set )
of strings over a symbolic alphabet, and the task is to find a set of substrings
generating S and having a smaller cardinality than the alphabet.

Definition 2.13. MSC: Given a weight or cost function, w : C(S) = N, a
Minimum String Cover (MSC) is a cover of § with minimum possible total weight.
The total weight of the cover Cis W = 3 ., w(c). Let m be the maximum length
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of any string of S and |s| be the length of any string s. If weight or cost, w(c),
is a unitary function, ie., w(c) = 1 for every ¢ € C(S), then it minimizes the

cardinality of the cover.

Example 2.11. For ezample, {AB,C} is the only minimum string cover of {ABC,CAB,CC}
while {A,B,C}, {AB,C,ACB}, or {ABC,CAB,ACB} are each minimum string
covers for the set of strings {ABC,CAB,ACB}. For non-unit weight functions,
the optimal solutions may be different. Given the weight function w(t) = ||,
{A,B,C} and {AB,C} are the minimum siring covers for the first set of strings

while {A,B,C} is the minimum string cover for the second set of strings.

2.6.2 MCSP problem

In the MCSP problem, we are given two relafed strings (X,Y). Clearly, two
strings have a common partition if and only if they are related. So, the length
of the two strings are also the same (say, n). Our goal is to partition each string
into ¢ segments called blocks, so that the blocks in the partition of X and that
of ¥ constitute the same multiset of substrings. Cardinality of the partition set,
i.e., ¢ is to be minimized. As it is defined earlier, a partition of a string X is a
sequence P = (By, Ba, ..., By, of strings whose concatenation is equal to X, that
is B1By... B, = X.

Definition 2.14. MCSP Given a partition P of a string X and a partition Q of
a string Y, we say that the pair 7 =< P, @ > is a common partition of X and ¥
if Q is a permutation of P. The minimum common string partition problem is to

find a common partition of X, ¥ with the minimum number of blocks.

Example 2.12. For ezample, if (X,Y) = { “ababcab”, “abcabab”}, then one of
the minimum common partition sets is m ={ “ab”, “abc”, “ab”} and the minimum

common partition size 18 3.

By k-MCSP we denote the version of MCSP where each letter occurs at most k

times in each input string.

Example 2.13. If, (X,Y) = { “ababcad”, “abcabab”}, then the problem is at least

9.MCSP as each letter occurs in the input strings at most 3 limes.
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Related Works

In this chapter we summarizes the previous works on MSC and MCSP problems.
The first section is dedicated for describing the available algorithms for MSC
problem. The second section detailed the earlier algorithms of the MCSP problem.

3.1 Previous works on MSC Problem

MSCP is perhaps the first problem in Stringology that incorporates the idea of
covering. It is surprising that the topic did not come to the surface until 1990 when
Neraud [65] studied the problem of determining whether a given set of words is
elementary, A set of strings is said to be elementary if it does not have a cover of

size strictly less than its own size.

MSCP was formally defined and studied in [48}, where it was proved to be NP-hard.
It was further shown that in general, the problem is hard to be approximated
within a factor of ¢-Inn for some ¢ > 0, and within |m/2] —1—¢ where e > 0. It
was also proved that the problem remains APX-hard even when m is a constant,
and the given weight function is either unitary or a length-weighted function. We
will now briefly describe some algorithms to solve MSC problem that is found in

the literature.

27
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3.1.1 Linear programming formulation

In [48] authors provided an initial linear programming formulation of MSC problem.
Given a string s, an I-factorization of s is an ordered multiset of substrings
f = (t,...,t,) such that s = ¢;,...,t, and p < I. Denote by Fi(s) the set of
possible I-factorizations of s, and let Fi(S) denote the set of all factorizations of
strings in S. Now, for every substring ¢ € C(S), we designate a variable z; which
associated with ¢, and for every factorization f € Fj(S5), we designate a variable
ys which is associated with f. In these terms, MSC can be formulated using the

following integer linear program:

min Z w(t)z (3.1)
teC(S)
s.t.,
oY 21 VseS (3.2)
fEF(s)
Z y; <z Vs €8,V ¢ suubstring of S (3.3)
tefeFi(s)
z,,y; € {0,1} Vt € C(S), YVf € Fi(S) (3.4)

3.1.2 Local-Ratio Algorithms

The author in [48] gave a local ratio algorithm for solving MSC problem. The
algorithm is polynomial with the approximation ratio (“;rl) — 1. The algorithm is

shown in Algorithm 1

The general outline of algorithm LR is as follows: First, the algorithm adds all
substrings ¢ € C(S) with zero weight to an initial partial-solution C, since these
do not have effect on the total weight of the optimal solution. Then, if C' is not
already a cover of S, LR selects a string s € S not covered by C, and examines
all substrings C, of s not already in C. It then subtracts ¢ = min{w(t) : t € Cs}
from the weight of all substrings in Cj, and recurses on the new weight function.
The last line of the algorithm ensures that at least one substring of s will not be
included in C.
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Algorithm 1 LR(S,w,)
C « {t € C(S): w(t) =0}
if I-cover of S then return C
end if
Let s € S be a string not I-covered by C of maximum length.
C, « {t € C(S) / C : tis a substring of s}.
Set € = min{w(t) : t € C,} '
- if ¢ € C; then
W) €
else
wy 0
end if
W =W —UW
C « LR(S,wy,l) -
if C/ s is an l-cover of S then
C+«C/s

end ifreturn C

3.1.3 A polynomial-size ILP formulation

Recently, an alternative flow-based ILP formulation of polynomial size is proposed
in [18]. The ILP formulation assumes substring graph, G,(Vs, E,) is constructed
for every string s € S. It uses a binary decision variable z,;; for every edge,
i.e. interval (s,%,7) € I(S), and models a path from the source (s,0) to the sink
(s,|s]) as a unit flow. Let 67 (v) and 4¥(v) for the sets of incoming and outgoing
edges of v € V,, respectively. Let V= = V,/ {(s,0), (s,|s)}. Using these, the ILP

formulation is as follows,

min E w(t)z (3.5)
teC(8)
subject to,
Zoi; < Tafi.g) ¥(s,4,7) € I(S) (3.6)
Z Zsig = 1 Vsef (37)

{s,4,1)€6T (5,0)
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Z Zaj = Z Z,5; Vs € S,VveVE (3.8)
(si5)€6~ (v) (s.4,5)e8% (v)
Ty, 2545 € 0,1 Vit € C(5),VY(s,1,7) € I(S) (3.9)

3.1.4 Lagrange based relaxation

The ILP formulation derived exhibits a structure that is favorable for a Lagrangian
relaxation approach. The general idea of Lagrangian relaxation is to relax the
“complicating” constraints and penalize their violation in the objective function,
such that an “easy-to-solve” subproblem remains. In the ILP formulation, solutions
satisfying Eqs. (3.7)-(3.8) encode a unit flow and thus a path from node (s, 0) to
node (s, |s|) in the substring graph of every string s € S. The link between these
paths and the chosen substrings is established through Eq. (3.6). Therefore,
by relaxing these “linking constraints” and by penalizing their violation with
non-negative multipliers A in the objective function, an optimal solution to the
resulting problem is obtained in [18] by computing shortest paths in the substring
graphs independently for each string. The new objective function relaxing constraint

is now,

T Z ’i‘.U(t).’Et + Z As,i,j(z‘g]i]j — IB[.,',_“J']) (310)

teC(5) {s.4,5)1(S)

3.2 Previous works on MCSP

MCSP is essentially the breakpoint distance problem [88} between two permutations
which is to count the number of ordered pairs of symbols that are adjacent in the
first string but not in the other; this problem is obviously solvable in polynomial
time [45]. The 2-MCSP is proved to be NP-hard and moreover APX-hard in [45].
The authors in [45] also presented several approximation algorithms. Chen et
al. [19] studied the problem, Signed Reversal Distance with Duplicates (SRDD),
which is a generalization of MCSP. They gave a 1.5-approximation algorithm for
2-MCSP. In [22], the author analyzed the fixed-parameter tractability of MCSP
considering different parametrs. In [54], the authors investigated 5&-MCSP along
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with two other variants: MCSP¢, where the alphabet size is at most ¢; and
z-balanced MCSP, which requires that the length of the blocks must be witnin
the range (n/d—x,n/d+x), where d is the number of blocks in the optimal common
partition and « is a constant integer. They showed that MCSP* is NP-hard when
¢ > 2. As for k-MCSP, they presented an FPT algorithm which runs in O*({d!)*)

time,.

