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Abstract

In this thesis we present efficient sequential and parallel algorithms for solving
generalized vertex-coloring (/-vertex-coloring) problem and generalized edge-
coloring (/-edge-coloring) problem on trees. For any positive integer /, an /-vertex-
coloring of G is an assignment of colors to the vertices of G in such a way that any
two vertices # and v in G get different colors if dist(u,v) < I, where dist(u,v) is the |
length of the shortest path between u and v in G. An /-vertex-coloring is optimal if it

uses minimum number of colors. The /-vertex-coloring problem has applications in

various scheduling problems. We present an 0(loga x(l + 2)2" X n) time sequential

I+] _1
nis

algorithm to solve the /-vertex-coloring problem on trees 7, where a =

>

A-1
the number of nodes in the tree 7" and A is the maximum vertex-degree in 7. If both A
and / are bounded integers, then our algorithm runs in linear time. This 1s the first
sequential algorithm that guarantees an optimal solution for the problem. We then
present a parallel algorithm that solves the /-vertex-coloring problem on frees in
O(log, n) time using O(a X (I + 2)2" X n) processors on the EREW PRAM model. The

l-edge-coloring problem on trees can be defined analogous to /-vertex-coloring
problem on trees. We then present a simple strategy to transform /-edge-coloring
problem to /-vertex-coloring problem and develop a sequential as well as a parallel

algorithm to solve the /-edge-coloring problem on trees. The sequential /-edge-

coloring algorithm takes O(Ioga><(l+2)2‘z xn) time while the parallel /-edge-

coloring algorithm takes O{log, #) time using O(a x (I +2) x n) processors on the
EREW PRAM model. All our algorithms, except the sequential algorithm for /-
vertex-coloring problem, are first known algorithms to solve the corresponding

problems.
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Chapter 1

Introduction

In this chapter we provide the necessary babkground and motivation for the study on the
coloring of graphs. In Section 1.1, we give a historical background of the development of
coloring of graphs. In Section 1.2, we give a generalization of ordinary vertex-coloring
problem and provide the necessary motivation for generalization. In Section 1.3 we
define a generalization of ordinary edge coloring problem. Finally Section 1.4

summarizes our results together with the known ones,

1.1 Background

Recent research efforts in algorithm theory have concentrated on designing efficient
algorithms for solving combinatorial problems, particularly graph problems. A graph

G = (V, E) with n vertices and m edges consists of a vertex set ¥ = {v,,v,,...,v, } and an
edge set £ = {,,e,,...,, }, where an edge in E joins two vertices in ¥. Figure 1.1 depicts

a graph of 8 vertices and 11 edges, where vertices are drawn by circles, edges by lines,

V7

V3 é7 Vg

Figure 1.1: A graph with 8 vertices and 11 edges.

vertex names next to the vertices and edge names next to the edges. Efficient algorithms
have been obtained for various graph problems, such as coloring problems, planarity

testing problem and maximum flow problem.
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1.1.1 Vertex-coloring Problem

The vertex-coloring problem is one of the most fundamental problems on graphs. A
vertex-coloring of a graph G is an assignment of colors to the vertices of G in such a way
that any two adjacent vertices get different colors [Wes99]. The vertex-coloring problem
is to find a vertex-coloring that requires the minimum number of colors. The minimum
number of colors needed to vertex-color a graph is called the chromatic number of the
graph G and is denoted by y(G). Figure 1.2 depicts an optimal vertex-coloring of a graph

G using 3 colors, where the colors are written next to the vertices.

2

Figure 1.2: An optimal vertex-coloring of a graph G.

A graph G is k-colorable (or k-vertex-colorable, more precisely) if there is a valid vertex-
coloring of G with & colors. If /(G) = &, then G is k~chromatic. All vertices having the
same color are in the same color class and form an independent set. Therefore, G is &-
colorable if and only if G is k-partite. Let &(G) is the number of vertices in the largest
complete subgraph of G. Since vertices of a complete subgraph require distinct colors,
2(G) = o(G). Suppose, a(G) is the maximum size of an independent set of vertices in G

and G contains 7 vertices. Since each color class is an independent set, ¥(G)=n/a(G).
Let A(G) be the maximum degree of any vertex in G. Then x(G)< A(G)+ 1. The details

of these observations can be found in [Wes99].

Vertex coloring arises in a variety of scheduling and clustering applications. Compiler
optimization is the canonical application for coloring, where we seek to schedule the use

of a finite number of registers. In a program fragment to be optimized, each variable has a
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range of times during which its value must be kept intact, in particular, after it is
initialized and before its final use. Any two variables whose life spans intersect cannot be
placed in the same register. A graph can be constructed where there 1s a varnable
associated with each vertex and an edge between any two vertices indicates that the
variable life spans intersect. A coloring of the vertices of this graph assigns the variables
to classes such that two variables with the same color do not clash and so can be assigned
to the same register. The most important application of vertex-coloring is in scheduling of
any kind. If the vertices of a graph G represent a set of university courses, with edges
between courses with common students, then the chromatic number is the minimum
number of periods needed to schedule examinations without conflicts. One of the most
famous problems in graph theory also involves coloring. It is known as 4-color problem.
A map is a partition of the plane into connected regions. It requires determining whether
the regions of every map can be colored using at most four colors so that no two

neighbouring regions have the same color.

1.1.2 Edge-coloring Problem

In graph theory, many problems about vertices have natural analogues for edges. Edge-
coloring problem is one such example. An edge-coloring of a graph G is a labeling of the
edges in (7 in such a way that any two adjacent edges get different colors [Wes99]. A
graph G is k-edge-colorable if G has a valid edge-coloring with & colors. The edge-

chromatic number y'(G) of a loopless graph G is the minimum & such that G is k-edge-
colorable. z'(G) is also called chromatic index in some literature. The edge-coloring

problem is to find an edge-coloring that requires minimum number of colors. Figure 1.3
shows an edge-coloring of a graph G using 3 colors where the colors are written next to
the edges. It may be noted that a graph consisting of an even-length cycle can be edge-

colored with 2 colors, while odd-length cycles have an edge-chromatic number of 3.

As it was with vertex-coloring, various theorems exist that indicate bounds for ¥'(G).
Since edges sharing a common vertex need different colors, ¥/(G) 2 A(G). Vizing [Viz64]
and Gupta [Gup66] independently proved that A(G) + 1 colors suffice when G 1s simple.
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They also proved that every simple graph with maximum degree A has a valid (A + 1)-
edge-coloring. For graphs with multiple edges, Vizing and Gupta proved that
2 (G)< A(G) + u(G), where 1G) is the maximum edge multiplicity.

Figure 1.3 Edge-coloring of a graph G.
The edge coloring of graphs arises in a variety of scheduling applications, typically
associated with mimimizing the number of non-interfering rounds needed to complete a
given set of tasks. For example, consider a situation where we need to schedule a given
set of two-person interviews, where each interview takes one hour. All meetings could be
scheduled to occur at distinct times to avoid conflicts, but it is less wasteful to schedule
non-conflicting events simultaneously. We can construct a graph whose vertices are the
people and whose edges represent the pairs of people who want to meet. An edge
coloring of this graph defines the schedule. The color classes represent the different time
periods in the schedule, with all meetings of the same color happening simultancously.
Scheduling games in a football league is another example where edge-coloring can be

applied.

1.2 Generalized Vertex-Coloring

There are many generalizations of ordinary vertex-coloring. In this section we describe a

generalized vertex-coloring called an l—veltek-coloring [ZKNO0O].
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1.2.1 I-vertex-coloring

A natural generalization of the ordinary vertex coloring is the /-vertex-coloring. Let / be a
positive integer and G be a graph with positive integer weights on all its edges. Then an /-
vertex-coloring of G is an assignment of colors to the vertices of & in such a way that any
two vertices » and v in G get different colors if dist(u,v) < [, where dist(u,v) is the length
of the shortest path between # and v in . Clearly an ordinary vertex-coloring is a 1-
vertex-coloring. Figure 1.4 shows a 3-vertex-coloring of a graph & using 2 colors where

colors are drawn next to the vertices and edge-weights are given next to the edges.

Figure 1.4: A 3-vertex-coloring of a graph using 2 colors.

The minimum number of colors needed for an /-vertex-coloring of a graph G is called the

I-chromatic number of G and is denoted by x,{G). An Ivertex-coloring of G using
2,(G) colors is called an optimal /-vertex-coloring of G. The /-vertex-coloring problem

15 to find an optimal /-vertex-coloring of a given graph G.

The applications of the /-vertex-coloring are all the applications of vertex-coloring. The
examination scheduiing problem in Section 1.1.1 can be generalized now so that there is

a gap of / periods between any two examinations of courses having common students.
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1.3 Generalized Edgé-Coloring

Like the generalization of vertex-coloring, there are different generalizations for edge-
coloring problem. In this section we describe a generalized edge-coloring called an /-

edge-coloring.

