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1 

 

ABSTRACT 

 

 

This thesis presents an efficient O(n
3
) time algorithm for solving the seeded tree alignment 

problem that finds the similarity between two RNA secondary structures. In the seeded tree 

alignment problem, a large tree, representing an RNA secondary structure, is converted into a 

small tree known as seeded tree. In this problem, a comparison operation is being placed to 

find the similarity between necessary seed pair of two seeded trees and finally the overall 

trees. Before finding the similarity score between seed pairs, it is necessary to rearrange all 

primary seeds in planar way to form untanglegram whenever the primary seeds are arranged 

in heavily non planar way. Our proposed algorithm is more efficient than the best known 

algorithm that needs O(n
3.5

) time. Moreover, our algorithm can solve the seeded tree 

alignment problem efficiently in O(n
3
) time even if the two seeded trees form heavy 

tanglegram. 



 

 

2 

CHAPTER 1 

INTRODUCTION 

 

 

In this chapter, necessary background, present state and motivation for study on RNA 

comparison, and the objectives of the thesis are discussed. In Section 1.1, theoretical 

background on RNA comparison is discussed. Section 1.2 represents the present state of the 

problem. The Section 1.3 deals with the objectives of the thesis. At last in Section 1.4, the 

summary of the overall thesis paper are discussed.  

 

1.1 Background 

In this section, the background of RNA comparison and several graph theoretical terms are 

discussed. Details of graph theoretical term are discussed in Chapter 2 as preliminaries.  

 

1.1.1 RNA Comparison 

Ribonucleic Acid (RNA) is a biologically important type of molecule that consists of a long 

chain of nucleotide units. Each nucleotide consists of a nitrogenous base, a ribose sugar and a 

phosphate. RNA is very similar to DNA, but differs in a few important structural details:- in 

the cell, RNA is usually single-stranded while DNA is usually double-stranded; RNA 

nucleotides contain ribose while DNA nucleotides contain dioxyribose and RNA has the base 

uracil rather than thymine that is present in DNA. 

RNA comparison means the comparison of two RNA secondary or tertiary structures [1]. In 

the field of computational biology, RNA comparison means the comparison of two RNA 

secondary structures [2, 3]. Comparison of secondary structures of two RNA means finding 

similarity between base and base pair sequence. If similarity score is 1.0, it indicates two 

RNA structures are identical to each other [4]. There are several methods to compare two 

RNA structures- tree comparison, graph isomorphism or homeomorphism, sequence 
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comparison, edit distance calculation, local alignment etc. while tree comparison is the easier 

one.   

Ribonuclease P (RNaseP) RNAs and their target tRNAs are the most recent research topics in 

the field of computational biology. All types of bacterial RNaseP RNA share a common core 

but their structural variations are predominated by variation in presence and absence of helical 

elements and dissimilarity in size of the distal regions of these helices. There is additional 

variation in the form of small difference in the lengths of the helices, loops and joining 

regions [5]. Figure 1.1 shows an example of secondary structure of RNaseP RNA. 

To compare a small portion of two RNaseP RNA structures, local alignment problems are 

used to find the similarity between two RNA structures. If whole or partial structure of two 

RNaseP RNAs are needed to be compared then tree representation [6] methods are used.   

 
Figure 1.1 A secondary structure of RNaseP RNA [4]. 
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1.1.2 Tree Representation 

There are several methods to represent RNA structures and tree representation is one of them. 

In tree representation of RNA secondary structure, all bases are represented as leaf nodes and 

base-pairs are as internal nodes [6]. Two consecutive base-pairs form two internal nodes by 

maintaining parent-child relation. In [6], Lee et al. designed an algorithm to represent 

secondary structure of RNA into tree. This algorithm requires O(n) time to convert a RNA 

secondary structure into a tree. According to the algorithm, all bases are represented as leaf 

nodes and base-pairs are internal nodes. RNA structure traversal starts from top-left side of 

RNA structure and ends at top-right side of same RNA structure. In this algorithm, root node 

of tree is not part of RNA structure. In helices, all base-pairs form internal nodes using parent-

child relation. In bulge, bifurcation and interior loop, all bases are leaf nodes and latter base-

pair(s) is (are) the child internal node of first base-pair. In hairpin and exterior loops, all bases 

are leaf nodes of base-pair. Figure 1.2 shows the tree representation of the RNA structure 

which is shown in Fig. 1.1. 

 
Figure 1.2 Tree representation of RNA. 
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Representation starts from the interior of RNA, because it is the top-left region of RNA. 

Initially all bases are the leaf nodes of arbitrary root. Base-pair C-G forms an internal node of 

arbitrary root. Process continues as per their algorithm. 

 

1.1.3 Tree Comparison Problem 

Tree comparison means the comparison between each of leaf nodes and internal nodes of two 

trees. Graph isomorphism or homeomorphism methods are mostly used for tree comparison. 

It requires O(n
2.5

) time for comparing two trees [5, 7, 8, 9]. In the RNA structure, leaf nodes 

are  A (Adenine) or G (Guanine) or C (Cytosine) or U (Uracil) which are the bases of RNA 

structures. Internal nodes are base-pairs like A-U, U-A, C-G, G-C, G-U and U-G [10]. So, the 

tree comparison process becomes smaller and easier. Jin et al. designed an algorithm for 

comparing tree representation of RNAs [4]. Their algorithm requires O(n
2
) time to find the 

similarity between two tree of RNA structures.  

The above mentioned algorithm can find similarity score only for two small trees. If the tree is 

large, like RNaseP RNA tree representation, comparison process becomes very complicated, 

since it compares each small subtree of two large RNA trees and the number of subtrees of a 

RNA tree is very large.  

 

1.1.4 Seeded Tree Alignment Problem 

Seeded tree is a special tree representation where each node contains a subtree [4]. In seeded 

tree, all leaf nodes are known as primary seeds and internal nodes are secondary seeds. To 

convert a tree into a seeded tree, the following information is followed [4]. 

a. If an internal node has two or more child internal nodes, then each of the child internal 

nodes and its subtree will be converted to a seed. 

b. No leaf node will be converted to a seed. 

c. Root and its subtree will be the root seed of seeded tree. 

d. Arabic or Italic number can be used to represent each seed, since, in a tree 

representation; several internal nodes which form seeds may have same representation. 
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Figure 1.3 shows the seeded tree representation of a tree shown in Fig. 1.2. In this seeded tree 

1, 2, 7, 9 and 11 are secondary seeds and 3, 4, 5, 6, 8 and 10 are primary seeds.  

 
Figure 1.3 Seeded tree representation of the tree shown in Fig. 1.2. 

Seeded tree alignment problem is a problem to find the similarity score of two large RNaseP 

RNA structures. At first, seeded tree alignment algorithm finds the similarity score of each 

primary seed pair. In this problem, some primary seeds of two trees may form tanglegram. 

For this reason, it is necessary to form untanglegram between primary seeds while creating 

primary seed pairs before calculating the similarity score of each of the primary seed pairs. 

After finding the similarity score of primary seeds, seeded tree alignment algorithm finds the 

similarity score of each of the secondary seed pairs and finally root seed of two seeded trees. 

Similarity score found at the root of two seeded trees is the similarity score of two large RNA 

structures [5].  

 

1.1.5 Tanglegram 

All leaf nodes of a tree form an independent set. Thus, it is possible to form a bipartite graph 

using all the leaf nodes of two trees T1 and T2, where all the leaf nodes of two trees form two 

independent set A and B; V(A) = L(T1) and V(B) = L(T2), where L(X) is a function to find the 

leaf nodes of tree X. In this bipartite graph, a leaf node of set A is connected by an edge to the 

leaf node of set B whose label is same as the label of leaf node of tree A. If this bipartite graph 

forms a non-planar layout without changing the position of leaf nodes then it is known as 

tanglegram of T1 and T2, otherwise, untanglegram [5]. Figure 1.4 shows an example of a 

tanglegram of T1 and T2 (also shown in Fig. 1.6).  
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                                  T1           T2                         tanglegram 

Figure 1.4 An example of tanglegram (right) of trees T1 and T2. 

In the seeded tree alignment problem, untanglegram is very important for creating primary 

seed pairs while finding the similarity score of each primary seed. Same numbered primary 

seeds contain same types and shaped subtrees. If tanglegram is formed between two seeded 

trees then similarity between two RNA structures is not correct or accurate. So, it is necessary 

to rearrange all primary seeds of two seeded trees in planar way for forming primary seed 

pairs. 

 

1.2 Present State of the Problem 

For comparing two RNaseP RNA secondary structures, seeded tree alignment problem is 

mostly used in computational biological field in recent years. In 2008, Lozano et al. designed 

an algorithm for finding the similarity score of two large RNA structures like RNaseP RNA. 

In their algorithm, graph homeomorphism algorithm is used for finding the similarity between 

two necessary subtrees or seed pair. Graph homeomorphism algorithm [8, 9] requires O(n
2.5

) 

time to find similarity between two subtrees [5, 8]. Since seeded tree has n number of seed 

pairs, Lozano et al. [5]’s the seeded tree alignment algorithm requires O(n
3.5

) time to find the 

similarity score of two RNaseP RNAs.  

They also designed another algorithm to untangle a tanglegram which requires O(n
3
) time. 

But this algorithm cannot untangle a tanglegram if primary seeds of two seeded trees are 

arranged in heavily non-planar way like in Fig. 1.6. Moreover, their proposed two algorithms 

are separate. In Figure 1.6 multiple red colored edges are crossed each other which forms 

heavy tanglegram that cannot be converted into an untanglegram by Lozano et al. [5]’s 

algorithm. In 2009, Nollenburg et al. [11]’s algorithm is designed for forming untanglegram 
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between two binary trees. This algorithm is designed based on the problem of Lozano et al. 

[10]’s algorithm, and it forms untanglegram in O(n
2
) time for binary trees.  

  
Figure 1.5 An example of two trees which form heavy tanglegram. 

 

 
Figure 1.6 A tanglegram forms between two trees shown in Fig. 1.5 

It is therefore necessary to design an algorithm which can rearrange all primary seeds (leaf 

nodes) of two seeded trees in planar way to form untanglegram even if they are arranged in 
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heavily non-planar way. It is also necessary to design an efficient algorithm with less running 

time for finding the similarity between seeded trees for RNA secondary structures. 

 

1.3 Objectives of the Thesis 

The objectives of the thesis are as follows. 

• To Design an Algorithm for Rearranging All Primary Seeds of Two Seeded Trees to 

Form Untanglegram: Before calculating the similarity score of necessary primary seed 

pairs, it is necessary to form untanglegram among all primary seeds of two seeded trees.  

To do this, the parent internal nodes of leaf nodes of tree T1 must be consecutive 

according to preorder traversal where these leaf nodes are equal to the leaf nodes of an 

internal node of tree T2. Based on this statement, an untangle algorithm is designed to 

form untanglegram even if primary seeds of two seeded trees are arranged in heavily 

non-planar way by maintaining same time-complexity of known best algorithm. 

• To Design an Algorithm for Finding Similarity between Seeded Trees of two RNA 

Secondary Structures: Jin et al. [4] designed an algorithm for finding similarity score of 

the small tree representation of two RNA structures. This algorithm is not designed for 

seeded tree alignment problem. This algorithm is improved for seeded tree alignment 

problem to find similarity score of seeded tree of two RNA structures. 

• To Improve the Time Complexity of Seeded Tree Alignment Algorithm: Our 

proposed untangle algorithm rearranges all primary seeds of two seeded trees to form 

untanglegram even if primary seeds of two seeded tree are arranged in heavily non-planar 

way requires O(n
3
) time. Our proposed algorithm finds the similarity score of seeded tree 

of two RNA structures which requires O(n
3
) time. Thus the running time of our proposed 

algorithm is better than that of Lozano et al.’s algorithm which is O(n
3.5

). 

 

1.4 Summary 

The best known algorithm that solves the seeded tree alignment problem to find similarity 

score between seeded trees of two RNA structures, needs O(n
3.5

) time [5]. Moreover, their 
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algorithm cannot form untanglegram if all primary seeds are heavily arranged in non-planar 

way. Our algorithm forms untanglegram even if all primary seeds are arranged in heavily non-

planar way and improves the time complexity to O(n
3
). 

The thesis is organized as follows. Chapter 2 gives preliminary definitions. Chapter 3 gives a 

newly developed untangle algorithm for rearranging all primary seeds to form untanglegram 

as well as an improved algorithm for finding the similarity score of seeded trees of two RNA 

secondary structures. Chapter 4 shows the experimental results by applying our proposed 

algorithm on several RNaseP RNAs and small tRNAs secondary structure. Chapter 5 

concludes with a discussion of our proposed algorithm and future works.   
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CHAPTER 2 

PRELIMINARIES 

 

 

In this Chapter, terms and definitions related to our proposed algorithm are discussed with 

example. Since our proposed algorithm is related to bioinformatics computing, it has two 

parts. One is molecular biological and the other is graph theoretical. In Section 2.1 Molecular 

biological terms and in Section 2.2, graph theoretical terms which are related to our proposed 

algorithm are discussed. 

 

2.1. Molecular Biological Terms 

Proposed algorithm is designed to find the similarities between two RNA structures. So, it is 

needed to know about the details of molecular biological term to understand the proposed 

algorithm. 

 

2.1.1 DNA 

DNA stands for Deoxyribonucleic acid. It is a nucleic acid that contains the genetic 

instructions used in the development and functioning of all known living organisms and some 

viruses. The main role of DNA molecules is the long-term storage of information. DNA is 

often compared to a set of blueprints or a recipe, or a code, since it contains the instructions 

needed to construct other components of cells, such as proteins and RNA molecules. The 

DNA segments that carry this genetic information are called genes, but other DNA sequences 

have structural purposes, or are involved in regulating the use of this genetic information. 

DNA is a long polymer made from repeating units called nucleotides [12, 13]. In living 

organisms, DNA does not usually exist as a single molecule, but instead as a pair of 

molecules that are held tightly together [14, 15]. These two long strands entwine like vines, in 

the shape of a double helix. The nucleotide repeats contain both the segment of the backbone 
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of the molecule, which holds the chain together, and a base, which interacts with the other 

DNA strand in the helix. A base linked to a sugar is called a 

sugar and one or more phosphate groups is called a 

linked together, as in DNA, this polymer is called a 

The backbone of the DNA strand is made from alternating 

The sugar in DNA is 2-deoxyribose

joined together by phosphate groups that form 

fifth carbon atoms of adjacent sugar rings. These asymmetric 

has a direction. In a double helix the direction of the nucleotides in one strand is opposite to 

their direction in the other strand: the strands are anti

strands are called the 5′ (five prime) and 

terminal phosphate group and the 3' end a terminal hydroxyl group. One major difference 

between DNA and RNA is the sugar, with the 2

alternative pentose sugar ribose

Figure 2.1

 

of the molecule, which holds the chain together, and a base, which interacts with the other 

x. A base linked to a sugar is called a nucleoside and a base linked to a 

sugar and one or more phosphate groups is called a nucleotide. If multiple nucleotides are 

linked together, as in DNA, this polymer is called a polynucleotide [16]. 

The backbone of the DNA strand is made from alternating phosphate and sugar

deoxyribose, which is a pentose (five-carbon) sugar. The sugars are 

joined together by phosphate groups that form phosphodiester bonds between the third and 

of adjacent sugar rings. These asymmetric bonds mean a strand of DNA 

has a direction. In a double helix the direction of the nucleotides in one strand is opposite to 

their direction in the other strand: the strands are anti-parallel. The asymmetric ends of DNA 

(five prime) and 3′ (three prime) ends, with the 5' end having a 

terminal phosphate group and the 3' end a terminal hydroxyl group. One major difference 

between DNA and RNA is the sugar, with the 2-deoxyribose in DNA being replaced by the 

ribose in RNA [15]. 