3.2.1 Natural Greedy Approach

Chrobak et al. [20] analyzed a natural greedy heuristic for MCSP: iteratively, at
each step, it extracts a longest common substring from the input strings. They
showed that for 2-MCSP, the approximation ratio (for the greedy heuristic) is
exactly 3. They also proved that for 4MCSP the ratio would be at least Qlogn)
and for the general MCSP, between 2(n®#%) and O(n®%7). The algorithm is listed
in Algorithm 2

Algorithm 2 Greedy for MCSP

Let A and B be two related input strings
while there are symbols in A or B outside marked blocks do
_ S « longest common substring of A, B that does not overlap previously
marked blocks
mark one occurrence of S in each of A and B as blocks
end while
(P, Q) +sequence of consecutive marked blocks in A and B, respectively

Example 3.1. For example, if A = “cdabcdabeeab”, B = “abceabedabed”, then
Greedy first marks substring “abcdabc”, then “ab”, and then three single-letter
substrings “c”, “d”, “e”, so the resulting partition is (“c”, “d”, “abcdabc”, “¢”,
“ab”), (“ab”, “c”, “e”, “abedabc”, “d”) while the oplimal partition is ( “cdabed”,
“abceab”), (“abcead”, “cdabed”). In this example the problem is 4-MCSP. The
approzimation ratio for the instance is, 5/2 = 2.5. The approzimation ratio for

4-MCSP with n = 12 is at least, log(12) ~ 1.08.
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ACO Algorithm for MSC problem

In this chapter we will develop a Hybrid Ant System (HAS) for solving MSC
problem. The details of the algorithm with the pseudocode is described.

4.1 Hybrid Ant System for MSC problem

We have implemented a Hybrid Ant System (HAS) which combines the idea of
ACS and MMAS. Here, the construction of a solution is formed according to ACS
and the pheromone update is done according to MMAS. The following sections

describe the steps of our approach to solve MSCP.

4.1.1 Formulation of Forward and Backward Substring Graph

For every string s € S, we define two types of Substring Graphs, namely, the
Forward Substring Graph Gg. = (V;, Ep,) and the Backward Substring Graph,
Ggs = (V;, Ep,). Here the vertices are the positions of a position of a string. For
the Forward Substring Graph, two vertices connect if the first vertex is less than
the second vertex numerically and vice versa for the Backward Substring Graph.

The formal definitions of V,, Er, and Ep, are given below. We assume, n = EIR

V, = {(5,0), (5,1), ..., (s,2)} (4.1)
Ers = {((5,0),(5,0)) : p < q,(5,p) € V5, (5,9} € V3} (4.2)
32

S
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Eps ={((3,p),(s,0)) : p > q,(s,p) € V;,(5,9) € Vis} (4.3)

Here an edge {(s, p), (5,4)),p < g (p > ¢) represents the substring interval (s, p, g —
1) {(s,q — 1,p)) denoting a substring of length ¢ — p (p — q). Therefore, a
factorization of s can be represented by a path in Gp, (G ) starting from (s, 0) ((s,n))
and ending at (s,n) {(s,0)). Notably, the idea of Forward Substring Graph has

been borrowed from [18].

The intuition behind using two types of graphs during the construction of a

solution is to favor exploration

4.1.2 Initialization and Configuration

The problem specific heuristic information is contained in 7. It is a linear combination
of 3 different heuristics for this problem, namely, m, 7 and n3. Let y be the
substring defined by the interval (s, p,g). The following equations describe these

heuristics for {s;,p,9):

>, frequency of y in s

iy = T . : T " 4.4
(i, 9) Total number of Distinct Substrings in S (44)
1, ifyisasubstringof s€ .S
G(y,s) = . (4.5)
0, otherwise
: Gy, s
mlsop) = Tt ) (46)
Length of This Substring
. = 4,
(%P1 ) Maximum Allowed Length of Substrings (4.7)

Here frequency denotes the number of occurrences of a substring in a string. It
is expected that, the substrings with higher frequency and greater length would
be present in the solution for MSCP. This motivates us to use 7, and 75. On the
other hand, 7, is motivated by the assumption that a substring present in higher
number of target strings is also expected to be present in the solution of MSCP.
Notably, in our experiments a combination of the three (i.e., 7, 72 and n3) has
been found to be better than the individual heuristics. We have used the following

linear combinations of these heuristics:
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’T](Si, », q) o (a‘ ) (Si:pa Q) + b- m(si,P: Q) +ec- "?3(315;_10; Q))/COSt(S‘h P Q)/COSt(S‘i:pa Q)

We use the following notation. Local best solution (L) is the best solution found
in each iteration. Global best solution (Lgg) is the best solution found so far among

all iterations. The pheromone of the component is bounded between Tynaz and Trin.

1
e-cost(Lep)?

o Tma:(l_ W.Pbest) H x H
Tmin = ~asg—1) Uhecer * Here, avg is the average number of choices an ant has in the

construction phase. Initially, the pheromone values of all components (substring)

Like {84], we use the following values for 7mas and Tomin: Tmaz = and

are initialized to init Pheromone which is a large value to favor the exploration at
the first iteration [84].

4.1.3 Construction of a Solution

Let, nAnts denotes the total number of ants in the colony. An ant starts from
the sth (i € [0,]8] — 1] is chosen randomly) target string (s;) to complete a path
starting from (s;,0) ((s,|s:|)) and ending at (s;,|s:]) ((5:,0)) in Grs (Ggs). Let
d(V;) denotes the set of vertices directly reachable from a vertex V; in the substring
graphs. So, at any vertex Vi an ant has |d(Vi)| choices. From Vj, the probability
of selecting the vertex V; € d(Vk) is,

PVs) = = We - n(V)

Let Vineg: be the next vertex to be chosen, i.e., interval (s;, &, knext} is selected as

a component of the factorization of s;. Then,

Vioons = argmozy,eqwi) P(V5), fa<qo (4.9)
next — .
drawprob otherwise

Here, ¢ is a random number taken from a uniform distribution, go is the threshold
value and drawProb represents a vertex selected randomly from the probability
distribution function in Eq. (4.8). Thus a factorization of target string s; is
completed. An ant chooses whether to factor according to forward subsiring graph

or backward substring graph with equal probability. This process continues until

T(v;)a : n(‘/J)ﬁ ’ (48) |

e
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an ant finishes the factorization of all target strings. In each iteration, nAnts

solutions are constructed by the ants.

The intuition behind using two types of graphs during the construction of a
solution is to favor exploration. An ant starting from the initial position may
not fully explored the solution space. Again starting from each vertex randomly
can be effective but very inefficient and impractical due to high time complexity.
So, we have chosen only two types of starting either from the first vertex or the last
vertex. The starting positions are chosen randomly. If the first vertex is chosen as
starting position, then the factorization of the string is done on forward substring

graph otherwise the factorization is done upon backward substring graph.

4.1.4 Pheromone Update

We have defined the fitness F(L) of a solution L as the reciprocal of the sum of
the costs of the interval in L. The pheromone of each interval of each target string
is computed according to Eq. (2.7) after each iteration. Now, like MMAS, the
pheromones are bounded within the range Tasrn and 7pr4x. We have updated the

pheromone values according to Lyg or Lgs. The algorithm is listed in 3

4.1.5 Pseudocode

The pseudocode of our approach for solving MSCP is given in Algorithm 4.
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Algorithm 3 Update pheromone for MSC problem

if run < 50 then
Update by Lgg
else if run < 100 then
if run%5 == 0 then
Update by Lrg
else
Update by Lgg
end if
else if run < 200 then
if run%4 == 0 then
Update by Lyp
else
Update by Lgp
end if
else if run < 400 then
if run%3 == 0 then
Update by Lrp
else
Update by Lgp
end if
else if run < 800 then
if run%2 == 0 then
Update by Lrg
else
Update by LGB
end if
else
Update by Lrp
end if
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Algorithm 4 HAS for MSCP

Calculate heuristic information()
for run =1— MAXRUN do
Initialize pheromone
Initialize global best
repeat
Initialize local best
for ant = 1 » MAXPOPULATION do
Construction for ant;
update local best
end for
update global best
update pheromone either by local best or global best
antil time reaches mazAllowedTime or No update found for

mazAllowedIteration
end for




Chapter 5

Algorithms for solving MCSP

In this Chapter we will present 2 (two) algorithms for solving the MCSP. The
first part of this chapter will focus in designing a Mixed Integer Programming
formulation of MCSP. The second one will present & MAX-MIN Ant System.

51 MILP formulation of MCSP

Given two related strings X and Y each of length n, we create two graphs namely,
Gos(V4, B, id(X)) and Go(Va, Eg,1d(Y)) of (X, Y), where ¥} and V; are the vertex
sets and E, and E, denote two edge block sets from the two graphs respectively.
For each t € E, and t € F,, we define two sets of binary variables, namely, X,
and Y;. We also write 8x(v)™ and &x(v)" for the sets of incoming and outgoing
edge blocks from Ej where v € V. With the above settings, we develop the MIP
formulation for the MCSP as follows:

min > (X +Y:)/2 (5.1)

te[0,n~1]

subject to,

Z X = Z Y, (5-2)

te[0,n—1] te[0,n—1}

38
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> Xe=1 (5.3)

ted (0)+

Z Xy = Z Xi VuE{O,n—l] (5-4)

ted (v)— ted (v+1)t

Y v=1 (5.5)

teba(0)t

Y Yi= ) Y Veepa-y (5.6)

tedi{v)~ tedy (v+1)t
X; <Y b€ matchList(1,0)Y, Vicr, (5.7)
Y: € Y b e matchList(1,t)X; Vics, (5.8)

5.1.1 Explanation of the Formulation

Objective function: Eq. (5.1) is the objective function that is to be minimized.

