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Abstract

This thesis presents anlefﬁcient algorithm for finding generalized edge-ranking of series-
parallel graphs. A generalized edge-ranking of a graph G is defined as follows: for a
positive integer ¢, a c-edge-ranking of G is a labeling (ranking) of the edges of G with
integers such that, for any label i, deletion of all edges with labels > i leaves connected
‘components, cach having at most ¢ edges with label i. A c-edge-ranking is optimal if the
number of labels used is as small as possible. The c-edge-ranking problem is to find an
optimal c-edge-ranking of a given graph. The c-edge-ranking problem has applications in
scheduling the complex multi-parts products from its components; it is equivalent to
finding a c-edge-separator tree of G having the minimum height. The c-edge-separator tree
provides a parallel comf;utation scheme having the minimum computation time. We give
an efficient and simple polynomial-time algorithm for solving the c-edge-ranking problem

of series-parallel graphs.
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Introduction SN

In this chapter we provide the necessary background and motivation for this study on the
edge-ranking of series-parallel graphs. We start by giving a historical background of the
development of edge-ranking of graphs. We then give the definition of ordinary edge-
ranking and generalized edge-ranking of graphs. Finally, we summarize our new results

togather with known ones.

1.1 Backgrounds

Recent research efforts in algorithm theory have concentrated on designing efficient

algorithms for solving combinatorial problems, particularly graph problems. A graph

€10
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Figure 1.1: A graph with eight vertices and eleven edges.
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G = (¥, E) with n vertices and m edges consists of a vertex set ¥ = {v, v;, v, ..., v,} and
an edge set £ = {e, ey, €3, ... , €,}, where an edge in F joins two vertices in V. Figure 1.1
depicts a graph of eight vertices and eleven edges, where vertices are drawn by circles,
edges by lines, vertex names next to the circles and edge names next to the lines. Efficient

algorithxﬁs have been obtained for various graph problems, such as coloring problems,

planarity testing problem, maximum flow problem.

The vertex-coloring and the edge-coloring problems are two of the fundamental problems
on graph. The vertex-coloring problem is to color the vertices of a given graph with the
minimum number of colors so that no two adjacent vertices are assigned the same color.
The edge-coloring problem is to color the edges of a given graph with the minimum
number of colors so that no two adjacént edges are assigned the same color[24]. The
ordinary vertex-ranking and edge-ranking problems are restrictions of the vertex-coloring

problem and the edge-coloring problem, respectively.

1.2 Generalized Edge-Ranking Problem

An ordinary edge-ranking of a given graph G is a labeling of edges of G with positive
integers such that every path between two edges with the same label i contains an edge
with label j > i [10]. Clearly an edge-labeling is an edge-ranking if and only if for any label
i, deletion of all edges with labels > i leaves connected components, each having at most

one edge with label i. The minimum number of ranks needed for an edge-ranking of G is

e, Y



called the edge-ranking number of G. An edge-ranking of G using the minimum number of
ranks is called an optimal edge-ranking of G. The edge-ranking problem is to find an
optimal edge-ranking of a given graph. The constraints for the ordinary edge-ranking
problem imply that two adjacent edge cannot have the same rank. Thus the ordinary edge-
ranking problem is a restriction of the edge-coloring problem. Figure 1.2 depicts an
optimal edge-ranking of the graph G in Figure 1.1 using seven ranks, where the ranks are

drawn next to the edges.

Figure. 1.2 : An optimal edge-ranking of the graph G of Fig. 1.1

A natural generalization of an ordinary edge-ranking is the c-edge-ranking. For any
positive integer ¢, a c-edge-ranking of a graph G is a labeling of the edges of G with
positive integers such that, for any label 7, deletion of all edges with labels > i leaves

connected components, each having at most ¢ edges with label i [22]. Clearly an ordinary

SN
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Figure 1.3 : An optimal 2-edge-ranking of a graph G.

edge-ranking is a l-edge-ranking. The minimum number of ranks needed for a c-edge-
ranking of G 1s called the c-edge-ranking number of G and is denoted by r,'(G). A c-edge-
ranking of G using r/(G) ranks is called an optimal c-edge-ranking of G. The c-edge-
ranking problem is to find an optimal c-edge-ranking of a given graph G. Figure 1.3
depicts an optimal 2-edge-ranking of a graph G using three ranks, where ranks are drawn
next to the edge numbers. Connected components obtained from G by deleting all edges

with labels > i for the 2-edge-ranking of the graph in Fig. 1.3 are drawn in ovals in Fig. 1.4.

The problem of finding an optimal c-edge-ranking of a graph has applications in
scheduling the parallel assembly of a complex multipart product from its components,

where the vertices of G corresponds to the basic components and the edges corresponds to



assembly operations to be performed between the components [10]. Let us consider a robot
with ¢ + 1 hands which can connect at most ¢ + 1 connected components at a time. If we

have as many robots as we need, then the problem of minimizing the number of steps

delete 3

Figure 1.4 (a): A 2-edge-separator tree of the graph in Fig. 1.3.

required for the parallel assembly of a product using the robots is equivalent to finding an

optimal c-edge-ranking of the graph G.
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Figure 1.4 (b): A 2-edge-separator tree of the graph of Fig. 1.3.

The c-edge-ranking problem of a graph G is also equivalent of finding a c-edge-separator
tree of G having the minimum height. Consider the process of starting with a connected
graph G and partitioning it recursively by deleting at most ¢ edges from each of the
connected components until the graph has no edge. The tree representing the recursive

decomposition is called a c-edge-separator tree of G. Thus a c-edge-separator tree

ranks

levels

corresponds to a parallel computation scheme based on the process above and an optimal c-

edge-ranking of G provides a parallel computation scheme having the minimum

computation time [16]. Figure 1.4(a) and 1.4(b) illustrates a 2-edge-separator tree of the

graph G depicted in Fig. 1.3.



We next review the results on the edge-ranking problem. The problem of finding an
optimal edge-ranking was first studied by Iyer et al. in 1991 as they found that the problem
has an application in scheduling the parallel assembly of multipart products. They gave an
O(n log, n) time approximation algorithm for an edge-ranking of trees T using at most
twice the minimum number of ranks, where » is the number of vertices in T [10]. Later
Lam and Yue have proved that the edge-ranking problem is NP-hard for graphs in general
(13]. Zhou et al. gave an -O(n2 log; A) time algorithm to solve the c-edge-ranking
problems on trees for any positive integer ¢, where A is the maximum degree of the tree T
[22]. Recently Lam and Yue presented a linear-time algorithm to solve the edge-ranking
problem for trees {14]. On the other hand, Kashem e7 al. have obtained a polynomial-time
algorithm for finding an optimal c-edge-ranking of a given partial 4-tree with bounded
maximum degree for any positive integer ¢ [12]. Since the partial 2-trees are series-parallel
graphs {2, 24], their algorithm yields a polynomial-time algorithm for series-parallel

aphs. The time complexity of their algorithm is O(Jn18A+8 logza n).
grap

1.3 Summary

This thesis explores the generalized edge-ranking problem of series-parallel graphs. Our

main results can be devided into two parts.

The first part of the results is about the upper bound on the c-edge-ranking number r,'(G)
of series-parallel graph G. We show that r/(G) = O(log,,; n) for a series-parellel graph G
with bounded maximum degree, where n is the number of vertices in G and ¢ is any

positive integer.
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The second part of the results is to give an efficient polynomial-time sequential algorithm
for finding an optimal c-edge-ranking of series-parallel graphs with bounded maximum
dégree for any positive integer c. The time complexity of our algorithm is O(n**** 10gc+14ﬁ
log; log.,, n). Kashem et al. have given a polynomial-time algorithm for finding an optimal
c-edge-ranking of a given partial 4-tree with bounded maximum degree for 'any positive
integer c. Since the partial 2-trees are series-parallel graphs, their alg-on'thm yields a
polynomial-time algorithm for series-parallel graphs. The time complexity of their

algorithm is O(n'***"8 log,® ).

Our new result togather with known ones are listed in Table 1.1.

Classes of graphs Sequential time Comment on ¢ Reference

Trees O(n2 log, A) any positive integer [22]

Trees o) ' c=1 ' [14]

Partial A-trees with | O(n 2 &by logk®+1+2py | any positive integer [12] 1}&
bounded degrees

Series-Parallel O(n'®*® log,,8 n) any positive integer [12]

Graphs with ..
bounded de grees el
Series-Parallel on*™ 1o g1 1 log, log.. n) | any positive integer Ours

Graphs with

bounded degrees

Table 1.1: Algorithms of the c-edge-ranking.



This thesis is organised as follows. Chapter 2 gives preliminaries and characterize the c-
edge-ranking of series-parallel graphs by “visible edges”. Chapter 3 presents an efficient
polynomial-time algorithm for finding an optimal c-edge-ranking of a given series-parallel

graph G. Finally, Chapter 4 concludes with a discussion of future works.

