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ABSTRACT

-’
vl
Computation of suspended sediment transport is normally .

based on the z2ssumption of an equilibrlum condition. But in practice
non—equillbrlum condltion of suspended sediment distribution is'a
frequent condition. In the present investigation attempts were made
to establish & correct distribution rattern of suspended sediment
under non-equilibrium condition. To do this, the two dimensional

diffusion equation was solved analytically assuming that ~

(2) Fall velocity is a function of the distance of the
particle from the channel bed.

(b) Flow profile can be described by a power law equaticn;

(¢} Diffu #o1 co-efficient is a function of prandtl's
mixing length.

i

To verify the analytical analysis experiment was done in a
laboratory flume 70' long 2%'wide and 2%° deep. It was found that
the now power law equation %6 = (y/h)1+n of particle fall velccity
gave promising results and gave values similar to the values obtained
by the simultaneous solution of Maude and whitmore and Rouse equatioﬁ.
The power law equation g = (y/h{‘ for the vertical velocity profile '
gave encouraging results describing the velocity profile for the
entire flow depth in a betterway. The exponent of the power law
eqﬁation varied little with the change of bed slope but there was a
marked increase of the multipjing constant with the increase of the

bed slcpe. The expression derived for the digtribution of suspended

material under non-equilibrium condition agreed very well with the
~ ;




cxparimental results, It was found that the ratio of fn13

veloelty to mean flow velocity (A) was the sovernine factor'

A
[

O
=

F

12 distribution equation. The concentration ratio weg

I

cund to decresse t0 a great extent due to an increase in the

ratic of fall velocity to mean flow velocity.
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NOTATTICHS

E ;A = Projected area of particle
é ;A = Congtant
S Congtant
) 431 = Constant of diffusion co-efficient equation
é e = Concentration of particles
| EC = Concentration ratio
C, = Concentfatién ratiq at reference level
EV = Mean value of volume concentration
E = Diameter of particles
g - = Depth of flowl
%50 = Particle size for which 50% of thé sediment mixture is Finer
#D = Drag force ‘
é = Acceleration due to gravity -
: % = Depth of flow
| L = Prandtl's mixing length
n = Exponent of veloeity distribution equation
f = Roots of the hypergeometfic equation
R = Heynold's number |
é = Slope of the channel
Ui = Velocity at a depth y in the x-direction
1] = Average velocity in the x-direction
Ul = Shear %elocity
v = Velocity in the y-direction
Vi = Velocity component in the Xx-direction
v = Velocity componenf in the y-direction




= Fall velocity

= Particle fall velocity at a- depth of y.

= Fell velocity of a single particle under quiescent conditi o
= Longitudinal distance

= Non-dimensional longitudinal distance

= Distance from bottoms

Element of hypergeometric egquation

MpH R RN e e
I

= Blement of hypergeometric equétian
= Diffugion co-efficient for momenium
= Sediment diffusion co-efficient

Diffusion co-efficient in the x and y direction respectivelis

(™
¥
sy
[

= Ratio of fall velocity to averags flow velocity
= Turbulent mixing co-efficient

= Universal constant of von-Karman

R Muodd ¢ T &

= Dynamic viscqsity

= Kinematic viscosity
Density of particle

= Density of fluid or water
= Summation

= Shear stress
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CHAPTER -~ 1

INTRODUCTT O

"3 raa. %*i};ﬂ

11 BACKGROUED:

Sedimernt transport-has been a subject of studies by engineers
and otherg fop éver two centuries due to its importance‘in design
and operation of hydrauliec structures and river regulationg. Problems
“ created by sediment in motion are many. Cver the head ﬁater reacheg
of riverg large boﬁlders ney be transported af times of floods and
these may cause sericuyg damage oFf the hydraulie structures, Similarly,
the Problems created by the suspended sediment are - equaily Serious.
Reference ig only made here +o industrial and commercial water supply
where one of the gravest problem is the removal of sugspend ed varticles,
The problemg caused by the sediments in Suispension may be Viewed ag
of the origin of Aon-equilibrium  and equilibrium condition. water
spilling over structures like weir, barrages, dams ete, are bright
example of +the transformation of nen-equilibrium condition into ap
equilibrium conditicn, Onee sPilled the water picks up bed materisl
and creat a Hon-equilibrium condition which has been g great concern
of engineers dealing with the development of water resources, Studies
have-bgen nade tc have ap insight into the problems but still meny

guestions remain umeanswered,

In the present Case & theoretical analysis have been attempted
and gnexperimental study unger centrolled condition have been taken
to have a bettep idea ang knowledge abont the non-equilibrium digtri.

bution rattern of sediment in susprension,

—

E =)




1.2 OBJECTIVES OF THRE STUDY:

In c¢pen channel flow non-equilibrium transport of suspended
sgdiment is an 1mportant part of the general flow problem of sedwmeﬂf
: tranqport Problems which have been investigated are usually of two
types (i) the transition from one equilibriun state to ancther due
to abrupt changes in bed condition and (ii) the dispersicn from: the
mean flow of an initial concentration of suspended sediment. 4An
anelytical study of the first type of problem is presented herein

with a view to satisfy the following objectives:

2. To. find an analytical equation that can be used to draw a
concentration profile under non-equinibrium conditicn,.

- b. Tc compare the analytical results with those of the flume

results,

c. To draw longitudinal sediment concentration profile within

the renge of non-equilibrium transport.

1.3 SCOFE OF STUDY:

The hydraulic parameters characteristics of the water course

are indicative of the type of sediment transported therein. The
sediment in rapld steep rivers or river section is overwhelmingly
coarse congisting of large fractions. In slow streams flowing at
mild slopes the sediment cn the otherhand is finely grained. The
hydraulic properties of the wator courses are accordingly character-
istice of the sediment transport. Mereover, from the previous

discugsgions, it is obvious that a complete description of a water




coursge is impogsible, unless the sediasent conditions.are taken into
considerations along with the hydraulic'properties. The relationghinps
expected to exist between the hydraulic properties and the sediment
conditions of a water courgse may be applied in particular cages also
for the quantitative déscription of sediment transportation. The
fundamental objective of theor;tical and experimental regearch alike
is invariably %o relate the hydrauwlic parameters io the quality and
quantity of sediment. And ag for suspended sedimenttthe‘present atudy

can be used in the following cages:

@+ If the distribution of the concentration along the vertical
is known then it will be possible to calculate the total
amount of suspended load carried by the streamg.

b. The results obtained thus can be further sxbended for the
prediction of depcsition or erogion of the stream reachesg.

¢. The study may help in golving the problems mentioned
earlier, |

d. A% last it may be concluded that the relationship determined
¢ither theoretiecally or experimentally provide the means
for a more detailed understanding of the complex phenomenon

of gedimentation in alluvial channels.

*




CHAPTER = 2

SEDIMENT PROPERTIES

2.1 INTRODUCTION:

The dynamic problem of fluid sediment interzction are greatly
infiuenced by the sediment properties. The description of the later,
however, is exXceedingly complex and one is forcedAto make many
semplifying assumptioﬁs. The first of which is the sub-division

into cohesive and non-cchesive sediment.

a

In cchesgive sédiments the registance to erosion depends on
the strength of the cohesive bonds between the particles_which
mey far outweigh the influence of the physical characteristics of
S individual particles. Buf once erogion has taken place cohesive
material may become non-cohesive with respect to further transport.
Characteriétics may also éhange through chemiéal or ph&sical
reactions. The problem of erosion resistance of cohesive goil is
a very complex onc and af prresent our understanding of the physics
of it is very incomplete, ’
The non-cohesive goile generally consists of larger discrete
particles than the cohegive soils and the movements’of these particle
depends on the physical properties of the individual particles.
Several impcrtént properties of the sediment particles are discussed

in the following articles:




2.1.1 Particle Size:

Particle size hag & direct effect on the mobility of the
grain and it can range from boulders, which are rollsd only by
wountain torrents to fine clays which once strirred up take days

“to gettle.

Fatural sodiments are also irregular in shape and therefore
the definition of size by a single length dimension is necessarily
very incomplete and due to convenicneces of measurement cnly, Commcn

definitions in use are:

i. Sieve diameter: Used for sand and fine gravel
ii. Bquivalent or sedimentaticn dismeter: Diameter of =2
aphere of the same density with the same terminal settling
velocity in the same fluvid at the éame temperature as the
given particles. It is used for clays, silts and fine sands.
iii. Wominal diameter: Diameter of a sphere of egwal volume.

Used for larger particles.

2.1.2 Particle Shape:

Apart from size, shape affects the transport of sediment but
there is no direct quantitative way to measure shape and its effects.
One measure of fhe shape is the ratio of the surface area of the
particle (4) to that of a sphere (is) of the same volume V= A/AS.
This is known as the shape factor or sphericty, although another
definition of sphericity is "the cube root of the volume of +the

particle to the volume of its circumscribing sphers". But this does




not give information on the actual shape of the particle (46).
MoNown (46) suggested a shape factor S.F. = ¢/ {ab where ‘c' is
the shortest of the three perpendicular axes {a,b,c) of the

particles.

2.1.3_Particle Density: \§
" Density of the particle is important and must be known.

Where the sediment is composed of a varisty of minerals the

L

proportions and sizes need be determined. The average dengity of

the sample may change little but the variation from say pumice

sand tc ircn sands or magnetite may be appreciable. Such,variafiqns
in density affect sediment transport by seggregation. In case of
guspended sediment the fall velccity of the particles greatly depends

on the particle density.

2.1.3 Fall Velocity:

The fall velocity figures prominently in all gsediment transport
problems and 2lthough the concept is straizht forward, its precise
evaluation or calculation is not. The literature dealing with the
motion of particles of varicus shapes in ideal and in viécous fluid

is extensive. Reference may be made to-the survey by Graf (20).

1

The fall velocity.is 2 function of size, shape,density and
viacogity. In =ddition it depends on the extent:of the fluid in which
it fails, oﬁ the number of-particles falling and on the level of
turBulence intengity. Turbulent conditions occur“when settling takes

place in flowing fluid and can algo cccur when a cluster of particler

is settling.




Falling under the influence of gravity, the particle will
reach a constant velccity known 2a the terminal velceity when the
drag equals the submerged weight of the partiecle. Thus, for a

spherical particle, writing w for the terminal velocity

2 4 1 £ -5
we =2 L ogla.(2TZEy L. eee (2.1)
3 0 % | -

where Cp is the drag co-~ efflclent §’ density of particle, Sjls the

£luid dengity and 4 is the dldmeter oP particle.

For z spherical perticle of diameter 'd' in a viscous fluid
of infinité extent, the drag co-e¢fficient (CD) is fairly well
defined. In laminar flow regiong, Stokes solution. is:
FD:B;:\'_/MdW - ves eee (2.2)

2
a}fld an‘ﬁﬁ"' LRI e . ¢ oo (2.3)
where & = Reynolds number,}x: co—eff,of dynamic viscogity.
But there are certain limitations to determining the f2ll

velocities on the basis cf Stokes law. The limiting e~nditicns

are (6):

(a) The settling solid particles should be regular spheres

{b) The particles should be golids having a smocth surf%ce.
NG . slip'takes plaée between the fluid and the particle.
but frictioﬁ develcps between the water layer adhering
to the moving particlg and the water at rest.

(c) The particle settles in a fluid space of infinite extent.




8

(d) The particles are larger enough 0 permit the fluid to
be assumed homogeneoug relative to tﬁeir size.

(e) The resistence to the settling of the particles depends

exclusively on the viscosity of the fluid.

Now the most freguent practical cases will be considered.

Conditicn (a) is usually not satisfied in practice. The
effect of particle shapes cther than spherical should be taken

into consideration. (See for Ref. Graf.{20)).

Condition (b} is usually satisfied in practice. Experiments
carried out thus far have shown no gslip to take place between the

water and the sediment particles (6).
Condition (c¢) is very gimple to mcet in practice.

Sediment materials occuring in practice invariably meet
condition (d) for sven the smallest settleable particle size may
be regarded as extremely large relative to the irregularities in

the fluid structure,

Studies into the validity of condition (e) have rsvealed the
éxistence of a limit partiéle gsize, the magnitude of which depends
on the preperties of the fluid and the sclid particles, beyond
which the fall velccities obtained by the Stoke's law are greater

than actual ones, owing to the neglected inertiz =ffects.

However, for higher Reynold's number (R), the theoretical
treatment has nct yet succeeded in accurately predicting the value

of the drag co-efficient. The difficultices arise mainly from the




intersction of the turbulsnce with the varvicle. Here additional
terms arising frow inertia have 4o be emsidered (46). The two

significant ones are shown in the f~1lowing twe gquations:

/e o
Ka{-

or, | Pi@la }/(\S \S) : (2.5)
and : \}(\9)/“95‘\9)# ] | (2.6)

where r = radius of sphere

v velocity in the y-direction

i

v'= fluctuating component of v

v = velocity of solids

But even with these two terms included, the drag co—efficient

in turbulent flow is not uniquely defined.

Schiller and Vaumunn (46) multiplied equa wtion (2.1) by

(d/\))“ to obtain rklatlonshlp in non-dimensional form

3
24, 58 _d

-3-.-.. 9{- . -)J

where , / is the coefficient of ¥inematic vigocity. With the aid

Cy R eee  (2.7)
of graph of Cp versus R (¥ig.2.,1), the Reynolds number (R) is

“btalned and hence the degired fQIl velocity.

Attempte have made to develcpe a relationship for the fall
velocity which can be applied to all Reynold's number of practical

interest, H.W;Rubey (6) developed the following formula for the

fall velocity.

.. {2.8)




10

Rubey's formula involves implicity thbugh the relationship of
two dimensionless numbers namely the Reyncld's number and the

Froude number.

S0 far we have congidered a. single gpherical particle in
a fluid <f infinite extgnt; In practice not the gingle qraiﬁ but
a cloud of graing is the problem encountersd. The fall velccitj
decreases when the same particles are disperged throughcut the .
fluid in guantity and this acccunts for widely varying results

in the determination of fall velocity.

In the majorify of cases the fall velocity is requi%ed in
-flowing sediment carrying water. This fall velocity is no longer
characteristics 0of the sediment materizl since it dependa obviously
on hydraulic factors, such as the flow velocity, turbulence of water

and the degree of concentration (Pollution) of the. stream.-

In early investigations, tho fall velocity ﬁés found to be
influenced to any appreciable extent at eXtremely high sediment
concentration onlyf Recent research,however, has revealed that
the reduction in fall velocity may be substantiél even at low

sediment concentrations.

The reduction in fall velocity with sediment concentration -
is shown in figure (2.2) on the basis of data obtained by Schokiltch
(6) for quartz partioies. In this figure the fall velocity vurses
- particle dismeter relation is shown for clear water and for four
different sediment concentrations ¢ (KP/mB) at 2 constant tempera-

ture of 1000.




11

The retio of the fail velocity in clear =znd muddy water
hag recently been studied hy McNown and Pin-Num-Tin (41) who
relate the variations in this ratio to the sediment concentration
(c) in terms of the sediment .11 velocity Reynolds number, R =§%.
The results of their théoretical and eXperiméntalrinvestigations
ares shown'in fiszure (2.3). Bogardi (6) noted that the validity of
their relation is confined to Reynolds number smaller than 2.
However, it should be'realized'finally'that the fall veloecity is

modified in flowing water as well,

The reduction in fall velcecity in filowing water is closely
related to t@e circunstance that the movement of sediment carrying
water is turbuvlent Practically withcut exception. Consequently the
reduction offall velocity in flowing water can be attributed to
turbulence. Although several experiments have been conducted con-
cerning the reducing effect of turbulonce on fall velocity the
problem is not fully‘understood as yet. In earlier pract?ce for
instance the fall velocity in water at rest was used in cengider-
ations on settling =and +the retarding'effects of turbulence were

allowed for a vari-ty of aprroaches.

Relying on the experimental regults of Bestelli, Valinakov
and otﬁers, Levin (6) relates the reduction in the maénitude of
fall velceity under the inluence of turbulence to the méin velocity
of flow and +c the depth of water (D). The reductiocn in 211 velo-

city is accordingly:
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-W1(m/sec) =\9h; el ce "o (2.9)'
. _0.17%2 ' ' .
ﬂherexkl—"“ﬁ“’”—" + e " e LI ) (2-10)

In the above expressions ) end v should be substituted in
metre and metre/sec. réspectively., Thus the actual fall velocity
in water of velocity v; according to Levin is:

Wt:":'f—w1 .. ’ e e e (2.11).