The function simply calculate the size of the partition.

Equality constraint: Eq. (5.2) states that two partition on the two substring
graphs must be equal in size. That is the number of blocks in the factorization
of the first string X is equal with the number of blocks in the factorization of the

second string Y.

Factorization constraint: Eqgs. (5.3)-(5.4) together imply that a unit flow enters
at the source (the vertex labeled with 0) and arrives at the sink (the vertex labeled
with n — 1) for string z. So, the string is factorized. For string y the factorization
is achieved in a similar fashion by Eqgs.(5.5)-(5.6). These constraints ensure that

the srtings get factorized by non-overlapping blocks.

One to one match constraint: Now that we have factorized the strings, we
need to achieve one to one matching between the selected blocks. We have two

sets of blocks after the factorization. We must ensure that there is a one to one
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matching between the two sets of blocks. By matching we mean that, for each
selected blocks (those with X, = 1) of the first edge block set E;, there must be one
and only one corresponding selected block (with Y; = 1) with the same substring
in the second edge block set E; and vice versa. The constraint is achieved by Egs.
(5.7)-(5.8).

5.2 MAX-MIN Ant System for MCSP

In this section we will develop a MAX-MIN Ant System for solving MCSP problem.
At first we will define the Common Substring Graph. Upon this graph, the
MAX-MIN Ant System will be developed.

5.2.1 Formulation of the Common Substring Graph

We define a common substring graph, G.,(V, E,id(X)) of a string X with respect
to Y as follows. Here V is the vertex set of the graph and E is the edge set.
Vertices are the positions of string X, i.e., for each v € V, v € [0,|X| — 1]. Two
vertices v; < v; are connected with an edge, i.e, (v;,v;) € E, if the substring
induced by the block [id(X),v;, v;] matches some substrings of Y. More formally,

we have:

(u,v5) € B« estring{[id(X), v;,v;], B') is not empty 3B’ € Y

In other words, each edge in the edge set corresponds to a block satisfying the
above condition. For convenience, we will dencte the edges as edge blocks and use
the list of edge blocks (instead of edges) to define the edgeset E. Notably, each edge
block on the edge set of G, (V, E,id(X)) of string (X,Y’) may match with more
than one blocks of Y. For each edge block B a list is maintained containing all the
matched blocks of string Y to that edge block. This list is called the matchList(B).

Example 5.1. For example, suppose (X,Y) = { “abedba”, “abedad”}. Now consider

the corresponding common substring graph. Then, we have V = {0, 1,2,3,4,5}

and E = {[0,0,0],[0,0,1},[0,1,1],[0,0,2],[0,0,3}, 0, 1,2], [0, 1,3, [0,2,2],[0,2,3},
[0,3,3][0,4,4],[0,5,5]}. ThematchList of the second edge block, i.e., matchList([0,0, 1}) =
{[1,0,1], (1,4,5]}.
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To find a common partition of two strings (X,Y") we first construct the common
substring graph of {X,Y). Then from a vertex v; on the graph we take an edge
block [id(X),v;,v;]. Suppose M; is the matchList of this block. We take a block
B! from M;. Then we advance to the next vertex that is (v; + 1) MOD |X| and
choose another corresponding edge block as before. We continue this until we come
back to the starting vertex. Let partitionList and mappedList are two lists, each
of length ¢, containing the traversed edge blocks and the corresponding matched

blocks. Now we have the following lemma.

Lemma 1. partitionList is a common partition of length c iff,
B; N Bj = [I VB,‘,BJ' € mappedList, 1 #*9q (59)

and
BiUByU---UB,=id(Y),0,|Y]| - 1] (5.10)

Proof. By construction, partitionList is a partition of X. We need to prove
that mappedList is a partition of ¥ and with the one to one correspondence
between partitionList and mappedList it is obvious that partitionList would be
the common partition of (X,Y). Eq. (5.9) asserts the non overlapping property
of mappedList and Eq. (5.10) assures the cover property. So, mappedList will be
a partition of Y if Egs. (5.9)-(5.10) are satisfied.

On the other hand let partitionList along with mappedList is a common partition
of (X,Y). According to construction, partitionList satisfies the two properties of
a partition. Let, mappedList is a partition of Y. We assume mappedList does not
follow the Egs. (5.9)-(5.10). So, there might be overlapping between the blocks or

the blocks do not cover the string Y, a contradiction. This completes the proof.

O

5.2.2 Heuristics

Heuristics (77) contain the problem specific information. We propose two different
(types of) heuristics for MCSP. Firstly, we propose a static heuristic that does
not change during the iterations of algorithm. The other heuristic we propose is

dynamic in the sense that it changes between the iterations.

A
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5.2.2.1 The Static Heuristic for MCSP

We employ an intuitive idea. It is obvious that the larger is the size of the blocks
the smaller is the partition set. To capture this phenomenon, we assign on each
edge of the common substring graph a numerical value that is proportional to
the length of the substring corresponding to the edge block. Formally, the static
heuristic (7,) of an edge block [id, i, j] is defined as follows:

ns([id, %, 7]) o length([id,1, j]) (5.11)

5.2.2.2 The Dynamic Heuristic for MCSP

We observe that the static heuristic can sometimes lead us to very bad solutions.

Example 5.2. For ezample if (X,Y) = { “bceabcd”, “abcdbec”} then according to
the static heuristic much higher value will be assigned to edge block {0,0, 1] than
to [0,0,0]. But if we take [0,0,1], we must match il to the block [1,1,2] and we
further miss the opportunity to take [0,3,6] later. The resultant partition will be
{“be”, “e”, “a”, “b”, “c”, “d”} but if we would take {0,0,0] at the first step, then one
of the resultant partitions would be { “b”, “c”, “e”, “abed”}.

To overcome this shortcoming of the static heuristic we define a dynamic heuristic
as follows. The dynamic heuristic (14) of an edge block (B = [id, i, j]) is inversely
proportional to the difference between the length of the block and the minimum
span of its corresponding blocks in its matchList. More formally, n4(B) is defined

as follows:

1

na(B) o |length{B) — minSpan(B){ + 1’ (5.12)

where
minSpan(B) = min{span(B’) | B’ € matchList(B)} (5.13)

In the example 5.2, minSpan([0,0,0]) is 1 as follows: matchList([0,0,0]) =
{[1,1,1],1,4,4]}. span([1,1,1]) = 4 and span([1,4,4] = 1). On the other
hand, minSpan([0,0,1]) is 4. So, according to the dynamic heuristic much higher
numeral will be assigned to block [0, 0,0] rather than to block [0, 0, 1].
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"'We define the total heuristic (77) to the linear combination of the static heuristic
(1) and the dynamic heuristic (4). Formally, the total heuristic of an edge block
B is,

{B)=a-1,(B) +b-nu(B) (5.14)

where a, b are any real valued constants.

5.2.3 Initialization and Configuration

Given two strings (X,Y), we first construct the common substring graph Ges =
(V, E, id(X)). We use the following notations. Local best solution (Lyp) is the best
solution found in each iteration. Globel best solution (Lgp) is the best solution
found so far among all iterations. The pheromone of the edge block is bounded
between Tyez aBd Tmin. Like [84], we use the following values for Tmas and Ton!
Tmaz = m, and Typin = 1@:’———5’9—1_)%'5_—%%)-. Here, avg is the average number of
choices an ant has in the construction phase; n is the length of the string; ppes:
is the probability of finding the best solution when the system converges and ¢ is
the evaporation rate. Imitially, the pheromone values of all edge blocks (substring)
are initialized to init Pheromone which is a large value to favor the exploration at

the earlier iterations [84].

5.2.4 Construction of a Solution

Let, nAnts denotes the total number of ants in the colony. Each ant is deployed
randomly to a vertex v, of G¢s. A solution for an ant starting at a vertex v, is

constructed by the following steps:

step 1: Let v; = v,. Choose an available edge block starting from v; by the
discrete probability distribution defined below. An edge block is available if its
MatchList is not empty and inclusion of it to the partitionList and mappedList
obeys Eq. (5.15). The probability for choosing edge block [0, v;, v;] is:
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w]) = T([O, Ui:”j])a . 7?({0,”@,1!;])’3
P09 %3] = 5= 04 ) - (10, v, )P

V¢ such that [0, v;, ;] és an available block.
(5.15)

step 2: Suppose, [0, v;,vx] is chosen according to Eq. (5.15) above. We choose a
match block B,, from the matchList of [0, v;, vk and delete B, from the maichList.
We also delete every block from every matchList of every edge block that overlaps
with B,,. Formally we delete a block B if

B.NB#[ VB; € E, B € matchList(B;).

We add [0, v;, vi] to the partitionList and By, to the mappedList.

step §: If (v, +1) MOD |X| = v, and the mappedList obeys Eq. (5.10), then
we have found a common partition of X and Y. The size of the partition is the

length of the partitionList. Otherwise, we jump to the step 1.