10



Chapter 2

Preliminaries

In this chapter we define some basic terms and present characterization of c-edge-ranking
of series-parallel graphs by “visible edges”. Definitions which are not included in this
chapter will be introduced as they are needed. We start, in Section 2.1, by giving some
definitions of the standard graph theoritical terms used throughout the remainder of the
thesis. In Section 2.2 we give the definition and characteristics of series-parallel graphs. In
Section 2.3 we define some basic terms used for finding optimal c-edge-ranking and

characterize the c-edge-ranking of series-parallel graphs by the number of visible edges.

11



2.1 Basic Terminology

2.1.1 Graphs and Multigraphs

A graph G = (¥, E) is a structure which consists of a finite set of vertices ¥ and a finite set
of edges E, each edge is an unordered pair of distinct vertices (see Figure 1.1). We call
V(G) the vertex-set of the graph G and E(G) the edge-set of G. Throughout this thesis the
number of vertices is denoted by n, that is, » = |V| and the number of edges of G is denoted
by m, that is, m = |E|. If e = (v, w} is an edge, then e is said to join the vertices v and w and
these vertices are then said to be adjacent. In this case we also say that w is a neighbour of
v and that e 1s incident to v and w. If a graph G has no “multiple edges” or “loops”, then G
1s said to be a simple graph. Multiple edges join the same pair of vertices, while a loop
joins a vertex to itself. The graph in which loops and multiple edges are allowed is called a

multigraph. Sometimes a simple graph is simply called by a graph.

2.1.2 Degree of a Vertex

The degree of a vertex v in a graph G is the number of edges incident to v and is denoted
by dg{v) or simply by d(v). The maximum degree of G is denoted by A(G) or simply by A.

A vertex of degree 0 is called an isolated vertex.

12



2.1.3 Subgraphs

A subgraph of a graph G = (V, E) is a graph G’=(V’,E’) such that V' V and E'c E; we
write this as G’ C G. If G’ contains all the edges of G’ that join two vertices in ¥, then G’
is said to be the subgraph induced by ¥ and is denoted by G[¥’]. ¥’ consist of exactly the
vertices on which edges in E’ are incident, then G’is said to be the subgraph induced by
E’and 1s denoted by G[E’]. Figure 2.1(a) depicts a subgraph of G in fig 1.1 induced by

§V1, Vs, Vg, v} and fig 2.1(b) depicts a subgraph induced by {es, e, s, 25)-

€4

Vi O—( ) €y Vi Vs

€y €5 €6

(a) (b)

Figure 2.1: Subgraph of G in Fig. 1.1, (a) vertex induced subgraph.
(b) edge induced subgraph.

We often construct new graphs from old ones by deleting some vertices or edges. If visa

vertex.of a given graph G = (¥, E), then G — v is the subgraph of G obtained by deleting the

13



vertex v and all the edges incident to v. More generally, if ¥ is a subset of V, then G — ¥’
1s the subgraph of G obtained by deleting the vertices in ¥” and all the edges incident to
them. Then G — ¥V’ 1s a subgraph of G induced by ¥ — V. Similarly, if e is an edge of G,
then G — e 1s the subgraph of G obtained by deleting the edge, if E’c E, then G — E’ is the

subgraph of G obtained by deleting the edges in £

2.1.4 Paths and Cycles

A vy— v, walk in G 1§ an alternating sequence of vertices and edges of G, vy, €) vy, ey, ... ,
V.1, ¢, v, beginning and ending with a vertex, in which each edge is incident to two vertices
immediately preceding and following it. If the vertices vy, v|, v,, ... , v; are distinct
(except possibly vg, v), then the walk is called a path and usually denoted by v, v, va, ...,
v;. The length of the path is /, one less than the number of vertices on the path. A path or

walk is closed if vy = v;. A closed path at least one edge is called a cycle.

2.1.5 Connected Components and Separators

A graph is connected if for every pair {u, v} of distinct vertices there is a path between u
and v. A (connected) component of a graph is a maximal connected subgraph. A graph
which is not connected is called a disconnected graph. A separator of a connected graph G

15 a set of vertices whose deletion disconnects G.

14



2.2 Series-Parallel Graphs

A series-parallel graph is defined recursively as follows:

1. A graph G of a single edge is a series-parallel graph. The ends v, and v, of the edge

are called the terminals of G and denoted by v(G) and v(G).

WG 4(G) WG
WG “ WG WO
v(Gy) WGy v(Gy)

(a) (b)

w(Gy)

v(G)
v(Ga)

Figure 2.2 : (a) Series and (b) parallel connections.

2. Let G be a series-parallel graph with terminals v(G;) and v(G,) and let G, be a series-

parallel graph with terminals v(G,) and v{(G,).

(a) A graph G obtained from G, and G, by identifying vertex v(G,) with vertex v{(G,)
1s series-parallel graph whose terminals are v,(G) = v{(G,) and v{G) = v(G,). Such
a connection is called a series connection and G is denoted by G = G, ® G, (See

Fig. 2.2)

(b) A graph G obtained from G, and G, by identifying vertex v,(G,) with vertex v(G,)
and vertex v,(G,) with vertex v,(G,) is series-parallel graph whose terminals are
v(G) =v(G)) = v{G,) and v(G) = v(G,) = v(G,). Such a connection 1s called a

parallel connection and G is denoted by G = G, || G, (See Fig. 2.2)

15
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Thus a series-parallel graph (partial 2-tree) is a simple graph without multiple edges or self

loops.

A series-parallel graph G can be represented by a “binary decomposition tree” T}, [24].
Figure 2.3 illustrates a binary decomposition tree 7, of the graph in Figure 1.3. Labels s
and p attached to internal nodes in T, indicates series and paralle]l connections,
respectively, and nodes labeled s and p are called s-nodes and p-rodes, respectively. A
node x of tree 7, comesponds to a subgraph of G, which is denoted by G,. Especially,
every leaf of T, represents a subgraph of G induced by an edge ¢ e E. Thus the root of T,

represents the graph G=(V, E).

G, a subgraph of G associated with a node x in 7}, is also a series-parallel graph with two
terminals v{(G,) and v{(G,). Let S, be the set of two terminals of the series-parallel graph
G.ie, S, = {vi{(G)), v(G,)}. Every leaf x of T}, represenfs a subgraph of G induced by two
vertices connected by an edge e,. We associate a subgraph G, = (V,, E,) with each node x of

tree 7}, where

V.= U {Sy | y = yorzisadescendant of x in Tb}; and

e, €E, if x is a leaf node in 7, and
- | E , UE,, ifxisaninternal node having two childreen y and z.
If x is an internal node in T}, having two children y and z, then the two edge-sets E, and E;
are disjoint. The subgraph G, is an edge-disjoint union of two subgraphs G, and G,.. If x 1s
a series node, then G, and G, is connected in G, via the common vertex v of G, and G,,

that is, v =8, n S, through a series connection. On the otherhand, if x is a parallel node,

16



then G, and G, is connected in G, via both the terminals of G, and G,, thatis, ve S, U §,

through a parallel connection.

2.3 Visible Edges

Let ¢ be an edge-labeling of a graph G = (¥, E) with positive integers. The label (rank) of
an edge e € E is represented by ¢(e). The number of ranks used by an edge-labeling ¢ is
denoted by #¢. One may assume without loss of generality that ¢ uses consecutive integers

1,2,3,...,#0 asthe ranks.

(vg, Vo)

(ve, V1) (v1, v5) (vs, v7)

(vls vZ)

(v, v3) (vs, vg) (v, V4). (V4> Vo)

Figure 2.3: A binary decomposition tree of the graph G in Figure 1.3.

17 ' \(.



For arank i, 1 <i <#¢, we denote by (G, ¢, i) the set of edges e in G with g(e) = i, and
let m(G, ¢, 1) = |(E£, @, 7)|. Then ¢ is a c-edge-ranking of G if and only if m(D, o, {) < ¢ for
any i, 1 <i < #¢p and any connected component D of the graph obtained from G by
deleting all edges with ranks > i. For a subgraph G’= (¥, E’) of G, we denote by ¢|G’a
restriction of ¢ to G. Let n = ¢| G’, then n(e) = ¢(e) for e € E* We characterize the ¢-
edge-ranking of a series-parallel graph by the number of “visible” edges. An edge e € E is
said to be visible from a vertex v € V under ¢ in G if G has a path from e to v every edge
of which has a rank < ¢{e). The rank ¢(e) of e is also said to be visible from v under ¢ in G
if the edge e is so. We then have the following lemma which characterize the c-edge-

ranking of series-parallel graphs by the number of visible edges.

Lemma 2.1 Let T, be a binary decomposition tree of a series-parallel graph G, and let x

be a node in T,. Then an edge-labeling ¢ of G, is a c-edge-ranking of G, if and only if

(a) At most c edges of the same rank are visible from any vertex v € S, S, under ¢
in G, and
(b) If x is an internal node in Ty and has two children y and z, then ¢|G, and ¢|G, are

c-edge-rankings of G, and G,, respectively.