. . v ]
where, w, = 0.0282 NGO .o .. ces (2.12)

Maude and whitmore (38) proﬁose that the fall veloecity
affected by concentration hindered settling can be described at
all Reynold's number by: '

W= W (1—(})a L. . eee (2.13)
where, C is the volumetriec concentration W, is the settling
velocity of a single particle and a igs 2 function of particle size,
shape and uweynold’'s number. For B-{1, a =< 4.65 and for R;>103,

& = 2.32. with an s~curve transition between these valucs for o

log~log plot of a versus R.

From the previous discussions it is now clear that the fall
velocity of particles wheather in singlo or in cluster depends,
excluding other parameters, on the velocity of streams and on the
concentration of particles in the stieams. In othér words, the
velocity profile and the concentration profile of a paréicular
river section affect the particle fall velocity. Under non-

equilibrium condition the sediment digtribution profile changes
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from section to section and as a resu’t the particle fall veloclty
nust alsé change from section to soction. On the cther hand at a
particular river section the velecelty profile and the coﬁcentration
profile is not constant zalong Jhe vertiéal. Hence in this case
2lso, fhe rarticle fall valocity at a particuler seetion varies
along the vertical distance. In order o find the concentration
profile many investigator put forward different equations based

on different .appronches (4,6,23%,29,%2,%4,42 and 47). Buf their
analysis was based on one’ or both of the following assumptions

which are not correct: The assumptions are:

1. &t a particular section the velocity of the stream is
congtant and is equal tc the mean veloeity of flow.
2. The fall velccity is always ccnstant and is equal to the

varticle fall wvelocdity in quicscent water,

It =8 to be noted thet in suspendad sediment transvortation
the particle fall velocity is an important parameter. Its variation
with distance (beth horizontal and vertical) has considerable effect
on concentratiocn pfofile or veloecity profile and must be taken infc
congideration to obtain a correct équation for the distributicn of
susponded sediment under non~equilibrium condition. In functionazl

form: the fall veloncity 2t a section con be expressed ag:

v Q6.6 pd ér, f. % F C__J - (2019)

where,C = ﬂJE}J,WQ y CE] T e .es oo (2;15)

e
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Where, SP = particle ghape factor
| f = frequency »f cgsillation
F = bioyant force
& o= diffﬁsion co-gfficient
X = horizontal distance from oi‘igin
y = vertical distance from origin cr bottom

?_} = fluid density.

By dimensional analysis and neglecting the surface roughness (Sr)

the equation reduces to

f}wd F...w. "-; 'f'd ?s C -0 .
ﬁ{‘jf” Guwrd?z T T T g ’:]' -+ (2.16)

where, ¢ = l:—"“ —— e {(2.17)

But, e‘rwd is the Reynoclds no. of the particle and therefore

?s .
ﬂﬁ% Tt b Scle0 s
+

; W

Again, %)E_ may be taken as the Reynolds number (R1) in terms

of diffusion co-efficient.

%[& _z%,j : L. | ... (2.20)

At last n glectlng P/{;‘C and assw g f =0, the equaticn

Lﬂi ? Tz C;?,(::I e ces (é.z%)

for ¢ = YTFlezﬂ_J vee (2.22)

reduces to
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T- F - “r .
@ELEE,W; 6?, ﬁp'i\j’ -0 ... {(2.23)
+ | |
T TR <
or, Swd _ 91 % Sp, %] oo (2.24)
= R

2 F iR .
w = __:__ .\'S _?(-A____. j - & 8 LI 4 (2.25)
I ; % '
Cd™* 6!, Ry T Y
Therefore, from equation (2.25) it is seen that in case
of non-equilibrium distribution of suspended sedimont the
particle fall velccity can't be taken as constant rather it

should be considered ag a variable.




CHAPTER .— 3

CHARACTBERISTICS OF SEDIMEET CARRYING STREAMS

3.1  INTRODUCTION:

Open chznnel flow over a movable boundary behaves differently
from open.céannel-flow through rigid boundary. In aliu?ial channel.
rigid boundary relations apply only if there is no movement of the
bed and bank materials. Once the general movement of the bed material

has started, the flow and the boundary interact in a complex mamer.

Simon and others (52) discussed in details the salient features that

differentiate between flow over movable and rigid boundaries. A

- summary of their discussions is presented here:

() In alluvial channels, the flow and the boundary shape are

intertelated. After genmeral movement of the bed hag started, the

alluvial bed is distorted,'giving rise to bsd forms. The shape, gize

and rate of movement of these bed forms vary with flow conditions.

(b) The magnituds of roughness eclements as represented by the

bed forms can be of the same orler of magnitude as the depth of flow.

Relative roughness of this megnitude is generally not encountered

in rigid bouniary systems.

(e¢) An alluvial bed is not impervious unlike rigid boundaries, ™
Therefore, there is a2 pcssibility of flow, however small within the
bed Thus the turbulent fluctuntiong norm2l to the flow may not

vanish at the boundary.
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(d) The alluvial boundary moves at hoth grain and bed form
scales. Grains rolling at the boundary may infrnduce additional
shear by their rotation and thus may change the turbulence level
.close t0 the boundary. In addition the mevement of the bed forms
creats unsteadiness of flow in the vertical due t¢ the changing

bed elevation and resultant flcw patterns.

(e) At~ad§anced stages of sediment movement, gome of the bed
material is entrained by fhe flow and is referred to as suspended
materials. The pressnce of.the pérticles in suspension affects the
turbulence characteristics, the specific weight and the apparent

viscosity of fluid.

(f) As the bed forms achieve dimensions compzrable to the
depth the flow is no longer uniform. But the depth and velocity

change along and accross the channel.

Since there is nc turbulent flow theory for movable beds
comparable t0 thebries available for rigid boundary turbulent flows,
analysis of flow over alluvial beds must relay to a significant
degree on 2 rigid boundery turbulent flow theories. In ogder to
understand the fiow characteristics in z2lluvial channels, the basic
concepts of the flow cver rigid boundaries are reviewed and the

hydraulics of alluvial channels is introduced.




ig

3.2 VELOCITY DISTRIBUTION FOR UNIFCHM FLOW IN OPEN CHANKNELS
WITH RIGID RED:

Kncwledge of fhe velocity distribution in artificial =and
natural channels is necessary 50 selve many engineering problems.
The velocity distribubion of turbulent flow ig different from the
velocity distribution of laminar flow. Here only the Tormer type

of distribution will be discussed in Rdetail.

%.2.1 Velocity Distribution:ﬁm Laninar Uniform Flow:

Several approaches can be used to derive the laminar velocity
distribution for uniform flow. In a laminar flew three types of

forces act on a fiuid element and they are: Shear, pressure and

weight. For uniform flor to exist these forces must be in cquilibrium
Assuming zerc velceity at the bed of an open channel, one can obtain
a parabolic velccity distribution for laminar flow condition. For

detail reference can be made to Simmn et 21 (52).

3.2.2 Turbulent Velocity Distribution for Unifoym Flow:

In turbulent flow a precige definition of velocity at a given
point and time is not possible. The veloecity vector is not constant.
Both the velccity and the pressure are fluctuating with time and
space. Only the mean valueg of these fluctuating.elements can be
computed., For methods of computation reference can be made t0

Hinze (25).
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- 3é2.2.7 Shear Jtress in Turbulent Flow:

In turbulent flow velneity fluctuations cause a continucus
interchange of fluid masses between the neighbouring layers, which
is accompanied by & transfer of momentunm, Such momentum transpcrt
due to fluctuvations results in developing additional shear stregses
of high magnitude between the ndljacent layers. In order to determine
the magnitude of turbulent shear siress, a number of gemi-empirial

theories have been developed and three of them are discussed below:

3.2.2.1.1 Boussinesa Approach: In analegy with the expression for
the viscous shear J.Boussinesq in 1877 {(39) developed an expression

for ths turbulent shear stress which may be expressed as

- 155 -§ @B o

where, LL is called the eddy viscosity and Ezﬂ‘is the eddy kinematic
vigecosity or the transfer cco-efficient of momentum. Now, whereas/ﬂk
is a fluid property and is a function of temperature cr fluid 2lcne,

and 6;q are mainly the function of %he characteristics of flow
and may be expected to vary from point to point in the flow. Since
the values of ¥l and éiﬂ can not be predictel the Boussinesq

hypothegis is, however, of limited use (39).

3.2.2.1.2 Reyncld's Approach: In 1886 Reynold's developed an expre-
¥

881on for the turbulent shear gtress (or the apparent shear stress)

due to the exchange of momentum in the turbulent mixing process.

The ezxpressicon for the time average value . of ghear stress isge
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T = 3;;‘_.\3')(_\‘93 LY * e “re (3-2)
where Vy = velocity compoment in +the x - direction
vy = velocity compenent in the y - direction

3.2.2.1.2.1 Shear Velocity or Friction Velooity:

In cquation (3.2)-vay is & positive value (63%) and thus i%

E = o)

The teorm @gﬁ% has the dimension of a velocity and is called +the

is possible to write:

frietion velocity (U,). Thus - .

§ s

or, i'U* = /”?7@; e cee (3.3)

%3.2.2.1.3 Prandtl's Mixing Lensth Approach:

In 1925 L.Prandtl made an important advancé presenting his
mixing length hypothesis by meons of which the turbulent shear
stress can be eXpressed in terms bf measurable guantities related
to the average flow characteristics. In his hypothesis Prandtl
indicated that the velocity fluctuation in the x-direction (VX) and
velocity fluetion in the y-dircction (vy) may be related to the

mixing length (1) by the following expressions:

29
VX 31 ,a'z; e = PN (3.4)
Fll’ld v 31 3'\2' .. ‘e e ® e (3.5)
y Zjﬁ X
Therefore, 0.
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From equation (3.2), the expression for turbulent shear stress is:

05?—-
L (Bl' . ... eee (3.7)

“bn/

Again from equati@n (3.1) ¢ ne ~etg -

f! (3@ —P-wr(

/2}\9
_,,( '3;5 oo “an co. (3.8)

The advantage of equation (3.7) lics in the fact that it is
possible to meke suitable assumptions regarding the varlqtlon of
mixing length. Frandtl's assumpticn for mixing length can be
expressed ag: ( _ _ ‘
=d>(,j e ‘ iae ee. (3.9)

where &, is the universal constant defined by von-Karman.

Using equation (3.7) and (3.9) and after interzation cne will
get - 7 '
U*
V:—;-/:loge y..."..z ‘e e w oo . .. (3;10)
where Z is the comstant .of integration. Equation (3.10) ig known
as the von-Karman velccity equation. For the condition that at

y =y', the velocity v = 0, emation (3.10) reduces to

3]

Vz-‘;‘—loge (y/yl) . e e (3-11)

BEquation (3.11) indicates a zero velcelty at a certain distancs
above the boundary which is in disagreeoment withﬁthe rhysical fact
that the velocity is zero a% the boundary} As such equatinn (3.11)'
appliesg only to turbulent flow in the ﬁpper region of the channel

and 1t camnot be applied tc the regions close tn the boundary.
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Ze2.% Veloeity Digtribution in Different Legimes:

The determination of y' as a function of the characteristics
of the boundary leads to & definition of velocity distributicn
related to the characteristice of the boundaries. This idea was
developed bf Richardgon and Simons (49). The velocity distribution

in different regimes can be expressed as follows:

(a) Velocity distribution in liminar sublayer is given by -

g
A e e (3.12)
LY I *

(b) Velcecity digtribution of flew in hydraulically smocth boundary

is given by -

ULy
_.%]_L: 5_75 l(}g J L] LR (3-13)

*

@
(¢) Velocity distribution over rouch boundary is:

—_g—: 5.75 log 20—}_'&_1J . e cen (3-14)
* 3

where Ks is the roughness height.

Several other relationships for describing the turbulent
velocity distribution are utilized by varicus researches. Some of
them are:

(2) Binstein's formule (19):

-%1; = 5.75 log 292L | x cer oo (3.15)

B8

where X ig o correction factor and Ks is assumed to be cqual to‘D65c
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where D65 is the particle size for which 635% of the sediment

mixture ig finer.

(b) Brook's (5) equation-

U, ,
= ~ - L . e - \
U= Upay + 3 108, (¥/h) (3.16)

where, Uméﬁ ig the maximum velocity ard' h is the depth of flow.

(¢) Cheng et al (11a) gave the following equation for the

velocity defect:

U__ - U jﬁf’ .
max _1 S U P T oo (3.17)

where % = y/h

3.3  TURBULENT VELOCITY DISTRIBUTION FOR UNIFORM FLOW OVER A
MOVABLE BOUNDARY OF ALLUVIAL CHANNBLS:

The formulss of cpen channel flow discussed thus far fefer'
to channels with an immovable bed. However, the river bed-cmﬁsists
of movable sediment and it stands to reascon that an interaction
will take place between the flow and the bed with the following
complications:

i. dhange in bed configuration
ii. Change in character of fluid due to suspension
of materials

iii. Effect of seliment transport on flow characteristics.
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) Speciai studiés to investigate the validity of the clean
chamnel flow formulas for sediment laden channelé have been
undertaken by Liu 2nd Hwarg (35) and vanoni (63). In all‘these'
studies it turncd out that the formulas for clean water flow are
indeed no longer valid. Vanoni ond Brooks (53%) made special studies
to determine the influence of the sediment load mpon the discharge.
From their studies it turned out that there is no single valuedr
relationship between the velocity and any combination of depth and
sld;e of river. The results of Vanoni and go-workers (61,63%) in this

regard, however, are purely empirical and no thecreticzl explanation

could be given.

Sayre and Alberts.on (54) have studied the influence of roughness
on velocity distribution by varying the dehsity (spacing) and magni-
tude of roughness eélement in the laboratory flume. Their results are
plotted in a. dimengionless form in Fig. (%.1). The distributicn of
velocity is discribed as -

jjgff??f‘ = 6.06 log y/x + 2.6 .. (3.18)
where X = a roughness parameter havimg the dimension of length

representing the magnitude, specing and shape of the roughness

clementsa.

The distrivution of veiocities in flow over sand ripplés have
been studied by Raudkivi (50), whose data are plotted in Fig. (3.2).
The velecity distribution wag found to follow a logarithmic law &8
long as the bed was smooth, regardless of whéather the bed wzsg

golid or mobile.
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Toffaletl (59) from field observation showed that the vertical

velocity profile can accurately be described by the equavion -

U = 3.15 kil (E )O‘155 .os ees (3:19)

where U is the average veloci.y of flow in the mean depth4sectlon._

MeCutcheon (40) assumed that the open channel flow carrying
suspended sediment was analogous to gtratified flow. Under this
assumption he showed . that if the density profile can be approximated

ag a gtraight line, then the velocity profile can be expressed as:

o /o -

U (9/6) - 5’& U#’ K
¥ U N }j .

A2
where, <C= Monin Obukhov power berles co-afficient and

'Y@ = Constant density gradient.

But in recent years suggestions frequently haé been made that
the logritamic velooitj distribution should be applied only tc the
turbulent wall rsgion or insrtial sublayer (2%). Most of the objec-
tiong to the use of the loga;ithmic equation over the entire depth
arise primarily from Prandtl's assumption of a constant giress layer,
an assumption that can be replaced by a linear stress distribution
and a parabolic distridution of eddy th1ffu51v1ty but other functional

form can be used better o approximate observed distribution.

From &n error-flucticn model Willis(65) gave the following

equation to Adcscribe the vertical velocity profile:

. - -P7 g
u _0 _ -_3___}1 ,i_.JZ L__,P@*@_-i—— C e (Ba21)
T~ 0.7 k[x[2% 7 Nx '
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is the relative digtarce from ved

where, m
P = 1is a normalized depth variable
0'Brien {(22) used the following equation to describe the velccity

distribution in Missigsippi river -

- T —_— N
z 1 e M-
%T’ = d\([ loggd 1~ f1- y/h\ +( 1- y/lfﬂ(%??)

Garde (22) has suggested that a logarithmic veloeity distribu-

U

tion of the following form could be used in alluvial stream.

U _ 2.3 4. . . -
0T = . log (y/E S) e | e e (3.23%)

Here K'g is some length parameter. Indeed K' is the distance from

the bed at which the above squation will give zerc velceity.

