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Abstract

An analytical model is developed for laser operation from erbium doped silicon. The
mechanism of erbium excitation through Shockley-Read-Hall (SRH) recombination
process in silicon is analyzed for conditions of achieving the lasing threshold. Stimulated
and spontaneous emission and the stimulated absorption of light by erbium under
different conditions are determined. The effects of erbium concentration, background
doping, erbium lifetime, loss coefficient, carrier lifetime etc. are investigated on the light
output. Enhancement of the absorption coefficient of light with the increase of carrier
injection is studied. Rate equations for the excited erbium atom and photon density are
solved for determining the dynamic characteristics of laser. The steady state values for
excited erbium atom and photon density are determined as a function of the excitation
current. Sinusoidal small signal variation is added to the steady state current density and
modulation transfer function is determined to evaluate the frequency response
characteristics and 3-dB cutoff points. It is found that bandwidth of erbium doped silicon
laser is of the order of hundred MHz range, which increases with the output power level.
Numerical solution of the rate equations for large signal is done for studying the transient
behavior and turn-on time of the laser. The laser turn-on time is found to reduce with the

increasing excitation level.
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CHAPTER ONE

Introduction

1.1 Silicon Photonics

Silicon is the most important semiconductor material in today’s microelectronics
technology. Because of its good mechanical, chemical and electrical properties and
continuous improvement in scale integration, this semiconductor has proved to be the
best choice in satisfying the increasing demand for more complex integrated circuits. But
with the increase of scale integration, the number of devices per chip increases by
reducing the device size and increasing the chip a:éa and also there is an increase in
clock frequency. As the chip size and complexity increase, interconnection needs more
space and difficult to accommodate which is a bottleneck towards the miniaturization
and high speed operation of integrated circuit. So a complete integration of opto-
electronic devices on silicon IC chip may be an effective solution to overcome these
hurdles. In this scheme, electrical signal is converted by light emitter to optical form and
transferred to another part of the chip. The optical signal is then detected at the receiving
end and converted back to the electrical signal by a photodetector. Optical system offers
enormous bandwidth which is suitable for high speed data transmission. Optical
transmission is free from any ambient electrical noise, electromagnetic interference, and
echoes or cross-talk. Thus optical interconnection offers a high degree of flexibility and

versality.

Silicon devices constitute most of the integrated circuits in present day technology. But
using conventional IC technology, integration of group III-V heterojunction LED/
LASER on silicon chip is complicated and very expensive. Hybrid solutions are
expensive and ofien become ineffective, Furthermore, compound semiconductors fail to
grow epitaxially on crystalline silicon. If silicon be considered as light emitting

components, problems of monolithic integration between optoelectronics and



microelectronics will be removed. But due to the indirect nature of its energy band
structure, bulk silicon is indeed -not a good light emitter. Achievement of efficient light
emission from crystalline silicon is now being considered as one of the most crucial steps
towards the development of fully silicon-based optoelectronics functionality. Several
optical functions such as laser, amplifier and optical modulator have been shown to be

achievable from silicon [1].

1.2 Luminescence in Silicon from Erbium

The issue of silicon as light source is still at elementary stage. Several different
approaches such as band gap engineering, addition of isovalent impurities, use of porous
silicon, etc. are being attempted to overcome this drawback. Incorporation of rare earth
element erbium into silicon is considered to be one of the most promising approaches in
order to obtain light from silicon. The erbium ion, when incorporated in Si in the
trivélent charge state shows an i'ntra-4f shell atomic transition between the first excited
state *I;3, and the ground state 115 and emits photon at a wavelength of 1.54pm, This
wavélength matches to the minimum of the light absorption spectra in silica-based
optical fibers. Again, silicon band gap energy is much higher than the photon energy at
this wavelength and hence silicon becomes transparent. This avoids the cross-link effect

on device performances.

Although erbium doped silicon shows above mentioned promising results, this field
remained unexplored for several years due to the lack of room temperature (RT)
luminescence. Erbium also suffers low solubility limit in silicon. Problem of limited
solid solubility has been overcome by the use of solid phase epitaxial recrystallization
following the ion implantation process [2]. Recently observation of photoluminescence
[3] and electroluminescence [4] at room temperature has opened up the renewed
enthusiasm on erbium doped silicon devices. Prospect of erbium doped silicon laser has
little bit explored. Since erbium has longer decay lifetime from 1130 state to the ground
state, it has a scope of population inversion. For optimized conditions of pumping actions
and minimized non-radiative competition, it may be possible to achieve population
inversion and lasing action in erbium doped silicon [1]. Thus the rare earth element
erbium may play an important role in the development of silicon based laser and other

optoelectronic devices capable of operating at GHz frequency level.

e
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1.3 Literature Review

Light emission from silicon is a long quest for the last few years and extensive research
works have been done on this issue. In 1983, Ennen et al. [5] have pointed out the
potential applications of rare earth elements in semiconductor materials particularly in
silicon for the development of light-emitting diodes and lasers. They also showed that
erbium is a promising dopant of all rare earth elements because it shows a sharp atomic-
like luminescence at 1.54 um wavelength and this luminescence was fairly independent
of the host material. This phenomenon makes the Si:Er system very attractive for silicon

based optoelectronics.

, Ennen et al. [6] and Tang et al. [7] carried out photo emission analysis from erbium in
silicon. They demonstrated that most of the optically active Er** ions have tetrahedral or
lower site symmetries on interstitial lattice sites in Si. Enhancement of luminescence in
the presence of impurities such as O, C, N, F or Br has been found by a number of
authors. Michel et al. [3] found a large enhancement of luminescence intensity by
introducing oxygen. They also showed that erbium photoluminescence vary for FZ and
CZ materials at higher annealing temperatures. By using Extended X-ray Absorption
Fine Spectroscopy (EXAFS) analysis, Alder et al. [8] found that the impurities modify
the chemical surrounding of Er in Si and form erbium impurity complex. Since O
activates erbium optically, researches are vefy much interested in Si:Er system with O

co-dopant.

Erbium has demonstrated to present donor behavior in silicon [9]. It was pointed out that
oxygen co-implant enhances Er activity [10-11]. They suggested that this donor behavi;)r
might be the result of the formation of Er-O complexes in EDS. Based on these results,
Priolo et al. [11] suggested that electrical and optical activation of Er in Si could be
correlated, i.e., the Er donor behavior might be associated with the Er** state. Coffa et al.
[12] also showed that incorporation of oxygen increases the electrical and optical
activation of Er in Si. Lombardo et al. [13] evaluated erbium luminescence both under
forward and reverse biased condition using electrical excitation. They pointed out that

luminescence intensity under reverse bias is higher than under forward bias.



One of the major limitations of Si:Er system is that its intensity falls sharply with
increasing temperature. This phenomenon is called temperature quenching. Libertino et -
al. [10], by using DLTS and SRP measurements showed that only 1% of the total amount
of erbium fons introduce a level at 0.15 eV below the silicon conduction band while most
of them introduce much shallower level. These shallow levels are hindrance to achieve
erbium luminescence at high temperature. Coffa et al. [12] demonstrated that emission of
electron from the erbium trap level to the conduction band is responsible for reduced
erbium luminescence. Priolo et al. [14] demonstrated that the dissociation of bound

excitons results temperature quenching.

Kik et al. [15] performed luminescence decay measurement within the temperature range
of 12K to170K. They observed that the luminescence intensity decreases by three orders
of magnitude as temperature rises from 12 to 150K. They pointed out that thermalization
of bound excitons and non-radiative energy back transfer process is responsible for

temperature quenching.

Priolo et al. [14] and Coffa et al. [12] demonstrated that co-doping with impurities such
as O, C or F reduced temperature quenching significantly. They showed that different
impurities produce a different reduction in the concentration of erbium-related deep
levels. Since these deep levels act as efficient recombination centers for carriers,
reduction of these levels would produce an increase in the lifetime and hence a reduced

temperature quenching,

Franzo et al. [4] observed room temperature electroluminescence from Er and O co-
doped crystalline p-n Si diodes under both forward and reverse biased conditions. They
suggested that Er excitation occur through electron-hole ‘mediated processes under
forward biased conditions and through impact excitation under reverse biased condition.
They found that temperature quenching could be significantly reduced while operating

under reverse biased condition.

Shin et al. [16] showed the effect of short excitation pulse on erbium luminescence. They
demonstrated that erbium atom continues to excite for some times even after the

excitation pulse is turned off. From this phenomenon, they concluded that Er** ions in Si



arc excited by recombination of carriers trapped at a state in the forbidden gap of Si and

supported the involvement of bound exciton for erbium excitation in silicon host.

To the best of our knowledge, no work has been done on the possible achievement of
laser action from erbium doped silicon. Xie et al. [1] studied the stimulated emission and

light amplification for erbium doped silicon structure. They showed that the threshold

population inversion for laser action is theoretically possible to achieve in overly .

optimistic case.

1.4 Objective of the Thesis

The goal of this work is to develop an analytical model for erbium doped silicon laser
diode. Possibility of laser operation from EDS medium will be investigated. Threshold
current density for lasing will be determined. Power outﬁut versus current density
characteristics of EDS laser will be developed from time independent rate equations.
Effect of erbium concentration, background doping, erbium lifetime, carrier lifetime, loss
coefficient etc. on light output will be discussed. At high level of carrier injection, loss
coefficient does not remain constant. This effect will be analyzed on light output. Rate
equations will be solved for small-signal in order to evaluate the performance of EDS
laser as a direct analog modulator. Numerical simulations of the rate equations will also

be done to get a look of the transient behaviors.

1.5 Organization of the Thesis

This thesis consists of six chapters. Chapter one describes the necessity of silicon based

optoelectronic devices and objectives of the present work.

Chapter two deals with band structure of materials, optical properties of erbium in
silicon, literature review on erbium doped silicon (EDS) system, excitation and de-
excitation mechanism of erbium ions, Shockiey-Read-Hall recombination kinetics and

probability of electron occupied erbium site.

Chapter three discusses the elementary theory of semiconductor laser, population

inversion, condition of lasing threshold etc.



In chapter four, mathematical model for erbium doped silicon laser has been developed.
Output power and small signal modulation transfer function have been determined. The

derivations present an understanding of the important parameters in the model.

Chapter five demonstrates the result for the model equations presented in chapter four.

Effects of various parameters have been explained with graphical presentation.

Chapter six gives a short outlook of the result presented in chapter five and proposes
sorne recommendations for future works in this area.



CHAPTER TWO

Erbium Luminescence

In this chapter, an introduction is given about silicon with erbium doping for light
emission and the resulting energy levels with the possible atomic transitions. Direct and
indirect bandgap structure, excitation and de-excitation mechanism of erbium atoms in
silicon host, Shockley-Read-Hall (SRH) generation-recombination kinetics etc. are
discussed in brief. Steady state and time dependent probability of erbium site occupied

by electron are presented.

2.1 Direct and Indirect Bandgap

Depending on the energy band structure (E-k diagram), semiconductor materials are
classified into two types: direct bandgap and indirect bandgap semiconductor. The
energy vs. propagation constant curve (E-k) for two typical cases is shown in Fig. 2.1. In
direct bandgap semiconductor, the minimum of the conduction band lies directly above
the maximum of the valence band in k-space. Here, an electron at the conduction-band
minimum can recombine directly with a hole at the valence band maximum and conserve
momentum. The energy of the recombination across the bandgap will be emitted in the
form of a photon. This is radiative recombination and also called spontaneous emission.
InP, GaAs, InAs etc. are the examples of direct band gap materials and suitable for light

emitting devices.

In indirect bandgap semiconductors, the conduction band minimum and valence band
maximum have different propagation constant k. Here direct transition across the
bandgap does not conserve momentum and is forbidden. Recombination occurs with the
involvement of a third particle like phonon or a crystallographic defect which allows for

the conscrvation of momentum. The recombination will often release the bandgap energy
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Fig. 2.1 E-k diagram for direct and indirect bandgap material.

as phonons instead of photons. So, light emission from indirect semiconductors is very

inefficient and weak. Examples for indirect material include Si, Ge, and AlAs etc.

2.2 Erbium in Silicon

Erbium is a rare earth element belonging to the lanthanide group and it is so far the best
optical dopant in silicon for efficient light emission. It generally has the trivalent charge
state Er’* when embedded in a solid, losing two electrons from the outermost 65 shell
and one electron from the 4f shell and it has then an electronic configuration of Xenon
[Xe]-4/"!. The incompletely filled 4f:shell of the Er’* ion allows different electronic
configurations with different energies due to spin—spih and spin-orbit interactions. For a
free Er** ion, the radiative transitions between most of these energy levels are forbidden.
But when Er is incorporated in a solid, for example silicon, perturbation of the 4f wave
functions by the surrounding material occurs which cause Stark-splitting of the different
energy. levels. This result in a broadening of the optical transitions making radiative
transitions weakly allowed. The schematic energy level diagram of Fig. 2.2 shows the

Stark-splitting of Er’* ion embedded in silicon.
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Fig. 2.2 Schematic representation of the Er** intra 4f‘energy levels.