Figure 2.1 The chemical structure of DNA [14]. 

12 

of the molecule, which holds the chain together, and a base, which interacts with the other 

and a base linked to a 

. If multiple nucleotides are 

sugar residues [17]. 

) sugar. The sugars are 

between the third and 

mean a strand of DNA 

has a direction. In a double helix the direction of the nucleotides in one strand is opposite to 

parallel. The asymmetric ends of DNA 

(three prime) ends, with the 5' end having a 

terminal phosphate group and the 3' end a terminal hydroxyl group. One major difference 

deoxyribose in DNA being replaced by the 
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The DNA double helix is stabilized by hydrogen bonds between the bases attached to the two 

strands. The four bases found in DNA are adenine (abbreviated A), cytosine (C), guanine (G) 

and thymine (T). These four bases are attached to the sugar/phosphate to form the complete 

nucleotide. The chemical structure of DNA is shown in Figure 2.1. In Figure 2.1, hydrogen 

bonds are shown as blue dotted line. 

These bases are classified into two types; adenine and guanine are fused five- and six-

membered heterocyclic compounds called purines, while cytosine and thymine are six-

membered rings called pyrimidines [15]. Pyrimidine is a heterocyclic aromatic organic 

compound similar to benzene and pyridine, containing two nitrogen atoms at positions 1 and 3 

of the six-member ring [18]. It is isomeric with two other forms of diazine. Figure 2.2 shows 

the chemical structures of pyrimidine.  

 
Figure 2.2 The chemical structures of pyrimidine [15].  

A purine is a heterocyclic aromatic organic compound, consisting of a pyrimidine ring fused 

to an imidazole ring [16]. Figure 2.3 shows the chemical structure of purine. Imidazole is an 

organic compound with the formula C3H4N2. This aromatic heterocyclic is classified as an 

alkaloid. Figure 2.4 shows the chemical structure of imidazole. 

 
Figure 2.3 The Chemical structures of Purine [15]. 
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Figure 2.4 The chemical structure of imidazole [16]. 

Within cells, DNA is organized into long structures called chromosomes. These chromosomes 

are duplicated before cells divide, in a process called DNA replication. Eukaryotic organisms 

(animals, plants, fungi, and protists) store most of their DNA inside the cell nucleus and some 

of their DNA in organelles, such as mitochondria or chloroplasts [19]. In contrast, prokaryotes 

(bacteria and archaea) store their DNA only in the cytoplasm. Within the chromosomes, 

chromatin proteins such as histones compact and organize DNA. These compact structures 

guide the interactions between DNA and other proteins, helping control which parts of the 

DNA are transcribed. 

 

2.1.2 RNA 

Ribonucleic Acid (RNA) is a biologically important type of molecule that consists of a long 

chain of nucleotide units. Each nucleotide consists of a nitrogenous base, a ribose sugar, and a 

phosphate. RNA is very similar to DNA, but differs in a few important structural details: in 

the cell, RNA is usually single-stranded, while DNA is usually double-stranded; RNA 

nucleotides contain ribose while DNA contains dioxyribose (a type of ribose that lacks one 

oxygen atom); and RNA has the base uracil rather than thymine that is present in DNA. 

Each nucleotide in RNA contains a ribose sugar, with carbons numbered 1' through 5'. A base 

is attached to the 1' position, generally adenine (A), cytosine (C), guanine (G) or uracil (U). 

Adenine and guanine are purines, cytosine and uracil are pyrimidines. A phosphate group is 

attached to the 3' position of one ribose and the 5' position of the next. The phosphate groups 

have a negative charge each at physiological pH, making RNA a charged molecule 

(polyamine). The bases may form hydrogen bonds between cytosine and guanine, between 

adenine and uracil and between guanine and uracil [21]. However other interactions are 

possible, such as a group of adenine bases binding to each other in a bulge [22].  
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Figure 2.5 The chemical structure of RNA [22]. 

An important structural feature of RNA that distinguishes it from DNA is the presence of a 

hydroxyl group at the 2' position of the ribose sugar. The chemical structure of RNA is shown 

in Figure 2.5. In this Figure, guanine (G) is attached to the 1’ position of ribose. 

 

2.1.3 The Comparison of DNA and RNA 

RNA and DNA are both nucleic acids, but differ in three main ways.  

• DNA is double-stranded, but RNA is a single-stranded molecule in most of its 

biological roles and has a much shorter chain of nucleotides.  

• While DNA contains deoxyribose, RNA contains ribose (there is no hydroxyl group 

attached to the pentose ring in the 2' position in DNA). These hydroxyl groups make 

RNA less stable than DNA because it is more prone to hydrolysis.  

• The complementary base to adenine is not thymine, as it is in DNA, but rather uracil, 

which is an unmethylated form of thymine [23]. 

Figure 2.6 shows the structural differences of RNA and DNA. 
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Figure 2.6

2.1.4    Types of RNAs 

There are several types of RNAs. mRNA, tRNA, rRNA and tmRNA are most prominent. 

Short description of these RNAs is

Messenger RNA (mRNA) carries information about a protein sequence to the 

protein synthesis factories in the cell. It is 

correspond to one amino acid. In 

been transcribed from DNA, it is processed to mature mRNA. This removes its 

coding sections of the pre-mRNA

cytoplasm, where it is bound to ribosomes and 

with the help of tRNA. In prokaryotic cells, which do not have nucleus and cytoplasm 

compartments, mRNA can bind to ribosomes while it is being transcribed from DNA. After a 

certain amount of time the message degrades

assistance of ribonucleases [2

 

Figure 2.6 The comparison of RNA and DNA [23]. 

 

There are several types of RNAs. mRNA, tRNA, rRNA and tmRNA are most prominent. 

RNAs is given below. 

(mRNA) carries information about a protein sequence to the 

protein synthesis factories in the cell. It is coded so that every three nucleotides (a codon) 

correspond to one amino acid. In eukaryotic cells, once precursor mRNA (pre

been transcribed from DNA, it is processed to mature mRNA. This removes its 

mRNA. The mRNA is then exported from the nucleus to the 

cytoplasm, where it is bound to ribosomes and translated into its corresponding protein form 

. In prokaryotic cells, which do not have nucleus and cytoplasm 

compartments, mRNA can bind to ribosomes while it is being transcribed from DNA. After a 

certain amount of time the message degrades into its component nucleotides with the 

24]. Figure 2.7 shows a structure of mRNA.
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There are several types of RNAs. mRNA, tRNA, rRNA and tmRNA are most prominent. 

(mRNA) carries information about a protein sequence to the ribosomes, the 

so that every three nucleotides (a codon) 

cells, once precursor mRNA (pre-mRNA) has 

been transcribed from DNA, it is processed to mature mRNA. This removes its introns non-

. The mRNA is then exported from the nucleus to the 

into its corresponding protein form 

. In prokaryotic cells, which do not have nucleus and cytoplasm 

compartments, mRNA can bind to ribosomes while it is being transcribed from DNA. After a 

into its component nucleotides with the 
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Figure 2.7 The structure of mRNA [24]. 

Transfer RNA (tRNA) is a small RNA chain of about 80 nucleotides that transfers a specific 

amino acid to a growing polypeptide chain at the ribosomal site of protein synthesis during 

translation. It has sites for amino acid attachment and an anticodon region for codon 

recognition that binds to a specific sequence on the messenger RNA chain through hydrogen 

bonding [32]. Figure 2.8 shows a structure of mRNA.
 

 
Figure 2.8 The structure of tRNA [32]. 

Ribosomal RNA (rRNA) is the catalytic component of the ribosomes. Eukaryotic ribosomes 

contain four different rRNA molecules: 18S, 5.8S, 28S and 5S rRNA. Three of the rRNA 

molecules are synthesized in the nucleolus, and one is synthesized elsewhere. In the 

cytoplasm, ribosomal RNA and protein combine to form a nucleoprotein called a ribosome. 

The ribosome binds mRNA and carries out protein synthesis. Several ribosomes may be 
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attached to a single mRNA at any time

of the 10 mg/ml RNA found in a typical eukaryotic 

Transfer-messenger RNA (tmRNA) is found in many 

encoded by mRNAs that lack stop codons for degradation and prevents the ribosome from 

stalling [27]. 

 

2.1.5   Base Pairs of RNA 

In molecular biology, two nucleotides

via hydrogen bonds are called a 

pairing, Adenine (A) forms a base pair with Uracil (

(C) in RNA [21, 28]. In molecular biology

pairing between two nucleotides

Uracil (G-U), [21, 28]. Figure 

Figure 2.9 Watson-Crick base pairs (left and middle) and Wobble base pair (right)

2.1.6    Structures of RNA 

According to function and stability, RNA has three types of structures

and tertiary structures. There has been a significant amount of bioinformatics research 

directed at the RNA structure prediction

After RNA transcription, primary structure

RNA molecule refers to the exact sequence of nucleotides that comprise the whole molecule.

It indicates there is no base pair formed between purine and pyrimidine bases. It is only the 

sequence of nucleotides or bases. Primary structure of RNA is un

bases form hydrogen bond with pyrimidine bases.  After creating base pairs, primary structure 

of RNA is converted into secondary structure. 

 

attached to a single mRNA at any time [24]. rRNA is extremely abundant and makes up 80% 

mg/ml RNA found in a typical eukaryotic cytoplasm [26]. 

(tmRNA) is found in many bacteria and plastids

encoded by mRNAs that lack stop codons for degradation and prevents the ribosome from 

nucleotides (purine-pyrimidine) on RNA strands that are connected 

are called a base pair [10, 20]. In the canonical Watson

) forms a base pair with Uracil (U), as does Guanine (G

molecular biology, a wobble base pair is a non-Watson

nucleotides in RNA molecules. The main wobble base pair

ure 2.9 shows the Watson-Crick and Wobble base pairs.

    
Crick base pairs (left and middle) and Wobble base pair (right)

 

According to function and stability, RNA has three types of structures- primary, s

There has been a significant amount of bioinformatics research 

directed at the RNA structure prediction. 

primary structure of RNA is formed. The primary structure

RNA molecule refers to the exact sequence of nucleotides that comprise the whole molecule.

It indicates there is no base pair formed between purine and pyrimidine bases. It is only the 

sequence of nucleotides or bases. Primary structure of RNA is unstable. Because, some purine 

bases form hydrogen bond with pyrimidine bases.  After creating base pairs, primary structure 

of RNA is converted into secondary structure.  
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Crick and Wobble base pairs. 

 
Crick base pairs (left and middle) and Wobble base pair (right) [20]. 

primary, secondary 

There has been a significant amount of bioinformatics research 

primary structure of an 

RNA molecule refers to the exact sequence of nucleotides that comprise the whole molecule. 

It indicates there is no base pair formed between purine and pyrimidine bases. It is only the 

stable. Because, some purine 

bases form hydrogen bond with pyrimidine bases.  After creating base pairs, primary structure 
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The secondary structure of an RNA molecule refers to the base-pairing interactions within a 

single RNA molecule. The secondary structure of RNA can be uniquely decomposed into 

stems and loops [21, 29] shown in Figure 2.10.  

 
Figure 2.10 Secondary structure of RNA including helices and loops [21]. 

RNA secondary structure is generally divided into helices (contiguous base pairs), and various 

kinds of loops (unpaired nucleotides surrounded by helices) [21]. The hairpin loop (H) is a 

region in which a base-paired helix ends in a short unpaired loop [4]. Hairpin forms a closed 

region. External or Exterior loop is a region which is similar to hairpin, but region is open [4]. 

Internal or Interior loop (I) is a short series of unpaired bases in a longer paired helix and 

bulges loop (B) is a region in which one strand of a helix has "extra" inserted bases with no 

counterparts in the opposite strand [6, 21]. Multi or Bifurcation loop (M) is a region in which 

series of unpaired bases and multiple longer paired helices are stayed in a longer paired helix 

[21]. Figure 2.10 shows the secondary structure of RNA. In this figure, red box region 
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represents the bulge loops, blue

interior loops and unmarked region helices.

RNA molecules are capable of diverse functions ranging from molecular rec

catalysis. Such functions require a precise three dimensional structure known as the RNA 

tertiary structure [31]. While such structures are diverse and seemingly complex, they are 

comprised of recurring, easily recognizable tertiary structure 

building blocks. Figure 2.11 shows the tertiary structure of large catalytic RNA.

Figure 2.11

2.2      Graph Theoretical Terms

In this section, graph theoretical t

algorithm. 

 

2.2.1   Basic Definitions 

A graph G has a set of vertices 

endpoints in the set of vertices

vertex set of G is denoted as V

 

the bulge loops, blue box bifurcation loops, green box hairpin loops, yellow box 

interior loops and unmarked region helices.  

RNA molecules are capable of diverse functions ranging from molecular rec

catalysis. Such functions require a precise three dimensional structure known as the RNA 

. While such structures are diverse and seemingly complex, they are 

comprised of recurring, easily recognizable tertiary structure motifs that serve as molecular 

shows the tertiary structure of large catalytic RNA.

 
1 Tertiary structure of large catalytic RNA [31]. 

 

etical Terms 

In this section, graph theoretical terms are discussed which are related to 

has a set of vertices V(G), a set of edges E(G) and a relation i.e. an edge has two 

endpoints in the set of vertices [31, 32, 33]. In a graph G, a vertex is drawn as a node. A 

V(G). The number of vertices in a graph G is known as the 
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RNA molecules are capable of diverse functions ranging from molecular recognition to 

catalysis. Such functions require a precise three dimensional structure known as the RNA 

. While such structures are diverse and seemingly complex, they are 

motifs that serve as molecular 

shows the tertiary structure of large catalytic RNA. 

 

related to our proposed 

) and a relation i.e. an edge has two 

vertex is drawn as a node. A 

is known as the order 
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of G. Order of G is represented as 

an edge [33, 34, 35]. 

In a graph G, an edge is drawn as a line. An edge set of 

edges in a graph G is known as the 

connects two vertices; these two vertices are said to be incident to that edge, or, equival

that edge incident to those two vertices. All degree

or incidence. Two vertices u and v are called adjacent if an edge exists between them.

2.12 shows an example of graph 

e1, e2, e3, e4, e5}. 

A loop is an edge whose endpoints are equal.

graph G where edge e6 is a loop

Figure 

The complement G of a graph 

such that xy is an edge in G if and only if 

 

is represented as n(G). In graph theory, vertices are known as endpoints of 

edge is drawn as a line. An edge set of G is denoted as E(G

is known as the size of G. Size of G is represented as 

connects two vertices; these two vertices are said to be incident to that edge, or, equival

that edge incident to those two vertices. All degree-related concepts have to do with adjacency 

or incidence. Two vertices u and v are called adjacent if an edge exists between them.

shows an example of graph G where vertex set V(G) = {u1, u2, u3, u4, u

Figure 2.12 Graph G. 

is an edge whose endpoints are equal. Figure 2.13 shows an example of 

is a loop. 

Figure 2.13 Loop containing graph G. 

of a graph G is a graph with the same vertex set as G but with an edge set 

if and only if xy is not an edge in G [33, 34, 35]. 
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u5} and E(G) = { 

 

shows an example of loop of a 

 

but with an edge set 
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2.2.2   Isomorphism and Homomorphism 

Two graphs G and H are said to be isomorphic, denoted by G ~ H, if there is a one-to-one 

correspondence, called an isomorphism, between the vertices of the graph such that two 

vertices are adjacent in G if and only if their corresponding vertices are adjacent in H [33, 34, 

35]. Likewise, a graph G is said to be homomorphic to a graph H if there is a mapping, called 

a homomorphism, from V(G) to V(H) such that if two vertices are adjacent in G then their 

corresponding vertices are adjacent in H [33]. 