5.2.5 Intelligent Positioning

For every edge block of G, in X, we have a maichList that contains the matched
block of string Y. In the construction step (step 1), when an edge block is chosen
by the probability distribution, we take a block from the matchList of the chosen
edge block. We can choose the matched block randomly. But we observe that

random choosing may lead to a very bad partition.

Example 5.3. For example, if (X,Y) = { “ababc”, “abcab”} then the matchList({0,0,1]) =
{[1,0,1],(1,3,4]}. If we choose the first match block then eventually we unll get the

partition as { “ab”, “ab”, “c”} but @ smaller partition exists and that s { “ab”, “abc”}.

To overcome this problem, we have imposed a rule for choosing the matched
block. We will select a block from the matchList having the lowest possible span.
Formally, for the edge block, B;, a block B' € matchList(B;) will be selected such

that span(B’) is the minimum.

In the example 5.3, span([1,0,1]) = 3 where as span([1,3,4]) = 2. So it is better
to select the second block so that we do not miss the opportunity to match a larger
block.
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5.2.6 Pheromone Update

When each of the ants in the colony has constructed a solution (i.e., a common
partition), an iteration completes. We set the local best solution as the best
partition that is the minimum length partition in an iteration.  The global best
solution for n iterations is defined as the minimum length common partition over

all the n iterations.

We define the fitness F(L) of a solution L as the reciprocal of the length of L. The
pheromone of each interval of each target string is computed according to Eq. 2.7
after each iteration. The pheromone values are bounded within the range Tamrn
and Ty 4x. We update the pheromone values according to Lyg or Lgg. Initially
for the first 50 iterations we update pheromone by only Lpg to favor the search
exploration. After that we develop a scheduling where the frequency of updating
with L;p decreases and Lgp increases to facilitate exploitation. The pseudocode

for pheromone update is given in Algorithm 5

5.2.7 The Pseudocode

The pseudocode of our approach for solving MCSP is given in Algorithm 6.
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Algorithm 5 update pheromone for MCSP

if run < 50 then
Update by LB
else if run <100 then
if run%5 == 0 then
Update by Lip
else
Update by Lags
end if
else if run < 200 then
if run%4 == 0 then
Update by LB
else
Update by Lgs
end if
else if run < 400 then
if run%3 == 0 then
Update by Lis
else
Update by Las
end if
else if run < 800 then
if run%2 == 0 then
Update by Lrp
else
Update by Lgg
end if
else
Upda.te by Lig
end if
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Algorithm 6 MMAS for MCSP

Calculate heuristic information()
for run=1—- MAXRUN do
Initialize pheromone
Initialize global best
repeat
Initialize local best
for i = 1 —» nAnts do
Construction for ant;
update local best
end for
update global best
update pheromone b either by local best or global best
until time reaches mazAllowedTime or No update found for
mazxAllowedIteration
end for




Chapter 6
Experimentation and Results

In this chapter, we will discuss the implementation of our algorithms. The results
and analyses are also reported in this chapter. First we will discuss about the
simulation evnivornment and the dataset used in the experimentations and then

the result will be analyzed.

6.1 Resource Description

The experiments have been conducted using four computers all of which have the

same configuration. The compute configuration is listed below,

e Processor: Intet(R) core(TM) i5-2450 CPU @2.50GHz 2.50Ghz
e Main Memory: 4 GB
e L2-Cache: 3 MB

e Operating System: Windows 7 64 bit

The HAS algorithm for MSC problem is implemented in C++ using visual studio
2008 while the MMAS for MCSP problem is implemented using java. The jdk
version is “1.7.0.15". The programming environment is “jcreator”. The MIP
solution for MCSP is implemented in Matlab 2009.

48
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6.2 Dataset

As there are very few practical work on the two problems we are dealing with, we
have faced a scarcity of the dataset. For both the problem we have to create our
own benchmark to test our algorithm. In this section, we will discuss the dataset

we have used.

6.2.1 MSCP

As MSCP has not got enough attention in the literature, there is no standard
library of data sets for which the exact solutions are known. Here, we rely on the

dataset introduced in [18]. These datasets are described below.

6.2.1.1 Large Random Data

Large Random Datasets has been used in [18]. Here random instances have
been generated with alphabet sizes 4, 20 and 50. The number of target strings
was 10 and 100. The length of a target string was 50 — 100 and 250 — 300
respectively. The target strings are constructed by randomly concatenating strings
from the solution set. The size of solution set was 2 — 10 and 20 — 30 each
string having length 3 — 10 and 20 — 30 respectively. A total of 48 different kinds
of data for all possible combinations of these parameters were generated. Each
kind of data has 50 instances of the same type. The authors in [18] follow a
specific naming scheme to describe a particular data-set instance. For example,
z'nstance.s-lOO_a4..520—30_l20-30_L250-300 denotes an instance having 100 target
strings, alphabet size (a) 4, solution set size (s) between 20-30, length of solution
set (1) between 20-30 and length of target string (L) between 250-300.

6.2.2 MCSP

We have conducted our experiments for MCSP problem on two types of data,

namely, randomly generated DNA sequences and real gene sequences.

e
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6.2.2.1 Random DNA sequences

We have generated 30 random DNA sequences each of length at most 600 using
[81]. The fraction of bases A, T, G and C is assumed to be 0.25 each. For each
DNA sequence we shuffle it to create a new DNA sequence. The shuffling is done
using the online toolbox [87]. The original random DNA sequence and its shuffled
pair constitute a single input (X,Y’) in our experiment. This dataset is divided
into 3 classes. The first 10 have lengths less than or equal to 200 bps (base-pairs),
the next 10 have lengths within [201,400] and the rest 10 have lengths within
[401,600] bps.

6.2.2.2 Real Gene Sequences

We have collected the real gene sequence data from the NCBI GenBank'. For
simulation, we have chosen Bacterial Sequencing (part 14). We have taken the

first 15 gene sequences whose lengths are within [200, 600].

6.3 Options and Parameters

During the experiments a lot parameters are to be set for both ACO based
algorithms and for the MIP solution. Now we will report the options and parameters

used in the experiments.

6.3.1 ACO based Algorithms

There are several parameters which have to be carefully set to tune our ACO
based algorithms, i.e., HAS and MMAS. The settings of parameters for which we
achieved the results are described in Tables 6.1 and 6.2. These parameters were

found based on some preliminary experiments.

Thttp://www.ncbi.nlm.nih.gov
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TABLE 6.1: Parameters for MSC

Parameters Value
o’ 5.0
B 20.0
Evaporation rate, € 0.02
nAnts 10
do 0.25
DPbest 0.09
init Pheromone 10.0
avg m/2
Maximum Allowed Time 100 min
Maximum Allowed Length of Substrings { m/2 or 50
Minimum Allowed Length of Substrings 3orb6
Coeff. of m,a 0.01
Coeff. of m0,b 0.99
Coeff. of ny,¢ 1.00

TABLE 6.2: Parameters for MCSP

Parameters Value
o 2.0
B 5.0
Evaporation rate, £ 0.02
nAnts 1 X|
Doest 0.09
init Pheromone 10.0
Maximum Allowed Time | 120 min
Coeff. of 75, a 0.5
Coeff. of 4, b 0.5

6.3.2 MIP

We have used GLPK (GNU Linear Programming Kit}) [1] for solving MIP. GLPK

is a set of routines written in the ANSI C programming language and organized

in the form of a callable library. It is intended for solving linear programming

(LP), mixed integer programming (MIP), and other related problems. The raw
glpk library is written in C. We have used a third party tool “glpkmex* [43]. It

is a Matlab Mex interface for the GLPK library. The options those were used in

our experiment is listed in Table 6.3.

A number of parameters are to be set. We have left most of the parameters

with default value provided in the package(as it is advised in the document of the

package). Some of the important parameters are as follows:
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TABLE 6.3: Options for MCSP-MIP

Options Value
Scaling option Equilibration scaling
Dual simplex option Do not use
Pricing option Steepest edge pricing
Ratio test Technique Harris’s two-pass ratio test
Solution rounding option Report all primal and dual values "as is”
Simplex iterations limit No limit
Maximum Allowed Time 120 min
LP solver Revised Simplex Method
Branching heuristic option Branch on the most fractional variable.
Backtracking heuristic option best local bound
Pre-processing technique option perform preprocessing for root only
usecuts - Gomoy’s mixed integer cuts
Binarizeation option do not use

- relax: 0.07. Relaxation parameter used in the ratio test.

. tolbnd: 10e-7. Relative tolerance used to check if the current basic solution

is primal feasible.

. toldj: 10e-7. Absolute tolerance used to check if the current basic solution
is dual feasible.

. tolpiv: 10e-9. Relative tolerance used to choose eligible pivotal elements of

the simplex table.
- tmlim: 10800 sec. searching time limit, in seconds.

. tolint: 10e-5. Relative tolerance used to check if the current basic solution

Is integer feasible.