2.3 Transition from Er’* at 1.54 pm

The transition from the first excited state of Er’* (41”;2) to the ground state (4l|5;2) gives a
photon of wavelength 1.54 um which is represented by the small thick arrow in Fig. 2.2.
As the 4f -shell is shielded from its surrounding by Ss and Sp shells, this emission
wavelength is not very sensitive to the host material. The decay time for the 1.54 pym
transition is long which is about a few milliseconds. Once the Er is excited to one of its
higher levels, it then rapidly decays to the *I;35 level via multi-phonon emissions. The
long decay time of the first excited state *I;3» provides the possibility of having
population inversion and constructing a laser from erbium doped silicon structure.
However, the probability for stimulated emission is qijite small because of low optical
gain. Also there are several non-radiative processes competing with the radiative de-
excitation which are explained in the section 2.6. The large transition energy (0.8 eV) of
the first excited state of Er makes the multi-phonon emission unlikely and efficient

emission at 1.54 pm may be possible.

2.4 Excitation Mechanism of Erbium in Silicon

Exact mechanism of erbium excitation from ground state (*I;s5) to the first excited state
(*3n2) is yet to be unknown. When erbium is doped with an impurity, a trap level is
formed at 0.15 eV below the conduction band. This trap level acts as recombination
centre for erbium excitation. It has been suggested that excitation of Er atoms from

silicon host is a carrier mediated process [16-22]. Palm et al. [19] proposed that electron-



hole pair forms bound cxciton duc to coloumb attraction between them. Recombination
of the bound exciton near the erbium related level gives up energy which is responsible
for erbium excitation. The same excitation mechanism has also becn suggested by Shin
et al. [16] and Coffa et al. [20]. Huda et al. [21] proposed another excitation mode! of
erbium luminescence based on Shockley-Read-Hall (SRH) recombination kinetics.
According to their model, afier the generation of excess carrier either by optical or
_ electrical excitation, electrons from the conduction band recombine with holes from the
valence band via erbium related trap levels. The energy given up due to recombination
excites erbium atom. The erbium atom can then decay radiatively, resulting in 1.54 pm

luminescence.

-Franzo et al. [22] proposed a different excitation mechanism of erbium atom in-reverse-
biased p-n junction diode. At reverse bias, the Er’* ions are excited by the hot carrier
impact excitation mechanism. When the p-n junction is reversed biased, the electrons
tunnel from the p-side of the junction to the n-side if the applied field is high enough.
Then they will get accelerated at the other side of the depletion layer by the applied
electric field and become hot electrons. When a hot electron with kinetic energy higher
than the energy difference between the ground state (4115;2) and the first excited state
('I;3n) of Er** colloids with another Er** ion, the second Er'* can be excited by this

impact process.

2.5 De-excitation Mechanism of Erbium in Silicon

There are two kinds of possible de-excitation mechanisms for the excited erbium atom to
come to the ground state (*I;s). The first one is radiative de-excitation with a life time of
approximately 1 ms [1]. This de-excitation process is responsible for light emission. The
second one is non-radiative de-excitation which does not produce any light. Here instead
of emitting a photon, the energy given up due to transition is wasted as heat. The
radiative de-excitation between the first excited state (*I;3) and the ground state (*I;55)
of Er*" ions emits photon at wavelength of 1.54 pum. This transition level is required in
our device and this is the active level where the laser action may take place. Thus to have
an efficient luminescence, it is important to suppress the competing non-radiative de-
excitation processes which limit the light emission from erbium because of the long

decay time of the *1,3, state.

)



Depending on the way of de-excitation, non-radiative de-excitation of erbium in silicon
has been categorized into two different classes such as (i) impurity Auger de-excitation
and (ii) energy back transfer. Fig. 2.3 demonstrates the various impurity Auger de-

excitation processes.

Silicon Erbium Silicon Erbium
Ee_ l Ec
Ed --------------- * 4[]]/2 4[]3/2
— -
|
E, Y Tisn E: I Tisn
() (b}
Ec T E
Eg----- | SR 3 i 4
Lizn | lizn
— «—
| . I
E, Lisn E, -I Iisn
(c) (d)

Fig. 2.3 Schematic representation of impurity Auger de-excitation processes for Er in Si:
(a) Auger de-excitation with free electrons, (b) Auger de-excitation with free holes, (c)

Auger de-excitation with bound electrons, and (d) Auger de-excitation with bound holes.

(i) Impurity Auger De-excitation: In this process, excited Er’* ion de-excites by giving
its energy to a free electron in the conduction band or to a hole in the valence band or
carriers bound 1o shallow donor or acceptor level. By absorbing this energy, free carriers
or bound carriers go to the higher energy state. Depending on the recipient of the energy,

Auger process can be classified into following two groups.

(a) Impurity Auger de-excitation with frece carriers: The de-excitation probability of
erbium atoms through this process is proportional to the concentration of free carriers. So
a lifetime corresponding to this process is defined as inversely proportional to the free

carriers. Priolo et al. {17] has mathematically expressed this process by

11



- C, n forn-type Si

T,
—=C, p forp-type Si
T,

where z ., is the decay lifetime, Cy. and Cyy, are Auger coefficient for free carriers, n and

p are the free electron and hole concentrations respectively.

(b) Impurity Auger de-excitation with bound carriers: In this case the de-excitation
rate is directly proportional to the number of carriers bound to shallow donor or acceptor

level. So as before this effect can be expressed as

—=C,,n, forn-type Si
Tab

L Cenpy forp-typeSi

Tas

where C,,, and C,,, are Auger coefficients for bound carriers, and n, and p, are the

concentration of carriers bound to donor and acceptor levels respectively.

(ii) Energy Back Transfer: In this process, the energy given up by the non-radiative
decay of excited erbium atom promotes an electron from the valence band to the erbium
related level in the silicon bandgap. This process is exactly the reverse of excitation and
hence has been named energy back transfer since energy is being transferred back
through the same path. The extra energy needed to complete this process (AE) is given

by phonons. Fig. 2.4 illustrates the energy back transfer mechanism.

Silicon Erbium

______________________ } AE=0.15eV .
} lian

E, 1 — *Iisn

Fig. 2.4 Schematic representation of energy back transfer process



The phononA participation makes this non-radiative process thcrmélly activated. The
energy back transfer process is characterized by activation energy of 0.15 eV and hence
must always be completed by thermalization of electron trapped at Er-related level to the
conduction band [17]. Priolo et al. [17] has mathematically expressed this process by
defining a lifetime related to energy back transfer process as follows

__1__:W0 exp(_ 0.15eV]

Tbr

kT

where W) is the fitting parameter per second.

All these non-radiative de-excitation processes are expressed all together by a non-

radiative decay lifetime 7,,,,, as follows

LIPS I 2.1)

¥ nonrad TAf [T Ty

All the above-mentioned non-radiative decay processes lower the amount of Er atoms in
the excited state. Hence one needs to increase the number of excess carriers by
increasing the injection current or optical excitation in order to get a population inversion

and have laser action.

2.6 Shockley-Read-Hall (SRH) Generation-Recombination Kinetics
According to Shockley-Read-Hall (SRH) recombination kinetics, there are basically four
processes involving generation and recombination of electron-hole pairs [23]. These

processes are as bellows:

(i) Electron capture: The rate of electron capture from the conduction band to the trap
level is proportional to the number of electrons available for capture and the density of
the empty trap level. If the probability of a trap level filled by an electron is f;, then
probability of a trap level to be empty is (1-f]). The recombination rate for the electron is
given by

R, =c,nN(1-1)

where ¢, is the capture coefficient for electrons, » is the free electron concentration and

N, is the total trap level per unit volume.

13



(ii) Elecctron emission; The rate of electron emission from the trap level to the
conduction band is proportional to the trap levels that are filled by electron. Thus the rate

of free electron generation is given by

G,=¢,N,/
where e, is the emission coefficient.
C _
C T TR S
Trap level Trap level
\Y% A"
(a) (b)
C C
------------- T ;a:p level R _""'I-‘;ép level
Rp Gy
\Y% o A"
(c) (d)

Fig. 2.5 Schematic diagram of SRH generation-recombination processes: (a) electron

capture, (b) electron emission, (¢) hole capture and (d) hole emission.

(iit) Hole Capture: The rate of recombination of holes at the trap levels is proportional
to number of holes available and number of traps occupied by electron. This rate is

given by
R,=c,N(-71)

where ¢, is the hole capture coefficient.

(iv) Hole Emission: The generation rate for this process is proportional to the density of
the traps that are empty and is given by
G,=e,N

where ¢, is the emission coefficient for holes.

2.7 Occupation Probability of Erbium Site
Let,

N, = total number of active Er sites per unit volume.

n,, = total number of active Er sites filled by electron at steady state.

14



Now fron-1 the discussion in section 2.6, we can write
Electron emission rate =(e, +c,p)n,,
Electron capture rate = (e, +c,n}(N,, —n,)
At steady state, electron emission rate = electron capture rate.
So(e, + Cpp)n.r;'r = (ep +c,n) (N —ng)
Thus the fraction of erbium siges occupied by electron at steady state is given by [21]

. e _+c.n
_/; — nﬁr _ 14 n (22)

Ng e, +e, +cn+c,p

When an optical excitation puls-e is applied to an erbium doped silicon sample, excess
electron-hole pairs are generated almost instantaneously. However, rate of capture and
emission of carriers through erbium sites are controlled by corresponding emission and
capture coefficients. As a result, a finite amount of time is needed for the excited erbium
atoms to reach to the steady state value. In this case, both the number of electron
occupied erbium sites and that of the excited erbium atoms are function of time. We can
write,

Electron emission rate = (e, + ¢, p)ng (i}

Electron capture rate = (e, + ¢, n)}(Ng, —ng (1))

So the rate of change of electron occupied trap density at time { is given by

Fel) — e, +mWe, = e, (0) e, + ¢, 1)

The solution of the above differential equation is

e, (1) =2 N (1-e7) 23)

where a=e,+e,+cn+c,p

b=e, +c,n
So, time varying probability of electron occupied erbium site is

f.(r)="§f’—(’)=§(l—e“"’) (2.4)
) Er
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CHAPTER THREE

Laser Fundamentals

Laser is an acronym for “Light Amplification by Stimulated Emission of Radiation.” It 1s
a source of highly directional, monochromatic and coherent light and hence widely used
for optical communications. In this chapter, the basic concepts of semiconductor laser are

given. Population inversion, lasing threshold condition etc. are also discussed in brief.

3.1 Emission and Absorption of Radiation

The interaction of light with matter takes place in discrete packets of energy or quanta
called photons. Quantum theory suggests that electrons exist only in certain discrete
energy states. So absorption and emission of light causes the electrons to make a
transition from one discrete energy state to another. The frequency of the emitted or
absorbed photon is defined by v=AE/h where AE is the energy difference between the
two levels concemed and A is the Plank’s constant. Let us consider the electron
transitions which may occur between the two energy levels of the atomic system shown

in Fig. 3.1.

If an electron is initially at lower energy state £, shown in Fig. 3.2(a), the electron will
remain in this state unless get excited. When a photon with energy AE=F; - E; is
incident on this electron, there is a finite probability that the electron will absorb the
incident energy and jump to energy level E;. This process is called stimulated absorption.
Altemnatively, if the electron is in the upper level E;, it may retum to the lower energy

state E; with the emission of a photon. This emission can occur in two ways:

(a) by spontaneous emission in which the atom retumns to the lower energy state £-in an

entirely random manner.
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(b} by stimulated emission when a photon having an energy equal to th¢ energy
difference between the two states (E2 - £/) interacts with an electron in the upper energy
state causing it to return to the lower state with the creation of another photon.

A Population N;

Energy
Energy E;

Population N,

Energy E,;

Fig. 3.1 Two energy level system.

X E; - E; . \_/,_../’

VAV a NP ; /__/
_.: E,r El h 4
(a) Stimulated absorption (b) Spontaneous emission

? - Ez E;

: NN
AU

. NN

"' E[ E; r—

(¢) Stimulated emission

Fig. 3.2 Energy state diagram showing (a) stimulated absorption, (b) spontaneous
emission and (c) stimulated emission. The black dot indicates the electron which takes

part in the transition between the energy levels,
The spontaneous and stimulated emission processes are shown in Fig. 3.2(b) and (c)

respectively. Normally the number of atoms at lower energy levels is larger than atoms

at higher energy levels and the probability of occurrence of spontaneous process is much
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higher than that of the -stimulatcd process. The random nature of the _sp'omancbus_
emission process from a large number of atoms glves incoherent radiation. But the
stimulated emission process results in coherent radiation since both the stimulating and
stimulated photons have identical frequencies, are in phase, have the same state of
polarization and travel in the same direction. So the amplitude of the incident photon can

increase by stimulated emission as it passes through a collection of excited atoms.

3.2 Einstein Relations
If the density of atoms in the lower or ground energy state £, is Ny, the rate of upward
transition (E;—E;) or absorption is proportional to both N, and energy density p, . So the

upward transition rate is given by

R, =N,p, By, ' 3.1

where B,, is proportionality constant and is known as the Einstein coefficient of

absorption and p, =N hv.Here N, is the photon density having frequencyu.

Atoms at higher energy state undergo downward transitions either spontaneously or
through stimulation by the radiation field. if the density of atoms within the system with
energy E; is Ny, the spontaneous emission rate is given by N,4, where 4, is the
spontaneous emission coefficient. The rate of stimulated transition from energy level 2 to
level 1 is given by N,p, B, where By is the Einstein coefficient of stimulated
emission. The total transition rate from level 2 to level 1 is the sum of spontaneous and

stimulated contribution. Hence:
Ry =N,4, + N,p, By (3.2)

For a system with thermal equilibrium, the upward and downward rates must be equal.