 

2.2.3    Subgraph 

A subgraph H of a graph G is a graph whose V(H) ⊆ V(G) and E(H) ⊆ E(G) [33, 34, 35]. 

Graph shown in Figure 2.13 is the subgraph of a graph shown in Fig. 2.12. A subgraph H of a 

graph G is said to be induced if, for any pair of vertices (x,y) ϵ V(H), V(G) and xy ϵ E(H) if 

and only if xy є E(G) [31, 32, 33]. In other words, H is an induced subgraph of G if it has all 

the edges that appear in G over the same vertex set. If V(H) is the subset S of V(G), then H can 

be written as G[S] and is said to be induced by S.  

 

2.2.4    Degree, dG(v) 

The degree or valency, dG(v) of a vertex v in a graph G is the number of edges incident to v, 

with loops being counted twice [33, 34, 35]. A vertex of degree 0 is an isolated vertex. A 

vertex of degree one is a leaf. The total degree of a graph is equal to two times the number of 

edges, loops included. The maximum degree ∆(G) of a graph G is the largest degree over all 

vertices; the minimum degree δ(G), the smallest [32]. In Figure 2.19 shows a graph whose 

degree of each vertices are shown inside the vertices. In this graph ∆(G) = 3 and δ(G) = 0. 

There is an isolated vertex in graph G which is shown in Fig. 2.15 

                       
Figure 2.14 A graph G (left) and degree of vertices of G (right). 
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2.2.5    Clique 

A clique in an undirected graph 

every two vertices in C, there exists an edge connecting the two

ω(G) of a graph G is the number of vertices in the largest clique in 

graph G has 23 1-vertex cliques (its vertices), 42 2

cliques (the light blue triangles), and 2 4

the triangles form maximal cliques. The two dark blue 4

maximal, and the clique number of the graph is 4.

Figure

 

2.2.6   Independent set 

An independent set or stable set

[34, 35, 37]. The size of an independent set 

α(G) [37]. Figure 2.16 shows an example of independent set of a graph 

vertices form a maximum independent set for the graph G.

Figure

 

 

in an undirected graph G = (V, E) is a subset of the vertex set C ⊆

, there exists an edge connecting the two [34, 36]. The 

is the number of vertices in the largest clique in G [36]. In F

vertex cliques (its vertices), 42 2-vertex cliques (its edges), 19 3

cliques (the light blue triangles), and 2 4-vertex cliques (dark blue). Six of the ed

the triangles form maximal cliques. The two dark blue 4-cliques are both 

maximal, and the clique number of the graph is 4. 

 
Figure 2.15 Clique of graph G [36]. 

stable set is a set of vertices in a graph no two of which are adjacent

. The size of an independent set of a graph G is known as independent set number,

6 shows an example of independent set of a graph G 

vertices form a maximum independent set for the graph G. 

 
Figure 2.16 Independent set of graph G [37]. 

23 

⊆ V, such that for 

. The clique number 

In Figure 2.15, A 

vertex cliques (its edges), 19 3-vertex 

vertex cliques (dark blue). Six of the edges and 11 of 

both maximum and 

is a set of vertices in a graph no two of which are adjacent 

known as independent set number, 

 where nine blue 
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2.2.7    Bipartite graph 

A bipartite graph (or bigraph) is a graph G whose vertices can be divided into two disjoint sets 

A and B such that every edge connects a vertex u ϵ V(A) to one v ϵ V(B) where, A and B are 

independent sets [34, 35, 38]. Equivalently, a bipartite graph is a graph that does not contain 

any odd-length cycles. The two sets A and B may be thought of as a coloring of the graph with 

two colors: if color of all vertices of A are blue, and all vertices of B are green, each edge has 

endpoints of differing colors, as is required in the graph coloring problem shown in Figure 

2.17. In contrast, such a coloring is impossible in the case of a non-bipartite graph. One often 

writes G = (A, B, E) to denote a bipartite graph where vertices are partitioned into two parts A 

and B. If |A| =|B|, G is called a balanced bipartite graph G. 

 
Figure 2.17 A bipartite graph G [38]. 

2.2.8    Planar graph 

A planar graph is a graph G that can be embedded in the plane. It can be drawn on the plane 

in such a way that its edges intersect only at their endpoints [34, 39]. Otherwise a graph G is a 

non-planar graph. A planar graph already drawn in the plane without edge intersections is 

called a plane graph or planar embedding of the graph [34, 35]. A plane graph can be defined 

as a planar graph with a mapping from every node to a point in 2D space. Figure 2.18 shows 

examples of planar graphs, where no edge crossing is occurred. Figure 2.17 shows an example 

of non-planar graph, because three edges intersect each other. 
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Figure 2.18 A set of planar graphs [39]. 

 

2.2.9    Walk, Path and Cycle 

A walk is an alternating sequence of vertices and edges, beginning and ending with a vertex, 

where each vertex is incident to both the edge that precedes it and the edge that follows it in 

the sequence, and where the vertices that precede and follow an edge are the endpoints of that 

edge [33, 34, 35]. A walk is closed if its first and last vertices are the same, and open if they 

are different. 

Traditionally, a path referred to what is now usually known as an open walk [34, 40]. 

Nowadays, when stated without any qualification, a path is usually understood to be simple, 

meaning that no vertices (and thus no edges) are repeated. The closed equivalent to this type 

of walk, a walk that starts and ends at the same vertex but otherwise has no repeated vertices 

or edges, is called a cycle [34]. 

 

2.2.10  Tree 

A tree is a connected acyclic simple graph [34, 35]. A tree is an undirected simple graph G 

that satisfies any of the following equivalent conditions [34]. 

• G is connected and has no cycles. 

• G has no cycles, and a simple cycle is formed if any edge is added to G. 

• G is connected, and it is not connected anymore if any edge is removed from G. 

• G is connected and the 3-vertex complete graph K3 is not a minor of G. 

• Any two vertices in G can be connected by a unique simple path. 
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If G has finitely many vertices, say n of them, then the above statements are also equivalent to 

any of the following conditions [34]. 

• G is connected and has n − 1 edges. 

• G has no simple cycles and has n − 1 edges. 

A node is a structure which may contain a value, a condition, or represent a separate data 

structure (which could be a tree of its own). Each node in a tree has zero or more child nodes, 

which are below it in the tree (by convention, trees grow down, not up as they do in nature). A 

node that has a child is called the child's parent node (or ancestor node, or superior). A node 

has at most one parent [34].  

A tree is called a rooted tree if one vertex has been designated the root, in which case the 

edges have a natural orientation, towards or away from the root [34]. In a rooted tree, the 

parent of a vertex is the vertex connected to it on the path to the root; every vertex except the 

root has a unique parent [34]. A child of a vertex v is a vertex of which v is the parent [34]. A 

leaf is a vertex without children and an internal node is a vertex with children [34]. Figures 

2.19 and 2.20 show the examples of rooted tree. In this tree, A is the root; B, D, F and H are 

internal nodes and C, E, G, I, J, K, L, M and N are leaf nodes. A be the parent node of B, C 

and D.  

 
Figure 2.19 A rooted tree. 

An n-ary tree is a rooted tree for which each vertex which is not a leaf has at most n children 

[34]. 2-ary trees are sometimes called binary trees [34], while 3-ary trees are sometimes called 

ternary trees [33]. Figure 2.20 shows an example of binary and ternary tree. A subtree of the 

tree T is a connected subgraph of T [33, 34, 35]. 
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Figure 2.20 A binary tree (left) and ternary tree (right). 

 

2.2.11  Tree Traversal 

Tree-traversal refers to the process of visiting (examining and/or updating) each node in a tree 

data structure, exactly once, in a systematic way [41, 42, 43, 44]. Such traversals are classified 

by the order in which the nodes are visited. The following algorithms are described for a 

binary tree, but they may be generalized to other trees as well. Compared to linear data 

structures like linked lists and one dimensional array, which have only one logical means of 

traversal, tree structures can be traversed in many different ways. Starting at the root of a 

binary tree, there are three main steps that can be performed and the order in which they are 

performed defines the traversal type. These steps (in no particular order) are: performing an 

action on the current node (referred to as "visiting" the node), traversing to the left child node, 

and traversing to the right child node. Thus the process is most easily described through 

recursion [43, 44]. 

To traverse a non-empty binary tree in preorder, perform the following operations recursively 

at each node, starting with the root node [44]. 

• Visit the root. 

• Traverse the left subtree in preorder. 

• Traverse the right subtree in preorder. 

(This is also called Depth-first traversal.) 

To traverse a non-empty binary tree in inorder, perform the following operations recursively 

at each node [44]. 

• Traverse the left subtree in inorder. 
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• Visit the root. 

• Traverse the right subtree in inorder. 

(This is also called Symmetric traversal.) 

To traverse a non-empty binary tree in postorder, perform the following operations 

recursively at each node [44]. 

• Traverse the left subtree in postorder. 

• Traverse the right subtree in postorder. 

• Visit the root. 

Finally, trees can also be traversed in level-order, where we visit every node on a level before 

going to a lower level [44]. This is also called Breadth-first traversal. 

 
Figure 2.21 A binary tree. 

Figure 2.21 shows an example of binary tree. In this tree, four types of traversal are possible, 

which are shown as follows.   

• Preorder traversal sequence: F, B, A, D, C, E, G, I, H (root, left, right) 

• Inorder traversal sequence: A, B, C, D, E, F, G, H, I (left, root, right) 

• Postorder traversal sequence: A, C, E, D, B, H, I, G, F (left, right, root) 

• Level-order traversal sequence: F, B, G, A, D, I, C, E, H 

In n-ary tree, preorder traversal starts from the root, then moves from leftmost subtree to 

rightmost subtree. Postorder traversal starts its visiting from leftmost subtree to rightmost 

subtree and finally visits its root [43, 44]. 
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2.2.12  Normalized Weighted Tree 

Normalized weighted tree is a tree  that has four tuples, T=(V, E, Lv, Wv) a set of vertices V(T), 

a set of edges E(T), a set of label of each vertex Lv and a set of normalized weight to each 

vertex Wv. In normalized weighted tree, all vertices or nodes of each level has a normalized 

weight 0 ≤ wu ≤ 1, where wu be the normalized weight of node u [4]. In normalized weighted 

tree, following formulas are being used to to assign normalized weight to each node of any 

level j- 

For each leaf node of level j. 

wlu � 1/�� � ∑ ��	
 � ��
�


�� �                                                                            (2.1) 

where N be the number of nodes, p be the number of internal nodes, NLi be the number of leaf 

nodes of internal node i and NBi be the number of internal nodes of internal node i in level j. 

For each internal node of level j. 

wbu = wlu (1+NB)                                                                                                         (2.2) 

 
Figure 2.22 A normalized weighted tree. 

For each level, the summation of the normalized weight is exactly 1.0. Figure 2.22 shows an 

example of the normalized weighted tree. In this figure, red colored values are the normalized 

weight of each node. Except level 9, each level has only one node which is an internal node. 

So, the normalized weights of these nodes are 1.0. At level 9, there are four leaf nodes and no 

internal node. Using Eq. 2.1, the normalized weight of each node is 1/(4+0+0) = 0.25. The 

total normalized weight of level 9 is (0.25 + 0.25 + 0.25 + 0.25) = 1.0. 
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CHAPTER 3 

THE SEEDED TREE ALIGNMENT ALGORITHM 

 

 

In this chapter, our proposed seeded tree alignment algorithm is discussed briefly with several 

examples. Time complexity analysis and correctness proof of the proposed algorithm are also 

shown in this chapter. In Section 3.1 preliminaries of the proposed algorithm are discussed 

briefly. In Section 3.2, the algorithm is presented.  

 

3.1     Preliminaries 

In this section, some basic definitions, lemmas, theorems and equations are discussed which 

are related to the proposed algorithm. The proposed algorithm finds similarity score between 

two RNA secondary structures by three steps. At first it checks whatever any tanglegram 

forms between two seeded trees or not. If tanglegram forms, it rearranges all primary seeds in 

such a way such that these primary seeds to form an untanglegram. After forming 

untanglegram, it finds the similarity score between primary seed pairs and then secondary 

seed pairs. There are two lemmas which are necessary for forming untanglegram. In the 

seeded tree, all primary seeds are leaf nodes.            

Lemma 3.1.1 If T1 and T2 form untanglegram, then all leaf nodes of an internal node of T1 

have their equal leaf nodes in T2, where their parents are consecutive internal nodes in T2 

according to preorder traversal. 

Proof: Proof by contradiction method is used to prove this lemma. Let us consider, u be an 

internal node of T1 and u has n number of leaf nodes. Equal leaf nodes of u are also stayed in 

T2. Let consider, internal nodes v and w contain equal leaf nodes of u, but v and w are not 

consecutive internal node according to preorder traverse. x be an internal node which is 

consecutive to v and w. Some leaf nodes of x are not equal to the leaf nodes of u. These leaf 
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nodes of x form tanglegram with the leaf nodes of 

forms by x, v, w and u.  

Figure 3.1

It contradicts the hypothesis. So, 

consecutive internal nodes according to preorder traverse to form untanglegram.

All equal leaf nodes of u ϵ

consecutive. Except leftmost and rightmost internal node, all internal nodes of 

some leaf nodes which are equal to 

and T2. So, there is another lemma for forming untanglegram.

Lemma 3.1.2 If three or more consecutive internal nodes of T

an internal node of T1 to form untanglegram, then middle consecutive internal nodes of T

contain only equal leaf nodes.

Proof: Proof by contradiction method is used to pro

internal node of T1and u has n

T2. Let us consider, internal nodes 

not consecutive internal node according to preorder traverse. 

consecutive internal node. One 

forms tanglegram with u shown in 

tanglegram between T1 and T

node that is not equal to any leaf node of 

solely contains only equal leaf nodes of 
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form tanglegram with the leaf nodes of u. Figure 3.1 illustrates the tanglegram 

Figure 3.1 An internal node x forms tanglegram with u. 

It contradicts the hypothesis. So, x cannot be consecutive to v and w and

consecutive internal nodes according to preorder traverse to form untanglegram.

ϵ T1 are distributed in several internal nodes of 

leftmost and rightmost internal node, all internal nodes of 

some leaf nodes which are equal to the leaf nodes of u ϵ T1. It creates tanglegram between 

So, there is another lemma for forming untanglegram. 

hree or more consecutive internal nodes of T2 contain all equal leaf nodes of 

to form untanglegram, then middle consecutive internal nodes of T

contain only equal leaf nodes. 

tion method is used to prove the lemma. Let consider, 

n number of leaf nodes. Equal leaf nodes of u are also stayed in 

consider, internal nodes v, w and x contain the equal leaf nodes of u

not consecutive internal node according to preorder traverse. Internal node 

. One of the leaf nodes of x, xi is not equal to any leaf node of 

shown in Figure 3.2. In Figure 3.2, dark brown colored node 

T2which contradicts the hypothesis. So, x cannot 

node that is not equal to any leaf node of u in T1,if it is middle consecutive node. It means 

solely contains only equal leaf nodes of u if it is middle consecutive internal node.
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3.1 illustrates the tanglegram 

 

and v and w are 

consecutive internal nodes according to preorder traverse to form untanglegram.                      □ 

are distributed in several internal nodes of T2 which are 

leftmost and rightmost internal node, all internal nodes of T2 may contain 

. It creates tanglegram between T1 

contain all equal leaf nodes of 

to form untanglegram, then middle consecutive internal nodes of T2 

. Let consider, u be an 

are also stayed in 

u, but v and w are 

Internal node x is middle 

is not equal to any leaf node of u. xi 

3.2, dark brown colored node xi forms 

cannot contain any leaf 

secutive node. It means x 

if it is middle consecutive internal node.                  □ 
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Figure 3.2 A leaf node 

After forming untanglegram, algorithm finds the similarity 

Before finding, it is necessary to assign normalized weight to each node of each level of tree 

to make T be a normalized weighted tree

node, internal node and seed node. 

and leaf nodes are stayed at any level. At any level, if 

nodes, then each internal no

contains a separate subtree from others. 

stayed together. In a normalized weighted tree

weight. For measuring normalized weight of each type of node
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Where, AWB be the normalized weight of internal node of level j.The normalized weight of a 

seed node of a seeded tree is assigned by following equation. 