Chien (12) suggested that the logarithmic velocity distributicn
equation for clear water is no longer adequate. A new equation for
dstermining the velocity distribution of flow over alluvial beds

was developed by Einstein {(52) which is given as:

U 2.3 1, y
U* _— 17-66 + K 10;(_2‘ 35.45 KS ] L ) L I ) (3.24)

where 4 is given by fisure (3.3). This eouation is shown in figure

(3.4). Now for —— =0, 4 = 0,012, that is for I < o.012,
*

equation (3.24) is no longer valid. This considerations resultg in

a new approximate equation of the form of:

£ - 5 h — o - '
%* . j‘j__i_j s dJ .IWHQ LAG‘_—-&;#’ ee. (3.25)

14"———?;*—-'(
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Where Ae ig & constant to be determined and Co is the sediment

cencentration by weight at the top of the bed layer.

From the discussions made so‘fér, it is ﬁow very clear that
the veloéity distribution along the Veftical of a sédiment carrying
river is not yet fully understood. There are different types of
logarithmic velncity distribution eguation, But the main pbiht is
that at the bottom the velocity become infinity since log O is equal
to infinity. Moréover, the lcgarithmic velocity distribution equatioz
develcps a number cf new parameters which are ﬁot congtant at all.Alx
of them varys with the sediment concentration}depth of flow bed
roughness etc. Agéin some cf the e@uations are gemi-empirical and

some are baged on experimental results.

3.3.1 % -Value:

Althcugh Prandtl's mixing lengﬁh theory was modified to deter-
mine the velocity distribution of the flow over movable beds, the
agsumption that

1=«U’ - L e ees (3.9)
ig not valid for flow over movable boundaries. Experimental evidence
presented by Vancni and Namicos (63) showed that for the same dis-
charge the averzge velocity for sediment laden flow is large and the
velocity distribution is‘less uniform than for clear water flow
(Figure %.5). In thig case & is substantially reduced by the suspen-
ded sadimént. In other wordslﬁhe turbulent intensity iz damped. '

vanoni (64) sussgested that 2 reduction of &K _ means that mixing is

less effective and apparently the presence of sediment suppreses
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or damps the turbulence. Binstein at al (52) suggested the following
explanation. The rate of friétional energy spent in supporting the
sugpended sediment per unist weight of fluid and unit time is given

by

~Cws  5.-5, | -
ZGS" P cer (3.26)

where, T = average concentration by weight of 2 given grain size

U = mean flow velocity

if

S = glope

fThis argument can be correlated with the _ value and is given in
Fig. (3.3). Scatter is evident but neverthless 2 reasonable correla--
tion is obtained with data from flume studies and river measurements.
Chien (12) postulateslthat_the main damping effect of the sediment on
turbvlence takes place near the bed where the concentration'is.highest,
Vanoni and Nomicos (63) follewed this idea and used PS, the power to
suspend the sediment in a thin layer near the bed and found that the
data fits with less scatter as shown in figure 3.6. Although thése
enable us %o estimate a new average value of &, it does not follow
that the velocity distribution of the mixture is necessarily legari-
thmic or that the average velocity increases proportiohélly'to
change in #( .

Now it is to be noted that although it was found that the
valué“indeed decreased with a concentration increase turbulence

) _ s o
measurements indicated an increage of the intensgity with an increase

in concentration. Recently Hino (27) offered a thecry to explain
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this phencomenon. With two feoundamental equations,; an snergy cquatiocn

R - 4 R
for flow with suspended particles and an acceleration balance equaticr
of turbulent moticn, the change of the {values and of the turbulen: .

intengitiss can be predicted.

3.3.2 DIFFUSION CO-EFFICIENT:

To determine the distribution of suspended sediment concentra-
tion some investigators have used diffusicn mocel. Here it is mssunc.
that the rate of particle movement in 2 particular direction is
proportional f@ the concentration gradicnt in the same directicn,

For vertical sediment movement it can be expressed ag:

. C o .
Pzes‘;%_j—- A ‘e (3.27)
where, P = is the rate of sediment transport aceross unit area
normal to the y-~direction
6%,m sediment transfer co-efficient or the diffusion
co~efficient Tor sediment movement or the mass transfer

co-cfficient.,

Varicus solutiong of diffusion equations assume a direct
relationsghip between the turbulent momentum exchangercouefficient
‘(ékn) and thz mags transfer co-efficient (Es ). owever; the
relationship betlween the diffusivity of s01id particles and the
one of linear momentum is proporticnal and not néoessarily,identical,
Some knowledge could be gzined if we know how willingly 2 solid
particlie followed its liquid environmento_ﬁt the present state of

knowledge it is possible only %c answer in a qualitative way.

*




30

The relation between €, and €, is generally given as:
. Gs :/g (:m , P L LA (3'28)
ﬁ’ é‘-b/é'W7 . .. - cee (3.29)

By analytical reasoning Graf (20) has shown that -

¥’

1. For ideal fluids

ESN

B . 4 ‘
I_J = O, E= '.""—“'——T-“_—'al'ld <' oo .o (3.30)
2524—?} /3
2. For real fluids
g 3% |
W—D—Gc ? K 2§g+ﬁ and ﬁ‘<4 .ooc L] (3.31)
" ’
W-=0 -Ezﬁ'z‘l
B_ 35
a—=>30 -, A" z(’%*)—} » ae L] (3-32) .
B
a=> O , T -1
where % = amplitude ratio and is given by Carstens(14)
5y € _,
KK - Gﬂ’s ”ﬁ
w = circular frequency

~J) = kinematic viscosity
gi = density of suspended particles
a = radius of golidl suspended particles.
Thus for gediment in water it is nct at 2ll clear When/5 is equal to,

smeller than or possibly even larger than unit or
L=
e
certainly %3 depenis on the frequency and on the particle size (1)

and the exact interrelationship is very complicated. But for

o \")h
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practical purpcses and if w is about congeant, one.might-conclude
that:
For fine particles
G221, or Eome €
For conrse particles

/g<1 ’ cr ef} <€’H’\

' Further ideas as to how the /B value changes may be gotten from
Houscholder et al (26) and Jobson et 21 (30).

Expressions like C(y) or C(X,y) re dependant on the selection
of the value of'é? « Thereiocre, a direct expaerimental check on 555
is attractive. However, the determination of éé} from Rouse (48)
equation leads to much.secatter as the meagurements C(y) have to be
differentiated. In Fig. 3.7 Coleman's data (13) have been plotted,
together with the theoretical exprusslnms of éiH f(&/h!)
Similarly Fig. 3.8 shows the plotting of the Enorse river data
carried out by Anderson (4). Comparing theﬂretlcal and exrerimental
resﬁ;ts shows that on the average T j> _I‘theoretlcal |
which indicates that [3f>1 and/or, > O 4 Moreover, it seems that

EES alsc depends on w/U,

The question now arises as to how (Em varies over flow depth.
A number of mcilels have been prepeged to approximate the distribution

of é;m'over the flow depth.

Resulta of the measurcments of the transfer co-cfficients mre
/

Tew but for the momentum transfer théy de indicate approximately the

¥y

5
wtat?
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parabolic form as obtained from logarithmic velocity distribution.
The distribution of € , abpears to be a little asymmetric with the
maximum being gomewhat cloger to the bed than predicted. The mass
transfer co-efficient (éxn) aléo indicate the above form at leagt

in ‘the lower part of the depth, but they generally do not £0 to zero
at the surface and their values at times depart aprreciably fronm
those of momentum transfef. Here the measurements by Coleman (13)_
are typical as shown in Fig.3.7 and 3,8. Several other equations

expressing diffusion co~efficients or & s are given below:
(2) Schmidt (61), Dobbins (16), Mei (42)
es "—'G-m = constant o '... .o (3033) l
(b) Rouse (48)
Cp= Cy=U,Kyl1-y/h) e o (3.34)
(c) Hunt (22): 6S:ﬁ6m:ﬂwhﬂrwﬁu“. vee (3.35)

(4) Jobson and Sayre (29,30)

€ g -5

[

¢, o
etk e () T T
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(e) Coleman (13)

S

g = E% +.9{ < ) J, for y/h>0.5
4 1)(1—y/h) & s Tor L 005

wherée, < = 0.1, ol, = 0.38 and 063 = 4.%1 for flumes and
Q<,1 0.13,062

!

It
i

0.20 and o<,3. = 2.12 for natural channels.
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DISTRIBUTION OF SUSPENDED SEDIMENT (REVIEW OF LITERATURE)

41 INTRODUCTION::

A% low values cof average shear stress at the bed of an
alluvial'channel, the material moves ag centact load or saltation
1cad and the stream will have only clear water flow. With further
increase in shear stress some of the bed particlesg ére carried into
the main stream and thus loocse contact with the bed. These rarticles
will travel with‘velocity almost equal +¢ the flow velocity and they

constitute the suspended load.

4+2  MECHANISM OF SUSPENSION:

One of the most interesting Problemg in mechanics of'suspension
is to study the coxact method by which sediment particles resting on
the bed are carried in suspension. Jeffreys (22) has proposed a
theory based on hydrodynamié lift., Accordinz to Jeffreys, when the
1ift on a particle is greater than its submerged weicht, the partic-

- les moves up into the flow, On the ctherhand, it ig also supposed
by scme that the turbulent fltctuatlon near the bed or boundary are

responcible for the entrainment of sediment particles in the flow,

Laursen (36) visualized 2 somewhat different mechanism of
sediment entrainment. When a particle is moving either over the
surface of the dunes Or over any'small irregularity on the bed a
stage is reached when the particls loges contact with the bed

nomentarily. If in such a case the gravitational force is small
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and the flow pattern and the veloelty of the particles are guch
that it can be taken intc the main flow and the particle will
move inte the main flow, In this connection, Laursen éoncluded
~that the rate of bed 1pad will govern the rate of suspended

load tranaport.

The sequence of eovents ieading tc entraiment of particles
into the moin flow is hypothesized by Sutherland (55) to be as
follows: As the rcounded or oval (assumed ) shaped eddies approach
the bed, they are digtorted and the velccity of the fluid within

the eddies increases. Such eddies;disrupt the laminar sublayer and

impinge on the surface layer of the particles. As a result the local
shear stress at the spot increases and causes rolling of the particles
at the incipient motion condition. At the incipient motion the eddiceg
impinge at one spot once in = while and hence sediment novement is
intermittent. At high rate of sediment transpert, when eddles impinge
on the surface la Wyer of rarticles often and at a number of rlaces,-
they exert congiderabie drag on the particles apd rccelerate them.
Some particles, because of their positi on or because of their rolling
up and over neighbouring particles, project above the mean bed level.
In such a pogition they are likely %o be entrained because of the
vertical velocity cemponent of fluid witﬁin the eddy. Ancther factor
that can assist suspension 1s the 1ift on the partlcles. If the
sedlmunt bed is covered with dunes, the bed features aid the entrain .

ment process, the troughs and upstream slopes of the dunes being the

most active region.
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Bagnold (62) has sdvaqcsl the idea that the gediment grains
can be suspended in a flow byintergranularkollisions alone with-
out the aia of turbulence. Due to vertical velocity profile, there
will be forward: and downward a8 well sg backward and upward
momentum xxxxxxxxxxxxxixxxxx&Xxx . Continuous impact of thig kind
- will develope stresses With'fertical and horizontal components
that will be traﬁsmitted to the bed. The horizontal stress will
act as 2 shear stress at the bed, Because grain colligions are
important only at the near bed region, such c0111s10ns advanced
by Bagnold should not be of any consequence in the suspengion

Process in the main body of streams.
¥

One of the approximate quantitative indicator of the mode of

i

transport is (46) the ratio of w/U,. When

W L o ses .
6;>-ﬁ:;>2, this sondltlon slgnifiey bed load.
2>-‘gl:>o.6, ‘E:his condition signifies saltation

and O.8%>—%F;>O, this condition signifies suspended load.
: % 7

From the discussions made so far, it may be concluded
that the physics of the process of suspension of rarticles
denser than fluid is stlll inadequately explained. According
to Bagnold (46) it is reasonable to assume that no solid can
remain suspended unless ut least some of the turbulent eddies

haye upward Velocity components exceeding the fall velocity

of the so0lid.
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4.3 TESORTIES ON THE DISTRIBUTION OF SUSPRNDED SEDIMENT'

In principle, the turbulent SHQQbHSJCn cf sedlment is an
adfanced stage of saltatlon and bed load transport and one ought
tc be able to describe both by one theory but no sucﬁ thecry is
availaﬁle &4 prosent und suspension ls. conventionally treated as
& phenomsnon of itg own. The majority of the analytical treatments
are baged on the concept of diffusion. These moﬂels being kinematic
in nature, describe the distribution of the suspended sediment,
provided we know the_concentratlon a2t a reference level. The
thecries tell us nothing about “he mechanism through which the
particles are put in suspension cr how much suspendied sediment

at a given flow can carry.

Although energy congilierations had been applied to suspended
sediment before the diffusion theories were formulated this approach
has ‘received little attention., In the following paragraphv discu-
bSlonS of the diffusion theory for the balanced ag well as unbalan—
ced contidion:together with the energy and stochastic moiels (for

only balanced condition) are taken up.

4.3.1 Diffusion Equation;'

| To derive the equation for unéteady non-unifor distribut on
Of suspended sediment in 2 twoe dimengiconal steady uniform flow;an
eXpresasion ig developed which gtates that in timez&t, the flow of

sediment into an element of volume minus the flow out is equal to

the change in concentration in the volume. Fie., (4.1) indicates
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the flow of-sedimanﬁ in time AL intc and out of the element of
volume in the x and y dircctions due t» flow of water and diffusicnu
The flow of sediment due to settling under gravitational attraction
is denoted by the two terms centaining the settling velcelity. Now
thé differential eouatica for the cdhcentration'can be written by
equating the contributions of sediment frem the x~ and y directions
to the inecreasge in concentration within the elementary volume in

time AXas follows:
_; — O‘ﬁ"m((ex ?))c/ «bd(\%)ﬂwba N a,b )'i“ w@ij Ay at

red
’ac

eee (4.1)

N . E)J ‘08
Dividing by A AvAt and neting that ~— +'bfj

equation (4.1) can be written as:

Y Y v €4 BE LB D W 2y 2 LICTHIEAE
u 2% ‘ea\ﬁ ¥ i 2% DN 63 Y 2" ay Y Y o -
| 42)

Bquaticn (4.2) is the basic and generalized diffusion equation

for twoc dimensionzal distribution of suspended gediment.

4.3.1.1 Concentration Distribution ®r Bquilibrium Condition:

Under equilivrium or balanced condition the concentration .
of the suspended sedlment 2% the same de}th is constant with
respmct to time digre egarding the turbulent rulsation. Morzover,
if the channel dimensicns remain const ant, it HOHS not change in
succesgsive cross-gsection along the main direction of flow providasd

that the same depth ig always considered. .
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4.3.1.1.1 lefu81on Equation for Bquilibrium COndltlon

Ebr steadmgc-caand uniform (derivative with respect to
X is zero) distribution and when mean flew is horizontal equation

(4.2) can be written ag:

Y ? _ S
--—-)*'m‘.g'a'CN@“o . ver (4.3)
Again % -5—:3- is - of second order and when the fall velcecity is

assumed to be constant equutlon (4.3) reduces to:

~

3¢ ' o
wC + ES'TEj =0 vea ce. eee (4.4)

To understand equation {4.4) it is to be noted that material
in suspension is subjected to two actions. The flrst is the action
of the upward and dcwnward turbulent velocity component The second
is the gravitational action which causes the settling of_sediment
which is heavier than water, Bquotion (4.4) is known as the diffus-
ion equation for suspended sediment under ecuilibrium condition.
Different investigator golved equation (4.4) in different waysa

which are discusged in the following paragzravhs.

Schmidt (61) assumed that both fall veloeity (w) and

diffugion co~efficient &y is constant with respect to ¥y and gave
0

*

- w(Y-0)/€
C J ,,
— a: e e e ¢ (+95
& =¢ | (4.5)
But 2s we have discussed in chapter 3 that the momentum
transfex co-efficient varies with ¥, the assumption that (?y is

constant is a rather bold one. Moreover, from equation (4.5) it is
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geen that concentration digstribution iz independent of the velocity
profile, which is not true. Hence further refinement of this agsum-

Ption is required.

