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Abstract

An improved mathematical model for the Erbium excitation and de-excitation
process in both p-type and n-type Silicon at room temperature and at higher
excitation conditions has been developed. Shockley-Read-Hall (SRH) recombination
kinetics has been used as the basis of energy transfer to Erbium atoms in Silicon.
Erbium atoms have been considered as impurity centers in Silicon. The
corresponding defect level in the band gap has been assigned with values of thermal
emission and capture coefficients for charge carriers. Capture and emission rates of
carriers in Erbium related levels have been equated. Both spontaneous emission and
stimulated emission have been studied. A number of rate equations have been solved
numerically or analytically.. Dependency of steady state and time dependent
luminescence on temperature, excitation power, background doping, Erbium doping
etc. has been analyzed with the help of the solutions. Results obtained from the
calculation have been compared to published experimental data and excellent

agreement has been found.

The possibility of obtaining laser from Er-doped Silicon haslbeen investigated. For
this purpose, a two level laser model has béen used where electron-hole
recombination through Erbium sites has been considered as the pumping source.
Conditions for population inversion and threshold condition have been studied. It
has been found that there is a possibility of obtaining laser from Er doped p-type Si.
Finally an optical cavity has been suggested for possible laser operation and its

feasibility has been studied theoretically.
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Introduction

Silicon is the leading semiconductor in today's microelectronic industry. Due to
mature processing technology and continuous improvement in scale integration, this
semiconductor is able to satisfy the increasing demand for higher complexity
integrated circuits. There is no doubt that Silicon technology will dominate the
semiconductor market for at least a few more decades. The demand for increased
speed and compactness in integrated circuits is generating considerable interest in
the development of Silicon-based optoelectronic devices and systems for interchip
and intrachip communications. Unfortunately, due to its indirect bandgap nature,
Silicon cannot be directly used as an efficient light emitter. Considerable efforts

have been made in recent years to develop a Silicon based light source.

The issue of Silicon light source is still at an early stage and several different
approaches have been tried to circumvent the problem. Among these, introduction of
the rare earth element Erbium in Silicon has so far been the most promising
technique. Er-doped Silicon (EDS) exhibits a sharp luminescence at 1.54 xm due to
the internal 4f-shell transition (“lizn — “Lisz) of Erbium atoms. This 1.54 um
luminescence is of particular interest to telecommunication engineers as losses in

optical fiber are minimum at this wavelength.

Despite the promising result, this field remained unexplored due to the lack of room
temperature photoluminescence and electroluminescence at early stages of research.
But recently the observation of photoluminescence [1] and electroluminescence [2]

at room temperature has grown new interest in EDS. Thus rare earth element Erbium
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may play an important role in development of complex Si based optoelectronic

integrated circuits capable of operating at GHz frequency level.

1.1 Objective of the work

- While it is clear that Er atoms take the recombination energy of electron-hole pairs
" to reach first excited state (4 Ii312), there is a dispute over the process of this energy
transfer. Different authors have proposed different theories and a number of
excitation models have been developed so far. The objective of this research is to
irﬁprove an existing model [3] for the Erbium excitation and de-excitation process in
Silicon. Shockley-Read-Hall (SRH) recombination kinetics will be used as the basis
of energy transfer to Erbium atoms. Spontaneous and stimulated emission from
Erbium under different temperature and excitation conditions will be studied.
Parameters such as background doping, Erbium concentration, processing conditions |
etc. will be considered in the model. Room temperature conditions will be included
by the concept of energy back transfer from Erbium atoms. High excitation
conditions, as needed for stimulated emission will be incorporated in the model by
the inclusion of Auger de-excitation process. Rate equations regarding stimulated
emission will be analyied for conditions of population inversion and optical
amplification. Finally a laser device will be proposed and its suitability for possible

laser application will be analyzed.

1.2 Organization of the thesis

We know that due to indirect bandgap structure Silicon is incapable producing light. .
Chapter one of this thesis describes the necessity of developing Silicon based

optoelectronic devices.

~ Chapter two deals with band structure of Si, optical property of Erbium, different
approaches for obtaining light from Si, excitation mechanisms of Er in Si as

proposed by different authors, de-excitation mechanism of Er, Shockley-Read-Hall
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recombination kinetics, literature review and effect of short excitation pulse on time

varying luminescence profile.

In chapter three the preliminary concepts of laser will be discussed to aid the

understanding of stimulated excitation and de-excitation mechanism.

Mathematical model for excitation and de-excitation of Er in Si will be developed in
chapter four. The model will include analysis of steady state and time varying
spontaneous excitation and de-excitation mechanisms as well as steady state
stimulated excitation and de-excitation mechanisms. Also a laser device will be

proposed in this chapter.

Chapter five discusses the results obtained from the analysis. Some suggestions will
be made regarding possible application of EDS in high-speed optoelectronics. Also

the feasibility of the proposed laser device will be analyzed.

Chapter six discusses the conclusion on the results and recommendation for future

work.



Chapter 2

Luminescence from Silicon

In this chapter we shall discuss preliminary theory of the luminescence mechanism
of Er doped Si. Discussion of excitation and de-excitation mechanisms of Er atoms
in Si as well as literature review will be carried out. Shockley-Read-Hall
recombination kinetics, which is the basis of the excitation mechanism used in our
model, will be discussed. The chapter ends with the discussion of effect of short
excitation pulse on Er luminescence the explanation of which is provided in chapter

five.

2.1 Direct and indirect bandgap

The band structure, ie., the energy vs. propagation constant curve (E-k) of
crystalline solid can be classified into two categories depending on the values of
propagation constant at conduction band minimum and valence band maximum. In

Figure 2.1 (a) these two values are equal. This kind of bandgap structure is called
direct bandgap. GaAs, AlyGa).xAs etc. are some materials having direct Bandgap
structure and these are called direct bandgap material. In Figure 2.1 (b) the values of
k at conduction band minimum and valence band maximum are not same. This kind
of bandgap structure is called indirect bandgap. Materials such as Si, Ge, Si;_ Gey

have indirect bandgap and are called indirect bandgap material.
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FIG. 2.1 E vs. k diagram for (a) direct bandgap and (b) indirect bandgap material

In direct bandgap materials electrons can make a smallest-energy transition from
conduction band to an empty state in valence band without any change in
propagation constant. The recombination energy is given up in form of photons
having energy corresponding to the bandgap energy. This kind of recombination

process is called radiative recombination.

In indirect bandgap materials the recombination can not occur directly but through a
recombination level within the bandgap or via involvement of a third particle like a
charge carrier or phonon. The electron must undergo a change in propagation
constant as well as momentum and energy for the transition and the recombination
~ energy is generally given up as heat which is dissipated in the crystal lattice. This
process is called non-radiative recombination. The indirect bandgap strﬁcture in Si
is responsible for inefficient -light emission from Si. The recombination level via
which the transition can take place may be introduced by impurity doping or by

lattice defect.

2.2 Luminescence from Silicon

Different approaches have been tried to circumvent the problem of physical inability

of Silicon to produce light. Among these use of porous Si [4], Si-rich Silicon oxide
[5], Sij—yGey heteroepitaxy on Silicon [6] and introduction of impurity levels are

worth mentioning. Impurity luminescence can be further divided into luminescence
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through isovalent centers [7] and luminescence through rare earth (RE) impurities
[8,9,10]. In particular introduction of rare earth elements, specifically Erbium in Si

has emerged as a quite promising route towards Si-based optoelectronics.

2.2.1 Impurity enhanced luminescence from Silicon

An isovalent impurity is an impurity which has same outer electronic structure as the
host material. But the electronic core structure is different. Carbon, Germanium, Tin
etc. are examples of isovalent impurities in Si. These atoms introduce trap levels in

Si that are used as recombination centers.

The most important characteristic of luminescence in RE elements is the optical
transitions involved between the internal energy levels of the RE ions which is
responsible for the emission of photons. It is well established now [11] that RE
elements have a strong tendency of being in a 3+ valence electronic state when
incorporated in alloys or doped as impurities in a host material. The observed
transitions from the RE’" ions are internal transitions of the 4f states [12]. These
transitions are forbidden in case of free ions by the parity selection rule, but are

made possible by the crystal field in the case of RE" ions in solid. The crystal field

intermixes states of opposite parities and splits each single state of a free RE"" ion

" into a manifold of substates with slightly different energies (Figure 2.2).
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FIG. 2.2 Schematic energv-level diagrams of a free Er’" ion (left-hand
side) and Er’ in crvstal field (right-hand side). Each of the free ion

energy levels is split into a manifold of sublevels. (courtesy of Xie et
al. [13])

The degree of parity mixing is, in general, small. As a result the transition
probability is also small which in turn results in a long spontaneous emission
lifetime trq. The luminescence properties are independent on the host materials due
_ to the fact that the 4f eléctrons are well shielded by the outer Ss, 5p, ... electrons.
This is evidenced by the fact that T30 ~ Ims and A = 1.54 ym for Er-doped GaP, InP,
GaAs and Si.

