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necessary.

1

open water surfaces consinerin~ varying degrees of atmospheric
stability and surface roughness conditions is presented. In this
method. evaporation is calculated. using routine climatological
measurements, from a numerical solution of the turbulent-momentum,

A theoretical method of estimating evaporation frpm bounded

and diffusion, equations. The effects of the atmospheric stability
and surface roughness conditions are considered by incorporating'
into the method the appropriate wind and temperature profile
,equations and evaporation is obtained from the humidity gradient
at the diffusing surface.

ABSTRACT

The theoretical results indicate that the rate of evaporation
depends on the atmospheric stability and the downwind dimension
of the surface. The results using the climatological measurements
at Lake Hefner indicated a sati'sfac.toryoverall agreement between
the calculated and observed rates of evaporation for all degrees ,
of atmospheric stability and surface roughness conditions. However,
when it is necessary to derive short-term e.g. daily evaporation i.'

estimates accurately, the present ,work indicates that very precise
measurements of the climatoloiZical parameters 'to determine the
atmospheric stability with a suffIcient degree of accuracy are--

"-; ,
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LIST OF SYMBOLS

"

This table presents the definitions of the symbols in
common use in this thesis. When other symbols have been ,used
they are' defined in the text.

A total area of an evaporating surface
D molecular diffUsivity of water in air
e vapour pressure
E evaporation

, ,g acceleration due to gravity
K von Karman constant
!h turbulent or eddy diffUsivi ty for heat
:Kin turbulent or eddy diffUsiVi ty for momentum
K" turbulent or eddy diffUsivity for water vapour
1 pre-step length
L Mon~bukhov 'scale length'
L* non-dimensionalised 'scale length'
He evaporation number
P pressure
q specific humidity

,
Q non-dimensional specific humidity
r radius of a circular surface area

Reynolds number
~ gradient form of the Riohard son number
Sc lElIliinar,:'.Schmidt ,number

. ,,



'.
(Go' + turbulent Scl-J.m;,dtnumhcr-t ti;ne

T Tempera'latra

u, v, ~1mean velocity components :l.n.the x,1 !l,nd ?: directions
respectively \

U ncn-,d'imei:lsional voloci ty :I.n the x direction

\1* .friction velocity

x,y,z dOlffiWind, eross-~ind and vertical coordinates
resp'3otively

v..o roughness parameter

Z nen-.dimensional vertical coordinate

non-dimeuoional roughnl'!5'Bparameter

Greek Symbols

r ftl~-e.diabatic lapse rate

e* scaling temperature

JL" dynamic vi!lcon:l.ty

J) k:l.n.an:atio viscosity

f air density

1:" shearing st:::e so

'f.' dimen13ionless temperature e-radlent
n,

er,.", , di1!len!lionle99 velocity gradient

e potential temperature

1v
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2,4,8 values at 2,4 snd 8 meter, levels respectively.

".
c'

v

\

value :I.n the air
value at dew point t~mperaturq

o ~~face or wall~alua

t .turb\llellt value

s free-streamvalue

a

1 lamina,I'value

d"

An overbar denotes a time-or ensemble-averaged quantity and
a prima denotes the deviation from that average.
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io of.vital importanoo.

.,

,
~:
';..

••
,.ETaporation may bo.definod nsthe process by which n

liquid or aolid is converted into the vB.pour phase. In terns
of the hydroloffical cycle, it forma the main link in the
puriflc~~ion of water. and its tranofer from the oceens over

.'tho oontinents. The underlying surfac& from which wator
cvapor~tes may either be an open water surface, anow , icc,
v.eget:J:tioncover or bare soll.

nrTRODUCTICU

There is no doubt that evaporation has far - reachlnff
eff'.lctson the environment and also upon many fields of
human activity; affecting as it does, water resources and
supply, agriculture, industry and sO on. For these purposes,
a reliable estimate of evaporation and a clear underatgndi.ng
of the physical processes involved thorein, D~y be of con-
~:lderable acono:nic importance especially in arid and semi-
arid regions of the world where water is often supplied ",:t,

ereat expense end the lose of water due to evaporation is
hieh• A method for the accurate determination of water 10as03
from lakao, rooervoira, watorsheds, agricultUral lando etc.



.In the present work, a Mass-transfer approach. haa been

cO!u:d.dercd.in which evaporation is estimated, usin~ routine

climatcloglcal measurements, from a numcrical solution of

the turbuJ.ont rnamentu,lIpad diffusion equations. The objectivC(l

of the pre~ent study are:

l':'Ocoso being domiulUltoverywhere exoept very close to

the evaporating BUrfBce. The physical rC"quirc::ent for

evaporation is the existence of a vapour ,oonoentration

~raQicnt that is favourable for the net t~nofer or wator

molecuJ.es from the C'.1rfo.coto the atmosphere. This gradient

is m3intaitled by the ouJlply of thermal.. energy to the ovl'1porat-

:l.ng sarfe,co eo thQ.t tho water moleouJ.eshave :m1'ficlont enera

to -vaporil'le, and by a continuous turbuJ.ent diffusion proceas

that nasiErts in the rapid disperBaJ. of the water molect;J.ae :l.n

the atmosphere. These mechaniams for maintaining the vap~tr

conc<mt.rntion gradient hll.vereaulted in the development of

two distinct approa~hes to the theoretical estimation af

eVllpcrntion using climatological data. The firo.t approach,

bo!m as the maes-trnnefer approach, oonsiders the meo::hanics

of turbulent diffusion 1rhllst the second, the energy.be~ance

approach, 1s ooncerned "ith the prinoiple of energy conser- .
va:tion•

,

is partly

turbu10nt

- 2 -

The proG!eeBby whioh the vappur is removed
l.l.!oleoul~.rN).d.pt',rtly a turb'uent trenafer, the
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1. to develop a methodfor est1lllating evaporation .from

open water surfaces considering the entire ranges of

atmospherio stabl1i ty and 8l1rface roughness conditional

2. to suggest meansby whioh the proposed method caD be

applied for est1lllating evaporation using routine .

climatological data;

,. to examinethe theoretical reSlllts and the 1IIIplications

of the proposed evaporation model; and,

4. to determine the validity and limitatioDs of the

proposed approach for estimating evaporation from

boundedwater surfaces.

1
••

.,.,

it'
t
~;
'.:,
i;
l
.'

,.
..,.
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(2.1 )•••• ••

B = rate of evaporation per unit area

B = a(1+bu)(es-ed)

where,

2'.1 General

Theoretioal studies of evaporation have developed along
Itwo distinot approaohes. The first approaoh" knownas the

mass-transfer approaoh, oonsiders the meohaniosof turbulent

diffusion whilst the seoond, the energy-balanoe approach

ignores the theory- of, turbulenoe but is ooncernedwith the

prinoiple of oonservation of energy. Themass-transfer,

approach Is further sub-divided into (i) the semi-empirioal

approach, (11) the dittu8ion approach, and (i11) the aerody-,

namio approaoh.

Chllpt er - 2 '

.R1fVimt' OF RELATED LITERATURB

I
a,b = empirical constants

u = wind speed at a certain height

2.2 The Bemi-Bnpir1oEllApproach

The semi-empirioal approach is based upon the olassical

Dalton (1802) theory where the rate ot evaporation tram an

air-water interfaoe is related to the saturation detioit ot'
the air and an empir1oal~ determined function ot the
horizontal wind speed. The tormulae based on the Dalton's
\
iaw have the general torm
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Penman (1948) mod1:tied the above :tormula in whiChhe

1IlaDyvariations of thebae1c IBlton :tormula eziri.

The :tormula given bY'Rowher(1931), based on the results

o:t verr intensive work at Port Collins, Colorado, at 5000 :tt

above sea-level, :tor the dailY' rate o:t evaporation :troman

open water sur:tace 3 :rtf square is

- 5 -

es = vapour presS\lre at the Water sur:taoe

ed = vapour pressure 111the air.

~ ,

incorporated the wind veloc1 tY' at 2 meter above the groUDd

where B is in mm/daY',Uo is wind speed at the ground level

in mlles per hour and es and ed are in mmo:t Bg.

inshad o:t the ground wind veloc1 tY' Uo and reoast equation

(2.2) as

B = 0.40 (1+0.17 u2)(es -'ed) ••••

Marciano and Harbeck (1954) introduced a II&l!Ie-trans:ter

coe:t:ticient N and proposed the :tollow111g:tormula :tor the

dailY' rate o:t evaporation :troman open water sur:tace:

where u is the meanwind velocitY' at a given height. The
I

'best :tit with experimental results from Lake Het'ner was

obtained when equation' (2.4) takes the :torm (Chow,1964)



.',

":: ..-

....•••• • •

6 -

under conditions with high wind or with a temperature

inversion:

17.1 (u2 - u1) (e1 - e2)Be T + 459.4 • • • ••• (2.6)

"here B is in inches/hour, T is in of and the differenoes

in vapour pressure and horizontal wind velocity .a~e in

inches of Hg. and in mles per hour at two heights above

the surfaoe, nameJ..i2 and 28.6 feet, respectiveJy.

Thomth"aite and Holzman(1939) derived the fol101fin~

forlliU1afor estimating evaporation "hich they claim to apply

rigorously under adiabatic conditions, but over-estimate

where Us is the wind speed at e meter in miles per hour,

B iii in inohes/day and es and ed are in. millibars.

2.3 The DiffUsion Approach

The diffUsion approach involves the solution of the

diffUsion equation giv1.n«evaporation in terms ,of "ind

There are manyother empirical formulae of this type

but none of themhas been shownto be universA' ]1 applicable.

These formulae' are true, at their best, only for the 'sites

where these were first developed 'end can not be applied to

other areas.
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The basic diffusion equation in a 3-dimensional Cartesian

frame of reference can be written as

.'

..•.'

.~t

(2.7) .

(2.8)•~ .,h+u~x +v ~+w ~<IT c3t crx dY dZ

where,

speed and size of the evaporating surface. ~ d~finition,

mass-transfer by diffusion in the atmosphere involves

another pbysioa1 phenomenon,namely turbu1ence. The

atmosphere is general1;y turbu1ent except possib1;y under

ca1mcondition or when there' are very light winds. Paroels

of turbu1ent air, or ~ddies, transport entities, for example

heat, momentum,carbon dioxide, water vapour and so on, and .

allow a rapid spread of these properties through the atmosphere.

It was not possible to obtain a satisfaotory solution to the
. , .

3-d1lliensional diffusion equation (2.7). Attempts were,there-

fore, being made to solve the 2-dimensional diffusion equation

under steady-state conditions in which the lateral and longi-

tudinal oomponentsof turbu1ent' d1ffusivi t;y have been 18J1ored

and it was assumed that there was no vertical and lateral

componentsof the vind velocity. Under.these conditions,
Iequation (2.7) reduces to
I

.1

1,



(2.10)

(2.11) ,

(2.12)

• ••,
n2-n~)u = u, •••..,

where u, is the mean windvel.ocity at a fixed height s"

where n is a measure of atmospherio stabU1 ty having a vaJDe

o~ 0.25 under neutraJ. conditions. In deriving equation (2.10),

sutton represented the wind. struoture near the gJ'OlDldby the
equation

- 8--

~ d
u crx = ~ (~. ,

So1ution o~ the ,above equation ~or f10v over aerodynamics' 'Y'

smooth so.r~aoes was oonsidered bY'Button (1934). Assum1ns
tha,t the :f;urbu1ent di~fusivities for momentumand water

Satton (1934) ~onnd that for a rectangu:Lar evaporating

surface of dimensions (xo' Yo) the 1001081evaporation ie
given by

. ,
, vapour are identic81, Button derived the ~011ow1ngexpre-

ssion for the turbu1ent di1'fusivity o~ water vapour as

2-n 2
2+n ~At(ut), (Xo) (yo)
!

and ~or a c1rcu1ar area o~ radius, r,
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is the evaporation per un! 10 width aorose the wind.
,

of evaporation per unit area is given by

'E = oonstant (u )0.78 %0.89o 1 0

vapour oonoentrations. For neutral conditions eq~ion

(2.12) reduoes to

"here Eo

The rate

"here the ooefficients ~ and ~ include the dUferenoes in.

- 9 -

The above equation Showsthat the rate of evaporation

is d1reotli proportional to the power'of the downwindspeed

less than. UD1t;y. This iamounts to saying that the 100&1rate
, ,

of evaporation deoreases'with the distanoe from the upwind

edge, so' that the phrase "evaporation per unit area" is

amb18uousunless the oomplete area of the evaporating ~aoe

:l.s speoified.

Taldiar (1972) etated the physios of evaporation i8 more

complicatedthBDsimply ,the treatment of the diftu.sion equation

&1one. It is in fact a continuous interaction of the wiDd,
Ivelocity and the concentration or humidity fields. A :tally-
I '

developed turbUlent m~mentumboundary layer oomesinto contaot



(2.16)

(2.17)f*1.dZ "
z= 0

==

q - q
Q== 0

(2.16)qs - q
and 0

Z == E* (2.19)))

E ~- 'ti"

- 10 -

<

1f1th the tnrbUletlt diffusion bound!lry layer. lrrapol'a-tlcn is

the end pl'od.uct of the intoraction bet~~een these t"Ilo field.a.