AWS = AWL(1 + 1) = 2 AWL                        (3.3) 

Where, AWS be the normalized weight of a seed node of level j. If any level has only one node 

(either leaf, or internal or seed), normalized weight of this node is exactly one. For each level, 

summation of normalized weights of nodes is exactly one. There is a lemma for normalized 

weight. 

Lemma 3.1.3 For each level j, ∑ ����� � ���� � ��	�

�
��  =1.0. 

Proof: Proof by induction method is being used for proving the lemma. Let us consider, at 

any level j has n number of nodes. 

a. Basis: Let us consider, at level j has only one node u. This node is a leaf node or an 

internal node or a seed node.  

Case01: Let us consider, u is a leaf node. So, NL = NB = NS =0. From Eq. 3.1, AWL = 1 / 

(1+(0+0)+0) = 1 / 1 = 1.  

Case 02: Let us consider, u is an internal node. It has m numbers of leaf nodes and one 

internal node. So, NS = 0. From Eq. 3.1, AWL = 1 / (1+(m+1)+0) = 1/(m+2). From Eq. 

3.2, the normalized weight of the internal node is AWB = AWL(1+m+1) = (m+2)/(m/2) = 

1.  

Case 03: Let us consider, u is a seed node. So, NS is 1, but NL = NB = 0. AWL = 

1/(1+(0+0)+1) = ½. From Eq. 3.3, the normalized weight of seed node is AWS = 2AWL = 

2(½) = 1. For one node containing level, lemma is true.  

b. Induction: Let us consider, at level j has k number of nodes.  

Case 01:Among the k number of nodes, there are k-1 number of leaf nodes and one 

internal node. So, NS = 0. This internal node has l number of nodes, that is NL+NB = l. 

The normalized weight of a leaf node is AWL = 1/(k+l+0)) = 1/(k+l). The normalized 

weight of an internal node is AWB = AWL(1+l) = (1+l) / (k+l). Summation of the 

normalized weight at level j is (k-1)/(k+l) + (1+l)/(k+l) = (k+l)/(k+l) = 1. 
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Case 02: Let us consider, there are k number of leaf nodes and no internal and seed 

node. So, NS = NB = NL = 0. The normalized weight of a leaf node is AWL = 1/(k+0+0) 

= 1/k. So, the summation of the normalized weight at level j is ∑ ����� � ���� �
�
��

��	�
 = k/k = 1. 

Case 03: Let us consider, there is k number of seed nodes. So, NL = NB = 0 and NS = k. 

From Eq. 3.1, the normalized weight of a leaf node is AWL = 1/(k+k) = 1/2k. So, the 

summation of the normalized weight at level j is∑ ����� � ���� � ��	�

�
��  = 2k/2k 

=1. 

Case 04: Let consider, there are m (m<k) number of leaf nodes and k-m number of 

seed nodes. The normalized weight of a leaf node is AWL = 1/(k+0+k-m) = 1/(2k-m). 

So, ∑ ����� � ���� � ��	�

�
��  = m/(2k - m )+ 2(k - m)/(2k - m) = (2k - m)/(2k - m) = 

1. 

All possible cases are considered for proving the lemma. The lemma satisfies all cases. 

So, the lemma is true and correct.                                                                                           □ 

After assigning normalized weight, the algorithm finds the similarity score of each node of 

subtrees of each of necessary seed pair. In our seeded tree alignment algorithm, the similarity 

score is ranges from 0.0 to 1.0. According to the seeded tree alignment algorithm, single bases 

of RNA secondary structure are leaf node, base pairs are internal nodes and different branches 

(subtrees) are seeds. There are several formulas or equations being used for find the similarity 

score of the leaf nodes, internal nodes and seeds. There are three conditions are arose for 

finding the leaf node similarity score. One is two leaf nodes (single base) are same, second is 

they not same and third one is one of them is not available. Equations of three conditions are 

as follow. 

SSSBe = � ����� �����
/2.0� є ����
� ! " є #��$
�% &'('& ) � ! ��"              (3.4) 

Where SSSBe be the similarity score of equal single bases u and v, W[u] and W[v] be the 

normalized weight of u and v respectively.  

SSSBne = � �*� + *,
����� �����
/2.0
� є ����
� ! " є #��$
�% &'('& ) � ! �-"

          (3.5) 
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Where SSSBne be the similarity score of non equal single bases u and v. Ci be the insertion cost 

of adding a single base in RNA structure. Cd be the deletion cost of deleting a single base in 

RNA structure. Insertion cost, Ci = 0.5*Di(Df)
d
 where Di be the RNA Degradation [14] index 

which is at most 1.0, Df be the RNA Degradation factor (≤ 1.0) and d be the depth among the 

two nodes. Cd uses similar equation of Ci. 

SSSBem = � �*�
�����
/2.0
� є ����
 �% &'('& ) � ! " ./ '01%2

              (3.6) 

Where SSSBem be the similarity score of single base u where v is empty. Same equation is 

applicable for v if u is empty, but W[v] is used in place of W[u]. The similarity score of single 

bases at any level j is summation of similarity score of all equal, non-equal and empty single 

bases are as follow. 

SSSB = (SSSBe + SSSBne + SSSBem)                 (3.7) 

Similar to leaf node, for finding similarity score of seed-pair, there is an equation which is as 

follows- 

      DP[u,v](W[u]+W[v])/2.0 ; if u and v are seed pair.  

 SSSS =                     (3.8) 

0.0 ; Otherwise. 

Where SSSS be the similarity score of seed pair u and v. If u and v are not seed pair or missing, 

then SSSS = 0. DP be a two dimensional array where the similarity score of seed pair u and v 

are stored. DP[1,1] is the similarity score of two RNA secondary structures. There is another 

equation for finding the similarity between two internal node (base pairs).  

    SSj+1(W[u]+W[v])/2.0; if u =v.  

 SSBP =                                                                            (3.9) 

    0.5(SSj+1(W[u]+W[v])/2.0); if u ≠ v 

Here, SSBP be the similarity score two base pairs. SSj be the similarity score of level j of 

subtreeT1 and T2. If u and v are not equal base pairs, then 0.5 penalties is multiplied. First 

algorithm calculates similarity score of two nodes, calculates the similarity score of level j.   

SSj = ∑ �33		� � 33	�� � 33�4�

5
��                           (3.10) 
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Similarity score of a level j is the summation of similarity scores of single bases, base pairs 

and seed-pairs which is not exceeded over 1.0. There is a lemma for similarity score of any 

level j. 

Lemma 3.1.4 For each level j, SSj ≤ 1.0 

Proof: Proof by induction method is being used for proving the theorem. Let us consider, at 

any level j, T1  has n1 numbers of node and T2 has n2 numbers of node. 

a. Basis: Let us consider, at level j, there is only one node u ϵ T1 and v ϵ T2.  

Case 01: Let us consider, u and v are equal single bases, then SSSB = (1+1) / 2.0 = 1, 

because the normalized weights of u and v are 1.0. 

Case 02: Let us consider, u and v are not equal single bases, then SSSB = (Ci - Cd)(1+1) 

/ 2.0<1.0, because Ci and Cd are multiplied by 0.5. 

Case 03: Let us consider, u and v are equal base pairs, then SSBP = SSj+1(1+1) / 2.0 ≤ 

1.0, because if u and v have identical subtrees then SSj+1 be 1.0 as per the seeded tree 

alignment problem and if not, then it is less than 1.0. 

Case 04: Let us consider, u and v are not equal base pairs, then SSBP = 0.5(SSj+1(1+1) / 

2.0) < 1.0. 

Case 05: Let, u and v are equal seeds, then SSSS = DP[u, v](1+1) / 2.0 ≤ 1.0, because 

similarity score is ranges from 0.0 to 1.0.  

Case 06: Let, u and v are not equal, then SSSS = 0.0 as per equation. Basis part proves 

its validity. 

b. Induction: Let us consider, at level j, there are k number of nodes in T1 and l number 

of nodes in T2. If the theorem is true for k and l number of nodes, then it is also true for 

n1 and n2. 

Case 01: Let us consider, In T1, there are k-1 numbers of single bases and one base 

pair and in T2, there is l-1 numbers of single bases and one base pair. As per lemma 

3.1.4, the normalized weight of each single base and base pair is less than 1.0. Let us 

consider, there is m number of equal single bases. The similarity score of m equal 
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single bases are SSSBe= m (W[u] + W[v]) / 2.0  < 1.0; where m < k, m < l. Let consider, 

there is p number of non equal single bases. The similarity score of p non equal single 

bases are SSSBne= p (Ci - Cd)(W[u] + W[v]) / 2.0 < 1.0; where p < k, p < l. The 

similarity score of k- l number of empty single bases are SSSBem= (k - l) Ci (W[u] / 2.0) 

< 1.0. The similarity score of base pairs is SSBP = SSj+1 (W[u] + W[v]) / 2.0 < 1.0 if u 

and v are equal, otherwise SSBP = 0.5 SSBP < 1.0. So, The similarity score of level j is 

SSj=(SSSBe + SSSBne + SSSBem+ SSBP) ≤ 1.0. 

Case 02: Let us consider, tree T1, has are k single bases and tree T2, has l single bases 

at level j. As per lemma 3.1.3, the normalized weight of each single base is less than 

1.0. Let us consider, there are n numbers of equal single bases and m non equal single 

bases. The similarity score of n equal single bases are SSSBe= n (W[u] + W[v]) / 2.0 < 

1.0; where n < k, n < l. The similarity score of m non equal single bases are SSSBne= m 

(Ci - Cd)(W[u] + W[v]) / 2.0 < 1.0; where m < k, m < l. The similarity score of k - l 

empty single bases are SSSBem = (k - l)(Ci * W[u] / 2.0) < 1.0. So, the similarity score 

of level j is SSj= (SSSBe + SSSBne + SSSBem) ≤ 1.0. 

Case 03: Let us consider, in T1, there are k - n single bases and n seeds and in T2, there 

are l - m single bases and m seeds at level j. As per lemma 3.1.3, the normalized 

weight of each of single bases and seeds is less than 1.0. Let us consider, there is p 

number of equal single bases and q number of non equal single bases available in T1 

and T2 at level j. The similarity score of p equal single bases are SSSBe= p (W[u] + 

W[v]) / 2.0 < 1.0; where n < k, n < l. The similarity score of q non equal single bases 

are SSSBne= q (Ci - Cd)(W[u] + W[v]) / 2.0 < 1.0; where m < k, m < l. The similarity 

score of k-l empty single bases are SSSBem= (k - l) Ci (W[u] / 2.0) < 1.0. The similarity 

score of r necessary seed pairs are SSSS = r(DP[u,v](W[u]+W[v])/2.0)<1.0.The 

similarity score of rest of seeds are SSSS = 0.0 <1.0. So, the similarity score of level j 

is SSj=(SSSBe + SSSBne + SSSBem + SSSS) ≤ 1.0. From induction part, For each level j, SSj 

≤ 1.0 is also valid.                                                                                                           □ 

Node at top of the subtrees is a root node. The similarity score of root nodes of two subtrees is 

the similarity score of two subtrees. The similarity score of two subtrees is ranges from 0.0 to 
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1.0. Algorithm finds the similarity score of subtrees from bottom to top in seeded trees using 

necessary primary and secondary seed pairs. The similarity score of topmost subtrees means 

topmost secondary seed (root seed) is the similarity score of two seeded trees which represent 

two RNA secondary structures. There is a theorem which is related with the similarity score 

of two trees. 

Theorem 3.1.1 The similarity score of two trees is at most one. 

Proof: Let us consider r1 and r2 are the root nodes of trees T1 and T2respectively. Root of a 

tree is stayed at level 1. As per lemma 3.1.4, the similarity score of level 2 is at most one. If r1 

and r2are equal, then similarity score of r1 and r2 is SS1 = SS2* (W[u]+W[v])/2.0 ≤ 1.0. If not, 

then similarity score is surely less than 1.0. So, the similarity score of two trees is at most one. 

The similarity score of two seeded trees is always ranges between 0.0 and 1.0. If the similarity 

score of two trees is 1.0, trees are identical to each other. If it is 0.0, then these two trees are 

dissimilar to each other. Next Section briefly discusses the proposed seeded tree alignment 

algorithm.                                                                                                                                                  □ 

 

3.2     The Algorithm 

The proposed seeded tree alignment algorithm finds the similarity score of two RNA 

secondary structures representing as two seeded tree. Before finding the similarity score, it is 

necessary to create a set of necessary seed pairs. For creating necessary seed pair, it is 

important to arrange all primary seeds of two seeded trees in planar way to form 

untanglegram. At first proposed algorithm checks any tanglegram forms between two seeded 

trees. If so, it rearranges all primary seeds in planar way to form untanglegram. After forming 

untanglegram, proposed algorithm finds the similarity score of each necessary primary seed 

pairs, then necessary secondary seed pairs. The similarity score of primary seed pairs are 

calculated first because; these similarity scores are used in calculating the similarity score of 

secondary seed pairs. In secondary seed pairs, it starts computation from bottom level to top 

level according to reverse level order traverse. It means, the proposed algorithm finds the 

similarity score of the root seed pair of two seeded trees at last. The similarity score of the 
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roots of two seeded trees is the similarity score of two RNA secondary structures. This is 

main mechanism of the proposed algorithm. For simplicity, the proposed algorithm is 

consisting of several procedures. Each procedure performs a special task. The pseudo code of 

the proposed seeded tree alignment algorithm is shown in as below. 

Algorithm: Seeded Tree Alignment Algorithm for finding the similarity score of two RNA 

secondary structures. 

Input: Two seeded trees T1 = (V1, E1), T2= (V2, E2) and a set of seeds, S containing necessary 

primary and secondary seed pairs. 

Output: The similarity score of T1 and T2. 

SeededTreeAlignment(T1,T2,S) 
1:   if Tanglegram(T1,T2) then  

2:     Untangle(T1,T2) 

3:   DP ← 0 

4:   for all primary seeds (x, x’) in S do 

5:      DP[x, x’]←TreeSimilarity(Tx, Tx`, DP) 

6:   while (z, z’) ≠ last secondary seeds of S do 

7:      DP[z, z’]←TreeSimilarity(Tz, Tz`, DP)  

8:     (z, z’) ← next secondary seeds of S in reverse level order traverse. 

9:   return DP[r1, r2] 

Tanglegram(T1,T2) procedure checks any tanglegram forms between two seeded trees T1 and 

T2. It traverses and compares all nodes of T1 and T2 simultaneously. If currently traversed 

node of T1and T2 are leaf nodes (primary seed), checks they equal or not. If not, it returns true 

to indicate a tanglegram is already formed. Otherwise, it traverses to next node. If all nodes of 

T1 and T2 are traversed, it returns false to indicate no tanglegram forms between T1 and T2. It 

is main mechanism of Tanglegram(T1,T2) procedure. The pseudo code of Tanglegram(T1,T2) 

is shown as follow. 

Procedure-01: Checks any tanglegram forms between T1 and T2. 

Input: Two trees T1 and T2.  