So,

N,p, B =N 4, +N,p, By, (3.3)
or
A, /B
BN,
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The populations of various encfgy levels of a system in thermal equilibrium are given by

" Boltzmann statisties to be: -
B g,Nyexp(-E£, 1 kT)

= 3.5
! Zg,exp(—E,./kT) (3-3)

N

where N, is the population density of the energy level £,, N, is the total population
density and g, is the degeneracy of the j-th level. So population of two levels associated

with energy E; and E; is given by

Ny~ 81 expl(E, - E)/KT) (3.6)

2 £
Substituting Eq. (3.6) into Eq. (3.4) gives

pu - B A2| /BZI (37)
L 8 exp(hv/kT) -1
B, g,

Since the atomic system under consideration is in thermal equilibrium, it produces a
radiation density which is identical to the black body radiation. This radiation density

can be expressed as

§ahv’ 1
o= 3.8
Pe=0 (exp(hulkT)—lJ G-8)

Comparing Eq. (3.7) with Eq. (3.8), we obtain the Einstein relations:

B, =(§2‘)th (3.9)
&\
and
Ay 8z’
e (3.10)
B, c

The ratio g,/g,is generally in the order of unity and hence ignored. Thus taking
refractive index of the medium into account, we get

k]
Aye

3.1l
gmho’n’ ( )

B,=8B, =

where # is the refractive index of the medium.



3.3 Absorption of Radiation

— —
Ix) T I(x+Ax)

Fig. 3.1 Radiation passing through a volume element of length Ax and unit cross

sectional area.

Let us consider a collimated beam of perfectly monochromatic radiation of unit cross
sectional area passing through an absorbing medium. We assume that there is only one
relevant electron transition which occurs between the energy £; and £;. The change in

irradiance of the beam as a function of distance is given by
Al(x)=1(x+ Ax) - I(x) (3.12)

For a homogeneous medium, Al(x) is proportional to both the distance traveled and to
I(x). That is Al(x)=-aI(x)Ax. The proportionality constant ¢ is called absorption
coefficient. The negative sign indicates the reduction in beam irradiance due to

absorption as & is a positive quantity. Writing this expression as a differential equation

we get
“dI(x) :
- al(x 3.13
e (x) (3.13)
Integrating this equation, we have
I =1 exp(-ax) 3.14)

where /; is the incident irradiance.

So, due to absorption the irradiance decreases exponentially with distance. If we can
make a negative, then (-ax) in the exponent of Eq. (3.14) becomes positive. So the
beam irradiance grows as it propagates through the medium in accordance with the

equation

[ =1, exp(gx) (3.15)
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where g'=-a is called small signal gain coefficient. The expression of a is given by

[24]

a:(&N,—Nz]——Bz'h“" - (3.16)
& <

where 7 is the refractive index of the medium. The expression of g is given by
B,k -
g=(N,—§iN,JL‘if (3.17)

So in order to make small signal gain g positive, N, must be greater than %N, .
o

3.4 Population Inversion |

Under the conditions of therma!l equilibrium given by the Boltzmann distribution (Eq.
3.6), the lower energy level E; contains more atoms than the upper energy level £,
Again at thermal equilibrium, although stimulated emission/absorption and spontaneous
emission are going on in the same time, the stimulated absorption dominates over
stimulated emission and the incident photon cannot be amplified in this case. To obtain
optical amplification, it is necessary to create a nonequilibrium distribution of atoms
such that population of upper energy level is greater than that of the lower energy level
(i.e., N>>N;). This condition is called population inversion. So to achieve population
inversion, we need to excite the atoms from lower level to the upper level. This
excitation process is called pumping. In our EDS laser, the population inversion is
achieved by injecting current into the device. Continuous capture of electrons and holes
pumps erbium atoms from ground state to the first excited state and then achieve

population inversion.

3.5 Optical Feedback

Light amplification in the laser occurs when a photon interacts with an electron in the
excited state and causes the stimulated emission of the second photon. Continuation of
this process produces more photons. When all these photons are in phase, amplified
coherent emission is obtained. To achieve this laser action, it is necessary to contain
photons within the laser mcdium. This is accomplished‘by placing the laser medium

between a pair of mirrors which form optical cavity like Fabry-Perot resonator shown in
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Fig. 3.2. The cavity provides positive feedback for the photons. The light signal gets
. amplified as it passes through the medium and feeds back by the mirrors. A stable
output is obtained at saturation when the gain provided by the medium exactly matches
the losses incurred during a complete round trip. The gain per unit length of most active
media is so small that very little amplification of the signal results from a single pass
through the medium. But after multiple passes which the signal undergoes when the

medium is placed within a cavity, the amplification is substantial,

Rl u ] R,
le— —]-
) Gain Medium
5 Wy
T T R >
L
| - x
x=0

Fig. 3.2 Schematic representation of the Fabry-Perot optical cavity. The shadowed bars

indicate the end mirrors,

3.6 Threshold Condition for Laser Oscillation

Steady state level of laser oscillation is achieved when gain of the amplifying medium
exactly balances all losses. While population inversion between the energy levels is a
~ necessary condition for laser action, it is not alone sufficient because the gain coefficient

must be large enough to overcome the losses and sustain oscillation. Let us include all
losses except those due to transmission through the mirrors in a single loss coefficient ¢,
per unit length. If g be the gain coefficient per unit length then radiation intensity of the

light beam varies exponentially with the distance x as it travels along the lasing cavity

according to the relationship
I(x) = I(0)exp{(g - @,)x} (3.18)

We can determine the threshold gain by considering the change in radiation intensity of a
light beam undergoing a round trip within the laser cavity.” We assume that gain medium

is placed between the two mirrors which have reflectances R; and R; and a separation L.
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After one roundtrip (x = 2L), only the fractions R, and R; of the optical radiation arc

reflected from the end mirrors. Thus Eg. (3.18) becomes
12L) = I(O)R, R, exp{(g - «,)2L} (3.19)

At the lasing threshold, a steady state oscillation takes place and the magnitude and
phase of the returned wave afier a round trip must be equal to those of the original wave,

This gives the condition for the amplitude is

1(2L) = 1(0) | (3.20)
The threshold gain may be obtained by using Egs. (3.19) and (3.20) and rearranging

them to give:

' 1
En =Q,; +— ln[ J (3.21)

The second term on the right hand side of Eq. (3.21) represents the transmission loss
through the mirrors. For lasing action to be easily achieved, it is essential to have high

threshold gain in order to balance the losses from the cavity.
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CHAPTER FOUR

Mathematical Model of Erbium Doped

Silicon Laser

In this chapter, the mathematical model for erbium doped silicon (EDS) diode laser is
developed. In the course of this development, several appendices are beihg referred for
mathematical analysis. Rate equations for excited erbium atom and photon density are
described. The threshold gain of lasing is studied next and it is found to be the gain
needed to compensate the losses in the cavity. The current needed to achieve this gain is
called threshold current and is determined. The below threshold and above threshold
limit to the steady state solutions of the rate equations are considered to determine the
operating characteristics of the laser. The rate equations are solved for a modulated
current and small signal intensity modulation transfer function is determined. The optical
modulation response is found to have a resonance and falls off quickly above this
resonance frequency. Finally, computer/numerical simulations are done to observe the
transient characteristics for excited erbium atoms and photon density for different

excitation conditions.

4.1 Rate Equations for Si:Er Laser
Figs. 4.1 and 4.2 represent the model used to develop the rate equations for EDS laser.
Each arrow in the model represents the numbers of particles flowing per unit volume per

second. The rate equation for excited Er atom is given by

‘d_N_E’_ = Rex - Rdcrlx (41)
dr

where R, is the rate of excited Er atoms or pumping rate from the ground state (4!1 sn)to
the first excited state (41|3n) and Rg.. is the rate of de-excitation of the excited Er atoms

from the /37 state to the ground state 4!15,2.
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Fig. 4.1 Model for the excitation and de-excitation of Er in Si.

Pumping

Ne <:] Excited Er atom (N, ) |—::\’>ﬁ_&

ronrad
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82 ) Stimulated absorption——» ; rad
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{Mirror loss) ﬂ

Internal loss

Fig. 4.2 Model used in the rate equation analysis of erbium doped silicon laser.

Excitation of erbium atoms in silicon host is an electron-hole mediated process.

Successive capture of an electron and a hole in an Er-related trap level releases the
recombination energy which is responsible for erbium excitation. If ¥, is the number of
erbium atoms in the excited state, number of Er atoms available for excitation is given by

(N = Np). The rate of useful recombination of electron-hole pairs through erbium

sites 1s then given by electronic excitation rate [25],
Ry = fic,p{Ng =N}, ) (42)

The recombination process of excited erbium atoms is somewhat complicated and

involves several mechanisms. There is radiative recombination process which is largely
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indépenden{ of the host materials and the excitation conditions. The non-radiative
* recombination process consists of impurity Auger de-excitation through free and bound
carriers and also thc energy back transfer. These processes are dependent on the
excitation level. The decay of excited Er atoms also occurs through stimulated processes.

Thus, we can write the de-excitation or recombination rate as

R,.=R_+R,.,+R, (4.3)

deex norrd,

where, R, represents net rate of de-excitation through both stimulated emisston and
absorption. This is a gain process for photon if stimulated emission dominates over the
stimulated absorption otherwise it is a loss process. The first two terms on the right side
of Eq. (4.3) indicate the natural or un-stimulated decay of excited Er atoms. This decay is

characterized by the Er'decay lifetime 7, of the 4]13n state to the ground state. Now Eq.

(4.3) can be re-written as

N,
Rdeu = £ + R:l (44)
Er
where,
NC
Rrad =—F (453.)
T rad
: N;
Rood = — (4.5b)
Tnonrad
fEr Trod Tnonrau’
The rate equation for excited Er atoms therefore becomes
dN;, vy N
dE =J:'Cpp(N£r _NEr)" = —R.ﬂ (46)
! Te

The photon density S is increased by the stimulated emission (R, ) and by the fraction ff

of spontaneously emitted photons that enter into the lasing mode. The factor f is usually
very small (~10™) and spontaneous emission can often be neglected above the lasing
threshold. The density S is reduced from the cavity by internal absorption and scattering

losses (a,) and also by emission through end mirrors (e,,). These photon losses are

characterized by the photon life time 7, where [23]
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Yr,=v (@ +a,) ‘ (4.7)

Therefore, the rate equation for photon can be written as

S _peple_ S | (4.8)

&t
dr . T T,

Let’s consider a laser cavity of length L and S be the incoming photon density. After
passing through the medium of neat gain g due’to stimulated emission and stimulated

absorption per unit length, the photon density becomes S+AS. Then

oy L |-
Photon In (S) g Photon Out (S+AS)
Pumping

Fig. 4.3 Photon is passing through the cavity medium of gain g. The length of the cavity

element is L and time for a photon to travel this distance is Ar.

As L is sufficiently small, ¥ =1+ gL

S S+AS =S(1+gL)
= AS =SglL

Inside the cavity, the velocity of light is V, = %, where ¢ is the speed of light in free

space and N, is the refractive index of the cavity. Let At be the time of a photon to

travel the distance L. So

L=vRAt

S AS = v gAIS
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Therefore, the generation term for dS/dt is given by

sy AS ‘ ' "
D —p =22y 68 4.9

Thus, rate equations for excited Er atom and photon density can be written as

» L]

N, .y N
-~ = fic,p(N, - N}, )- r,f ~v,gS . (4.10)
5§=vggS+ﬁh-i @.11)
Codt Tt Tp

4.2 Threshold Gain and Current Density

Since only a small fraction of spontaneous emission enters into lasing mode, under

steady state conditions with vanishing 2, Eq. (4.11) becomes

o, g=a, +a,, (4.12)

At this condition, there is a balance between gain and optical losses in the cavity and this

is called threshold gain, which is expressed as

glh = ar’ + am
1 ‘
=, +5-log, (I/ R,Ry) (4.13)

Below the threshold level, the value of photon density S can be neglected as lasing has
not yet occurred. Under this condition, the excitation rate remains the same as before in

Eq. (4.2) but the de-excitation rate presented by Eq. (4.4) becomes

N
R =_f 4.14)

deex
Te

At steady state, the rate of excitation and de-excitation must be equal.
cy_ N,
fie,p(Ny - Ny )= =2 (4.15)

v Er

So, at equilibrium, the number of erbium atoms in the excited state is given by
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. IC
N,. = .._._’lf,_.

ir 1
. .frcpp+—.