CQnniderations llle "this lod' Talr..hor(1972) to estimate

'evapor.f.\'t.ion from a numerica1s01ution of the tl'.<':'u1cn1:

momentumand diffue:!.oIl. equationo for 2-dimensiona1 flO",f

over nerodynaniically smooth surfaces in a neutral atmosphero.

He nB~Jmed that the physical rroperties of the fluid are con-

stllll,t, the univorsa1 "la" of the ,,1111"applies throughout the

tlU"bulent boundary layer and the eddy diftusivities for momen-

tum and the ,rater vapour ere equal 1.e., Kin '" 1Cw. He introduced

a dimensionless evaporation parameter defined as

eff t.lC ti ve 1'lidth Iw' is then given by
I

whore Sc is the Schmidt number ( == )) /D) and Q 8.JldZ are the

non-dimonsj.onal specific humldl1ty and vertical distance elven

by

rospcCtively. 'rho total. evaporation E, from an ope1J.~Iater ourface of,
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,

where 1 represents the distance 'between the lead1D« edges

of the turbulent momentumand' diffusion boundary la.,ers.

This theoretical treatment seems to be. an improvementupon

Su'tton's (1934) solution since the coupled effect of the.

interacting momentumend humidity fields are considered

simuJ.taneoualy •

. The diffusion method is only applicable with validity

to saturated surfaoes (Deacon et aJ.., 1958). Whenthe surface.

begins to dry out, the mechaniam,by whioh water vapour is
I.' .

transferred to the air mUst be oombinedwith a oonsideration

of the process by which liquid and vapour transfers occur in

the subsurfaoe. In other words, the diffusion approach,

although soundly based in theory, does have its limitations

in praotlc;"e'.

2.4 The AerodynamicA.pproach

The aerodynamic approach gives evaporation in terms of

the differences of wind speeds and humidities at two levels

above the evaporating surface under the oondition that the

vapour concentration is independent of the downwindposition.

Within a study .of the aerodynamic properties of the atmosphere

another concept needs some consideration, namely the ooncept

of aerOdynamioroughness. A. physical boundary is aerodynamicallyI .
rough when fluid flow: is turbulent downto the boundary i tsalf •

•
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(2.21 )In
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Over such a boundary the velooi ty profile and surface drag

are. 'independent of the fluid viscos1ty but are dependent

upon.a roughness length, usually designated as zo' which

is related to the height and spacing of the roughness

elements of the surface. A surface is aerodynamioall;ysmooth

if a'layer adjaoent to the surface has a flow whioh is laminar

and in which the velocity profile and surfaoe drag are related

to the fluid viscosity. It shoUldbe notet that a surface whioh

is aerodynamiCally smoothat low speeds of flow ~ beoome

rough at high velooity of flow and vice versa. A surface may

therefore be described as rough or smoothonly in terms of the

aS80ciatedflow. As Sutton (1949) pointed out, it is nowwell

established' that turbUlent flow near the surfaoe is ,.I .,~,
aerodynamically rough.

The aerodynamicmethodi.s based upon three aSBUJDptions,

namely that,(i) the wind struoture near the surfaoe is

represented by the universal logarithmic law given by

where Uz is the wind speed at the ievel z, (11) the eddy

diffusivity for water vapour, XV' is identioal with that

for momentum,~, and,! (iii) the shearing stre-ssis oonstant

with height. Based on these aSBUJDptions,the simple aerodynamic

u =z



- 1.3 -
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I.

f'~U:~:'(qo - qa)

[In- ( :: )] 211=

formula first introduced by Thornthwaite and Holzman(1939)

maybe stated as

A similar equation was also given by SVerdrup (1946) as

where all values are in OGSunits. The above evaporation

equation utilizes the 2 and a meter climatological meaaure-

menta.

where Zo is the surface roughness parameter.

It should be noted in the aerodynamio approach that, the

humidity values are observed at two heights and are fundamental

to the above formulae. Evaporation is proportional to the

difference in vapour conoentration between the two referenoe

heights. As the aerodynamioapproach is valid under the

oondition that the vapour conoentration is independent of the ?

downwindposition, it is only applicable for large evaporating

surfaces such as seas, lakes, large reservoirs eto.

2 ..

:B =
/'K (q2 - qa) (ua - u2)

(2.22)[In z J 2., (
a .
-) -z2 .
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(2.25)• ••• • •B = E + X + a + C.

'Penman (1948) outlined a method.for est1mati!lg 8'l'aporation

based on the heat baJ.ance equation qt Brunt (19'9) •. UeinBas

the unit of ener~ t.he amount required to evaporate 1/10 gill. of

water at air temperature (59 caJ..), Penmangave'the following

expression for the heat budget H:

where,

Rc = measured short-wave 'radiation

r = refiection coefficient for the eur:race

ft = traction of. Rc used in photosynthesis

0- = Boltzmann constant

m =. fraction of sky covered with cloud, in tenth

ed = vapour pressure. at dewpoint temperature in mm.Hg.
Ta = temperature in oX.

The heat budget is used in evaporation, E, heating of the

air, X, heating ot the teet material, a, and heating of the

surroundings of the test material, C, i.e.,

2.5 The Energr-Balanee ApProach

In'the energy-balance or energy-budget approach,' the

energy 'acting on the unit area of an evaporating surface

is balanced against thevarioue sour,ces ot its dissipation

euchthat the onl,y unknownquantity is the energy used for
, ' evaporahon.
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(2.26)

(2.27)•••

•••

• ••

,..

• • •

•••

E =

rr = E + K.

K
T=

The transport of vapour a.ndthe transport of heat by eddy

d.iffu9ion' are, in essentials, controlled by the samemechants!'1,

and apart from the differences in tqe molecular conetanta, the,
one is expected to be governed by (e - ed) where the others ,
is governed by (Ta - Ta)~ To a very good approximation,

therefore, it is pOssible to write ,downthe ratio of K/E in
the form

negligible compared ldth other changes, Thus, equation (2.25)

can be safely reduced to

-15 -

OVera period of 8ov~ral days, and frequently" over asJngle

day, the chonge in.the stored heat, S,and the heat.conducted

throue;h the walls of the teat material container; a, ~:~~.
. .'

l,here f3 is the Bowen'e ratio and '? is the standard

constant of the wet end dry bulb hygrometer equation. In 0p

and Mm. Hg, '1, '" 0.27, Thus; combining equations(2,26) I:';:;d
(2.2'7) one obta:l.ns

,
f:r.'O!II duration of sunshine using the relation

Ro'" FA ( a + bn/ll)

Of the terms on the right-hand side of equation (2.24),

the radiation term is, rarely directly measu.-able, but for
I

periods of the order, of a month or more it can be eetimnted
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= (l-r) RA(a + bn/N)

(0.01 + 0.90 n/N)

H = E(l+{:J)

,
The value of P- in equation (2.24) is very small (~ 0.005)'

and can be negl~cted. The value of 'r will vary with season and
type of surface. It is obvious that -cloud control of long~wave

- i
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radiation must depend upon cloud type, and as a provisional
expedient to make some allowance for this, Penman (1948) proposed
to set-m/l0 = l-n/N. Equation (2.24) therefore reduces to

where RA is the Angot value of Rc in a completely transparent
sky and n/N is the ratio of actual to possible hours of
sunshine and a and b are empirical coefficients.

where RA (a + bn/N-) is to be replaced by Rc when this is known.
The parameters represented on the right-hand side of equation
(2.30) are easily determined. If the water surface temperature
is known, equation (2.27) may be used to determine fJ and
evaporation may be obtained from equation (2.30).

Penman (1948) also - sug~ested a mass-transfer-energy-balance
combination approach for estimating evaporation which eliminates
the surface temperature-the parameter which is measured with
considerable difficulty.

From considerations of turbulent transfer, the evaporation
rate is given by

F = feu) (es ~ ed)
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••••

,
•• •

•••

-' 17 -

;,

Th1s assumes that fCu) is the same for vapour transfsr:as

and sensible heat' transfer ~s given by

Ifor heat transfer., It is a ,function ,of wind speed at a known

height. It 1s convenient to define a new quantity Ea by

and also to introduce another p8l;'ameter

..1 •• deN es - ea
(2.'4)aT'Te Ta • • • • • ••

Normally the enrface temperature and vapour pressure are
unknownbut for open water they are uniquely, related and
can be sliminated from the abOveequation,. Thus,

Ita s - sa1- s •• 1 - If (say) (2.'5~,-- '"' e - ed •••s
and we have

Ec H H
(2~'6)"1 1 +p) = :r -

fa J .- ..
e + '/ s

s - sd 's

If we put
e - saT - Ta c 8 (2.'7)s A

, • • • •••
,

H 1 +
..;

YJ\ (2.'S)1= .4
, ••• •••

i
I

!

"



(2.'9)

(2.40)

(2.42)

• ••

•••

• ••

•••

• ••

• ••

"

I11III. / day •

lands.

•

HA + ';'EQ.: /dB •• ------- I11III. aY'.A+.y
(ea - ~.d)

(1 - 't)

there~ore

e ••s

at least in temperate

Penmandeterm:1aation is reasonable ~or use for most locations,

- 18

I
Although the energy-balance approaches appear_to be

I
simple in theory, a Tery aocurate determination o~ the' , ,,

inUTidual items in the heat-budge:'; equation requires

This expression should ideall.y be re-evaluated ~or each sit e;

numerous tests of the formula haTe how8'V'ershownthat this

The ~ weather data needed to ,8'V'aluateEo to an adequate

degree of approximat1on are the meanair temperature, hWaidity,

wind speed and -duration o~ bright sunshine. Here Ho ill expressed

in the S8memanner as, H, the a1bedo being that ~or open water.

'Ea also introduces empiric1sm in the de11m!tation o~,f( u) •

Penmanfrom his experiments at RDthamsteadobtained the

following expression for Ba:

" U1timatel.y we haTe Bo:the evaporation from a hn!othet1cal

open water sur~ace as
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oomplexand expensive instrumentation and i8 undesirable

~or obtaining routine estimates •• This approach has .been
. :', 'I

8Uooese1'u1~undertaken by Anderson (1954) ~or dete:rm1ning

evaporation losses~rom Lake He:rner.
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Qhapter - 3

THE THEORETICAL EVAPORATION MODEL

I

3.1 General

As stated earlier, Takhar (1972) outlined a method for

estimating evaporation frOllla num'erical solution of the

turbu1ent momentumand diffusion equations under eteady-state

neutral atmospheric conditions for 2-dimenslonal parallel

flow Over aerodynamically smoothsurfaces. This method is

analogous to the approach of ~tton (1964) for determining

heat transfer from a semi-infinite horizontal t1at p1ate.
, .

It is assumedthat the ground vapour concentration is at the ': .

lower free-stream value upwindof the diffusing surface followed

by a jumpin humidity at the onset of the evaporating surface.

The universal "law of the wall", as proposed by 'Spald1ng(1961),

was used by Talthar (1972) to relate the non-dimensional velocity

with the non-dimensional vertical height. B%perimentallnvesti-'

gatien of this approach was undertaken by HaJ.im(1982) and

Takhar and Liddament (1983). The results of the experimental

work indicated that a fairly good ~e~ment,betveen the estimated

and observed rates of evaporation is obta~ed whenthe daily

evaporation losses are less' than 'about 4 mm.Pbr a higher rate

of evaporation, the associated high velocity of t10w -.kes the

surface so rough that an accurate estimation of the daily

evaporation using the "law ot the Wall" is not possible. It

was concluded that for flows over aerodynamically rough surfaces,

"I,
I
r',

/-,
t .'
i:.
\~...',.,
"

i, ,

I
••.
;

ir.
"
j.
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the effect of the surface roUghn~sson the rate of evaporation

has to be taken into consideration.

In the present 'work, the evaporation model of Takhar (1972)

is exteIided'to include the effects of the atmosphericstablli ty

and surface roughness on the rate of evaporation. Instead of

using the "law of the wall", the stability related wind and

temperature profile equations of Businger et al. (1971) are

incorporated into ths method for estimatiD,!;evaporation. ,The
,

"law of the wall" is applicable for nOtrs over aerodynamically

smoothsurfaces under neutral atmospheric conditions only,

whereas, the wind and temperature profile equations of Bas'inger

et al. (1971) are applicable for the entire range of atmospheric

stability and surface roughness conditions. The proposed method

is similar to that developed by Halim (1982) for eetimat1!lg

evaporation .fromopen water surfaces in which the wind and

temperature profile equations in the atmoelmeric surface

layer were obtained from the equations of the turbulent mean
and fluctuating motions.

'.2 The Developmentof the Evaporation Model

The theoretical evaporation model is shownin. Fig.'.1. _"

In this metlWdevaporation is considered to take place as a

, result of the interaction between the turbulent momentum

.and diffusing boundary layers. The leading e~e of the diffusion

boundary layer marks the beginning of transition in surface



."

z' Il
.

..:.."

Us • u= Us

Turbulent rn oment urn
boundary la.yer

u •

Leading edge

the diffusion
u =u (z) boundary

layer

Turbulent diifusion
q=qs ~ndary layer

q=q(z)

x

Fig. 3.1 The Theoretical Evap'o ration Model
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•••k-J.;:~z ,

• • •
dY

+ dZ = 0 ,.

d
+ w ~=
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vapour concentration tram a layer value upwind at the
evaporating surface to a higher value over the surface and

is commonlyknOYnas the "vapour-step position". Also the

leading edges of the momentumand diffusion 'boundar7 layers

( Fig. 3.1) are separated by the distance 1 yhich maybe

called the "separation length" •.

res sible turbulent boundary layer in zero pressure gradient

maybe written respectively as (Takhar, 1972)

Taking the x-axis along the meandirection of flow and

the z-axis vertically upwards (Fig. 3.1), Yith associated

meanvelocities u and Y'in these directions, the continuity,

momentumand diffusion equations for an stead:r and inoom~,

'U mass of water vapour
= ,mass of moist air

defined as.