2.3 Excitation mechanism of Erbium in Silicon

Whenever Si is doped with an impurity, a trap level is formed in Silicon bandgap. It
has been shown [14,15,16,17] that in the presence of O, Er introduces a trap level at
around 0.15 eV below the Si conduction band which is involved in Er excitation.
The actual mechanism of Er luminescence is yet to be understood. It is now well
established that energy given up by e-h recombination is the source of Er excitation.
But there are disputes over the process how the recombination takes place. Different

authors have proposed different mechanisms. It has been suggested that the



excitation mechanism involves electron-hole complexes through sequential capture
of electrons and holes at an Erbium related levels [16,18]. Electron-hole pairs can
form bound states called excitons due to coulomb attraction between them. Excitons
can be attracted by impurity atoms and can form bound excitons in extrinsic
semiconductors. After excess carrier generation, formation of excitons bound to Er
atoms and energy given up by their subseqﬁent recombination is said to be the
source of Er excitation by Palm et al. [19]. The same excitation mechanism has also
been suggested by Shin et al. [17] and Coffa et al. [20]. Recently Huda et al. [3] has
proposed an excitation model based on Shockley-Read-Hall recombination kinetics.
They pointed out that after the generation of excess carriers by electrical or optical
excitation, electrons from conduction band recombine with holes in valence band via
Er related levels within the Si bandgap. The recombination energy excites Er atoms
from ground state (‘I I151) to the first excited state (4113/2). Radiative transition of
excited Er atoms causes emission of photons. The rate of excitation is controlled by
the emission and capture rates of electrons and holes by Er related levels. The model

however is applicable only for low temperature and low excitation operation.

2.4 De-excitation mechanisms of Erbium in Silicon

There are two possible de-excitation processes of excited Er atoms in Si. The first
" one is radiative de-excitation with a lifetime of approximately 1 ms [13]. This de-
excitation process in responsible for photon emission. The second one is non-
radiative de-excitation process which does not produce useful light output. Here,
instead of emitting photons, the energy given up by the transition from excited state
(‘Iian ) to ground state (*I;s) is wasted. The wastage can occur in two different
ways. Depending on the way of de-excitation, non-radiative de-excitation of Er in Si
has been categorized into two different classes such as (i) impurity Auger de-

excitation and (ii) energy back transfer.

(i) Impurity Auger de-excitation : In impurity Auger de-excitation process the
energy given up by relaxation of Er atoms is delivered to free carriers (electrons in

conduction band or holes in valence band) or carriers bound to shallow donor or
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acceptor level. By absorbing the energy, free carriers and/or bound carriers go to
higher energy states. According to the recipient of the energy, the impurity Auger
process can be further classified into two : (a) Auger de-excitation with free carriers
and (b) Auger de-excitation with bound carriers. Figure 2.3 demonstrates various

impurity Auger de-excitation processes.

Silicon Erbium Silicon Erbium
. 5
P Mg ——— 4 e — ‘
Ed Iw: 41130
-+ -+
b4 Eu ¥
_— 1 e e B
EV 152 ]-3V l 152
(a) (b)
—————————— 4
E, Ly 4113f:
-+ 4
v v
4 3
E, Lisn Lo
© (d)

FIG. 2.3 Schematic representation of impurity Auger de-excitation processcs for Er in Si :
(a) Auger de-excitation with free electrons, (b) Auger de-excitation with free holes, (c)
Auger de-cxcitation with bound electrons and (d) Auger de-excitation with bound holes.

The formulation of these effects has been done by Priolo et al. [16] and is as follows

(a) Impurity Auger de-excitation with free carriers . The probability of occurrence
of this process has been found to be directly proportional to the number of free
carriers present. So a lifetime corresponding to this process can be defined as
inversely proportioné] to the number of free carriers. The free carriers may be
generated by optical excitation or electrical injection as well as by thermal
dissociation of carriers from shallow donor or acceptor level. Priolo et al. [16]

has proposed that this effect can be expressed mathematically by
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L Cpen for n-type Si

TAL
and L Capp for p-type Si
TAf '
where Cae and Cay, are called Auger coefficient for free carriers, n and p are the
free electron and hole concentrations respectively.

(b) Impurity Auger de-excitation with bound carriers : In this case also the
probability of occurrence is directly proportional to the number of carriers bound
to shallow donor or acceptor level. So, as before this effect can be expressed
mathematically by

1

—— = Cppenyp for n-type Si
Tab

] .
and — = C Py, for p-type Si
Tab
where Cane and Capy, are Auger coefficients for bound carriers, and ny, and py, are

concentration of carriers bound to donor and acceptor levels respectively.

1t has been found [16,19] that impurity Auger de-excitation process can nicely
describe the temperature quenching effect in low temperature range, 1.e., upto 150°
K at which most of the shallow levels are ionized. So at 150° K the process reaches
saturation. Above this temperature another mechanism must be in effect in the

process of temperature quenching. This process is the energy back transfer process.

(ii) Energy back transfer : As mentioned in section 2.3, Er atoms are excited when
electrons trapped in Er related level recombine with holes in valence band. The
reverse process is also possible. In this process, the energy given up by relaxation of
Er atoms excites electrons from valence band to Er level. This process is exactly the
reverse of excitation and hence has been named energy back transfer as energy is
transferred back through the same path. The energy given up by relaxation of Er
atoms is not sufficient for the transition and the extra energy AE needed for this is

supplied by phonons. Figure 2 4 illustrates energy back transfer mechanism.
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FIG. 2.4 Schematic representation of energy back transfer process.

As phonons are involved in this process, this process is expected to be thermally
activated. The energy back transfer process is characterized by an activation energy
of 0.15 eV and hence must always be completed by thermalization of electron
trapped at Er-related leve! to the conduction band [16]. Both Priolo et al. [16] and
Kik et al. [21] have mathematically expressed this process by defining a lifetime
related to energy back transfer process as foilows

a1 Woexp(_ 0.15 eV)
Ty kT

where Wy is a fitting parameter (in s-l) , k is Boltzmann’s constant (in eV/K) and T

is absolute temperature (in °K)}. Energy back transfer can successfully explain the

high temperature quenching phenomenon of Er luminescence in Si.

So from above discussion different de-excitation processes of Er in Si can be

- categorized as shown in Figure 2.5

De-excitation processes of Er in Si

Radiative Non-radiative
Impurity Auger Energy Back
Transfer
With free With bound
carriers carriers

FIG. 2.5 De-excitation processes of Er in Si
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2.5 Shockley-Read-Hall (SRH) generation -recombination

kinetics

According to Shockley-Read-Hall recombination kinetics, there are basically four
processes involving generation-recombination of electron-hole pairs [22]. These

processes are as follows ;

(1) Electron capture : The rate of electron capture by a trap level is proportional to

number of electrons available for capture and number of empty trap centers. If the
concentration of traps per unit volume is N, then the recombination rate for
electrons is given by

Ry =cunN (1 - f;)
where ¢, is the capture coefficient for electrons, n is the free electron concentration

and f; is the occupation probability of the trap.

(i1) Electron emission : The rate of electron emission from the trap level into the
conduction band is proportional to the number of electron occupied traps. Thus the
rate of free electron generation is given by

Gr=eyNi fi

where e, is the electron emission rate,

""""" Trap level T T T T Trap level
y— v
C C
_________ Trap level e e—g - Lraplevel
; :
v v,
© (d)

FIG. 2.6 Schematic diagram of SRH generation-recombination
processes : {(a) clectron capture, (b} electron emission, (¢} hole
capture and (d) hole emission. '
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(iii) Hole capture : The rate of recombination of holes at a trap level is proportional
to number of holes available and number of electron occupied trap centers. So the
rate is given by

Ry, = ¢ppNift

where c;, is the capture coefficient for holes.

(iv) Hole emission : The generation rate of holes due to this process is proportional
to the number of empty trap sites. So

szepNt(l —fi)

where ¢;, 15 the hole emission rate.

At thermal equilibrium net generation-recombination of electrons and holes is zero.
So
Rll_G:1=Rp“Gp=0

2.6 Recentwork on Erbium luminescence in Silicon

Luminescence from Er doped Si was first observed by Ennen et al. [8]. Since then
extensive work has been done in this field. Ennen et al. [23] and Tang et al. [24]
carried out photo emission analysis from Er in Si. They demonstrated that most of
the optically active Er'" ions have tetrahedral or lower site symmetries on interstitial
lattice sites in Si. Enhancement of luminescence in the presence of impurities such
as O, C, N, F or Br has been found by a number of authors. Michel et al. [1] found a
large enhancement of luminescence intensity by introducing Oxygen. By using
Extended X-ray Absorption Fine Spectroscopy (EXAFS) analysis, Alder et al. [25]
found that the impurities modify the chemical surrounding of Er in Si and form
Er:impurity complex. Since O activates Er optically, researchers are very much

interested in Si:Er system with O co-dopant.

Er has demonstrated to present donor behavior in Si [26]. It was pointed out that

Oxygen co-implant enhances Er donor activity [14,27]. They suggested that this
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donor behavior might be the result of the formation of Er - O complexes in EDS.
Based on these results Priolo et al. [27) suggested that electrical and optical
activation of Er in Si could be correlated, i.e., the Er donor behavior might be

associated with the Er’* state. Coffa et al. [20] also showed that incorporation of

Oxygen increases the electrical and optical activation of Er in Si.

Sharp fall of luminescence intensity with increasing temperature is the major
limitation of Si:Er luminescence. This phenomenon is called remperature quenching.
Coffa et al. [28] demonstrated the temperature dependence of 4f shell intensity by
arguing that elevated temperature causes ionization of optically active Er sites and
reduction of the number of excitable Er centers. They found that time-decay curves
showed a fast initial decay followed by a slow decay. Priolo et al. [15] suggested
that the thermalization of bound electrons to the conduction band is the cause of
temperature quenching. Kik et al. [21] performed luminescence decay measurement
within the temperature range 12° - 170° K. They observed that the luminescence
intensity decreases by three orders of magnitude as temperature rises from 12° to
150° K. They pointed out that dissociation of bound excitons and non-radiative
energy back transfer process are responsible for temperature quenching. Priclo et al.
[16] has made an extensive study on the de-excitation mechanism of Er in Si. They
and Palm et al. [19] proposed that non-radiative energy back transfer process is the

cause of temperature quenching.