Using equaticn (3.%4) Rouse (48) gave equation for the con-

centration distribution along the vertical ag:

(D_y. Dfa>o "‘. o+ e 0-_0‘(4‘06)

where, Zo- &Q is the expcnent of the sediment distribution
U

equation. Figure (4.2) shows a graph of Rouge equation for several
values of the exponent of Z5» However, Rouge equation raiseg a

-

nunber of questions (31).

(a) The solution given in equaticn (4.6) gives the relative
concentration since a reference concentration (C } has to be
known. The referenﬂe level (a) should not be choosen too clcge to

the bed az the differential equatlJn is not valid there.

(b} The main problem exist near the bed. It can easily be seen
that C(0)=>C which ig physically impessible as the concentration
can't be larger than the concentration of the lcosely packed sand

at the bed (31).

(¢) The inconsistency near the bed is due to the fact that€ (030

has been introduced which means there is no exchange of sediment

at the bed,
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(d) befinition of the location of the bed is difficult. This is
obvious if ripples or dunes are presont, but even in the case of

a plane bed the crigin of the Z-axis is difficult to define.

Laursen and Lin in their discussions to Ismail's paper (28)
argued that €3=f56ﬁﬂ and that the power law of velocity distribution
holds gocd for the whole depth. Thus they gave:

log( ) w(i+'/m) [I oc:] L (2.7)

I = M-y
(d ("("1)‘1L Vm
and y/h = \L , and a/h = o,

;n being the exponent of the velccity distribution equation. Froi

where,

Toffaleti's field observation (59) it can be said that the velocity
] distribution taken here is of the same form of equation (3.19) and
moreover Gy =K5(—;m indicates that the equation (4.7) will give a
better sediment distributioﬁ than the former equations. But the
moét bold assumption in this case is that the particle velocity is

asgumed constant which is not true.

On the otherside Hunt (22) has taken into account the space

occupid by the rarticles suspended in the fluid and has obtained‘-

.\ the following relationship *for the volume concentration.
, : )
Y VYR U, A%y
( ) i- Ca) JA=h o a- J-em)y (H
~C [i-o/m A= (5= 9w) cen (4.8)
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wheré A ig a constant which has a value slightly smaller then

unity and the congtant KH.is aimilar to Karman's universal cengtant,
Bquation (4.8) is not used in practice beoauge of its complexity.
Moreover Hunt used equation (3,34) forf}y and caleculated the

velocity gradient fion 1le fellowing equation:

U-1U

max 1 |7 W 1. B~ N1 -v/h '
. X I1 -y/h + B 1ége 5 :} eee (4.9)

where B is a constant to be determined eXperimentally. Paintal

and Garde (43) concluded thaet equation (4.8) and Rouse- equatiocn

(4.6) Ffitted the flume data equally well end therefore, that

equation (4.6) was preferable because of itg éimplicity.

o .
Einstein and Chien (62) proposed several modifications of

the theory on which equation (4.6) is based in an attempt to
explain discrepenciss between rivér data and the theory. The modi-
ficationg all involved changes in +he coneepts of the detailg of
the turbulent exéhange process. This theory is based on the ides

of the mixing length which is taken from Prandtl's theory of

turbulence ag:

\9/,€=2¢<,U*G—1;—1L)y cee eve (4.10)
and '
l =B14<‘yl(_}_1£) 200 . * e s (4.11)

5

where B1 is a dimensgiocnless factor. EBinstein and Chien's differentizsl

equation wag:
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wC + .y U*Chl_ly ’:;C}j + Nwdl y \/<h1'—1v> ’2; =0 ...‘(4.12)

where, "y = B, ( + - A,)

and the solution of the equation ig: 2 9 ,
_E, L Z)
fA4 b %1 [y [ NK% nr ’LKL‘EQ— .1
-—;I_._\:J h J —4 'i'.l\“’(?;
i+ r“h"g A |
! h | L e (4.17)

W
& U,
Here, Einstein and Chien again 4id the same assumption of Rouse
ie.; E?y =16 Eur Hence, the liiitations of Lious equutioﬁ {4.6)
are also valid in this case also. Moreover, when Yy =0, equation-
(4.13) gives ¢ = ©C | yhich is net corrsct. Again when Ay = + or
W =0, equation (4.12) then becomes: '

" +ky 7, (BL)

cr, Giy. ziﬂ + WC = 0, which is Rougse - equation for balanced
condition. Therefore it can be gaid that Binstein and Chien

‘equation is 2 medified form of fcuse’ eguation or vice-versa.

- In conclusion it may be stated that the bagic ecruation of
the theory of turbulent sediment transyport was derived from the
general nmass balance eguation by introducing certain assum iptions,
Integration of the .basic equation yieclds an exnresglon for the
distributicn of concentration, The validity of the results is

governed by the assum}tlwnq introduced (See figure 4.9). These

are as follows:

.
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(a) The process is = steady one

(b) COllisions_between the particles do not result in comminﬁtion
and the particles are of identical size. |
(c) The flow mey be regarded two dimensional

(&) Varietion in corcentration oceur in the vertical direction
only. |

(e) The mean valﬁe of the vertical component of flow velocity of
water is much smaller than the fall velocity and can thus be

neglected.

The applicability of the relations derived depends on these

assumptions being satisfied.

de3.141.2 The Energy Approach:

Rubey (46) approached the sediment transport by flow as a
problem of expenditure of the streaﬁ energy ant these ideas were
further extended by Enzpp (34). However,lthe major development
0of the coneept is dus to Bagnoldl(6,46) although Valinakov (6)
proposaed his gravitational theory which leads to similar resuits.
Valinakev gave threse basic equations for his gravitational theory,

They are -

— = , - dV_ 7 NG =
995U-Ce)B=(8-g0 Gli-c+egyll-WeV ]S (L,
where,

Cv = mean value of wvolume concentration

I

S

relative slope
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vV = main velocity

= Tluctuating component of v.

density of particle

density of fluid

V!
s
g
g

Acceleration “ue to gravity.

Aiccording to him the L.H.S. term of the eouation indicabes the

loss in potential energy over unit lensth of flow, the second term
of the R.H.S. is the work performed by the resistance and the first

term represcenting the work of suspensicn,

—_ — —— . e’ -—— z / ——
_ AL I-Cy) =€ ——{C, VUV ) e i
RGeC T Eogul-t) = e GV

b

and

q5(i+aly) = 'gg[ﬁﬂa ;:LQ)\,@’T’_] el (4.18)

Valinakov claims thése equrtion %o provide answers to the
following twoe questions:
() What is the quantity of a rarticular sediment material which
a fluid sfream ié bapable of carrying. .
(b) What igs the law contrelling the variation of sediment concen-

tration over the depth of flcow,

£

However, the following points are 40 be noted reearding

Valinakovs theory:

(1) For the process to bs a steady one, the first term in 211l

equations are zerc.
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(2) The polydisperse character of the fluid is neglected and
the sediment is token into considers :ticn-with the average concen-

tration ¢, only.

(%) Bquation (4.16) is gimply the two dimensional momentum

transpert equation of the combination of water and sediment.

(4) Bquation (4.14) and (4.15) are the balanced equation of

kinetic energy for the twc dimensional cases

In addition to these gseveral investigators gave objections
to the Valinakov's gravitational theory. The objectiona are summeri-
sed by Bogardi (6) in the'following way

Investigators Limitations or cbjections to the ﬂravltatlonal

t]’leuI‘E

1. V.M.Makkareev & 1. Concentration resulting a2t the surface is
A.D.Greshaey _ . : . . .
zero even in the cage of rather high sediment

concentration and small particle size.

2. A.D.Greshaev 1« Valikanov'sg gravitatiopal theory neglects.the
increment resistance causged by the presence
of sediment. |

‘2. The expression for -momentum current ang momen-—

tum current density in Valikanov's theory was
unfounded gince the so0lid and fiuid Thages
Pags simultaneously through the area of magni-
tude equal to the length of the differential
element { 9x = 1).

3. A.E.Ivanov . 1. Valikanov neslected the relation and the
effect of collisions between particles,which
may assume significant proportions in suspen—

ded sediment transporst.
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4. B.N, Teverovsky 1. Valikanov neglected the snergy due to
turbulence of the streams.

4.3.1.1.3 Statistical Modelg:

Since suspensiovn is mzintain by turbmlence which is random
by nature it is only natural that distribution of suspended sediment
ghould be subjected %o description by probabilistic methods. Again
since the equations of diffusion ean be mt in the. form identical
with those deseribing random functions. the present article will
-give only the references without any detail discussions on the
appé%ches. The studieg of gsuspension which have led tc the statis-
tical method started with attenpts %o relate the particle motion to
turbuléﬁce. One of the eariiest anl most guoted theoretical treatment .
. is that by Tchen (Delft Ph.D. Thesis, 1947) (46) which is summérized
by Hinze (25). Besides this references for statistical models of
approaches can be made to Bayazit (7), Bugliarello and Jackson (8),
Chiu and Chen (15), Praded (44), Sarikaya (57), Sayre and Conover

(58), Todorovic (60) and Yalin snd Sayre (67).

4.4 CONCLUSION

W.eather diffusional gravitational or statistical, the models
are not capable of answering cugstions like "How much gediment can
be suspended in a given flow ?" or what is the mechanism of suspehr
sion ? Even within the various theories thers sre analytical and

conceptual problems to overcome., The diffusion co-efficient is a

second order tensor, like stress and is not gymmetrical in non-
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isotropic turbulence. The soluticn depend on the distribution

of shear stress and veloceity in the flow of mixture and little

is known about it. The use of clean water values can hafdly be
Justified from a thecretical point of view beéause even the mean
.velocity profile ig appréciably changed by the présence of suspen-
ded sediment as seen in Chapter-3. Valikanov's gravitational
Atheory also hag Iimitations. Starting from the general dynamic
relations G.Xaradi (6)'succeeded in developing the bagic egquation
of the diffusion aﬁd gravitational theories alike and found no
substantial difference to exist between the two thecries ag long
as the flow ig a steady one congidering the fact that diffusion
theory better-fits the cbserved data well, the non~-equilibrium
digtribution of suspended sediment phencmena will be discussed in

the light of djiffusional theory in the Tollowing articles.

4.5 REVIEW OF LITERATURE ON NON-BQUIT.IBRIUM DISTRIBUTION OF
SUSPENDED SEDIMENT :

Bquztion (4.2) is the generolized two dimensional diffusion
equation, This is the basic equation used to solve dispergion
probiems. Sayre (56) discussed in detail the agsunptions that gd
into the derivation and application of this equation. He nofed
that this equation describes the digpersion process quite well if
the dispersent is in solution form or if the golid particles to
which it is applied are of low velume concentraticn so that the

volume they occupy is negligible, However applications of equation

(4.2) requirss simplifying assumptions.
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Kalinske (33) neglected the varristion of (fx and €y with

:cgi?d ¥ respectively. Alsc he asgumed v = 0, 'bxl <f( gfl an
Z{ = 0. Then again he took é; € and obtained the eguation
asg: A
aC e acC
U=y =4 & - eee (4.17)
K. 0y 8 JuL

Equation. (4.17) considers the casg of.steady non-uniform gediment
digtribution. Kalinske solved this equation for the following
boundary conditiong:

i. 80 =0 at x = O‘

ii. C=0 at y =0

i

and iii. C = constant at Yy =a=20

using these boundary conditions Kalinske obtained the soluticn ag:

y o4

o ~ WY, 4;6669@*N$&QJ -
Amem——— = ____"___ Y \ . * a0 ﬁ.18)

Ca_ \._ % . Sl'ﬁnyda | (-r

6
2 W2
where, B : - n“ 4 — 72— and x is the downstream distance.
s

Equation (4.18) reduces to the equilibrium solution when
ég is congtant. There is nc experimental evidence to verify
equation (4.18). Neverthless this equation provideg an ingight

intc ths factors affecting equilibrium condition.

Dobbins (62) assuming that all d@rivatives with respect to x
in equation (4.2) are zero and that u = 0 and éé = (&y = const,
Pregented the one dimensionsl 4iffugion equation ag:

oC C ,
W“‘C‘m +w

dad (4.19)

cﬁ,cﬂ
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Dobbins soclved this equation using two boundary conditions:

1e No net transfer of sedimont through the water surface i,e.,
. e
o
at y = 4, 5 '53 = -~ We and
2. The rate of seédiment plcks up equals the rato of deposition
on the channel bhottom. That is at y=8a8= 0, E: = -~ WC.

S ’ag

The initial condition was obtained from a known congentration

distributicn. Ultimately he obtained the following solution:

_wy _wd o, -EsAr
€s Co = O s <:'\ 2%n W
0 L_Csh(adrwieg)
: where, C, =concat t =0, _\r = 0
o,
“T n - '
4Cg
Y. = Cos X, Yo W 2, = Y and is the same
{ Qégcén _ :
as in the relation:
’ dot/ 2 €4
D by = O det/26s
wad /2€. oL _ :
Equation (4.20) reduces after stsady state is obtained to
C .
We + € ‘; =0

IifES is constant with C_ = O equation (4.20) provides a solution
_for'the cage 0f scour in which the original concentrastion is zero
for all values of y. Equ&tion,(4.20) hasg béen checked experimentalls
with good agreement. The sxperimental sel up as'used by Dobbins was
imilar 4o one used by ouse (48). IXperimental data obtained are

compared with values predicted by eguation (4.20) and is shown  in
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figure (4.4) and (4.5). Trom figures (4.4) and (4.5) one may

safely conclude the validity of the basic equaticn

AC ac . 2C .
————— L'—‘—‘““""— - ey~ .o e (4121)
¢ o ’og T

and the assumptions ro >garding the boundary conditions.
Dcbbins conurluu+1on was GuCCbSSfully applied to the design of sedi-

mentation basgins by Camp (11).

The aprroacheg ilqcussoo so far are based on the unifTorm
turbulence distribution. But in actual streams, the turbulence
intensity and thus the diffugivily very with distance from the
botton. Thereforb, in prineciple two questions must be angwered
before proceeding to the solution of the fundsmental equation of

diffusion. Thbbe are -

1. Wheather the particle fall veloeity ig influenced or not by
the turbulent fluctuwations of the fluid,

2.. Wheather the turbulent transfer of discrete varticles ag well
ag the transfer of fluid rerticles is similar or not to the trangfer

of momentum.

Quastion (1) is answered in detail in article (2.14) and for

question (2) reference should be made to Jobson and Sayre (29,30).

Now, as notad earlier, it is seldom that a river Tlow eXper-

ience a sudden change in bed roughness and bed materlul sandg. In

- such conditions, the following processes take place -
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1..%The development of internal boundary layer
2. The chenge in the bed forms of loose boundary

3. The non-equilibrium transport of guspended sediment.

If the first two processzs are neglected the problem becomes
analogous to the standard heat conduction problem., The hasic partial

differential equation then is:

oC ‘B s \C)C_. _}._w_b.g_- |
U Bx._"éa(fa 3] 'aZ - eeo (4.22)
The boundary conditions are as follows:
¢ = 0, for x O, d Sy >a
rJe - A
Ey.—,a-%wr wC = 0 for, x5 0, y=4d

C=¢Cy for x > 0, y =a

Mei (42) obtained an analytical soluticn to the above equation,

assuming that y and €, dre independant of y and constant. The

solution is: . x
~24/n -2 X%/(4RA- ZY/pd) G‘?V,, /Rd
= -eo /[ 25
n
%"g“"}‘f‘%’.‘o (3—5'/d)f@n Cosh [, (4 - 3/00.1" -
L = — =
S5 S+ (B wnfFn)
where, 7 = %g R = vd

y = C F, n= 425 -0 -0 ove

eo. (4.2%)

the roots of the equation -
- J3= 2 sy
£
and T = constant diffusion coeff. The main obiections to Meis

(42) analysis are:

o
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1. Diffusion co-efficient is assumed %o be constant (Art.%,.3.2)
2. Velocity variation along the verticsl is assumed +o be constant
which ig not true for naturui as well a2s for turbulent flow (&rt 3. 3)
3. Fall velocity of pqrthleo is assumed to be constant which ig
contrary to fact (art. 2,1.4).
4. The boundary condition

¢C=0for xd0, a4 y>a
indicates that values of x may be negetive. But eouation (4.23%)

wag not verified eXperlmentally for a negetive x value. Moreover,

a negeflve X ~ value is difficult to define physica 21ly.