T Er

N,

s r

(4.16)

Lq. (4.16) gives the exciied erbium atoms as a function of excess carrier density in the
absence of any optical feedback in the cavity. But when stimulated transition occurs, the

excited Er atoms clamp to its threshold level N}, . The gain of the cavity medium also

depends upon the excited Er atom. So, when threshold occurs, gain also becomes

constant at its threshold value g, Using Eq. (2.1) and (4.5¢) in Eg. (4.15), we get

rcpp(NEr_N!:'r)zN;'r _1__+_1_+_I_+_..]._ (4]7)
Twd Tap Tas Ty
We have assumed that erbium is doped in the p-region of diode laser. For p-type
material, .
1 ]
~—=Cupand —=C,, N,
Tar T

Substituting these values in Eq. (4.17), we obtain

[ ] [ ] 1 I
ICPP(NEr“NEr)= NEr(T—+CAhP+CAthA+_} (4.18)

rar_.l' &
At low temperature (below 100K), energy back transfer effect can be neglected. Then

above equation becomes

[ ] * ]
fGCP(NEr”Ngr):NEr(_‘*'CAhP*'CAthAJ (4.19)

rad
The occupation probability of erbium trap is given by [21]

e,+c,n
[ = L (4.20)
e,+e,+c,n+c,p

Combining Egs. (4.19) and (4.20) and converting hole concentration into electron
concentration by putting p=n+ N, , where N, is the background doping and n and p
are the injected electron and hole concentration respectively, we get

(ep +cnn)

e, +e,+cn+c, (n+N,)

. o] 1
C.r-("+ NA)(NE,—NE,)=NE, [T_+CAhn+(CAh+CAbl|)NA

roud

4.21)



At the onset of threshold,
N;:'r = Nl‘frrh

and’ n= ndm’

Then at threshold, Eq. (4.21) becomes

(ep+cn )

n"thry

. . 1 . .
c, ("mm- +N, _)(Ngr - N[:‘rlh)z N&'rrh[r_ +C oy, + (CAh +C )NA :|

en + ep +c nthr.'.' + Cp (nlhr.\' + NA) rud

(4.22)
Therefore the excess or injected carrier density at which excited erbium atoms reach to
~ the threshold level of population inversion is (Detailed derivation is given in Appendix-

A)

1

n = X

thrs
2 {N;:'rrhCAh (cn + cp ) - Cﬂ'cp (Nf_'r - N;'rrh )}
{ 3 3
. . 1
[ NiuCole,+e,+¢,N, )+ No (e, +c, ){r— +(C,, +C0)N, H
o
. : . N;‘nh(en+ep+cpNA{L+(CAh+CAM)NA:|
V=l 4V uCanle, +¢,)-cic, (Ve = Nou J T
- epcpNA (NEr - N.:..'nh)
. . 1
- [NEHhCAh(en te, + cpNA)+ New, (cn + Cp){;“' + (CA‘h +C )NA }}
roxd
4.23)
The threshold current density is given by
nlhr.r
J, = "—quq (4.24)

T

si

where 7, is the silicon lifetime and L., is the thickness of erbium doped region.

4.3 Power vs. Current Density Characteristics

The rate equations (4.9) and (4.10) are valid both above and below the threshold
condition. In both cases, output power is proportional to the photon density which is
gtven by [23]

Energy of \ { Photon) (Cavity \ ( Escape rate
Power = X x X (4.25)
a photon density | \volume ) \ of a photon
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The encrgy of a photon is Aw . If the mirror loss term is «,,, then escape rate of the
photons through the mirrors is v, @, [23]. So the.output power emitted through both
mirrors is given by

Power = AuS(Vol" v, «,, (4.26)

4.3.1 Condition {i): Below Threshold
When the current density is bellow the threshold level(J < J,, ), low intensity light is

generated due to spontaneous emission. Neglecting the stimulated transition term from

Eq. (4.10), at steady state we get,

S= ﬂ—TLN:,, (J<J,) ) 4.27)

T rad

This is the photon density inside the cavity due to spontaneous emission. From Eq. (4.14)

we get,
. ;C
N = _Ji&p N,
1
Jie,p+—
rEr
P,J 2
- Fo + P/ + Post N (4.28)
Py + Py J + P J ‘
(Detailed derivation is given in Appendix-B)
where

‘POI = epCpNA (chq)2

R)Z =Ty Leqqcp (ep + <, N.-I )

P, ={Ndcp[ep +--l—-J+—l—(e,, +ep)+ N (e, +e,,)(C,|,, +C ) +c,NIC,, +C,4M)}(qu):

T T rad

Py = r_‘,.Leqq{ePcn +N,|(cﬂcp +c,C,, +2CAhcp)+CAM.NA (cn +cp)+}(cn +cp)+ CA,,(en +e, )}

rad

= ’
ﬁ)() =Ty {Cncp + CA'h (Cn + Cp )}
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Substituting from Eqs. (4.27) and (4.28) in Eq. (4.26), we get the spontaneous emission

power

T . m
P.tpfmr = huﬁ_ﬂ' Nlir(VC’! )vgam

red

= huf

gtm

1 (Pm + PyJ + PyJ?

N, (Vol™v.a
vg(af+am)rrud P04+P05J+P06J2J ol )

2
=% PN o )[ Ty ”32J+P°3J2J (4.29)
(ai + am) T R)d + PDSJ + POC:J
Now, by defining
a,, Ji) m
Hoo = G ia )hvr ) N, (Vol™) (4.30)
we can simplify Eq. (4.29) to be
P 2
P = H s boy * Fop * "’Jz (4.31)
Py + Pog + FPJ -

The spontaneous emission power depends upon the excited Er atoms. At threshold, the

spontaneous emission clamps as the excited erbium atoms N, clamp to its threshold
value N ,. Thus, as the current density is increased above threshold(J >J,,), the

spontaneous power remains constant at the value of Eq. (4.31) withJ =J,, .

4.3.2 Condition (ii): Above Threshold

After the threshold level (J > J, ), the stimulated emission plays the dominant role than

spontaneous emission and gain becomes constant at its threshold value g,. At steady
state condition, photon density can be obtained from Eq. (4.10) as

. Niw

rcpP(NEr _NEnh )_ =

5 = — T (4.32)
gOth . ’

Now, ' G

(ep +c,,nk,,p
e, te,+c,n+c,p

fie,p=
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_ Pyt Byl + By J?

Appendix-B 4.33
Ao+ R/ [ ‘PP . ] ) ( )
where
Py =e,c,N,Lq°
})08 = rfocqup (ep + C'HNI")
1A —cncprj,
Ry =19 (e, +e,+N,c )
'Pll = T.n'Leqq(Cn + cp)
Erbium (Er) life time:
R 1
— +
TEr Trad Tnonrad
=P, + P,/ [Appendix-B] (4.34)
where
1
PIZ + NA (CAh + C/Ibh )
rad
C.,.1.
P;J - Ahrsr
Leqq

Substituting Eqgs. (4.33) and (4.34) into Eq. (4.32), the photon density inside the cavity
after threshold is given by

(B + B + P (N = Nin ) = New (o + Bid) (Pa + B )
Vo8 (Plo + Pn'])

or

{ei,,cpNAJ_";,q2 +1,L,.4c, (e +c N )J+cn c, rlJ? }(NE, E,,h)

S= :
- N;.'rrh {quql (en + ep + NAcp )+ T.'n' Leqq(cn + cp )}[?l— + N (CAh + CAbh)+ " J]

rad eq q

1

x
Y g,h[qu e,+e, +NAcp)+ [r_".L,qq(c,, +cp)}J]
(4.35)
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So the laser output power after threshold is

P, =8*v *a, *ho*Vol (J>J,) ' - (4.36)

Eq. (4.36) represents the total output power of both mirrors. If the mirrors have equal

reflectivity, then exactly half will be emitted through each mirror.

4.4 Direct Current Modulation of Si:Er Diode Laser
The main application of semiconductor laser is as the source for optical communication
systems. So the problem of high-speed modulation of their output by the high-data-rate

information is one of the great technological importances.

Light output
power
AP

Stimulated emission

b P(t) = Po+AP(t)

Spontaneous emission

Jin : - g .J
' Injection current density
' > J(t) = J,+AI(D)
\
Time

Fig. 4.4 Variation of output power P(t) with the variation of injection current density

J(1) where P, and J, are the bias values for direct current modulation of EDS laser.
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"The light-output current-density (P-J) curve for a typical semiconductor laser is shown in
Fig. 4.4 [28]. The figure shows that almost linear light output is obtained above the
threshold current density Ji Now if the current density is varied by an amount A/
around an operating point Jy, then power output will also vary in a synchronous fashion.
However, the performance of the communication systems is highly dependent on the
bandwidth. Thus our problem is to ascertain the frequency response of Si:Er laser. We do
this by examining the interplay between the stimulated emission and injected current

density.

4.4.1 Optical Gain

The gain of the cavity medium depends on the excited Er atom which is proportional to
the difference between stimulated emission and absorption. When population inversion
occurs, stimulated emission is higher than stimulated absorption and gain is positive. But
in the absence of population inversion, stimulated emission is negligible and gain is
negative. We assume that photon density S is not very high. So, effect of output power

on gain can be neglected and we have a simplified gain model for small signal analysis
[1]
gV, )= g,(2N;, - N,,) (437)

‘where, g, is the gain cross-section. It is an intrinsic property of EDS and given by

,14

= 438
87Nt cAd (4.38)

o

4.4.2 Steady State Characteristics
Rewriting the rate Egs. (4.10) and (4.11) using Eq. (4.37) for gain, we get

dN; )N '
;’; 2 = facpP(NEr - Ng, (’))— -—::L(r—) ~Ve&o (2N£r ()= N, )VRS(O (4.39)
Er
ds() _ Ne® S0

g 2N ()~ N, leS()+
P v, 82N (1)~ Ny, JgS() e

Using Eqs. (2.1) and (4.5¢), Eq. (4.39) becomes

(4.40)

= fe,p(Ms, —N;,(r))—N;.,(r)(i+i+—-'—~+-1-]—v,,go(2N;,(r)—N,;,)S(r>

Tt Ty T Ty

d"’V ;'r ( ! )
dt

4.41)
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At low temperature, encrgy back transfer can be neglected i.c., /7, = 0. We assumc that

Er is doped into the p-type silicon. Then Eq. (4.41) becomes

dN,, (1)

. . . 1 .
2 = fiopp (N, = Ny (0) = N (0C P =N, (,)[L +—;—J ~v,8 (2N (1) - N, )S()

rored Ak

(4.42)

At high level of excitation, we can assume n ~p. Occupation probability of Er-trap f; is a

function of time in case of ac excitation. For simplicity, at high excitation condition,

assuming that /; is constant. Using »n =% Jin Eq. (4.42), we get

eqq
AN’ (£) 7, : : 7, . I | :
—r = S J(N, -N_())=-N_(HC,, —J~ Nt el 2N, (-N,, |S(
df ./;cp Ltqq ( Er Er( )) Er( ) Ah Leq Er( )[ » + TAbJ vggﬂ( .l'_-r( ) !:r) ()
= 4 J (Ng = Np, () = AgIN 3 (6) = AN () - v, 80 (2N, (1) = N, ) S (1) (4.43)
where,
7.
Ay = fie, —
P Ltq
Ay, = CnTsi and
L.q

dNg (1)

At steady state, time variation ofN;,(t) is zero i.e., =0. Again above the

threshold, Nj,(t) becomes fixed to its threshold value N, . Using these conditions in

Eq. (4.43), we obtain,

Andy (NEr - NI‘:'rrh)_ AOZJON;‘rrh _AosN.::rm —Ve&o (2N;:nh =N, )So =0

= Ao (Ne = Mo )= AudoNews + AN + Vo 8o (2N = No ) S, (4.44)

At steady state, from Eq. (4.40), we get

ds(t) B
dat
:vﬂgO(ZN;;‘rlh_NEr)SD+ﬁM='§g (4.45)
Tont P
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L]

= 0,80 (2N} N,y )8, = 20 = g N (4.46)
. . Tp . de . . . . -
.1 N .
= 2vgg0NErlh =—+ vggUNI:'r - ﬂ_ . (4'47)
rp rruJSO

The subscript 0 in those above equations refers to the DC or steady-state values of all
parameters. Eq. (4.45) states that the sum pf the stimulated and spontaneous rates is
equal to the photon loss rate. Again Eq. (4.47) which is a minor rewrite of Eq. (4.45)
points out that spontaneous emission (third term on the right side) becomes less and less

important as the photon density S, gets larger.

4.4.3 Small Signal Analysis

Let us assume that the Si:Er laser is biased above threshold by DC current J, >/, and
time-varying current AJ(¢)is added:

J()y=J,+AJ(1) (4.48)
Then under steady state conditions, the excited Er atom and photon density would

respond similarly with the drive current and are given by
N ()= Ny, + AN, (1) (4.49)
S(t) =8, + AS(t) ' (4.50)
Let us assume that AJ(r), AN, (t) and AS(r) are much smaller than their respective de

values J;, N;,, and S,. This small signal case allows the nonlinear rate equations to be

linearized and solved analytically.