Priolo et al. [15] and Coffa et al. [28] demonstrated that co-ddping with impurities
such as O, C or F reduced temperature qﬁenching significantly. Franzo et al. [2] tried
to achieve room temperature electroluminescence from Er and O co-doped .
crystalline p-n Si diodes under both forward and reverse biased conditions. They
suggested that Er excitation occur through electron-hole mediated processes under
forward biased condition and through impact excitation under reverse biased
condition. They found that temperature quenching could be significantly reduced
while operating under reverse biased condition. Using different voltage pulse
schemes for forward bias-and reverse bias conditions, Palm et al. [19] analyzed the

decay profile of electroluminescence. They found that under reverse bias condition,
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Juminescence decayed more slowly than the forward bias case. From this, they
concluded that non-radiative impurity Auger process is dependent on availability of
free carriers. Franzo et al. [29] and Coffa et -al. [30] have shown that efficient and
fast modulating LED's can be fabricated when ex'citing the Er ions within the
depletion region of a reverse biased p+-n+ junction. During operation the Auger
quenching is inhibited within the depletion region due to absence of free carriers but
it suddenly sets in when, at the diode turn off, the depletion region shrinks [16].
Frequencies in the range of 80 MHz are achievable in these LED's [29]. So far very
little work has been done on possible achievement of LASER from Er doped Si.
Prospect of population inversion and light amplification has been studied by Xie et
al. [13] and it has been shown theoretically that it is possible to obtain LASER if

extremely efficient pumping mechanism can be used.

2.7 Effect of short excitation pulse on Erbium

luminescence in Silicon

Shin et al. [17]} observed an interesting phenomenon when laser pulse of short
duration was used for excitation. They noticed that for an excitation pulse of 30 us
the PL intensity continues to rise even ~50 us after the termination of the pulse. The
time evolution of 1.54 ym Er'" luminescence at 9° K during and after the excitation

~ pulse is shown in Figure 2.7.
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FIG. 2.7 Time evolution of 1.34 xm Er" luminescence during and after
30 us excitation pulse.(courtesy of Shin et al. [17])

They demonstrated that Er'" ions were still being excited at an appreciable rate even
50 us after the excitation pulse is switched off. From this phenomenon, they
concluded that Er'* ions in Si are excited by recombination of carriers trapped at a
state in the forbidden gap of Si and supported the possibility of involvement of
bound excitons in the excitation process. But they could not give any explanation of
the phenomenon. Recently Huda et al. [3] has provided an expianation of this.
Though their model is applicable to only low temperature and low excitation
conditions, they are able to show the extended rise of luminescence mathematically.
In our research also we are able to explain the same thing with the help of our

model.
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Chapter 3

Laser Theory

The word LASER 1is the abbreviation of “Light Amplification by Stimulated
Emission of Radiation”. So the keywords in the discussion of laser theory are
stimulated emission and light amplification. In this chapter the concept of stimulated
emission, conditions for light amplification and supporting theory will be discussed

in a simplified form.

3.1 Emission and absorption

The transition of an electron between two energy states is always accompanied by
emission or absorption of a photon. The frequency of emitted or absorbed photon is
described by v = AE/h where v is the frequency and AE is the energy difference
between two levels concerned. If there is an electron in lower energy level E| then it
may be excited to upper level E; by absorbing a photon of energy AE = E; —E; -
provided the photon is available. Conversely an electron in upper level may return to
lower level by emitting a photon of energy AE. There are two ways by which the
emission can take place. In spontaneous emission process the electron drops to lower
level in an entirely random fashion. In stimulated emission process the transition is
initiated by the presence of a photon of right frequency. Figure 3.1 illustrates the

absorption and emission processes.
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(a) Stimulated absorption (b) Spontaneous emission

(c) Stimulated emission

FIG. 3.1 Diagram illustrating (a) stimulated absorption, (b)
spontaneous emission and (c¢) stimulated emission. The black dot
indicates the electron which takes part in the transition between the
two energy levels,

Normally the probability of occurrence of spontaneous process is much higher than
that of stimulated process. As the spontaneous emission occurs randomly, radiation
emitted by large number of atoms by this process is incoherent. But the stimulated
emission process results in coherent radiation since the stimulating and stimulated
photons have same frequency and same state of polarization and are unidirectional
and are in phase. So the amplitude of an incident wave can increase by stimulated
emission as it passes through a collection of excited atoms. This is obviously an
amplification process of the light wave. The absorption process as the stimulated
emission process can occur only in the presence of photons of appropriate energy

and hence it is often referred to as stimulated absorption.

3.2 [Einstein relations

If there are Ny atoms per unit volume in the collection with energy E;, then the

upward transition rate or ébsorption rate is proportional to both Ny and the number
of photons of correct frequency, i.e., power density. So absorption rate = Nip,Bj>

where B, is a constant and py is power density which is given by p,. = Nhv. Here N

is number of photons per unit volume having frequency v. Similarly if there are N,
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atoms per unit volume in the collection with energy E;, the stimulated emission rate
is given by Nyp.B>; where Bj; is a constant. The spontaneous emission rate is
stimply Nj/ty; where 127 1s the spontaneous lifetime. So the total downward
transition rate = Np,By; + N2/121. According to Einstein, for a system in thermal

equilibrium the rate of upward transition must be equal to the rate of downward

" transition. So

NipyBi2 = NapyBay + No/tay (3.2.1)
or
1/(T’)]B7])
Py = a2l (3.2.2).
BN,
By Nj

The populations of various energy levels of a system in thermal equilibrium are
given by Boltzmann statistics to be

_ g;Noexp(-E;/kT)

! Zg,exp(-E;/kT)

where N; is the population density of the energy level E; , Ny is the total population

density, and gj is the degeneracy of the jth level. So

Ni_ 81 exp((E, - B, VKT) (3.2.4).
p 5]

Therefore substituting equation (3.2.4) in equation (3.2.2)

b, = 1/(15;B3)) (G.2.5).

Bi2 81 exnhvikT) -1

21 22

Since the collection of atoms in the system is in thermal equilibrium it must give rise
to radiation which is identical to blackbody radiation. So the radiation density can be
described by

__81thv3 1
Pv= ¢ exp(hv/kT)-1

(3.2.6).

Comparing equations (3.2.5) and (3.2.6) we get
g1B12=gBy (3.2.7)
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3
and 1};13‘ = 8’”:" (3.2.8).
21 c’

Equations (3.2.7) and (3.2.8) are called Einstein relations. The ratio gj/g; is

generally in the order of unity and hence ignored. Thus taking refractive index of the

medium into account we get

3
e

Bh=By=———+— (3.2.9)
12 21 8nht2]v3n3

where n is the refractive index of the medium.

From the above discussion it is clear that stimulated emission process competes with

spontaneous emission and absorption process. In order to amplify a beam of light the

rate of stimulated emission must be increased. This can be done by increasing Nj

and/or p,..

3.3 Absorption of radiation

Let us consider a collimated beam of perfectly monochromatic radiation of unit

cross sectional area passing through an absorbing medium. We assume that there is
only one relevant electron transition which occurs between the energy levels E; and
Ej. The change in irradiance of the beam as a function of distance is given by
Al(x) = I{x + Ax) — Kx) |

For a homogeneous medium Al(x) is proportional to both the distance traveled and
to I(x). That is AI(x) = —al(x)Ax. The proportionality constant « is called absorption
coefficient. The negative sign indicates the reduction in beam irradiance due to
absorption, as o is a positive quantity. Writing this expression as a differential

equation we get

dI{x)
——=-ol(x
i (x)
Integrating this equation we have
I =T exp(—ax) : (3.3.1)

where T is the incident irradiance.
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So, due to absorption the irradiance decreases exponentially with distance. If we can
make o negative then (-ax) in the exponent of equation (3.3.1) becomes positive.
So the beam irradiance grows as it propagates through the medium in accordance
with the equation

I =1y exp(kx) (3.3.2)
Where k = —a is called the small signal gain coefficient. Tt can be shown that the

expression of a 1s given by [31]

2 B |
az[iN,—szﬁ (3.3.3)
g ¢
where n is the refractive index of the medium. So the expression of k is
a B
k=[N3—§—— ]Jﬂ (3.3.4)
8 ¢

In order to make k positive Ny must be greater than -glNl. As normally £2 4
£1 &1

then condition for beam amplification is N > Nj . As E; is the upper energy level,

normally population density in energy level E; is lower than that of E;. So in order
to get amplification, we need to create a non-equilibrium distribution of atoms
among various energy levels of the atomic system. The non-equilibrium condition is
called population inversion. In order to create population inversion a large amount
of energy must be supplied to excite atoms to upper energy level. This excitation

process is called pumping.

3.4 Optical feedback

Laser is more analogous to an oscillator than an amplifier. In an electronic oscillator,
an amplifier tuned to a particular frequency is provided with positive feedback.
When switched on, electrical noise signal of appropriate frequency appearing at the
input will be amplified. The amplified cutput is fed back to the input and further
amplified and so on. A stable output is quickly reached since the amplifier saturates

at high input voltages.
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In laser, positive feedback is obtained by placing the gain medium between a pair of
mirrors which form an optical cavity (a Febry - Perot resonator). The initial stimulus
is provided by any spontaneous transition between appropriate energy levels in
which the emitted photon travels along the axis of the system. The signal is
amplified as it passes through the medium and fed back by the mirrors. Saturation is
reached when gain provided by the medium exactly matches the losses incurred

during a complete round trip.