',"".
yhere » and Dare the k1nematicviscosity. of air::and~moJ.ecular

diftusivity of water fn air, ~ and Xl, are the eddy ditfusi-

vi ties tor momentumand yater vapour respectively, and 'If ~s

the specific humidity or mass concentration of .moisture content ~,"~_".oJ

dUdX

dU
u~

,u



,-f .

•• •• • •

,11=

, Z ==o

and

I, u*
___ ' R

e
=

U

u
U ' z =
*

U=d'f'. a.e.

concept, g1ven by,

To obtain e~lation(3.2), the Boussinesq eddy-diffUsivity

.. '

Introducing the stree,m function, 'I' , which defines

- 24 -

uhero t' j_G the shear stress and f' is the density of the

fluid,haa been-utilized.

then app1ying the von M;I_sestransformations and non-dimeneiona.l:t-

:r.ing tlle dlfferent variables using the transformations

*L =

u=

lTheroZo is the EJU.rfac~roughness parameter, u* ( = J1:1f> ).

is the friction velocity and the subscripts '0' and's' refer

to the values of an entity at the wall (surface) and in tho

free-stream respective1y, equations (3.2) and (3.3) reduce to

(Hauon, 1964 and Takhar, 1972)
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respectively, where Se ( = i> /n) is the Jam1nar Sohmidt

number.

Assumingthat the tunctional relationship between U and

-Z is known (Art. :5.3), equation (:5.4) and (:5.6) m~ be used

to determine the variation of xm with Z with1n the turbulent

momentumboundary l~er. Th~ relatin« X. -to R;, via the

turbulent Sohmidtnumber (So) (= xm~), the variation of
tR;, can be established. Equation (3.7') can then be eo1vee!:for

Qthroughout the turbuJ.ent diffusion boundary 1~er. The

humidity gradient at the diffusing sUrface represented by

Z = Zo'can then be determined from which the evaporation 10S8

cfU!.be estimated. The boundary conditions for the non-dimensional.

velocity and humidity are:

U = 0 , when Z = Zo
U ,,; U(Z) , , when Zo<Z < Ze
U = Us(Re) , when ~~Ze

••• (3.8)
Q=O when Z=O,%>1 .-,
Q= Q(Z) , when 0 < Z<Zd' %>1

Q= 1 , when Z~Za' % > 1 and for all \z ;x",l

where Zd and Zs are the non-dimensional. height of the turbulent

diffusion and momentumboundary l~ers respectively.

Integrating equation (3.6) between the levels Zo and Z and

applying the boundary conditions given in (3.8),we can write



or

t5.10)

••••

•••

•••

• ••

•• •

(3.4), (3.5) and (3.12), the

,

•

[ •• dZ

Zo
=1-.z,

J,~u2 dZ
Z'o

combining equationsNow

.,Z
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'Zo

1

[Z.U2 dZ
Zo

and using equation C3 .11) into equation t5.1 0) we obtain

- dUs
dRe

Since at

variation of xm becomes '

where t';, is the shearing stress at the 1eve1 Z c: Zoe Sinoe.
,rd'U .. s
:'dRe is not a function of Z we can write

,



,.~~
~..

<3.15)

• ••

• ••

•••

to determine the ~ -

• ••

dZ 1crrr-

fZlZS
dU

- '. ( •. ,2 d' ) .,: d,. ...

(u2 d'
(1 •••..Z_o _
. Z~ )

o .
Equation t~.13)may nowbe used
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Fromequation (3.11) w'e can write

:: - j'"o2 d' .

Zo
Integration of equation (3.14) 1I'ith respect to Zs between

~.- ..».

The right hand side of this equation maybe integrated by
. Of

parts to give

r r (3.16 )R = U U2dZ _ U3dZ •••e s •

Zo Zo

. variation for. aDiinomentumboundary l~er height Zs. In order

that the ~ - v.ar1atiOn maybe determined for the entire

momentumboundary layer, the' relation between the down1l'ind

posi tion, in terms of the ReynOlds~umber, Re,imd Zs must be

deteruaned.
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The vertical flu:z: of water vapour acroas the Z • Zoplane

. for any position:z: downwindof the leading edge of the diffusion

bouildar,r layer is given by (Sheppard et al., 1972),

-,
• f

Append1:z:-A.

using a 1"ully-impl1cit finite-difference scheme (Spalding,

has been presented in '

(3.7)
1977)

Thus, for a given downwindd'istance in terms of Re,

equation (3.16) gives the height of the turbulent momentum

boundary layer zs' and hence, equations (3.13) and (3.16)
, ,

maybe used to determine ,the lrm-variation throughout the

turbulent momentumboundary laYer.

./'

Thehumidity gradient dQ/ d z at the d1f~ing surface

re.presented by Z = zo maybe evaluated by substituting the Q

values at the first five gridpointa near the surface into

the five point difference formula (:Po:z:and ~er8, 1968).

The diffusion equati on (3.7) maybe solved nUllerical17

by employingthe standard finite-difference techniques. To

do so, the area boundedby the di~sion boundar,r layer and

the evaporating surface is to be divided into a rectangular

grid system, each rectangle being of dimensions ~Re :z:!J.. Z
,as shownin Fig. A.1. :Foreach step A Red~wind, the

value of Q at each grid point maybe determined for increments

in A Z. The procedure for solving the dif1"usion equation

,\



lunitjunit
mass area time, (3.20)

.x = xd

b Ne dx

x = l'

Ex •• - ,.o(D + x,,) (~ • • • ••• (3.17) "
. '"( .Z = Zo

Using the relations given in equation <:~.5) , it can 'be
shownthat.

Ex ••-f(qs - qo) Us N
e
. :;.: .;.-.. . . ~;. ••• (3.18)

where,

Ii •• 1,
( ~+ *) '(*)z .. (3.19)UfJ, , • ••.e Sc Zo
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is a dimensionJ.ess numberwhich may.be called the "evaporat.1on

number" (Takhar, 1972). By integrating equation (3.18) over
r

the entire surface, the evaporation rate becomes

B •• f

3.3 Flux-Profile Relationships in the Atmospheric &1rface Layer

It has been stated earlier that the solution of the J!lomentum

and diffuSion equations rllquires the fUnctional. relationship

betweenU and Z and Kmand x".' In this work.the desired

where b is the width of aD elementary strip of the evaporati~

surfaoe having a downwindlength equal to dx, A is the total

area of the evaporating surface and xd is the tota1 downwind
length (Fig.3. 2).-
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• ••

• ••

• ••

•••

• • •

...

•••

...

( 5 <. 0),

...

...

For an unstable atmosphere
''fm =(1-155)-+ •••

<Ph = 0.74 (1 - 9~)t •..

and for a stable atmosphere (~>O)

<Pm = (1 + 4.7 ';) • • • • •• ••• C3.23)
<Ph = (0.74 + 4.7)') • . • • . • • • • (3.24)

where9Pm and 9Ph are the non-dimensional wind velocity and
temperature gradients defined by

- 30 -

relationships are specified by the following wind-velocity and
temperature profile equations (Businger et al.; 1971) for a
thermally-stratified turbulent 'flow in the surtace l~er of
the atmosphere:

<p,m=~ ~u* .oIZ

tP,h = Z dOg; dZ
respectively, and

$= Z

C3.27)L • • • ... • ••
where L is the Monin-Obukhov leneth given by

L u3
1L = - * (3.28)K ••• • ••g w' T'

and 0* is the sealing temperature given by

0* = -w' oj Ku* • (3. 2.8a.)

The length L is a stability parameter which expresses the
relative importance betJeen the shear production and the

Ibuoyant energy production terms and characterizes the,
Istructure of the flow,iri the atmospheric surface layer.
I

. ,;
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IT/2

(3.~1)

('.32)

•••

• ••

• ••

•••

•••

•••

I

[<1+X)/2J + In ~1+x2)/~_2tan-1'x +A=2In

. ,
x ••• (1. - 15 ') *,

where,

and
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For a neutral atmosphere, .5 = 0, L = oG, 'P1W'l1it 1 and'

'lh .••0.74. Hence equation (3.25) gives

dU u*az ..."KZ •• • •• • • • • C,. 29)
which leads ~o the logarithmic profile for II»ZO. Equations

0.21) and (3.23) maybe integrated in conjunction With

. equation (3.25) to give the following explicit expressions

for the wind profiles (Paulsen, 1970):

,
!! = -!- ( In ..L + 4.7~) when5>0.u* ~ Zo

.'hen ~ •••0, integrating equation (3.29) from Zo tp II we obtain

Non-dimensionalizing equation (3.30), (3.33) and (3.34)
using equation (3.5), we can Write .'f

u= f (In Z - A) when '5 <.0 ••• (3.35)Zo

'.u= 1 (In Z +4.75') whenS~ (3.36)Ir Zo •••

and U ••• 1 In Z when l) •••0 (3.37)r Zo ••• •••



0.38)

••• O.3g)

1]
••• (3.'to)

••••

•••

•••

• ••

• ••

•••

\

'P. = 1. Hl'lnce,m

• • •

• • •

•••

• • •

•••

• • ••

from equation (3.37), aa

<Pm
KZ

~ = 0 and

dUaz =

when ~ >0 •

1
(1-15~T

and

1
'i7

Us' can be written,
1 Z!,!
tl;' In ---
11. Zo'

~= -h ( 1 - 15~)-t

d<!u 1
dZ2" KZ2

when "S .(0,

~ •• ~(.1 + 4.7~)
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For a neutral atmosphere, the value of the free-stream

u =El

.Also, non-dimenaionalizEltion of equ8.tion <:~.25). uaj.l,g

eqvntion (3.5) giv'll3

Now, ueing equations (3.21) and (3.23) into equation
0.38), one obtain'3

Under neutral conditions,
equation (3.38) gives

. dU = ...L.az KZ
e.nd

velocity,



.,

(3.46)

, and, there-

•••• • •

IT!\S evaluated numerically.

1 '
7='R

«)

(3.16) could not be integrated directly

fore, the value of Rs

~'

;ie
~(M'~' ) _ dM ~ + M ~

(3.47)ooe = Olz2 'dZ, ClZ - az

( s: :w ) •where, M = + • • • .... (3.48)

To evaluate the above equation, it is also necessary to

To solve the diffusion equation (3.7),. it is convenient

to write it in the form

For the ate,ble and unstable atmo,spheric conditions, equation
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C~l be shownt~~t, for a neutral ntmosp~era

UeinBequations (3.37) and (3.45) into equation (3.16), it

specify a relationship between ~ and XV. ~er (1967),baeed '

on observations fz:omfive series of experiments over a freely

evaporating surface, concluded that the mechanics of turbulent

transport of heat and wate'r vapour are the sameand that

Rh = R); • Similarly,' Webb(1970) concluded that XY/Xh evidently
, I ,

reI:lains constant, equal to unity,~over the whole log-linear r3.ne;e
"Iand aomewhatbeyon~.,'Thus, for the present work, it will b~

E\sml1~;ed that



(3.55)

(3.50)

• ••

• ••

••••

•••

••••

•••

• • •

• • •

•••

~ ] .

~J'

(S) =Ct.

. '.' - 34 -

Differentialiing the above equation with respect to Z we obtain

Using equation (3.50), equation (3.48) can be written all

(S) =~*,
Ct (1-9')

for a stable atmosphere ( '$ >0)

An immediate 1m.pl1cation of the relation (3.49) is that

(S) =~)o t . ~

and for a neutral atmosphere, when " = 0, (SC) = 0.74 •
.' t .

Now,using e~ations (3~21) to (3.24) into the equation (3.51),
we have for an unstable atmosphere (. -S <. 0)

. where (So)!:is the turbulent Schmidt number. Using equations

.(3.25), (3.26) and (3.50), it oan be shownthat.



,:..
I ,_~'•

. t't
":.

.,. '.

dUaz'

(3.57)•••

~( 1
t

, ,

~ +

X~+.1 Kinz 4xO.74.L, v

-35

= -

Equations" ':'. (3.52) and (3.53) 'in conjunotion with equation

(3.55) gives for unstable atmosphere' ( 'S" <: 0) '.

. Z .

jU2d,z
Z '-J~: .)
Z U2, dZ'

o

_.5t -.A....1 (1-0.74) , _--:..1 _
1> -r (0.74 + 4.7~)2

for stable atmosphere ( l) >0)

and tor neutral atmosphere () = 0), usinp' equation (3.56) or (:5;57)

dM 1-;,rz '" -. rs:>. 0 t

..
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ru2~ ;

dM 1 u2 A 1 (1- ,Zo ' )X;:Sz = - ( Be' [Z, dU +

~t i't tr2 dZ u2 dZ'
Z

Zo 0

d2Z dU
d? <!Z ••• (3.58)

Using the values of S~ from equations (3.56), (3.57)

and (3.58), the diffusion equation (3.47) can be ,so1ved nWlleri-

callJ' using finite difference techniques.