Now substituting these equations into Eq. (4.43) and Eq. (4.40), we obtain
d L] L] L] L] . -
— [ Von + ANL O] = 4 [Jo + AT O] Ny, ~ Ny = AN (0] = 4y [y + AT O]V, + AN, (1]

V. & [ZN.;nh +ZAN.::;-(’)"NE.-][SO"'AS(’)]_AOJ [N;.‘rrh +AN.::,-(I):|
(4.51)

Assuming the AJ(r)AN;,(r) = (0, Eq. (4.51) then becomes
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o
dt _ . .
- Auav;.-gosu - zvggoSoAN;;r (- AoavggoAS([) - AosN;;nh - AﬂJAN.Z‘r (1)

(Detailed derivation in Appendix-C) (4.52)
Using Eq. (4.44), we get from Eq. (4.52)

L[N, 0] = AT~ AyAS(D) - A, AN;, 1) @Sy

where

Ay = Ngy =Ny

o =20y~ Ny

Ay = Aoy los = AN

Aoy = AoV, 8y

Ay = 29,805 +( Aoy + A )y + A
and

d L] L] * L I
E[SO +AS(1)] = v, 80 2Npy + 28N, (1) - NE,][SD +A.S(r)]+—r£|:NE,,,, +AN;, (:)]-T—[s0 +AS(1)]
rad 14
{4.54)
Again assuming AS(f)AN,, (1) =0, Eq. (4.54) becomes

d L ] L] L] »
E;[AS(’)] =V, & (ZNErlh _NEr)SO + 2V, 80SoAN . (1) + v, 86 (2N£rrh _Nsr)AS(’)'*‘riNm—m

rad
+Lan; i-Ls,-Laso
rad T L
(4.55)
Combining Eq. (4.46) and Eq. (4.55), we get
%[AS(:)] = A AN (1) + A, AS(1) (4.56)

where

Ao = £ +2v,8,5,

red

1
and 4, = Am"ggo _r_

P

Differentiating Eq. (4.56) again
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d’ Ao d - |
= 4.57
1 ASO]= A4y 2 [ AN 0]+ 4, —[45(0)] (4.57)

Using Egs. (4.53), (4.56) and (4.57), we obtain

j—;—[S(t)]+ A.;%[AS(:)H A AS() = A,AJ (1) | (4.58)
where
Ay =Ay—A,
Ay = Ay Ay — A A,
Ay = Ay Ay

[n order to evaluate the small signal transfer function, let

AJ(1) = AJ(@)e™ (4.59)
and AS(¢) = AS(w)e’™ (4.60)

Putting these in Eq. (4.58), we obtain

2

d an d f@r fan fawr
" [A.S'(a))e’ ]+A,27’[AS(cu)e’ ]+A,3A.S'(w)ef = AN (w)e’

=[(4;-0")+ jo 4, |AS©@) = 4,8/ (@) (4.61)

The modulation response function therefore can be written as

_ AS{w) _ A,

= 4.62
A (w) (Au—csf)z)+ja)/!12 (8.62)

M(w)

The zero frequency (DC) response is

M0y =2 (4.63)
13
Therefore the frequency response of Si:Er laser normalized to the response at zero
frequency is
_Mo) _ A
M©O)  (4;-0)+ o4,

H(w)

2
w

B (a)2 —mzr)+j(uy @ed

where
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| —

’ L] l
V.8 (2Nm-m - Nr-;.-){"é' + 2"38’05’0} - {vggﬂ(zNﬁrlh -Ny) _"r""}

rod 4

IR Y :
[_ + _) N.Eﬂh + vﬂgU (2Nfz'rrh - Nf'-"' )S”

T T

f;cp (N.Er - N;:'r.'h) - CA‘IJ Nl.:'rlh

rerd

] ]
2vgg0SU +——+—+(f,cFr +C'Ah)

Tas

rud

(4.65)
and
y=A4,
=2 S P 1 1 1

- vggO O_vggd(sznh_NEr)+z:+;+Z

1 | . .
(T_+7JN&A +vgg0(2NEnh _NEr)SO (4.66)

+(f,cp+CA,,) rod b

-f;cp(NEr - N;‘nh) - CAhN.:.‘nh

@, is the relaxation oscillation frequency and y is the damping constant of the relaxation
oscillation respectively. These two terms play an important role in governing the

dynamic characteristics of Si:Er laser. The resonance peak f, is obtained by setting the

first derivative of IH(a))! to zero. The analytic expression of £, is

N
7, =—(a>f —Z—)z (4.67)

The 3-dB modulation bandwidth f, ; is defined as the frequency at which |H ()] is

reduced by 3 dB from its DC value. Eq. (4.64) provides the following analytic expression
for fi:

1_ .2 14,2 )2
i =5]; (26:)r ¥ )+\/(72 2w; )2 +4w, (4.68)
or,
1 2 4 X UH
S = E;[‘”p + (a)r +aw, )2 J (4.69)
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The amplitude of the resonance peak #, which occurs at frequency w,(=2nf,) is

obtained by inserting Eq. (4.65) into Eq. (4.62):

H = 1 ' (4.70)

4.5 Large-Signal Analysis and Transient Behavior

The rate equations presented in section 4.4.2 are valid for both small signal and large
signal modulation. They hold continuously below t}i:eshold and above threshold. If the
laser is always kept above threshold, the excited erbium atom density does not change by
a large amount due to carrier clamping. To determine the transient behavior of EDS laser
for large-signal inputs, we need to solve the rate equations. But the problem for large
signal is that the rate equations can not be linearized and solved analytically like small
signal case. They need to be solved numerically. Numerical solutions to the rate
equations are found by iterating from one rate equation to the other using a small
increment of time and results are presented in the next chapter. (Flowchart is given in

APPENDIX-D)
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CHAPTER FIVE

Results and Discussion

The mathematical expressions to illustrate the various characteristics of erbium doped
silicon diode laser have been derived in the previous chapter. The analysis has been done
for both steady state and time varying conditions and assumed that erbium is doped into
the p-region of the p-n junction diode. In this chapter, the analytical equations are
calculated to demeonstrate the model utility. A computer program is developed based on
these derived equations to generate numerical data. These data are plotted in this chapter
to study the effects of various parameters like loss coefficient, doping concentration, Er

lifetime, carrier lifetime etc. and their significance.

5.1 Parameters for Er Incorporated Si

We know that when silicon is doped with an impurity, a trap level is formed inside the
silicon band gap. Past studies showed [10,14,16,17] that erbium introduces a trap label,
which is 0.15eV below the silicon conduction band. This trap level acts as a
recombination center for erbium excitation. So 0.15eV has been used as activation
energy [17]. The values of electron emission coefficient and hole emission coefficient
have been calculated from the paper of Libertino et al. [10]. The electron emission rate

and hole emission rate are given as follows:

L,

e, = Ae *T
(E!—Ec)
e, = Ae u

where,
E, = Silicon bandgap energy, 1.1eV
E, = Activation energy, 0.15¢V
k = Boltzmann constant, eV / K

T = Temperature, K



* A = constant depends on the property of the trap semiconductor, 7.43x10'%s.

The electron-capture coefficient, ¢, =V,

nlan

The hole capture coefficient, ¢, =V,

where,

, =thermal velocity = M—T

m

v

!

o, = electron capture cross-section area, cm®

o, = hole capture cross-section area, cm’

k = Boltzmann constant, eV’ / K

m’" = effective mass of electron or hole

The electron and hole capture cross sections have been taken as 5x107'° cm?® [25). The

electron and hole effective masses are taken as m, =1.1m, and m, = 0.56m, where m, is

the electron rest mass, 9.1095x107! Kg.

Values of other parameters used are,
T,00= 1ms {1]
C,.= 44x10"%cm’s
C 4= 1.9%10™cm’s™!
C,= 4.4x10"  em’s™
C 4= 6.5x10™5 cm’s™!
W, =10°s"

The laser cavity is characterized by: Volume = 300um x 300um x lum. Mirror

reflectivities are R;=R;=90%. Unless otherwise stated, the following values have been

used for our analysis 7=10K, N, =10"/cm’ and N, =10'* /em’.

5.2 Excited Erbium Atom and Laser Operation

The lasing operation from erbium doped silicon (EDS) is highly dependent on device
parameters and proper design. In this section, we have investigated how much amount of

erbium atoms can be excited from the ground level to the */;3 state in the absence of any

43



optical feedback for different excitation conditions, lifetime and doping level. We have
also calculated the threshold value of population inversion for the lasing condition [25].
If the amount of erbium atoms in the excited state exceeds this threshold level, laser
operation is possible. But when lasing occurs, the excited erbium atoms clamps to its
threshold value due to stimulated transition which has been shown in the last part of this

chapter.

5.2.1 Effect of Internal Loss Coefficient (a)

Fig. 5.1 shows the curve of excited erbium atom as a function of excess carrier density
with Er concentration of 10" cm?. The asterisk curve illustrates that Er excitation in
spontaneous emission is independent of loss coefficient (a). Horizontal lines show the
corresponding threshold level of Er excitation. The curve shows that with the change of
loss coefficient, the threshold level of population inversion for lasing condition changes.
For @ =3cm™ and @ =5cm™, the excited atoms can exceed the required threshold level
for lasing operation but for « =7 cm’, threshold level cannot be reached. But if the
doping concentration of erbium is increased up to 10%® cm™, threshold level is possible to

achieve even at higher absorption loss coefficient as shown in Fig. 5.2.

Excited Erhium Atomn (cm-3)

il ' A bt bl 1 ALtz L Al aaal i FEEE Y |

10" 10" 10" 10" 10"

Excess Carrier Density (cm™)

Fig. 5.1 Excited Er atom as a function of excess carrier density for different values of

loss coefficient (@) with N, =10" cm™,
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Excited Erbium Atam (cm™3)

Ll A i a4 1zl i bl 4 3431 i ld it 2222l

10 10" 10" 10" 10"

Excess Carrier Density (cm'a)

Fig. 5.2 Excited Er atom as a function of excess carrier density for different values of

loss coefficient () with N, =10%cm”>.

It is also observed that with the increase of loss coefficient, excess carrier density needed

to achieve the threshold level of N; also increases indicating the higher threshold

current density.

5.2.2 Effect of Er Radiative Lifetime (Trad)
Figs. 5.3 and 5.4 show the excited erbium atom for different radiative lifetime of erbium
atom. The amount of excited erbium atoms is almost same in three different cases but

 threshold level is different for different lifetime as before, For doping concentration of
N, =10"cm?, it is possible to achieve the threshold level for lifetime up to Ims.
Beyond this value, threshold level is not possible to achieve indicating that erbium doped
silicon laser does not lase. But if the concentration of Er is increased to N, =10 cm>,

exited erbium atoms can reach the threshold level at higher lifetime as shown in Fig. 5.4.
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19

Fig. 5.3 Excited erbium atom as a function of excess carrier density for different values

of Er radiative lifetime with N, =10" cm™,

Excited Erbium Atom {/em?)

19

Excess Carrigr Density (fcmS)

Fig. 5.4 Excited Er atom as a function of excess carrier density for different values of

Er radiative lifetime with N,, =10%cm?,
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5.2.3 Effect of D;)ping Concentration (N,)

Fig. 5.5 describes the effects of background doping on the density. of Er atoms in the
excited state. Erbium atoms can be excited up to or slightly above the threshold level
even at higher background concentration. But excess carrier density needed to achieve
the required threshold level (shown in dotted line) for lasing operation increases with the
increase of doping concentration. This is because Auger effect with bound carriers
increases with the increase of doping concentration. Thus higher background doping
causes weaker excitation of Er atoms and thereby requires a larger carrier injection for
lasing threshold.

X 1[:]'a

Threshold Leve!

----------------------------------------------------------------------

a5t

Excited Erbjum Atom (cm‘a)

1 i L2 i NN TH ] A i 1 L2 akisl uvasl

1015 10!6 10”‘ 10!8 1019

Excess Carrier Density (cm'a)

Fig. 5.5 Excited erbium atom as a function of excess carrier density for different values

of doping concentration with N, =10" cm™.

5.2.4 Effect of Spectral Width (A1)
Figs. 5.6 and 5.7 show the effect of spectral width on the Er atom excitation as a function
of excess carrier density. The asterisk curve indicates that Er atoms in the excited state

do not change with changing the spectral width but the threshold level changes with
diffcrent spectral width. When erbium concentration is Ng =10"cm?, threshold can be
achieved at AA=1A® and below 1A°. But if the erbium concentration is increased to

Ny, =10 cm™, threshold is possible to achieve even at higher s ectral width.
Er P g p
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Fig. 5.6 Excited Er atom as a function of excess carrier density for different values of

spectral width of emission with N, =10" cm™.
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T

Threshold Level
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Excited Erbium Atom (cm™)

N

Excess Carrier Dansity (cm'a)

Fig. 5.7 Excited Er atom as a function of excess carrier density for different values of

spectral width of emission with N, =10*cm™,
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5.3 Power-Current Characteristics

-In this section we wiil discuss the outpu't power of ‘erbium doped silicon lascr as a
function of injection current and effect of various parameters on the output power. Below
threshold, ignoring the photon density S inside the cavity, we have calculated the value

of excess carrier density at threshold, Ry Using Eq. (4.22) and then calculated the value

of current density ./, . using Eq. (4.23), Figs. 5.8 to 5.14 show the output power of EDS

laser for different device parameters.

Figs. 5.8 and 5.9 show the effect of loss coefficient (a) on the output power for two
different Er concentrations of 10"’ cm™ and 10%° ¢m™ respectively. In all the cases, below
threshold, there is no stimulated emission and output power is only due to spontaneous
emission. This power is very small because only a small fraction of the spontaneous
emission enters into lasing mode. When the current density J exceeds./, _, stimulated
emission dominates the spontaneous emission and power output increases almost linearly

with the injection current density. Although the above threshold power is different at

different a, the spontaneous power is same. Because erbium excitation does not depend

25 T L} T L) T L) T L] L]
2-
ELS-
]
3
a
a 1t
o |
O
05
x=5cm’!
Q L ”',’ll_/_l/-f/./,-”

0 05 1 15 2 25 3 35 4 45 5
Current Densily (A/cm?)