The gain per unit length of most active media is so small that very little
amplification of a beam of light results from a single pass through the medium. But
in the multiple passes, which a beam undergoes when the medium is placed within a

cavity, the amplification may be substantial.

3.5 Threshold conditions

A steady state level of oscillation is reached when the rate of amplification is

balanced by the rate of loss. This is the situation in continuous output lasers. In pulse

laser the situation is little different. While population inversion is a necessary

condition for laser action, it is not sufficient because the gain coefficient must be

large enough to overcome the losses and sustain oscillations. The total loss of the

system is due to a number of different processes such as

(i)  Transmission at the mirrors - the transmission from one of the mirrors usually
provides the useful output, the other mirror is made as reflective as possible
to minimize losses.

(1)  Absorption and scattering at the mirrors

(1)  Absorption in the laser medium due to undesired transitions

(iv)  Scattering at optical inhomogeneities in the laser medium

(v)  Diffraction losses at the mirrors.

Let us include all the losses except those due to transmission at the mirrors in a
single effective loss coefficient y, which reduces the effective gain coefficient to

k-y. We can determine the threshold gain by considering the change in irradiance of
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a beam of light undergoing a round trip within the laser cavity. Let us assume that
the laser medium is placed between the mirrors M; and Mj, which have reflectances
R; and R; and a separation L. Then 1n traveling from M) to Mj the beam irradiance
increases from Iy to I where

I=Ip exp(k—v)L .
After reflection at M; , the beam irradiance will be Rylg exp(k—y)L and after a
complete round trip the final irradiance will be RiRylg exp{2(k—y)L}. The ratio of

final irradiance to initial irradiance is given by

_ Final irradiance

- = RjR,exp{2(k - y)L
Initial irradiance 1Rzexp{2(k — y)L}

If G is greater than unity a disturbance at the laser resonant frequency will undergo a
net amplification and the oscillations will grow. If G is less than unity the
oscillations will die out. Therefore we can write the threshold condition as

G =R |Rsexp{2(k,, —y)L} =1 (3.51)
where ki, is the threshold gain. It is important to realize that the threshold gain is
equal to the steady state gain in continuous output lasers, i.e. ky, = kys . This equity is
due to a phenomenon known as gain saturation. In terms of population inversion

there will be a threshold value N, =[N, —(g,/g; )Nl]m corresponding to kg, In

steady state condition [N, —(g,/g;)N;] remains equal to Ny, regardless of the

amount by which the threshold pumping rate is exceeded. The small signal gain

coefficient at threshold can be obtained from equation (3.5.1)

1
k, =y+~-—1In 3.52
th =Y [R]jo (3 )

where the first term represents the volume losses and the second the loss in the form
of useful output. The value of ky, can also be found from equation (3.3.4) as

g5 B,,hvn

ae(ns- 52, B

81 th ¢

lehvn
c

= Nlh
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Equations (3.5.2) and (3.5.3) show that k can have a wide range of values depending

not only on [N, — (g, /g,)N;] but also on intrinsic properties of the active medium.

3.6 Lineshape function

So far we have assumed that all the atoms would be able to interact with the

perfectly monochromatic beam. In fact this is not so. Spectral lines have a finite

wavelength spread. This can be seen in both emission and absorption and if we are

to measure transmission as a function of frequency for the transition between the

two energy levels E; and E» we would obtain the bell-shape curve shown in

Figure 3.2(a) . The emission curve would be the inverse of this (see Figure 3.2(b)).
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FIG. 3.2 (a) Transmission curve for transitions between two energy levels and (b)

emission curve for transition between the energy levels.

The shape of these curves is described by /ineshape function g(v). g(v) can also be

used to describe a frequency probability curve. g(v)dv may be defined as the

probability that a given transition between the two energy levels will result in an

emission or absorption of a photon whose frequency lies between v and v + dv. g(v)

is normalized such that J‘_ww g(v)dv=1. Therefore a photon of energy hv may not
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necessarily stimulate another photon of energy hv. g(v)dv can be taken as the
probability that the stimulated photon will have an energy between hv and h(v + dv).
When a monochromatic beam of frequency vs interacts with a group of atoms with a
lineshape function g(v), the small signal gain coefficient may be written as [31]

] B, hvgng(vy)
th ¢

k(vs)z[Nz—-g—z—N, (3.6.1)

4

It can be shown that g(v,} = AL , where vy is the frequency at which the value of the
v

function is maximum and Av is the linewidth, i.e., the separation between two points

on the curve where the function falls to half of its peak value which occurs at vs.

The form of the lineshape function g{v) depends on the particular mechanism
responsible for spectral broadening in a given transition. The three most important
mechanisms are Doppler broadening, collision (or pressure} broadening and natural

(or lifetime) broadening.

3.7 Stimulated emission from Erbium in Silicon

As mentioned before, emission at 1.54 um wavelength can be obtained from Er
doped Si due to internal 4f shell transition of excited Er atoms from 4113/2 to 41‘15/2.
The initial stimulus mhy be provided by electrically suﬁpiying a large number of
electrons in the conduction band of Si. These electrons will recombine with holes in
valence band via Er related levels and the recombination energy will excite Er atoms

. 4 . . . )
to first excited state ("11372). From this state a fraction of excited atoms will return to
ground state (' 1ys/) radiatively giving rise to emission of photons. The photons will

stimulate the generation of more photons and soon laser oscillations will build up
inside the cavity. Useful output may be obtained through one of the mirrors used in

the cavity.
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Chapter 4

Mathematical Model for Erbium Luminescence

In this chapter the mathematical model for excitation and de-excitation of Er atoms
in Si will be presented. Equations for pumping and decay will be described for both
steady state and time varying case. The model will also include stimulated emission
and absorption in steady state. Finally, a practical laser diode using Er doped Si will

be proposed and the expression of its output power will be obtained.

4.1 Steady state excitation and de-excitation mechanism

From the discussion in the previous chapters it is now clear that recombination of
electron-hole pairs at Er related levels excites Er atoms in Silicon. It is now an
accepted fact that Er introduces a level in the Silicon bandgap somewhat 0.15 eV
below the conduction band [14,15,16,17]. This trap level captures electrons from the
conduction band. If the electron occupied level can capture a hole before the
electron is thermally dissociated, the corresponding Er** ion takes the recombination

energy of the electron-hole pair and thus reaches its first excited state *I;3, .

Let,

Ngr = total number of active Er sites per unit volume

ne; = total number of active Er sites filled by electrons at a steady state of optical
excitation per unit volume

e, = electron emission rate, s
_ . -1
e, = hole emission rate, s
. 3
¢y = electron capture coefficient, cm™-s

. 3 -
cp = hole capture coefficient, cm™-s :
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n = free electron concentration

p = free hole concentration

From the discussion in section 2.5 we can write

electron emission rate from Er related level = (e, + cpp)ner (4.1.1)

and electron capture rate by Er related level = (e + cyn)}(Ner — nNer) (4.1.2)

At steady state, electron emission rate = electron capture rate

(en + Cpp)ner =(ep T can)(Ner = Ner) (4.1.3)

Thus the fraction of Erbium sites occupied by electron is given by

£ = N, ep+c“n
(= =
Ncr €, +¢

(4.1.4)
+e,n+c,p

p

Now let,

n;r= total number of excited Er atoms at steady state per unit volume

N n;r= number of available Er sites for excitation at steady state per unit

er

volume

When a trapped electron recombines with a hole before the electron gets dissipated
thermally back to the conduction band, the recombination energy excites the
corresponding Er atom. But, if an Er atom is already in the excited state due to
previous recombination of electron-hole pair, the recombination energy will be
wasted away. At steady state, f,N,, gives the density of electron occupied Er sites.

So, the density of electron occupied Er sites available for excitation can be

expressed by (N, — n;) :

Thus the excitation rate, i.e., pumping rate per unit volume per second is given by

P = fic,p(Ner = Ngr) (4.1.5)
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Once excited, the Er atom can de-excite radiatively or non-radiatively. If the
-

radiative decay lifetime is T;pq then the radiative decay rate is given by —— per unit
Trad

volume per second.

The competing parallel non-radiative decay process, on the other hand, consists of i)
Auger de-excitation with free carriers, ii) Auger de-excitation with carriers bound to

donor (or acceptor) level and 1ii) the energy back transfer.

Non-radiative decay lifetime corresponding to Auger de-excitation with free carriers

is given by [16]

Lo C s.n for n-type Si (4.1.6)
TAr

and i Capp for p-type Si 4.1.7)
TAl

. - . : 3 -
where Tay is the decay lifetime , Cae and Cay, are Auger coefficients (in cm™-s ]) for

free electrons and holes respectively.

For n-type material, electron density is given as the summation of optically
generated carriers and the thermal equilibrium concentration. Hole concentration can
be taken to be equal to the excess carrier density.

So, n=n,, +ny

op
and p = ng,
where ng, and ng, are optically and thermally generated electron concentrations
respectively. Here intrinsic carrier concentrations n; and p; are deliberately ignored

as these are very small compared to other contributions to n and p.

Similarly for p-type material the free carrier concentrations in valence band and

conduction band can be given by
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P=Ngp TPt
and n = Nop s

where pyy is the density of holes per unit volume in thermal equilibrium.