Proof: =: Suppose that ¢ is a c-edge-ranking of G,. Then, for any label i, deletion of
all edges from G, with labels > i leaves connected components, each having at most ¢

edges with label i.

18



(a) Let i be any rank. Delete all edges with labels > i from G,. Among the connected
components of the remaining graph, let D be the one containing a vertex v € S, U S,. Then
exactly m(D, ¢, i) edges with rank 7 are visible from v under ¢ in éx, Since @ is a c-edge-
ranking of G,, we have m(D, @, i) < ¢. Therefore, at most c edges of rank 7 are visible from

vunder ¢ in G,.

(b) Assume that x is an internal node of 7}, and has two children y and z. Let ¢|G, and ¢|G,
be the restriction of ¢ to G, and G,, respectively. Since ¢ is a c-edge-ranking of G, and G,
is a subgraph of G,, for any label i, deletion of all edges from G, with labels > i leaves
connected components, cach having at most ¢ edges with label i. Therefore, ¢|G, is a c-

edge-ranking of G,. Similarly ¢|G, isa c-edge-ranking of G,.

<:  Suppose for a contradiction that an edge-labeling ¢ satisfies (a) and (b), but ¢ is not
a c-edge-ranking of G,. Then, there exists a rank i such that deletion of all edges with
labels > i from G, leaves a connected component D such that m(D, o, i) > ¢. Since (a) and
(b) hold, x is an internal node of T, and D is neither a subgraph of G, nor a subgraph of G.,.
Furthermore, G, and G, have common vertices only in S, U S,. Therefore, D has a vertex
ve S, uS,. Then all m(D, ¢, i) edges with label i in D are visible from v in G,. Therefore,

more than ¢ edges of rank i are visible from v under ¢ in G,, contradictory to (a).

19
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Chapter 3

Genaralized Edge-Ranking of Series-
Parallel Graphs

This chapter deals with the generalized edge-ranking problem on series-parallel graphs.
Lam and Yue have proved that the edge-ranking problem is NP-hard for graphs in general
[13]. The edge-ranking problem is one of the few problems for which no efficient
algorithms have been obtained except for few class of graphs. Zhou et al. gave an O(n2
log,A) time algorithm to solve the c-edge-ranking problem on trees T for any positive
integer ¢, where A is the maximum degree of the tree T [22]. Recently Lam and Yue
presented a linear-time algorithm to solve the edge-ranking problem for trees [14]. On the
other hand, Kashem ef al. have obtained a polynomial-time algorithm for finding an
optimal c-edge-ranking of a given partial &-tree with bounded maximum degree for any
positive integer ¢ [12]. Since the partial 2-trees are series-parallel graphs [2, 24], their
algorithm yields a polynomial-time algorithm for series-paralle! graphs. The time

 complexity of their algorithm is O(Jrz18A+B 10g28 n).

In this chapter we give an efficient algorithm to solve the c-edge-ranking problem of
series-parallel graphs. Our algorithm runs in time O(n‘w‘1 logcﬂ‘1 n log, log .., n). We use

dynamic programming and bottom-up tree computation on the binary decomposition tree

20
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T, of the graph G = (¥, E) from leaf to the root. For each node x of T, from leaves to the
root, we construct all (dominance classes of) c-edge-ranking of G, from those of two

subgraphs G, and G, associated with the children y and z of .

The remainder of this chapter is organized as follows. Section 3.1 gives some definitions
and gives an upper bound on the c-edge-ranking number of a series-parallel graph. Sections
3.2, 3.3 and 3.4 define an equivalence class, a peer class and a dominance class,
respectively to solve the c-edge-ranking problem of series-parallel graphs. Section 3.5
gives an efficient algorithm, verifies the correctness of the algorithm and analyze its time-

complexity. Finally Section 3.6 includes a brief conclusion.

3.1 Preliminaries

3.1.1 Definitions

In this section we give some definitions.

We define the lexicographical order on the set of non-increasing sequences (lists) of

positive integers as follows: Let 4 = {a), ay, ..., a,} and B= {by, b, ... , b,} be two sets
(lists) of positive integer such thata; 2 a, 2 ... 2g,and by 2 b, 2 ... 25, then4 < Bif

there exist an integer 7 such that

(a)a;=b, forall 1 <j<i; and

(b) either a;< b;orp< i< gq.

21



Wewrited < B ifA=8 or A< B.

For a list 4 and an integer a, we define a sublist [o < 4] of 4 as follows:
[a<d]={xe 4| a<x}

Similarly we define sublists [ < 4], [4 <a]and [4 < ] of 4. Obviously, if 4 < B then

[0 <A] < [o<B] forany o> 1. Forlist L and L’ we use L — L' and L W L' in their usual

meaning in which we regard Z, L' and L U L' as multi-sets.

3.1.2 Upper Bound on the c-Edge-Ranking Number of a Series-

Parallel Graph

In this section we show that the c-edge-ranking number r,” (G) of a series-parallel graph G

is O(log., n). We first cite Lemma 3.1 from [23 ].

Lemma 3.1 Let T be a tree of ny (2 1) nodes, and let a be any positive integer. Then T

has at most a nodes whose removal leaves subtrees each having at most ny/q nodes, where

a+3

4

g = 21_log2(a+3)J -1

and g = 2.

We then have the following lemma on r.’(G).
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Lemma 3.2 Let ¢ be any positive integer which is not always bounded, let G be a series-

parallel graph of n vertices, and let A be the maximum degree of G. Then

r./(G)<1+blog,.n, where

24
— |log,(c + 1) ifc < 2A,
¢
b < y4+2log,A if 2A +1<c<16A* —1;and
4 ifc Z16A°.

Proof. Let G = (¥, E) be the series-parallel graph. Let | ¥'|=n. Then | E | <2n - 3. Let T}

be a binary decomposition treec of G and n . X be the number of nodes in 7,. Then the
number of leaf nodes are at most 2n —3 and hence no, S 4n — 7 [24]. We first construct

an equivalent tree 7, from the binary decomposition tree 7}, of G as follow:

The edge incident to the terminals v, and v, of the graph associated with every leaf node is
also incident to the terminals of the graph associated with its parent node. To prove this, we

have to consider the following two cases separately.

Case (a): The parent node of a leaf node in 7}, is a series node.

Let x be an internal node having two children y and z. Let y be a leaf node, and z be any
node. Let v, and v be the terminals of G, and v and v, be the terminals of ;. Then v; and v,
are the terminals of G,. Since every leaf node in 7, represents an edge e € E, the edge
incident to vertex v in G, is also incident to vertex v, in G,. Since G, and G, are connected

at vertex v through a series connection, the edge e is also incident to vertex v, in G,.
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Case (b): The parent node of a leaf node in 7}, is a parallel node.

Let x be an internal node having two children y and z. Let y be a leaf node, and z be any
node. Let v; and v, be the terminals of G,. Since G, and G, are connected through a parellel
connection at node x, then v, and v, are also the terminals of G,, and G,. So the edge
incident to v, in G, is also incident to v; in G,. Similarly, the edge incident to v, in G, is also

incident to v, in G,.

Therefore, we can remove all the leaf nodes from 7,.. We call the tree obtained after
removing all leaf nodes from 7, as “reduced tree” 7,. Then the reduced tree 7, contains at

most 2n — 4 nodes.

Now we construct an equivalent tree 7, from the reduced trec 7, by removing both
children nodes of a parallel node and contracting the edges in 7, and repeating these for all
parallel nodes in 7,. Now we claim that the equivalent tree contains at most # nodes. This

can be proved as follows,

During the construction of the graph G by adding vertices one after another from null, if for
including a new vertex in the graph G, one edge is added in G, then {E| £ » and the parent
node of the leaf node corresponding to this edge is a series node in 7. Hence the reduced
tree contains at most » nodes. But if for including one vertex in the graph the number of
edges in the graph is increased by two. then |E| < 2n -3 and one series node, one parallel
node and two leaf nodes are added in the binary decomposition tree 7,, where the series

node is the parent node of the two leaf nodes, and the parallel node is the parent node of the
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series node. So the reduced tree 7, contains only one series node and one parallel node,
where the parallel node is the parent of the series node in 7,. Therefore, the reduced tree
contains at most 2n — 4 nodes. Since the terminals of these series node and parallel node in
T, are the same, we can remove both the children of that parent node and contract the edges
in T,. We call the tree obtained after removing both the children node of a parallel node and
contracting the edges in T, as *“equivalent tree” 7,. In this case for including one vertex in
the graph G, node in the equivalent tree does not increase (because, two nodes are added in
the reduced tree, and two nodes are removed from the equivalent tree), that is, the
equivalent tree contains at most » nodes in total. Thus we have verified our claim above,

Let ny be the number of nodes in the equivalent tree 7,,. Then ny < n.