On the otherhand Hjelmfelt and Lenau (23) derived an analytical
solution by considering that é&.is given by equation (3.35).However,
the boundery condition at the surface is given by:

=0 at x>0, y =4

and the sclution ig:

2
o ‘“("CK“ I/4>x
2 ; otk Plrxd & (4.24)
-A | o - N QP ALY e Ve
i_..._.-( KT Sk
K.z} m :
) £y _
_where, X = o w/— y/d
C = c/C A= w/}g,q;gU* ) é=/?3 KU, ﬁw éy/ €
A= a/d
Similar objections as to Meis (248) analyvsis can be put

forwurd for Jwelmfclt end Lenau's (23) analvsis PYCopt that the

boundary condition is justified in this cass
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Kerssens and et al (32) assumed that éfy = Ep = KUQA(1-y/d)
and they adopted Coleman'a (13) experimentzl results on sediment
diffusion co-efficient equation 3.37. The ooncentratlon profile of

their anclysis was given by the squatiorn for uniform flow.

Jﬁi_.
A, (3= %)
Cy (¥) = 0, [1 AJ X for y/d 0.5 ... (4.252)
4Cmax .
Ce (Y) = Ga d;Y . de for y/d;éip,B v..(4.25D)

Now, equation (4.25b) is similar to Rouse's (48) solution
for equilibrium case. This indicates that when v/d = 0.5 the suspen-
dea sediment distribution is the same ag for equilibrium case. There-
fore, the same question arises for the validity of equation (4.25b)
as was seen in case of Rouss's equation (4.6) in article 4.3.1.1.1.
Again, ecnations (4.23), (4.24),(4.25a) and (4.25b) contains an
exponent of the form of the exponent of Rousge's sediment distribution
equation. From article (3.3.2) it can be said that the exponent of \
the equations reguires further modifications, to fit correctly the
obgerved data. Therefore, it can be said that to get a true sediment

digtrioution profile. One must consider the following parameters:

1. Velocity as 2 function of depth (y)

2. Settling velocity as a fanction of concentration

3

%, Diffusion co~efficient as 2 funetion of Prandtl's mié}rﬂ 1ength
‘1




CHAPTER - b

FORMULATIONW OF THE EQUATION FCR NON-EQUILIBRIUM
DISTRIBUTION OF SUSPENDED SEDIMONT

5.1 INTRODUCTION::

F‘ro_m the discussibns on the previous chaplters it is evident
that the existing equations can not reliably givélgood>resu1ts.
The assumptions made'by gseveral authors are sometimes gquite con-
trary to the existing fact. In this chapter several new assumptions

are made to solve the generalizged diffusion ecuation.

5.2  FORMULATION:

From eguation (4.2) the basic and generalized diffusion

equation for the two dimensional distribution of suspended sediment

is: . ‘
PR = a%f+96%3c_+ 3¢ , 2 2€y DWD  JC
o “33 SO E AN I Y"a;jz— 2 '?ra‘ay 2t
Following Kelinske (33} it is assumed that‘éx is very small and
e g™ .
can be neglected and also %;;2<§;E;§2_' Therefore equation (4.2)
becomes: ¢
Uac , VBC 3C ey ¢ v, - v ( 5.1)
0% ‘BH+ ?BHL 35'”%%+"%fwc -t o |
For steady case 2ﬁ% = 0 and therefore
e 2 D . > '
_a?t—v,aa ,au(\.,,va_d) ,aa(wc) =0 cen oo (85.2)
7 |
AC 2 oC e : DC
——— = e { - —_— * & » * & a -
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From turbulent theory it can be assumsd that v is independant

of y and hence:

¢ D, . dC 2

U%X.:F%(€y33)4_§g (w—v) o . e.or (5.4)

Now, the term (w~v) gives the net vertical velocity of =

particle. If w is greater than v, then the particle will fall at
-the bottom.,
Thus if _

Ws':-' We “eo ‘ .o ~eve (5.5)
then it can be said that ecuation (5.4) takes care of the burbulent

velocity compenent in the vertieal direction, which was not taken

into considerations by other investigators. Thus.equation (5.4) is

WD C 2 |
U= = 5=—(&_ . —) + (w.e) ces ... (5.6)
DX ’52] YO a ?};j 5

To solve equatioﬁ (5.6) several boundary conditions consistent
with the ract are assumed..They are:
1. C=0at x>0, y £k according to Hjslmfelt and Tenau (23).
2. The boundzry condition at channel bottom is less apparent than
these at the free surface and along the y-axis. Kalinske (33) and
Apman and Rumer (3) sssumed that concéntration is constant along
the chennel bottom. The same boundary condition is adopted in this

case 2lso except that it is assumsd thot ¢ = C, = consgt. at y = a,

where a is a constant and greater than zero.
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From chapter -3 it is seen thnt Toffaleti (59) gave a
simple equation (Rg. 3.19), which describsd the flow velocity
variation along the vartical cuite well. The seme form of eecmation

is adopted here that is

U _p (y/h)" e - (5.7)

c:lr,

where, U = velocity at = depth of from the bottom

U = Average velocity
h = Depth of flow

n = an exponent
D=a cqnstént

For diffusion co-efficient Raudkivi's (46) anzlysis is

L7

€y =125 ... e, (5.8)

Now, from Prandtl'sg theory of turbulence (63) the mixing

length is given ag -

1=3HKy[i-y/n e wee (5.9)
where; B1 = & consgtant. Hence, from equation (5.8) and (5.9)
2 3- 2., o Oy
= = — / p o0 ‘e e CS-
€y =1 = BRY (1-y/n) 53 ' (5.10)
Bat from equation (5.7) .
U no ' | :
bv“'.: L{ P LI I * e (5011)
7
, - g .
Therefore, éy = nB, & y{1-y/h) U .o ere (5.12)

Fig. (7.1) shows the diffusion distribution from eguation (5.12).
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Almost all of the investigations on the digtribution of
suspended sediment were carried out under the assumption that
fall velocity of particles are congtant, But from article 2.14
it is seen that fall velocity is_related to the concentration by
a powef iaw. This concept has been used in the Present invesgtigation

in a modified way, as described below:

Let in figure (5.1) at y = h, the fluid is free of suspend ed
gediment. Therefore fall velocity at this section is equal to the
fall velocity in clear water. But as y decreases the suspended
sediment content in the flow increanses and therefore the fall
velocity will be reduced corrospondingly. Therefore.it can be said
that fall velocity is a function of Ve Based upon this reasoning
here-it is assumed that variztion of fall velocity along the vertical
can be eipressed by an equation of the form of

w

_,:;E’q (y/n)'+n - oo (5.13)

where, n is the same as in equation (5.7)

From equation (5.1%) when y = O, W = O which indicates that
at y = 0, fall velocity is equal to zero which is a fact, because
at the bed of channel particle can not have any downward vélocity;
Again equation (5.13) also shows that fall velocity is equal to
clear water fall velocity when y = h, which support the boundary

condition that at y = h concentration, is zero.
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Now, differentiating equation (5.13) with respect to y, :

2-Ws _ (14ny

‘a y - h (Y/h)n- ‘w-o .o ' P (5-14)
aW’s L1 +n) WOU . :
That iS, ’ay = K h . D‘{‘j’ LA ] ) . L . s 0 (5015)

Now, putting the values from eguation (5.7), (5.12) and (5.15) in

equation (5.6) one will get,

. .
2 gkt T i 2 s m om 130w 2C
—_ nB1K Y(1—5y. HL+ nB1 R:L{(-‘I+n,-,(2+n),y/hﬂl a+_%_®ﬁ
C (1 U : : '
E'(Dgn) ‘ N} WO sen (5.16)
That is,
oc (4+0)€ Mo 2., 0 2C 9
oL Dh)f — = nB ¥(1'Y)5"'~:*n31q.’4’(' [B( 4"11)"(1?4-11)37/11lEC
. N,
+Tj (;\a -
tee bl (5617)

Let for simplicity, it is assumed that the ratio of Ws/y is

... (5.18)

s Y,
constant and is egual tc § = n{ﬁLét =
Y ‘ DU

Then equation (5.17) becomes:

2C , |

To reducs . equation (5.19) into a non-dimensional ecustion let

C = c/ca

X = anZK? x/h

y/h
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Then equation (5.19) becomes

ac "¢ \ N7 2€
S - (1) Ao =Y (1-y) e ] (4n3 20) - (2+n)YJ-6—\(;

...(5.20)
with the following boundary conditions:

C=0forY¥=1, X0
C=0for1 HY2E=Y4 .X=0
C=1,forf=Y, .X> 0

Bquation (5.20) can be solved by the classical method of seperating
variables. Hence assuming

C= G(X) F(Y)

OCne can obtain

[ " : ] B
T - A = 10-1) =+ [(ame A ) - (24m) Y] 5 = &% (529)
{ . . "-o (5-21)
Therefore, the two resulting equations are -

6t - [(1+m)A - Kf]: 0 en (5.22)

and, Y(1-Y) F' + [(14n4A ) = (24n) Y] P' 4 E°F = 0 er (5.23)
Selution of equation (5.22) is: | | —

-[K= AQeRJX |
¢ =3 ...(5.24)

Now to solve equation (5.23), let

7>= 1 +n+A
OC=1+n+P

2




61

and K2 oe,ﬁ [ »2 -“*n))_]

then equation (5.23) becomes:

Y (1-Y) P 4 ES—(cx,Jrﬁ +1)Y] P -oufb F =0 ... eev (5.25)
Bquation (5.25) is a type of the hypergeometric differential
equation. Hence the general solution of ecuation (5.25) can be

expressed in terms of hypergeometric function of the form:

.. = eOm (B Y (Y]
HE.@7.] = BN C) N N i

Wheré, (C’(,)m = X (oX+1) (A+2) (O +3) vvvnvn. (X +m=1) for
m ;; 1 and (o), =

For the interval O (¢ ng;Y 5371 the general solution of

equation (5.25) is:
' JLx76

= B afec, p,optd=F 1T [eBO-Y) [P oot okl T
(5.26)

where A and B are arbitrary constants.

Now from the first boundary condition (equation 5.21),
it can be seen that value of 7 of equation (5.26) is zeroc and

therefore,

F = B(1-Y) H[\ﬁ-—,@ "*0‘« V- x-@+3, | \(_\ (5.27)

Combining equations (5.24) and (5.27) the zeneral solution

of equation (5.20) can be obtained as -

. T2
0(x,¥) = BB o - AU () ““ﬁHE’%& Vdf, V-l -BH, I \] 5.28)

R
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Now the interesting point of eguation (5.28) is that it ‘
can be used for the distribution of suspended load under ¢

equilibrium condition also. This is described in the following

article.

5¢.2.1 Equilibrium Condition: .

Under equilibrium condition the concentration of suspended

sediment at a particular level does not change with distance,that

is, o =0
D' :
In this case, for egquilibrium conditién one can write:
%;%,= 0 cre ‘o eee(5.29)
Equation (5.29) gives: for %%X = 0 |
P - iifi)z% (14m) A ...(5.30)

The 2nd term of the R.H.S. Of equation (5.30) arises due to the
variation of fall velocity with depth. Hence in case of egquilibrium
condition, if the fall velocity is constant, then one should agsume
that | (1+n) is negligible and hence in this case it is neglected

and therefore equation (5.30) reduces to:

or p = Ugn) e e (5.31)

Thus the distribution of suspended sediment under equilibrium

condition is:
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or, C(X,Y) = (l Y) H[n 1, 3+ A, -ﬂ - (5.32)

\r T NEA

If a = 1-n, then one will get
e
C(X,Y) = Bﬁ "'_“(—'ﬁ“‘""". H [-n,a+n, 1+7\ ’1'—ﬂ o e * e (5.33)

Therefore, the distribution of suspended gediment under equilibrium

condition can be expressed by the equation:

- (=Y) :
CXY -'_'—B - :Fa‘ ,1+n 1"Y "o [ 3 Y .
(1,Y) = 8B ——te. ¥ (1-7) (5.34)
aj+n Lo . '
Where, Fg (1~Y) is called ihe Jacobi Polynomical,

X .
C% Now, eguation (5.34) can be put in form as that of Rouse
n (48) equation by assuming that at Y = Yp» C = 1. Then equation
(ﬂ (5.34) reduces to:
A . .x @ +n ‘
Y. SRS
C(X!Y) = n+}\ . ( Y)}\ - FQ \+)\ s e . 000(5-35)
- ¥
_ A f—
Y LCHED N <' \rA)
I3 4-Y)

Neglecting the ratio one will get

Fa,|+7\
Y?\-}-n Q"TA) _
A t= C
C{X,Y) = . ( ‘/) ees (5.36)
\( A ("\fA Pas
_ If n is taken equal to zers for congbent velocity. Then

Ve

C(X,Y) = . ce o (5.37)

Y » Q B \@7\
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“Which is of the form of Rouse (48) equation. N

5.2.2 NON-EQUILIBRIUM CONDITION:

s The generalized eguation for the -distribution of suspended

sediment under non-equilibrium condition now stands as:

~[KERG+R ]
¢(x,Y) = BBE .H['i'fn\w, e AR "‘“l’j (5.38)
Following Hjélmfelt and and Lenau (23 ) let _equation
(5.38) is written as a series of the type of
—NtA L OO
(¢(X,¥) = / o , 1-_1-“2'3+7\+P€
“’n+ \-P 1y )] (5.59)

——

where P; are the roots of -the equation

[1‘”’1 P, l‘é_“r}. A= P, 1+, 1..%] = 0, such that at Y = YA"‘
¢(X,Y,) = 1,. Now let Q(Y,Pt.) = HE%+?\+{1 A ‘“ﬂ (5.40)

Thererore equation (5.4C) reduces to

Kf )\0+w§ X |
o(X,Y) = ] L"\f [S’A‘k Neyd F;;( 5.41)

Now one of the boundary condltlon ig that at X = 0, ¢ = 0 and

i

therefore from (5.41) one will get
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o1 = eq, Q (v, B) oo (5.42)

A
} N
Multiplying both sides of equation (5.42) vy Y™ (1-v) o(Y,P. )

S

one will get o
| ‘ nth o = N A — '
;'Ak.\( (;~\O @ Cy.8) aly, &) :_.\" (l—\() &<y, B - (574%)

SR
Integratlng equation (5.43%) within the limit YA to 1,

A -

jA{ T 6 ek )alr®) dy = -f\f G- &Cw)d Yoo (5ag)
In Appendix-I, it has been shown thai oY, Pt t = 1,2 0c00n.

form an orthogonal system with the weight function Yn+;\ (1-Y) and

therefore from equation (5.44)

J YM?\(‘_Y%\& (Y PJC) é\r/
j Yoy R Ay

From Appendlx—II values of the integrals of equation (5.45) are

t:I‘ ER e (5.4—5)

as follows:

i “’Mx | =2 E}QCYA h()
ey, —7‘ Y ( )
T (1-Ty (Y, Py) 4y = = _
Y p? | ij a+n+>> J "" FIeA =) (LN
(-Y%.) 2P Y
and JY“”U-?;'?‘QZ (Y, P,G) ay = .
oo 2R

Therefore, equation (5.45) reduces to
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DO N R .. e (5.47)

Thus the equatiocn for the distribution of suspended sediment

under non-—squilibrium condition is:

A a0 RLEIC) SACLUS

"{ J O 2@ g
C(X;Y) = 1—? _ ﬂn)ZJ’aQ \)’A P_@OQ(Y P—t)

——r

e (5.48)
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CHAPTER — &

SXPERIMENTAL INVESTIGATION

61 INTROTUCTION

The experimental certification of the analytizal sclution
described in chapter-5 for the distribution of suspended  sediment
wnder non-equilibrium condition was made in the River Bngineering -
Laboratory of the Water Resocurces Engineering Department of BUET,
The experimental set up as well as the measuring technique are

discﬁssed in the following articles.

6.2 EXPERIMENTALT, SET-UP:

Sediment free water was 2llowed +o flow over the 70' x 24t =
2%t tilting Tlume bed at the entrance, The sediment free water
gradually started Picking up sediment from the bed until equilibriv-
1s reached. Water with suspended sediment was transported to a
settling tank, where particles in suépansion settled down. The cle>—
water (water at the upper level of the tank) was then delivered 1o
the Sump tank attached with the flume for recirculation. Detailed
degeriptions of the experimental apparatus and auxilliary ecquipment

are made in the following articles with reference to Figure 6.1i.