Now from the discussion of section 2.4, decay lifetime corresponding to Auger de-

excitation with bound carriers is given by

L=CAbt_,(Nd ~ny,) for n-type Si (4.1.8)
Tab
1 .
and — = Capn{ Ny — py,) for p-type Si (4.1.9)
Ab

where Tap 15 the decay lifetime ,Cape and Capy are Auger coefficients for bound

. . 3 - .
carriers (in cm™-s '), and Ny and N, are donor and acceptor concentrations

respectively.

As discussed in section 2.4, non-radiative decay lifetime of Er atoms due to energy
back transfer process is given by

i:wﬂexp{— 0'156\/) (4.1.10)

where Ty 1s the corresponding lifetime, Wy 1s a fitting parameter (in s_l) , K is

Boltzmann’s constant (in eV/K) and T is absolute temperature (in K).

So the non-radiative decay time of Er atoms can be expressed as

I 1 1 1
= + +— (4.1.11).

T nonrad TAr Tab  Tut

Thus the total lifetime of Er decay is given by

1 1 1
_—
T

(4.1.12)

T

¢q  Vrad nonrad

Thus the de-excitation rate or decay rate per unit volume per second is given by

= Dler (4.1.13)



Assuming no change in electronic property of the corresponding defect levels of
excited Er atoms, the rate of excitation and de-excitation must be equal at steady

state.
13 l'lIt
ftcpp(Ner —Ng) =— (4.1.14)
Teq

So at steady state the number of excited Er atoms per unit volume is given by
* ftcpp
er = —1 er
fic,p+—
Teq

n

_ (ep + cnn)cpp . N

(ep +epnjepp+ (e, +e, +cyn+c,p)—

eq

o (4.1.15)
P

The luminescence from Er is thus given by

(4.1.16)

4.2 Time dependent rise of Erbium luminescence

When a laser pulse is applied to an Er doped Si sample, excess electron-hole pairs
are generated almost instantly. However, rate of capture and emission of carriers
through Er sites are controlled by corresponding emission and capture coefficients.
As a result, a finite amount of time is needed for the Er luminescence to reach the
steady state. In this case, both the number of electron occupied Er sites and that of
excited Er atoms are functions of time. In order to find out the time dependent
luminescence, i.e, number of excited Er atoms, the time equation for electron
occupied Er sites is to be solved first. Then the corresponding time dependent Er

luminescence can be determined by solving the rate equation of excited Er atoms,

4.2.1 Time dependent electron occupied Erbium states

We know form equations (4.1.1) and (4.1.2) that

electron emission rate = (e, + Cpp)Net) (4.2.1.1)
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electron capture rate = (e, + cun)( Ner — ne(t) ) (4.2.1.2)

So, the rate of change of electron occupied trap density at time t is given by

dng, (t

d;:( ) = (ep + Cnn)(Ner - ner(t)) - (en + Cpp)ncr (t)
:>d_n:l£t(_t)+aner(t):chr (4213)
where,

a=eptentcyntop,
b=eptcun
[adt eat

Integrating factor = e

So the solution of the above differential equation is

%JO:ENM+C€“ (4.2.1.4)

where, C is an integration constant. Putting initial condition n.(0) = 0, we get

c=-2n, (4.2.1.5)

a

So, the time varying equation of electron occupied Er states is

ng (t) = ENcr(l —e ) (4.2.1.6)
a

4,2.2 Time dependent Erbium luminescence

The excitation and de-excitation rates are in this case time dependent. The excitation
rate is f,(t)( N, —n;r(t) )P as before with one exception that f; and n;r are time
er (D)
dependent. Similarly de-excitation rate is —=——= . So increase in number of excited
‘ Teq

Er atoms per second, i.e., the rate of change of excited Er is given by
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dng (1) _ f (N, - n;r (t))e,p _Rg(®)
dt Teq
_ ner(t)(Ner —D:r(t) )Cpp—nL(t) (4221)
Ne Teq

where, ne((t) 1s given by equation (4.2.1.6)

The exact analytical solution of this differential equation will be complicated. So

numerical solution of the differential equation using fifth order RK method with an

initial condition of n. (0) = 0 will be obtained in this case.

4.3 Decay profile of Erbium luminescence

When the laser pulse 1s switched off the number of excited Er atoms starts to
decrease. As a consequence, the strength of Er luminescence gradually decays to
zero. Here again, to find out the time dependent luminescence, the time equation for
electron occupied Er sites is to be solved first. Then the corresponding time
dependent Er luminescence can be determined by solving the rate equation of
excited Er atoms. As in section 4.2, both the number of electron occupied Er sites
and that of excited Er atoms are time varying. In addition, concentrations of free

electrons and holes also are functions of time.

The rate of change of electron occupied Er sites is given by

dn,, (t)

d (ey +c,n(t) N, —ng (1)) - (e, +c,p(t) Ing (t) (4.3.1)

Here n(t) and p(t) are time dependent free electron and hole concentrations
respectively. Whenever the laser pulse is switched off, optically generated carrier
concentration starts to decrease exponentially. If the optically generated carrier
concentration is ng, just before the termination of laser pulse, ie., at steady state

condition then n(t) and p(t) are given by

n(t) =ngy, + nﬂpe_ufr and p(t) = n(,pe_uT for n-type material



and n(t) = nope"”t and p(t) = pm + l'lope_[h for p-type material,

where T = lifetime of free carriers.

The rate of change of excited Er atoms 1s given by

9er) _ )Ny -0l (1) )epp(t) - 2erl)
Teq
dng () _ng (), _ ng(t)
== - N, ( Ngp — ner(t) )e,p(t) —ch (4.3.2)

In order to solve equation 4.3.2, analytical solution of equation 4.3.1 is needed. But
the solution of equation (4.3.1) is itself a complex one due to time varying carrier
concentration. So technmiques for numerically solving simultaneous differential
equations will be employed in this case (see flowchart in Appendix A). The steady

state condition prior to termination of laser pulse will be used for calculation of

. " *
initial values of n, and n,, .

4.4 Stimulated emission from Erbium in Silicon

While calculating the Er luminescence in sections 4.1-4.3, only spontaneous
emission has been considered. If we want to incorporate stimulated emission and
absorption, corresponding excitation and de-excitation rates are to be included in the

rate equations.

The stimulated excitation rate is proportional to density of unexcited Er atoms and

power density.

So stimulated excitation rate = (N - n;r)polz,

where B2 is a constant and p,, is power density which 1s given by p,. = Nhv. Here N

is number of photons per unit volume having frequency v.

Similarly stimulated emission rate is proportional to number of excited Er atoms and

power density.
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Thus stimulated de-excitation rate = n_.p,B,,.

So the modified rate equations are :

excitation rate = fic,p(Ng, — n;r) + (N — n;, PvBia 4.4.1)
de-excitation rate = ~<& 4 no:pBy , (4.4.2)
Teq

At steady state these two rates must be equal. So

. * n * : -
flcpp(Ncr —Ng ) +(Ngr =0y )pByp = Ti + NP By (4.4.3)
eq
Now the photon generation rate and decay rate can be equated at steady state. Hence

*

L3 n *
(Ncr — Her )po12 =—+ ncrp\'B2] (444)

rad

If Bz = Bj; then we get

= & ~ (4.4.5)
Trad (Ner - 2ncr )

Putting this value in equation (4.4.3) we have (detailed derivation is given in

Appendix B)

n

p\'B"l

x fic,p
Ng = ;’ — N (4.4.6)
ftcpp+——~
Teq  Trad

4.5 Condition for LASER action — threshold

Below and at threshold the value of p, can be neglected since lasing has not yet
occurred. So equation (4.1.14) can be used instead of equation (4.4.3) to obtain the
expression of excess carrier density at threshold and at low temperature condition
where n = p. Thus

. o 1 1 1
ftcpnthrs (Ner - ncr) = ner[ + + + CAI'nthrsJ
Trad  Tab Tt '
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L] ™ - ] ] ]
= Mhrs {fICP(NCr —Ne )~ N Car }: ner( +__+—]

" 1 1 1
Ng| —+——+—
Trad TAb Tht

ftcp(Ner - ner) - nerCAf

= Nipyrs = (4.5.1)

where, ngs = excess carrier density at threshold and Car= Ca, for n type material
and Cap = Cayp for p type material. Though according to equation (4.1.4) f; is a
function of n and p, at low temperature it will be a constant as values of e, and e}, are
‘negligible corhpared to c¢yn and cpp. So, from equation (4.1.4) fi can be

approximated at low temperature as

Mer ~ Cn

f = (45.2)

NL’J’ c]'l + Cp
which is definitely a constant quantity at a particular temperature.

Now, from equation (4.4.3) the expresston of p,. can be written as

nCI'

ftcpp(Ncr ~ Dgr )=

T, .
Py = : 1 (4.5.3)
BZl(zner - Ner)

From threshold the value of “;r becomes fixed as the system must reach at steady
state condition. If input power is increased, number of free carriers (n and p) will
increase which will decrease teq . So above threshold the only parameters in the
expression of p, dependent on input power are p and teq . Here p = nyys + An where

An is the value of excess carrier density in excess of the threshold value.

4.6 A proposed laser device using Erbium doped Silicon

4.6,1 Structure

A practical laser device may be constructed using a p - n' junction diode of Er

doped Si. When the diode is forward biased a large number of minority carriers are

injected into both sides of the junction. These minority carriers can take part in the



36

excitation mechanism of Er atoms. We have chosen p - n' junction so that the
minority carriers involved are mainly electrons injected into p side. From the
metallurgical junction a layer of p region is doped with Er. The length of Er doped
region, L is chosen in such a way that it remains well within the diffusion length,

Lp. This will ensure that there are always enough free carriers to participate in the

excitation process.