Recursively applying Lemma 3.1 to T, we first construct an a-vertex separator tree T,(7, )

of tree T,, where o = max{l, lﬁ"J }. The height AT,( ny) of tree T,(T,) satisfies the

following recurrence relation

KT, (n) <1+hT, u%” (3.1)

a+3

4

where g = 2ilog2(a+3)j -1

Solving the recurence (3.1) with 27, (1)= 0, we have

hTy(n) < log, ny (3.2)
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We next claim that the o-vertex-separator tree T,(7,) of tree T, o can be transformed to a c-

edge-separator tree 7(G) of G with height

2
hT(n) < [—iw log, 7.
C

First consider the case in which ¢ =2 2A + 1. In this case o = [ﬁJ , and any node of

TT,) contains at most o nodes of 7,, each corresponding to an edge-separator of G having
at most 2A edges of G. Thus any node of T(7,) correspond to an edge-separator of G

having at most ¢ edges of G, and hence T,(T,) immediately yields a c-edge-separator tree

T.(G) whose height 2T (#n) is at most #T,(n;). Thus by (3.2) we have
2A
hT(n) <hT,(ny) < log,ny < log, n= [—-‘ log, n 3.3)
c

. Next consider the case in which ¢ < 2A. Then & = 1, and hence each node x of T,(T,)
. 2A
contains at most one node, say x} of 7. Let s = | —— |, and replace each node x of
: c

T(T,) with s new node x;, x;, X3, ... , X;; node x; is the father of x;, |, 1 £j < s-1, in a new
tree. At most 2A edges of G are incident to vertices in S, and these edges form an edge-
separator of G. We assign each node x;, 1 </ <5, at most ¢ edges so that each of these

edges is assigned to some x; 1 </ <.

2A . .
Then the resulting tree has height ’V——‘ hT (n;), and immediately yields a c-edge-
¢

separator tree T,(G) of G. Thus by (3.2) the height 2T () of T,(G) satisfies,
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2A 2A 2A
hf(n) < ’VT-‘ AT (np) < "—C—-‘ log, ny < "—“ log, n.
c

Thus we have verified the claim above.

We finally obtain a c-edge-ranking of G from the c-edge-separator tree 7.(G) of G as
follows: for each i, 0 < i < AT (n), label by rank i/ + 1 all edges of G corresponding to the
nodes of T.(G) at lavel i. Then the resulting edge-labeling is a c-edge-ranking of G using

1 + AT (n) ranks. Therefore we have

r(GY< 1+ AT, (n)

oA ]
<1+ | — | log,n.
c
oA ]
<1+ | — | logc+1)log, 1
c

<1+blog n

2A
where, b= ’VT—’ log, (¢ +1).

Depending upon the value of ¢, we have the following three cases.

Case 1: c < 2A.

In this case, « = 1 and g = 2. Therefore

2A
b = log,(c +1)
C
oA ]
= logy(c +1).
c
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Case 2; 2A+1< ¢ <16A% -1,

. 2A
In this case, x 2 1, g>2, [T-’ =1, and ¢ + 1 < 16A%. Therefore

b = [Q—A——’ log, (c +1)
[

log, (c +1)
< log, 16A*

= 4+2log, A
Case 3 : c > 16A%

c c—2A+1 ) .
> ——————— . Therefore in this case we have

In this case, a = [—
2A 2A

a+3
4
c—-2A+1
—+3
2A
4

1[c+1 J
= —|—+1
2\ 4A
]
(c+1)5
2 _
4A
1 1
(e+1)3.(c+1)3s
2JA

(c+1)i.

v
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Therefore,

b = ’725 -’logq(c+1)

log, (c +1)

A

log(c oy (c+1)
= 4
If A is a bounded integer, then # = O(1) and hence r,”(G) < 1 + b log.; n = O(log,,, n)

even if ¢ is not a bounded integer. O

3.2 Equivalence Class

We use a dynamic programming algorithm to find an optimal c-edge-ranking of a series-
parallel graph. Consider a binary decomposition tree T, of G. On each node of the binary
decomposition tree, a table of all necessary partial solutions of the problem is computed,
where each entry in the table represents a dominance class. The table of our algorithm has a
size O(n""! logcﬂ2 n}. Before defining the dominance class for the c-edge-ranking problem,

we need to define some terms.

Let a node x of T, corresponds to a subgraph G, = (V, E,)of G=(V, E). Let R = {1, 2, 3,
..., [} be the set of ranks and let ¢ : £, > R be an edge-labeling of the subgraph G, . Iyer
et al. introduced the idea of a “critical list” to solve the ordinary vertex-ranking problem of

trees, to be a list containing the ranks of all edges visible from the root. We use similar idea
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to define visible list L(¢, v), to be a list containing the ranks of all edges e € E, visible

from avertexve §,,i. e,

L(p,v) = {@(e) | e € E, is visible from the vertex v under ¢ in G,}.

The ranks in the list L(g, v) are sorted in non-increasing order of ranks. The list L(gp, v)
may contain same ranks with repetition < ¢. For an integer 7, we denote by count(L(¢p, v), 1)
the number of i’s contained in L(¢, v), that is, the number of visible edges with rank 7. Then
by lemma 2.1 an edge-labeling ¢ of the subgraph G, associated with a node x in T}
obtained from extension of the c-edge-rankings n and ¥ of the subgraphs G, and G,
associated with the two children y and z of x in T}, respectively will be a c-edge-ranking if

and only if for any rank i € R,

count(L(@, v), i) < c for each vertex v e §, U §,.

We next define a list-set £(¢) as follows:

£(9) = {L(9, vo), L(o, v}

For an edge-labeling ¢ of G, we define a term (hereinafier called as obstacle) A, as

follows:
A, = min{A | G, has a path P from v, to v, such that ¢(e) < & for each edge e of P}.

Since G, is a connected graph with two terminals v; and v;, so A, € R. If edge e € E, is

visible from v, and ¢(e) 2 A, then e is visible from v, under ¢ in G,. Then clearly,

[Ay < L(9, v))] = [Ay < Lo, v)].
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We next define a pair R(¢) as follows:

R(®) = (£(¢), Ay).

We call such a pair R(¢) the vector of ¢ on node x. R(¢) is called a feasible vector if the

edge-labeling ¢ is a c-edge-ranking of G,.

A c-edge-ranking of G, is defined to be extensible if it can be extended to a c-edge-ranking

of G without changing the labeling of edges in G,. We then have the following lemma.

Lemma 3.3 Let ¢ and m be the two c-edge-ranking of G, such that R(¢) = R(n), then ¢

is extensible if and only if 1| is extensible.

Proof :It suffices to prove that if ¢ is extensible then n is extensible. Suppose that ¢ is
extensible. Then ¢ can be extended to a c-edge-ranking @' of G = (¥, E) such that ¢(e) =
¢'(e) for any edge ecE,. Let E* = E — E,, and let G* be the subgraph of G induced by E*.
Extend the c-edge-ranking n of G, to an edge-labeling i)' of G as follows:

n(e), ifee E; and

me)= {(p'(e), ifee E*

Then it suffices to prove that 1’ is a c-edge-ranking of G, that is, m(#,, 1', i) < c for any
connected component H,, = (V,,, E, ) of the graph obtained from G by deleting all edges

ec E with 1'(e) = i. There are the following two cases to consider.

31



Case 1: H, has no vertex in §,.

In this case H,. is a subgraph of either G, or G*, since G, is connected with G* only
through the vertices in §.. Furthermore n'|G, = n and n/'|G* = ¢'|G* are c-edge-ranking of

G, and G*, respectively. Therefore, m(H,, ', i) < c.

Case 2: H  has a vertex w in §,.

Since R(¢) = R(n), we have L{@, w) = L(n, w). Hence, deletion of all ee£ with ¢'(e) > i
from G leaves a connected component Hy, = (¥, E, ) containing the vertex w. Since ¢’ is a
c-edge-ranking of G, m(H,,, ¢', i) < c. Therefore it suffices to prove that m(H,,m', i) =

m Hq)'s (p': l)

Since R(¢) = R(m), we have L(p, w) = L(n, w) for each vertex veS§, and A, = .

Furthermore, n'|G* = ¢'|G*. Therefore one can observe that V. n §, = ¥V, n S, and

E N E*=E, N E* Let H,, be the subgraph of H,, induced by £, " E,, and H,* be the

subgraph of #,. induced by E,. m E*. Similarly, let H,, be the subgraph of H,, induced by

Ey M E,, and Hy* be the subgraph of H, induced by E, n E*. Then m(H,, n', i) =
m(an} ue lT') + m(Hn’*s T]', l) and m(Hq)'s (P', l) = m(H(px! @, i) + m(H(p’*, (P’, 1) Since E'q' M E*
=Ey M E* and n'|G* = ¢'|G*, we have m(H*, ', i) = m(H,*, ¢', i}. Therefore it suffice
to prove that m(H,,, n, i) = m(H,, @, 7).