. tolobj: 10e-7. Relative tolerance used to check if the value of the objective

function is not better than in the best known integer feasible solution.

- mipgap: 0.0. The relative mip gap tolerance. If the relative mip gap
for currently known best integer feasible solution falls below this tolerance,
the solver terminates the search. This allows obtaining suboptimal interger

feasible solutions if solving the problem to optimality takes too long.
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6.4 Results and Analysis

In this section we will analyzed the experimentation results. First we will discuss
the results of MCSP and then we will discuss the results and analysis of MCSP

implementation.

6.4.1 MSC

There are 2 approaches described in [18]. They are Lagrangian relaxation approach
and CPLEX based optimization. Between them, the Lagrangian relaxation was
reported to have achieved better results [18]. Therefore, we provide the comparison
with only the latter. Please recall that we assume a unitary cost function, i.e., the

cost of every substring is considered to be 1.

6.4.1.1 Large Random Data

The data set introduced in [18] contains 48 types of data set each having 50
instances. We chose 10 instances from each type of data set for our experiments.
We believe that as the 50 instances are of same characteristics, choosing 10 among
them is enough to get an indicative performance. We have run 3 times for every

instances we mentioned in the Tables 6.7 and 6.8 and report the best results.

6.4.1.2 Choice of coeflicients of the heuristics

We have conducted a preliminary experiment with different choices of a, b and c.
The value of a, b and ¢ is taken from the set {.01,0.8}, {0.99,0.1} and {1,0.1}.
The combination with a = .01, b = 0.99 and ¢ = 1 represents the best among
the 8 combinations. The preliminary experiment was conducted on the instance
“instances.100.a20_s2-10120-30_L50-100". The result is presented in Table 6.4

6.4.1.3 Effects of different heuristics

We have defined 3 types of heuristics namely 7, 72 and 13. We have used a linear

combination of these 3 heuristics. In this section we will include some preliminary



TABLE 6.4: Average cover size found using different combination of a, b and ¢ of the instance “instances.100.a20_s2-10.120-30_1,50-100"

Instance No [ {0.1,0.99,1} | {0.1,0.99,6.1} | {0.1,0.1,1} | {0.1,0.i,0.1} | {0.8,0.99,1} | {0.8,0.99,0.1] | {0.8,0.1,1} | {0.8,0.1,0.1}
1 4 5 1115 4 4 5 110.3 4

6 6 6 193.9 8 6 6 193.1 6

11 5 5 147 5 7 5 146.8 5

16 7 7 193.9 7 7 9 197.9 7

21 9 14.5 233.4 145 14.28571 9 235 13.85714

sinsay pup uoyDILIULLIALY g Iajdeyn
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experiment with different combination of these 3 heuristics. For experiment we
have used the instance “instances_100_a50_s2-10120-30.L.50-100”. Table 6.5 shows
the average minimum cover found using different linear combination of the three
heuristics. The constant a, b and ¢ are listed in Table 6.1. The linear combination
of the three heuristics (a - n; + b - 72 + ¢ - 13) has given much better results than

the other combinations.

6.4.1.4 Observations -

Lagrangian relaxation approach aborts after running for 1 hour for 49 instances
among the 50 instances of the type with alphabet size 4, solution size 20 — 30,
solution string length 20— 30 and 100 target strings each of length 250—300 . HAS
has successfully completed all these cases. We have allowed different maximum
lengths of substrings to be used to cover the target strings. For all these cases, we
have been able to produce the solutions within at most 15 minutes. This is true
even for the cases when HAS needs to work with about 1.5 million substrings when
we allowed maximum lengths of substrings to be 100 and the minimum length to
be 6. Among the above 50 cases, solutions having size equal to the actual solution
size was found in 31 cases and the maximum deviation of cost of our solution from
solution size is 5 and that too happened for only 1 case. The average deviation of

cost from solution size is only 0.92 for this type.

As can be seen from the résults, we have achieved very good results for almost all
the cases. Table 6.6 reports the results of 5 instances where HAS has surpassed
the Lagrangian relaxation. These results are found for cases with 10 target
strings where the solution mentioned in [18] contains 20 — 30 strings. We have
allowed substrings with length [3,m/2] which is a larger search space compared
to Lagrangian relaxation approach in [18]. It can be recalled that m denotes the

maximum length of a target string.

Tables 6.7 and 6.8 contain the results of 410 instances of 41 types out of the 48
types. We have found solutions which are as good as the solutions reported in
[18] for 300 instances and found better solutions for 45 instances. The rest of the
instances, which are only about 15% of them, were solved with an average deviation
- of cost 2 to 3 from the solutions reported in [18}]. The boldfaced numbers in Table
6.7 show where HAS has surpassed the solution found by Lagrangian relaxation

approach [18].



TABLE 6.5:

Average cover size found using different combination of heuristics of the instance “instances_100.a50_s2-10120-30_L50-100"
Instance No | Lagrange | anl +bp+ons | m up 73 ath +bng | bp+ons | am + o
3 10 10 153.4 | 135.8 1 135.8 | 1484 449 254.7778
8 10 10 128 125.8 | 125.8 | 125.1 44 240

13 3 3 639 | 705 | 705 | 58.4 3 52

18 3 3 76.1 | 781 | 781 | 76.8 3 112.5

23 6 6 100.9 | 96.3 | 96.3 | 102 6 164.3

28 10 10 120.1 | 124.1 | 124.1 | 117.9 22.8 249.4

33 5 5 7.6 |79 79 80.1 ) 166

38 8 8 118.3 | 112 |112 | 108.2 8.6 166

43 8 8 81.6 | 802 |80.2 | 738 8 166

48 2 2 48.5 |65.25 |65.25 | 62.1 2 166

synsay pup uoyvuAWLLAdTY g 191dey)
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TABLE 6.6: Analysis of the quality of HAS for 5 instances. Here, No. of Better
Res. means the number of times HAS has surpassed Lagrangian relaxation [18],
Max. Diff. stands for maximum difference from Lagrangian relaxation among
10 cases and Avg. Diff. means average difference from Lagrangian relaxation

for those No. of Better Res. cases.

Instance Description No. of Better Res. | Max. Diff. | Avg. Diff.
instances_10_s4_s20-30_13-10_L50-100 10 9 6.0
instances_10_a4_s20-30_120-30_L50-100 10 13 8.0
instances_10_a20_s20-3013-10.L50-100 3 5 3.667
instances_10_a20.s20-30.120-30_L50-100 10 13 6.4
instances_10_a50_s20-30120-30_L50-100 10 11 6.3

6.4.2 MCSP

Throughout the thesis we have developed two approaches for solving MCSP problem.
Firstly, we have developed a MILP formulation. From now on the MILP formulation
will be referred as MIP. The other is a MAX-MIN Ant System (MMAS). we
have compared our approaches with the greedy algorithm of [20] because none
of the other algorithms in the literature are for general MCSP: each of the other

approximation algorithms put some restrictions on the parameters.

6.4.2.1 Random DNA sequence

Table 6.9, 6.10 and 6.11 present the comparison between our approaches and
the greedy approach [20] for the random DNA sequences. For a particular DNA
sequence, the experiment was run 15 times and the average result is reported. The
first column under any group reports the partition size computed by the greedy
approach, the second column is the average partition size found by MMAS, the
third and fourth column report the worst and best results among 15 runs, the
fifth column represents the difference between the two approaches. A positive
(negative) difference indicates that the greedy result is better (worse) than the
MMAS result by that amount. The sixth column reports the standard deviation
of 15 runs of MMAS, the seventh column is the average time in second by which
the reported partition size is achieved. The eighth column is the partition size
by MIP approach. The ninth column is the difference between the greedy and
MIP and the tenth column is the difference between MIP and MMAS. A negative
(positive) difference indicates that the MIP result is better {(worse) than the MMAS
or Greedy result by that amount.
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TABLE 6.7: Comparison Between Lagrange [18] and HAS approach for 10
“instance no” represents the instance indices we have runm,

target strings.