'.4 Application of the Evaporation Mode1for Estimating
Evaporation using c1imatological parameters

In order to applJ' the proposed methodfor est,imating

evaporation, it is first necessary to evaluate R:t.' the

Richardson numberwhich serves as a usefu1 stabllity para-_

meter to indicate the atmospheric conditions. Utllizing the. ,

temperature and velocity measurementsat two discrete level~

z/1 and z2' the gradient form of the Richardson number"R:t., 1s

calculated using the relation

B:L = -t dT/d~ +r (3.59)
(du/dz)2 • • • •••

=~
[(T2-T1). r (Z2- Z1) ] (Z'2-Z1 )

(,.60)
(U2 - u1 )2a



(3.66)'

_.'~

•••

• •••••

"$ <..' 0,when
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where, Ta is the absolute ambient air temperature. The s18n

of B1 depends upon the sign of

where a negative va1ue of the term denotes an \Ulstable

atmosphere, a positive value denotes a stable atmosphere

and a zero.vaJ.ue gives a net1tral atmosphere. The dry adiabatic'

lapse rate, r, was taken as 0.01 00 per meter.

x, = ('-15

u. =
K(U2- u1)

wh~ "$ >0, ••• (3.62)
:.:L 4.7 (Z'2- Z,)/LIn " +
z"

and,
K(u2 - u,)

u. = when ~ = 0 (3.63)z •••
In .,.L

z'1
where,

,A,=2In Q1+X,)/~ + In [( 1+X~)/2] - 2tan-'x + 7r/2 (3.64) ",,
~ = 2 In [(1+X2)/~ + In [( ,+x~ /2J- 2tan-1X2 + 1\/2 <:~.65)

\

The friction velocity, u.' can lie estimated by integrating

equations (3.30), (3.33) and (3.34) between the levels ~,= ~1

. and z = z 2 to give

. K (u2.. - u1)u. = z "
In~+~

z1



,

<:~.68)•••

•••• ••

• ••

when S <. 0,

•

z'2

exp ( K:~ + !.z)

x2 '" (1 - 15
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and

,
Integration of equations (3.30), (3.33) and (3.34)

between the levels Zo and '~ gives the value of i,~,the

roughness parameter as

where u1 and u2 are the knownwind velocities at the levels

21'1 and z'2 respectively.

, z2
when SO >0, (3.69)z '" (K U " 4.7Z2) •••-0

" 2
exp' u* L

and when ~ = 0,

z.
I?"o

2 (3.70)=, K u2 • •• • •••
exp ( . )

u*

Thus, to determ1%i.ethe values of u* and'zo usiDg the

above equations, .it is necessary to evaluate the value of

the Monin-ObukhovLength, L. From equations (3.28), (3.51)

and(3.59) it can be shown that



"

(3.72)•••

• ••

when ~ <. 0,

when~ > o.

. I~ = ..Q:.14 ) (1-15 'S )t
(1-9 \ )t I

and,

The'above two equations maybe used to determine the vaJ.ue,.

of L by a trial-and-error approach.

Thenext set of parameters to be considered here are the

mass density, kinematio viscosity and specifio humidity of ..

e:ir. The values of these paramters are neoessary' for evaluating

the evaporation equation (3.20). The air density, p , was..

evaluated using the equation of state and taking the molecu:Lar

weight of dry air as 28.9. At an absolute temperature of 2730x:
e,nd standard 'pressure of 1013 millibar, 1,gm. molecu:lar weight

of air occupies 22.4 x 103 0.0'. Thus, the air density for any

temperature Ta and atmospheric pressure P is given by

a 28.~ x 2~3 x p' -3 P / 3 ( )I = 101 % 2 .4 % 103 T
a

= 0.3484 % 10 .~ gmem • 3.74
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The kinematio viscosity of air, j) , could be estimated
. I

on the basis of Slttherlands equation of dynamicviscosity
I .

(&tithsonian Meteorological Tables, 1966), given by
I .

. I,

I
I

Combiningequations (3.21) to (3.24) and (3.71), it is easy

.to obtain
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( 29~~16 ) •

oombination of equations (3.74) andSinoe,

f'- = To + 0 (T /T )3/2,,;
f! Ta + 0 a 0 '

o

In the above equation' Ois the Sutherlands oonstant, assUlll8d

to have the value Of}2000.and J: is the knowndynamio
, I, 0-

viscosity at absolute temperature To. At To •• 296.16 JI. ,

I:; = 1.8325 % 10-4 Bm-~lsec-1 and henoe

,
as the moisture oontent of the air is small under all

atmospherio oonditions, the speoifio humidity has almost the

S8mevalue as that of humidity mixing ratio, m-;defined as

the mass of water vapour per unit mass of dry air. ~ applying

- 40 -

The speoifio humidity, ~ , is defined as the ratio of

the mass of water vapour to the mass of moist air. However,

the ideal gas law and taking the moleoular "eight of ,water to
j .

be 18, the vapour pressure e of water vapour at pressure P is
I

given by (su.t.ton, 1953)

III
e =. 0.622 + m P,

, ;

from whioh WB obtain i
!

m_ 0.622e
- P - e
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,

"

Since m ~ q and P:;'7 e the above equation gives

e ='4.5778 +,T,,[0.37305 + T~ (0.012931T1.9309x 10-4,x T"D
(3.82)

e = 4.5855 + T" [0.32808 + T,,~0.01172 + T" (1.2793'% 10-4 +

4.1848 x 10-6 T~~J - 0.6(Td - T,,), ~:(3,81)

"here T" is positive,; and,

Thus, the evaluation ofspeoif1c humidity required the

,determination of vapour pressure, "hich is given by

"here T" is negative. Here e is' the vapour presSllre in mmof

Hg. and Td and T" are the dry and wet bu1b temperatures in °c
respeotive:l:y. saturated vapour presSllre conditions "ere

assumedto prevail at the water surface and therefore the

The minimumolimatological measurementsneeded to satisfy
\

the requirements of t~e proposed approaoh are Bllmmarisedin

Table 3.1.

SIlrfaoe speoifio humidity was evaluated by substituting

fd = T" = To'into equation (3.81) for To~ 0 and into equation. ,
(3.82) for To <. 0, "here To is the surface temperature. The ,.

evaluation of the surfaoe specific humidity, qo"thus requires

the meamrementof "ater wrface temperature.



Table 3.1

Climatological nata' Requirements for the
Proposed Evaporation Model,

.J, ,

PUnction

These are used in con'junoti01i
with the wind velocities at'
levels z' &,z " to evaluate the
gradient 1form2of the RichardsOn ,
number, ~, us~ equation(3.60).'

These are used to evaluate tpe
friction velocity u , using" ,
equations (3.61),(3.~2) &(3.63).
Winllvelocity at the level :1;'2,-
is used to evaluate the
surface roughness"z", using
equations(3.68) ,(3.89) & (3.70).

This is used along with the dr,y,
bulb temperature at level 'z to
'evaluate the vapour pressuri, ,
at level z2using equation (3.81)
'or (3.82).

This is used to estimate the
sur:tace vapour pressure using
equation (3.81) or (3.82)~

,This is used in conjunotion with
,the dr,ybulb, wet bulb and sur:taoe,
temperatures to evaluate the '
specific humidity, air density and
, Ic:inematicviscosity us1D.gequations
(3.80), (3.74) & (3.77) respectively.,

1. Air (dr,y bun) temperature
at levelz1

2. Air temperature at ,level z2
I

Parameter

6. Water SIlrface, temperature

5. wet bulb temperature at
level z' ,2

3. Wind,velocity at level ,z1

4. Windvelocity at level i2

7. Atmosphericpressure



and to satisfy the boundary conditions at z = zs' it is necessary
that the leading edge of the turbulent momentum boundary layer,with
respect to the vapour-step position (Fig.3.1) be located properly

, ,

",

"~.
: ~',,.. :... ~'..

the
the 'pre-

for

satisfiesalso
This value of

indication

number
state.

reasonablea

Reynolds
of atmospheric flow in that events are governed

I

being

lengthstep

11~,and ~ respectively. As a'result, a value of

of a fulJy-developed

The effect of the pre-step

condition

taken as

(Re) • It was observed that for a change of (Re)
1 7 8 ' Iand from 10 to 10 , the changes in the rate of evaporation were

(Re) of 108 was
I

the attainment

-43-
..- .

In order to determine the free-stream value of wind velocity

so that a fully-developed state of flow is reached before an inter-
'actiGl'lwith the, turbulent, diffusion boundary layer takes place,';';,

'. ~' ~
u l', slength Reynolds number, (Re) ( = )')")"

1on the rate of evaporation was investigated for various values of
from 106 to 107

In addition to the climatological data, it is also necessary
to consider the numerical values of xhe von Karman constant and
the laminar Schmidt number. The value of the von Karman constant,
K, was taken as 0.'36 in agre'ement with the observations of
Businger et al. (1971). For the normal ran~e of temperature

'(_2000 to +4000) and pressure (1000 millibar to 1020 millibar),
to be expected in ,the atmosphere. the numerical'value of the
laminar Schmidt number varies from 0.594 to 0.598 and an average
value of 0.596 was considered to be the most appropriate value
for this number to be used in this work.
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With the value of the pre-step leD8th Re;ynoldsnumber

thus selected, the pre~step length, 1, becomes

entirely b;yinertia and that .v18cousforces are negligible.

. The free-BtreaJil specific humidit;y, qs' was determined b;y

solving the diffusion equation (3.4"7) for the dimensionJ.ess

humidity Q.at a given level and given downwindposition.

Using relations (3.5) wehave

where Q.:is the dimensionless humidityz .
of the above equation gives



.,..

b.86)
"

where bJ..refers to the width of the surface at the midpo1nt

of the i'thst~ip and (Ne)iis assumedconstant for thlll

strip. The Reynoldsnumber, (R~)l' representing the dimension-

less d.ownwindposition from the leading edge of the momentWII

boundary layer is given by

[

i - 1
(Re) = 1 + -4 .Ax +

i .

45 -

To eval.uate the evaporation' equation <,.20), a hypothetical.
water surface is illustrated in F'18. '.2 in which A and B

represent the leading edges of the turbulent momentumand

diffusion boundary layers, separated by the distanoe 1. The

water surfaoe is" divided into n Ilumberof st~ips of down-

wind length Ax. Then replacing the integral. of the evapora-

ting equation (3.20) by finite increments,the evaporation

rate becomes

To estimate evaporation from a surface using equatioll

0.86), it :i.sneoessary to approximate the geometry of the

surfaoe by a simplified shape so that the effective width,b,

.for any 1ncrement in Ax can be determined. For elongated

surfa~es, the reotangular approximation is preferable. FOr

. this approximation, the width is constant but ,the dimensions
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Fig, 3. 2 ~Y'p'othet icC!L.QpenWater Sur!nce Showing the Etementa~y
Strip-~
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In this section the theoretical results and implications

of the numerical process are. examinsd. The stability parameter,.

used to describe the degree of thermal stratification in the

lower atmosphere, is taken to be the non-dimensionalised.Monin-
Obukhovlength, given

where, r = radius of the surface and, x ••

V
As. IL*I tends to infinity,. the neutral regime, where buoyancy

. *effects are negligible, is approached. WhenL is negative,
I *the atmosphere is unstable and whenL is positive, the

atmosphere is stablel Using this stability pa~ameter, the.. I
I

- 47-
, .

'.5 Oonclusions and Implications of the Theory

width is given by

of the rectangle nowbecomea fUnction of the wind direction
, '.

thus neoessitating the measurementof wind direction. The ;.::
j .., , ,!::

. cireuJ..ar approximation is advantageous over the rectaD«U1ar ::l.'-"""f"~";"'f
I --- .

approximation in that the.width then becomesin4ependent of .,

the wind direction and the measurementof the wind direction

then becomesunnecessary. For circular approximation. the
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,

was kept constant at an
109, and Z~ was plotted

to Zs' for each class of atmosphericused to relate R .e

.The decrease in theoretical momentum boundary layer

*value of Z9 of 2.0. As the absolute value of L i.ncreased, the
curves were found to tend to the neutral wind profile given by
equation (3.37). Varying the values of Zo was found merely to
add a uniform translatiqn to the curves, as originally suggested
by Ellison' (1957). The Spalding law of the wall, used by Hatton
(1964) and Takhar (1972) 1s.8lso plotted in the same figure •.

The variation of theoretical momentum boundary layer height,

stability were correct •

.non-dimensionalised velocity profil'e laws given by equations '
.(3.35) and (3.36) have been plotted in Fie. 3.3 for an arbitrary

.
Zs' with Reynolds number" is illustrated in Fig. 3.4 for varying

.degrees of atmospheric 'stability. For the stable atmosphere the
theoretical boundary layer height was foUnd to be lower than that
for the neutral case and as the stability increased , the boundary
layer height decreased. Similarly, for increasing atmospheric
instability the theoretical moemntum boundary layer height was

*found.to increase. As the absolute value of L tended ~o infinity,
the curves representing the stable and unstable atmospheres both
tended to the curve representinp, the neutral atmosphere. This
offered some indication that the numerical and analytical methods

.height with increasing atmospheric stability is illustrated.
Imore clearly in Fig. 3.5 where Re.

arbitrary value, of the o~der of
I



Fig. Jo3 U -2 Relation for Varying Degrees of Atmosp'heric Stability
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against 1/L*. The decrease in boundary layer he1&ht suggested
'effects

a weakeningof the ground/on flaw with increasing a~mospheric

stabilitY'. "Ina similar fashion the ~crease in the momentum

boundary laY'er height with increas1n,! atmospheric instabilitY',

i8 illustrated in Fig. 3.6. This inoreases~ested a str8l1g-

thening of"ground effeots due to the inoreased turbulenoe

g8l1erated by buoyancyeffects.