We next show that each of the connected component H,, and H,, contains at least one

o~

vertex in §,. Suppose for a contradiction that a connected component D of H,, or H,,, say

H

o Contains no vertex in S,. Since H, is a connected graph containing a vertex we §,, wis
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connected to a vertex of D by a path H, .. However it is impossible because D has no vertex

in §, and H,, is connected with H,.* only through the vertices in S,.

Let v be any vertex in V(H,,,) N S, = N(H,,) N §,. Let D, be the connected component of
H,, that contains vertex w = v,. and let D, be the connected component of H,,, that contains

vertex v,. We now claim that V(D) N S, = M(D,) N S, and m(D,, m, i) = m(Dy, ¢, i).

Letv, € M(D,), then obviously A, <i. Since R(p) = R(n), we have A, = A, <i. Therefore,
v, € V(Dy). Hence we have prove that ¥(D,) N S, = N(D,) N §,. Clearly m(Dy, @, i) =
count(L(9, vy), i) and m(D,, M, i) = count(L(n, v;), 7). Since L(p, v,) = L(n, v,), we have
count(L(9, v), i) = count(L(n, v;), i) and hence m(D,, ¢, i) = m(D,, n, i). Thus we have

verified the claim above,

The claim above implies that H,, and H,, have the same number of connected components

and there can be at most two connected component of H,, and H,,,, respectively. These can

pr?
be recognized by H,, and H,, in H,,, and H, and H,, in H,,. Furthermore m(H,, n, i) =
m(Hq,s, o, 1) and m(H.,, n, 1) =m(H,, ¢, ). Since m(H,,,n,i)= m(Hm, n, i)+ m(H,,, M, 1)

and m(H,,, @, 1) = m(H, @, i) + m(Hy, 0, i), we have m(H,,, n, 1) =m(H,,, ¢, i). O

Thus a feasible vector R(p) of ¢ on node x can be seen as an equivalence class of

extensible c-edge-ranking of G,.
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3.3 Peer Class

Since at parallel connection of two graphs G, and G,, ranks in the visible list at one
terminal v € §,, of one graph, say G, may become visible to the other terminal of
combined graph G, via the path between v, and v, of G, when Ay < A, and vice versa, we
consider this condition in advance by assuming an imaginary path between v, and v, of G,
and G, having different possible obstacle. We call the lists so obtain at the terminals as the

peer-lists.

Let x be a node in 7, and has two children y and z. Let 1) and y be the two c-edge-rankings
of G, and G,, respectively. If x is a leaf node in T}, then G, and G, are null graphs. Let ¢ be
an edge-labeling of G, extended from m and . Let r, 1 <r </, be a positive integer. Let ,
be a positive integer defined as follows:

¥, iflSrS?L(p—l, and
RS ifA, <r<I

We define a peer-list L,(¢, v, r) and a pear-list-set £,(¢) for a series-parallel graph as
follows:

Lp((ps Vs ?‘) = L((Pa vs) - [r(p < L((P3 Vr) < 7\‘(p]

Lp(q)s vra r) = L((ps vl) J [r(p < L((P: vs) < kq)]s and

£p((p) = {Lp((pa Vs ?‘), Lp(q): Vi ?’)}

For an edge-labeling ¢ of G,, the introduction of the concept of peer-list actually

incorporates ranks in the list [L(¢, v) < A,] visible at one terminal v, v € §,, 1s made visible
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to the other terminal via an imaginary path between v, and v, of G, having r as the obstacle.
Since in parallel connection of two graphs G, and G,, the ranks visible only at one terminal
of G, may become visible at the other terminal of G, via the path of G, having obstacle Ay
and vice versa, consideration of peer-list actually means to keep in advance the projected
list as if another graph having a path with obstacle 7 is connected in parallel with the graph

G,. So, this extra component in the peer-list will be called the look-ahead component.

we next define a pair R(9), called peer-vector, as follows:

R(9) = (£,(¢), 1.
We call such a pair R (¢} the vector of ¢ on node x. R,(9) is called a feasible vector if the
edge-labeling ¢ is a c-edge-ranking of G, and count(L, (¢, v, r), i) <cforallve S, and all /

e R

Now we give the following two Lemmas for computing the peer-lists L, (o, v, r) and

Ly(®, v, #) of G, extended from G, and G,.

Lemma 3.4 Let x be a series node and has two childreny and z in Ty Let G,, G, and G, be
the subgraphs of G associated with the nodes x, y and z, respectively. Then G, = G, » G,.
Let viand v be the rermiﬁal vertices of Gy, and v and v, be the terminals of G,. Let 1 and
WV be the c-edge-rankings of G, and G,, respectively. Let ¢ be the edge-labeling of G,
extended from m and\¥. Let r, | S¥ < [, be a positive integer. Let I, = max{r, Ay} and let

ly = max{r, h,}. Then,

A

o = max{iy, A, };
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Lp((P: Ve I‘) = Lp(ns Vi ln) W [7\'11 b3 Lp(l{!’ Vv, ?\"I‘)] o [r < Lp(lys Vis ?\"i‘) < A’(p]s and
Lp((P: Vs ?‘) = Lp(LP: Vis l‘}‘) W [7\"-}1S Lp(TL Vv, ?\'n)] A [1‘ < Lp('ﬂ, Vs ?\"q) < ?\'(p]

Proof: We provide proof for the first part. The second part can be prove analogously. Let i
be any rank in L,(¢, v,, r). Then i is visible from v, under labeling ¢ in G, with an

imaginary path between the two terminals of G, having obstacle .

Since G, = G, ¢ G,, [, denotes the obstacle for look-ahead component of ny. All ranks in [An
< LY, v, Ay)] = [A, £ L(W, v)] will be visible from v, through the path of n having
obstacle A,. All ranks > 7 in the list L,(‘¥, v;, Ag) i.e. [r < L(*¥, v,)] will be visible through
the imaginary path having obstacle r. Since [Ay < L(\¥, V)] = [Ay < L(*P, v,)] and the ranks
in the list [A, < L(¥, v)] are already visible from v, through the path in 1, so which of the

rest ranks in the list [» < L(*¥, v,)] are visible through the imaginary path having obstacle »

depends upon the relative value of A; and Ay as follows:

Casea: A, =)y
In this case, [A,<L(Y, w]=[A, S LY, v)] as [hy < L(¥, v)] = [Ay < L(F, v)]; and
then, [r < LY, v)] = [r S L(Y, v) < Aj] V[ < LCY, W)

=[r < L(¥, v) < A] U [Ay < L(F, V)]

but ranks in the list [A, < L(‘¥, v})] are already visible from v, through the path in 1. So only -
ranks in the list [r < L(¥, v)) < A,] are sufficient for the look-ahead component and since

A2 hagy 50 Ay =max{A, hy} = A, and [r SL(E, v) <A1 = [r SLCF, v) < A,).
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Caseb: A <Ay
In this case, [Ay< LW, v)] = [hg < L{¥, v)]. Then,

[F<L(Y,v)] =[r=<L(¥,v) <Ayl U [ S LY, )]

=[r< LY, v) <Ayl u [Ae S LT, v)].

But since A, <Ay, s0 [Ay < L(F, v)] < [A, < L(W, v)] and all ranks in list [Ay < LW, v)] are
already visible from v, through the path in 1. So only ranks in list [r < LV, v,) < Ay] are
sufficient for the look-ahead component and since A, < Ay, 50 Ay= max{A, Ay} = A, and
[r < L(Y, v) <Ayl =[r < L(¥, v)) < A,]. Thus we have either i € L,(n, v, [)) ori € [A; <
LY, v, Ay)]ori e [r < L,(‘W, v, Ay) < Ay). Thus,

L,(o, 1';5, F) S LN, v, L) O [ S LY, v, Ag)] U [ S L(W, v, Ay) < Ay (1)
Assume that i be any rank in L,(n, v, 1) U [A; S L(¥, v, Ap)] VU [F S L(Y, v, Ay) < A),
then either i € L(m, v, L) ori € [A, <L (¥, v, Ay)]ori € [r S L(¥, v, Ay) <X ). Ifi €
LM, vy, 1) then clearly i € L (¢, v, 7). Ifi ¢ L,(n, v,, ;) then either i € [A, < L ('Y, v, Ay)]
ori e [r< LV, v, hy) < Ag) If i € [A, < L(W, v, Ay)] then i will be visible from v,
through the path in n having obstacle A, 1f i ¢ [A, < L (¥, v, Ay)] then i € [r < L (¥, iz.,,
My) < X,] and ¢ will be visible from v, through the imaginary path having obstacle r. Hence
i € L(@, vs, ). Thus we obtain,

L@, vy, 1) 2 Ly, vy, L)V [y S LCF, v, M) U [F S L(F, vy, Ay) < Aq] (2)
Therefore from equation (1) and (2), we have