Fig. 5.8 Output power vs injection current density of EDS laser for different values of

loss coefficient with N, =10""cm”,
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Fig. 5.9 Output power vs injection current density of EDS laser for different values loss

coefficient with N, =10"cm™.

on o. But with the increase of q, threshold gain increases causing more carriers to be
injected for achieving the threshold excitation of erbium atom. So at higher value of a,

threshold current density is also higher.

Figs. 5.10 and 5.11 show the effect of radiative lifetime of erbium atom on P-J curve.
From figures, we can see that at lower lifetime, more power is obtained than the higher
lifetime. Here below threshold, spontaneous power changes with the change of lifetime
shown in the inset of Fig. 5.11. This is reasonable because spontaneous power is

inversely proportional to the radiative lifetime. It is also observed that when Er

concentration is N, =10%cm™, threshold current density is reduced and consequent]
N quently

output power is increased compared to the Er concentration of 10" ¢m™,
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Fig. 5.10 Output power vs injection current density of EDS laser for different erbium

life time with Er concentration of N,, = 10" ¢cm™.
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Fig. 5.11 Output power vs injection current density of EDS laser for different erbium )

lifetime. The inset shows only the spontaneous power. In this case, erbium concentration

R

is N,, =10%cm”,
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Effect of background doping and spectral width on the laser oulput- power is shown in
Iigs. 5.12 and 5.13. With the increase of acceptor doping, Auger recombination with -
bound carrier increases. So non-radiative decay of erbium atom increases and output
power is reduced. Fig. 5.13 is plotted for erbium concentration of 10*%cm™. It is seen that

with the increase of spectral width, output power is reduced.
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Fig. 5.12  Output power vs injection current density of EDS laser for different values of

background doping concentration with N, =10" ¢m™,
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In Fig. 5.14, the effcct of carricr lifetime () on the output power has been demonstrated.

{t can be scen from the figure that output power increases with the increase of carrier
lifetime. For certain current density, if the carrier lifetime increases, more carriers are
recombined. As a result, excitation rate of erbium atoms increases and resuits the higher

output power.

5.4 Effect of Injection Dependent Loss Coefficient

We have assuined that internal loss coefficient r is constant irrespective of the injection
level. But practically, this value increases with the increase of current density. We have
assumed that « increases with current density like this a =a, + £ J. Fig. 5.15 shows the
effect of carrier dependent l-_dss coefficient on laser output power. From figure, we see

that output power is reduced with the increase of «.

4.5 T T T T F L) 1 L3 ¥

w
uh
T
m
]
=]
1

N
h w
T 11

™ m

i It

I N

» »

- —-

a\=
w w
1

Qutput Pawer (mV¥V)
[\

—
th
T
]

05

U 1 1 1 i 1 1 ]

0 5 10 15 20 25 3 35 40 45 50
Current Density (Acm?)

Fig. 5.15 Effect of injected carrier dependent absorption loss coefficient on the EDS

laser output power.

5.5 Frequency Response

One of the main objectives of this thesis is to determine the frequency response of

erbium doped silicon laser. The normalized intensity modulation transfer function H(w)
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derived in chapter four is plotted in Fig. 5.16 for differcnt optical output powers as a
function of modulation frequency. The figure shows the pattern of a low pass filter. The
intensity modulation can follow the current modulation up to frequencies near f; with an
abrupt increased response. Above the resonance peak, the response drops off rapidly
with a slope of -40dB/decade. The curves in Fig. 5.16 also reveal that resonance peak

flattens and broadens out with increasing output power.

The 3-dB modulation bandwidth]@d,, i5 defined as the frequency at which ]H(a))l is

reduced by 3-dB from its DC value. The variation of f3;5 and the variation of f; are
shown in Fig. 5.17 as a function of output power. Note that the modulation bandwidth
increases with the increase of output power. The response characteristic becomes
maximum at frequency f,. The variation of f, and /; are shown in Fig. 5.18. When the
power level is small, damping coefficient is small and f, is approximately equal to the
resonance frequency f.. But with the increase of power, damping coefficient increases

and f, # f,.
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Frequency Respanse (dB)

Frequency (Hz)

Fig. 5.16 Semi-log plot of frequency response of erbium doped silicon laser for different

output powers,
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Fig. 5.17 Plot of relaxation oscillation frequency and the 3-dB bandwidth of EDS laser
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Fig. 5.19 Effect of output power on the damping coefficient (y) and relaxation resonance

frequency (7).

The effect of power on the damping constant (y) and resonance frequency (f;) is shown in
Fig. 5.19. From figure, we can see that damping constant increases linearly with the laser
output power as derived from Eq".4.59. The variation of peak resonant amplitude with
output power is shown in Fig. 5.20. From the figure, we can see that resonant amplitude
decreases with increasing output power. This is because amplitude of the resonance peak
depends on damping constant. At low output power, this damping is small and the peak
height of the response is large. But with the increase of power, the damping rate

increases and the peak amplitude decreases.
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5.6 Transient Characteristics
Fourth-order Runge-Kutta method is used for numerical solutions of the rate equations
presented in chapter four. Figs. 5.21 to 5.26 show the numerical plots of the excited
erbium atoms and the photon dcnsity for different values of drivc current. From these
figures, we can see that before reaching to the steady-state values, both the excited
erbium atoms and photon density undergo a damped oscillation. In each case, we have
assumed that excitation current is abruptly increased at t = 0 and then held at steady-state
value. Subsequent captures of an electron and hole in the erbium related recombination
site releases ene.rgy and excites erbium atom from the ground level to the first excited
state. Erbium atoms continue to excite due to continuous pumping. Before threshold,
population inversion does not occur and little photon density exists only due to
spontaneous emission. When excited Er atoms exceed the threshold level, stimulated
emission takes place and causes a downward stimulated transition of excited erbium
atoms. As Er atoms fall off quickly causing a reduction in the population inversion, gain
of the cavity medium reduces from the threshold gain and photon density drops off
quickly. This causes the erbium atom to excite again. When the erbium atom exceeds the
threshold level, photon density again increases and increases the downward transition
rate of erbium atoms. Thus interplay of transition between Er atom and photon density
takes place before reaching to the steady-state values. At steady-state, the excited erbium
atoms are found to clamp its threshold value. With the increase of excitation, oscillations
die out quickly as shown in Figs. 5.22 to 5.25. This is because the decay of the

oscillation depends on the damping factor which is large at high excitation.

The numerical simulations shown in the figures also illustrate that time is needed for the
Er atom to build up to the threshold value before light is emitted. This build up time is
called the turn-on delay of the laser. The turn-on time is found to be smaller if the laser
excitation is increased. Because with the increase of excitation, more carriers are

available for Er pumping and it then quickly reaches to its threshold level.
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CHAPTER SIX
Conclusions

In this thesis work, various properties of erbium doped silicon diode laser have been
evaluated. Mechanism of erbium excitation through Shockley-Read-Hall (SRH)
recombination process has been analyzed for conditions of achieving lasing threshold.
Erbium atoms decay from its excited state Tian through both radiative and nén-radiative
processes. As we have done our analysis at low temperature (10X), effect of energy back
transfer on Er de-excitation has been assumed negligible. The gain needed to compensate
all optical losses inside the cavity including mirror losses is called threshold gain and it
has been determined. The loss of the light at the end facets has been taken as output
power. The effects of erbium concentration, background doping, erbium lifetime, loss
coefficient, carrier lifetime etc. have been investigated on light output and discussed
these effects with graphical representations. Threshold current density is determined and
it is found to vary with the parameters. Below threshold, the output power is due to
spontancous emission which is very small in magnitude (order of few uW) and almost
same for all cases except the variation for erbium radiative lifetime. When erbium
lifetime changes, spontaneous power is found to vary as it is inversely proportional to the
lifetime. After threshold, output power is found to increase linearly with the injection
current density. For some cases, erbium atoms in the excited state can not exceed the
required threshold level and EDS caﬁ not ‘lase. But if the erbium concentration is
increased, it is found that EDS can lase. In these cases threshold current is reduced with
increased output power. Light output for injection dependent loss coefficient has been
determined. As a increases with the carrier injection, the power output no longer remains
linear at high level of current injection. This limifs the operating region of Si:Er laser.
Rate equations for excited erbium atoms and photon density have been solved for small-
signal to evaluate the dynamic characteristics of EDS laser. Sinusoidal signal variation-

has been added with the steady dc current density Jp and modulation transfer function
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has been determined. The transfer function shows resonance peak above which response
drops off rapidly. Both the resonance frequency and 3-dB bandwidth increase with the
output powcr level. The rate equations also have been solved numerically for large-
signal. The simulation shows-thal both excited erbium atoms and photon density pass a
short period of sinusoidal oscillation before finally reaching to steady-state values. With
the increase of excitation current, transient response is found to die out quickly and
hence lowers the turn-on time of EDS laser. Finally we can conclude that each
characteristic obtained from our prospective Si:Er laser shows very good consistency

with the conventional heterojunction laser.

6.1 Recommendation for Future Work

Attainment of light emission from erbium doped silicon material at room temperature is
greatly reduced due to temperature quenching effect. So research for reducing the
luminescence quenching can be carried out in order to fabricate Si:Er optoelectronic
devices operating at room temperature. Achievement of lasing threshold is highly
dependent on proper design and processing of the laser structure. If concentration of Er is
increased to a high level (~10*%m™), it is found that EDS can lase for a wide-range
variation of the device parameters (a, AX, Trq etc.). But Er has limited solid solubility in
silicon. So work can be done to increase the concentration of erbium incorporated in

silicon,

The direct modulation bandwidth of EDS laser is of the order of hundred MHz range. At
very high power, it is also possible to achieve GHz range bandwidth. But low power
laser is normally used for optical communication systems in order to avoid fiber non-
linearity. So a technique can be exerted to increase the bandwidth even at low output
power. In our research, we have performed anallysis for amplitude modulation, Similar
analysis can also be worked out for frequency modulation. In erbium doped fiber
amplifier, erbium is doped in silica. By confining light in EDFA, possibility of laser

operation can be investigated.-
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APPENDIX — A

Derivation of Injected Carrier Density at Threshold

Excitation rate =f,cpp(Nﬁ.r -N;)

I N .
De-excitation rate =—£- 1 v _g, (ZNE, ~N,, )S
TEr

At steady state, these two rates must be equal. So,

0pNe = N3 )= 5 v g, 0y, -, )s

Er
Below and at threshold, the value of photon density S can be neglected as lasing has not

yet been started. Under this condition, the above equation becomes

.f:'cpp(NEr - N;'r) /:Er
E

r

EﬁCPP(NEr—N;‘_)=N;r[ i +L+_1_+_1_J

Tad Ty T Ty
At low temperature, energy back transfer can be neglected. We have assumed that Er is

doped in the p-type silicon then above equation becomes

. of 1
:cpP(NEr _NEr)= NEr[-—+CAhp+CAthA]

rad

After biasing, equal amount of electrons and holes are injected from the source. In the p-

region, the doping concentration is N,. So the effective hole concentration is

p=n+N, . Substituting p=n+ N, we obtain

[ ] . I
rcp(n+NA)(NEr "Nfr)z NEr(?_+CAh(n+NA)+CAMNAJ

rad

. 1
= fie,(n+ N, )(N.Er - Ny ) =Ny [;_ +Cun+(C,y +Cy )NA:I

rind
(e +C"n) . . }
- e, + e,,p+ c,.n+£‘,,pcp(n+ N“)(N"-" -Nh‘r): NE'[?;T-FCM"-F(CM +C o )Nﬂ}
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2 +C N - | o] 1 . . .
e, +e,n) ¢ (n+ N, )(NE,”_ N, ) = N,;{;_d +Cun+(Coy+C,, )N,,J

e, +e, +cntc,(n+N,)

=

At the onset of threshold,

N ke = N FErth

and n=n

thrs

Then at threshold, above equation becomes

(e + cn nrhr: )

e +e +cnrhr\+c ( rhrJ

+N) p(nlhr.\'+NA) (NEr NErrh)

1
NEnh { + C s (CAh + CAbh ) J
Trad

(e, +c,m,)

e"+ep+NAcp+n,,m(cn+c )

~ c (nrhrJ+N )(NEr N.Er'rh)

]
= NEnh [?_ + (CAh + CAM) J + NFrrhCAh -

rad

:;—(-CHI_I’Q( Ihr:+NA)H3 —._;Hl +H2n
Hy+n, H,

thrs
thrs

:(e TN )( P + N )Hl:'(HI+H2nfhrsXH4‘+Hinrhrs)

n”thrs
:epNAHJ +(ep +anA)H3nrhn +CnH3"ri1rs =H1H4+(H2H4 +HIHS) .n'u-s +H Hnr}m
=(H, Hy-c,H,)n}, + (H2H4+H1H5_epH3_anAHJ)nrhrs+(HIH4_epNA‘H3)=0

2
= Rin,,, + R, Pips + Ry =0

_ -R,tJRI-4RR,

thes 2 Rt

=n
where
1
H NEr.rh —+ (CAI: + CAbh )NA
Trod

H,=N;.C,

H =c (NEr N.Fr:h)