The next set of figures illustrate"s the variation of the
i

eddy diffusivity of momentumthroughout the turbulent momentum

boundary layer. Fig. 3.7 illustrates the Kmvariation, when

the neutral profile law of equation (3.37) 1I'8.Sused for varying

downwindpositions from the leading edge. These curves were

found to be almost identical to those obtained bY'HBt.ton{1964)

whenhe used the sameanalysis with the Daissler (1955) and

Spalding (1961) laws. ,It maY'be seen that the eddy ditfusivitY'

variation throughout the boundary layer is onJ,yweakly dependent

on Re;ynoldsnumber, with a chaIlge in orders of magnitude from

106 to 1010 having an overall effect on ~ of less than H"c.

The 1r - variation for the neutral state 1I'8.Sredrawn as a broken"in -m .
line/Fig. 3.8 and comparedwith the variations obtained for differ-

ing degrees of atmospheric stability. Increased instabilitY' 1I'8.s

observed to bring about !greater values of eddy diffusivity co~

pared with the neutral case, whilst the stable atmosphere brought
I, '

about considerably damp~dturbulence, thereby reduoing the values

of Km.These variations were very markedcomparedvi ththose
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Fig. 3-7 Variation of Km Throughout the Turbulent PiffUsioo...
BoundarL_b.Q.yer (Neutral Profile)
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obtained by changing the Reynolds 'number, and far outweighed them.
Again it was noted thatf~r IL* /tendfne to infinity, the results for
both atmospheri'c states tended to a common curve describ.ed'by the
neutral equation.

The next three f~gures are used to illustrate the results of
the finite difference solution of the diflfusion equation (3.47). Fig.3.9
shows the variation of the dimensionless humidity,Q, throughout the
turbulent diffusion boundary layer, for varying downwind positions,x,
over the eva:porating surface. The :downwind lengths are approximate and
were used in place of Reynolds number' by ~electin~ a representative
wind velocity and kinematic viscosity. The "jump" in humidity at the
upwind ed~e Of the water surface was ,observed to be still evident at
1 meter downwind but within a hundred meters, the humidity profile had
taken on a logarithmic form that only altered mar~inally for fUrther
distances dbwnwind. It is to be noted that ~ ~ 0 for lower values

Zo,of x and the value of z- decreases with increasing x leading to the
decreasing values Of(~d) •

, Z = Zo

Fig. 3.10 illustrates the dimensionless evaporation number-
'Reynolds number variation of equation (3.19). The results are
shown for three positions Of "jump step" with respect to the

,leading edge of the momentum boundary layer. The curves show
two important characteristics. l"irstly, as the "jump step"
is approached the evaporation number tends to infinity. This
may be explained by the humidity boundary condition that
describes an instantaneous jump in humidity. At this position

--, oC
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Fig. 3'9 Humidity Profiles for Varying Downwind lengths
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F1.g. 3.11 illustrates the evaporation numbervariation

for conditions of thermal etratification. For this-situation,

equation (3.19) was used to calculate '.' He at the level Zo

for a "jUmpstep" Reynolds number of the order of 109• The '

value of Hewas'observed to dependnot only on dowmrindposition "

but also on the stability parameter. For increasing instabilitY',

the evaporation number, for, any Value of Reynolds number, was

observed to be' greater than for the neutral and stable cases.

FUrthermore, as'the instabilitY' increased, the evaporation

numberbecomesindependent of downwindposition and, instead,

took on an approximate constant value. Thus the numerical

solution suggests that, for .ery unstable conditions, evaporation

will ,cease to becomea function of downwindlength and, instead,

,be constant for any surface area exposed to otherwise identical

and therefore the 'evapof.ation il:UJilberrN';aiso:terids'~toinfinity.e
Second1.Y',there is a rapid transition to a 'commoncurve,

regard1.ess of the "jump step" position. This curve was

obseryed to denote,a decreasing value of evaporation number

over the evaporating surface, thus implying that the ,evapora~

tion rate, per unit area of surf,ace, is dependent on the down-

wind position from the "jUllipstep". '

conditions. For increasing stabilitY', however, the reverse

effect was observed, with less evaporation and increasing

, dependence on downwindposition. This maY'be explained bY'the
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fact that in the very unstable case, turbulence is so great
that the vapour is transported vertically with no lateral
movement at all. On the other hand, in the stable regime, the
restricted turbulence causes the vapour to drift downwind just

/

.above the surface, thereby reducing the vapour concentration
.' ~

gradient.

Finally, Fig. 3.12 shows the above fact more clearly in
which the variation of evaporation with atmospheric st~bility

.condition for a particular set of climatological measurements
Iis considered. The ~radient form of I Richardson numbeT. Ri, is

used as a measure of the atmospheric stability. It is readily
seen .that for increasing atmospheric instability, evaporation
increases very rapidly, whereas, for increasing stability,
evaporation decreases and approaches a constant value under
extrem~ stable conditions.

,



Chapter - 4.

RESULTSUSINGTHELAKEHEFBERCLIMATOLOGICAL

MEASUREMENTS

4.1 The Lake Hefner Experiment

1!heolimatologioaJ. measurements from Lake Hefner (Lflk'e

Hefner Base Data Beport" 1954) w~re used to veri4 the, '

validity of the proposed method and determine' its limitations
.

for estimating evaporation from bourlded open water eur:taoes
-

exposed to a thermaJ.ly-stratified turbulent atmosphere. The

Lake Hefner Projeot (Harbeok, 1954) was designed for the,
"

purpose of developing improved methods of estimating mpo~

tion from large open water sUrfaoes iii. whioh various theoretioaJ.

and' empirioaJ. approaohes were oomparedwith aoourate assessments.

of evaporation by the water budget method. The olimate at Lake

Hefner was olissified as' sub-humid (Maroiano and Harbeok,1954),

in whioh qIlite a large evaporation rates oan be expeoted. The

.lake was fairly regular, and approximately oirou1ar, in shape

and its oapaoity and surfaoe area at full pool were 75,355

aore-feet (~ 9.295 x 107 m3) arid 2587 aores ( ~ 1.047 x.107m2)

respeotively.

Water budget estimates of evaporation were obtained from

inflow-outflow data, estimated to wMh1n an order of 'aoouracy

of ~, and the. measurement of preoip1 tation from 22 raiD gauges

distributed uniformly around the lake. The water level was
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monitored at a number of, stages ,sited around the reservoir.
IAnaCCllraoyclassification for the water bUdget estimates

,

was determined, from the difference in level record~d at

each stage, the differences in precipitation measurement

of the rain gauges and the amount of inflow and outflow.

The probable errors were expressed by the classification:

"A"'when the estimated aocuracy was within 5 acre-feet or

approximately t. 0.7 mmper day, "B" when the error was upto

10 acre-feet or 1.4 mmper day, "e" for an error of the order

of 20 acre-feet per day, and, "D" when the estimated error

was more than 20 acre-feet per day.

01imatological measuremants were taken at four sites, -one, '

,of which was 10catednear ,the oenter of the lake. At each site,

, wind velocity; air temperature and wet bu1b temperature were

reoorded at 2,4,8 and 16 meter '1eve1s above the surface, along

with surface temperature and wind direction. The thermometers

and anelilometerswere rated at t. 0.100 and t. 0.1 kJ!.ot , respec,;.

tive1y. Daily and 3-hourly meanvalues of these parameters
i:~.,.'-:,J~.;'

and the daily average surface area for the period:.rliJy; 1950 to

August, 1951 were published in the Lake Hefner Base Data

Report (1954).

There were 147 days of records in whioh "c1&8s .l", "olass

]!" and "olass 0" wat~r budget estimates were aooompanied by

climatological data from the central. bar~~ station which

satisfied the requirements of the proposed evaporation lIodel

", ,
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formulation. In estimating the theoretical rate of evaporation,
the lake was approximated by a circular shape and the radius, .

was calculated from the given' surface area. The barge .station
was assumed to be '.centrally located so that its downwind
position from the vapour-step position was assumed to be
constant, equal to the radius of the surface, with respect to
'the wind direction. The dQwnwind length of the elementrary strips
was taken as 30 meters. Thus the total number of strips was about
100. The width of each strip was determined using equation (3.89).
The free-stream humidity was evaluated ~sing the barge station
8-meter level specific hUmidity into equation (3.85). The levels
z1 and z2 were taken as 2 and 8 meters respectively. The friction
velocity, u*, and the roughness parameter, zo' were calculated
using equations (3.61) to (3.70).

4.2 Results and Discussions
The comparisons between the water budRet evaporation

estimates and the present theoretical evaporation estimates
using the climatological measurements at Lake-Hefner, are
illustrated in Fig. 4.1. The results were obtained by using
147 "class A", "class B" and ,"clal;3sG" days. The total theore-
tical evaporation for these days was 817.82 mm compared to a
water budget estimate of 712.68 mm indicating an overestima-
tion of only 14.75% of the actual evaporati~n by the proposed
evaporation model. T4us the overall agreement between the
theoretical and water budget estimates of evaporation is satis-
factory. Out of the 147 days of observations, there were 16
neutral, 22 unstable and 109 stable days. The theory over-
estimated the actual evaporation in all the three atmospheric
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From Fi~. 4.1 it is readily observed that although the overall

..,... '
!

y = 1.188 + 0.9025X.

regions, the percentages of overestimation being 8.33, 16.46
and 15.29 under the neutral, unstable and stable conditions
respectivelY. Thus the overall agreement between the theory
and observation also appears to be satisfactory in all regions
of atmospheric stability conditions.

,
in Fig. 4.1 is found by a least-square fit to be

agreement between the evaporation model and water budget evaporation
estimates is close, the results are somewhat scattered and there

The above equation indicates that the proposed approach over-
estimates the actual evaporation for lower rates of evaporation
and underestimates for higher rates of evaporation. The 98%
confidence limits of the gradient .are 1.0044 and 0,8006., The
gradient of this linear regression equation suggests that there
is a .slight departure of the theoretical evaporation estimates
from the water budget estimates but that the gradient equal to
unity, representing complete agreement between the two distribu-
tions, is within the 98% confidence, limits of the regression line,

A linear correlation coefficient of 0.8637 i.s found to
relate the theoretical evaporation, indicating a very good
agreement between the two estimates. The equation of the
linear regression line passing through the points plotted
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is often considerable difference between the daily evaporation
values' given by these two methods. The scatter in the results
was thought to be due to the accuracy with which the stability
of the atmosphere could be ascertained which in turn' was dependent

'upon the accuracy of the temperature and wind velocity measure-
ments. The accuracies of the temperature and wind velocity measure-
ments at Lake Hefner were ~ O.loC and ~ 0.1 knot respectively. The
stability of the atmosphere at Lake Hefner was determined by
evaluating the gradient form of the Richardson number, Ri, as
a mean daily value ~sing equation (3.60) and utilizing the
temperature and wind velocity measurements at 2 and 8 meter

\

levels. Since the air temperatures recorded at these levels
measured to within ~ O.loC, the" accuracy of the differences
in the measured temperatures at the two levels was within

, a ,~ 0.2 C. That this order of accuracy for the difference of
temperature measurements ,is insuf:ficient~ to meet the requirements

,
of the proposed appro,ach is illustrat ed in Table 4.1, where the
effect of ~ O.loC error in the difference of 2 and 8 meter air
temperautres on the theoretical rate of evaporation has been shown •

•A total of 12 days climatological data from Lake Hefner, covering
all re~ions of atmospheric stability conditions, have been consi-
dered. The effect of O.loC error in the water surface temperature
and that of ~ 0.1 knot (= 5.148 em/sec) in the difference of 2 and ,','
8 meter wind velocities have also been illustrated in the same
table.



,

Table - 4.:.1

Effects of the Probable Errors of Temperature and"Wind VelooitlMeasurements on the Theoretical Estimates ot EVatloration.

, Atmos- Est ••
:oa~ .pherio Bvaf'Stabi- (mmlity
'1 Stable 9.89 9.30 - 5.96 10.67 7.9 10.10 2.12 10.24 3.5:4 . 8.84 - 10.622 " 3.80 3.58 - " 5.80 4.60 21.05 3.92 3.16 4.39 15.53 '3.7:4 - 1.58
3 ,, 1.13 0.83 " - 26.55 .1.57 38•.94 1.15 1.77 1.:47 30.10 '0.90 "- 20.35- -4 ,, 3.07 2.35 - 23.45 3.98 29.64- 3.10 0.98 3.80 23.78 2.48 - 19.22..5 ,, 7.25 6.21 - 14.35 8.16 .,12.55 7.40 2.07 7-.76 7.03 6.49 - 10.486 ,, 7.19 6.13 - 14.74 7.85 9.18 7.34 2.09 7.50 4.31 6.31 - 12.24.7 " 7.69 6.97 .- 9.36 8.36 8.71 7.83. 1.82 . 8.57 11.44 7.09 - 7.808 ,, 6.26 - 5.37 - 14.22 7.21 15.18 6.33 1.12 7.22 15.34" 5.02 .- 19.81
9 eu:tral 4.82 .4.02 - 16.60 7.Y7 - 52.9 .' 4.86 0.83 5.71 , 18.47 4.02 - 16.60..,
10 ,, 0.44 0.35 - 20.45 ' 0.55 25.0 0.46 4.55 0.54 22.73 0.36 -.18.18-11 nstable 9.16 8.09 - 11.68 9.94 8.52 9.29 1.42 9.95 8.62 8.66 - 5.46
12 ,, 0.76 0.70 - 7.9 0.83 9.21 0.82 7.9 - 0.9'4 23.68 0.74 - 2.63

• estimates using the observed climatological parameters at Lake Hefner.