L@, ve 1) = Ly(M, vy, 1) W [Ag S L, v, )] [r S L(F, v, hy) <Al 0
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Lemma 3.5 Let x be a parallel node with two children y and z in T,. Le;‘ G,, G, and G, be
tife subgraphs of G associated with the nodes x, y and z, respectively. Then G, = G, | G.
Let v; and v, be the terminal vertices of G, and G,. Let | and ¥ be the c-edge-rankings of
G, and G,, respectively. Let ¢ be the edge-labeling of G, extended from n and V. Let r, 1 <
r <! be a positive integer. Then,

Ay = min{ly, Ap};

Lo, v, ) =Ly(M, v, 1) W LY, v, r); and

Lp(q)a vb 7‘) = Lp(ns vt: T') o Lp(qJ: vt: r)'

Proof: We provide proof for the first part. The second part can be prove analogously. Let
be any rank in L,(@, v, 7). Then i is visible from v, under labeling ¢ in G, with an
imaginary path between the two terminals of G, having obstacle  for the look-ahead
component. Since G, = G, || G,,we have either i € L,(m, v, r) ori € L(‘¥, v, r). Thus,
Lo, ve,r) = LM, v, 1) LV, v, 1) 3)
Assume that i € L,(n, v,, ) @ L,(¥, v, ). Then either i € L,(m, v, r)ori € L(¥, v, 7).
Then clearly i € L(9, v, 7) since G, = G, || G,. Hence i € L,(o, v, r). Thus we obtain,
L@, v ) 2 LN, v 1)U L(¥, v, 7) 4)
From equation (3) and (4), we have,

Lp(q)s Vss F‘) = Lp(ﬂ, Vs r) “ Lp(LP’ Vs r)

In the following lemma we define the peer class. O

Lemma 3.6 Let G, be a series-parallel graph. Let ¢ be a c-edge-ranking of G,. Then

R(p) < Ry(9).
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Proof : Let &, be the obstacle of the c-edge-ranking ¢. Then it suffices to show that for any
list-set £(¢) € R(), there is a peer-list-set £,(¢) € R (¢) such that
L(p,v)=L(9,v,r), wherevel,.

Let us choose, r =, and v = v, then we have r, = },,and

(O}
L@, ver) = L@, v) U [rg SL(9,v) <Ay
L@, v, Ag) = L(@, v) U [Ay SL(, V) <Ag]
Since [A, < L(9, v} <A,]=9¢. So,

Lo, v, Ap) = L(o, vs).. Similarly we can show that,

Lp((p9 vra A'(p) = L((P: vt)' D

Thus a feasible vector R,(¢) of ¢ on node x can be seen as a peer class which is a super set

of the equivalence class and hence o is an extensible c-edge-ranking of G,.

3.4 Dominance Class

We define our dominance class as follows,
Let R,(x) be the set of feasible vectors for G,, Then we apply the following elimination rule
on R,(x). Let ¢ and ¢’ be any two labeling of G, we say that ¢ dominates ¢’ if any of the
following conditions is true:

(1) L0, v 1) = L0, Ve, 7), L@, vy, 1) < Ly(@', v, ), and A, = 2.

(2) L@, v, 1) = L@, Ve, 1)y L@, Vs 1) = Lp(@', vy 1), and Ay = A,
Then the set of feasible vectors obtained from R,(x) applying the above elimination rule is

called dominance class R (x).
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In the following lemma we show that the dominance class R {x) on node x can be seen as a

set of vectors of extensible c-edge-ranking of G,.

Lemma 3.7 Let R,(x), R/(y) and RAz) be the dominance classes obtained from R, 1(x),
R,(y) and R,(z), respectively. Let R{x) be the dominance classes extended from R (y) and

R(z2). Then R,;{x) = R £x).
Proof: We prove the lemma by induction.

Basis: Let x be a leaf node in T,. Then G, corresponds to an edge e, = (v, v) in G. Let ¢
and ¢’ be the two c-edge-ranking of G,. Then ¢(e) = ¢'(e) and &, = 1, = p(e) = ¢’(e). ¢(e)
is visible from both the terminals of G, and so any imaginary path is meaningless. Then
L@, v, )= L9, vy, ) and L (@, v,, r) = L(¢’, v,, ¥) for r = &, = &,/. Note that the only

possible value of r is A,,. Then Clearly R (x) = R,(x).

Induction: Let x be an internal nede in 7T, having two children y and z. Now consider the

following two cases, depending on the connection in node x.

Casel: G,=G,eG,.

Let v, and v be the terminal vertices of G, and v and v, be the terminal of G,. Then G, has

v, and v, as terminals. We show that R/(x) = R (x). Suppose that, there exists a feasible

vector R,(¢') in R,'(x), obtained from n'(y) and ¥'(z). Now from lemma 3.4 we have,
L9, v, 1) =L, M, vy, I) W [N S LY, v, M)W [r S LY, v, Ay) <A] (5)

Lp((p” Vi r) = Lp(l}ﬂ: Vs l‘}’) W [7\“}" =< Lp(n’: \& 7\"11)] W [r = Lp(nra Vi 7\"11) < 7Uqa] (6)
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Let n{¥) and ‘¥'(z) be the two rankings in R,{y) and R (z) such that,
(1) LM, v, L) =L, v, L), Lm,v, 1) < L(M,v, 1), and A, = Ay
(2) LY, vy hy) = LY, v, M), L, v, Ay) < L', v, M), and Ay = A/,
G) LY, v b)) = L(Y', vy ), LY, v, B} S LY, v, By, A=Ay,
4) LM, v A) =L, v, M), L(n, v, Ay) < L(n', v, X)), and A=A
Solving equations (5) and (6) applying the above equations, we get the following result:
N =max{A',, X'y} =max{i,, Ay} = A,
L', v 1) = L', v, L) W [W S LY, v, M) W [r S LY, v, M) <W ]
= LM, v, L) W [A LY, v, Ag)] W [r S L(Y, v, Ag) <Ay @)

Lp(q)"s Vi ?') = Lp(l{”’ Vi l‘-}-’) o [k‘-}-” st(n,: v, R'l'1'|)] W [r < Lp(n'7 Vs A"1'|) < k'(p]

L, v by) O [Ap S L', v, A O [r < Ly(m, v, M) <A (8
Wehave, L(‘Y, v, by} < L(', v, Ay), 50 [My S L(F, v, Ag)] = [Ay < L,(F', v, Ay)]. Now
we consider the following two cases separately:

Casea: 2,2 Ay.

In this case [Ay< LW, v, Ay)] = [Ae S LY, v, Ay)] as (W, v, hy) < L (', v, M'y). So,
[hn € L(E, v hg)] = [hy < L(#, v, Ay)] ©)
We have, from equation (7) and (9),
Lo, v, )= Ln, v, L)AL, v, Ap)] [rls L(*Y, vy, Ay) < Ay]
= Ly, v, L) O [A S L(F, v, Ay)] O [F S L, v, Ay} < A

Lo',v,r)= Lo, v, 1) (10)
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Since Ln,v,A) = Lm,v, ln), and A, = A, then AL, v, A= [A, < L,m,v,
A,) 1. Since AqZ Ay, So, [Ay< L', v, M )] = [Ay< LM, v, A)] (11)

We have from equation (8) and (11),

il

Lp((p,a Vi, ?‘) Lp(LPs Vi Z‘i’) W [l‘FSLp(rl's Vs ?\‘n)] “ [r < Lp(‘rla Ves 7\'11) < ?\‘Lp]

Y

LW, vy, bg) U [Mp< LM, v, A)] © [r LM, vy Ay) <Ay
Lo, vpr) = L9, v, 1) (12)

Caseb: A, <Ay.
We have L(V', v, M'y) = L(\¥, v, Ay) and X'y = Ay, then [hy < L(V', v, Ay)] = [Ag <
L,(*Y, v, Ay)]. Since A, < Ay, SO

<L (¥ v, A)] = [ S LLE, v, h)] (13)
We have from equation (7) and (13),

L@, v, 1) = LM, Vs, L) O [y S LAY, v, hg)] U [r S L(Y, v, hy) <Ag]

= Lp(n: Vss ln) o [}\'n < Lp(lP: v, A'LIF’)] o [?‘ = Lp(LPa Vi A"-Ir’) < ?\‘(p]

L', v, 1) = L@, vy, 1) (14)
Again we have L,(n, v, ;) = L,(M', v, '), and A, =4/, s0 [A, S L(n, v, A)] = [A, <
L,(m, v, A,)]. Since A, < Ay, s0

[Ae< LM, v, Al = [Ae < L,(M, v, Ay)] : (15)
We have from equation (8) and (15),

Lp((P', Vi 1‘) = Lp(LPa Vi Z\P) “ [A"-I"SLp(rl':' v, ?\'n)] “ [1‘ < Lp(na Ve 7\'11) < A’q:l]

LY, v, by} O [hp S L, v, AW [r S LM, v, Ay) <A]