4
H,=e¢,+e,+c N, _ ) | \

66 A



Hi=c +c,
R =H,H, ~c H,
= N!.;'ﬂhcffh (cn +Cp)ncncp (Nl:'r - N.f.:'rrh)

Ry =H,H,+H H,—e H, ~c N, H,

rod

I} * 1
= NywCoa (en te,+c, + N, )+ N (Cn +c, )[‘_ + (CAk +C )NA:]

Ry=H,H,—e N, H,

= N;Hh(en +e, +CPNA)[T]

rad

+ (CA!: + CAbh)NA:l-epcpNA(Nﬂr - N.:;‘rm)

Therefore the excess or injected carrier density at which excited erbium atom reaches the

threshold level of population inversion

l

2{N;ﬂ‘-‘! C-«ln’f (Cn + cp )_ Cha cp (NEr - N;'nh )}

x

The threshold current density is given by

n
_ lthrs
th - T ch q

Ll
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APPENDIX - B

Derivation of EDS Laser Qutput Power

The rate equations for excited erbium atom and photon density are

an’, . N:
—% = fie,p(N,, -Nﬁ.,(x))——i@—vggS(r) (B.1)
{ Tf:'r
asq) _ v S+ Ng (1) S | (B.2)
dat Tt Ty

Before and at threshold, photon density in the cavity is negligibie ie., S = 0. At steady
state Eq. (B.1) leads to,

L N
J'cpp(NEr -_.N.'E'r)_“mi = O
s
. C
=N, = -M—1_NE, (B.3)
c p+—
l pp TEr

Probability of each Er site occupied by electron is given by [21]

e _+c.n
j} - nEr - P n (84)

N, e, te,+c,n+c,p

Combining Eqs. (B.3) & (B.4), we get
N;, = __‘C_PP__NE’
1
-/;cpp +—

rEr

e, +c,n
Cpp
B en+ep+c,,n+c,,p N
- Er

e, +c,n 1 ]
Cppt—+
e, te,+c,n+c,p Trod  Tronrad
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_ (ep +Cnﬂ)Cpp - N‘,

-

(ep+cn'n)cpp+(i—+ }(en+e'p+cnn+cpp)

rmd rmmmd'

_ (ep +cnn)cpp N,

I I 1 1
(ep+c,,n)cpp+ +—t— (en+ep+cnn+cpp)
Tra Ty Tau Ty

le, +¢,n)e,p

= le'r
(ep +c,,r.i)cl,,,lo+[—l_l—+C},,,p+(','A,,,,1’\J’A}(e,1 +e, +c,,n+cpp)
rad
NR

=F h (B.5)

where
NF =(ep +c,,n)cppNE,
Putting p=n+N,

= (ep +c,,n)(n+ N, )cpNE,

=[e_aer +(e, +anA)n+n2c,,]cpNE, (B.6)
Carrier density and current density are related by the following expression

J .
n="ls (B.7)
L,q
Inserting Eq. (B.7) in Eq. (B.6), we obtain
2
Jr_ Jr,,
NE=le N, +le. +e N = + ~1lc lc N
piA (p " A)Leqq (Lequ n [“p' Er
= [epcpNA (chqr)2 + z',,Leqqcp(ep +c,,N,,)/+c,,cpz'_f,J2] LNE’ >
L'qq
=[Py + Py + P ] e (B.8)

L9
where
Ay = e,c,N, (Lcﬂ)z
Py = f;fLeq‘]cp(ep +anA)

_ 2
PDJ =c, Cp Ty
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Now

1
D" =(e,, +Cnn')cpp+(-——+CM[J+CAMNA)(€" +e,,'+c,,n+‘c‘,p) '

rad

1

| . .
=e,c,p+npc,c, +—I(e, +e,)+ (c,n+c,p)+Cle, +e,)p+npc,C, +p26A{,cI,

rud rud

+C (e, +ep)NA +C N cn+ CAthAcpp

(e,, +ep)+ ] [cnn+cp(n+NA)]

=epcp(n+N,,)+n(n+NA)cncp +
Trad Trad

+CA,,(e,, +ep)(n+NA)+n(n+NA)ch,,,, +(”+NA)2CMCF +C,,b,,(e,, +ep)NA
+C N yen+C N e, (n+ N, )

rad

1 1 '
= NAcp(ep +- J+ - (e, +e,)+ N, (e, + e, NCap +Cop )+ ¢, N (C,, +C,,)
rad

rl (cn +c‘f,)+C‘M(e,I +ep)J

rad

+n,:epcn +N, (cncp +c,C,, "‘2CA;,C,,)"‘ CunN, (cn +cp)+

+n2[c,,cp +C, (cn +c, )]
(B.9)

Substituting Eq. (B.7) in Eg. (B.9), we get

1 1
DR=NAcp(eP+T J+r (en+ep)+NA(en+ep)(CA,,+CM)+cpNj(CA,,+CA,,,,)
rad rad

T

+ JT‘“ [epcn + Nn' (Cncp + chAh + 2CA‘hcp )+ CAthA (cn + CP )+ (cﬂ + CP )+ C"”’ (e" + e'” )J

L.qg

rad
J22
+ L,q;" [c,,cp +CA,,(C,, +cp)]

[ 1Y), 1 : : |
NAcp ep t— +_(en +ep)+ Nn'(en +ep)(CAb +CAM)+CpNA‘(CAh + CAbh) (chq)
Vrad } Touy :

e,c, + N, (c"cp +¢,C .+ 2CA,,cp)+

= kg CM,,NA(CH +cp)+-1-_1—(c,, +Cp)+CAh(en +ep) ! . Lyg :

rad

Tl {c,,cp +CM(c" +::'p)}.)'2

=P, +PJ+ PoéJz](ﬁF
eq

where

(B.10)
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1 1 ' ,
P(M = {Nﬁcp[ep + r J + r (en + ep )+ NA (en + ep )(CAH + C/I'bh ) + cpNj (CAh + CAfrh )}(Lcrjq)z
. . rered rud . . . . .

PUS =T, Lcr,rq{epcn + NA (Cncp + chAh + ZCAI:CF )+ CAbh NA (Cn + cﬂ )+

(C"- +(.‘P)+CA,,(en +eﬂ)}

rrud

POG = szi {Cncp + CAh (cn +Cp )}
[rom Egs. (B.S), (B.8) (B.10), we obtain

N,

v [Pm +P02J+P03J2]m
Er =
[P+ B + P%J?](Lj);

_ Py +PyJ+PJ?

. (B.1D)
Py+PJ+P .t F
Neglecting the stimulated transition term from Eq. (B.2) at steady state we get,
N.
PLAE
Trad' Tp
T .
=S=4-LN, (J<J,) (B.12)
L

This is the photon density inside the cavity before threshold due to spontaneous

emission. So the output power due to spontaneous emission is

T . -
Prpome =HUB—=N_ (Vol wea,

rod

= hufi

S + P

1 Py +PJ+ 03.]2 N, (Vol™yv_a,

vela, + @, Yoo \ Py + Py + P J

=% _py A
(ar'+am)

P LR

P+ P J + P J*

rad

=HM[P°' +P°2J+P°’J2] (B.13)

Poy + Py + Py J?

~

where \
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| & p
H = m—hv N, Vol
S (a, +am) T 2 )

After threshold, at steady state, from Eq. (B.1) we get

¢ N.-'rr
lcpp(N.’:'r - NI{nh )_ rL # "'vgng = 0

Er

*

. N,
tcpp(NI:'r _NEr.!h )-Hfi
~S§= £r (B.14)
vgglh
Now
e +c njc .
P = &, +curle,p (B.15)

e,te, +en+c,p

Putting p=n+ N, Eq. (B.15) leads to

(ep +cnn)cp(n+NA)
en+ep+c,,n+cp(n+NA)

CpP =

(ep +cnn)(n+ N, )cp

e, +e, +n(cn +cp)+ N,e,

2
epcpNA+n(ep+an,,)cP+n €,C, (B.16)
e, +e, +N,c, +n(cn +cp)

Inserting Eq. (B.7) in Eq. (B.16), we obtain

Z

Jr, Jr,,
e,c N, +—* (ep+c"N,,)c +cnc{ "J
rr Leqq ? Leqq

fie,p=

2 5

L.q

e,te,+ Ny, +(c,, +cp)

— ePcPNALiqqz + r.rr'Leqqcp(ep +anA )J +C"CPT-‘2"J 2
Li,,qz(en +e,+ NA",, )+ TJ;L,,;Q(C" + CP)]

_ Py + Py + RyJ’ | B.17)
Fo + RyJ T

where

})07 = epcpNALiqqz

POS = r.rIchqcp (ep + anA) - . )
-



-t g ok
[)0‘) - (’ncpr.u

- P, =Lf,,,q2(e,, +e, +N,;,-cp)

[)II = r.ni L::qq(cn + Cﬂ)

Erbium (Er) life time:

r de 7'-m;u-a'raa'

1 1 1 1
=— et —

Trud TA_{ T4 Tot

1
= ;‘“""CMP"'CAMNA

rad

1
=_+C4h(”+NA)+CAthA

rad

I

. + NA(CAh +CA‘bh)+CAhn

rad

1 Cuta
= "‘NA(CAh"'CAbh)"'_Ah"‘“‘“
7'-rr.l'r.l' Leqq
= Plz + PUJ
where

1

Piz = +NA(CAh +CAbh)

T

rad

C,t.
)D” — Ahrn
L.g

Using Eqgs. (B.14), (B.17), (B.18), we obtain

P+ Pud + PyJ?
R, + P\ J

(N.Er _N;:nh )_ N::"nh(PIZ + PlsJ)
S =

vgglh

So the photon density inside the cavity after threshold is

S = (PO'.' + PUBJ+ PO9J2XNH '—N::'rrh)_ N;:'rrh(}JIO + 'PIIJX1)I1 + PHJ)
V,;gm(Pm "'PnJ)
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or,

{eﬁc‘pl‘\f,,l,i‘,qr2 +r',,LqucF(eP +an,,)].+c,,c ,erz}(Nh, -N

P kil

S =

rad

1

X

V. & [quqz(en +e,+ NAcp)+ {r‘wLeqq(c,, +c,,)}J]

Therefore, the laser output power after threshold is

P, =8S*y, *a,*hvo*Vol

L)
Erth

)

- Nl‘:'rlh {quq : (en + ep + A’,Acp ) + r.\'l Luq q(cn + Cp ){:1— + NA' (CAh + C.dbh )+ %h_gt ‘j]
«f

(B.20)

(B.21)
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APPENDIX - C

EDS Laser Frequency Response

The rate equations for excited erbium atom and photon density are

o. ) N.‘ .
dN;;(t) = fic,p(Ny, = Np,(0) - g () ~v,.g(N;,)S() (C.1)
Ter
d. . .
'%=Vgg(NEr)S([)+ﬁ__N;E'(O —_——Sr(’) (C.2)
rad J)

The gain of the cavity medium depends on excited erbium atom and is given by [1]
g(N;r)::gO(zN;'r_NEr) (CB)

where g is the gain cross-section. It is an intrinsic property of EDS and given by

/14

= C4
87 Nit , cAd €4

&o

From Eq. (C.1)

L]

B e, p (W, -4, 0) - X g, Y50

g
dt -

= fie,p(Ng, — Ny, (1)) - N;,(t)(L+-1—-+—l—+ i}— V.80 (2N, ()~ N, )S(0)

Tod Tur Tas T
(C.5)
. 1
At low temperature, energy back transfer can be neglected i.e., — ~0. Then above
Tbr
equation becomes

dN. (¢ . . 1 1 1 .
el _ re p(N,, —NE,(r))~NE,<r){—+—+—J—vggo (2N}, (0= N,, ) S@)
df Toi Tar Ta

. .1 . 11 .
= fie,p(Ng = N3, (D)= Np, (1) — - NH,(I)(—+—}—vggo (2N,_.,(:)- Ny )S()
T Tod Tan

(C.6)
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We assume that Er is doped into the p-type silicon. Then

1 I
—=C,p and —=C, N,
Af T s
Eq. (C.6) then becomes
dn,, (t . . . 1 .
__(-’;_"(l = fICpP(NEr - Nl'.'r (l)) = N[:'r ([)C/Mp - NEr ([)(T—-F ;_—FJ - Vggo (ZN!r (t) = Nl-.'r ) S(l)
\ "rad Ab

{C.7)

At high level of excitation, we can assume n ~p. Converting carrier density into current

density using n = Lo g , we get
eqq
dN; (’) ) L] * T L] l l L]
- "JN =N, ())-N_,()C =N (t +— |- N ()-N,, )S(
e o (Ne, = Ng (D)= N5 (1)C., I.g & )( » TMJ ve&e (2N, (- N, )S()

= Ay (N, = N (D)= A INL () = ANy, (6 -v,8, (2NL (- N, )S() (C.8)

where,
c
Ay = fc, L
C,t
Ao = Ah " si
' Lg
1 1
de r/lb
At steady state,

dt
=>AOI‘]O(NEr_N;'Hh)_AOIJON;nh_ADJN;‘Hh_vggO(ZN;nh NL'r)S =0
= Ay /s (NEr “'N;nh)= ApdoN g + AN V& (2N£.-.'rrh NEr)S (C.9)
= N (Ao + 40, + Ay +2v,8,5, ) (Aou-] +V,855, )N