“Lagrange” means results of that instance by Lagrangian relaxation approach
[18], “HAS” represents same instance run by our approach. “Diff” represents
the difference between Lagrangian relaxation approach and HAS approach.
where (4+n) means Solutiongas = Solutionpegrange + 7 and (—n) means

Solutiongas = Solutionpegrange — M-

instance no | Lagrange | HAS | Diff

| instance no | Lagrange | HAS |

Diff

instance no | Lagrange | HAS | Diff

instances_10_a4 _s2-10120-30_L50-100

instances_10_ad_s2-10120-30_L250-300

tances.-10.a4.820-20.13-10_L50-100

5 5 3 [] 1 3 4 1 5 28 20 E
10 10 11 1 6 3 3 0 10 29 20 -9
15 4 4 0 1 9 9 0 15 28 20 -8
20 4 4 0 16 10 10 [ 20 29 20 -0
25 2 3 3 21 10 10 G 25 26 20 -6
30 § 5 0 26 5 7 2 30 21 20 -1
35 9 ¢ 0 31 4 4 0 35 24 20 -4
40 6 6 0 36 4 1 0 4 26 20 -6
45 3 3 0 41 1o 10 0 45 2 20 -2
50 8 8 4] 46 G 6 0 50 27 20 -7

instances_10_a4_820-30.126-30_L50-100 | i _10_ad_#20-30120-30 1.260-300 i 10_a20_82-10_13-10_L50-100

3 30 19 -11 1 25 28 3 2 3 3 ]

8 23 17 B 6 25 i 1 T 9 9 ]
13 30 17 -13 1 22 23 1 12 2 2 0
1 26 18 8 16 20 20 1} 17 4 4 0
23 28 17 -11 21 22 22 G 22 9 9 0
28 20 19 -1 26 29 3 2 27 7 7 0
3 30 17 -13 a 24 30 ] 32 2 2 a
k) 1] 20 -1 36 30 32 k4 37 3 3 1]
43 2% 16 -10 41 w 35 5 42 6 6 0
48 23 17 il 46 20 24 4 47 ] ] L]

instances_10.a20.52-10.13-10_L250-300 10_a20_s2-10_120-30.L50-1E) instances_10_a20_s2-10120-36_1.250-300

1 0 16 [1] 3 2 2 [i] 2 7 7 0

<] 7 i 9 8 10 10 0 T il 1) 0
11 6 6 0 13 2 3 1 12 ] L] 0
16 9 9 n 18 -] [ [} 17 1 3 1]
21 4 1 ¢ 23 9 9 i} 22 2 3 3
26 9 9 0 28 10 10 0 27 9 9 0
31 3 3 0 33 7 7 )] 32 3 10 7
36 3 3 1] 38 4 4 ] 37 10 10 1]
41 7 7 0 43 5 & ] 42 7 T 0
46 10 10 0 48 9 9 0 47 7 7 0

instances_10_n20_s20-3013-10_L50-100 | instances_10_s20_s20-30_13-10_L250-300 inatances_10_a20¢_a20-30_120-30_L560-100

2 24 pZ) [}] 1 21 a 1] E] 30 19 -11

T 26 26 Q 6 30 ao 0 10 prx] 18 -4
12 30 28 -2 i1 24 4 0 15 28 20 -8
17 rid 23 -4 16 29 9 0 20 22 18 -4
2 25 25 0 21 24 24 1] 25 27 17 -10
27 23 25 2 26 28 28 a 30 21 17 -4
32 29 24 -b 3 25 25 0 35 20 17 -3
37 26 30 4 26 30 30 a 40 23 19 -4
42 21 2 1 41 23 23 0 45 29 16 -13
A7 23 23 0 46 27 o7 0 50 21 18 -3

instances_10_a20_s20-30.120-30_L250-300 instances.10.a5052-10.13-10_L50-100 instances_10_a50.82-10.13-10_L250-300

5 28 28 [} 2 5 8 3 1 6 6 [}
10 30 30 1] 4 9 9 0 2 g 9 0
15 2 2 0 6 4 1t T 4 3 3 1)
€ 20 20 0 B 7 8 1 7 2 2 0
25 25 25 1] 10 5 9 4 10 9 9 0
30 28 29 1 12 6 il [ 14 7 7 1]
35 27 26 -1 14 g 9 0 18 2 3 1
40 2 J0 1 16 4 T 3 26 7 7 1]
45 23 4 1 18 3 9 6 30 10 10 0
50 20 19 -1 20 2 8 6 34 8 8 0

instances.10_a50_s2-10120-30_L50-100 | instances_10_a50_s2-10.120-30.L250-300 instances_10_a50_s20-36.13-10_1.50-100

1 4 4 0 a 9 ] o 7 23 23 0

6 8 -1 0 10 5 6 1 11 27 27 a
1 7 7 0 15 8 8 0 ‘15 20 € a
16 4 5 1 20 8 8 o 19 23 23 a
21 9 9 0 25 3 5 2 23 23 24 1
26 5 5 0 30 T 7 4] 27 28 30 b4
3 5 5 1] 35 T 7 0 31 27 27 a
36 4 4 a 40 6 6 1] 35 23 24 1
41 b4 2 0 45 7 7 0 39 26 28 2
46 in 1¢ a 50 6 6 0 43 24 23 -1

instances_10_a60 520-30 13-10_1250-300 | instances_10_a50_s20-50 120-30_L50-100 t. 10_a50_s20-30_120-30_L250-300

2 21 21 [1] 4 26 17 -9 4 30 32 2

7 21 21 1] 9 21 20 -1 9 23 23 [}
12 26 26 a 14 21 18 -3 14 20 20 0
17 28 28 1] 19 27 18 -11 19 22 23 1
32 p.] 29 a 24 2 17 -5 24 24 24 0
27 27 27 0 29 30 21 -9 29 27 26 -1
a2 28 28 0 M 24 18 il H ‘22 ] 0
37 30 0 a 39 22 19 -3 39 20 20 a
42 26 26 a 44 23 18 -3 4 2 2 a
47 25 ] a 49 0 19 -13 49 20 29 ]
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TABLE 6.8: Comparison Between Lagrange [18] and HAS approach for 100

target strings.“instance no” represents the instance indices we have run,

“Lagrange” means results of that instance by Lagrangian relaxation approach

[18], “HAS" represents same instance run by our approach. “Diff” represents

the difference between Lagrangian relaxation approach and HAS approach.

where (4+n) means Solutiongas = Solutionp.grange + n and (—n) means
Solutiong as = Solutionpegrange — T-

| instance oo | Lagrange | HAS | Diff | instance no | Lagrange I HAS | Diff | instance no | Lagrange | HAS | Diff |
instances_100_a4.82-10_120-30_L50-100 inatances_100_a4_s2-10_120-30 L250-300 instances_100_o4 .520-30.120-30_L50-100
2 8 8 0 1 5 a [] 2 23 25 2
7 4 4 0 6 & 8 0 7 26 26 0
12 5 & 0 11 7 7 0 12 29 ki 7
17 & 8 0 16 7 7 0 17 21 213 2
22 2 2 0 21 3 & ] 2 pa) 2 3
27 T 7 0 26 4 4 0 27 24 7 3
32 5 5 1] 30 3 28 25 32 20 20 0
3t 7 7 1] a6 5 3 ¢} 37 27 28 1
42 8 a 0 41 9 9 0 42 24 25 1
47 5 5 1] 46 ) 5 0 47 24 24 ]
instances_100_a4_820-30.126-30_L250-300 instances_100_220.82-10.13-10 1.50-100 instances 100.220.52-1013-10_L250-300
1 23 23 a 3 2 2 [i] 1 3 4 1
6 5 27 2 § 7 7 0 [) 3 3 0
11 28 30 2 13 6 G 0 11 ] 9 0
16 22 22 0 18 3 1 4 16 10 10 [i]
21 21 21 0 23 10 10 4] Pl 10 10 4]
26 29 32 3 28 6 6 ] 26 5 T 2
N 21 21 0 33 7 7 1] 31 4 4 1]
36 20 20 0 38 8 8 ] ki 4 4 0
41 27 27 0 43 10 11 1 41 10 10 1]
46 23 23 1] 48 5 5 1] 46 ] 6 1]
inatances 100_a20_82-10.120-30_L50-100 instances 100 .a20_82-10_120-30_L250-300 instances 100_a20_820-30_13-10_L50-100
1 4 4 0 1 ] g a 1 24 24 a
[} ) 6 0 [} L 10 1] 14 29 29 ]
11 ] 5 0 1 9 9 0 13 23 25 2
16 7T T 0 16 4 4 0 22 27 27 0
2 9 9 0 21 6 6 0 26 21 21 0
26 3] ) 0 26 10 10 0 30 20 20 )]
n 3 3 0 31 2 2 0 M 24 24 0
36 2 3 1 36 10 10 L} 38 20 20 0
41 8 8 0 41 5 5 0 42 28 28 0
46 T 7 )] 46 T 7 1] 46 20 29 (]
instances_100_a20_»20-30_13-30_1.250-300 instances_100_220_s20-30120-30_L50-100 | instances 100020 s20-30120-30_1.250-30¢
5 23 23 0 2 25 25 0 2 25 25 0
10 21 21 0 T 22 22 0 7 2 22 0
15 28 28 0 12 30 30 0 12 30 30 0
20 30 30 0 17 29 29 0 17 22 22 0
25 20 29 0 22 27 27 0 2 26 26 0
30 20 22 2 27 26 26 0 27 25 25 0
35 25 25 [+ 3z 20 20 ¢ 32 29 9 (]
40 29 a 2 ar 23 23 1} a7 2 22 0
45 0 38 18 42 25 25 1] 42 b1 27 4]
50 21 21 0 a7 30 30 [+ 47 22 22 (]
Instances_100_a60_82-10_12-10_L50-10¢ instances_100_a50_s2-1013-10_E,250-300 instances_100_a50_82-10_120-30_L50-100
1 3 ] 3 1 23 23 0 3 10 10 0
2 b!] 9 0 L] 25 27 2 a 10 10 1]
4 5 6 1 11 28 30 2 13 3 3 a
7 6 ] e 16 22 22 e 18 3 3 )
1 2 2 [ 21 21 21 a 23 ;] 6 ]
14 8 ] 1 26 29 a2 3 28 10 10 0
16 9 9 1] AN 21 21 [¢] 3 5 5 [¢]
19 6 Li] 1] 36 20 20 0 38 8 8 0
21 9 9 0 41 27 a7 1] 43 8 -1 1]
3 § 8 0 46 23 23 0 48 2 2 (1]
inatances_100_a50_32-10120-30_L250-300 instances. 100 _a50_s20-3018-10_1.50-100 instances_100_a50_820-30_13-10_L250-300
1 7 7 Q 7 23 23 0 2 21 21 0
[} 5 9 0 1t 26 5 a T 20 20 o
0 8 B 0 15 26 26 a 12 28 28 1]
16 T T 0 19 2 21 a 17 22 24 2
21 6 6 0 23 26 5 0 22 24 24 ]
26 4 4 0 b1g 24 24 0 27 27 27 Q
ki 10 10 0 3 22 22 0 32 27 27 0
36 10 10 0 35 21 21 0 a7 27 27 0
41 10 10 a 39 21 21 0 42 20 20 0
46 3 0 7 43 25 25 ] 47 29 29 a
instances. 100250 520-30 120-50.L50-100 | Instances_100_a50_+20-30_120-30_L250-300
1 22 22 0 2 23 23 0
6 29 29 0 T 26 26 L]
11 20 20 0 12 26 26 0
16 26 26 0 17 21 21 0
21 21 21 0 22 20 20 0
26 26 % o 27 26 26 0
31 24 24 1) 3z 25 5 Q
36 20 29 0 ar 27 27 1]
41 28 29 1 42 2 27 0
46 30 30 0 47 21 21 0
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Compatison between Greedy, MMAS and MIP (Group 1)
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FIGURE 6.1: Comparison between greedy, MMAS and MIP(Group 1)