,~
"
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using

-to be

• It is therefore

Richardson number, ~,

evaporation, are found

phere, determined by evaluating the

affect the results at the most by

FromTable -4.°1 it is observed' that the proposed evaporat:l.on

approach for estimating ~~aporation ina density-strati~ied

atmosphere demandsfor very precise measurements of air temper-

atures and wind velocities. Indeed, the stability of the atmos~

velocities measured at the levels z'l and ~2 above the surface.'
,

The difference of air temperatures r~corded at the levels ~1
. 0

and Z.2rarely exceeds :t. 0.2 C. As a result, it has been observed

that an error of the order of :t. 0.20C is ofSen' sufficient to

change the sign of ~ and hence the atmosphe:i-1cconditione from

unstable to stable and vice versa. Whenthe levels of measurements

1\1 and zt2 are taken very close or when the measurements of air

temperatures are open to errors of still higher magnitudes, the

rel'lults will be more scattered than those presented in Table 4.1.

equation (3.60), and so the rate of
;

highly sensitive to the differences of air ,temperatures and wind

It has been observed that a change of + 0.20C in both the

temperatures but keeping their difference to remain the same,

has a maximlU11of 3.5% effect upon the rate of evapo~t-~on.

Simil~rly,for wind velocities, a change of + 0.2 knot affects

the evaporation estimates by a maxilllUmof 2.5% and an error

of the order of O.loC in water surface temperature is found to

the differencel'l, and not, the absolute magnitudes of the air

temper.atures and wlnd velocities, whichhave the most pronounced

effect upcn the rate of evaporation.
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Thus, it is nowapparent that. the order of accuracy of

Lake Hefner climatological measurementswas insufficient for

the accurete detel1llination of atmospherio stab11ity and is

thought to be the main cause of the scatter of the results

presented in Fig.4.1. For evaluating the gradient from of

the Rtohardson numberaccuracteIy, very precise measurements

of air temperature and windVelocity' are necessary. The

recording instruments have to be capable of resolving a '..~

,.(temperature differenoe of 0.0100 or less so that the
y ~
adiabatic lapse rate maybe detected. The order of accuracy

of ,the ,measurementsof wind velocity should prefet:ably be

t. 0.5 em/sec.

~.,



Chapter - 5

CONCLUSIONS AND SUGGESTIONS:FUR FORTHER WORK

5.1 Conclusions

The aim of the" present work 1I'8S to develop an evaporation

model"'- for-:- estimating . evaporation"-'--from_:'":::'~QUiided_"-,',":-:• ,_ • 0.-"" _~ •. _' . ., ••• , ... ' _ _ • _•• _ ~ _:_ .•.

open water surfaces considering varying degrees of atmospheric

stabili ty and surface roughness conditions. It 1I'8S found by

applying climatological data to the proposed approach that there

1I'8S satisfactory agreement between the total estimated and

observed evaporation from Lake Hefner. However,whenit was

necessary to estimate the daily evaporation accurately, very

precise measurementof the climatological parameters to deter-

mine the atmospheric stability with a sufficient degree of

accuracy, was indicated.

Themain advantages of the proposed approach of estimating

evaporation are that direct empiricism is not required, the

theory appears to be satisfac~ory regardless of the" size and

condition of the surface and its climatological location, and

unlike the energy budget approach, evaporation maybe estimated"

accurately over short time intervals without any need for con-

sidering the heat stored by the water body which is rarely

measured as a routine or measured with considerable difficulty.

-,,

,",

r.:..•.
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The m!'lJ.n 'j"ID~.t;ation of the !,ropos6l\~,pproo.ch is that

sensi titre s(,)llr)orf'l ha''Te to be ueed 1;0 measure the c]J.matol')glc').l

paramet,9rs accUT"IteJ.y to determine the atmospheric stabj~ity

",ith a 8Ilff:l.cilm.t degreo of accur~cy. The reeu.ltlJ of the

exper1mQntal ~ork have indicated that the rate of evaporation

depe~ds upon the atmoRPheric stability oondition. As a resul~,

, when 1t is necesmtry 'to consider an l".Ccurate ea-timation of th",

daily rates of evaporation. every afford should be made to

meaS'lre the cl:1.lT::ttological parameters accurately.

11:'13 foLl.owing oonclusions could ,be drawn from the study

of the proposed evtlporation model:

e.) Provided that the stability of the atmospher~ can ,be

detennincd aocurately, the use of the proposed evaporation
,

model seems to be a s~rhs:fMt ory mAthod of ostii'li~f'lfl'ge'lD porc-:.Hon

from open water surfaces.

b) The wind velooi ty and temperature profile equations

giron by Busingcr et Ai.• (1971) for atmospheric now consil\erine

vrtryin~ degrees of atmospheric stability oondition, were. s"ifi",s

to be s~tisfactory.

c) Tho rate of evaporation depends upon the a'!;mos:pherio

stal'l1i ty and surface rou.o;hneas condittons and on the dowml'ind

dimension o't the surface.
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d) The approximationsapplied to the evaporation model in

determining the free-stream height, free-stream velocity and

free-stream specific humidity "seemsto, be' aatiBfactory.

e) The as~pt1on that the turbulent diffueivit1es for

heat and water vapour transport are identical, seems,:to)e';"
satisfactory •

.5.2 Further Work

The present approach maybe usef~ly employedto estimate

evapotranspiration from vegetated surfaoes. This maybe achieved

by altering the datumlevel at which the evaporation numberlie

is determined. The datumlevel'is specified by the plane at.

which the hUmiditygradient (dQ/dZ) is determined. For the

neutral case, this gradient was estimated a~ Z = 0 (Takhar,

1972) and for the present case it was estimated at Z == Zo•.

Using the five-point differenoe formula the humidity gradient

maybe evaluated at any level within the turbulent diffusion

boundary'layer. To estimate the evapotranspiration, this datum

maybe positioned just clear of the vegetation. Thevapour

concentration at this level will be due partly to the contri-

bution madeby the evaporation of water directly from the

ground and partly to the transpiration of vegetation cov,er.

The total evapotranspiration w11l be given by the vertical

.flux of vapour acro~s the datUmplane. The cl~tological

requirements will be identical to those required for the
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estimation of evaporation from-an open water surface except

that the humidity at the wall, qo' will not be given by _the

surface temperature but must be evaluated using a psychrometer

located at the datum level.

"'cO"

"',',
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(A-1)•••
~.oIQ
dZ2

~dZ + M~ = M'.
~ ... e

The diffusion equation <:~.49) can be written as

where, M' • d HI d Z. The finite difference representation

of equation (A-1) lII&Y be obtained' by integrating eaoh term

of this equation over an elementary control volume. Fig.A.1

showsan elementary control volume ab~d.

Now,integration of equation (A-1) OVerthe control

:, I
, I

Finite Difference Representation of the Diffusion
Bquation

APPENDIX - A

volWi1eabed gives

The finite difference schemeof equation (A-2) reverts

to the fully-explicit form if the upstream QvaJ.ues are used.

On the other hand, when the average of the upstream and

downstreamQ'sare used, the finite difference ana.:Logue Jj'

would give just-stable Crank-Nic.holson sPheme.Here the
. .!

downstreamQ values are. used to give the maximumstabUity
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Fig.AI The Rectangular Grid Sy'steni and an Elementgry Control yolyme .
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(.1-5)
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~+1 ,d-~,d

Zi+1 - Zi

~,d - ~-1 ,d

Zi - Zi_1
(~) " =.
dZ i-t
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ffuus ~e dRedZ= UiUs (~,~-~,u)(Zi+rZi_t)
••.bed.

and a fully-implicit scheme,.Thenwith the subscripts u and d

representing the upstream and downstreamvalues respectively,

term I of equation (A-2) can be written as

Similarly, terms II and IlIof ectuation (A-2) maybe

written respectively as

Hence, eq~tion (A-5) becomes



Using equations (A-3) ,: (A-4) and (A-6) into equation

(A-2), the finite difference approximation for the dif:l4~ ion

equation (A-1) becomes

(A-8)

( A.-9)•••

•••••• •

•••.,
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A Zi+1 = Zl+1-Z1

and

A Z1 = Z1 - Z1_1

where,

Bquation (A-7) can be written in the form

D1 ~,d = A1 ~+1,d +~ ~-1 ,d+01 • •• ••• (A.-10)
,

'\ A;' • AZiwhere, "1= 2Mi
+ AZi+1

M'AZ
B1 = 1 1 1

2M!

°1 =
~ U1U~AZ; ( AZ1 + AZ••j (A-11 )~,u 2M1 AR •••. e

and

Di
U1US AZ1

( AZ1+ AZ1+1)
AZi. +1.ca . 2M ARe +
AZ1+1i

, ,
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+ 1.

+

U2U~Z2

2~2 ARe

~=
\

M2 ~2
, B2 = 1 - 2M

2

°2 • °2•• t:;:._:....2R-
e
- (22 + Z,J
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For 1 = 2 control volume, equ,ation (!,>-10) remains valid

but the coefficients '\. Bi• 0i and Di become

The coefficients '\. Bi, 0i' and Di in equation

(A-10) are knownquantities. For Ii steps in Az there

are ,'B-1 equation of the' type (A-10) with N-1 unknowns.

This system of equations fom. a tri-d1agona1. matrix that

can be solved using the Gauss elimination method as

described by spalding (1977). The equation which have to

be solved for the unknownQ' 8 can be usefu1.1ywr1tten

in th~ following orderly form:



(.1-15)

(.1-16)

(.1-17)

(.1-14)

(.1-18)

(.1-19)

(.1-21 )

(.1-20) .

• ••

= °2+B2Q1

= 0,"

=C!-2. -.1- .

•••

•• e.

•••

•••

..'.

•••

•••

• • ••••
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- ~-1 ~-2 + 11i-1~-1

A,
.D, - ~52

:a,T2 + 0,
n,-B,S2

, :I

~= a,~4+ T,
Q4 = 54~ + T4
••• • ••• • ••

~-1 = ~-1 ~ + TIl_1

~
52 = , -n;-

B2Q1 + 02
D2

D2Q2 - A2~

- ~Q2 + n,Q, -~Q4

- B4~ + D4Q4 -.14~

The above equations can'be converted in,succession into:

where,



(.1-24)

( A-25)

(.1-27)

(A-26)

( .A-28)

• •••

•••

•••

•••

•••

, ,

Aw-1 .

Dr.-1.-~-1 BN-2

~-1 TN_2+ °N-1

~-1 - ~-1 SN_~

\' ,
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54 ••
A4 • •• (.1-22)

D4 - B4 3, .-

T4= ~ ••• (A-23)
D4 - B4 33

••• • • • •••

~-1 ••

Thus, proceeding this way, the solution of equation

(.1-10) is given by the general equation

and

in which the coefficients 3i and T1 are g1ven by

~

D1 - B1 51_1
B1 Ti_1 + 01

D1 - Bi 5i_1

for 3 ~ 1 " N-.1. The coefficients 528Dd T2are to be ;,'

calculated using equations (A-18) and (A-19)•.
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,

, i

,
For each step ,ARe doWnwind, QiW8.S determined

for increments in A Z until the diff:erence in'Q at
the i'th and i+1'th levels-was less than 10-2• This
was assumed to correspond to the top of the turbulent
diffusion boundary layer.



The pr'Jgramwas run on the 1lIJET IBM TIO/115/H02 Computer.

•

&lrfnce area of tho lake
Coefficient B1 in equatlon( A-I 0)

Mee.nfl',d

Coefficient Ar ~n equation (A-10)

. Rul'llling'total of area over which evaporation
has been eetin~ted

D,2 The FORTRANSymbols

. JilthoU(ihe.dequate commentsare included in the computer

prosr8m that Will help to follow the sequence of computation,

the aymbols used are not defined. These aymbols and their

meaning are eiven below. WheneverpoBBible~ the mathematical

ayrnbols used in the text have been retained.

1'.1 mt.roduction

The P'.l.r.poseof this appendix is to provide a guiie for

the uae of tho cC'mpu.ter_programdeveloped to calculate the,

dl:\ily evaporation using the proposed approach. The progrem

lr8.B l:rit.t on iIi F,ORTRAN. The c.omputer program, a listi:ng of

which 1e preaented at the end of. this appendix, was written

for the climatological measurements at Lake Hefner and will
require a faw modification.s before it is used for another. site.