Er doped region Junction

Ly

L

er

FIG. 4.1 Proposed p-n’ junction diode laser

When the diode is forward biased, Er atoms are excited through carrier-mediated
process and a fraction of these decay radiatively producing photons of fixed
frequency. These photons can interact with excited and unexcited Er atoms giving
rise to stimulated emission and absorption. If the injected carrier concentration
becomes large enough, the stimuiated emission can exceed the absorption so that
optical gain can be achieved in Er doped region. When the round trip gain will

exceed the total loss over the same distance, laser oscillation will occur.

The additional carriers present in the Er doped region will increase its refractive
index above that of the surrounding material. So a dielectric waveguide layer will be
formed which will confine the radiation well within the Er doped region. Though
there will be some spreading out of the radiation into the surrounding lossy Si, we

will neglect this effect to simplify our calculation.
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Using the structure discussed a laser cavity may be formed by placing mirrors at
both the ends of the diode as shown in the fig. 4.2. Mirrors can be cleaved flat edge

or bragg reflectors.

Junction

Y

|
< L
|

FIG. 4.2 An optical cavity using the proposed diode laser

4.6.2 Formulation

Let

7

n = average concentration of electrons injected into the Er doped region
1 = lifetime of the injected carriers

A = cross sectional area of the junction, W x L.

. n .
Electron injection rate = — per unit volume per sec.
T

L . . n
So electron injection rate into the total volume of Er doped region = — AL, per sec.
T .

Charge injected into the volume per sec, i.e., current I = 2 AL.q. (4.62.1)
T

o I
Current density J = i ELe,q : (4.6.2.2)
T



At threshold the expression becomes

Toe = l‘-:ﬂLc,q. (4.6.2.3)

thrs

where nyrs = injected electron concentration at threshold.

As the injection current increases above threshold, laser osciltations build up and the

population inversion is clamped at the threshold value.

Qutput power from the optical cavity is directly proportional to p,. So equations
(4.6.2.2) and (4.6.2.3) along with equations (4.5.1) and (4.5.3) will be used to
evaluate the dependence of output power of the proposed laser device on current

density above threshold.



Chapter 5

Results and Discussion

In chapter four the behavior of Er luminescence under different conditions has been
analyzed. The analysis has been made for steady state and time varying conditions
of spontaneous emission, for effect of short excitation pulse and for steady state
stimulated emission and absorption. In this chapter results of these analysis, their
significance and the effect of different parameters such as doping level, temperature,
excitation level etc. on Er luminescence will be discussed. Also the feasibility of

obtaining laser from the laser device proposed in section 4.6 will be studied.

5.1 Parameters for Erbium incorporated Silicon

Whenever Silicon is doped with an impurity, a trap level is formed in Silicon
bandgap. 1t has been reported [14,15,16,17] that Erbium introduces a trap level at
around 0.15 eV below the Silicon conduction band which is responsible for the
excitation mechanism. So 0.15 eV has been used as activation energy [16]. The
values of electron emission coefficient and hole emission coefficient ha;«e been
calculated from the paper of S. Libertino et al. [14]. The electron and hole emission

coefficients are given by

_Ea

eﬂ = Ae kT (511)
)
- —7

e, = Ae (5.1.2)

where,

E, = Silicon bandgap energy, 1.1 eV

_E, = activation energy, 0.15 eV
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k = Boltzmann's constant eV/K

T = temperature K

A = constant, 7.43x10'" s |

The electron capture coefficient, ¢, = 6,Vyy (5.1.3)
The hole capture coefficient, ¢, = o,V (5.1.4)
where,
. 3kT
Vy, = thermal velocity = _[—+
m

op, = electron capture cross section area
Gp = hole capture cross section area

"
m = effective mass of electron or hole

The electron and hole capture cross sections have been taken as 2.2x10"7 em? [31
Electron and hole effective masses are taken as m; =1.1m; and m;'1 = 0.56m,),

where my is the electron rest mass, 9.1095x 107! Kg. [32].

~ In order to find out the value of thermally generated carrier density we used the
expressions used in Priolo et al. [16]. The contribution of shallow donor or acceptor

level to free electron or hole density respectively can be approximated by

1/2 '
IJd“c Eq :
ng = - 5.1.5
th ( 5 ] exp[ 2kTJ ( )

N2
N'IN\-' ER
and P E( ‘2 J exp[— " J (5.1.6)

where Ng (N} is the donor (acceptor) concentration, N; (Ny) is density of states in

the conduction (valence) band and gg (g4) is the dissociation energy of the shallow
donor (acceptor) level. The expressions of N; and N, have been taken from [32]
which are as follow

" 3/2
N, = 2(%} (5.1.7)
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. 32
N Z[MJ 518
v " N

where

* .
m,, = electron effective mass

. .
my, = hole effective mass

h = Plank's constant

We have assumed Phosphorous doping in n-type Silicon and Boron doping in p-type

Silicon. Both the donor level of P and acceptor level of B have an energy of 45 meV

[16]. So the values of g4 and €, are equal to 0.045 eV.

For optical excitation, 514.5 nm laser having a spot diameter of 3 mm and
penetration depth of 1 xm have been used. In order to find out the contribution of
optical excitation to excess carrier concentrations in conduction band and valence
band, we need to calculate the optical generation rate first. If we assume 100%
absorption efficiency then optical generation rate is given by
P/V -3 1
=—— cm s

Bop hv (5.1.9)
and the optically generated carrier concentration
: P/V :
Nop = Pop = Bop X T }{ XT Pefcm3 (5.1.10)
%

where

P = power supplied by laser, Watt

<— Laser ray

V =nr’d = volume penetrated by laser, cm’ 2r
h = Plank’s constant, J-s N Y
L Aot by |
v = frequency of photon ? Si g

T = lifetime of excess carrier.
Throughout our calculation we have neglected the value of intrinsic carrier density

as it is very small (= 10" /em® at 300° K) compared to typical optically generated

. . 17, 3
carrier concentration (= 10" /cm™).
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Lower value of t is expected at higher temperature. This is due to the fact that, only

a fraction of optically generated carriers recombine through Erbium related levels. It

n
is however worth mentioning that the decay rate of excess carriers —& must be

T
greater than the recombination rate fic,pNer through Erbium related levels at any

temperature.

Values of other parameters used are
Trad = 0.001 s as stated in Xie et al. [13]
Cae=2.4x10"" cm’ s as proposed in Priolo et al. [16]
Cape = 1.9x10 em® 7' [16]
Can= 6.6x10" em’ 57!
Cabh = 6.5x107% em’ ¢! [16]

Wo= 10”57 [16,21].

The value of Cay, has been slightly modified from the value proposed in [16] which
is 2.4x10™"° ¢m’ s, This is done to fit the calculated data with the experimentally

obtained data. The value, however is consistent with the fact that the Auger effect

with free carriers is weaker in p-type Si than in n-type Si as suggested by [16].

Unless otherwise specified the following values have been used for calculation of
PL intensity |
o — 1n17 3 _ 17 3
T=9°K, Nec=10"" percm” and Ny =4.0x10"" per cm’.
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5.2 Erbium luminescence as a function of excitation

L1 : : : , . ,
1.0
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F1G. 5.1 Calculated PL intensity profile from Erbium under variable photo-
excitation. Typical values of Ner , Ng and T have been used. Excess carrier
lifetime has been taken as 40 us.

From the discussion of the operation of reverse biased Si:Er LEDs in section 2.6, it
can be said that impurity Auger process plays a dominant role in non-radiative de-
excitation processes of Er in Si. Our model includes the effec‘;s of impurity Auger
process with free and bound carriers and the energy back transfer mechanism. Figure
5.1 shows the result of inclusion of Auger effect with both free carriers and bound
carriers. Energy back transfer process is negligible here as temperature is very low
(9° K). The inclusion of Auger effect causes an increase in non-radiative Er decay
rate which is responsible for the reduced PL intensity. Inclusion of Auger effect is
important in Si:Er luminescence as doping levels are typically high. The saturation
of PL intensity at higher excitation power has been shown experimentally by Palm et
al. [19] and Coffa et al. [20]. It can be explained by the fact that at higher excitation
level the radiative efficiency decreases due to increased non-radiative decay

processes [19,20].



44

12—

& e -
= - 4
&

=

8

E -
5 MWK ]
“ o2l 7 130K A

0.0 ’ 1 1 1 ll 1 ] I 1 i L
0.00 0.02 0.04 0.06 0.08 0.10
Power (Watt)

FIG. 5.2 Calculated PL intensity profile under variable photo-excitation at two
different temperatures. Typical values of N, and Ny have been used. Excess
carrier lifetime has been taken as 20 us at 20 Kand 1 us at 130 K.

Figure 5.2 shows the PL intensity vs. excitation power profile at two different
temperatures. At higher temperature thermally generated carriers increase non-
radiative Auger processes. But the stronger effect is the non-radiative energy back
transfer which sets in at higher temperature [16,19]. Acéording to Priolo et al. [16]
the high temperature quenching can be best explained by impurity Auger process
upto temperature 150° K as most of the shallow levels are ionized at this
temperature. Above this temperature it can be best explained by energy back transfer
process. As discussed in section 2.4, energy back transfer is a phonon-assisted
process. So this non-radiative de-excitation process is expected to be thermally
activated {16]. [16,19,21] have reported experimental evidence of similar

phenomenon as shown in Fig. 5.2.
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Figure 5.3 shows PL intensity vs. excitation profile at two different background-

doping levels. Here also the PL intensity decreases at higher doping level. Auger

effect with carriers bound to donor (or acceptor) level increases with increasing

doping level. Also at higher doping level the contribution of shallow donor (or

acceptor) level to thermally generated excess carrier density increases. An increase

in excess carrier density results in higher non-radiative decay rate via impurity

Auger process with free carriers. Figure 5.3 is in agreement with experimental

observation [16].
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FIG. 5.4 Calculated PL intensity profile under variable photo excitation in n-tvpe
and p-type Silicon. Tvpical values of Ne;and T have been used. Ng= Nﬂ=1017 per
cm3 have been used. Excess carrier lifetime has been taken as 40 us.
It is experimentally shown in [16] that for similar level of background doping, PL
intensity obtained from p-type Si is greater than that from n-type Si. [16] suggested
that Auger effect is less dominant in p-type material. We have incorporated this
effect in our model by taking smaller value of Auger coefficient for p-type material
than that for n-type material. Figure 5.4 shows that according to our model p-type

material 1s capable of producing more PL intensity.