1.3.1 l-edge-coloring

A generalized edge-coloring or l-edge-coloring of a graph G is an assignment of colors to
the edges of G in such a way that any two edges e¢; and e, in G get different colors if
dist(e1, ;) < I, where dist(ey, ey) 1s the length of the shortest path between the nearest
endpoints of ¢; and ¢; in G. The minimum number of colors with which we can obtain an
l-edge-coloning of a graph G is called the /-edge-chromatic number of G. The l-edge-
coloring problem is to find an optimal /-edge-coloring of a given graph G. Figure 1.5

shows a 2-edge-coloring of a graph with 4 colors.

Figure 1.5: 2-edge-coloring with 4 colors.

l-edge-coloring can be applied to all applications where edge-coloring can be applied.
However, /-edge-coloring can incorporate more constraints than the ordinary edge-
coloring. For example, the problem scheduling of football matches can be extended so

that rematches are scheduled with a reasonable time gap between them.
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1.4 Summary

This thesis gives sequential and parallel algorithms for solving /-vertex-coloring problem
and /-edge-coloring problem on trees. In this section, we summarize our main results. The

known results are given in Table 1.1. Our new results are given in Table 1.2

Classes of Graphs | Time Complexity Reference

Partial k-tree 0(n3 +nx(a+1F ) Zhou et al. (IEICE 2000)
Tree (k= 1) ol +nxa® ) Zhou et al. (TEICE 2000)
Tree Olnxa) Kashem et al. (ICCIT 2000)

Table 1.1: Known results for /-vertex-coloring.

Classes of ) .
Problem Algorithm | Complexity

Graphs

Trees [-vertex-coloring | Sequential O(loga x (1 +2)* x n) time

Trees I-edge-coloring | Sequential O(loga x (I +2)* x n) time

: O(log, n) time using Ola x (I + 2)** xn

Trees I-vertex-coloring | Parallel (log; 7) £ ( U+2) )
processors on the EREW PRAM model
O(log, n) time using Olax (1 +2)** xn

Trees l[-edge-coloring | Parallel (log; ) ¢ ( (+2) )
processors on the EREW PRAM model

Table 1.2: Our new results for -vertex-coloring and -edge-coloring.

The symbol a in table 1.1 stands for the number of colors used in the coloring. First.
algorithm has been developed actually for solving /-vertex-coloring problem on partial &-
trees and second algorithm is a restriction of first algorithm with £ = 1. Third algonithm 1s
the first known direct approach to solve the /-vertex-coloring problem on trees. This

algorithm uses a greedy strategy to assign colors to the nodes in a post order fashion.
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Though third algorithm runs in linear time it does not guarantee an optimal solution. No
parallel algorithm exists for /-vertex-coloring problem. Moreover, no attempt has been

made to date to solve the /-edge-coloring problem.

In this thesis, we present sequential and parallel algorithms to solve the /-vertex-coloring
and /-edge-coloring problems on trees. For bounded / and «, our sequential algorithm for
{-vertex-coloring algorithm can find a valid coloring of a given tree with a colors in

linear time. Moreover, it can find the optimal number of colors as well as the optimal /-

41

= is the upper bound of

vertex-coloring in time O(loga x (I +2)% x n), where a =

the number of colors. Our remaining algorithms are the first known algorithms of their
kind.

The thesis is organized as follows. Chapter 2 gives preliminary definitions. We give an
efficient sequential algorithm for /-vertex-coloring problem on trees in Chapter 3.
Chapter 4 gives an efficient parallel algorithm for the same problem. In Chapter 5, we
present a sequential and a parallel algorithm to solve the /~edge-coloring problem. Finally
Chapter 6 concludes with the results and future works.
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Chapter 2

Preliminaries

In this chapter we present some basic terms and easy observations, Definitions that are
not included in this chapter will be introduced, as they are needed. In Section 2.1, we start
with some definitions of the standard graph-theoretical terms used throughout the thesis.
In Section 2.2 we discuss about properties of trees. In Section 2.3 we define parallel
computer models most widely used in parallel algorithm development and analysis.
Section 2.4 describes tree contraction algorithm that is used in Bottom-up Algebraic Tree
Computation problems. And finally in Section 2.5 we show a way to convert a rooted tree
into equivalent binary tree so that we can apply tree contraction algorithm on the

equivalent binary tree.

2.1 Basic Terminology

2.1.1 Graphs and Multigraphs

A graph 1s a structure (V, £)) which consists of a finite set of vertices 7 and a finite set of
edges E; each edge is an unordered pair of distinct vertices. We call (G) the vertex-set

of graph G and E£((G) the edge-set of (G. Throughout this thesis, the number of vertices of
(7 1s denoted by n, that is n=|V| and the number of edges of G 1s denoted by m, that

ism=|E|. If e = (v, w) is an edge, then e is said to join the vertices v and w and these

vertices are said to be adjacent. In this case we also say that w is a neighbour of v and
that e is incident to v and w. If the graph G has no “multiple edges” or “loops” then G is
said to be a simple graph. Multiple edges join the same pair of vertices while a loop joins
a vertex to itself. The graph in which loops and multiple edges are allowed 1s called a
mudtigraph. Sometimes a simple graph is simply called gfaph, if doing so creates no

confusion.
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2.1.2 Degree of a vertex
The degree of a vertex v in a graph G is the number of edges incident to v and is denoted
by di(v) or simply by d(v). The maximum degree of G is denoted by A(G) or simply by

A. A vertex of degree 0 is called an isolated vertex.

2.1.3 Subgraphs

A subgraph of a graph G = (V, E) 1s graph ' = (V', E") such that }’ < Vand £' c £; we
write this as G' ¢ G. If ¢ contains all the edges of (7 that join two vertices in 7 then G’
is said to be the subgraph induced by V' and is denoted by G[V']. If V" consists of exactly

the vertices on which edges in £’ are incident then GG’ is said to be the subgraph induced

by E’ and is denoted by G[E"].

V3o

ez Ve

(b)

Figure 2.1: Subgraphs of G in Fig. 1.1: (a) vertex-induced subgraph, and (b) edge induced subgraph.

We often construct new graphs from old ones by deleting some vertices or edges. If visa
vertex of a given graph G = (V, E) then G — v is a subgraph of G obtained by deleting the
vertex v and all the edges incident to v. More generally, if V7 is a subset of V then G- V'
is subgraph of G obtained by deleting the vertices in 1" and the edges incident to them.
Then G — V" is a subgraph of G induced by ¥ — V. Similarly if e is an edge of G then G —
e is th subgraph of  obtained by deleting the edge e. More generally, if £ ¢ £" then G —
E' is a subgraph of G obtained by deleting the edges in £'.
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2.1.4 Weighted Graphs .

A graph where each of the edges has a positive weight associated with it is called a
weighted graph. Now if " is the set of all positive integers then we can define the weight

function for the edges as w: £ > T".

2.1.5 Paths and Distances

A vo—v; walk in G is an altermating sequence of vertices and edges of G,
¥Vy,€,,¥,---, V1, €,V;, beginning and ending with a vertex, in which each edge is incident
to two vertices immediately preceding and following it. If the vertices vo, vi,...,v; are
distinct (except possibly vo, v;), then the walk is called a path and is usually denoted by v
v1...v. The length of a path in an unweighted graph is /, one less than the number of
vertices on the path. A path or walk is closed if vy = v;. A closed path of length at least

one 1s called a cycie where vy = v; is the only vertex repetition.

In a weighted graph, the length of a path is determined by weights of the edges
constituting the path. So the length w(P) of a path P is defined as w(P) = ZKP w(e).The

distance between any two vertices in a graph is the length of the shortest path in the graph
between the two vertices. We denote the distance from a vertex u to another vertex v by

dist{(u,v). Now if the shortest path in G from « to v is P, then dist(u,v) = w(P).

2.2 Trees

A (free) tree is a connecte& graph without any cycles. We often omit the word “free”
when we say that a graph 1s a tree. Fig 2.2 is an example of a tree. A rooted tree is a free
tree in which one of the nodes is distinguished from others. This distinguished node is
called the root of the tree. The root of the tree is generally drawn at the top. In Fig. 2.2,

the root is node 1.
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Figure 2 2: A tree with 9 vertices.

Every vertex u other than the root is connected by an edge to some other vertex p called
the parent of u. We also call » a child of p. We draw the parent of a node above that
node. For example, in Fig. 2.2, node 1 is the parent of node 2 and node 3. Alternately,
nodes 6 and 7 are children of node 2. A leaf is a node of a tree that has no child. Thus
every node of a tree is either a leaf or an internal node, but not both. In Fig. 2.2, the

leaves are 4, 6,7, 8 and 9 and nodes 1, 2, 3 and 5 are internal nodes.