6.2.1 Settline Tank: Two settling tanks of dimensions 40! x 2-36 -

2'-6" and 70'-0" x T'-6" x 2'-6" were used to collect the weter

with suspended particles from the flume. The smaller tank may he
.

called an additional settling tank in which small brick baffles.or

3
Ll I“l‘
"
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1" height were used to retard the fluid motion. This tank was
located 3' f4 above 4the larger gettling tonk or the main settling
tank. Partially cleared water of the additional tank were trang-
ported to the main tank by gravity action through two 8" diameter
Pipes. Pumps for delivering clear water to the sump tank of the

flume were installed 2t one end of the main settling tank,

6+42.2 Pumps Used: In total four number of vumps were uged for the
experimeny. Two of them were set to punp water into the main channe:
from the sump tank and the remaining two were used for delivering

the clear water from the main settling tank to the sump tank.

6.2.3 Recirculating Tilting Flume: The 70' x 2.5' x 2.5' glass

~ sided tilting flume of the River Engineering Laboratory had been

used as the semi-rigid chamnel. The thickness of the sand filline
was 0.5' and this was kept constant for every set of run. To protec™
the over all movement of the sand bed from the flume & 0.5 ft high

steel plate was put at the end of the flume.

6.2.3.1 Dischargze and velocity measurements: Flow meters were (one

for each line) attached at the Pipe lines connecting the fiume outle-.

and the additional settling tank. Thus the discharge throﬁgh the
channel were obtained directly in litre/second. The veiocity of
differsnt levels of the main channel were determinad by a current

meter.
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£.2.3.2 Determination of concentration: - Sanmpling of water

containing suspenled pérticles were made by syphoning method.

For this purpose a £" D glass tube is bent into a L-pattern

(See Figure 6.2). The top end of the larser limb of the L-tube

was pushed into a rubber tube which terminated into the sompling

beaker., Water entered into the lower horizontal 1im5 of the IL-tube
was forced to flow upward to be collected at the sampling

beaker by creating a vacum in the tube by mouth. The volume of the

sample was then measured. Then beaker with the sample in it was

put into an oven until all the water hnd been evaporated leaving

behind the particles in the beaker. Then the weight of the particles

was taken to find the amount of particle per unit volume of the

sample.

6.2.3.3 Bed materials: Sands wefe used as the bed material of the

channel. The thickness of the sand bed was kept 0-51" for every sget
of investigations. Thres types of sands namely Type-I, Type-II
and Type-I11 were used for three sets of investigations. The grain
size distribution curves of the bed material sand are shown in

Figures 6.3, 6.4 and 6.5,

6.3 PROCETURE:

Hung were cbnducted for three diTferent fall veloecities of
particles (hence three types of bed materials) and for each parti-

cular fall velocity investigation again were carried our for three
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Step-1:

Sﬂep~3:

Step-4:

Step-5:
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different channel slopes. A single set of investigation involved

the following steps:

Preparing the channel bed with the desgired material at

the desired slope.

Positioning the sampling tubes (L-tubes) =2lons the centre

line_qf the chennel according %o the ‘plan shown in Fizg.6.6.

Starting of the pumps.

When the desired condition =2t the sanpling station is
reachzd current meter readings at the sampling sectionsg

were taken along the centre line of the channel sce Fig.6.%4,

Collecting samples of sufficient volume by the tubes already
iastalled. Szmple from depth of y/h = 0.1 was teken by a

tube which was not fixed earlier.

Recording of temperature and flow meter reading.




CHAPTER - 7

COMPTITLATION OF DATA AND EVALUATION .OF RESULTS

Ted INTRODUCTION:

The present regearch was aimed ét finding the vertical and
longitudinal concentration profiles of suspended sediment under
noﬁ-equilibrium condition. To do this the two dimensional diffusion
equation was solved analytically based on several assﬁmptioﬁs. To
test the theoretical analysis laborateory experiments were carried
ou% for different set of conditiong. The data of the laboratory

experiments are given in Table 7-t to 7-18. The observed velocity

and concentration profiles are shown in Fizures 7-% to 7-20. In tne

following articles detail discussions on the results are made.

7.2 DIFFUSTION CO-~-EFFICIENT:

In this investigation the author developed a new scuation to
describe the diffusion ratiern assuming that the diffugion co-efri-
cient was a function of Prandtl's mixing length {(19). Due to this

assunptions, a new consgtant B haed besn developed in place Of/6 R

1 L
which ig the ratioc of the momentum transfer co-efficient to thet

of the gediment transfer co-efficient.

he values of the experimentzal resulits were put into ths
authors equation and compared with- both the Rouse (3.34) and Coélainan
equation (3.37) and it was found that the value of B1 wag 1.5,

FPigure 7.1 shows the plotting between the non-dimensicnal depth




72

(y/h) against 15;/U*h drawn on the basis of author's equation
(5.12). On this figure, curve drawn on the basig of Rouse and
Coleman equafion were also drawn for the convenience of comparison
with the authors curve. From the figurs it could be séen that
diffusion co-efficient increased as (y/h) increased and +this ten-~
dency remained upto y/h = 0.6. After this, the value of &,/Ush-
decreaged with the increase of (y/h). But curves after colemn's
equation showed that ES/U*h remains constant for y/h:?O.S. Again,
when y/hw<Q.5 Rouse and Coleman's equation give practically the

same value of €_/Uh.

Figare 7.1 also indicated that for y/h< 0.6, the value given
by the author's eqguation was always less than the values obtained
by either Rouse or Colemzn equation. For example, when y/h is equal
to 0.3, the authors equation gives diffusion co-efficient equal to
0.04 which was about 30% less than the'values from either Rouse or
Coleman equation. BEut for y/h;>0.6, there wag practically no differ-
ence between the values obtained by the authors eguation and the
Réuse egquation. Since Coleman's equation give a constant é%/U*h,
the digcrepency between the values from authors equation ana Coleman
le%uatiﬂn-was much after y/h>>0.5. This might be due to the fact that
Celemans eguation was based solely on the obserﬁed dats and he did
not congider the velocity variation along the vertical, Moreover his
flume study was carried out under ecuilibrium condition of sediment
distribution. Regardinz the observed diffusion pattern of the EBrnorse

river by him (™igure 3.8}, it could be said that the values of the

‘ratio of fall velocity to shear velsocity were high and in this cases
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equilibrium of concentration occured rapidly. Moreover, as the
depth of flow of She river was not more than 5.0 £+, it could be
said that mixing of the sediment over the flow depth was uniform
and resulted in a constant diffusion co-efficient when y/h is

greater than 0.5.

T3 VELOCITY DISTRIBUTION REQUATION:

Following Laursen and Tin (28), Toffaleti (59) and Scheidesger
{(53) the author also éssumed a power law velocity distribution
equation to describe the velocity pattern of a sediment laden
channel, In Figures 7.3 to 7.11 curves ghowing the varistion of
- velocity ratio (U/T) with depth ratio (y/h) were drawn. In these
figures thsoretical flo& profiles were drawn on the bagis of the
authors equation while the observed profiles were drawn from the

test data given in Table 7.1 to 7.9.

From Figures 7.7 to 7.111it was apprent that veloecity variéd
with the distance and this went on increasing to the maximum value
when the depth ratio was 1. The figures also indicated that the
obgserved and the theoretical velocity profileg practically coincidsad
With each other except near the bottom region, This might bz due to
the fact that the observed vrofiles were drawn on the basis of the
current meter reading obtained at points away from the channel bed.
Since it was very difficulf to measure the valocity close to the
channel bed, hence no measurements were taken 2t the bed level =one.

Stil1l it could be said +that the authors equation could deseribhe the
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velocity profile for the entire depth of flow which was not
bpossible by the logarithmiec velocity distribution equation,

As for an example, at the bed level (y/h) = O the author's .

equation gave zero ve1001ty which was agsuned to be correct for
all practlcul pruposes. But from logarithmic ve1001ty -equation
the velocity wag infinite at the channel bottom. The follow1ng

table had been compiled using the data of Table 7.1 to 7. 9.

Table 7.19

MultlprlnF factor and exponent obtained from laboratory tests

BED MATERIAL-I BED MATERIATL-II BED MATERIAT~IIT

BED SLOPE

‘ - 0.0 0.0025 .00375 0.0 0.0025 0.00%75 0.0 .0025  ,0037
Exponent

- of |velo-

city Eq- ,

ua?ion a) 0.39.0.39 441, -0.39% ,L405 417 .40 .432 .45
Multiply

constant

SLOPE OF BED SLOPE OF BED

= =l
o = oy ]

From Tuble 7.19, 1t could be said that the multlpljlng congtantg
(D) of the authors eguation varied between a narrow range of 1.058
to 1.296 2nd their average wag 1.977. Yoffaleti(59) from fisid
Observation %ound that the multiplying consgtant was 1.15, which
was Verf close to the authors value. The zbove table also indicates

that the ezponent of the v91001ty cguation 1ncreused ag the slot:D

0f the channel wag increased for = constant bed material, This was
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iﬁ good agresment with Vanoni's (63) investigation. But Toffaleti

(é9) found that tns expoﬂen%.of vie veiocity equation was 0.155

w$ich wag 2bout 30 to 40 percent less +than the authors values.

T%e reasons.for this discrepency might be due to the following

cénditions: '

E (2) Toffaletl (59) assumed that <+he velocity at y/h = 2.5
i-was.qual to the averase flow velocity

(v) His_cdmputation was baged on data from Mississippi river

moid only

(c) Flow of the Mississippi river was not strictly two

dimensional

(d) In field observation shear due to wind play an important

s role in determining the velocity distribution.

7 l4 FALL VELOGITY:

i Considering the fall velocity as a function of depth, the

auhhor agsumed an egquation of the form:

1+n

| RC

O

toldesrribe the fall velocity of particles in a sediment laden

channel, Figure 7.2 ig = plotting of the authors equétiOn for fall
v91001ty Concentration ratio obtalnod from Rouse equation was

put into Maude and Whitemore equetion (2. 13) to get a relationship
be%ween the fall volocity and the vertical distance. This relation

was shown in Figure 7.2 for comparison with the authors equation.

It 1s indicated in the figure that fall velocity increased with the
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distance from the channel bottom. Both the eoustions showed that
_ fall veloecity war zero at y/h = 0. This was 2 clear indication
of the fact that concentration of pariticle at the channel boﬁfom
waé 80 high that the particle could not have any falling velocity.
furthermore, the equations showed that the fall velocity was egual
to the velocity of a single particle falling under a guiescent
2T condition through a fluid of infinite extent. This was due to the

fact that at the free surface level of the channel, the concentra-

tion of the particle tended %o be zero.

A comparison between the two curves of the figure showsd
thét the authors curve nearly coincided with Maude and Whitnmore
curve for y/h{0.5. But for the zone 0.5&y/h1, the authors
equation gives a greater value of fall veldcity than Maude and
Whitmore eguation. This might be due to the fact that Maude and
Whitmore 4id not congider the cozzulation or Tloceulation effect of
the particles. As the suspended particle settled, they coagulated
and their size increaged resultiﬁg in'an increasgse in the fall

veliocity.

Bquation (5.13) can also be written in the following
furietional form:

_%_C:: )L(U) eer (7,1)

I
where the fall velocity is a function of the flow velocity.
Levin (6) derived similar type of equation basad on average flcow
velocity. But the above equation is more rational because of

incorporation of point velocity. Using data of Run~5. Levin's
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equation gives net fall velececity equal to 70.0242 fps, whereas

the authors ecuation (at ¥ = 0.6) gives f2l11 velocity eoual to
0.0238 fprs, the discrepency being only 1.4%Z:However this dis-
crépency increases as the depth ratio (y/h) increased or decreased.
This ig beecause Levin (6) assumed that both the fall velocity and

--the flow velocity,remained constant, which wag not true.

7.5 CONCENTRATION DISTRIBUTION:

Figures 7.12 to 7.20 gshow the concentration variation for
[

constant Y(.: y/h). Vertical gadinent concentration profiles of
the sampling sections are also shown in thése curves. From these
'fiéures, the curves of concentration variati on for constant ¥ are
seen to be vertical at the origin, bending until they are parallel
to the channel bottom as‘equilibrium is reached. The relation between
the concentration ratio at a particular depth and the longitudinal
distance were given in fisure 7.21. From this figure the influence

of :k', the ratic of particle fall weloeity to the main flow velcoeity
could be observed. is A is increased‘due to increased fall velocity
or decreased averagé flow veloecity the concentration ratio was also
decreaged and eguilibrium was reached mofe rapidly. Conversely,
concentration ratio increased and equilibrium was apﬁroached less
rapidly as A was decreased. Hjelmfelt and Lenau (23) also obtained
"similar results in their thecretical analysis. (Sse Figures 7.23 and
7.24). For example an 66.67% Cacreane of'>\caused an 150% iancrease

of reletive concentration whereas Hjelmpelt and Lenaus (23) analysis

gave approxzimately 143% increase. The distance required to attain
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P of the equilibrium concgntrétion at a depth of y/h = 0.5 was
shown in Fig. 7.22. Similar graphs could be drawn for different
depth ratios. The maximum value of x/h occured for A = 0, as

would be expected from the results of Figure 7.21 and x/h dascreased
as Adncreased. Figure 7.22 indicated thét for typical values of 2\
a considerable length of the channel is required to reach any degree
of equilibrium. For example if w/U = 0.06, P = 0.704 and Y = 0.5,
then the digtancs required would be x/h = 3.9 of X = 3.9h. Bjelmfelt
and Lenay (23) developed similar graphs for average concentration

over the flow depth.

It was also observed during the laboratory experiments that
scouring of the bed at the channel entrance was much more than the
downstream end (Plate {1 and 2). The explianation of this behavior
could be drawn from Fisure 7.25. Wear the orisin most of the suspen-
ded.sedim?nt wag confined to their houndary layer and the diffusion

co-efficient within this layer was smaller- than the average value

(42). As the boundary layer grow in thickness, the average diffugion
corefficient within the layer increased until it cxceeded the channel
depth average and the relative magnitude of the scour rates were

reversed. Shahjehan (54b) also found similar resuits and explained

the behavior from the competency points of views.

It might be concluded from the above that the present inves~’

tigations and observations could be used in predicting the concen-

tration profile under non-equilibrium condition.
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7.6 CONCLUSIONS:

The experimental works prasented in this study has given

congiderable support to the following conclusions:

1. The analysis presented is suitable for the computation of
harizontal as woll ag vertical concentration profiles, under

- non-equilibrium and equilibrium conditions.

2. The distance required to reach equilibrium concentration ie
a function-of W/J and can be obtained using this analysis. The less
is the value of W/U the more will be the distance required $o reach

equilibrium and vice versa.

3. A small increase in W/U ratio causes a tremendous decrease

in relative concentration.

4. The diffusion co-efficient is a function of Prandtl's mixing
length, (1) and the authors eguation can be used for all practical

purposes.

5. A power law velocity distribution equation is suitable to

describe the concentration variztion

6.i Fall velocity of particles is a function of the distance from
the channel bottom and the authors equation can be used to represent

the concentration profiles.

Te Erogion of the bed materizl is less under equilibrium condit’ ‘n
compared to erogsion of the bed material under non-equiliibrium Covt=

dition.
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8. " The results of the computations depend on the selection

of the represent:tive flow velocity, the particle fz2l1l diameter

and the reference level (YA)' These parameters should always be

verified

by means of prototype measurements.

7.7  SCOPE FOR FURTHER STUDY:

Several avenues of additional -study have been opened up by

this work and they may be summerizad as follows:

i.

ii.

iii.

iwv,

vi.

Since the shape and size of the channel geometry depend

on the suspended sadiment transport experiments need to

“be taken up to predict the chamnel geometry from suspended’

sediment distribution pattern.

The study have been done under non-tidal condition; The
mathematical analysis can be extended for tidal resime

under well mixed flow condition.

Test need to be corried out to find the value of the total
suspended load transport through a particular section by

integrating the equation of verticael concentration profile.

Scour rate study should be carried out on the bagis of the

Present theoretical study.

The study should be extended for collection of field data
of suspended sediment to correlate with the mean flow

velocity.