5.3 Erbium luminescence as a function of temperature

Excess carrier lifetime in Er doped Si depends on material processing, and also on
the measuring temperature. In general, higher temperature introduces stronger non-
radiative recombination routes with simultaneous reduction of the lifetime. No
expression of lifetime in terms of temperature is however available for Er doped Si.

It has been found in our mode! that the carrier lifetime is to be decreased with
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n
increasing temperature in order to satisfy the relationship —= > fic,pN,,. We used
T

lifetime variation with temperature in a fashion shown in Figure 5.5 to obtain
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FIG. 5.5 Suggested dependence of excess carrier lifetime on temperature

PL intensity vs. reciprocal of temperature proftle as shown in Figure 5.6. Such
pattern of lifetime variation is expected due to small dissociation energy of free and
bound excitons. The calculated profile is plotted against experimental data [33]. The
same experimental conditions have been used in calculation with one exception. The
sample used in the experiment had an Er concentration of 8x10'® per cm’. But with
such a high concentration, not all the Er sites are electrically or optically active [20].
We used a value of 10'* per cm’ as the active Er concentration. It is evident that by
using the suggested lifetime dependence on temperature excellent matching with the
experimental data can be obtained. The relatively slow decrease of PL intensity upto
90° K can be attributed to impurity Auger processes while above that back transfer

begins to dominate the non-radiative decay process.
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FIG. 5.6 Calculated PL dependence on temperature under constant photo-
excitation using previously suggested dependence of lifetime on temperature. -

N,:,=1018 per cm3 and Nd='1016 per cm3 have been used.

5.4 Photoluminescence decay profile

Our model can effectively explain the effects of some parameters such as
temperature, background-doping level and type of material (n-type and p-type) on
the decay profile of Er luminescence in Si. The effects obtained by our model have
been experimentally found by Priolo et al. [16]. The following three figures

demonstrate the observed effects.
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FIG. 5.7 Calculated PL decay profile at two different temperatures. N, =10"

3 C s
and Ny = 10' per cm” have been used. Excess carrier lifetime has been taken as
17 ys at 40 K and 5.5 s at 100 K. Laser power of ImW was used for steady
state excitation. Curves have been normalized to initial values.

Figure 5.7 shows the decay profile of Er luminescence at two different temperatures.
Sharper decay at higher temperature is observed. With increasing temperature
impurity Auger effect with free carriers and energy back transfer increases which
increase non-radiative decay rate of excited Er atoms. That explains the nature of the
curves shown in Figure 5.7. It should be mentioned here that for all the decay
profiles presented here the magnitude of PL intensities are different for different
conditions. Within a plot the intensities have been normalized to initial values in

order to better demonstrate the nature of decay of intensity.
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FIG. 5.8 CaICUlated lummesccnce decay profile at two different donor doping
levels. Nc,—IO per o’ and T = 40 K have been used. Excess carncr lifetime

has been taken as 17 ps at Ng= 10" > per om’ and 12 us at Ng = 4x 10" per cm3.
Laser power of ImW was uscd for steady state excitation.

In Figure 5.8 the effect of background doping on decay profile has been
demonstrated. With increasing doping ievel Auger process with bound carriers
increases. Also thermally generated carrier density increases which in turn increases
the impurity Auger process with free carriers. So non-radiative decay process

becomes stronger which causes sharp reduction of the PL intensity.
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FIG. 5.9 Calculated PL decay profile for n-tyvpe and p-tvpe Silicon. N, = 1017,
Ng=N,;= 10'¢ per cm3= T =40K and 1t = 17 us have been used. Laser power of
1mW was used for steady state excitation.

Figure 5.9 shows the decay pattern in both n-type and p-type Si. As proposed by
[16] the impurity Auger effects with both free carriers and bound carriers are weaker
in p-type Si than in n-type Si. So higher decay rate in n-type Si is expected provided

all other conditions remain same. Similar effect has been observed by [16].

5.5 Effect of short excitation pulse on Erbium

luminescence

It has been reported in literature [17] that if an excitation pulse of short duration (30
s) is applied on an Er doped specimen, the PL intensity continues to increase for
some time even after the termination of the pulse. Huda et al. [3] gave the first
physical explanation of the extended rise of luminescence and proposed a
mathematical model of Er luminescence mechanism which is able to show the same

phenomenon mathematically. The model presented in [3], although shows good
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matching with experimental results at low temperature, has some limitations. Effects
of impurity Auger process and the back transfer mechanism were not included in
their model. Detailed behavior of Er luminescence under short excitation pulse and

effects of temperature, excitation etc. have been explained by the present model.

Whenever a laser pulse is applied excess carriers are generated almost instantly. But
the rate of Er excitation, i.e., pumping through sequential capture of electrons and
holes by Er sites is controlled by corresponding emission and capture coefficients.
So a finite amount of time is needed for the Er luminescence to reach steady state
condition. This has been shown in Figure 5.10 along with corresponding pumping

and decay rates.
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FIG. 5.10 Calculated PL intensity, pumping rate and decay rate profile under
constant photo-excitation of 25 mW. N, =3x10 ", N, = 1.5x 10' per 01113, T=9
K and 7= 13 us have been used. ’

Initially when large number of Er atoms are available for excitation the pumping rate
is very high compared to decay rate. This causes a sharp initial increase in number

of excited Er atoms and PL intensity. But as the number of excited Er atoms
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increases the number of available Er atoms for excitation decreases. So pumping rate

starts to decrease. Eventually the two rates become equal and PL intensity reaches

steady state value.

Now let us see what happens when the excitation pulse is switched off before the PL
intensity reaches steady state. The scenario is depicted in Figure 5.11. After the

termination of laser pulse, excess carrier density starts to fall exponentially.
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FIG. 5.11 Calculated PL intensity; pumping rate and decay rate profile for 30 us
laser pulse with an excitation of 25 mW. Ng, = 3x10”, N,= 1L.5x10" per cm3, T
=9 Kand t = 13 us have been used.

But still for certain amount of time there are a large number of excéss carriers which
can provide sufficient pumping. So even after the termination of laser pulse of 30 us
the pumping rate is substantially larger than the decay rate. As long as pumping rate
is higher, PL intensity continues to rise. When pumping rate is equal to decay rate
the intensity is maximum which is indicated by light dashed line in the figure. After

that pumping rate becomes smaller than decay rate and PL intensity starts to fall.
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Figure 5.12 shows calculated data and experimental data on the same plot. The
experimental data was extracted from Shin et al. [17]. Same experimental
conditions have been used in our calculation with one assumtion. Nothing is stated

about the spot diameter of the laser used in the experiment. We used a laser spot
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0.8 -

Laser Pulse

-

Calculated Data 4
x  Expertmental Data |

Normalized PL Intensity

100 150 200 250

Time (Microsecond)

FIG. 5.12 Calculated PL mtensity profile under 30 us laser pulse excitation of
100 mW. N, = 3x1017, N,= 1.5x10' per cn13, T=9Kand t = 13 us have been
used. Excellent match with experimental data extracted from Shin et al. [17] has
been found.

diameter of 6 mm with 1 g#m penetration depth as used in other calculations. As seen

in the figure, the calculated data fits well with the experimental data.

The extended rise effect of luminescence will certainly impose a serious limitation
to achieving high-speed optoelectronic devices. If it is possible to minimize this
effect then high-speed operation is possible. From our previous discussion it can be
predicted that if we can manage to increase the decay rate of excited Er then

problem related to this extended rise may be overcome.
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One way of increasing the decay rate is by increasing temperature. In Figure 5.13 we
have plotted luminescence profile for two different temperatures. With increasing
temperature, the intensity will fall as shown previously. The two curves in the figure
have been normalized to their peak intensities. It can be seen that by increasing

temperature the effect of extended rise can definitely be minimized.
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FIG. 5.13 Calculated PL intensity profile under 30 us laser _})UISC excitation of |
mW at two different temperatures. N, = 1077, Ng = 4x10! per c:113 have been
used. t=40 usatT=9Kand 1= 11.5 us'at T = 40 K. Both the curves have
been normalized to peak values.

If we define time constant as the time to reach 1/e or 36.8% of the peak value, the
time constant for elevated temperature is much lower than that of the lower

temperature case.

Another way of increasing decay rate is to increase excess carrier density by
increasing excitation power. Figure 5.14 shows two PL profiles at two different

excitation levels, Here also the curves have been plotted after normalizing to
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respective peak intensities. For this case also we can see that the time constant for

higher excitation power is lower than that for lower excitation power.
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FIG. 5.14 Calculated PL intensity profile under 30 {JS laser gulse excitation at
two different excitation levels. Ng, = 10”, Ng=4x10 7 perem, T=9K, 1=40
s have been used. Both the curves have been normalized to peak values.