Table 6.12, 6.13 and 6.14 present the results of student t-test. The first 3 columns
summarize the t-statistic result for greedy vs. MMAS. The first column reports the
t-value of two sample t-test. A positive t-value indicate significant improvement.
The second column presents the p-value. A lower p-value represent higher significant
improvement and the third column reports whether the null hypothesis is rejected
or accepted. Here the null hypothesis is that the two random population (partition
sizes from greedy and MMAS) have equal means. We have used +, —, = to denote
improvement, deteriotion and almost equal respectively. From the table, we can
gee that out of 30 instances our approach gets better partition size for 28 cases.
According to t-statistic value with 5% significance value we have found better
solution in 26 cases for MMAS. The other 3 cases shows no improvement and for
one case we got worse result in 5% significance level. The fourth, fifth and sixth
column present the t-statistic result for MMAS vs. MIP. the t-value, p-value and
the significance represent the same meaning as before but now they are calculated
for the MIP approach.

Figure 6.1, 6.2 and 6.3 show the bar plots of partition sizes achieved by greedy
[20], MMAS and MIP approach.



TABLE 6.9: Comparison between Greedy approach [20], MMAS and MIP on random DNA sequences (Group 1, 200 bps). Here,
Difference = MMAS(Avg.) - Greedy, Differencel = MIP - Greedy and Difference2 = MIP - MMAS(Avg.). Best and Worst report the
maximum and minimum partition size among 15 runs using MMAS,

greedy | MMAS(Avg.) | Worst | Best | Difference | Std.Dev.(MMAS | Time in sec(MMAS) | MIP | Differencel | Difference2
46 42.8667 C |43 42 -3.1333 0.3519 114.6243 40 -6 -2.8667
56 51.8667 32 51 -4.1333 0.5164 . 100.823 46 -10 -5.8667
62 57 58 55 -0 0.6547 207.52563 52 -10 -5

46 43.3333 43 43 -2.6667 0.488 168.3098 40 -6 -3.3333
44 429333 43 43 -1.0667 0.2582 42.7058 39 -b -3.9333
48 42.8 43 42 -5.2 0.414 75,2033 39 -9 -3.8

65 60.6 60 60 -4.4 0.5071 131.9478 1] -10 -5.6

51 46.9333 47 47 -4.0667 0.4577 201.2292 42 -9 -4.9333
46 45.5333 46 45 -0.4667 0.5164 172.6809 41 -5 -4.5333
63 59.7333 60 59 -3.2667 0.7037 288.4226 ki) -8 -4.7333
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TABLE 6.10: Comparison between Greedy approach [20], MMAS and MIP on random DNA sequences (Group 2, 400 bps). Here,
Difference = MMAS(Avg.) - Greedy, Differencel = MIP - Greedy and Difference2 = MIP - MMAS(Avg.). Best and Worst report the

maximum and minimum partition size among 15 runs using MMAS

greedy | MMAS({Avg.}) | Worst | Best | Difference | Std.Dev.(MMAS | Time in sec(MMAS} | MIP | Differencel | Difference2
119 113.9333 116 111 -5.0667 1.3345 1534.1015 101 -18. -12.9333
122 118.9333 121 117 | -3.0667 0.9612 1683.1146 108 -14 -10.9333
114 112.5333 114 111 | -1.4667 0.8338 1398.5315 101 -13 -11.5333
116 116.4 17 115 (04 0.7368 1739.3478 104 -12 -12.4
135 132.2 135 130 | -2.8 1.3202 1814.7264 117 | -18 -15.2
108 106.0667 107 105 | -1.9333 0.8337 1480.2378 99 -9 -7.0667
108 98.4 101 96 -9.6 1.2421 1295.2485 95 -13 -3.4

123 1184 120 117 | -4.6 0.7363 1125.2353 109 |[-14 -9.4

124 119.4667 121 117 | -4.5333 1.0601 1044.4141 107 -17 -12.4667
105 101.8667 103 101 -3.1333 0.7432 1360.1529 91 -14 -10.8667
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TaABLE 6.11: Comparison between greedy approach [20], MMAS and MIP on random DNA sequences (Group 3, 600 bps}. Here,
Difference = MMAS(Avg.) - greedy, Differencel = MIP - greedy and Difference2 = MIP - MMAS(Avg.}. Best and Worst report the

maximum and minimum partition size among 15 runs using MMAS

greedy | MMAS(Avg.) | Worst | Best | Difference | Std.Dev.(MMAS | Time in sec(MMAS) | MIP | Differencel | Difference2
182 180 181 177 | -2 2 1773.0398 159 | -23 -21
175 176.25 177 175 1.25 0.9574 3966.8293 162 -13 -14.25
196 188 189 187 | -8 0.8165 1589.2953 172 -24 -16
192 184.25 185 184 | -7.75 0.5 2431.158 -1 — —
176 171.75 173 171 | -4.25 0.9574 1224.8943 154 -22 -17.75
170 163.25 165 160 |-6.75 2.2174 1826.1438 153 -17 -10.25
173 163.5 170 167 | -4.5 1.201 1802.1655 151 -22 -17.5
185 176.25 177 175 | -B.75 0.9574 1838.5603 157 -28 -19.25
174 172.75 175 172 | -1.25 1.5 4897.4688 157 -17 -15.75
171 167.25 168 167 | -3.75 0.5 1BEB6.2098 155 -16 -12.25
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TABLE 6.12: t-statistic summary result for greedy vs. MMMAS and MMAS
vs. MIP (Group 1)

tstat p-value | significance | tstat p-value | significance
34.4886 | 0.0000 + 31.5534 | 0.0000 +
31 0.0000 + 44 0.0000 +
29.5804 | 0.0000 + 29.5804 | 0.0000 +
21.166 | 0.0000 + 26.4575 | 0.0000 +
16 0.0000 + 59 0.0000 +
48.6415 | 0.0000 + 35.5457 | 0.0000 +
33.6056 | 0.0000 + 42.7707 | 0.0000 +
34.4086 | 0.0000 + 41.7416 { 0.0000 +
3.5 0.0016 + 34 0.0000 +
17.9781 | 0.0000 + 26.0499 | 0.0000 +

TABLE 6.13: t-statistic summary result for greedy vs. MMMAS and MMAS
vs. MIP (Group 2) '

tstat p-value | significance | tstat p-value | significance
14.7042 | 0.0000 37.5344 | 0.0000 +

12.3572 | 0.0000 44.0562 | 0.0000
6.8126 | 0.0000 53.5715 | 0.0000
-2.1026 | 0.0446 65.1815 | 0.0000
8.2143 | 0.0000 44.5921 | 0.0000
8.4731 | 0.0000 30.9705 | 0.0000
29.9333 | 0.0000 10.6014 | 0.0000
24.1802 | 0.0000 49.4118 | 0.0000
16.5622 | 0.0000 45.5459 | 0.0000
16.328 | 0.0000 56.6269 | 0.0000