L@ vyr) = L@, v, 7) (16)
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Therefore, from the c-edge-rankings n(y) and ¥(z), we get an edge-labeling ¢ (x) such that
(a) if Ay 2 Ay then, L0, v, r)= L9, v, 7), L@, v, 7)< L(¢', v, 7), and Ao =Xy and

(b) if A, <Ay then, L9, v, 7)< L@, vy, 1), L (0, v, r)= L{¢',v,r),and A, =2",

Since ¢’ is a feasible vector, so if ¢ is not a feasible vector, then it is always possible to

convert ¢ to a feasible vector by relabeling some edges as follows:

Casel: Lo, v, ) =Ly (9", v, 7), L9, v, 1) < L(¢, v, 1), and &, = Ao

Since ¢’ is a feasible vector and ¢ is not a feasible vector, so there is a rank Ay < i <A,
such that count{L (@, v;, r), §) > c. Let o be the largest one among all such rank i. Then
there is arank j, o <j < A, such that, count(L (¢, v,, 1), j) < count(L,(¢’, v,, r), /) and hence
count(L (9, v, r), j} < c. Let B be the smallest rank among all such rank j. We also observe
that the rank o in the list L (¢, v;, ) comes from the list [Ay < L,(n, v, A,)] i,e. from the n
ranking. Now we know the edge incident to v of the graph G, through which rank « is
visible at terminal v under n and hence at terminal v, under ¢, we can hide this rank « from
being visible at v, of G, by relabeling the edge incident to v under ) by the rank . After
this relabeling we update the list L(n, v) and L (¢, v, r). If after this relabeling and
updating, we have again any rank o < A, such that count(L (9, v,, r), &) > ¢ then we repeat
the process of relabeling and updating list Z(n, v) and L,(¢, v,, r} as described above until

count(L (9, v, r), i) < ¢ for all rank i € R and we must reach such a situation because L (¢,

v, ) <X L0 v, r) and counf(L (9, v, 7),7) < c for all rank i € R..
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CaseIl: L, (¢, v, )= L@, vy, ), L(¢, v, 1) = L (¢, v, 1), and X, = Mo

Since ¢’ 1s a feasible vector and ¢ is not a feasible vector, so there is a rank An S i< A, such
that count(L (¢, v;, ), {) > c. Let o be the largest one among all such rank i. Then there is a
rank j, o < j < A, such that, count(L (o, v, 7), j) < count(L,(¢', v;, r), j) and hence
count(L,(@, v, r), j) < c. Let B be the smallest rank among all such rank ;. We also observe
that the rank o in the list L, (9, v, r) comes from the list [, < L(¥, v, Ay)] i,e. from the ¥
ranking. Now we know the edge incident to v of the graph G, through which rank a is
visible at terminal v under ¥ and hence at terminal v, under ¢, we can hide this rank o
from being visible at v; of G, by relabeling the edge incident to v under ¥ by the rank .
After this relabeling we update the list L(‘¥, v) and L,(9, v,, 7). If after this relabeling and
updating, we have again any rank a < A, such that count(L (¢, v, r), &) > ¢ then we repeat
the process of relabeling and updating list Z('¥, v) and Z,(¢, v;, r) as described above until

count(L (9, vy, r), 1) < ¢ for all rank i € R and we must reach such a situation because L,(o,

Ve, #) = L9 vy, #) and count(L (9, v,, 7), ) < c forall rank i € R..

Now in R 7(x) obtained from R (x), we keep only one pair ({L,(9, v, ), L9 v, 1)}, X))
after applying the elimination rule mentioned above for each individual list L (9", v;, 7) and
L', v, r). Also we get a feasible vector ({L,(9, v, 1), L(@, v;, 1)}, Ay) In R{x), where
either L(@, v, ) = L(@", vy, 7) and L (@, v, ) = L(04 v, 1)} oF L0, v, 1) = L(@ v, 1)
and L,(@, v,, ) < L (9" v, r) in R{x) extended from RAy) and Rfz). Hence we can

conclude that, R {x) = R'fx)
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Case 2 : G,=G,| G.

Let v; and v, be the terminals of G, and G,. Then G, has v, and v, as terminals. We show
that R;(x) = R{x). Suppose that, there exists a feasible vector R,(¢') in R,/(x), obtained

from 7'(y) and ¥'(z). Now from lemma 3.5 we have,

Lo, v, =L, v, r)u L(¥,v,r); and

L9 v,)=L,(n,v, 1) L', v, 7).
Let n(y) and ¥(z) be the two rankings in R {y) and R (z) such that,

(1) LM, v ?) =L, v 1), LM, v, )< L0, ¥, 7),and A, =1/,

(2) LY, v ) =LV, v, 1), LAY, v, 1) < L (¥, v, 7}, and Ay = A"y,
Then according to our choice,

L0, v, 1) = Lp(n’, Ve, F) U Lp(‘P', Ve, ¥)

= LM, v, NV LY, v, 1)

L@, v, 1) = Ly, v, F) (17)

Lo, v,r) = L(,v, )LV, v, 1)

Y

Lp(nﬂ v!’ I‘) “ Lp(‘P! vr: ?')
L@ vor) = Lp(@, v 1) (18)

Since ¢’ 1s a feasible vector, so if @ is not a feasible vector, then it is always possible to

convert ¢ to a feasible vector by relabeling some edges as follows:

Since ¢’ is a feasible vector and ¢ is not a feasible vector, so there is a rank 7 < min{r, A}

such that count(L, (¢, v, r), i) > c. Let o be the largest one among all such rank i. Then
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there is a rank j, o <j < min{r, A} such that, count(L (@, v, r), j) < count(L (¢, v,, ¥), J)
and hence count(L,(9, v,, r), j) < c. Let B be the smallest rank among all such rank ;. We
also observe that the rank o in the list L (¢, v,, 7) comes from both the lists L,(n, v, r) and
Ly, v,, ). Now we know the edge incident to v, of the graph G, through which rank « is
visible at terminal v, under ¥ and hence at terminal v, under ¢, we can hide this rank o
from being visible at v, of G, by relabeling the edge incident to v, under ‘¥ by the rank p.
After this relabeling we update the lists L,(y, v;, 7) and L (¢, v,, r). If after this relabeling
and updating, we have again any rank o < min{r, Ao} such that count(L (9, v, 1), @) > ¢
then we repeat the process of relabeling and updating the lists L,(y, v;, ) and L (¢, v, r) as

described above until count(L (¢, v;, 1), i) < ¢ for all rank i € R and we must reach such a

situation because L (9, v, r) = L (9, v;, ) and count(L (¢, v, F), 1) <¢ forall rank i e R..

Now in R'{x) obtained from R’,(x), we keep only one pair ({Z,(¢’, v;, 1), L(¢", v, N}, X)
after aplying the elemination rule mentioned above for each individual list L,(¢, v,, 7) and
L9 v, 7). Also we get a feasible vector ({L,(@, v;, 1), Lé(cp, Vp 1)}, Ay) In R (x), where
either L (@, vy, ) = L@, vy, ) and L(@, v, 1) X L@ vy, 1)} or L(@, v, 1) = L(@, v, 1)
and L (@, vy, r) 2 L9 v, r) In R(x) extended from R (y) and R(z). So we can conclude

that, R {x) = R’(x). O

Thus the dominance class R(x) on node x can be seen as a set of vectors of extenstble c-

edge-ranking of G,.
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3.5 An efficient Algorithm

The main result of this section is the following theorem.

Theorem 3.1 For any positive integer ¢, an optimal c-edge-ranking of a series-parallel

graph G with n vertices can be found in time O(n‘%+4 log,*n log, log.; n).

Proof. Let 7}, be a binary decomposition tree of G. We first give an algorithm to decide, for
a given positive integer /, whether G has a c-edge-ranking ¢ with #¢ < /. We use dynamic
programming and bottom-up tree computation on the binary tree 7}, : for each node x of T},
rom leaves to the root, we construct all (dominance classes of) c-edge-ranking of G, from
those of two subgraphs G, and G, associated with the children y and z of x. Then using
binary search over the range of /, 1 <7< (1 + b log_,, n), we determine the minimum value
of / such that G has a c-edge-ranking ¢ with / = #p and find an optimal c-edge-ranking of

G.