Output: Returns a true value if tanglegram forms otherwise false value. 

Tanglegram(T1, T2) 

1:   while (u ϵ T1 and v ϵ T2) is not empty do 

2:         if u and v are leaf nodes then 

3:  if u ≠ v then 
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4:   return true    

5:  (u, v) ← next nodes of T1 and T2 in preorder traverse 

6:      else 

7:  if u is a non leaf node then 

8:   u ← next node of T1in preorder traverse 

9:              if v is a non leaf node then 

10:               v ← next node of T2in preorder traverse  

11:     return false 

If Tanglegram(T1,T2) procedure returns a true value to indicate a tanglegram is formed, then 

seeded tree alignment algorithm uses Untangle(T1,T2) procedure to form untanglegram. For 

forming untanglegram as per lemmas 3.1.1 and 3.1.2, Untangle(T1,T2) procedure needs to 

place the internal nodes which solely contain equal leaf nodes of u ϵ T1 one after another and 

then internal node which partially contains equal leaf nodes of u ϵ T1. So, it is necessary to 

check u or v contains all equal leaf nodes of v or u respectively or any right sibling of u or v 

contains all equal leaf nodes of v or u respectively. If latter option is true, u and targeted 

sibling of u which contains equal leaf nodes of v or v and that of right sibling of v are 

interchanged. If above mentioned possibilities are not true which means u or any right sibling 

of u does not contain all equal leaf nodes of v; same thing may be happened to v. It indicates 

that all equal leaf nodes of middle consecutive nodes are already rearranged to form 

untanglegram and the rest of equal leaf nodes of u or v are distributed in v or any right sibling 

of v; or u or any right sibling of u respectively. If so, it is necessary to interchange u and right 

sibling of u which contains equal leaf nodes of v or v and that of right sibling of v for forming 

untanglegram. Otherwise, u or v contains rest of equal leaf nodes of v and u respectively. 

Above mentioned possibilities are applicable if u and v are internal nodes and iteration moves 

inside to both of trees. 

If u and v are equal leaf nodes, u and v form untanglegram and no rearrangement process is 

not required. If u and v are not equal leaf node, u or v may have any right sibling which is 

equal to v or u respectively. For this option, an interchange operation is needed between u and 

right sibling of u which is equal to v or v and that of right sibling of v respectively. Another 

possibility may happen that is u has a right sibling whose direct or indirect leaf node is equal 

to v. An interchange operation is required between u and right sibling of u whose direct or 

indirect leaf node is equal to v. Same thing may happen to v. Another possibilities may 

happen, i.e. some right siblings of u are equal child leaf node of v. In this case u is placed after 
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its equal right siblings which are equal to the leaf nodes of v. Same thing may happen to v. 

Another possibilities may happen i.e. equal leaf nodes of v are available in any right siblings 

of u which is an internal node. An interchange operation is required for this type of 

possibilities between u and its targeted right siblings. Same thing may happen to v. Another 

possibility may happen i.e. u and v has a right sibling who’s direct or indirect leaf nodes are 

almost equal or all equal where, u or v has different parent node with respect to v and u 

respectively. If this possibility is true, then an interchange operation is required for u and 

sibling of u or v and sibling of v. If u or v is a leaf node, same possibilities arise, but 

difference is that, leaf node is unchanged for next iteration.  

Let u and v are any type of node and they may have several equal right sibling leaf node, 

before any further iteration it is necessary to rearrange all equal sibling leaf nodes to form 

untanglegram. These possibilities may happen for rearranging all leaf nodes to form 

untanglegram. Considering above mentioned possibilities and corresponding decisions, a 

procedure is designed. The pseudo code of the procedure is shown as follow. 

Procedure-02: Rearranges all leaf nodes of two trees to form untanglegram 

Input: Two trees T1 = (V1, E1) and T2 = (V2, E2) which form tanglegram. 

Output: Rearranged T1 and T2 which form untanglegram. 

Untangle(T1, T2) 

1:     while (u ϵ T1, v ϵ T2) is not empty do 

2:           U ← List of right next siblings of u 

3:           V ← List of right next siblings of v 

4:          if CommonNeighborLeaf(u, v, U, V) = true then 

5:    (u, v) ← next nodes of T1 and T2 in preorder traverse 

6:         else if u and v are non-leaf nodes then 

7:    if AllCommon(u, v) = true or AllCommon(v, u) = true then  

8:   (u, v) ← next nodes of T1 and T2 in preorder traverse.  

9:    else if AllCommonLeaves(v,u,V)=true or AllCommonLeaves(u,v,U)=true then 

10:    (u, v) ← next nodes of T1 and T2 in preorder traverse. 

11:    else if RestCommonLeaves(u, V) = true or RestCommonLeaves(v, U)= true then 

12:   (u, v) ← next nodes of T1 and T2 in preorder traverse 

13:    else 

14:   (u, v) ← next nodes of T1 and T2 in preorder traverse 

15:          else 

16:                if  u = v then 

17:                (u, v) ← next nodes of T1 and T2in preorder traverse 

18:                else 
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19:         if SameNeighborLeaf(u,v,V)=true or SameNeighborLeaf(v,u,U)=true then 

20:                           (u, v) ← next nodes of T1 and T2in preorder traverse 

21:         else if SameNeighborChildLeaf(u,v,V)=true then 

22:                            v ← next node of T2in preorder traverse 

23:         else if SameNeighborChildLeaf(v,u,U)=true then 

24:                            u ← next node of T1in preorder traverse 

25:         else if AllCommonNeighbor(u,v,U) = true or AllCommonNeighbor(v,u,U) = true then 

26:               (u, v) ← next nodes of T1 and T2 in preorder traverse. 

27:         else if AllCommonLeaves(u, v, V)=true or AllCommonLeaves(v, u, U)=true then 

28:               (u, v) ← next nodes of T1 and T2 in preorder traverse. 

29:         else if MaxCommonLeaves(u,v,U,V)=true or MaxCommonLeaves(v,u,V,U)=true then 

30:                           (u, v) ← next nodes of T1 and T2in preorder traverse 

31:                else 

32:                            if u is a leaf node and v is non-leaf node then 

33:                          v ← next node of T2in preorder traverse 

34:                            else if v is a leaf node and u is non-leaf node then 

35:                          u ← next node of T1in preorder traverse  

36:                            else 

37:                          (u, v) ← next nodes of T1 and T2in preorder traverse. 

At first Untangle(T1,T2) calls CommonNeighborLeaf(u, v, U, V) procedure for finding 

common leaf sibling nodes of u and v in T1 and T2. If so, then it swaps u and v with common 

sibling leaf node to form untanglegram. The pseudo code of CommonNeighborLeaf(u, v, U, 

V) is shown as below. 

Procedure-03: Finds common sibling leaf node of u and v in T1 and T2. 

Input: Two nodes u ϵ T1 and v ϵ T2; and two arrays U and V which store the list of right next 

siblings of u and v respectively. 

Output: Returns a true value if an equal sibling leaf node of u and v; otherwise false. 

CommonNeighborLeaf(u,v,U,V) 

1:   for all leaf nodes x ϵ U and y ϵ V do 

2:        if x = y then 

3:  interchange x and u 

4:  interchange y and v 

5:  return true 

6:    return false 

If above procedure returns a false value then Untangle(T1,T2) calls AllCommon(u, v) 

procedure. This procedure checks u contains all equal direct and indirect leaf nodes of v. The 

pseudo code of AllCommon(u, v) is as follows. 
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Procedure-04: Finds u has all equal leaf nodes of v. 

Input: Two nodes u ϵ T1 and v ϵ T2. 

Output: Returns a true value if all direct and indirect leaf nodes of v are equal to leaf nodes of 

u; otherwise false. 

AllCommon(u, v) 

1:     Lu ← List of direct and indirect leaf nodes of u. 

2:     Lv ← List of direct and indirect leaf nodes of v. 

3:     if all content of Lv = some content of Lu then 

4:          return true 

5:     return false 

Untangle(T1,T2) uses AllCommonLeaves(v, U) procedure to checks v contains all equal leaf 

nodes of any sibling internal node of u. The pseudo code of AllCommonLeaves(v, U) is shown 

as follow. 

Procedure-05: Checks v contains all equal leaf nodes of any sibling internal node of u. 

Input: A node v ϵ T2 and a list of right siblings of node u ϵ T1  

Output: Returns a true value if v contains all equal leaf nodes of any sibling internal node of 

u; otherwise false. 

AllCommonLeaves(u,v,U)  

1:    for all internal node x ϵ U do 

2:         Lx ← List of direct and indirect leaf nodes of x. 

3:         Lv ← List of direct and indirect leaf nodes of v. 

4:         if all content of Lx = some content of Lv then 

5:  Interchange x and u. 

6:  return true 

7:    return false 

Untangle(T1,T2) uses RestCommonLeaves(u, V) procedure to checks rest of equal leaf nodes 

of u are contained by any sibling internal node of v. The pseudo code of 

RestCommonLeaves(u, V) is shown as follow. 

Procedure-06: Checks rest of equal leaf nodes of u are contained by any sibling internal node 

of v. 

Input: A node u ϵ T1 and a list of right siblings of node v ϵ T2 
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Output: Returns a true value if rest of leaf nodes of u is equal to the leaf nodes of any sibling 

internal node of u; otherwise false. 

RestCommonLeaves(u, V) 
1:    Lu ← List of rest of unselected direct and indirect leaf nodes of u. 

2:    for all x ϵ V do 

3:         Lx ← List of direct and indirect leaf nodes of x. 

4:         if all content of Lu = some content of Lx then 

5:  interchange x and u. 

6:  return true 

7:    return false 

 

Procedures 04 to 06 are used if u and v are non leaf nodes. If anyone of u and v are leaf node, 

then Untangle(T1,T2) uses SameNeighborLeaf(u,v,V) procedure for checking any right sibling 

leaf node is equal to u. The pseudo code of SameNeighborLeaf(u,v,V) procedure is shown as 

follow. 

Procedure-07: Checks v has a sibling leaf node which is equal to u 

Input: Two nodes u ϵ T1 and a list of sibling of vertex v, V. 

Output: Returns a true value if any right sibling leaf node of v is equal to u; otherwise false. 

SameNeighborLeaf(u,v,V) 

1:   for all leaf node y ϵ V do 

2:      if u = y then 

3:  interchange v and y 

4:  return true 

5:     return false 

If above option is workable, then Untangle(T1,T2) uses SameNeighborChildLeaf(u,v,V) 

procedure for checking any right sibling internal node has a leaf node which is equal to u. The 

pseudo code of SameNeighborChildLeaf(u, v, V) is shown as below. 

Procedure-08: Finds a leaf node of sibling of v is equal to u. 

Input: Two nodes u ϵ T1 and v ϵ T2 and a list of sibling of vertex v, V. 

Output: Returns a true value if it finds a leaf node of right sibling internal node of v is equal to 

u; otherwise false. 
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SameNeighborChildLeaf(u, v, V) 

1:   for all internal node y ϵ V do 

2:        Ly ← List of leaf nodes of y 

2:      if u = any leaf node x ϵ Ly then 

3:  interchange v and y 

4:  return true 

       5:   return false  

Procedure AllCommonNeighbor(u, v, U) checks a set of sibling nodes of u are the equal leaf 

nodes of v. The pseudo code of AllCommonNeighbor(u, v, U) is shown as follow- 

Procedure-10: Finds a set of right sibling of u are equal to leaf nodes of v of T1 

Input: Two nodes u ϵ T1 and v ϵ T2 and the list of the right siblings of u. 

Output: Returns a true value if it finds a set of right siblings of u are equal to leaf nodes of v; 

otherwise false. 

AllCommonNeighbor(u, v, U) 
1:    Lv ← List of leaf nodes of v.  

2:    if all content of Lv = some content of U then 

2:                     move u after the equal content of U.  

3:                     return true 

4:    if some content of Lx = all content of U then 

5:                     move u after the equal content of U  

6:                     return true 

7:    return false  

Procedure MaxCommonLeaves(u, v, U, V) checks any sibling node of u has maximum equal 

leaf nodes of any sibling of v. The pseudo code of MaxCommonLeaves(u, v, U, V) is shown as 

follow- 

Procedure-10: Finds maximum leaf nodes of an internal sibling node of v of T2 are equal to 

leaf nodes of an internal sibling node of u of T1 

Input: Two nodes u ϵ T1 and v ϵ T2 and the lists of the right siblings of u and v. 

Output: Returns a true value if it finds all leaf nodes of an internal sibling node of u are 

maximum equal to leaf nodes of an internal sibling node of v; otherwise false. 

MaxCommonLeaves(u, v, U, V) 

1:     for all nodes x ϵ U and y ϵ V do 

2:                Lx ← List of direct and indirect leaf nodes of x. 

3:                Ly ← List of direct and indirect leaf nodes of y. 

4:                 if all content of Lx = maximum content of Ly then 
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5:                              interchange x and u. 

6:                              interchange y and v. 

7:                         return true 

8:     return false 

Above all procedures are used to create an untanglegram efficiently if there is one plane 

graph. So, there is a lemma about the Untangle(T1, T2) procedure. 

Lemma 3.2.1 Untangle(T1,T2) procedure produces untanglegram, if there is one. 

Proof: This lemma is proved by induction method.  

a. Basis: Let us consider, T1 and T2 contain one node, which is u1 and u2 respectively. Nodes 

u1 ϵ T1 and u2 ϵ T2 are the leaf nodes and their numbering or representation are same. So, 

line 16 makes it untanglegram. Basis part of the algorithm is correct. 

b. Induction: Let consider T1 and T2 has n1 and n2 numbers of nodes respectively. i and j be 

nodes of T1 and T2 respectively. If they form untanglegram by Untangle(T1,T2) procedure, 

then theorem is true for all.  

Case 01: Let us consider, i and j are internal nodes of T1 and T2 respectively. Let us 

consider, j and any right sibling of j, k contain all equal leaf nodes of i but j and k are not 

consecutive . According to Lemmas-1 and 2, all equal leaf nodes of i are distributed among 

consecutive internal nodes of T2. So, to form untanglegram only interchange operation is 

required to make j and k consecutive internal nodes by lines 6 - 14.  

Case 02: Let us consider, i and j are equal. They may form untanglegram or not. If not, 

then i has an equal leaf node which is either right sibling leaf node of j or direct or indirect 

leaf node of right sibling internal node of j. An exchange operation is used to change the 

position of j and sibling node of j to form untanglegram by lines 18 - 26. So, the right 

sibling node of j forms untanglegram with i. In such way rest of all leaf nodes of T1 and T2 

form untanglegram.  Both of two cases, Untangle(T1,T2) procedure produces an 

untanglegram if there is one.                                                                                                  □      

Lemma 3.2.1 proves the correctness of Untangle(T1,T2) procedure.  For finding the desired 

right sibling from sibling list and for comparing the leaf nodes of two internal nodes, indexing 

or hash table may be used for reducing time complexity. Time complexity of searching desire 



Chapter 3: The Seeded Tree Alignment Algorithm 47 

 

 

 

 

right sibling and comparing leaf nodes of two nodes are reduced from O(n) to O(1). So, there 

is another lemma regarding the time complexity of Untangle(T1,T2) procedure, which is 

shown as follow. 

Lemma 3.2.2 Untangle(T1,T2) procedure runs in O(n
3
). 

Proof- Let us consider, two unordered trees |T1|= n1 and |T2|= n2 and let n ≤ (n1+n2), because 

this algorithm simultaneously traverses two nodes of two trees. Untangle(T1,T2) procedure 

forms an untanglegram by calling several procedures. If hashing or indexing is used, 

procedure 08 requires only O(n) time. Except procedure 03, other procedures have two nested 

loop. So, each of these procedures requires O(n
2
) time. Moreover, Untangle(T1,T2) procedure 

has a loop and inside this loop, it calls other procedures for forming untanglegram. So, 

Untangle(T1,T2)  procedure requires O(n(n
2
)) = O(n

3
) time for forming untanglegram.           □                                               

Untangle(T1,T2) procedure improves functionality without changing the time complexity 

which is proved by lemmas 3.2.1 and 3.2.2. 