At higher temperature PL intensity reduces drastically as shown in Figure 5.6. Using
higher excitation, this problem may be_ eliminated. But, from the saturation of PL
intensity shown in Figure 5.1 it can be said that increasing excitation to an arbitrarily
high value may not improve the profile. A combination of appropriate temperature

and excitation will yield the best result.

5.6 Stimulated emission and absorption

Now we shall investigate the possibility of obtaining laser from Er doped Si. In
section 4.4 we have derived the expression of excited Er density taking into account

both stimulated emission and absorption. The difference between density of atoms in

excited state and unexcited state, (N3 — Nj) is plotted against excess carrier density
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in Figure 5.15. Excess carriers in this case can be supplied by electrical excitation. It
has been found that in n-type material it is not possible to achieve inversion using
the values of different parameters used in our model. But in p-type Si it is possible

to obtain inversion. Not only that, (N2 - Nj) rises substantially with increasing

excess carrier density and saturates at a particular level in p-type Si.
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FIG. 5.15 Variation of N5-N; with excess carriers with stimulated emission and
absorption taken into consideration. N, = 1018, N,= 4x10'° per cmj‘= T=42K,
1= 5.8 us have been used.

Now we need to find out if it is possible to achieve threshold in p-type material. In
order to find out the value of (N; — Nj) required at threshold, i.e., Ny, , the values of
following parameters are taken from Xie et al. [13]

loss coefficient y =5 cm_l,

reflectance of the mirrors used in cavity Ry =Rz = 90%.

Values of other parameters used for calculation are

cavity length L = 300 gm,

thickness of Er doped region Loy = 1 g,

free-space wavelength A = 1.54 gm,



58

AM corresponding to Av =1.32 nm,

refractive index of Si for 1.54 ym wavelength = 3 46

Though the values used in {13] are said to be overly optimistic, we have found out
that the value of Ny, required is 4.3532><1017 per cm3 which i1s marked by dashed
line in Figure 5.15. From figure 5.15 we can see that (N; — N)) saturates at a value

slightly greater than this value. So we can conclude that in a overly optimistic case it

is possible to construct a laser device using p-type Er doped Si.

Now let us see if the laser device we proposed in section 4.6 is capable of supplying

laser power. We will start our analysts from threshold condition, as below threshold
there will be no output from laser device. The concentration of excited Er atoms, N3
and that of unexcited Er atoms, N at threshold have been calculated from values of

Er density and Ny, Above threshold Ny and Ng will remain constant, as the laser

system must reach steady state condition. Ignoring p. below threshold we have
calculated the value of excess carrier density at threshold, ny,s using equation (4.5.1)
and then calculated corresponding current density using equation (4.6.2.3). We have
marked this value of current density as Jyys . Starting from ngys we have increased
the value of injected excess carrier density and using the equations presented in

sections 4.5 and 4.6.2, calculated the corresponding values of power density, p. and
current density, J. Then we plotted p. vs. J. Figure 5.16 shows the resulting curve.

We have chosen p, as y-axis variable as this is directly proportional to output power.
We can see that the output power increases liﬁearly with injected current density
which is typical to most other semiconductor lasers. Though it was not possible for
us to calculate the exact numerical value of output power for a particular injection
level, we can conclude that our proposed laser device is capable of producing output

power as the injection current exceeds a threshold value.
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FIG. 5.16 Calculated output power dependence of semiconductor laser on
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have been used.
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Chapter 6

Conclusion

Er doped St offers enormous potential for fabrication of optoelectronic devices on Si
wafers using conventional fabrication technology. In this thesis, the optical
properties of Er have been discussed. The excitation mechanism of Er in Si has been
explained using Shockley-Read-Hall recombination kinetics. Using SRH
recombination kinetics, a mathematical model for both spontaneous and stimulated
excitation of Er in both p-type and n-type Si has been proposed. The model has been
designed to incorporate high excitation levels and typical room temperature effects.
Good agreement with experimentally obtained results has been achieved. The sharp
quenching of Er luminescence with temperature has been explained. Also, effects of
doping, excitation power etc. on Er luminescence have been explained. The unusual
effect of extended rise of Er luminescence under short excitation pulse has been
e'xplained mathematically. Some suggestions have been made regarding the possible

high-speed operation of Er doped S1 devices.

The possibility of obtaining laser from EDS has been investigated and a laser device
has been proposed. An estimation of the output power of the proposed laser device
has been made. It has been found that the output power of the laser device increases

linearly with injection current above threshold.

6.1 Recommendation for future work

Practical use of Erbium luminescence is yet to be achieved dueto strong quenching
of the luminescence at room temperature. Introduction of co-dopants like Oxygen
has been found to reduce the temperature quenching mechanism significantly. Also

operating in reverse biased condition enhances the high temperature luminescence.
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Yet more research on reduction of luminescence quenching at higher temperature is
to be carried out in order to fabricate Si:Er optoelectronic devices operating at room
temperature. The field of research may be directed to impurity enhancement of

luminescence.

The extended rise of luminescence under short excitation pulse imposes serious
limitation on the possible high speed operation of Si:Er optoelectronic systems.
Though in section 5.5 we have proposed a way to reduce the effect, more research

may be carried out in this field.

As shown by experiments, Er doping and background concentration have significant
influence on the luminescence intensity. Concentration of Er in Si is determined by
the solid solubility limit. Even if Si is doped with highest possible Er concentration,
not all Er atoms become electrically or optically active. Co-dopants has been found
to increase the electrical and optical activation of Er atoms in Si. So optimum
concentrations of Er, co-dopant and donor( or acceptor) are to be determined for the

most efficient operation of Si:Er devices.

In our research we have performed only a theoretical analysis on possible attainment
of laser from Er doped Si. According to our analysis, it 1s possible to construct Jaser
device from Er doped p-type Si. However, there remains a scope of extensive
research in this field. Detailed study of the pumping procéss, loss mechanisms,
conditions for population inversion etc. is necessary for the implementation of a
prospective Silicon laser. In our analysis we have assumed that beam remains totally
confined within the Er doped region which is not practical. Study of Sij_Ge/Si:Er
systems for good optical as well as electncal confinement may be carried out.
Modulation techniques for laser and LEDs may be another topic of research.
Comparative study between laser and LED in integrated system design may be
made. Transmission and detection of optical signal is essential in optoelectronic

systems. So Si based waveguide and detectors may be another field of research.
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Appendix A

Flowchart for calculation of PL decay profile of Erbium in

Silicon

‘ Start Main Program j
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Initialization of T. time,
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€y Cp and initial n, (1),
n, . .np

b
Y

h

Calculate n_ (1) and
n,,” for time + step

y

time = time + step

time < desired
time



66

Appendix B

Expression for excited Erbium atoms considering

stimulated emission and absorption

Neyr = total number of active Er sites per unit volume
ner = total number of active Er sites filled by electrons at a steady state of excitation
per unit volume

n;, = total number of excited Er atoms at steady state per unit volume

. . . n,
fi = fraction of Er sites occupied by electron, —L-
er

Teq = total decay lifetime of excited Er atoms
Trad = radiative lifetime of excited Er atoms
n = free electron concentration

p = free hole concentration

pv = energy density, Nhv

N = number of photons per unit volume having frequency v.

Excitation rate of Er = fi¢,p(N; ~ n;r)+ (Ner — n;r PvBys
o N *
and de-excitation rate = —~+n_p,B,;.
Teq
At steady state these two rates must be equal. So
*
£,,P (N = ng) + (Ney — 11 = Rer !
lcpp( er = ncr) + (N - ner)poIZ - :L_'_" + nerpoZl
€q
Now the photon generation rate and decay rate can be equated at steady state. Hence

*

® Nn *
(Ncr Mg, )po12 = — +ncrp\'B2]

Tiad




If Bi; = B3; then we get
R . n*'
pyByy = —
Trad (Ncr - 2ner) i

So the rate equation of excited Er atoms becomes

«2

x L " )
ner(Ncr — ncr) . Dep + Ner
.

e =
Trad (ch ~ 20 ) Teq  Trad (Ner - 2ner)

_ftcpp(Ner - n:r )+

Multiplying both sides by Toq7 g (Ngr — 20, )

Y * . ] x * s 2
ftcpptradteq (Ner L )(Ner - chr ) + NgrTeq (Ncr - ncr) =Ny Trad (Ncr - 2ncr ) + 0 Teq

putting S = f',cp;pr,ad Teq

.« 2 * %2 2
Ngp Teq = Nerncrtrad _zncr Trad TNer T

L

2
2 * -
S(NGr —3N,ng, +2ng, j+ NerNerTeq — eq

-

.2 '
= 2(":t'ad - Teq + S)ner + (ch “Trad ~ 3S)Ncrncr + SNcr2 =0
' « 2 . *
= 2Tyag ~ Toq +SMer = (Trag — Teq + S)NgrNgr — 28Ny, + SN, * = 0
= n:r (Trud - Teq + S)(zn;r - Ncr) - SNcr (2]‘1:[, - Ner) =0

= (zn:r - Ncr ){n:r (Trad ~ Teq +S) - SNer }:O

L] *
So 2ng, ~ N, =0 or Ner(Trag = Teq +S) = SN =0
That means ‘ ,
N ' S
n:r = = or n:l’ = NCF
2 Trad — ch +S

« N . . .. .
But n, :—2—15 not acceptable as this means n. is a constant quantity for a

particular Er doping level and does not depend on excitation, i.e., input power. So

np=—> N

er er
Trad — Teq + S

Putting the value of S
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