=5 N (o + Ay + Aoy + 29,80853) = (Ao 47,8085 ) N, (C.10)

From eqn. (C.2)

asq) _ N () S
— =8 (N (0)S()+ p—E== s
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="g&’o(2NL~,(1)-N,;,)SU)+ﬁM—‘—gQ (C.11)

T Tp
At steady state, we get from Eq. (C.11 )
as() -0
dt
= V& (2N;-,,h —N‘,:.r)SU +f N o ._§£= 0
A rmr!’ T‘,,
= v,8, (2N}, - N;, )5, = 20— g Nem o
4 Trad

* S, N.r:
= 2vggDN£rrhSO = ;&“* vggUNErSO - gt

P . de

* ) N.:'rrh
::'2vgg0NErJh :_'+VggoN£r -f—= (C.13)

T, T4

Small Signal Analysis:

Let, J)y=J,+AJ(1) (C.14a)
Np (D)= Ny, + AN (1) (C.14b)
S(t)=S,+AS() (C.1l4c)

Substituting these in the Eq. (C.8)

;‘,’;[N;-,,h +ANL ()] = 4 [Jo + A D) [ N, = Ny, = 8N (0]~ Ay [, + A O)[ N+ AN, ()]

—V.& [2N;rr."| + 2AN:€.- (0- Ngr][so + AS(I)] — Ay [Nl:'rrh + AN;', (’)]

= %[ANL, (O] = Ay [JoN, + N, ST (0) = JyNpy = N3 B (6) = Jo AN, (1)~ AT(D AN, 0]
~ A [ JoAN ., + J,ANL, (1) + N3, AT (6 + AT (AN, (1)]- 43N}, = AnANL, (1)

— Ve & [(2N.;.'rr-‘l "‘Nfr)So + 2SDAN;r(r)+(2N;rrh _N.E.-)AS(’)+ ZAS(’)AN.:}(’)]
(C.15)

Assuming

AJ(NAN, (1)~ 0 and

AS(NAN, (1)~ 0 d
Then we get,
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SLAN;, 0] = A [JoN,, + Ny 0 SN = Ny ()= SN, 0]
| = Ay [JON;{’mA"' JOAN;;.- "+ N.':'rmﬂ'](t)] - AOSN!:'H.‘I - AOJ-ANI.;? 0 ”

—v,80[ (2N} - N,, ) S, + 25,00, (1) + (2N}, - N, )as)]

=4, [Jo (le'r _N;r1h)+(Nl:)- "N;r:h)M(’)—JoAN;r(t):l
~ Ay, [JON;:'PM + JOAN.::'r () + N::.-;;.N(’):I - AulN.::'nh - A03AN;:'r )
— V&0 I:(ZN;M _N.Er ) So + ZSDAN[:} (’) + (2N;'rth - N!;'r )AS("):I

= Ao [ Aos o + AN (1) = S AN, (0]~ A [ SN + AN, (04 N, 80 (1)]
— V.8 [AO(SSO + 2S0AN;31' (1) + AOGAS(I)] _A03Nl:.'r1h - A03AN1.3,- (1) ‘

= AonsJo +A01A05AJ(’) - AOIJOM;} (’) _AOZJON;H)! - ‘402J0AN.;? Ok AOZN}.:'HHM([)
=~ AV, 865, -.-zvggOSOMJ;r(t)—AoﬁvggOAS(t) ~ ANy — AOJAN;r (1)

(C.16)
where
Aps = Ng, - N:E'rrh
Aﬂﬁ = 2N;l‘lh - N,Er
From eqn (C.9)
Ay (N.Er —N;ﬂh ) = AonoN.;nh + AOJN.;HI: T Ve 8o (ZN:E‘nh =N, )So
= Apdosty = Ao N gy + Ay N, + AoV, 865, (C.17)

From eqn (C.16) and (C.17)
%[AN;& (")] = Ao News + AN p + AogVy 8Sy + Aoy Ags A (8) = Ay J AN, (1) ~ Ay o N,
- AOZJOAN;? (t)- AozN;rmM(’) = AﬂﬁvggOSO - 2vggDSOAN;‘r (]
- Aos"ggaAS(’)‘AosN;rm _AOJAN;r(r)
= AOIAOSAJ([) - Am'joAN;:r(“) - AOZJOAN;:':- (’) - A(]:.'N;_‘rrhA'](r) - 2VggoSoAN.::r (’)
_AoévggoAS([)—AmAN;r(’)
= AclAasM(t)"AmJoAN;r(r)‘AozjoM;r(r)"AazN;nnM(’)"2VggoSoAN.::r(’)
_Aoe"ggoﬂs(’)—AaJAN;r(’)

= [ Aur s = Ao N JAT(0) ~ Ao, 86 (1) [ 29,808, + (o + Ay ) Iy + oy AN, (1)

= Ay A (1)~ A AS() — Ay AN, (1) | (C.18)

where
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Frth

on = AOI Aos - AuzN
Aoé = A()ﬁvgg(]
Ayy = 2VggoSo +(Am + Auz)Jo + Ay

From Egs. (C.11) and (C.14), we obtain

d . . . . 1
;;[SO +AS())=v,g, [2 N + 28N, (1) - N,:.,][S0 +AS(1)] +.ﬂ[NM + AN, (t )] —?-[S0 +AS(.

T

rad r

= %[ASU)] =Vy80 (2N = Ne. ) Sy + 258N, (0 + 28508, () + (2N, - N,, ) 85() ]
| LN+ Lang - L5, - Lasw
T T

rod rad P P

(C.19)
Assuming AS(1)AN,, (1)~ 0, we get

d * . L . L

[ ASO] = v (2Ven =Ny ) Sy + 25,8V (0 +(2V10y = N, ) 8S0) | + Lo, + L av, 0
rad raed

- —]—So L AS(1)

rP F

= ggO (2N;'rlh - NE!)SO + 2vggDSDM;r (r) + vggo (ZN;'rfh - NEr) A‘S'(’) + ﬁ N;rrh

B sy 0-Ls,-Lasw
T

rad P rp

+

(C.20)
From Eq. (C.12) and (C.20),

d S N . . . .
F[ASO)=72 = BE 12y g S AN () 4,80 (2N~ Ve ) ASW) + 2o N + Lo, ()

v ruad

rad rud
1 1
—_"So_—"AS(’)
4 T
=2y , : B oy B L
= 2V, B80S AN . () +v, 80 (2N}, ~ Ny, ) AS(0) + L N}, + L2 AN (1) - — AS (1)
T rod 7,
ﬁ L] l
= r_‘+2vgg0SO MEJ'(’)+ Aoovggo_r— AS(’)
rocd P
= A6AN;, (1) + A,A5(1) € - (can
where
(
Am.—.;-ﬁ—+2vggoSo -

rad
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]
and A, =Ayv g, -—
: ; T

P

Ditterentiating Eq. (C.21) again

d’ d . d
27 (ASO)= 4o AN, (0]« 4, = [a5())

= o[ An (0~ AAS0) - AN, )]+ 4, S [5(0)]
= A Ao 0)~ A 4o ()= Aoy AV, ()4 4, 2 S(0)] (C22)

Substitute the value of N, (¢) from Eq. (C.21) into Eq. (C.22), we obtain
d? ' d d
?[AS(’)] = AOTAIDN({) "AusAwAS(f)-Aog ’:Z{A‘S(r)} - AnAS(’)J"' An E[AS(’)]
= j_;;[AS(’)] = Aoy A AT (1) = ( Ay — 4, %[AS(:)] ~( Ay — Aoy A, ) AS(0)
2
= gl_z[AS(’)]*"(Aoq "Au)dir[‘ﬁ-s'(’)]‘*(AosAm = A A ) AS (1) = Ay, A, AJ (1)

:g{iz[aso)p A, %[A.S‘(l)]+AUAS(!)= AN (C.23)

where
Ay = Ao — 4,
Ay = Aoy Ay — Ay 4,
Ay = Ay 4y
Let
AS(t) = AS(w)e’™ (C.24a)
and AJ() = AJ(w)e™ (C.24b)

Putting these in Eq. (C.23)

2
%[M(m)e’“]+ 4, dir[AS((,))ef’"'] + A0S (@)e’™ = 4, A (@)™

= -0’ AS(0)e’™ + jw A, AS(w)e™ + A AS(@)e’™ = A,AT(w)e’™

=[(4, -m’)+ja;A,,]AS(m) = 4,A)(0)
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Therefore, small signal transfer function is

M@) =229 __ A (C.25)
A (@) (Ay-0?)+ jwd,
At w =90,
M(0)= —A'—“ (C.26)
A,J_
Normalized Transfer function -
H(a)) = M(ﬁ')) = f” :
M(0) (AI3 - )+_;rcuA12
2
= — ﬂ; : (C.27)
(m, - )-f-j&)}"
Now
A= Ang Ay — AooAn
= Ao — Ay A,

= AoV, 8, [—ﬁ—+ 2vggosn]—[2vggoso (g + A o+ Am][@vggo “H

rmd’ P
. ﬁ . ]
=V, 8 (2N£nh _NEr) ‘r‘_+2"ggoSu _[zvggOSO +(A0| + Aoz)'jo + A03] vggO(zNEnh _N.Er)_-r_
rod : P

. T, ] ] .
=V (ZNErm - Ng )l:rﬁ" + zvggoso] _’:zvggoso +(-/;cp + CAh) 7 Jo+—+ _'_Jlrvggo (2N =Ny ) -

rad eqq rrod r.»\‘b
(C.28)
From Eq. (C.9)

Ay (N.Er - N.;m‘:) = ApSoN g + AU}N;.‘nh TV.& (ZN;H.‘: "'NEr)So

N ANy + Ve&o (-2N;‘rrh - N, )So

=J, : :
AOI(NEr _anh)"AazNEna

1 1 . .
(‘““‘ + _JNEnh TV &y (2NEnh - NEr)SO

Trod  Tap

(C.29)

T. . C r .
Ji6p 7 (Ng = Ny ) - =22 N Erth
L.g L

g

Substituting the value of J, into Eq. (C.28), we obtain

81



rud

A!J = vggu (ZNI.;'H}r - Nﬁr)[;’g— + zvgg(lSOJ

T (L i -I_JN;'rrh V8o (ZN’.-‘""” ~ N, )So
- .zvggOSO +(f;Cp +CA*) -

de TAb + ]
L [ . CanTu are T
wd i Co Ny = Nygy)- N rod
Lﬂ{ L‘,q

r
L] l
x /\ vgg() (2N.Errh - N[:'r ) - T}

P

rad P

L] L] l
=V, 8o (ZN.E'ﬂh “NEr)[;ﬂ_+ zvggoSoJ“[Vggo(ZNErrh _Nsr)-'r—:l

L1, : |

1 1 (;_+T—JNErJh T8 (ZNEH.‘r_NEr)SD
+—+(f,cp+CA,,) L - -

rrad' TAb JCP(NEr _'NErJh)_CAhN

Erth

x 2vggoSD +

So the relaxation oscillation frequency

wr ='\/Z

rad ¥4

r
. L] I
vggﬂ (2NErlh - NEr ){;E_ +2vggOS0} - {vggﬂ (2NErlh "NEF) _;:_}

- 1 1 . '
- I I [r__ +;’“]N&m tVe&o (ZNEm. =N, )So
2v. g8y +—+—+(fc, +C rod b n -
T Tas ( g Ah) o (Ng, = New)=CyNp,,

Damping coefficient:

y=4,
=A09_A1|
1
=2v,8,5, +(Am +Aoz)'jo + Agy — Ay, 8 +r_
I
=2V-goSo+(f;C +'CAh)_TSL-JO+L+L“vgo(an:'nh_NFr)-'_.i_
) ! chq Tt Ty ' ' T,
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: . . 1 I 1
= 2vng‘SU - vh’go (%N:’fﬂh - N.f:'r ) +—t—t—
Tra Tap Tp

1), .
2y %J Niw +v,8, (2N} - N, )S,

rr:m' r;l'b

+ (j:Cp + CAh) £ [

r.\'l

L‘ q
“ .f;cp [
L’qq

Erth
e

. 1 11
=2V,805 — v, & (2N£:'rrh - Nf;‘r)"'-_""—"'_"

rruu' TA h T P

]

+(fie,+Cy) rad

1), . )
+_JNE"* +vzg0 (2N.E'nh "NEr)Su

T

Jie, (N, ~ Nb'"rth) - CAhN.;'nh
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APPENDIX -D

Flowchart for Transient Characteristics of Excited Er atom and
Photon Density for Step Input

(' Start Program )

Initialize the parameters
such as T, Ner, Sn, Sp,
Eg, 1, C, N, etc.

Calculate Cn, Cp, En,
Ep, V¢, g0, Nerth etc.

A 4
Define the time step and
Initial conditions for

N, (1) and S(r)

A 4
Calculate increment
values AN, and AS

Calculate
Ng (=N, +AN;,
and S(z)=S, +AS

N;}im = N;} (f)
and S, =5(t)

Set,

r

Set, £ =1, _+ time step
and .=t

Yes

t < desired
time

End Program inc = initial condition

g4
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