After rearranging all leaf nodes (primary seeds) of T1 and T2 for forming untanglegram, 

algorithm starts its calculation. First it calculates the similarity score of primary seed pairs of 

S; then secondary seed pairs by using procedure TreeSimilarity(T1,T2,DP). Before calculating 

similarity score, it assigns normalized weight to each node using Eq. 3.1, 3.2 and 3.3. For 

calculating similarity score, it uses Eq. 3.4 - 3.6, 3.8 and 3.9. Other than above mentioned 

situation, some situation may arise. Let us consider, currently traversed node T1 and T2 are u 

and v respectively. If u is a single base and v is a seed which has a paired seed in T1, v is 

unchanged for next iteration until its paired seed is found and equation 3.6 is applicable. If u 

is a single base and v is a seed which has no paired seed in T1, u is unchanged for next 

iteration. If u is a single base and v is a base pair; in T1 there is a remaining base pair, v is 

unchanged for next iteration and Eq. 3.6 is applicable. If u is a single base, v is a base pair and 

T1 has no remaining base pair, u is unchanged for next iteration and Eq. 3.9 is applicable. 

These are the basic mechanism of the procedure TreeSimilarity(T1,T2,DP). The pseudo code 

of TreeSimilarity(T1,T2,DP) is as follow. 
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Procedure-11: Calculates the similarity score of two trees T1 and T2. 

Input: Two trees T1 = (V1, E1), T2 = (V2, E2) and a two dimensional array DP which stores the 

similarity score of primary and secondary seed pairs. 

Output: The similarity score of trees T1 and T2. 

TreeSimilarity(T1,T2,DP)  
1:     AW←WeightAssign(T1) 

2:     BW←WeightAssign(T2) 

3:     n ← maximum level size among T1 and T2 

4:     for i=n to 1 do  

5:        ss←0.0 

6:       for all node u ϵ T1 and v ϵ T2 of level i do  

7:  if u and v are not empty then 

8:    if u and v are base pairs then  

9:    if u=v then 

10:     ss←ss+(TSS[i+1]*(AW[u]+BW[v])/2) 

11:    else 

12:     ss←ss+0.5(TSS[i+1]*(AW[u]+BW[v])/2) 

13:   if u and v are single bases then 

14:    ifu=v then 

15:     ss←ss+(AW[u]+BW[v])/2 

16:    else 

17:     ss←ss+(Ci-Cd)*(AW[u]+BW[v])/2 

18:   if u and v are seeds then 

19:    if u and v are paired seeds then 

20:     ss←ss+(DP[u,v])*(AW[u]+BW[v])/2 

21:    else 

22:      if u has paired seed then 

23:      u will be unchanged for next iteration 

24:     if v has paired seed then 

25:      v will be unchanged for next iteration 

26:   if u is single base and v is a base pair then 

27:    if any remaining base pair then 

28:     ss←ss+Ci(AW[u])/2 

29:     v is unchanged for next iteration 

30:    else 

31:     ss←ss+0.5(TSS[i+1]*BW[v])/2 

32:     u is unchanged for next iteration 

33:   if u is base pair and v is single base then 

34:    if any remaining base pair then 

35:     ss←ss+Ci(BW[v])/2 

36:     u is unchanged for next iteration 

37:    else 

38:     ss←ss+0.5(TSS[i+1]*AW[u])/2 

39:     v is unchanged for next iteration 

40:   if u is single base and v is seed then 
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41:    if v has a paired seed leaf in level i then 

42:     ss←ss+Ci*AW[u]/2 

43:     v will be unchanged for next iteration 

44:    else 

45:     u will be unchanged for next iteration 

46:   if u is seed and v is single base then 

47:    if v has a paired seed in level i then 

48:     ss←ss+Ci*BW[v]/2 

49:     u will be unchanged for next iteration 

50:    else 

51:     v will be unchanged for next iteration 

52:  else if u is empty and v is not empty then 

53:   if v is a base then 

54:    ss←ss+ci*BW[v]/2 

55:   else 

56:    ss←ss+(TSS[i+1]*BW[v])/4 

57:  else if u is not empty and v is empty then 

58:   if u is a base then 

59:    ss←ss+ci*AW[u]/2 

60:   else 

61:    ss←ss+(TSS[i+1]*AW[u])/4 

62:  else  

63:   TSS[i] ← ss 

64:     returnTSS[1] 

TreeSimilarity(T1,T2,DP) uses WeightAssign(T) procedure for assigning normalized weight to 

each node of tree T using Eq. 3.1, 3.2, 3.3. The pseudo code of WeightAssign(T) is shown as 

below- 

Procedure-12: Assigns normalized weight to each node. 

Input:A tree T= (V, E) 

Output: Normalized weighted tree. 

WeightAssign(T) 

1:   for level i = 1 to n do 

2:  x←(# of leaf nodes of level i) + (#of non-leaf nodes of level i) 

3:  if level i has a non-leaf node then 

4:   y←(# of leaf nodes of level i+1) + (#of non-leaf node of level i+1) 

5:  if level i has any seed node then 

6:   z←(# of seeds of level i) 

7:  a←1.0/(x+y+(z*2)) 

8:  for all node u in level i do 

9:   if u is a leaf node then 

10:    W[u] ← a 

11:   else if u is a non-leaf node then 

12:    W[u]←a*(1+y) 
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13:   else 

14:    W[u]←a*2 

15:    return W 

In TreeSimilarity(T1,T2,DP) procedure, there is two nested loop and in WeightAssign(T) 

procedure, there is also two nested loop. For each nested loop, running time is increased by 

O(n). So, there is a lemma regarding the time complexity of TreeSimilarity(T1,T2,DP) 

procedure.  

Lemma 3.2.3 TreeSimilarity(T1,T2,DP) procedure runs in O(n
2
) 

Proof: In lines 1-2, TreeSimilarity(T1,T2,DP) procedure uses WeightAssign(T) algorithm for 

assigning the normalized weight to each node. It has two nested loops. So, it requires O(n
2
) 

time to assign the normalized weight to each node. In TreeSimilarity(T1,T2,DP) procedure, 

there are two nested loops- one for traversing from bottom level to top level and inside this 

loop, another loop for comparing and finding similarity of two nodes. So, 

TreeSimilarity(T1,T2,DP) procedure requires O(n
2
+n

2
) = O(n

2
). The time complexity of 

TreeSimilarity(T1,T2,DP) procedure for finding the similarity score is O(n
2
).                           □ 

After determining the time complexity of the TreeSimilarity(T1,T2,DP) procedure, it is 

necessary to determine the running time of SeededTreeAlignment(T1,T2,S) algorithm. There is 

a theorem to determine the running time of SeededTreeAlignment(T1,T2,S) algorithm. 

Theorem 3.2.1 SeededTreeAlignment(T1,T2,S) algorithm runs in O(n
3
) 

Proof: In line 1, algorithm requires O(n) time to find tanglegram which forms between two 

seeded trees T1 and T2. In line 2 it uses Untangle(T1, T2) procedure to form untanglegram in 

O(n
3
) time if any tanglegram forms between T1 and T2. After that, it finds the similarity scores 

n necessary primary seed pairs using TreeSimilarity(T1,T2,DP) procedure. For finding the 

similarity score of n primary seed pairs running time is O(n(n
2
)) = O(n

3
). Same time is 

required for finding the similarity score of n necessary secondary seed pairs. So, the total time 

complexity of overall algorithm is O(n+n
3
+n

3
+n

3
) = O(n

3
).                                                    □  

Correctness proof of Untangle(T1,T2) procedure is shown in lemma 3.2.1 and 

TreeSimilarity(T1,T2,DP) in theorem 3.1.1. So, it is necessary to prove the correctness of 
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SeededTreeAlignment(T1,T2,S) algorithm. So, there is a theorem to prove the correctness of 

SeededTreeAlignment(T1,T2,S) algorithm.                                                                                                       

Theorem 3.2.2 SeededTreeAlignment(T1,T2,S) algorithm produces untanglegram, if there is 

one as well as finds the similarity score of two RNA secondary structures. 

Proof: Untangle(T1, T2) procedure is called by SeededTreeAlignment(T1,T2,S) algorithm to 

form untanglegram. Lemma 3.2.1 proves that, Untangle(T1, T2) procedure produces an 

untanglegram if there is one. So, SeededTreeAlignment(T1,T2,S) algorithm also produces 

untanglegram if there is one. TreeSimilarity(T1,T2,DP) procedure follows Eq. 3.1 - 3.10 and 

theorem 3.1.1 for finding the similarity score of two RNA secondary structures. Proof of 

theorem 3.1.1 proves that SeededTreeAlignment(T1,T2,S) algorithm finds the similarity score 

successfully.                                                                                                                                □ 

 

3.3       Illustrative Examples of the Algorithm 

In this section, a detail example is shown to measure the similarity score of two RNase P 

RNA secondary structures. There are several RNase P RNAs: caulobacter crescentus and 

agrobacterium tumefaciens are two of them. agrobacterium tumefaciens is a rod shaped gram 

negative soil bacteria. It is the causal agent of crown gall diseases. It is extensively used in 

biotechnological field to discover the gene transfer mechanism between agrobacterium and 

plants, which resulted in the development of methods to alter agrobacterium into an efficient 

delivery system for genetic engineering in plants. A microscopic view of agrobacterium 

tumefaciens is shown in Fig. 3.3.  

     
Figure 3.3 Microscopic view of agrobacterium tumefaciens(left) and caulobacter crescentus 

(right) [21]. 
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The secondary structure and tree representation of agrobacterium tumefaciens is shown in 

Fig. 3.4 and Fig. 3.6 respectively. 

caulobacter crescentus is a gram-negative, oligotrophic bacteria widely distributed in fresh 

water lakes and streams. It plays an important role in the carbon cycle. caulobacter is an 

important model for study of the regulation of the cell cycle and cellular differentiation. A 

microscopic view of caulobacter crescentus is shown in Fig. 3.3. The secondary structure and 

tree representation of caulobacter crescentus is shown in Fig. 3.5 and 3.7 respectively.  

 
Figure 3.4 Secondary structure of agrobacterium tumefaciens. 
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Figure 3.5 Secondary structure of caulobacter crescentus. 
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Figure 3.6 Tree representation of secondary structure of agrobacterium tumefaciens. 
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Figure 3.7 Tree representation of secondary structure of caulobacter crescentus. 
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Figure 3.8 Seeded tree representations of agrobacterium tumefaciens (left) and caulobacter 

crescentus (right). 

Tree representations of agrobacterium tumefaciens and caulobacter crescentus form same 

seeded tree representation which is shown in Figure 3.8. Seeded tree representations of 

agrobacterium tumefaciens and caulobacter crescentus are named as T1 and T1’ respectively. 

Primary seeds of T1 and T1’ are 3, 4, 5, 6, 8, 10, 12, 13, 14, 15 and secondary seeds are 1, 2, 7, 

9 and 11.  

The similarity score measurement process is started by SeededTreeAlignment(T1,T1’,S), where 

S is the set of seed pairs: primary seed pairs ((15,15), (14,14), (13,13), (12,12), (10,10), (8,8), 

(6,6), (5,5), (3,3) and (4,4)) and secondary seed pairs ((11,11), (9,9), (7,7), (2,2) and (1,1)). At 

first algorithm checks any tanglegram forms between T1 and T1’ by Tanglegram(T1, T1’). Trees 

T1 and T1’ do not form any tanglegram and the procedure returns a false value.  The algorithm 

starts its computation to calculate the similarity score of primary seed pairs of T1 and T2. First 

it calls TreeSimilarity(T15,T15’,DP) to calculate the similarity score of seed pair 15 and 15 of 

trees T1 and T1’.  Let us consider, the subtree of primary seeds, 15 of T1 and T1’ are 

represented as T15 and T15’ respectively.  

Before calculating the similarity score between T15 and T15’, it starts to assign the normalized 

weight to each node of trees T15 and T15’ by calling procedure WeightAssign(T). First it 

assigns the normalized weight to T15 then T15’. T15 has 9 levels. WeightAssign(T) procedure 

starts its weight assignment to each node from top level (Level 1) to bottom level (Level 9).  
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• At level 1, there is only one internal node that is C-G. The normalized weight of C-G 

is (1 / (1 + 1 + 0)) * (1 + 1) = 1.0, because the number leaf nodes of C-G is zero, but 

internal nodes is one.  

• Similarly, at level 2 has one internal node which is U-G and its normalized weight is 

1.0. At level 3, 4, 5, 6, 7 and 8 have only one internal node which are U-G, G-C, U-G, 

C-G, C-G, G-C respectively and their normalized weights are 1.0.  

• At level 9, there is four leaf nodes which are A, A, A and G and no internal and seeds 

node. The normalized weight of each node of level 9 is 1 / (4 + 0 + 0) = 0.25. 

According to equation 3.4, summation of the weight of nodes at level 9 is 4 * (0.25) + 

0 + 0 = 1.0. Normalized weight of nodes of tree T15 is shown in Figure 3.9 (left). 

Similar process is applied for T15’ to assign the normalized weight to each node which 

is shown in Figure 3.9 (right). 

       
Figure 3.9 Normalized weight of nodes of tree T15 (left) and T15’ (right). 

After assignment of the normalized weight to each node of trees T15 and T15’, 

TreeSimilarity(T15,T15’,DP) starts it calculation. Before, starting the calculation, it is necessary 

to define the value of insertion and deletion cost. Here assume that, Di = 0.9, Df = 0.5 and 

missing or unmatched leaf nodes (single base) are in same level, so, d = 0. Thus, Ci = 

0.5*(0.9)*(0.5)
0
 = 0.45. Similarly, the value of Cd is also 0.45.  
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TreeSimilarity(T15,T15’,DP) procedure starts it calculation from bottom-most level of trees T15 

and T15’. Tree T15 has 9 levels and T15’ has 7 levels, so, the bottom-most level is 9.  

• At level 9, T15’ has no base pair or single base, but T15 has four single bases. The 

similarity score of single base A of T15 is 0.45 * (0.25) / 2.0 = 0.05625. At current 

level, there is only four single bases, the similarity score of level 9 is 4 * (0.05625) = 

0.225. At level 8, T15’ has no single base or base pair, but T15 has a base pair.  

• The similarity score of level 8 is 0.5(0.225 * (1 / 2.0)) = 0.05625.  

• At level 7, T15’ has four single bases, but T15 has one base pair, the similarity score of 

level 7 is 0.5 * (0.05625 * (1 / 2.0)) + 4 * (0.45 * (0.25) / 2.0) = 0.23.  

• At level 6, T15 and T15’ have one base pair and they are equal (C-G), the similarity 

score is 0.23 * (1 + 1) / 2.0 = 0.23.  

• At level 5, the similarity score is 0.5 * (0.23 * ((1 + 1) / 2.0)) = 0.115, because base 

pair of T15 and T15’ are U-G and G-C respectively.  

• At level 4, the similarity score is 0.5 (0.115 * ((1 + 1) / 2.0)) = 0.0575 because base 

pair of T15 and T15’ are G-C and C-G respectively.  

• At level 3, base pair of tree T15 and T15’ are U-G and C-G respectively and the 

similarity score is 0.5 (0.0575 * ((1 + 1) / 2.0)) = 0.288.  