The parent-child relationship can be extended naturally to ancestors and descendants.
Suppose, u1, 2, ..., 1 1s a sequence of nodes in a tree such that u; is the parent of u,,
which is the parent of u; and so on. The node u; is called an ancestor of u; and node #; is
called a descendant of u;. The root is the ancestor of every node in a tree and every node
1s a descendant of the root. In Fig. 2.2, all nodes other thaﬁ node 1 are descendants of

node 1 and node 1 is an ancestor of all other nodes,

In a tree 7, a node u together with all of its descendants, if any, is called a subtree of 7.
Node u is the root of this subtree. Referring again to Fig. 2.2, node 6 by itself is a subtree,
since node 6 has no descendant. Again, nodes 2, 6 and 7 form a subtree with root 2.
Finally the entire tree of Fig. 2.2 is a subtree of itself with root 1. The height of a node «
in a tree is the length of the longest path from #« to a leaf. The height of a tree is the height
of a root. The depth of a node # in the tree is the length of a path from the root to u. In Fig
2.2, for example, node 3 1s of height 2 and depth 1. The tree has height 3.
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2.3 PRAM Models

The RAM model has been used successfully to predict the performance of sequential
algorithms. The PRAM model is natural extension of the basic sequential model. The
PRAM model consists of a number of processors, each of which has its own local
memory and can execute its own local program. The processors communicate by
exchanging data through a shared memory unit. Each processor is uniquely identified by
an index, called a processor id. All the processors operate synchronously under the
control of a common clock. Fig. 2.3 shows a general view of a PRAM model with p
processors. These processors are indexed 1, 2, ..., p. Shared memory is also referred to as

global memory.

Shared Memory

Figure 2.3; The PRAM model.

There are two basic modes of operation of a shared-memory model. In asynchronous
mode, each processor operates under a separate clock and it is the programmer’s
responsibility to set appropriate synchronization points whenever necessary. In
synchronous mode, all the processors operate synchronously under the control of a
common clock. A standard name for the synchronous shared-memory model is the
parallel random-access machine (PRAM) model. Since each processor can execute its
own local program, the shared memory model is a mudtiple instruction multiple ddta

(MIMD) type. That is, each processor may execute an instruction and operate on data
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different from those executed or operated on by any other processor during any given

time unit.

There are several variations of the PRAM model based on the assumption regarding the
handling of the simultaneous access of several processors to the same location of the
shared-memory. The exclusive read exclusive write (EREW) PRAM does not allow any
simultaneous access to a single memory location. The concurrent read exclusive write
(CREW) PRAM allows simultaneous access for a read instructton only. The concurrent
read concurrent write (CRCW) allows simultaneous access for a read or a wnte
instruction. The three principal varieties of CRCW PRAMs are differentiated by how
concurrent writes are handled. The common CRCW PRAM allows concurrent writes only
when all processors are attempting to write the same value. The arbitrary CRCW PRAM
allows an arbitrary processor to succeed. The priority CRCW PRAM assumes that the
indices of the processors are linearly ordered and allows the one with minimum index (or

the maximum index) to succeed.

2.4 Tree Contraction Algorithm

Bottom-up Algebraic Tree Computation (B-ATC) technique is widely used to.develop
parallel algorithms to solve various problems. B-ATC technique uses free contraction
algorithm. Tree contraction is a systematic way of shnnking a tree into a single node by
successively applying the operation of merging a leaf with its parent or merging a degree-
2 vertex with its parent. Miller and Reif [MR86] originally introduced the tree contraction

algorithm with O(log, n) running time and O(n) processors. Several authors have
improved their algorithm to run in O(log, 7) time with Olnflog, n) processors [GMT88,
ADK89]. Now we briefly describe the version developed in [ADK89].

A structure 1s a tople (S, NF, EF) consisting of a set S, a verfex function set
NFg{flf:SxS—)S} and an edge function set EF ¢ {flf:S—)S}. A bottom-up

algebraic computation tree on (S, NF, EF) 1s a binary tree T such that each leaf vertex v
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of T is labeled by a value Z(v)e §; each internal vertex u of 7' is labeled by a function
f (u)e NF; and each edge ¢ of T is labeled by a function f{e)e EF. The bottom-up

algebraic tree computation (B-ATC) problem on 7'is as follows,

Let u be a vertex of 7" whose left child v; and right child v, are leaf vertices. Let
e, =(v,,u) and e, =(v,,u). Compute a value L(u)e S defined by

L{u)= F)F(e )L ) Fley )L, ),
and delete v, v;, | and e; from 7. Thus u becomes a new leaf vertex. Repeat this

operation until all vertices of 7 receive a value in §.

In order to solve B-ATC problem in parallel, Abrahamson er. a/. introduced the shunt
operation [ADK89]. Let u be a vertex of 7 with left child v, right child v, and parent w.
Let e, =(v ,u), e, =(v2,u) and e, =(u, w), Suppose, v; is a leaf vertex (Figure 2.4). A
shunt operation on v, is described as follows: delete v; and from 7 and make v, the left

child of w. Let ¢'=(v,, w) be the new edge. For the B-ATC problem, assign ¢' a function
F(¢") defined by —

FleYa)= Fle XF ()| F(e, XL ) F (e, Xx))
If the right child v; of u is a leaf vertex, a shunt operation performed on v; is defined

similarly. Clearly a shunt operation does not affect the subsequent evaluation on 7. The
following algorithm solves the BATC problems [JOS92].

Figure 2.4: Shunt operation: (a) before (b) after.
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Algorithm 2.1 Tree Contraction
Input: A rooted binary tree 7 such that each vertex has exactly two children
Output: 7'is connected to a three node binary tree
begin
1. Number the leaf vertices of 7 by 1,2,... from the left to the right excluding the

leftmost and rightmost leaves and store the labeled leaves in an array 4 of size n.

2. for[ log,(n +1) |iterations do
3. Apply shunt operation concurrently to all elements of 4,4, that are left
children
4. Apply shunt operation to remaining elements in 4,44
5. Set A = Apaq
end.

The following theorem was proved in [JOS92]. Details of implementation and analysis of
algorithm 2.1 can be found in [JOS92}.

Theorem 2.1 Algorithm 2.1 correctly contracts the input binary tree into a three node
binary tree. This algorithm can be implemented on the EREW PRAM in O(log, n) time,

using a linear number of operations, where » is number of vertices in the input tree. O

2.5 Equivalent Binary Tree of a Tree

B-ATC problem requires a regular binary tree to apply tree contraction algorithm. To
solve the /-vertex-coloring and /-edge-coloring problem on trees using B-ATC, we have
to convert an arbitrary rooted tree into a regular binary tree. We now show how an
arbitrary rooted tree rooted at s can be reduced to a regular binary tree 73, which is the
canonical binary tree representation of 7. Any arbitrary node in 7" can be chosen as root.
Every internal node » having d children, say y1, 2, ..., Va, 18 replaced with 4+1 new nodes

u', 1, ..., ", such that u;, 1< i < d is the father of u; and the #'th child y; of u. In T},

4! 1< i< d, is the right child of &/ and «**" is a leaf of the tree representing node u in 7.
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If vertex y is the i-th child of u in T, then 3" is the left child of #' in 7}. Fig. 2.5 illustrates

an example.
Wi _ W w3
/ nwl),\ T(wy) A

(a) (b)

Figure 2.5: (a) A tree I{w) rooted at #. (b) Equivalent binary decomposition tree of T(x).

In binary tree 7}, the nodes with superscript d + 1 represent a node of tree 7 while the

other nodes are dummy nodes and do not correspond to any node of tree 7.
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Chapter 3

Sequential Algorithm. for I-Vertex-Coloring

of Trees

This chapter deals with sequential generalized vertex coloring problem on trees. Since
ordinary vertex coloring problem is NP-hard [GJ79], the /-vertex-coloring problem is also
NP-hard in general. So it is very unlikely that there exists an efficient algorithm to solve
the /-vertex-coloring problem for general graphs. But polynomial time algorithms have
been developed for special subset of graphs — partial k-trees in particular. Zhou et al.

[ZKNOO] presented a polynomial time algorithm that determines whether any /-vertex-

22(.t+1)(1+z}u )

coloring exists for partial k-trees in time O(n3 +nx(a+1) where «a is the

number of colors. It may be noted that partial 4-trees are graphs of treewidth bounded by
a fixed constant £ [ZKNO0O]. Ordinary trees are partial 1-trees. So if we put £ =1 in their

algorithm, the time complexity comes out to be O(jrz3 +nx (c}:)zm9 ) Recently Kashem et
al. have presented anO(y,(7)xn) time sequential algorithm for the [vertex-coloring

problem on ordinary trees [KY00], but their algorithm does not guarantee an optimal

solution.

In this chapter, we present an O((Z +2) xn) time sequential algorithm to determine
whether any /-vertex-coloring with « colors exists for the given tree. If both / and the
maximum vertex degree of the tree are bounded by constant integers, then g, (T)
becomes a constant number [K'Y0O0], and our algorithm solves the problem in linear time.
Given a particular number of colors and a tree, we have applied post order traversal
technique to determine all valid /-vertex-coloring for the tree (if there exists any). We
then used this algorithm together with binary search techniqug over a bounded range of

positive integers to determine the optimal number of colors.
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The /-vertex-coloring problem on a weighted graph G = (7, £) can be easily reduced to
the ordinary vertex coloring problem on a new non-weighted graph G’ = (¥, L") such that
(u, v) € F' for any two vertices # and v in ¥ if and only if dist(u, v) </ in G [Jag96,
ZKNO0O0]. Therefore, one may expect that the /-vertex-coloring problem for a tree 7" can be
solved by applying a linear-time algorithm to solve an ordinary vertex-coloring problem
for trees [BPT92]. However, it is not the case, because ' obtained for a tree is not

always a tree.