By Lemmas 3.3 and 3.7 the dominance class R, {x) on x can be seen as a set of vectors of
extensible c-edge-ranking of G,. Since |R| =/, 1 < <1, and 0 < count(L (9, v, r), i) < ¢ for
a c-edge-ranking ¢ and a rank i € R, the number of distinct peer-lists L,(¢, v, r) is at most
I.(c+1)’ for each terminal v € §; of G,. On the otherhand, the number of distinct obstacles
A, is at most /. Then by the definition of R(x) the number of different dominant vectors on
node x is at most { %. 2(c+1Y’, since |S,] =2. One may assume that ¢ < |E| <2n—3[24] and
{ <1+ blog,, n= 0O(log.n) by Lemma 3.2. Therefore the total number of dominant

: +1 2
vectors on node x is O(n’ log,,," n).
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The main step of our algorithm is to compute a table of all dominant vectors on the root of
7, by means of dynamic programming and bottom-up tree computation on 7. If the table
is non empty, then the series-parallel graph G corresponding to the root of T}, has a c-edge-

ranking ¢ such that #p </,

We first show how to find the table of all dominant vectors R{x) on a leaf x of T}. This can

be done as follows:

(1) enumerate all edge-labelings ¢ : £, - R of G, ; and

(2) compute the table of all dominant vectors R/x) on x from the edge-labelings ¢ of G,.

Since every leaf of T, represents a subgraph of G induced by an edge e € £, and | R | =,
the number of edge-labelings ¢: E, — R is at most /. For each labeling, A, can be computed
in time O(1). Furthermore, the list L (g, v, r), v € S, can be computed in time O(/). Then
checking whether an edge-labeling ¢ is a c-edge-ranking of G, can be done by Lemma 2.1
in time é(l), and if so computing R,(¢) can be done in time O(1). Therefore steps (1) and
(2) can be executed for the leaf in time O(/) = O (log. n), and hence the table on x can be

found in time O(log.. n).

We next sh.ow how to compute all dominant vectors on an internal node x of T}, from those
on two children y and z of x. The dominant vector on an internal node x can be obtained
from the cross product of the dominant vectors of the two children y and z of x. The
cardinality of the resultanf vector table is O(n*"™ logc_ﬂ4 n). Then A, for each dominant
vector can be computed in time O(1). The peer-list can be computed by Lemmas 3.4 and

3.5 in time O(/). The checking whether an edge-labeling ¢ is a c-edge-ranking of G, can be
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done by Lemma 2.1 in time O(1). If an edge-labeling corresponding to a dominant vector is
not a c-edge-ranking, then the edge-labeling can be converted to a c-edge-ranking by
algorithm UPDATE (given later) in time O(n). Therefore, the table of all dominant vectors

on an internal node can be computed in time O(n*™" log,.,* n), since I = O(log,., n).

We thus have the following algorithm CHECK to determine whether G has a c-edge-

ranking ¢ with #¢ </ for a positive integer /.

Algorithm CHECK;

begin

1 obtain a binary decomposition tree T}, of a series-parallel graph G;

2 compute a table of all dominant vectors on each leaf node x of Tj;

3 for each internal node x of T}, compute a table of all vectors from the dominant vectors on
the two children y and z of x;

4 if possible then

convert these vectors to feasible vectors by calling the algorithm UPDATE [Algorithm
UPDATE will be given later];
5 from the table of all feasible vectors, construct a table of dominant vectors by applying the

climination rule described in section 3.4;

6 repeat Line 3 to 5 for all internal nodes of T}, upto the root;
7 check whether there exists a dominant vector in the table with r = A, at the root;
end.

Line 1 can be done in time O(n) [2]. Line 2 can be done for each leaf in O(log,,, ) time.
Since there are O(n) leaves, Line 1 cane be done in O(# log,,, ) time in total for all leaves.
As mentioned above, Lines 3, 4 and 5 can be done in O(nﬂm logm4 n) time per node.

Since Lines 3, 4 and 5 are executed for O(n) nodes in total in Line 6, Line 6 can be done in
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o™ log,,,* n) time in total. Line 7 can be done in o log..,> #) time. Thus
checking whether a series-parallel graph G has a c-edge-ranking ¢ such that #¢ < / can be

2b+4

done in time in O(n**™* log,..," 1) time in total.

Using binary search techniqpe over the range of /, 1 </ < 1+b log.; n = O(log,., n), one
can find the smallest integer »7(G) such that G has a c-edge-ranking ¢ such that #¢ = »’(G)
by calling CHECK O(log;, log_., n) times. Therefore an optimal c-edge-ranking of a series-
parallel G of n vertices can be found in time O(nz‘b+4 logm‘l n log, log ., n) for any positive
integer c. O

We now present the algorithm UPDATE which converts infeasible peer-vectors to feasible

peer-vectors 1f some exists as described in Lemma 3.7.

Algorithm UPDATE(R(¢));
begin
8 do while (true)

9 if R,(¢) is a feasible vector then

10 begin

11 keep R,(¢) in the table of feasible vectors on node x;

12 return;

13 end

14 else

15 begin

16 if xx 15 a series node in T then

17 begin

18 if there is arank i, A,, <i <A, such that count{Ly(g, v, r), i) > ¢ then
19 begin

20 let o be the largest one among all such ranks i;

21 if there is no rank , a <j < A, such that count(L, (o, v,, r), ) < ¢ then
22 return; [R,(o) is not a feasible vector]
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23
24
25
26

27

28
29
30
31
32
33
34
35
36
37
38
39

40

41
42
43
44
45
46
47
48
49
50

else
begin
let 3 be the smallest integer among all ranks j;
find an edge incident to v of the graph G, through which rank o is
visible at terminal v under 1,
relabel the edge by the rank f3; [thus hide all ranks < (3 including o
from being visible at terminal v under n)
update list L,(n, v, L) and the vector R,(p);
end
end
if there is a rank i, A, <i <A, such that count(L,(9, v, r), i) > ¢ then
begin
let a be the largest one among all such ranks ;
if there is no rank j, & <j < A, such that count(L (9, v;, r), j) < c then
return; [R,(¢) is not a feasible vector]
else
begin
let 3 be the smallest integer among all ranks J;
find an edge incident to v of the graph G, through which rank o is
visible at terminal v under ‘F;
relabel the edge by the rank f3; [thus hide all ranks < 3 including o
from being visible at terminal v under ¥]
update list L,(*¥, v, Ay) and the vector R,(¢);
end
end
end
else [x is a parellel node]
begin
if there is arank i, i <min{r, A} such that count(L (o, v;, r), i) > c then
begin
let o be the largest one among such rank ;

if there is no rank j, o <j <min{r, A,}, such that count(L,(¢, v,, r), j) < c then
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51
52
53
54
35

56

57
58
59
60
61
62
63
64
65
66
67
68

69

70

71

72

73

74 end
75 enddo

end.

return; [R,(¢) is not a feasible vector]
else
begin
let 3 be the smallest integer among all ranks J;
find the edge incident to v, of the graph G, through which rank o is
visible at terminal v, under v,
relabel the edge by the rank {3; [thus hide all ranks < 8 including o
from being visible at terminal v, under /]
update list L,(w, v;, r) and the vector R,(@);
end
end
if there is a rank i, i <min{r, A,} such that count(L,(¢, v;, r), {) > c then
begin
let o be the largest one among such ranks i;
if there is no rank j, a0 <j < min{r, A}, such that count(L (¢, v,, r),j) < c then
return; [R,(¢) is not a feasible vector]
else
begin
let B be the smallest integer among all rank j;
find the edge incident to v, of the graph G, through which rank o is
visible at terminal v, under y;
relabel the edge by the rank 3; [thus hide all ranks < [ including o
from being visible at terminal v, under ]
update list L,(\, v, #) and the vector R,(¢);
end
end

end
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3.6 conclusion

We have presented an efficient algorithm for the c-edge-ranking of series-parallel graphs.
We introduced some new definitions and reduced the table size of dynamic programming
by using the concept of dominance class. This enables us to find an optimal c-edge-ranking

of series-parallel graphs in O(n**™ logm4 n log, log,,; n) time.
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Chapter 4

Conclusion

This thesis deals with the generalized edge-ranking problem for series-parallel graphs.
Since series-parallel graphs arises in many practical cases in VLSI and in electrical circuits,
so an efficient algorithm for this particular class of graphs will have many applications in

real world.

In Chapter 1 we have introduced the ranking problem and its significance. In Chapter 2, we
have characterized the c-edge-ranking of series-parallel graphs by the number of visible

edges. This characterization helps us to find an optimal c-edge-ranking of series parallel

graphs.

In Chapter 3, at first we have given an upper bound on the c-edge-ranking number of
series-parallel graphs. We next present an efficient polynomial-time algorithm for finding
an optimal c-edge-ranking of a given series-parallel graph with bounded maximum degree
A for any positive integer ¢. We have improved the time complexity of our algorithm by

using the concept of dominance class. ‘-

Our algorithm can be used for f~edge-ranking using some modifications. An f-edge-ranking
of a graph G is a labeling of the edges of G with integers such that, for any label /, deletion

of all edges with labels > i leaves connected components, each having at most f{i) edges
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with label i. Clearly a c-edge-ranking is a special case of an f~edge-ranking in which f{i) = ¢

for every rank i.

In this thesis, we have given an efficient sequential algorithm to solve the c-edge-ranking
problem of series-parallel graphs. However, the parallel algorithm for solving the c-edge-

ranking problem of series-parallel graphs is yet to be explored.
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