• At level 2, the similarity score is 0.5 (0.0288 * ((1 + 1) / 2.0)) = 0.144, because base 

pair of T15 and T15’ are U-G and G-C respectively.  

• At top-most level (level 1), C-G and A-U are the base pair of T15 and T15’ respectively 

and the similarity score is 0.5 (0.0144 * ((1 + 1) / 2.0)) = 0.0072. 0.0072 is the 

similarity score between T15 and T15’ which indicates 0.72% of trees T15 and T15’ are 

similar. The similarity score (green color) of each level and normalized weight (red 

color) of each node of T15 and T15’ are shown in Figure 3.10.  
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Figure 3.10 Computing the similarity scores between primary seed pair (15,15) of two seeded 

trees. 

In this way the similarity score of other primary seed pairs are measured and the similarity 

scores of primary seed pairs (14,14), (13,13), (12,12), (10,10), (8,8), (6,6), (5,5), (3,3) and 

(4,4) of trees T1 and T1’ are shown in Table 3.1. 

Table 3.1 Computational results of other primary seeds of T1 and T1’. 

Primary 

seeds of T1 

Primary 

seeds of T1’ 

Similarity 

score 

Percentage 

14 14 0.0286 2.86% 

13 13 0.019 1.9% 

12 12 0.157 15.7% 

10 10 0.109 10.9% 

8 8 0.0055 0.55% 

5 5 0.415 41.5% 

6 6 0.125 12.5% 

3 3 0.0625 6.25% 

4 4 1.0 100% 

From Table 3.1, subtrees of primary seeds 4 of trees T1 and T1’ are same, because their 

similarity score is 1.0, whereas subtrees of primary seeds 8 of trees T1 and T1’ are least similar 

means dissimilarity is dominant. 

After calculation of the similarity scores of all primary seeds of trees T1 and T1’, 

SeededTreeAlignment(T1,T1’,S) calls the TreeSimilarity(Tx,Tx’,DP) to calculate the similarity 
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score of secondary seed pairs of two seeded trees according to reverse level order traverse. 

According to traversal, secondary seed pairs are (11,11), (9,9), (7,7), (2,2) and (1,1). For 

example, let us consider, secondary seed pair is (11,11) to calculate the similarity score. 

Procedure follows same mechanism for primary seed pairs. Let us consider, the subtrees of 

secondary seeds 11 of T1 and T1’ are represented as T11 and T11’. At first it assigns the 

normalized weight to each nodes of T11 and T11’ by calling procedure WeightAssign(T). After 

weight assignment, It starts the calculation from bottom-most level of T11 and T11’. T11 and T11’ 

have twelve levels.  

• At level 12, there are two primary seeds 14 and 15. TreeSimilarity(T1,T1’,DP) 

procedure starts from level 12. At level 12, T11 has eight single bases (C, C, A, C, A, 

G, C and A) and two primary seeds 14 and 15, whereas T11’ has five single bases (A, 

G, C, G and C) and two primary seeds 14 and 15. First single base C of T11 is not 

equal to first single base A of T11’. So, the similarity score between them is (0.45 - 

0.45) * (0.0833 + 0.11) / 2.0 = 0.0. Next node of T11 is C which is a single base but 

T11’ is 14 a primary seed. Primary seed, 14 of T11 is remaining which indicates that, a 

single base is missing in tree T11’. The similarity score of missing single base 

corresponding to single base C is 0.45 * (0.0833 + 0) / 2.0 = 0.0187. Primary seed 14 

of T11’ is unchanged, but next node of T11 is 14 which is a primary seed. The similarity 

score of primary seed pair (14,14) is 0.0286, but their normalized weight are 0.0833 

and 0.23 respectively. So, the similarity score is 0.0286 * (0.1668 + 0.23) / 2.0 = 

0.00567. Similar process is followed for rest of seeds and single bases. The similarity 

score of level 12 is 2 * (0.45 - 0.45) * (0.0833 + 0.11) / 2.0 + 0.0286 * (0.1668 + 0.23) 

/ 2.0 + 0.0072 * (0.1668 + 0.23) / 2.0 + 4 * (0.45) * (0.0833 + 0) / 2.0 + 2 * (0.0833 + 

0.11) / 2.0 + 0.45 * (0 + 0.11) / 2.0 = 0.3.  

• At level 11, there are same base pair G-C exist in T11 and T11’, so, the similarity score 

is 0.3 (1 + 1) / 2.0 = 0.3. At level 10, 9, 8, 7 and 6, there is only base pair, no single 

base or seed. At level 10, U-A is only base pair of T11 and T11’, the similarity score is 

0.3 (1 + 1) / 2.0 = 0.3.  
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• At level 9, C-G and G-Care base pair of T11 and T11’ respectively, so, the similarity 

score is 0.5 (0.3 ((1 + 1) / 2.0)) = 0.15.  

• At level 8, 7 and 6, T11 and T11’ has same base pair, so the similarity score is 0.15 (1 + 

1) / 2.0 = 0.15.  

• At level 5, there are eleven single bases and one base pair, C-G. The similarity score at 

level 5 is 2 ((0.45 - 0.45) * (0.077 + 0.077) / 2) + 9 * (0.077 + 0.077) / 2.0 + 0.15 * 

(0.154 + 0.154) / 2.0 = 0.716.  

• At level 4, 3, 2 and 1, T11 and T11’ have only one base pair which are G-C, G-C and U-

A. The similarity score of these levels are same i.e. 0.716(1 + 1) / 2.0 = 0.716.  

• At top level means level 1, base pairs are not same, so the similarity score of top level 

is 0.5 (0.716 * ((1 + 1) / 2.0)) = 0.358. This similarity score is represented as the 

similarity score of trees T11 and T11’ which is 0.358. It also indicates tree T11 is 35.8% 

similar to tree T11’. The similarity score (green color) of each level and normalized 

weight (red color) of each node of T11 and T11’ are shown in Figure 3.11.  

 
Figure 3.11 Computing the similarity scores between secondary seeds pair (11,11) of two 

seeded trees. 
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Similar process is used to calculate the similarity score of secondary seed pairs (9,9), (7,7), 

(2,2) and (1,1) of trees T1 and T1’. The similarity scores of these secondary seed pairs are 

shown in table-3.2. 

Table 3.2  Computational results of other secondary seeds of T1 and T1’. 

Primary 

seeds of T1 

Primary 

seeds of T1’ 

Similarity 

score 

Percentage 

9 9 0.020 2% 

7 7 0.31 31% 

2 2 0.2561 25.61% 

1 1 0.12 12% 

According to Table-3.2, similarity score of secondary seed pair (1,1) is 0.12, means 12% of 

agrobacterium tumefaciens is similar to caulobacter crescentus. 

In previous example, seeded tree representations of agrobacterium tumefaciens and 

caulobacter crescentus do not form any tanglegram. Now, an example is discussed where two 

seeded tree form a tanglegram. In this example, how efficiently Untangle(T1,T2) procedure 

can arrange all primary seeds in planar way is only shown in this example. Two seeded trees 

which form tanglegram are shown in Fig. 3.12 and 3.13.  

 
Figure 3.12 A seeded tree T1. 

Untangle(T1,T2) starts its computation from root of the trees. In the example, at first u and v 

are node 1 of tree T1 and T2 respectively, because they are the root node of two trees. 

• Node 1 of T1 and node 1 of T2 have no siblings, so, U and V are empty. 

CommonNeighborLeaf procedure return a false value, because U and V empty. 

Iteration moves to call the procedure AllCommon to check all leaf nodes of node 1 and 
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node 1 are equal or not and this procedure returns a true value. Iteration moves inside 

the trees T1 and T2.  

 
Figure-3.13, Another seeded tree T2, which forms tanglegram with a tree shown in Fig. 3.12 

seeded tree. 

• Now u and v are node 2 and node 2. The siblings of node 2 of T1 are node 3, node 4 

and node 5; and node 2 of T2 are node 30, node 9 and node 5. Here indexing is used, 

so the values of U are {0, 0, 1, 1 , 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 

0, 0, 0, 0, 0} and V are {0, 0, 0, 0, 1, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 

0, 0, 0, 0, 1}. Procedure calls CommonNeighborLeaf but siblings of node 2 of T1 and 

T2 are not equal except node 5, but node 5 is not a leaf node. So, it returns a false 

value. AllCommon returns a false value. Because, the number of equal leaf nodes of 

node 2 of T1 and node 2 of T2 are only seven, whereas the number of leaf nodes of 

node 2 of T1 is fourteen. AllCommonLeaves returns a true value and the value of u is 

changed from node 2 to node 5. Because the number of equal leaf nodes of node 5 of 

T1 and node 2 of T2 is five and the number of leaf nodes of node 5 of T1 is also five. 

Iteration moves inside the trees T1 and T2.  

• Now u and v are node 10 and node 20 of T1 and T2 respectively. Node 10 and node 20 

are leaf nodes and they are not equal. The siblings of node 10 are node 11 and node 

12. The siblings of node 20 are node 6, node 7, node 8, and node 13. None of the 

sibling nodes of node 10 and 20 are equal. SameNeighborChildLeaf and it returns a 

true value, means the sibling of node 20 , i.e. node 7 has a leaf node which is equal to 

node 10. So, the value of v is swapped between node 20 and node 7.  
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• Now v is node 14 to traverse inside the subtree of 7, but u is remain unchanged. Now, 

u and v are node 10 and node 14. Siblings of node 10 are node 11 and node 12 and 

siblings of node 14 are node 17 and node 16. None of procedures returns a true value 

which indicates one of the leaf nodes of node 14 is equal to node 10. Iteration moves 

inside the subtree of node 14, but u is remaining unchanged.  

• Now u and v are node 10 and node 10 respectively. The siblings of node 10 of T1 are 

node 11 and node 12 and the siblings of node 10 of T2 are node 11, node 21 and node 

24. One of the siblings of node 10 of T1 and T2 is equal, i.e. node 11. So, u and v are 

swapped between node 10 and node 11 both trees T1 and T2 to form untanglegram. 

Iteration moves to next node of u and v.  

• Now u and v are node 10 and node 10 of T1 and T2. But No siblings are equal, whereas 

u and v are equal. Iteration moves to next node of u and v.  

• Now u and v are node 12 and node 21 respectively. The sibling node of node 12 of T1 

is null, but node 21 is node 24. Here, node 21 is leaf node but node 12 is non leaf 

node. None of procedures returns a true value. It means node 21 is a leaf node of node 

12 of T2. u is changed from node 12 to node 21 to traverse inside the subtree of node 

12.  

• Now u and v are node 21 and node 21 of T1 and T2 respectively. The siblings of node 

21 of T1 are node 22, node 23 and node 24, whereas the sibling of node 21 of T2 is 

only node 24. Node 21 of T1 and node 21 of T2 have equal sibling leaf node, i.e. node 

24. The node 21 of T1 and T2 are swapped to node 24 of T1 and T2.  

• After this, u and v are node 22 and node 21 respectively. Node 22 of T1 has siblings 

i.e. node 23 and node 21, but node 21 of T2 has no sibling. Node 22 of T1 has a sibling 

leaf node which is equal to node 21 of T2. SameNeighborLeaf returns a true value and 

swaps node 22 with node 21.  

• After this operation, u and v represent next node of node 21 of T1 and T2. Now u and v 

are node 23 and node 17. The sibling node of node 23 is node 22; node 17 is node 16. 



Chapter 3: The Seeded Tree Alignment Algorithm 65 

 

 

 

 

SameNeighborChildLeaf returns a true value, because node 23 is a leaf node of sibling 

internal node of node 17. Now, node 17 is swapped with node 16.  

• After this operation, u and v represent the next node of u and v according to preorder 

traverse. So, u and v are node 23 and node 22 respectively. The sibling node of node 

23 is node 22. Node 22 has siblings i.e. node 23, node 19 and node 18. Procedure 

SameNeighborLeaf returns a true value because, sibling of node 22 of T2 is equal to 

node 23.  

• After this operation, the next node of u and v are node 22 and node 22 respectively. 

They do not have any equal sibling, so the iteration moves to next nodes of u and v. 

Now u and v are node 3 and node 19 respectively. The sibling nodes of node 3 are 

node 4 and node 2; the sibling of node 19 is node 18. SameNeighborChildLeaf returns 

a true value and exchanges node 3 with node 2, because, node 2 of T1 has an equal leaf 

node of node 19.  

• Iteration moves to next node of u. u and v are node 6 and node 19. The siblings of 

node 6 of T1 are node 7, node 8 and node 9; the sibling node of node 19 of T2 is node 

18. Procedure SameNeighborChildLeaf returns a true value and exchanges node 6 and 

node 9, because, node 9 has an equal leaf node i.e. node 19.  

• Iteration moves to next node of u. u is node 17 and sibling nodes of node 17 are node 

18, node 19, and node 20. Node 17 of T1 and Node 19 of T2 has equal leaf node, i.e. 

node 18. CommonNeighborLeaf gives a true value and arranges the leaf node 18 of T1 

and T2.  

• Next node of u and v are node 17 and node 19. Node 19 has no sibling but node 17 has 

node 19 and node 20. SameNeighborLeaf exchanges the value of node 17 of T1 with 

node 19. So, node 19 of T1 and T2 are plenary arranged.  

• The value of next u and v are node 17 and node 17 and they are equal.  

• After that, the next node of u and v are node 20 and node 6. One sibling of node 6 is 

equal to node 20. So, the procedure SameNeighborLeaf is used to exchange the node 6 

and node 20. So, node 20 of T1 and T2 are plainly arranged.  
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• Next node of u and v are node 7 and node 6 respectively. CommonNeighborLeaf is 

being called to exchange the leaf node of node 7 and node 6 with their equal node, i.e. 

node 8.  

• Now u and v are node 7 and node 6 respectively. Sibling node of node 7 is equal to v. 

So, SameNeighborLeaf exchanges the nodes.  

• Next node of u and v are node 7 and node 13. Node 7 has a leaf node which is equal to 

v. Iteration moves inside the subtree of node 7 of T1 whereas v is unchanged. Next 

node of u is node 13, which is equal to v.  

• For next iteration, next node of u and v are node 14 and node 30 respectively. Sibling 

of node 14, i.e. node 16 has a leaf node which is equal to v. SameNeighborChildLeaf 

exchanges the node 14 with node 16, but v is unchanged. Next node of u is node 28 

and node 28 has a sibling which is equal to v. SameNeighborLeaf exchanges the node 

28 with node 30 to arrange node 30 of T1 and T2 in planar way.  

• Next value of u and v are node 29 and node 9 respectively. Node 9 has a leaf node 

which is equal to u, so, iteration moves to inside of subtree of node 9, but u is 

unchanged. Next node of v is node 12, but node 12 has a sibling which is equal to 

sibling of node 29. An exchange operation is being placed to exchange the node 29 

with node 28; node 12 with node 28 by CommonNeighborLeaf.  

• Next node of u and v are node 29 and node 29, which are equal.  

• After that, the next node of u and v are node 15 and node 12. All leaf nodes of 12 are 

equal to sibling of node 15. Node 15 is exchanged with node 14 by procedure 

MaxCommonLeaves of line 27. Iteration move subtree of node 14 and node 12.  

• Next node of u and v are node 25 and node 27 respectively. They have equal leaf node, 

i.e. node 26. An exchange operation is used to exchange to form planar layout for 

node 26 of T1 and T2 by CommonNeighborLeaf. After exchange, u and v are node 25 

and node 25 respectively and they are equal, but they have equal sibling, i.e. 27. Same 

exchange operation is placed.  
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• Next node of u and v are node 25 and node 25 respectively and they are equal.  