The remainder of this chapter is organized as follows. Section 3.1 gives some preliminary
definitions and easy observations. Section 3.2 gives a sequential algorithm for /-vertex-
coloring of trees. Finally, Section 3.3 concludes with our sequential /-vertex-coloring

algorithm,

3.1 Preliminaries

In this section we define some terms and easy observations. Let 7= (¥, F) be a tree with
vertex set I and edge set £. The number of vertices in 7 is denoted by n. 7 is a “free
tree”, but we regard 7 as a rooted tree. For the sake of convenience an arbitrary vertex of
tree 7 is designated as the root of 7. We will use notions as: root, internal vertex, child
and leaf in their usual meaning. The maximum vertex degree of 7 is denoted by A. An
edge joining vertices « and v is denoted by (u, v). Each of the edges has a positive weight
associated with it. If, N is the set of all positive integers then we can define the weight
function for the edges as w: £ — N. The distance from a vertex u to anothef vertex v,

denoted by dist(u, v), is the length of the path P from u to v in 7. Therefore,

disl(u, v) = w(P) = ZEEP w(e).

Definition 3.1 Let / be a positive integer and C be a set of colors. Then a function

¢:V —> C 1s an l-vertex-coloring of 7 if go(u);ﬁ go(v) for any two vertices # and v such

that dist(u, v) < 1.
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Definition 3.2 The minimum number of colors needed to perform an /-vertex-coloring of

T'is called /-chromatic number of 7 and is denoted by z,(T’).

Let, the number of colors used by a vertex coloring ¢ of tree 7' is denote by #¢. Clearly

7,(T)< #¢ for an I-vertex-coloring of tree 7. One may assume without loss of generality

that @ uses the consecutive integers 1, 2, ..., #¢ as the colors. Then C is the color set

AI+1_1
A-1

having colors 1, 2, ..., #¢. If the maximum vertex degree of 7'1s A then g, (T )$

[KYO00]. If both / and A are bounded integers then y, (T) = 0(1).

Definition 3.3 Let, ¢ be an /-vertex-coloring of 7 with m colors. The distance vector of a
vertex u € V, denoted as D(@, u) or simply D{w), 1s defined as an m-tuple

(d,|1<i<md, e {0,...,1,00}). Each 4, =mih{dist(u,v)}, 1<i<m,wherev,ve Visa

descendent of # in 7 and ¢(v) = i. All d; > / are represented by . Moreover, if no vertex

in 7 has been assigned the color 7, d; = c0.

Example: Let us consider 4-vertex-coloring of the following tree with 3 colors. Consider
the partial coloring where some of the nodes have already been assigned colors while

nodes a, b and c are yet to be colored. Edge weights are written next to the edges.

Fig 3.1: A partial 4-vertex-coloring of a tree with 3 colors
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The distance vector for node b is D(b) = <3, 1, c=>. Similarly, distance vector for node ¢

is D(d) =<2, 0, o>

Lemma 3.1 In an [-vertex-coloring ¢ of a tree 7" with m colors, there can be at most

(1 + 2)" different distance vectors.
Proof: Immediate. U

These (/ +2)" distaﬁce vectors can be enumerated in numerous ways. If we consider the
distance vectors in the domain of (/+2)-base number system, we get one such
enumeration. Here, {0,...,/, oo} correspond to (! + 2) different digits (« is represented by
I +1) and the distance vectors are numbered from 0 to (/+2)” 1, based on their values

in the number system.

Example: The distance vectors in 4-vertex-coloring shown in Fig 3.1 can be considered
in the domain of 6 (= 4 + 2)-base number system. In that case, 1(5) can be represented by

decimal value 119 (: 3x6% +1x6' +5x 60). Similarly, D(d) can be represented by

decimal value 77 (: 2x 62 +0x6' +5x6°).

Definition 3.4 In an /~vertex-coloring ¢ with m colors, combine operation of two distance
vectors X = (x,. |1<i<m,x, e {0,...,1,00}) and Y =(y, |1<i<m,y, e {O,...,l,oo}) where
(x, +y,>1, 1<i<m), generates a third distance vector
R= (r,. |[1<i<m,r, €{0,...,/,o}andr, =min{x,.,y,.}). If the condition x, +y, >1!, for

any i, 1 <i <m, is not satisfied, X and ¥ cannot be combined.

Example: In a 4-vertex-coloring with 3 colors, the distance vectors X =<2, «c, 4> and ¥

= <3, 1, > can be combined to generated a new distance vector R = <2, 1, 4>. But the
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distance vectors X = <2, o, 4> and ¥ = <1, 1, «> cannot be combined because

(xl +y1)s4.

If we consider the distance vectors 1n the domain pf (l + 2)—base number system, X, ¥ and
R will be represented by decimal wvalues 106 (:: 2x67 +5x6" +4x6° ),
119(: 3x6% +1x6' +5x6°) and 82(= 2x 6% +1x6' +4x 6“') respectively. Therefore,
combination of distance vectors X=106 and Y=119 produces the distance vector R=82.
We can pre-compute these combination results and store them in a (I +2)" x (/ +2)” two-
dimensional matrix CM. Any invalid combination result can be represented by some
special value not in the range (O((l + 2)"’ - 1)) (-1 for example). We then have the

following lemma.

Lemma 3.2 Combination of two distance vectors can be done in O(1)time.
Proof: Immediate. W

Definition 3.5 In an /-vertex-coloning @ with m colors, addition of a weight w to a

distance vector X =(x, |1<i<m,x, e{O,...,l,co}) produces a new distance vector

R={r|1<i<mr {0,...,1,o}) as follows

i

L +w,if (x, + w)< /;and
0, otherwise.

Example: In a 4-vertex-coloring with 3 colors, if we add weight 2 to the distance vector

X =<2, o, 4>, we get a new distance vector R = <4, oo, 00>,

As before, if we consider the distance vectors in the domain of (/ +2)-base number
system, X and R will be represented by decimal values 106 (: 2x6% +5%x6' +4x 60) and

179 (= 4x6% +5x6' +5x 60) respectively. Therefore, addition of weight 2 to distance
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vector X=106 produces the distance vector R=179. We can pre-compute these addition
results and store them in a (7 +2)" x {/ + 1)two-dimensional matrix AM. For all w > [ the
resultant distance vector (a’,. |[1<i<m,d, = oo> 1s directly computed without consulting

the matrix AM, We then have the following lemma.

Lemma 3.3 Addition of a weight to a distance vector can be done in O(1)time.

Proof: Immediate. O

QOur algorithm tries to assign each possible color to a particular node. So, each node will
be associated with multiple distance vectors. In the worst case, at most {/ + 2)” distance

vectors will be generated for any particular node. Using the enumeration explained

above, we can represent the distance vectors using a one-dimensional bitmap of length
(l + 2)"’. Fach bit in the bitmap corresponds to a particular distance vector. If the bit is 1

the distance vector has been generated for the node. Otherwise, the distance vector is not

included in the list.
Using the bitmap representation and Lemma 3.2 we get the following lemma.

Lemma 3.4 Two lists of distance vectors obtained from the left child and right child of a

node # € T can be combined at #1n O((l + 2)2"') time.

Proof: Each of the two lists can contain at most {/ + 2)” distance vectors. Each distance
vector' of one list has to be checked against each distance vector of another list.

Therefore, at most (! +2)” x{/ +2)” pair of distance vectors have to be combined. O

By Lemma 3.3 we get the following lemma.

Lemma 3.5 The list of distance vectors of any particular node can be updated with an

edge weight in O{(/ +2)" ) time.

Proof: Immediate. O
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3.2 An Efficient Algorithm

The main result of this section is the following theorem.

Theorem 3.6 For any positive integer /, an optimal /-vertex-coloring of a tree having »

I+1 __1

vertices can be found in time O(loga x (7 +2) x n), where o = T

If both / and maximum vertex degree A of the tree 7" are bounded integers, then by

theorem 3.6 we have the following corollary.

Corollary 3.7 An optimal /-vertex-coloring of a tree 7 with bounded degrees can be
found in linear time for any bounded integer /.

Remainder of this section gives an algorithm to solve the /-vertex-coloring problem on

1+l

trees in time O(]ogax (7 +2) x n), where a = . Given m number of colors, the

algorithm assigns colors to nodes in post order fashion to find an /-vertex-coloring of T’
with m colors. At first, the input tree 7 is transformed into an equivalent binary tree 7} as
explained in Section 2.5. Since we are dealing with weighted trees, we need to consider

assignment of weights to the edges of the binary tree 75 in such a way that dist{u,v) for
all u, v € T 1s equal to dz'st(x, y) for all x, y € 73, where x and y in 7, represents « and v

in 7 respectively. This can be achieved by the following weight function w;.

Let x and y be two nodes in 7, obtained from nodes » and v in 7T respectively. If

(x,y)e £y then

w(u,v) fuzy
wb(x,y)—-{o fu=v

Example:
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Figure 3.2 Original Tree 7. Figure 3.3: Binary decomposition tree 7}, for the tree 7' in Fig-3.2.
Therefore, we have the following lemma [BH95].