More study should be carrisd out to obtain = correct .

pattern of diffusion distribution.
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TABLE - 7.1

MEASUREMENT POR VELOCITY PROFILE
AVERAGE VELOCITY = 0.70 Tps

Expt. No.1 DISCHARGE = 2.70 ofs
Date:9.9.53 SLOTE = 0.0025 | |
_ TYPE OF BED MATERIAL = TYPE-I (Dgy = 0.196 mm)
DIST. FROW HEEIGHT ABOVE VELOCITY TELOCITY RATIO
Ch. ENTRANCE(£4) BOTTOM(y /h) (U)(Fps) _(u/1) .
5 0.106 0.34 T 0.485%
0.320 0.52 ' 0.742
0.640 0.73% 1.040
0.810 0.76 1.080
10 0.106 0.35 : 0.500
0.320 0.59 0.840
0.640 0.80 C1.140
0.810 0.78 1.110
20 0.106 0.35 - 0.500
0.320 0.64 0.914
0.640 0.72 1.028
0.810 0.80 1.140
30 0.106 0.37 0.530
' 0.320 0.61 "~ 0.870
0.. 640 0.76 1.085
0.810 0.83 1.816
45 C.106 . 0.36 0.514
0.320 0.60 0.857
0.640 0.79 ‘ 1.128"
0.810 0.79 1.128
65 0.106 0.38 0.540
0.320 0.562 0.880
0.640 0.75 1.070

0.810 0.81 . 1.160
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TABLE - 7.2

VMEASUREMENT FOR VELOCITY PROFILE

DISCHARGE = 2.72 cfs
AVERAGE VELOCITY T
SLOFE = 0.00357

TYPE OF BED MATERIAL = TYPE-I (Dgqo = 0.195 mm)

Expt.No.2
Date:10.9.83%

0.725 f£ps

i

DIST. FROM ~ HBIGHT ABOVE VELOCITY  VALOCITY RATIO
Ch. ENTRANCE(£%) BOTTQM(y /h) (U) (fps) (/o .

5. 0.11 | 0.317 0.437
0.33 0.510 0.703
0.67 ~0.780 1.070
} 0.83 0.750 1.034
10 . 0.11 ' 0.316 0.435
0.33 0.520 0.717
0.67 0.770 ~1.060
0.3 0,790 1.090
20 0.11 0.308 - 0.424
0.33 ~0.570 . 0.786
0.67 0.770 1.062

0.83 0.790 1.090 ,
30 0.11 0.7306 0.422
0.33 0.540 0.750
0.67 , 0.760 1.040
0.83 0.800 . 1.100
45 1.11 0.333 0.460
0.33 0.520 0.720
0.67 0.720 . 0.990
0.83 0.820 . 1.130
65 0.11 0.306 - 0.420
0.33 0.510 . 0.700
0.67 0.710 0.980

0.83 0.840 1.160




TABLE - 7;3

MEASURAMENT FOR VELOCITY FROFILE

DISCHARGE = 2.70 ofs

Bxpt.No.3 AVERAGE VELOCTTY = 0.632 fps
Date:11.9.83 SLODE = 0=0 |
IYPE OF BED MATERIAL = IYPE-I, (Dsy = 0.195 mm)
DIST. FROM HEIGHT GBOVE  VELOCITY — VELOGITY BATid
Ch. ENTRANCE(Lt) BOTTOM (y/h) (U)(fps) (U/T) :
5 0.097 0.333 0.5%
0.292 0.487 0.77
0.585 0.641 1.01
0,810 0.641 1.01
10 0.097 0.320 0.50"
0.292 0. 450 0.71
0.585 0.560 1.04
0.810 0. 620 0.98
20 0.097 0. 300 0.47
0.292 0.470 0.74
0.585 0. 660 1.04
0.810 0.670 1.06
30 0.097 0.300 0.47
" 0.292 0.480 0.76
0.585 0.650 1.02
0.810 0.680 1.08
45 0.097 0.290 0.46
| - 0.292 0.460 0.73
0.585 0.560 0.89
0.810 0.730 1.15
65 0.097 0.310 0.49
0.292 0.430 0.68
0.585 0.550 1,02

0.810 0.760 1.20
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MEASURZMENT FOR VELOCITY FROFILE

Bxpt . No.4 DISCHARGE = 2.70 cfs
Date:12.9.83 AVERAGE VELOCITY = 0.7045 fps
' SLOPE = 0.0025 .
IYFE OF BED MATERIAL = TYFRE-ITI (DSO = 0.235)

DIST. FROM HEIGET AROVE VBLOCITY  VELOCITY RATTO
Ch.BNTRANCE(ft) BOTTOM (y/h)  (U)(fps) (u/T)
5 0,108 1 0.32 0.454
0.324 0.52 0,740
0.650 0,73 1.037
0.810 0.70 0.990
10 0.108 0.39 0.550
C.324 0.55 0.780
0.650 0.76 1.070
0.810 - 0.82 - 1,160
20 0.108 0.38 0.540
0.324 0.58 0.820
0.650 0.77 . 1.090
0.810 0.78 ©1.100
30 0.108 0.36 0.511
0.324 0. 61 ~0.860
0,650 0.73% 1.040
0.810 0.79 1.120
45 0.108 . 0.36 0.511
| 0.324 0.57 0.809
0.650 0.76 1.080
0.810 0.78 1.100
»65 | C.108 0.35 0.496
0.324 0.58 0.820
0. 650 - 0.69 0.980

0.810 ' 0.80 1.13%5
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TABLE - 7.5

MEASUREMENT FOR VELOCITY FROFILE
DISCHARGE = 2.70 cfs

Bxpt.No.5 AVERAGE VELOCITY = 0.76 fps
Pate:13.9-83  gr0pw = 0.00557
IYFE OF BED MATERIAL = TYPE-II (Dgy= 0.235)
DIST. FROM HAEIGHT ABOVE VELOCITY  VELOCITY HATIO
Ch. ENTRANCE(ft) BOTTOM (v/h) (U){(£ps) (u/t)
5 0.117 0.39 0.51
0.350 0.58 0.76
0.700 0.79 1.04
0.880 0.76 1.00
10 0.117 0.42 0.55
0.350 0.61 0.80
0.700 - 0.81 1.06
0.880 0.83 1.09
20 ' 0.117 0.40 0.5%
0.350 0.61 0.80
- 0.700 0.81 1.06
0.880 0.84 1.10
30 0.117 0.43 0.56
0.350 0.63 0.8%
0.700 0.80 1.05
0.880 0.82 1.08
45 0.117 0. 41 0.58 .
| 0.350 0.64 0.84
0.700 0.80 1.05
| 0.880 0.83 1.09
65 C0.117 0,41 0.54
0.350 G.63 0.83
0.700 0.79 1.04
0.880 ' 0.84 1.10
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TABLE - 7-6

MEASUREMENT ¥OR VELOCITY I'ROFILE
DISCHARGE = 2.70 cfs

Bxpt.No.6 AVERAGE VELOCITY = 0.648 fps
Date:13.9.83 SIOPE = 0-0 |
TYPE OF BED MATERIAL = TYPE-II (Dgo= 0.235)
DIST. FROM HBIGHT ABOVE VELOGITY VELOCITY RATIO
Ch. ENTRANCE(ft) BOTTOM(v/h) (U){fps) (U/U)
5 0.10 0.29 0.44 .
0.30 0.37 0.58
0.60 0.58 0.90
C.75 0.68 1.05
10 0.10 0.33 0.51
0.30 0.49 0.76
0.60 0.69 1.07
0.75 0.70 1.08
20 0.10 0.36 0.55
0.30 0.50 0.77
0.60 . 0.67" 1.03
0.75 C.74 1.15
30 - 0.10 0.34 0.53
0.30 0.49 0.76
0.60 0.65 1.00
0.75 i 0.64 0.98
45 ' 0.10 0. 41 0.64
0.30 0.50 - 0.77.
0.60 0. 69 1.06
0.75 0.72 1.11
65 0.10 0.39 0.60
0.30 G.55 0.84
0.60 0.68 1.05
0.75 0.75 1.16
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TABLE -~ 7.7

MEASURBMENT FOR VELOCITY PROFILR
DISCHARGE = 2.71 ofs
AVERAGR VELOCITY = 0.632 fps

Bxpt.No.7

Date:14.9.8%
SLOFE = 0-0
| _ TYPE OF BED MATERIAL = TYPE-III(Dgy = 0.161 mm)
DIST. FROM HEIGHT ABOVE  VELOCITY VELOCLITY RATIO
Ch. BNTRANCE(Ft) BOTTOM (y/h)  (U)(fps) (11/T7)
5 . 0.097 - 0.34 0.54
0.292 0.50 0.79°
0.585 0.64 1.01
| 0.810 0.65 .05
10 0.097 0.32 0.50
'0.292 0.46 0.73
0.585 0.67 1.06
0.810 0.68 1.08
20 0.097 0.30 0.47
‘ 0.292 0.47 0.74
0.585 0.64 1.01
0.810 - 0.66 : 1.04
30 0.097 0.31 . . 0.49
0.292 0.4€ 0.73
0.585 0.65 1.02
0.810 0.69 - 1.02
45 S 0.097 , 0.32 0.50
0.292 0.46 0.73
0.585. 0.65 1.02
0.810 0.66 ' 1.09
€5 : 0,097 0.%% 0.52
0.292 0.51 0.80
0.585 0.€6 1.04
0.810 0.71 1.12
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TABLE- 7.8

MBASUREMENT FOR VELOCITY PROFILE
DISCHARGE = 2.70 cofs
AVERAGE VELOCITY = 0.7045 frg
SLOPE = 0.0025
_ TYPE OF BED MATERIAL = TYPE-III(Dgn= 0.161 mm)
DIST. FROM HEIGHT ABOVE VELOCITY VELOCITY RATIO

Expt.No,.8
Date:15.9.83

Ch. BNTRANCE(fE) BOTTOM(y/h) (U){fps) (u/0)
5 0.108- 0.32 0.45
0.324 0.50 0.71
0.650 0.74 1.05
0.810 0.71 ' 1..00
10 . 0.108 L 0.32 0.45
0.324 0.55 0.78
0,650 0.75 1.06
0.810 0.76 1.07
20 0.108 0.%3 0.46
0.%24 0.56 0.79.
0.650 0.75 1.06
0.810 0.74 1.05
30 " 0.108 0.30 0.42
0.324 0.56 0.79
0.650 C0.74 1.05
0.810 - 0.73 _ 1.03
45 0.108 0,31 - 0.44
0.3%24 0.57 0.81
0.650 0.75 1.06
0.810 0.76 : 1.08
65 0.108 0.32 0.45
0.324 0.56 1 0.79
0.650 0.75 1.06

0.810C .75 ' 1.06
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TABLE - 7.9

.MEASUEEMENT FOR_VELOCITY FPROFILE

DISCEARGE = 2.70 cofs

AVERAGE VELOCITY = 0.76 fps

SLOKFE = 0.00%57

TYPE OF BED MATERIAL = TYPE*III(DBOz 0.161 mm)

Expt.No.9
I2%e:15,9.8%

DIST. FROW HEIGHT ABOVE ~ VEBLOGITY VELOCITY RATIO
Ch. EBNTRANCE(ft) BOTTOM (v /h) (0)(fps} (u/7)
5 0.117 0.42 0.55
- 0.350 0.58 - 0.76
0.700 0.84 1.10
0.880 0.78 . 1.02
10 0.117 0.41 0.54
0.350 0.64 0.84
\ 0.700 0.86 1..13
0.880 0.89 - 1.17
20 0.117 0.10 0.5%
0.350 0.6% 0.8%
0.700 C.79 1.04
0.880 0.86 1.13
30 0.117 0.39 0.51
- 0.350 0.64 ' o.84
0.700 0.86 1.13
- C.88 0.87 1.14
45 0.117 0.40 0.53
G.350 0.63 0.83
0.700 0.85 1.12
0.880 0.86 1.13
65 0.117 0.41 | 0.54
- 0.350 0.65 0.85
0.700 0.86 1.13

0.880 0.90 1.18




) TABLE - 7.10

CCHCTUNTRATION MEASUNEMENT
DISCHARGE = 2.70 cfs ' X =

Fxpt.No.1 STOPE = 0.0025 Y =
. Date=952-§3 AVERAGE VELOCITY = 0.70 fps 1A=
Temp.29-67C TYTE OF BWD MATERIAL = TYPE-I g\*
TONGT. HT.ABOVE  CONCENTRA- CONC.RATIO  C
DISTANCE(X) BoTTOM(Y)  TION(C)(gm/1) [C/Ca] Ca
v 0.45 - 0.1 - 0.8300 ~1.000
' 0.3 0.1826 0.200
0.6 0.0740 0.089
0.8 0.0269 0.032 0.30
) 0.90 0.1 1.6000 1.000
0.3 05360 0.210
0.5 0.1712 0.107 0.60
0.8 0.0864 ' 0.054 0.50
1.80 0.1 2.6500 1.000
0.3 0.6700 0.253 0.82
0.5 0.3070 0.116 0.65
0.8 0.1000 . 0.037 0.35
2,70 " 0.1 2.9400 1.000 ~  1.00
0.3 0.7790 - 0,265 0.86
0.5  0.3150 0.107" 0.60
0.8 0.1111 0.037 0.35
4.04. 0.1 4.1000 1.000 1.00
0.3 1.0740  0.262 - 0.85
. 0.5 0.4980 0.121 0.68
o 0.8 C.1680 0.041 ©0.38
t
’ 5.84 0.1 5. 6000 1,000 1.00
./ 0.3 1.5500 0.277 0.90
’ 0.5 0.6160 0.110 0.62
SN 0.8 0.2600 0.046 0.43
b
{
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TABLE - 7.11
CONCENTRATION WBASUREMENT . n o= 0.441
Expt.No.2 DISCHARGE = 2.72 ofs A= 0.57
Tte:10.9.8% . STOPE = 0.00357
Temp.35.2°0C TYPE OF BED MATERIAL = TYPB-T
TONGT. OT. ABOVE  CONCENTHA- CONC.RATIO  C TY, T-(m0)
DISTANCE(X) BOTTOM(Y)  7TON(C)(em/1) (C/0q) T et
0.529 0.1 0.2890 1..000 1.00
0.3 G.0664 . 0.230 0.70
0.5 0.0312 0.108 0.55
0.8 0.0107 0.037 0.30
1.050 0.1 0.9090 1.000 1.00
0.3 0.2545 0.280 0.85
0.5 0.9270 0.102 0.52
0.8 0.0389 0.042 0.35
2.110 0.1 1.2500 | 1.000 1.00
0.3 0.3375 0.270 0.82
0.5 0.48%7 0.147 0.75
0.8 0.0625 ¢ 0-050 0.4
3.175 0.1 1.4350 1.000 1,00
) 0.% 0.4104 0.286 0.87
0.5 ©0.2100 0.147 0.73
0.8 0.0738 0.051 0.42
4.760 0.1 2.3%600 1.000 1.00
0.3 0.7220 0.306 0.93
0.5 C.3510 0.149 0.76
0.3 0.1290 0.055 0,45
; 6.870 0.1 2.8600 1.000 1.00
0.3 0.8950 0.%13 0.95
¢ 0.5° 0. 4500 0.157 0.80
0.8

0.1610 0.056 0.46
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TABLE — 7.12

GUNQENTRATION MBASURBEMENT n=_.39

i t » - = M
Bxpt.¥o.3 DISCHARGE = 2.70 A= 0.72
Date:11.9.83

o .  AVERAGE VILOCITY = 0.632 fpe
remp. 34.97C 'SLOPE = 0-0
TYPE OF BED MATERTAL = TYPE-T

LONGT. HT. ABOVE ~ CONGANTRA- CONC.RATIO T TY,|~(men)
Dlsmtmc (X) 3BOTTOM(Y) TION(C) (£m /1) (c/0y) C, Li”ll
0.421 0.1 0.128 S 1.00 1.00
| 0.3 0.027 0.2 0.72
0.5 0.010 0.08 0.51
0.8 0.00% 0.02 0.25
0.842 0.1 0.500 1.00 1,00
0.3 0.118 0.2% 0.80
0.5 0.049 0.09 0. 60
0.8 0.016 " 0.03 0.32
1.682 0.1 0.680 1.00 1.00
0.3 0.162 0.23 0.81
0.5 0.068 010 0.62
0.8 0.022 0.03 | 0.34
- 2.520 0.1 0.766 1.00 1.00
' 0.% 0.185 0.24 0.82
0.5 0.074 0.09 0.59
0.8 .0.026 0.0% 0.35
3.800 0.1 0.780 1.00 1.00
0.3 0.191 0.24 0.8%
0.5 . 0.080 | 0.10 . 0.63
0.8 0.027 0.0% 0.356
5. 470 0.1 1.070 . .00 1.00
0.3 0.284 G.26 0.90
0.5 0.114 0.10 0. 65
0.8 0.045 0.04 0.42