FORTR1JN_Symbol

A

lJtEA

ARE.AlU,

B,

,-
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Meaning

Coefficient Ci in equation (A-10)

. A cOUilter to denote th.e 1eve1 at" which
Z(I) = Z5

Coefficient Di in equation (A-10)

";)M/dZ in equation (3.55)

dU/dZ at the i'th grid point,

A counter to denote the level at which
Z(I) = ZVP

Rnnning tota1 of tllle number of days for "
which evaporation has been determined.,
Running total of t~e number of DRX

Tota1 number of AZ

Evaporation immber, Be

5i of equation (A-26)

Pre-step 1ength,1

Atmospheric pressure

Ti of equation (A-26).

Air density, p

Gradient fOrmof the Richardson number, ~



FORTRAN51mbol

RX

RXFIN
!

RXPJL

RXTEST

RXZS

SO
SOT(i:)

STARf

STEP
T(I)

T2D, T2W

TaD, Taw
TSURF

. U(I)

US
UBT
U1, U2

U2Z0ZS

U2Z0Z(I)

90

Meaning

R~olds number, Re
Reynolds number oorresponding toSTARf

DownwindReynolds number corresponding
to the oenter of the lake-

i'he pre-step Reynolds number

A oOUnter to denote the level of T(I) •••VPS

Reynolds number oorrespondillg to ZS

Laminar Sohm1dtnumber

Turbulent Sohm1dtnumber at the ilth grid
point

RQnningtotal of t¥e down1l'1ndstep lengths

Downwindstep length, '"%

1-(4 ,where ~ is the non-dimensional hu.iUdity
at the ilth grid point.

Dry and wet bulb temperatures at 2 meters

Dry and wet bulb temperatur.at e meters

Water surfaoe temperature
'. INon-dimensional wind velocity at the ilth

grid point .

Non-dimensional free-stream velocity, Us

Friction velocity, u*

W1ndvelooities at 2 and 8 meter levels
(em/sec) respectively

Zi s U2dZ at the il th grid point
Zo

iZ

U2dZ at the ilth grid. point
Zo



FORTRAlfSYmbol

USQDZ

UCUllDZ

U3Z0Z

VPS

VPSURF

VP2

WIDTH

WINDZS,

•
WIND2, WINIS

XXMIlUE

XL

XM

xx:
XNUE

Z(I)

ZBIL

ZS

ZVP

ZO
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Meaning

U2 dZ at the i'th grid point

U3 dZ at the i'th grid point

,; dZ a~ the: i'th grid p~int

Jz .o .
Estimated vapour pressure at the :tree--"stream

Vapour preS81lre at the 81lr:tace

Vapour pres81lre at the 2 meter 1fJYe1

Width of an elemehtar,y strip

Estimated wind velocity at the free-stream
(em/sec) .

Windvelocities at 2 and 8 meter levels in
knot respectively

~/y in equation (3.13)

Mo"n1n-Obukhovscale length,L

Min e"qtiation'(3.55) "
von Karmanconstant

,Kinematic viscosity,

Non-dimensional height, ~ ,of the i' th grid
point

zi/L
Non-dimensional height of the turbulent
momentumboundar,ylayer

The non-dimensional a-meter level. The Known
specific humidity at this level is used to
evaluate free-stream humidity, qs' using
equation (3.85)
~face roughness parameter,zo
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Subrouti:nftB'v.sedin the ComputerProPjra•... ,'J . ;
I . '.. . •

The subroutines used in the computer program and .their

purpose are given below~

SUBROUTINE VISCOS CT, P, XNUB).

This SIlbroutine evaluates the ktnematic visocity

XNUB for a given temperature T and a given pressure P using

equation (3.77).

SUBROUTINE VAPOUR.!T1, T2, VAPl
'This subroutine calculates the actual vapour pressure ..

V~ for a given dry bulb temperature T1 and wet bulb temperature'

T2 uB1ngequations (3.81) and (3.82).

,



, ,

The Computer Program

~.

",
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FRCC~A~~EO .EY ~L~J~NEC All. E~ll'A~. lECllFEF. DEPT. 'CF .A1E~
~ESQURCES ENGI~EEAI~G. eUET. C~A~A.

I:.,.'

r..
~ • c..... ': •... ,

.MA IN" ..
.>tHAI';;."
.MA IN •. ",
"MA IN",'.
"MA I"'~~"
U'AI 1''';
"U IN".)"
"MA I""ti
",U I~.•;.'
"NA II~":'
. UtA IN" :,.
. "MAli"''',';'
."'u I~":....'
"MAI~.;'
.MA IN •....
"MA IN",
.MA'IN. ~.
"MAIN.'
"'411 I'N •.
."'AI~ •. '
1MA'iN'"
.MAI" ••:
• MA IN.',"::. " ..:
.MA I~".:.
.MA IN":'
"MA IN ••..
.MA I~ ••:.
••MA.I ••••. ,
"MAIN.' ..
. • MA 1~1"
.MAI~ •
•MAI~.
.MAI".'
'.NIlI"'1,;:",-u IN.',
.MA •.••••., ,

"MAIN"
.NA IN •..
.MAI".,:
.MIlIN.."AI~.
U44I~.
""Ill",j

.HIAI~."
""A IN.'
"MAl"'''
.MIlI".
.MIlI".."'AI""'."AI~"""AI~".MAI ••••
.MAI".,::
"M.IlIN•.:'

•
•

CUTFUT TI-e CLIMA1CLCGICAl FAr.A~fT~F~
LI=~1.4f."I~C2
Uc=!1.4f.I<.I~Of
21=.00.0
2.=EOO.e
101=120
1(;2=TEC
TII.1=T.W
"'2=1ell
"Rlle(:!.5eCIIOA'"~C~1~.I'EA~

FE~FO~N PR~ll~(~AFY CALCllATIC~~.
XK2=XK*XK'
.)lI<~=Xt<.XKc:

XK4=)(K"XK:!
FAIf.=1.57Cf

SET TI-F.i~lllAL VALUES
SUM-=O.O
A';E'=O.o
C~X=IOO.O
~cor;x'= I
~CC2=5CO
START=:!COO.c
STf.p=3c.ce.e

'.'FEARL=4C4C.ff.41A';EARL
RAD IUS=SORl (Ar.eARL,,~.141( I
~XPJL'= 1.0Ee
f'XS1=Fo)PJL
ICASE=C
C(jU~T=C.O
~XTfSl=O.C

~EAL 'O~(5001.0UC2(~OOI.Cl(~~CI.CZCl(~~CI.C2lC22(50CI.D2zt~2(50(1
+ •P (~001 •C (5 eel. Sell 500 I.1 I~eel. l(5eel. l2 l Cl (5(1C 1•Z (50 () .,;). e •
+FXS'UE

CATA xK.se.FPeSS; IYEAR.~CCAY"C~~6;C.5 ••~ .1.OE~"1"51"0'-.-
CAT A Al PHA I•'ILP I-A ••eETA. C A ~ ~ A" I5•C •S •C •C .1A •A. 7',

.~IH1E(~.5C;01

I~PLT THE'CL(~Al0LCGICAL PARA~E1ERS
50 REAC(I"5701ICAy.MCNT".T.C.l.~.lfD.lf •• 1SlFF.'I~C2.11I~Ce.AFEAFL."

-.+fVAFRL

Sl JCe JNN=~TIIILII.CISP=C.ClA~~~A
55 LST CISP=.D
JO e IIIT IIAL II ~ 1 II
uP 5 I I I
ePTICN LISl

, EXEC.FFCPTRAN , '.
(eee(ccecececececcccccccc,ccccccec(tcccccccccccccccccccccccec~eeccee~

EVAFCRATIC~ F~C~. AEFCCY~A~ICALlY S~C01~ A~C F(LG~ SLPFAC~5.E~FC~EC C
TO A THERMALLY-STRATIFI~D Al~C~PHERE Il~I~C lA~E HEFNE~ DA1~1. C

C
C
C
(

(c(ccc(ecccccececccec««ccc(ec(CCCCCCceccc(cccccccecceceecececcecccc•
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IIF; IT E I ~ • 5 0; C I U I • I. 2 • Z I • Z 2
,Ill<11 E I 3 • f 0 0110,1 .1 [2 • 111I ,l.2 .1 S\' ~F
IFIlJ2 .LT. \'11 C[ lC I~C

(~L(ULAIE CE~SI1~.~APOU~ FF;ESSL~E ~~n "I~EM~lIC VISCOSITY
F;~C=O.34EII'llOlt213.01
(ALL V~POUR(lD2.1.2.~P2)
CALL VAPOUI«lSURF.1SlJRF.\PS\'~FI
CALL VISCCSITDI.F~ESS.~~lEI
IlI<I1EI~.fIO I\lPSI.r;F.~P2.RI-C,)~I.E

~AL(ULATE ll-E RICI-ARDSG~ ~lMaER A~O DE1ERMI~E TI-E AfMCSFhERIC,STAEILIT'Y
1.0IFF:U2-U I
ZO IFF=l2-Z I
lCIFF=102-T[1
R 1,=0; 8 I.0* ITel FF tC •• 1*ZC IFF, II.0 IfF .'~2~ I10 It2 7~ .0 II
IFIRI .GT. C.OOII)RllE(3.E.0IRI
IF(F;I .LT. -O.CCII.RllEI~,E~(IRI

'IFIAaSIIHI .LT. O.(CII"~I1[I~.E401F;1
IFI~aSIRI' .LT.O.O(IIRI=(.C
IFIRI .GT. C.I~I CC Ie I~C

[ETERMINE TI-E MC~I~-CaUKI-CE LE~Cl~. FRIC1I[~ VELOCITY A~O
RGUCh~ESS PARAME1ER
IflF;III60olECoI;O

\'~SlABLE STATE
zeVL=C.O
~I~(R=-I.o
ZBVL:ZBV,LtlC I~CF;
F;ITF;I=eETA.Z8VL.III.O-ALPI-AI~ZE'LI/II.C_~LFI-A2*zaYLII*.O.~
IF(F;ITRI .Gl. RlIce lC 11C
Z8VL=ZBVL-XI~CR
)lINCR.XINCR'le.(
JFlA8SIXINCFI .CE. I.OE-IIICC TC 11f
~L~saRTIZI.Z2'/ZE'L
lCI=(I.C-ALFI-AI.21'lCLI**C.2~
X2=II.O-ALPI-AI*Z2/XLI.*C.2!
A 1=2. O. "'LeGII I.Ct~ I1/2. C ItAL0G III•C t > I~~ I1/2 .01 -2.0. A T A~ I"I It+FAIE2
A 2= 2 • O."'L 0 G ( I I • ':1+ X2 1/2. C I •• LCC ( ( I • C t ) C ~ )( c " 2 • ':II_ 2. o. A T A ~ I )( 2 It+FAIE2
LST=XK.UOIFF/(ALC((Z2/Z IIfA I-A. I
ZC=Z2)EXPllCK~L2'lJS1+A2)
"R 11 E I ~ • 670 1L ST. Z ( • XL
CD lC 210

~EUTqAL STAlE
o \'ST = XK* \'CIFF/ALCGIZ2'ZII

20=Z2/EXFI~~.U2/USll
IoRITEI3.(;o;CILST.l(
co TC ~IC

"M" IN 4';'
.IIAI"4:
""AI"~,. '

.IIAI~,",
"MA I" "::,
.IIAIN .':.11"11';4:
""All''''."4 I~."
.MA IN*','
.MIII""
"MAl".
""A IN".MAIN.:',
.IIAIN.,
""A IN. ,,'
""AIN.'
.IIAII';.
."A IN.,:
""AIN",'
*1141".
."AI~.':
."AIN"
*,"" I" *."AI"•
•IIA" •••"
.-MA IN",

*""'1".""""A IN. i""",AI~'".IIAI"*,."A ,,,.'
"MAIN",.,," I""",
""A IN.,'
""A IN":""
.MA ,,,. ~:'

"."A IN. ;,'
."AIN".""\1".."AIN.
.IIA IN. '
."AIN.,,

, .,IIA IN.::,'."4 ,,,.:','
.IIAiN"
""AIN.
.MAI""
.MAI".
.IIAIN'.
"MAI"*
"MAH ••'."AI~.
*"I\I~.
""A IN-4 "
.IIAIN.
"" A ["",.11"1""""A IN •
•IIAI".
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,STAELE STAlE

2EVl=~.O
~II\CR=I.O
2EVl=28Vl.XII\e"
"IT"I-=2BVL* IBETA.(A""A*2e~L 1/1 1."'(;,A~~A*2E"l 1**2
,IFII'IT"I .ll. RIHe TC He
28Vl=2BVL-~II\e ••
~It.(R=XINe""IO.O
IFI~ I"cn .GE,. I.CE-AI(;C TC .CC
~L= sa" TI Z 1* 22'1".2 8 ~l
~ST=X~.UOlfF"IALC(;122"lll.(A"" •• ZCIFF/)ll
2Q=22"EXPIX~.U2/U!T-GAI/~ •• 1."~lJ
1I"iTEI:l.G70 lUS1,2C.~L

NON-aiMENSIC"ALISIITICN ef "C"II\-O~l~~C\ LE"G1H A"a I'eUG~"ESS
FAliAME1ER
IF(S;I J~2~.,~~O.2~C

UNS1ABlE A~e SlAelE SlAlf~
20-=2(;* UST") H.E
~L=~L*US1"~"LE
.RI1EI:!.7CC IlO.)L
IFI2e .LT. I.OE-fl GO lC HC
(;C TC .70

I\EUTRAL STAlE
20=lO*lJST/~I\ue
llRITEI:l,7101Z0
IF (20 •LT. I."E- t J G C Tel! e

CETERMINE lfE PERI/.I\ENT fll\C1ICI\S OF \Ele(ll~
I'll=I'XSl
IFIl'X .GT. I'~PJll GC lC A.e
2I1P=Z2.LST/)ll\UE
25= c. C
X I"CR-=1.'lEt
"xzs-=o.c
U22C2111=(.(
U:!ZC2=C.O
IF("II~.a •• fc.J.C

I

lS AND US Fel' NEUT"AL ~TA1E
lS=2s.xI"ef'
A=AlC(;12S/lCI
RXZS=(A*(2S.(A~A~CI- •• O.lCI.f.e.(1~-lell~~~~
IFII'XlS .LT. RXI CC TC .f~
lS=lS-X INcr;
~I"C"=XII\CIi/IO.C
If(~INCR .CE. I.el GC Te "FC
US=A/llK
U22 CZ 5= IZ S. I * I A- 2. C H 2. e .• I • ~-lC 11 / ~ ~ "
(;0 TC ~"o '

fC~ STIIELE. LNS1AElE AI\C ~ElTI'Al SlAl~!