Lemma 3.8 The binary equivalent tree 7; of any arbitrary weighted tree 7 can be

obtained in linear time. 0

First, we will present an algorithm / vertex color that finds an /-vertex-coloring of 7}
with a given set of colors [l,...,m]. Later we will give another algorithm

optimal | vertex_color that uses / vertex color and binary search technique to determine

the optimal number of colors for 7},

The algorithm / vertex coloring applies algorithm node function to each node in 7} in
post order fashion. At each leaf node, / vertex coloring initializes the list of distance
vectors of that leaf while at each internal node it combines the lists obtained from its left
subtree and right subtree usign node function. The algorithm also applies edge function
to each edge during backtracking along the edge. The algorithm terminates when all the
nodes have been completely visited. If the list of distance vectors at root node contains no
distance vector then it is not possible to obtain an /-vertex-coloring of 7; with m colors.
Otherwise, each existing distance vector at root represents a different /-vertex-coloring of
the given tree using m colors. We now present the algorithms /7 vertex coloring,

node function and edge function.
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Algorithm 3.1 /-vertex-coloring(v, m)

Input: A node v in the binary decomposition tree 7y, a color set [1, ..., m]

Output: All possible /-vertex-coloring of subtree rooted at v with m colors
(if there exists any)

begin

1. ifvis not a leaf node then

2, ! vertex_coloring(left(v),m);,

3. | vertex_coloring(right(v),m),

4. node_function(v,m),

5. else

6. Create a new list of distance vectors D, containing no vector, for this leaf node
7. for all integers i, 0 <i<m-1 do

8. p={l+2)" -1, /1{d, |1<i<m,d, =)

9. set_digit(p, 0, 1); // algorithm 3.6

10. DJpl=1;

11. end if

12. edge_function(v, m),

end.

Algorithm 3.2 node function(v, m)
Input: A node v in the binary decomposition tree 73, a color set [1, ..., m}
Output: Updated bitmap of list of distance vectors of node v
begin
1. Dpp = bitmap(left(v));
2. Drigi = bitmap(right(v)),
3. Create two new lists D, and Dy containing no distance vector for this node;
4

for all integers 7, 0<i< (/ +2)" -1 do

5. for all integers /, 0 </ < (/ +2)" -1 do
6. if Diesli] and Dyignlj] are 1 and CM(i, j] is not invalid then
7. D,J[CM[i, /1] =1,
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8. end if

end.

Algorithm 3.3 edge_function(v, m)

Input: A node v in the binary decomposition tree 73, a color set [1, ..., m]

Output: Updated bitmap of list of distance vectors of node v

begin
1. d= weight{<v, parent(v}>);
2. Create a new list of distance vectors Dz, containing no vectors;
3. forall integers, 0 <j< (/+2)" -1 do
4. if D/} 1s 1 then
5 De[AM(j, d]]=1;
6 end if
end.

We now present the optimal | vertex coloring algorithm (Algorithm 3.4) that uses

! vertex coloring 1o solve the optimal /-vertex-coloring on trees. Algorithm 3.4 first

transforms tree 7' into equivalent binary tree 7}. It then determines the upper bound of the

number of colors (o) and computes matrices CA and AM. The algorithm then performs a

binary search in the bounded domain of colors to determine the optimal number of colors.

Algorithm 3.4 optimal [ vertex coloring(T)

Input: An arbitrary tree 7

QOutput: An optimal /-vertex-coloring of 7’

begin

1.

CEV P NN

Construct Binary Decomposition Tree 7 from T

Determine the upper bound for number of colors needed ()

Compute the matrices CM, AM
=1 // lower bound
u=a // upper bound

loop until the optimum solution is found
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7. i={+w?2

8. ! vertex coloring(root(7}),i)

9. adjust the color range depending on the outcome of previous step
10. perform next iteration in the updated range

11. ifj, 1 £ j< a -1 1is an integer such that a coloring with ; +1 colors exists but there is

no coloring with ; colors then

12. j 1s the optimal number of colors
13. else

14, a 1s the optimal number of colors
end.

By Lemma 3.5 edge function takes O((l +2)m )ﬁme, where m is the number of colors.
Line 4 to 8 of node function combines the two distance vectors obtained from left and

right child and this takes O((l+2)2"') time (Lemma 3.4). So, overall complexity of

node_function is O((l +2)2"') where m is the number of colors. Algorithm
! vertex_coloring simply performs a post order traversal of the input tree and calls
node function and edge function for each internal node. However, if the node being
processed 1s a leaf node, / verfex coloring constructs the initial list of distance vectors

instead of calling node function. Line 4 (for intemal node) of algorithm 3.1 can be done

in time O((l + 2)2"') (Lemma 3.4) while Lines 6 to 10 takes time O(m). Therefore, each
single node can be processed in time O((l + 2)2”'). The edge function can be computed in
time O(l+2)") (Lemma 35). So, the algorithm [ vertex coloring runs in
o7 + 27" + (@ +2)" Jxn)= 0l + 2" x n) time.

The only part yet to be specified is how to compute the matrices CM, AM. Following
algorithms describe the mechanism of computing these matrices. Algorithms 3.5 and 3.6

are supporting functions for subsequent matrix computing algorithms. These supporting

functions consider the input number as a value in (/ +2)-base number system.
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Algorithm 3.5 ger digit(number, pos)

Input: A number and the position of the digit to be extracted
Output: The digit in ( + 2) base number system, at specified position
begin

1. d= _number // integer division

((+2)"
2. r=MOD(d,l+2); //modulus operation

3. returnr,

end

Algorithm 3.6 set_digit(number, digit, pos)

Input: A number, a digit and the position of the digit

Output: Updated number with input digit placed at specified position
begin

1. d=get digit(number, pos);

pos-1

2. number = number ~d x({ +2)""; // clear old digit at specified position

3. val =digitx ([ + 2",

4. number = number + val | // set new digit

end

Algorithm 3.7 compute CM()

Input: None

Output: Initiabzed matrix CAf

begin

1. forall integers 7, 0 <7< (/ +2)* —1do //oop 1

2. forallintegersc,0<c < (/+2)° ~1doe // loop 2

3 CM(r, c)=-1, // mark as invalid combination
4. target _vector =0,

5 for all integers p, 1 <p<ado /! loop 3

6 dl = get digit(r, p);

29
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7. d2 = get_digit(c, p),

8 if d1 + 42 </ then

9. target vector = -1

10. exit loop 3 and start next iteration of loop 2;
11. else

12. set_digit(target vector, min{dl, d2}, p),

13. end loop 3

14. CM(r, c) = target vector,

15. endloop2
16. end loop 1

end

Algorithm 3.8 compute AM()

Input: None

Output: Initialized matrix AM

begin

1. forallintegers r, 0 <r< (1 +2)° —1do // loop 1

2 for all integers ¢,0<c < /do //loop 2

3 AM(r, c)=-1; {// mark as invalid combination
4 target vector = (;

5 for all integers p, 1 <p < ado // loop 3
6. d= get digit(r, p),

7 ~ ifd+c<!then

8 set_digit(target vector, d + ¢, p),

9 else

10. set_digit(target vector,l+ 1, p),

11. end loop 3

12. Aﬂ/f(r, c)= target_vector,

13. endloop2
14. end loop 1

end

30
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Having specified all relevant steps, we can now determine the complexity of algorithm

optimal | vertex coloring (algorithm 3.4). Line 1 of algorithm 3.4 can be done in linear
time (Lemma 3.8). Line 3 can be done in O((l + 2§ x a). Line 2, 4 and 5 take O(1) time.

The loop from line 6 to line 10 iterates at most log, & times. At each iteration, line 8

takes 0((l+2)Zi Xn)z O((l+2)2“ ><n) time. So, the overall time complexity of

i+1

optimal | vertex_coloring is 0(10ga><(l+2)2“ xn), where a = . This proves

Theorem 3.6. O

3.3 Conclusion

In this chapter, we have given a sequential algorithm to solve the /-vertex-coloring

AJ'+1 _1

A-1

problem on trees. Our algorithm runs in time O(loga' x (7 +2)* x n), where a =

If both A and [ are bounded integers, then our algorithm runs in linear time. Note that
ordinary vertex coloring problem is a special case of /-vertex-coloring problem with /= 1.
Our algornithm can solve the ordinary vertex-coloring problem in linear time. This is the
first known direct solution to /-vertex-coloring problem on ordinary trees that guarantees

an optimal solution.
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Chapter 4

Parallel Algorithm for /-Vertex-Coloring of

Trees

This chapter deals with parallel generalized vertex coloring problem on trees. Basically

this is the paralle! version of our sequential algorithm presented in Chapter 3. In this

chapter, we present an O(log2 n) time parallel algorithm for solving the /-vertex-coloring
problem on trees. Given a particular number of colors and a tree, we will apply Bottom-
up Algebraic Tree Computation technique (B-ATC) to determine a valid /-vertex-
coloring for the tree (if there exists any). As specified in Section 3.1, we can determine
the upper bound of the number of colors and we have to search for the optimal number of
color in this bounded range. If the upper bound is % for some integer £ > 0, we will use &
disjoint sets of processors and assign color i, 1 £/ < ktoseti, 1 <i <k Each set of
processors then tries to find all /-vertex-colorings with the number of colors assigned to
that set. The optimal number of colors will be ¢, 1 < ¢ £ 4—1 where set ¢ has found a valid
{-vertex-coloring but set c—1 has not. If there is no such ¢ then £ is the optimal number of

colors.