LABLE 7.13
CONCENTRATION MEASUREMENT

Expt.No.4
DISCHARG

SLOPE = O.
AVERAGE VELOCITY =
1YPE OF BED MATERIAL = TYPE-TT

Temp.33%.3°0

= 2.70 cfs

0.7045 fps

HT. ABOVE  CONCENTRA- CONC. RATIO
DISPANCE( {) BOTTOM(Y) TION(C) (/1) (c/cy)
. 0.1300 1.000
3 0.034%3 0.264
5 0,0174 0.1%4
8 - 0.0071 0.055
1 0.1470 1.000
3 0.0433 0.295
.5 0:0212 0.144
.8 0.0086 0.058
.1 0.3300 1.000
.3 0.1023 0.310
5 0.0594 0.180
.8 0.0236 0.071
0.6700 1.000
3 0.2360 . 0.3%52
5 0.1260 0.188
.8 0.0531 0.079
1 1.2200 1.000
3 0.4510 0.370
5 0.2020 0.106
.8 0.0990 ¢. 081
.1 2.1300 1.000
3 C.7700 0.363
5 0.3750. 0.176
.8 0.1860 ¢.C87
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TABLE 7.14

.CONCENTRATION SASUREMENT

. ' n = 0.417
Expt.No.5 ]Lz 0.4%
Date:13.9.8% DISCHARGE = 2.70
Temp. 31.6°C . STovE = 0.00357 _

- AVERAGE VELOCITY = 0.76 fps | o
TYPE OF BED MATERIAL = TYFE~IT

Lowgr. —~  HT. ABOVE ~ CONCENTRA-  GONG . RTi0——T TL] — (o

DISTANCE(X) BOTTOM(Y)  LTON(C)(gm/1) (C/¢) C, LYfJ

0.472 0.10 0. 445 1,000 1.00
0.30 0.114 0.256 0.65

0.50 0.017 0.102 0.40
0.80 0.008 0.050 1 0.29
0.945 0.10 0.700 1.000 1.00
0.%0 0.198 0.284 0.72
0.50 0.116 0.166 0.65
0.80 0.047 0.067 0.39
1.890 0.10 0.800 . 1.000 1.00
0.30 0.245 0.307 0.78
0.50 0.139 0.174 0.68
| ~0.80 . 0.059 0.074 0.43
2.830 0.10 1.100 - 1.000 1.00
0.30 0. 768 0.335 0.85
0.50 © 0.205 0.187 0.73
0.80 0.084 0.077 ' 0.45
4.250 0. 10 1.300 1.000° 1.00
0.30 0.446 0.343 0.87
0.50 0.249 0.192 - 0.75
0.80 0.113 .087 0.51
6.140 0.10 1.600 1.000 1.00
0.30 0.576 0.360 G.9
0.50 0.132 0.202 .79

0.80 0.149 0.093 0,54
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TABLE -~ 7.15
CONCENTRATION MEASUREMENT n = 0,395
Expt.No.6 A= 0.534
Date: 13.9.83 DISCHARGE = 2.70
Temp. 31.5°% SLOT'E = 0.00
TYFE OF BED MATERIAL = TYPE-IT
TORGT. HT, 1BOVE  CONOENTRA< CONC. RATIO C [ YL]-(mr)
DISTANCE(X) BOTTOM(Y) TION(C) (am/1) (¢/cy) CAITYTJ'
0.42 0.1, 0.104 1.000 1.00
: 0.3 0.024 0.216 ' 0. 60
0.5 0.012 0.117 0.52
0.8 0.004 0.046 0.32
0.85 0.1 0.300 1.000 . 1.00
0.3 . 0.082 0.274 0.76
0.5 0.041 . 0.138 0.61
0.8 C.159 0.05% 0.37
1.70 0.1 1.750 1.000 1.00
0.3 0.525 0.300 0.83
0.5 0.287 0.164 0.73
0.8 0.104 0.058 0.41
2.56 0.1 2.100 1.000 1.00
0.3 0.657 0.313 0.87
0.5 0.3%44  D.164 0.73
0.8 0.130 . 0.620 0.43
3.84 0.1 2.920 . 1.000 1,00
0.% 0.934 0.320 0.89
C.5 0.467 0.960 0.71
0.8 0.172 0.059 0. 41
5.54 0.1 3,330 1.000 1.00
0.3 1,020 0.306 "~ 0.85
0.5 0.571 0.171 . 0.76
0.227 G.068 L 0.47

0.8




TABLE - 7.16 105

CONCENTRATION MEASUREMENT

Bxpt.No.7 _ n = 0.400
Date: 14.9.83 DISCHARGE = 2.70 A= 0.324
Temp. 30,69 STOPR = 0-0
AVERAGE VELOCITY = 0.632 fps
TYP® OF BED MAYRRIAT = TYPE-ITT |
LONGT. = =0T, ABOVE — CONCENTRAS CONC.RATIO "C 7Y, T ~(nry)
DISTANCE(X) - BOTPOM(Y) TION(C) (am/1)  (c/C,) Co Ly
0.421 0.1 0.1250 1.000 1.00
0.3 0.0310 0.248 0.55
0.5 0.0175 0.140 0.45
0.8 0.0069 - 0-055 - 0.25
0.840 0.1 0.3120 1.000 1.00
0.3 0.0Y58 0.307 0.68
0.5 0.0535 0.171 0.55
0.8 0.0263 0.084 0.38
1.680 0.4 0.4800 1.000 1.00
0.3 0.1620 0.338 0.75
0.5 0.0970 0.203 0.65
0.8 0.0400 0.084 0.45
2.520 0.1 047930 1.000 1.00
' 0.% 0.3045 0.384 0.85
0.5 0.1800 0.227 0.73
| 0.8 0.0912 0.115 0.52
3.800 0.1 1.1200 1.000 1.00
0.7% C.4540 0.406 0.90
0.5 0.2720 0.243 0.78
0.8 0.1187 0.106 0.48
5.480 0.1 2.%500 1.000 1,00
0.3 0.8810 0.375 0.83
0.5 0.6016 0.250 0.82
0.8 0.3%290 0.140 0.63
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TABLE 7.17
| CONCENTRATION MEASUREMENT n = 0.432
Expt.No.8 | A= 0.27
Date: 15.9.83 " DISCHARGE = 2.70 :
Temp. 33.6°C . SLOTE = 0.0025

AVERAGE VELOCITY = .7035 fps
TYPE OF BED MATERIAL = TYPE-TTT

TONGT.  OT. LB0VE  CONCRNTRIA= CONC_RATIO  C [, ] -(oiA)
DISTANCE(X) BOTTOM(Y)  TION (C)(em/1) (c/cy) C‘a[Y—‘_}

0.50 0.1 0.145 1.000 1.00

0.3 0.047 0.323 0.70

0.5 0.010  0.025 0.55

0.8 0.01% 0.09% 0.40

1,00 0.1 0.335" 1.000 . 1.00

0.3 0.124 0.370 0.80

0.5 0.073 0.219 - 0.68

0.8 0.039 C.116 0.50

2.02 0.1 0. 600 1.000 1.00

0.3 0.250 0,416 0.90

0.5 0.140 0.233 0.72

0.8 0.840 0.139 C.60

3,03 0.1 0.920 1.000 - 1.00

0.3 0.38% 0.416 0.90

0.5 0.238 0.259 ©.80

0.8 0.135 0.146 0.63

4.54 0.1 0.875 1.000 1.00
0.3 0.384 0.439 0.95 ;

0.5 0.240 0.275 0.85

0.8 0,132 0.150 0.65

6.56 0.1 1.680 1.000 1.00

' 0.3 0. 691 0.411 .89

0.5 0.472 0.281 0.87

0.8 0.254 0.150 C.65




TABLE 7.18 ' . 107

CONCENTRATION MEASUREMENT

Expt.No.9 | | - B =0.45
Date: 15.9.83 DISCHARGE = 2.70 cfs - A=o0.24
Temp. 32.9°C SLOTE = 0.00357
TYPE OF BED MATERIAL = TYPE-II
TONGT. AT. ABOVE CONCENTRA- CONC.RATIO € VY. —(n+A)
DISTANCE(X) BOTTOM(Y) . TION(C)(gm/1) (C/Cy) C, [YA]
0.57 0.1 0.163% 1.000 1,00
0.3 0.046 0.281 0.60
0.5 0.026 0.164 0.50
0.8 , 0.015 0.095 0.40
1.14 0.1 - 0.470 1.000 1.00
0.3 0.158 0.337 0.72
0.5 1 0.092 0.196 0.59
0.8 0.050 0.107 . 0.45
2.28 . 0.1 0.870 1.000 1.00
0.3 0.346 | 0.%98 0.85
0.5 0.197 0.227 0.69
0.8 0.124 S 0.143 . 0.60
3.43 0.1 1.19 - 1.000 1.00
0.3 0.502 0.422 0.90
0.5 0.313 C.263 0.80
0.8 0.172 . 0.145 | 0.61
5.14 - 0.1 | 1.580 1.000 1.00
0.3 0.690 0.435 0.93%
0.5 0.447 0.28% 0.86
| 0.8 0.225 0.142 0.60
7.43 0.1 3,380 1.000 1400
0.3 . 1.480 0.440 0.94
0.5 0.912 0.270 . 0.82

0.8 0.588 0.174 - 0.73
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EXPERIMENTAL DATA " EMPIRICAL FORMULAS
(1) AFTER SCHILLER (® SCHILLER et al.
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APTPENDIX -~ T

ORTHOGONAT, SYSTEM o(Y.P)

It is shown herein thet Q(Y,Pt), t =1,2,3.......Fforms

| S - nan, A
an orthogonal system with respect to the weicht function ¥ ()

. The methods ugsed and the results ohtained can be found
in many works on applied mathematics such as Refs, (17), but

are included here for the convenience of understanding.

Now, from equation {5.23) if F(Y,P) is substituted by

Q(Y,P). Then one can write:

2 .
Y(1-1) ?%f?iﬁu§)+ [K1+n+7l) - (2+n)f]—;g§§2ﬁl KzQ(Y,P) = 0

.....(A-I- Y
2 Qv P) +}‘ 4AEN _2en | 08P [p (' )Ta(w)

oYF LY Gy oY IRy " Ta-r) a 1_2)

Multlplyan equation (A-I-2) by é———w)n+\*1 (1 Y)1 N\, cne will get

or,

75? [ YT+ (4 _gf -2 BQC\r Pj [ JT (1-1) Mgy, P) =

Now, let Pt and Pr be any two distinct values with

cer @-1{9

corrosponding eizen functions Yt and Y . Then

—

...(A—I 4y
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and
9 T 14nen 12 90K %) | V 1 _
Y (1-Y) - t> = - P2 _ any2 ) oneA -A N,
Y o }_P‘G (07| 777 0 avRy
...... (A-I-5)

Multiplying equation (A-I-4) by Q(Y,Pt) and equation
(A-I-5) by o(Y,¥.) and then substracting i+ is possible %o

obtain -

-2 2y DA =\
(By = ¥2) Y770 (=77 0(Y, 7)) o(Y,By) =

————

0 MRy Ay, ) -—-———3&\(\“?’)— 7140 () 1) Q4 ol
oy L oy ST

Integratinglequation (A~I-6) between 1imits_YA to 1,
1

Ya : 1
- dRCY.R,) (LIS
= 14+n+x _vyl=A _ R
[Y (1 Y) {Q(YoPt) a-_"""T Q(YvPr? ’b\l, J

|1

s e 0. O(A""I"’T)

Now, the conditions are such that when Y = 1, (1-¥) =0 and when
Y = YA! Q(Y&, Pt) =0, t =1,2,3 ......;Therefore if the values are

put in equation (A-I-7) it will aive:

1

‘(PE - 12 [y (1Y) o(7,7,) OY,By) AY = 0 ... (A-T-8)

A
A
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Moreover, gince t. one can write
’

1

jY"“‘U-Y)"“Q(Y,Pt) AY,Bp) ¢ =0 ... (A-1-9)
v " o

la

Equation (4-I-9) shows that Q(Y,P,),% = 1,2,3 .....form

an orthogonal system with the weight function YA . (1~—Y)—7\
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ATPENDIX - II

INTEGRATION OF Yn+7‘(1-Y)“7‘Q(Y,Pt) and T (1-7) ™ (v, 1 P,)
From equation (A-I-7) it is possible. to write.
j |
(2 —‘P2J/ -1, By oY) AT =
| 0_( oaly, P
1+m)"ﬁ -Y, )1 ?\{Q(YA,I) M AY,,Py) aT (5. P) A-TE1)

That ig,

: 4+ A (R ’bQ(\’ )
J Yn+?\(1-Y)—7]Q(Y,'Pt) olT,P) av = \Ifx ("\TA) &(Ym?)

) : CP 2 Pa (A-T1I-2)
W

Now, as P .5 P
1

t one can_get using L'Hospitals priciple

A e 280 ) 3eln.h
eI 0

(i‘\fg 'b\/ o
(v, rt) ay =-A o X

L t

A Again intesrating equation (A-T-3) term by term over the

(A~TI-~%)

interval YA to 1, one will get

4 I+nd N
. I...
J Yn+7\(1—Y)—>\Q(Y,Pt) dy = \fA ( \O
YA

-7 VR as P{D
DY

(1+n) J - (4-II-4)
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CAPPENDIX —~ ITT

TOCATION OF ROOTS 'Pt

From mathematicg the hypergeometric solution of the

hyprogeometric equation is:

T LYy
F(O@ﬁ,)ﬁ )—{___’W E([@ X+ - \}H lvfiﬁ .

veee.  (A=ITTI-1)

T
> )
A I

-G-X ‘lf,@éoc 350(,,6+1

But in thisg cage:

.o(,: 1+n+7\+P ﬁ,. 1_+2_r_1_+7\__~ P, 35-_—1+?L, X=1~YA

Therefore one ocan write by iden.tify:

14n ' -—H L1+ ‘”‘7\—0
LT + A+ +7\_ P, t+2A_, 1 ‘{:‘—~ — l_— =
| 'SP+p[ 2 —p

¢

14n 140 M+ ?\3?\+ n
H + A+ P, + P, 14n+
[2 z i ] j—ﬁ“"—-—mm”*n PN

-(n+A )
Y,

J‘.L

I:—§—4 P, 12~ 5, qen-n, Y%:]’ e (A~TII-2)

Since YA is very small, theh one will get,

]1+7\,—>\-—n ' +Y-—(n+7\.) ‘1+7\'?\+-Il; -0
r1 - | IEE A -}'*ﬂ-+%¢P ll%E+)t-P

’

.o (A-IT1-%)

Now, for (n+A)> O the second %erm in eatza,fion (A~ITT-3) will

dominate the first. Hence the positive zeros of ecuations (A-TIT1-3)

are approximately the poles of ' J “Z_n + NP

Hence,

t+7L+2 A k) %':' 112;5,' ------
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APPENDIX -~ IV

EVAIUATION OF _%.gLYA, p,) Q

It was assumed that

Y, P) = H[%E + A+ Py B0 B, 14, 1‘—Y7} cer T (A=TV-1)
or Ay, P) ]—HH #2+ Py Bt 2e 2, 14, ryflj (A-TV-2)
Differentlaiung equation (A—IV-2) term by tarm, one will get -

+n 2 .27 2
o(v,,7) . _ pp L=y , L6222 01 .
DY B T+

(142 ) (24 ) 12

. 2 '
1 2 y2 '

[(%E +A) -~ l__] (1'—Y5'i.} o e (A—IV—B)
(1+n) 2+ ) |2 ' | |

Thersfore,

39 (Y,,8) o . 5 (N/2 s+ ¥+ Py (N/2 + = Bidla(1-7,)
= PZ (any, 1% -
U F=| ;

1 ' | cee  (4=TV=4)

(5 +XN+ P ar-4) (N/24+A-P +r - %

Rti=1]

=
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