• Next node of u and v are node 5 and node 15. Node 5 has a leaf node which is equal to 

v. So, iteration moves to inside of node 5, but node 15 is unchanged. Next node of v is 

node 15, which is equal to u. Then iteration moves to next node of u and v which are 

node 4 and node 4. But they have equal sibling, i.e. node 3. Node 3 of T1 and T2 is 

exchanged with node 4 of T1 and T2.  

• The rest of node of T1 and T2 is node 4 and node 4 respectively. After arranging node 4 

of T1 and T2 in planar way, there is no remaining node and two trees are already 

rearranged in planar way. Figure 3.14 shows the rearrangement of all leaf nodes of 

trees T1 and T2 in planar way without forming any tanglegram. In this figure, red 

colored edges show no tanglegram is formed.  

 
Figure 3.14 All leaf nodes of trees T1 and T2 are arranged in planar way. 

In this chapter, detail description of the proposed algorithm is discussed along with its 

illustrative examples. The correctness of the proposed algorithm is theoretically proved. Time 

complexity of proposed algorithm is better than existing best known algorithm. 
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EXPERIMENTAL RESULTS 

 

 

Our proposed algorithm is implemented by a computer programming language for testing its 

accuracy. There are several programming languages available in computer science and its 

related fields. Some of them are high level language like Java, Visual C# etc., where indirect 

memory management is used. Some are low level language like Assembly Language, where 

direct memory management is used. Some are middle level language like C, C++ etc., where 

some facilities of high level language and low level language are available [45, 46, 47]. For 

the implementation of our proposed algorithm by computer, C is used as programming 

language. In this chapter, Section 4.1 gives the list of the test cases and Section 4.2 shows the 

results of the test cases. 

 

4.1. Lists of the Test Cases 

Three small RNA structures: Precursor, mature and cursor tRNAs of yeast are used for 

experiment. These small RNA structures are extensively used in bioinformatics field for 

experiment to find the accuracy of the algorithm. Twenty six different types of bacterial 

RNaseP RNAs are also selected as test cases which give 325 combinations for experiment. 

The list of bacterial RNaseP RNAs are. 

A. agrobacterium tumefaciens 

B. azotobacter salinestris 

C. azotobacter vinlandii 

D. campylobacter jejuni 

E. caulobacter crescentus 

F. desulfovibrio desulfuricans 

G. e. coli 

H. erwinia agglomerulans 

I. haemopilus influenza 
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J. helicobacter pylori 

K. klebsiella pneumonia 

L. mycobacterium avium 

M. mycobacterium bovis 

N. mycobacterium leprae 

O. mycobacterium tuberculosis 

P. neisseria europaea 

Q. neisseria gonnorhoeae 

R. neisseria menigitidis 

S. pseudomonas aeruginosa 

T. rhodobacter capsulatus 

U. rhodospirillum rubrum 

V. rickettsia prowazekii 

W. salmonella typhi 

X. salmonella typhimurium 

Y. thibacillus ferrooxidans 

Z. thibacillus ferrooxicansus 

 

4.2. Results of the Test Cases 

Our proposed algorithm is experimented by Precursor, mature and cursor tRNAs of yeast 

whose similarity scores are known for checking the accuracy of our proposed algorithm. The 

similarity scores of above mentioned tRNAs pairs by applying Jin et al. [4]’s algorithm and 

our proposed algorithm are shown in Table 4.1 as follow. 

Table 4.1 Computational results of precursor, mature and cursor tRNAs of yeast. 

RNA Pairs for Comparison 

Similarity Scores 

Jin et al.’s 

algorithm 

Our proposed 

algorithm 

Precursor tRNA of yeast Mature tRNA of yeast 0.742 0.7416 

Mature tRNA of yeast Cursor tRNA of yeast 0.16 0.156 

Precursor tRNA of yeast Cursor tRNA of yeast 0.086 0.087 

Our proposed algorithm generates the similarity scores which are almost same as the 

similarity score generated by Jin et al.’s algorithm. Above mentioned RNaseP RNAs give 325 

combinations of RNA structures pairs. Lozano et al. [5]’s algorithm cannot find the similarity 

score of two large RNA secondary structures like RNaseP RNAs. Similarity score and 
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percentage of pair of RNaseP RNAs are measured by our proposed algorithm shown in Table 

4.2. 

Table 4.2 Computational results of several RNaseP RNAs’ secondary structures (Comparing 

A to Z with A to M). 

 A B C D E F G H I J K L M 

A 1.00 0.0472 0.0472 0.047 0.12 0.4139 0.0409 0.0427 0.2245 0.2317 0.041 0.0732 0.0734 

B 0.0472 1.00 0.991 0.6957 0.0298 0.0538 0.7081 0.6931 0.5142 0.18 0.7085 0.1995 0.1995 

C 0.0472 0.991 1.00 0.6957 0.0298 0.0538 0.7081 0.6931 0.5142 0.18 0.7085 0.1995 0.1995 

D 0.047 0.6957 0.6957 1.00 0.0091 0.0185 0.6981 0.7293 0.5408 0.1859 0.6983 0.2039 0.2041 

E 0.12 0.0298 0.0298 0.0091 1.00 0.345 0.0184 0.009 0.0052 0.1877 0.0188 0.2083 0.2083 

F 0.4139 0.0538 0.0538 0.0185 0.345 1.00 0.0269 0.0273 0.1803 0.1755 0.0274 0.055 0.0547 

G 0.0409 0.7081 0.7081 0.6981 0.0184 0.0269 1.00 0.9091 0.5362 0.1806 0.964 0.2204 0.2204 

H 0.0427 0.6931 0.6931 0.7293 0.009 0.0273 0.9091 1.00 0.5559 0.1874 0.9239 0.2083 0.2081 

I 0.2245 0.5142 0.5142 0.5408 0.0052 0.1803 0.5362 0.5559 1.00 0.3693 0.5265 0.0413 0.0413 

J 0.2317 0.18 0.18 0.1859 0.1877 0.1755 0.1806 0.1874 0.3693 1.00 0.1804 0.1997 0.1997 

K 0.041 0.7085 0.7085 0.6983 0.0188 0.0274 0.964 0.9239 0.5265 0.1804 1.00 0.2211 0.2209 

L 0.0732 0.1995 0.1995 0.2039 0.2083 0.055 0.2204 0.2083 0.0413 0.1997 0.2211 1.00 0.9744 

M 0.0734 0.1995 0.1995 0.2041 0.2083 0.0547 0.2204 0.2081 0.0413 0.1997 0.2209 0.9744 1.00 

N 0.0736 0.1996 0.1996 0.2042 0.2085 0.0547 0.2206 0.2085 0.0413 0.1997 0.2214 0.967 0.967 

O 0.0734 0.1995 0.1995 0.2041 0.2083 0.0547 0.2204 0.2081 0.0413 0.1997 0.2209 0.9744 0.978 

P 0.066 0.5099 0.5099 0.5092 0.1954 0.006 0.5029 0.5046 0.5035 0.1765 0.5003 0.0408 0.0408 

Q 0.2235 0.5099 0.5099 0.0158 0.3399 0.3465 0.0331 0.0234 0.1848 0.5047 0.0333 0.2009 0.2009 

R 0.2235 0.0169 0.0169 0.0158 0.3399 0.3464 0.0331 0.0234 0.1847 0.5047 0.0333 0.2008 0.2008 

S 0.0519 0.4222 0.4222 0.1957 0.3735 0.1935 0.2061 0.1913 0.1809 0.1777 0.3066 0.0428 0.0429 

T 0.4092 0.0133 0.0133 0.018 0.1897 0.5119 0.012 0.0235 0.1761 0.3603 0.0131 0.0819 0.0809 

U 0.2543 0.2341 0.2341 0.1953 0.0531 0.2513 0.1934 0.1933 0.3449 0.2031 0.1933 0.1621 0.1621 

V 0.2051 0.0449 0.0449 0.0572 0.4103 0.0623 0.057 0.0499 0.0483 0.228 0.0575 0.2706 0.2706 

W 0.041 0.6876 0.6876 0.7299 0.0187 0.0137 0.8166 0.7962 0.5183 0.1804 0.8237 0.2211 0.2209 

X 0.02244 0.5209 0.5209 0.5633 0.0187 0.1803 0.6499 0.6295 0.6849 0.3471 0.657 0.0663 0.0661 

Y 0.2306 0.7463 0.7463 0.529 0.0304 0.2222 0.5424 0.5268 0.6813 0.3477 0.5423 0.045 0.045 

Z 0.2325 0.7348 0.7348 0.5394 0.0226 0.231 0.5487 0.5507 0.692 0.3538 0.5439 0.045 0.047 
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Table 4.3 Computational results of several RNaseP RNAs’ secondary structures (Comparing 

A to Z with N to Z). 

 N O P Q R S T U V W X Y Z 

A 0.0736 0.0734 0.066 0.2235 0.2235 0.0519 0.4092 0.2543 0.2051 0.041 0.2244 0.2306 0.2325 

B 0.1996 0.1995 0.5099 0.017 0.0169 0.4222 0.0133 0.2341 0.0449 0.6876 0.5209 0.7463 0.7348 

C 0.1996 0.1995 0.5099 0.017 0.0169 0.4222 0.0133 0.2341 0.0449 0.6876 0.5209 0.7463 0.7348 

D 0.2042 0.2041 0.5092 0.0158 0.0158 0.1957 0.018 0.1953 0.0572 0.7299 0.5633 0.529 0.5394 

E 0.2085 0.2083 0.1957 0.3399 0.3399 0.3735 0.1897 0.0531 0.4103 0.0187 0.0187 0.0304 0.0226 

F 0.0547 0.0547 0.006 0.3465 0.3464 0.1935 0.5119 0.2513 0.0623 0.0137 0.1803 0.2222 0.231 

G 0.2206 0.2204 0.5029 0.0331 0.0331 0.2061 0.012 0.1934 0.057 0.8166 0.6499 0.5424 0.5487 

H 0.2085 0.2081 0.5046 0.0234 0.0234 0.1913 0.0235 0.1933 0.0499 0.7962 0.6295 0.5268 0.5507 

I 0.0413 0.0413 0.5035 0.1848 0.1847 0.1809 0.1761 0.3449 0.0483 0.5183 0.6849 0.6813 0.692 

J 0.1997 0.1997 0.1765 0.5047 0.5047 0.1777 0.3603 0.2031 0.228 0.1804 0.3471 0.3477 0.3538 

K 0.2214 0.2209 0.5003 0.0333 0.0333 0.3066 0.0131 0.1933 0.0575 0.8237 0.657 0.5423 0.5493 

L 0.967 0.9744 0.0408 0.2009 0.2008 0.0428 0.0819 0.1621 0.2706 0.2211 0.0663 0.045 0.047 

M 0.967 0.978 0.0408 0.2009 0.2008 0.0429 0.0809 0.1621 0.2706 0.2209 0.0661 0.045 0.047 

N 1.00 0.967 0.0409 0.2009 0.2008 0.043 0.0788 0.1624 0.2717 0.2213 0.0665 0.045 0.047 

O 0.967 1.00 0.0408 0.2009 0.2008 0.0429 0.0809 0.1621 0.2706 0.2209 0.661 0.45 0.047 

P 0.0409 0.0408 1.00 0.9953 0.9853 0.3503 0.0046 0.1973 0.2232 0.503 0.503 0.51 0.1865 

Q 0.2009 0.2009 0.9953 1.00 0.9806 0.0161 0.5015 0.1899 0.2291 0.0166 0.1833 0.1835 0.1864 

R 0.2008 0.2008 0.9853 0.9806 1.00 0.0161 0.5014 0.1899 0.229 0.0166 0.1833 0.1835 0.1864 

S 0.043 0.0429 0.3503 0.0161 0.0161 1.00 0.0113 0.2111 0.2272 0.1866 0.1866 0.3613 0.3293 

T 0.0788 0.0809 0.0046 0.5015 0.5014 0.0113 1.00 0.1975 0.0634 0.013 0.1797 0.1804 0.1827 

U 0.1624 0.1621 0.1973 0.1899 0.1899 0.2111 0.1975 1.00 0.0755 0.1933 0.348 0.393 0.3946 

V 0.2717 0.2706 0.2232 0.2291 0.229 0.2272 0.0634 0.0755 1.00 0.0775 0.0775 0.0452 0.0464 

W 0.2213 0.2209 0.503 0.0166 0.0166 0.1866 0.013 0.1933 0.0775 1.00 0.967 0.5211 0.5246 

X 0.0665 0.661 0.503 0.1833 0.1833 0.1866 0.1797 0.348 0.0775 0.967 1.00 0.6878 0.6913 

Y 0.045 0.45 0.51 0.1835 0.1835 0.3613 0.1804 0.393 0.0452 0.5211 0.6878 1.00 0.9175 

Z 0.047 0.047 0.1865 0.1864 0.1864 0.3293 0.1827 0.3946 0.0464 0.5246 0.6913 0.9175 1.00 
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Table 4.2 depicts that different species of same genus has almost identical RNA structures, 

like azotobacter salinestris and azotobacter vinlandii where the similarity score is 0.991. On 

the other hand, different species of different genus are not identical like desulfovibrio 

desulfuricans and neisseria europaea where the similarity score is 0.0060. Thus, different 

bacterial RNaseP RNAs of same genus give high similarity scores while comparing their 

secondary structures. 



 

73 

CHAPTER 5 

CONCLUSION 

 

 

5.1       Conclusion 

This thesis presents an efficient algorithm for solving seeded tree alignment problem which 

finds the similarity between two RNA secondary structures. The algorithm requires O(n
3
) 

time to find the similarity score of two large RNA secondary structures. The running time of 

our algorithm is better than that of Lozano et al. [5]’s algorithm since their algorithm takes 

O(n
3.5

) time. This thesis also deals with rearranging all primary seeds of the seeded trees of 

two RNA secondary structures to form untanglegram. The proposed untangle procedure 

rearranges all primary seeds to form untanglegram. Moreover, our untangle procedure 

converts heavy tanglegram into untanglegram efficiently whereas Lozano et al.’s algorithm 

cannot form untanglegram if two seeded trees form heavy tanglegram.  

In the best known algorithm, that is Lozano et al.’s algorithm, there is no untangle algorithm 

or procedure for forming untanglegram. Their algorithm assumes that all primary seeds are 

arranged in planar way. On the other hand, our untangle procedure stays inside the proposed 

algorithm to rearrange all primary seeds to form untanglegram. Moreover, the time 

complexity of the proposed algorithm remains at O(n
3
) even if the two seeded trees form 

heavy tanglegram. 

Theoretical correctness proof of the proposed algorithm is shown in Chapter 3. Precursor, 

mature and cursor tRNAs of yeasts are used as input to prove the correctness of the proposed 

algorithm, because these three RNAs are used for proving correctness of a new algorithm. 

Our algorithm generates almost same similarity scores as compared to the well-known Jin et 

al. [4]’s algorithm as shown in Table 4.1. This is the practical experimental proof of 

correctness of our proposed algorithm.  

Moreover, about 325 pairs of 26 different RNaseP RNAs are used to run the proposed 

algorithm by programming language C and the results are shown in Table 4.2. Our proposed 
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algorithm finds the similarity scores of large RNaseP RNAs efficiently, but Lozano et al.’s 

algorithm cannot find the similarity score of two RNaseP RNAs. 

 

5.2      Future Works 

Though the proposed algorithm works efficiently, several issues remain open for further 

study. To reduce the time complexity and to increase its efficiency for forming untanglegram, 

several graph methods can be used, such as Directed Acyclic Graphs (DAGs) or Series 

parallel graph or graphs with bounded tree width. For faster calculation of the similarity score, 

LCA preservation can be used. Local alignment problem can be used to find the similarity 

between two seed pairs which contain small subtree for better and faster comparison. Tree 

mapping problem and edit distance problem can also be used for finding similarity. 
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