The remainder of this chapter is organized as follows. Section 4.1 gives some preliminary
definitions and easy observations. Section 4.2 gives a parallel algorithm for l-vertex-
coloring of trees. Finally, Section 4.3 concludes with our parallel /-vertex-coloring

algorithm.

4.1 Preliminaries

We assume that the tree being colored is a binary decomposition tree. Any arbitrary tree
with n vertices can be transformed into equivalent binary decomposition tree in

O(log2 n) time using (X(n) operations on the EREW PRAM model [BH95]. The same
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weight assignment technique explained in Section 3.2 will be applied here. However the
operations will be done in parallel. We will use the same representation of distance
vectors as explained in Section 3.1. Therefore the algorithms for computing node
functions and edge functions basically remain the same. However, these algorithms will
be executed in parallel. So the algorithms presented in Section 3.2 need to be modified.
Besides, we also need to carefully assign the operations to different processors so 'that

they can be done in parallel. The modified algorithms are presented below.

Algorithm 4.1 node_function_parallel(v, m)
Input: A node v in the binary decomposition tree 73, a color set [1, ..., m]
Output: Updated bitmap of list of distance vectors of node v
begin
1. Doy = bitmap(left(v));
2. Dyigne = bitmap(right(v));
3. Create two new lists I3, and Dy containing no vector for this node;

4. for all integers /, 0 <i < (/ +2)” —1 in parallel do

5. forall integersj, 0 <, < (I +2)" —1in parallel do
6. if Dzepl7] and Dyignd|/] are 1 and CM[4, 4] is not invalid
7 DJCMIi 1] = 1;
8. end if
end.

Line 4-8 of algorithm 4.1 combines two lists of distance vectors obtained from its

children in parallel. Each combination is assigned to a different processor, so the number
of required processors and number of operations will be O((l + 2)2"’). The combination
operation at each processor can be done in O(l) time (Lemma 3.2). Each processor will

read a unique element of CA matrix but multiple processors may write to the same

location in resultant distance vector list.
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Algorithm 4.2 edge function_parallel(v, m)
Input: A node v in the binary decomposition tree 73, a color set [1, ..., m]
Output: Updated bitmap of list of distance vectors of node v
begin
1. d = weight(<v, parent(v)>);

2. Create a new list of distance vector Dy, that contains no vector;
3. for all integers j, 0 <7 < (/ +2)" —1 in parallel do

4, if D,[/]1s 1 then

3 De[AM] ), d]) = 1;

6 end if

end.

Therefore, we should use common ERCW PRAM model. However, since the number of
processors that can write to a particular location is bounded (for bounded / and m), we

can use EREW PRAM model. The edge function given in algorithm 4.2 deals with

(1 + 2)" distance vectors and each addition operation can be done in O(1) time (Lemma
| 3.3). So this function can be implemented using 0((! + 2)”') processors in EREW PRAM

model. The number of operaﬁons in this stage 1s 0((1 +2)" )

Therefore, we have the following lemmas.

Lemma 4.1 The node function node_function_paralfel can be computed in O(1) time and

O((l + 2)2|'") operations using 0((1 + 2)2"') processors on the EREW PRAM model, where

m 1s the number of colors. [

Lemma 4.2 The edge function edge _function parallel can be computed in O(]) time and
0((! + 2)’") operations using O((l + 2)"') processors on the EREW PRAM model, where

m is the number of colors, L]
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4.2 An Efficient Parallel Algorithm

We now give an efficient parallel algorithm to solve the l-verfex-coloring problem.
Algorithms 4.1 and 4.2 are applied for each internal node and each edge respectively.
However, unlike our sequential algorithm presented in Chapter 3, multiple nodes and
edgeé will be processed in parallel. As mentioned before, we will apply B-ATC to solve
the problem. Given a particular number of colors, algorithm 4.3 determines whether there
exists a valid /-vertex-coloring of the given tree with that many colors. We can use
algorithm 4.3 to determine the optimal /-vertex-coloring in two different ways. Let, @ is
the upper bound for the number of colors. We can use binary search technique in the
range [1, a] and apply algorithm 4.3 at each stage. This strategy requires
O(log2 axlog, n) time and O((l +2)‘7‘“ X n) processors. Alternately, we can use a
disjoint sets of processors. We use one different set of processors for applying algorithm

4.3 with each color in the range [, ..., @]. In this case, the /-vertex-coloring problem can

be solved in O(log, n) time using O(a x(7+2) x n) processors. Algorithms 4.3 and 4.4

implement the second strategy.
The main result of this section is the following theorem.

Theorem 4.3 An optimal /-vertex-coloring of a tree 7 can be found in Oflog, n) time

using’ O(a'x ((+2) x n) processors on the EREW PRAM model, where # is the number

of vertices-in 7 and « 1s the upper bound of the number of colors.
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Algorithm 4.3 / vertex coloring parallel(T, m)
Input: A binary decomposition tree 7 and a color set [1, ..., m]
Output: All /-vertex-coloring of 7 with m colors (if there exists any)
begin
1. Forall integers 7, 1 < i < m, initialize the list of distance vectors of each leaf so
that the list contains all distance vectors of the form —
(dl,dz,...d,._l,O,d,.H,...,dm {dj =w wherel < j<mand j# :’);
2. Initialize the list of distance vectors of each internal vertex to be an empty list;
3. Number the leaf vertices of 7 by 1, 2, ... from the left to the nght excluding
the leftmost and rightmost leaves;

4. for[ log,(n +1) ]iterations do

5. Apply shunt operation concurrently to all odd numbered leaves that are
Ieft children;

6. Apply shunt operation to remaining odd numbered leaves;

7. Remove odd numbered nodes from consideration and sequentially

renumber all even numbered leaves;

end

Algorithm 4.4 optimal [ vertex coloring parallel(T)
Input: A tree T o be colored
Output: Optimal /-vertex-coloring of
begin

1. Construct the binary decomposition tree 7} of T,
k « upperbound(73);
Compute the matrices CM, AM,
for all integers /, 1 < j<k in parallel do

[ vertex_color_parallel(T, b,l I

for all integers/, 1 < j< k- in parallel do

if a coloring with 7 +1 colors exists but there 1s no coloring with j colors then

o N AW N

J 1s the optimal number of colors;

end
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As mentioned in Section 2.4, B-ATC is defined on a triple (S, NF, EF) consisting of a set
S, a vertex function set NF C { fl1f:Sx§—>S } and an edge function set
EF C {f LS —)S}. For our /-vertex-coloring problem, the set S consists of lists of
distance vectors. Initially the list in each leaf node contains all distance vectors
representing a single color assignment. Each internal vertex contains an empty list of
distance vectors. As the B-ATC algorithm proceeds, these lists are gradually filled up.
For this problem, both N/ and £F have a single element — the node function and the edge
function described in algorithms 4.1 and 4.2 respectively. For convenience of description,
we will use the notations Fiz(v) and Fge.(e) for the node function and edge function
respectively. The shunt operation has been introduced in Section 2.4. Let u be a vertex of
T with left child v, right child v, and parent w. Let ¢ =(v,u), e, =(v,,u) and
e, =(u,w) and v; is a leaf vertex. The shunt operation defined in Section 2.4 modifies the
edge function corresponding to the edge ¢;,. We will use a modified version of the shunt
operation where we modify the parameters of the node function associated with node v;
while keeping the edge function associated with ¢y as 1t is. The new node function for v,
will be—
£, node(Dleﬂsx')zF rmde(F odge (e, XPOD)LF, edge (es Xx))

Here, D(v) is the list of distance vector of node v;. The first parameter Dy; can be
computed in 0(1) time (Lemma 4.2). If v, is a leaf node, then x will be the list of distance

vectors of node v, and the second parameter x' can also be compute in O(1) time.

Therefore, Fmde(D,eﬂ,x') can be readily evaluated to produce the list of distance vector of

node u and this step also takes O(1) time (Lemma 4.1). However, if v; is not a leaf node,
evaluation of the second parameter x' and hence the node function itself has to be
postponed until the value of x' 1s available. In this case, the shunt operation simply

updates the parameters previously associated with v; and this operation takes O(1) time.

So, the shunt operation can be carried out in O1) time.