.. i

"MA I N'\'
"M A 11',/0:
"lolA I'"
"MA'IN','
.MA IN'
"MAII\'
.MA It.'

."MA IN",
"lolA I" ,:,'
.MA IN;::
.MA IN',

',.MA IN' ..,
.MAIN'

, ".MAIN1'
.MAI""
'.MA IN",:
"lolA 1"'('

'.MA 11''',
.MA IN.'
.MA 11\.,

, "lolA i,,' :
'''MAi''''
,.MAIN>,
"lolA I".;
.MA IN~,
, "MAl".:"
""AI"C."'A I".',:,
~MAIN.
",lolAIN.
"MIII,N'
"MAINA,
.NA I"."
.MA,iM:
"MA IN' ,
.MAI'"
.MAI".
"M"IN~
"MA 1M, .•
"MAIN.,
.MAIN.
.MAIN.,
.MAIN4
"MAIN.
"MAl".
"MAl".
.MAI".
.MAI".

, 41'4 A I h 4 '
"MA'IN.*"AI".
.MII 11'".
,"NA IN.
"NIIIN.,
"MAl".
.MA'I"..MAI".
:""1A IN'"

,*IIAIN4
"MAl""



"EUlrIAl ~TA lE
U(II=A;'XK
DZOU ( I I=XKM Z
C ZUCZ 2 ( I 1= - 1 .0" (X ~" Z* 1( I , )
lJZ1 CZ I I 1= I Z ( I 1* A" I A-" • C •• 2 • C. (~ ( I 1_ 2 ( I 1/) ~2
seT 111=BE1'/I,
CC lC 3EI)

!: T II EL EST ATE
zeVL=Z(JI/Xl
e=CII/>I/>IA*ZBVL
lJ( I '=(II+e';"K
Ilsacz=U( J 1>1.,,*02( II
UZZCl (I '=UZ2CZII-Il+USOCZ
IF(I'XZS .CE. RXI (( IC ;;is
ueUECZ=USCDZ*U( I'
U3Z0Z=U3ZCzoUCUEUl
I'X2!:=U( Il*U22C1(II-U3ZGZ.

',IF((CU''T .EC. 0.0 .AND. R>l~ .CE. ~)I C( lC ~7e
eZOIl( 1l,=XKMZ,/( 1.00E"
1;2I;CZ2111=- 1.0/ (X~"'1*2( II I

"MA IK"
"MA If':;
.MA I",
.MAI"
.MA JI\ '
.MIIIN
.MA IN'
.MAl"
.MA I""
".MA IN':

.1411 IN"
.MAI",

.M""'".MAIN'
"MAIN,'
.MA IN:
.MAIN,
.MAI'"
.MA IN:
.MAI" "."'AI"."'A I'"."'AI"
.MA IN',
.MA'IN
.M" IN',
"MAIN
4"'AI"':
""'AI":'
."'AI"':
"MA IN'
"MAIN,
.MA IN'''
.,lA IN'
itMA IN',
."'A II~"."'.11 IN;
""'A IN:
.14A IN','
"MA,I,"',;
"MA'IN',
"MA,IN'

""A I",'
"MA I"~,
""'AI'"
4MAIN'
."'AIN'."'AI"~
""A1N~
"MAl".
."'AIN"
.MA IN.
.MAIN.."'AI".
.MAI".
"MAIN.
.M"IN.
.MA,I""""AI".."'A IN",

.

96 -

,
"

un 1=0.0
Z ( I l~a • a
CC 3EE 1=2."COZ _
CZ I I 1=A'" AX I I .0 E • ( Z I 1- I 1- ZC I;'" C• ( 1
CZICl=ZC
ZI') I=Z( I-I HOZ(.II
IF(Z(II .CE. Z"P .A"D. I(II~E .CC. (I I(II~E=I
II=AlOHZII I;,ZO 1
XKMZ=XK"Z(IJ
IFI 1'.'1330 • .: (0. 310

U"5TAELE 51111E
ZSVl=Z( I '/Xl
x=( I. O-ALPHIII*ZEVl'''*O. 2!:
U(ll=(A-2.0*~LOG((I.C+Xl;'2.01-lIl0G(II.C+I.XI/Z.OI.2iO.ATA"IX'-

+FAIEZI/XK
U50CZ=UIII""2*021 II
UZ2CZIIJ=U"ZCZ(t-ll+l!:OCl
IFII'XZ!: .CE. ,n,l CC TC ::'1C
ueUEDZ=U500~.UIII
U~ZCZ=U3zeZ+lelEDZ
!'XZS=U ( I I." 220Z II 1- LJlO Z
IFICGUNT .EC. 0.0 .A"O. FXlS:/.CE.I'11 CC lC 350
CZD~(il=XK"2.X '.
02UCZ 2111=1 1.2E."LPt-A "'lEH-I.e~;, ('~~2"l (II.X.,.SI
'Eelll '''BETA>lX/1 I.C-ALPHllc'2E~ll">IC .!:C
CC1C ::ec
U5=U( I'
25=2(1'
U2ZCZS=U2ZCZ(11
(Ol" 1=1.0

,,"XS1=!'XZ 5
'"XPJL=f<XZ!:

,I'X=I'XZS
(I: lC34C

320

(

.:EC

(

31C



'"R ITEl ~ •7::C II(A Se-.\;S •Z So • I'D2S .0Z I2 I•C 2 I~ ,•C 21 4 1 .02 I5 , •C 2 16 ,•
',f CZ I SO, .I<X

CM/CZ FnR STABLE Sl"TE'
C"~#AL=GAMM"Xl .,
CMOl=QMUl-X~MNue*nANMAL'll.C-O[JAI"IO(l.'<IJI*G"~M'll •• 2

"lolA It. '1:~

"lolA ~"".
'1M"IN4-
.MA IN4'
"MAIN"
.MA I Ill". ,

'.MA IN'':
.MAJN.'
"MA IN""
"MA J"".
$MA n••'
"MAIN •.
"MAIN.',
""A I" .•.
"MAl".
"MAIN.
."AJN""
"MAJ".:
"MA IN",
"lolA IN'"
.MA I"""
"MA IN,".
"lolA IN"':
"MAl"'.
"MAIN.
"MA I".,
.'oIIA IN.:
"MAl""
"MA I" "':
".MA I" ,,:
"MAl""
"MAIN.
.MA IN"'.
.MA 1'1',.,
.MAIN".
"lolA IN.;
.MA J"":

'''M'' IN.'I
eMA IN",
•••.AI"'"
."AII•••.
HlAl".
.MAI""
"MAIN"
"MAl".
.MA.IN"
"MAIN •
• JiA I" •
• MAI"."
.MA IN".
"MAr'".
.MAI".
eMAIN.'
.M"IN.
"MAl""
"MAl"'''
"MAIN.

.• MA IN."

"MA ." .•..
.MA 11\.•

..
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SCl 1I I= IBEl" +B 1/1 J. 0 +e I
(;C 10 .:!EO'
lS=llll
ZS=llJl
U::iCZS=U2ZC7.111
(CU"T=I.O
J;)CSt=IlXZS
""PJL=""ZS
I'X~"XZS
CC l( 275
11IJ=0.0'
CUOZIII=I.O"CZOU II
C2ZCU211 '';'-C.UOZ.II '.OZOI;III •• 2
ce" Tl M.iE

SOLUTIGN OF TRI-OIAG("Al ~A1"IX.
J=J f I
SCIINV=I.O"SClIJI
(C=0.5*02 iJ HIOH JJ+OZI Jfll );C~)
" AT 10= 02 I J , "0 Z I J f II
)CKM "U E= ••M AX I(I).I).II •O-liC2C 2 IJ ,"l2 2e 2S I•C 2Cl:IJ1- I.(l,
)cM=1.0/SC+S(1IN~*)KMNlE
'A=US*UIJ''')M
IFI ZIJI .GE. ZS I ••••=VS.I.S,,)~

C~TERMINE r~E PilE-StEP lE"(l~
loINCZS=USTflS
I'JSTEP=RXFJlfXNlE,,"'INCZS
I'XP"FT=(PJSTEPf"ACllSlt_I"CZS/)c"VE
VST='" I"CZ<';/1.<';
TlfJ=I.0,

.J= I ,
~X~IN=(STARlfPJSTEPI*"'I"C2S"X"lE
.IFI"X .GE. ")cFI"1 CO Ie 54( i

CM/CZ Fen "ELTR'L CASE .
CMOZ=SCTINV.III.0~l;clClIJI'1;22CJSI.02<Cl2IJI.OI;C2(JI_UiJlfUIJle

fC20UIJI/u::ZezSI '
IFII'I,.EG. C.OI ce Ie AEe

ZEVL=Zljl/)cL
IFI"'II 'AS'l.~EI).AEr.

CM/CZ FCR U"ST"ELE STAlE
TEJ;~I=I,O-"LPh"I.~O'L
Tc"~2=1.I)-ALPhA.*ZEYL
CMCZ=OMIlZ+O ••5*)cK~"I.F.fSC"IIIER~.lf ("L"I-A '/1EHII-2.0tAlF"A./

'lEI'~21"IUET".XlfTE~~I •• C.<SI
CC l(;4EC
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THE FREE STI'EAM yeLOCllY FCI' TfoE "E~T ~TEF
l.S==l.s+aRX/U;ZOl5
1(=(';1' !:~2.f34.~:Jt

t lolAI" •..
.MAI".
'.MA IN.
.MAIN •
•MAIN.
.MAIN •
•MAI".
.MAIN.
.MA IN •• :
.1411IN. ':.
.MA IH., ....:'
.MA IN.:;::,
.MAIN.
.MAIN.,
.MAIN.
.MAIN.
.MAIN •
• MA I" •. :

..• MA.!'''.
.MAIlIi.
tMA IN •. '
.MA 11,.
.MA IN.", ..
.• MAI".':'.
.MA IN.";

.MA I;'.:~."

.MA IN.':;;:'"

.MA IN .•..'"

.IIIA IN •. ';;':.

'''4AI". ::
"MAIN"
"MAIN.
.IIA ''''';''
"lolA I N. '!.~~:."'A I'H.~'?:....• ,"

.MA IN.;"""

.MAIN.\f'.
•.J - ,

."'A IN.':: .
• NAIN.':; .
.M'AIN.[; .
.flA I "."i:,'
tMA I" •. ',.'
.MA IN."
.MilIN.
.MA I"":'.
4MAIN •
• MAIN.' .
.14" 11',.."'AI".."'AIN"."'AIN',.'
4 iliA Hi."
.MA.IN •.
.MAIN.
.MAIN":
.MA IN •..
.M'AI" •...
."'AIN.
.MAI".'
tMA IN •.

.'.

..

l."SlAELE ST~TE
2SUF=ZS
x INCH= I .OEf .
lSU.,I==ZSUP+x ll\cr.

X=I I.O-ALP"~ l.l5l;~/IlL'•• n .<~
A=2.0.ALCGIC.~.(I.O"~II+AL(EIC.~.(I.~.)*)II-~.O~ArANIXI •.F~IE~
l.STnl=(ALOG(2SUI'/ICI-Al/x~
IFILSTRI .LT. USI GC TC •• ,
ZSUI'=7.SUP-xINcn
IlIl\CR=XI"Cr./Ir..C
IF(XI"'CR .GE. 1.01 GC TC ~2:l
U2zeZS=U2ZC1S'12SLP-ZSI4LS**;
2S=2SUP

THE."EXT STEP LE"GTfo
SX=~X
CRX=AMAXIIICO.O. IS~-R)PJL1/~.CI
J'X=';X+CRX
"OO';X=NOORX+l

EVALUATE T~E 'FREE STREA. foLNICllY
VI's= (VI'2-VP ~URI'4T (I III ( I.e-T II II
"XTEST=1.C
.RITt:'(.:!.1.:!0Inx. RXI'AFl. IC~~E .~I'~.fl)FI"
1= I:" I
GC TC ~IC

Ee.O.5.0MCZ~OZIJI/~N
II'I.ZIJI .• GE. ZSI ee=o.c
~=A~AXl(o.o.ea.~ATICI
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