SN I ok SR
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TABLE 6.14: t-statistic summary result for greedy vs. MMMAS and MMAS
vs. MIP (Group 3)

tstat p-value | significance | tstat p-value | significance

2 0.0924 ~ 21 0 +

-2.6112 | 0.0401 ~ 29.7673 | O +

19.5959 | 0 + 39.1918 | 0 + -
31 0 + — — — he,
8.878 0.0001 + 37.0785 | 0 +

6.0883 | 0.0009 + 9.2452 | 0.0001 +

6.9714 | 0.0004 + 27.1109 | O +

18.2782 | 0 + 40.2119 | 0 +

1.6667 | 0.1466 ~ 21 0 +

15 0 + 49 0 +
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Comparison beiween Greedy, MMAS and MIP (Group 2)
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FIGURE 6.2: Comparison between greedy, MMAS and MIP (Group 2)

Compatison between Greedy, MMAS and MIP (Group 3)
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FIGURE 6.4: Comparison between MMAS with and without dynamic heuristic
(Group 1)

6.4.2.2 Effects of Dynamic Heuristics

In Chapter 5 {Section 5.2.2.2), we discussed the dynamic heuristic we employ in
our algorithm. We conducted experiments to check and verify the effect of this
dynamic heuristic. We conducted experiments with two versions of our algorithm-
with and without applying the dynamic heuristic. The effect is presented in
Table 6.15, where for each group the average partition size with dynamic heuristic
and without dynamic heuristic is reported. The positive difference depicts the
improvement using dynamic heuristic. Out of 30 cases we found positive differences
on 27 cases. This clearly shows the significant improvement using dynamic heuristics.
It can also be observed that with the increase in length, the positive differences

are increased. Figures 6.4, 6.5, and 6.6 show the case by case results.



TABLE 6.15: Comparison between MMAS with and without dynamic heuristic on random dna sequence

Group 1 (200 bps) Group 2 (400 bps) Group 3 (600 bps)
MMAS | MMAS(w/o heunistic) | Difterence | MMAS | MMAS(w/o heuristic) [ Difference | MMAS [ MMAS{w /o heuristic} | Difference
42,7500 | 43.2500 0.5060 114.2500 | 115.5000 1.2500 180.0000 | 183.2500 3.2500
51.5000 | 50.7500 -0.7500 116.00C0 | 121.0000 2.0000 176.2500 | 183.2500 7.0000
56.7500 | 56.5000 -0.2500 112.2500 | 113.5000 1.2500 188.0000 | 193.7500 5.7500
43.0000 | 44.0000 1.0000 116.2500 | 120.5000 4,2500 184.2500 | 189.2500 5.0000
43.0000 | 42.7500 -0.2500 132.2500 | 134.0000 1.7500 171.7500 | 173.5000 1.7500
42.2500 | 42.5000 0,2500 105.5000 | 107.7500 2.2500 163.2500 | 168.0000 4.7500
60.0000 | 60.5000 - 0.5000 99.0000 | 99.7500 0,7500 168.5000 | 170.5000 2.0000
47.0000 | 47.5000 0.5000 118.0000 | 121.7500 3.7500 176.2500 { 178.7500 2.5000
45.7500 | 46.0000 0.2500 119.5000 | 120.7500 1.2500 172.7500 | 178.2500 6.5000
59,2500 | 61.5000 2.2500 101.7500 | 103.7500 2.0000 167.2500 | 172.2500 5.0000
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FIGURE 6.5: Comparison between MMAS with and without dynamic heuristic
(Group 2)

6.4.2.3 Real Gene Sequence

Table 6.16 shows the minimum common partition size found by our approach and
the greedy approach for the real gene sequences. Qut of the 15 instances we get
better results on 11 instances. The t-statistic result shows almost equal result on

5 cases and improvement in the other 10 cases in 5% significance level.

Figure 6.7 shows the bar plots of partition sizes achieved by Greedy [20], MMAS

and MIP approach for real gene sequence.

6.4.2.4 Runtime Analysis

The greedy solution runs very fast. In our experiment we found that the greedy
gives output within 2 minutes. As the problem is an offline problem, we consider
the running time is not significant here. The metaheuristic approaches like ACO
requires greater time than greedy approaches. We omitted the runtime analysis
of MMAS vs. greedy. But we are interested in running time analysis of MIP vs.



TABLE 6.16: Comparison between greedy approach {20}, MMAS and MIP on real gene sequence. Here, Difference = MMAS(Avg.)
- greedy, Differencel = MIP - greedy and Difference2 = MIP - MMAS(Avg.). Best and Worst report the maximum and minimum
partition size among 15 runs using MMAS

greedy | MMAS Worst | Best | Difference | Std.Dev(MMAS) | Time in sec{MMAS) | MIP | Differencel | Difference2
95 B7.66666667 | 88 87 -7.333333333 | 0.487950036 863.8083333 9 -16 -8.666666667
161 156.3333333 | 162 154 | -4.666666667 | 2.350278606 1748.34 140 | -21 -16.33333333
121 117.0666667 | 118 116 | -3.933333333 | 0.883715102 1823.4922 110 | -1t -7.066666667
173 164.8666667 | 167 163 | -8.133333333 | 1.187233679 1823.012533 145 -28 -19.86666667
172 1732 175 171 1.2 1.207121724 2210.153533 157 | -15 -16.2

153 146 148 143 | -7 1.309307341 1953.838267 134 |-19 -12

140 141 142 140 |1 0.755928946 2439.0346 128 | -12 -13

134 133.1333333 | 136 130 | -0.866666667 | 1.807392228 1406.804533 122 | -12 -11.13333333
149 147.5333333 | 150 145 | -1.466666667 | 1.505545305 2547.519267 134 | -15 -13.53333333
151 150.5333333 | 1562 148 | -0.466666667 | 1.597617273 1619.6364 132 | -19 -18.53333333
126 125 127 123 [ -1 1. 1873.3868 116 | -10 -9

143 139.1333333 | 141 137 | -3.866666667 | 1.245945806 2473.249067 130 | -13 -9.133333333
180 181.5333333 | 184 179 | 1.533333333 | 1.35576371 2931.665333 165 |-15 -16.53333333
1562 149.3333333 | 151 147 | -2.666666667 | 1.290994449 2224.403733 136 | -16 -13.33333333
157 161.6 164 160 | 4.6 1.242118007 1739.612133 145 | -12 -16.6
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TABLE 6.17: t-statistic summmary result for Greedy Vs. MMMAS and MMAS
Vs. MIP (Real Gene Seqn.)

tstat p-value | significance | tstat p-value | significance
58.2065 | 0.0000 -+ 68.7895 ( 0.0000 +
7.6901 0.0000 + 26.9154 { 0.0000 +
17.2383 | 0.0000 + 30.9705 | 0.0000 +
26.5325 | 0.0000 + 64.8089 | 0.0000 +
-3.8501 | 0.0006 + 51.9768 | 0.0000 +
20.7063 | 0.0000 + 35.4965 | 0.0000 +
-5.1235 | 0.0000 - 66.6052 | 0.0000 +
1.8571 | 0.0738 ~ 23.8571 | 0.0000 +
3.7730 | 0.0008 + 34.8142 | 0.0000 +
1.1313 0.2675 ~ 44.9290 | 0.0000 “+
3.8730 | 0.0006 + 34.8569 | 0.0000 +
12.0194 | 0.0000 + 28.3907 | 0.0000 +
-4.3802 | 0.0002 - 47.2304 | 0.0000 +
8.0000 | 0.0000 + 40.0000 | 0.0000 +
-14.3430 | 0.0000 - 51.7596 | 0.0000 +
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greedy. We experimented with the group 1 random dna sequences. The MIP is
run given 30s, 60s, 120s and 300s 4s time limit. The common partition sizes are

compared with the greedy solution in Figure 6.8.
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Chapter 7

Conclusion

In this chapter, we draw the conclusion by highlighting the major contributions
made by the research works associated with this thesis. We also provide some

directions for future research on the problems handled here.

7.1 Major Contributions
The contributions that have been made in this thesis can be enumerated as follows:

e We have devised an efficient graph mapping from the problem instances.

The graphs are substring graph and common substring graph.

o For MCSP problem, we have developed an efficient MILP formulation using

the common substring graph.
o Some dynamic heuristics have also been developed for MCSP problem.

o Using the graphs and the heuristic, we have Ialso implemented Hybrid Ant
System (HAS) and MAX-MIN Ant System (MMAS) for MSC and MCSP

problems respectively.

e We have done extensive experiment and compared our results with the state

of the art algorithms in literature.
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7.2 Future Directions of Further Research

A number of future directions can be given. Below we will list the future directions

and further research in these two problems.

e We have applied two variants of ACO namely HAS for MSC problem and
MMAS for MCSP problem. A good future research could be to apply other

variants like ACS to solve these two problems.

¢ As there are not many string problems solved by ACO in the literature, a
good future research could be to apply our developed model to solve other

hard string problems.

o In this thesis we have applied ACO metaheuristics to solve MSC and MCSP
problems. In future it might be interesting to develop other metaheuristics
such as Genetic Programming, Artificial Immune system, Simulated Annealing

etc. to solve these two problems.
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