Now we are ready to prove theorem 4.3. Since the tree has » vertices, lines 1-3 in

algorithm 4.3 can be done in O(1) time using O(n) operations on the EREW PRAM
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model. Lines 4-7 iterate rlogz(n+])-| times. At each iteration, at most O(n/2) shunt
operations are performed in parallel in lines 5 and 6. These steps take O(1) time and
O{(7+ 27" +(+2)" xm)xn,) operations on EREW PRAM model (Lemma 4.1 and 4.2)
where n; is the number of shunt operations performed in /’th iteration. The number of
processors needed at this stage is O((l +2)"" x n,.). Line 7 can be carried out in O(1) time
and O(n) operations using O(n) processors on EREW PRAM model. So lines 4-7 takes
O(log, n) time and O((I +2)" xz]ggoglnn.)= O((Z +2)" x n) operations on EREW
PRAM model. The last step follows from the observation that each node function is
visited at most twice — first to change the parameter and then to evaluate it finally. The

number of processors needed 1s O((l +2)" x n). So, we have the following lemma.

Lemma 4.4 Given m number of colors, algorithm 4.3 can find all /-vertex-coloring of a
tree 7 in O(log, ») time and O((l +2)" x n) operations using O((l +2)" x n) processors
in EREW PRAM model. [

Algorithm 4.4 starts with constructing the binary decomposition tree 7; of the given input

tree 7. Since the tree 7" has n vertices, line 1 in algorithm 4.4 can be done in O(log, )
time using O(n) operations on the EREW PRAM model [BHS5]. Lines 2 and 3 can be
done in O(1) time using 0((1 +2)2") processors, where a is the upper bound of the
number of colors. Lines 4 and 5 apply algorithm 4.3 for each color in the range [1, s &)

in parallel. According to Lemma 4.4, this step can be carried out in O{log, n) time and

O(a x (7 +2)* x n) operations using O(a x (1 +2)™ x n) processors. Each set of processor
can be implemented on the EREW PRAM model. There will be a such sets working in
parallel and processors from different sets may read the same entry from CM or 4M
matrix. Therefore, algorithm 4.4 should be implemented on the CREW PRAM model.
However, for if both / and maximum degree of tree 7 are bounded, a becomes a constant
number. So, algorithm 4.4 can be implemented on the EREW PRAM model. This prochs
theoren4.3. 0l
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4.3 Conclusion

In this chapter we have presented a parallel algorithm to solve the /-vertex-coloring

problem on trees. We have used B-ATC that uses tree contraction algorithm to solve the

problem. Our algorithm solves the /-vertex-coloring problem on frees in Ollog, n) time

using O(a x (1 +2) x n) operations on the EREW PRAM model, where # 1s the number -

of vertices in T and « is the upper bound of the number of colors. Ours is the first known

parallel algorithm that solves the /-vertex-coloring problem on trees.
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Chapter 5

Optimal /-Edge-Coloring of Trees

Like the generalized vertex-coloring problem, generalized edge-coloring problem on
general graphs is NP-hard. However, it is possible to develop polynomial time algorithms
for specialized graphs such as trees. In this chapter, we present efficient algorithms, both
sequential and parallel, to solve the /-edge-coloring problem on trees. The sequential
algorithm solves the problem in timeO(loga X (l +2)2" X n), where n is the number of
nodes in the tree 7 and « is the upper bound of the number of colors. Our parallel
algorithm solves the problem in O{log, ») time using O(a'x (1 +2)" x n) operations on -
the EREW PRAM model, where # is the number of vertices in 7 a.nci a is the upper
bound of the number of colors. We extensively make use of the concepts of Chapter 3

and 4 in this chapter.

The rest of the chapter is organized as follows. Section 5.1 discusses techniques to
transform the /-edge-coloring problem into /-vertex-coloring problem on trees. Section
5.2 gives a sequential algorithm to solve the /-edge-coloring problem. In Section 5.3 we
give a parallel algorithm for the same problem. Section 5.4 describes a technique to

obtain the actual colors assigned to the edges. Finally Section 5.5 draws the conclusion.

5.1 Transforming [-edge-coloring problem into /-vertex-
coloring problem

Each node in a tree has a single parent and therefore is connected by a unique edge to its
parent. This key observation leads to a simple mechanism to transform the /-edge-
coloring problem into /-vertex-coloring problem on a tree. Each edge e =(u,v), where u
1s the parent of v, can be uniquely associated with the vertex v. In this case, assigning a

color to edge e is equivalent to assigning a color to vertex v. Therefore, we can apply the
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optimal /-vertex-coloring algorithms presented in Chapters 3 and 4 to solve the /-edge-
coloring problems. However, the basic operations like combining two distance vectors

and adding the edge weight to distance vectors need to be modified.

Let us consider the tree in Fig. 5.1. Suppose, nodes v; and v, have been assigned colors 1
and 2 respectively. In case of /-vertex-coloring, the distance of colors 1 and 2 from node

u were w, and w; respectively. However, in /~edge-coloring nodes vy, v; and u represent

edges (u,v,), (u,v,) and (r,u) respectively and the distance among these three edges is

0. Therefore, colors 1 or 2 cannot be assigned to node « (that 1s to edge (r, u) ).

Wo

W2

o)
Figure 5.1: A partially colored tree.

If r represents the edge between its parent and itself, then » can be assigned color 1 (or 2)
provided w; >/ (or w2 = /). This suggests that our previous edge function needs to be
modified so that edge weight is not added to the i’th element of a distance vector where i
is the color assigned to the vertex corresponding to the edge being considered. Moreover,

m /-vertex-coloring algorithm we could assign same color to vertices v; and v if

w, +w, 2! In l-edge-coloring algorithm, vertices v; and v, represent edges (u,v, ),
(u,v,) respectively and these two edges are adjacent to each other. So we cannot assign

the same color to vertices v; and v; in /~edge-coloring algorithm even if w, +w, 2/.

Therefore, if two distance vectors from vertices v; and v; are generated due to same color
assignment to both the nodes, they cannot be combined at vertex u. Now we give the

modified matrix construction algorithms for generalized edge-coloring problem.,
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Algorithm 5.1 compute CM ()

Input: None

Output: Initialized matrix CM e

begin

1. forall integers 7, 0 <7< (/ +2)" ~1do //loop 1

2. forallintegersc,0<c<{/+2)"~1do //loop2

3 CM e(r,c)=-1; // mark as invalid combination
4 target vector =0, |

5 for all integers p, l <p < ado //'loop 3

6. dl = get digit(r, p),

7 d2 =get digit(c, p),

8 ifd,+ d: <] then

9 target vector =-1

10. exit loop 3 and start next iteration of loop 2;
11. else

12. set_digit(target vector, min{d1, d2), p);

13. end loop 3 _

14. CM e(r, c)= target vector,

15. endloop2
16. end loop 1

end

Algorithm 5.2 compute AM e()

Input: None

Output: Imitialized matrix AM e

begin

1. for all integers 7, 0 < r < (/+2)" —1do /1 oop 1

2 for all integers ¢, 0<c< /do //loop2
3. AM e(r, c)=-1 // mark as invalid combination
4

target_vector =0
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5. for all integers p, 1 <p < ado // loop 3

6. d = get digil(r, p) .

7. if  is 0 then // color p has been assigned to this edge

8. set_digit(target vector,d,p) // don’t add the edge weight to this color
// distance

9. else if  + ¢ </ then

10. set_digit(target vector,d+ c, p)

11, else

12. set_digit(target _vector,{ + 1, p)

13. end loop 3

14. AM e(r, c) = target vector

15. endloop2
16. end loop 1

end

Having modified these matrix computation algorithms we are now ready to present our /-

edge-co]oﬁng algorithms.

5.2 A sequential algorithm for optimal /-edge-coloring of trees

In this section we specify an efficient sequential algorithm to solve the /~edge-coloring
problem on trees. The node function and the edge function basically remain same as
specified in Chapter 3 (algonithms 3.2 and 3.3 respectively). The only difference is that
these algorithms will now use the pre-computed matrices CM e and AM e (Section 5.1)
instead of CAM and AM respectively. The [ edge coloring and the.
optimal | edge coloring algorithms are basically similar to / vertex_coloring (algorithm
3.1) and optimal | vertex coloring (algorithm 3.4) algorithms respectively. We can re-

specify the algorithms as follows.



Chapter 5: Optimal I-Fdge-Coloring of Trees 44

Algorithm 5.3/ edge coloring(v, m)
Input: A node v in the binary decomposition tree 73, a color set [1, ..., m]
Output: All possible l—edge—co]oﬂng of subtree rooted at v with m colors
(if there exists any)
begin
1. if v is an internal node then
| edge coloring(left(v),m)
! edge coloring(night(v),m)

2

3

4. node_function edge(v,m)
5. elseif v represents root(7) then
6

create a list of distance vector D, containing a single distance vector

(d,1<i<mandd, =)

7. else

8 Create a new list of distance vectors D, containing no vector, for this leaf node
9. for all integers /, 0 <i<m-1do

10. p=(+2)" -1; I {d,|1<i<m,d, =)

11, set_digit(p, 0, i), // atgorithm 3.6

12. Dip]=1,

13. end if

14. edge function edge(v,m)

end.

Algorithm 5.4 node_function edge coloring(v, m)
Imput: A node v in the binary decomposition tree 73, a color set [1, ..., m]
Output: Updated bitmap of list of distance vectors of node v
begin
. Dys = bitmap(lefi(v));
2. Dyigm = bitmap(right(v)),
3. Create two new lists D, and Dy containing no vector for this node;
4

for all integers 7, 1 <i< (1 +2)" ~1 do
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5. forallintegers;,0<;<(/+2)" -1 do
6. if Dypli] and Dyignd/] are 1 and CM _e[4, 7] 1s not invalid
7. DJCM eli, j11= 1,
8. end if
end.

Algorithm 5.5 edge function_edge coloring (v, m)
Input: A node v in the binary decomposition tree 73, a color set [1, ..., m]
Output: Updated bitmap of list of distance vectors of node v
begin
1. d=weight(<v, parent(v)>),
2. Create a new list D, containing no vector for this edge;

3. forall integers 7,0 << (/+2)" —1 do

4. if Dy[/] is I then
5. DJAM efj, dl]=1;
6. end if

end.

Algorithm 5.6 optimal [ edge coloring(T)
Input: A binary decomposition tree 7'
Output: An optimal /~edge-coloring of T’
begin
1. Construct Binary Decomposition Tree 7} from 7',
. Determine the upper bound for number of colors needed (a);
. Compute the matrices CM e and AM e;

=1, // lower bound

. loop until the optimum solution 1s found
i=(+u)2;

2
3
4
5. u=a; // upper bound
6
7
8 { edge coloring(root(7}), i),
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9. adjust the color range depending on the outcome of previous step;
10. perform next iteration in the updated range;
11. if 7, 1 < j < -1 is an integer such that a coloring with j + 1 colors exists but

there is no coloring with j colors then

12, J is the optimal number of colors

13. else

14. « is the optimal number of colors
end.

The main result of this section is the following theorem whose proof follows directly

from the proof of theorem 3.6.

Theorem 5.1 For any positive integer /, an optimal /-edge-coloring of a tree having n

1+l __1

. O
A-1

vertices can be found in time O(loga x ([ +2) x n), where o =

5.3 A parallel algorithm for optimal l-edge-coloring of trees

In this section we will give an efficient parallel algorithm to solve the /-edge-coloring
problem. As in Section 5.2, the algorithms will use the pre-computed matrices CA e and
AM e (Section 5.1) instead of CAf and AM respectively. The /_edge coloring_parallel is
exactly equivalent to [ verfex coloring parallel algorithm (Algorithm 4.3) and the
optimal { edge coloring parallel algorithm 1S basically similar to
optimal [ vertex coloring parallel (Algorithm 4.4) algonthm. We now specify the

parallel algorithms for the /-edge-coloring problem on trees.
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Algorithm 5.7 node function edge color parallel(v, m)
Input: A node v in the binary decomposition tree 73, a color set [1, ..., m]
Output: Updated bitmap of list of distance vectors of node v
begin
1. Dy = bitmap(left(v));
2. Dyigie = bitmap(tight(v));
3. Create two new lists ), and D,containing no vector for this node;
4

. for all integers /, 0 < i < (/+2)” —1 in parallel do

5. forallintegers/, 0 <j < (/ +2)” —1 in parallel do
6. if Dyl 7} and Dyigr[f] are 1 and CM efi, j1 15 not invalid
7. DJCM e[i,j]]=1;
8. end if
end.

Algorithm 5.8 edge function edge color parailel(v, m)
Input: A node v in the binary decomposition tree 73, a color set {1, ...

Output: Updated bitmap of list of distance vectors of node v

begin
1. d = weight(<v, parent(v)>),
2. Create a new list D, containing no vector for this edge;
3. for all integers /, 0 </ < (/ +2)” —1 in parallel do
4. if D,[/]is 1 then
5 D.JAM e[j, d]]=1
6 end if
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Algorithm 5.9/ edge coloring parallelT, m)
Input: A binary decomposition tree 7'and a color set [1, ..., rﬁ]
Output: All /-vertex-coloring of 7" with m colors (if there exists any)
begin
1. For all integers i, 1 < i < m, initialize the list of distance vectors of each leaf

(excluding root(7)) so that the list contains all distance vectors of the form —

<dl,d2,...d. 0,d .4, |d, =0 wherel< j<mand j;ti);

i-12Y> il
root(7) contains a single vector (d,.1 <i < m,d; = o)

2. Initialize the list of distance vectors of each internal vertex to be an empty list;
3. Number the leaf vertices of 7 by 1, 2, ... from the left to the right excluding the
leftmost and rightmost leaves,

4. for[ log,(n+1) literations do

5. Apply shunt operation concurrently to all odd numbered leaves that are left
children;
Apply shunt operation to remaining odd numbered leaves;
7. Remove odd numbered nodes from consideration and sequentially renumber
all even numbered leaves;
end

Algorithm 5.10 optimal | edge coloring parallel(T)
Input: A tree 7 to be colored
Output: Optimal /-edge-coloring of 7'
begin

1. Construct the binary decomposition tree 7, of 7
a < upperbound(73)
Compute the matrices CM e and AM e
for all integers/, 1 < j < « in parallel do

! edge color_parallelT, j)

for all integers 7, 1 < j < a—1 inparallel do

if a coloring with j +1 colors exists but there is no coloring with j colors then

Ee A S A O T

Jj 1s the optimal number of colors
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end

The main result of this section is the following theorem whose proof follows directly

from the proof of theorem 4.3.

Theorem 5.2 An optimal /-edge-coloring of a tree 7 can be found in Olog, n) time

using O((l +2)* xnx a) processors on the EREW PRAM model, where 7 is the number

of vertices in 7' and « is the upper bound of the number of colors. 0

5.4 Finding the Color Assignment

Till now we have not mentioned how we can obtain the actual colors assigned to the
nodes. In this section we turn our focus to that topic. We will store two numbers with
each distance vector d,. These two numbers imply that the distance vector d, is the result
of a combine operation between d; and 4. From this information we can go from root
down to the leaf level and retrieve one color assignment or color vector for each existing
distance vector at root. If we are interested in all color vectors, we have to maintain a list
of 2-tuples < dj, d, > that include all combinations that resulted the distance vector. To
retrieve color information, we need to recursively explore with each tuple, one at a time.

With this representation, the node function still runs in O(1) time. The color retrieval
operation can be done in O(n) time if we are interested in any valid color assignment. So

the overall complexities of our algorithms remain unaffected.

5.5 Conclusion

In this chapter we have presented a sequential and a parallel algorithm to solve the /-
edge-coloring problem on trees. Our sequential algorithm finds the optimal l-edge-
coloring of a tree in timeO(logax (/ +2)2“ X n) while the parallel algorithm finds the
optimal l-edge-co]orihg of a tree in O(log, ) time using O(a x ([ +2)% x n) processors
on the EREW PRAM model, where # is the number of vertices in 7" and « is the upper

bound of the number of colors. Both these algorithms are first known algorithms that

solve the /~edge-coloring problem on trees.
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Chapter 6

Conclusion

This thesis deals with a generalized vertex-coloring problem and a generalized edge-
coloring problem on trees. Our parallel algorithms for solving the /-vertex-coloring and /-
edge-coloring problem as well as the sequential algorithm for solving /-edge-coloring
problem are first such algorithms. Besides, our sequential algorithm for solving /~vertex-
coloring problem is the first direct solution to the problem that guarantees an optimal

solution.

In Chapter 2 we have defined some basic terms needed for solving generalized coloring
problems. We also described different PRAM models. Finally we described techniques of
tree contraction and decomposition of an arbitrary tree into equivalent binary tree. These

techniques played key roles in our algorithms.

In Chapter 3 we gave a sequential algorithm to solve the /-vertex-coloring problem on

trees. For any positive integer /, our algorithm finds an optimal /-vertex-coloring of a tree

1+l

T For bounded / and a

having n vertices in time O(loga x (I +2) x n), where a =

tree with bounded degrees, the algorithm finds an optimal /-vertex-coloring of 7 in linear
time. This 1s the first sequential algorithm for the /-vertex-coloring problem that

guarantees an optimal solution.

Chapter 4 gives a parallel algorithm for the same problem in Chapter 3. Our algorithm
uses B-ATC with tree contraction techmque. Our parallel algorithm finds an optimal /-
vertex-coloring of a tree 7 in Olog, n) time using O(a x (I +2)" x n) processors on the
EREW PRAM model, where n 1s the number of vertices in 7 and a 1s the upper bound of
the number of colors. This 1s the first parallel algorithm to solve /-vertex-coloring

problem.
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Chapter 5 is devoted to /-edge-coloring problem. First we have described a technique to
transform the /-edge-coloring problem into /-vertex-coloring problem on trees. Then we
identified the modifications in our previous algorithm that are needed to solve the /-edge-
coloring problem. Finally we described a sequential and a parallel algorithm to solve the
l-edge-coloring problem on trees. The complexities of these algorithms are the same as

their corresponding algorithms for /-vertex-coloring.

In this thesis, we have given sequential and parallel algorithms for a generalized coloring

of trees. However, following problems are still open:

1. Can we find the optimal coloring of a tree without an exhaustive search in the

solution space?

2. Can we determine tight bounds on the number of colors?
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