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ABSTRACT 
Application of fixed sensor and probe vehicle to collect traffic data has become 
popular over the years. Probe data provide spatial traffic information and direct 
measurements of travel time. However, their frequency is restricted with GPS 
reception errors in the probe data. On the other hand, video sensors record traffic data 
continuously at fixed locations only. So, the limitation of probe sensor in temporal 
domain and fixed senor in spatial domain tends to combine probe sensor with fixed 
sensor. Considering different characteristics of these traffic data from various sources, 
recently combination techniques are applied to reconstruct vehicle trajectories. This 
technique has become an advanced research area for intelligent transportation systems 
(ITS). Making an allowance for all-around limitations and advantages of different data 
sources, the combination technique is being developed to generate more reliable and 
continuous traffic information. Still, almost all the literature explore and improve over 
conventional lane based traffic condition. This may be due to the difficulty and high 
cost involved in data extraction, and complexities associated with non-lane based 
heterogeneous traffic movement. Addressing such shortage, this study deals with the 
development of a trajectory estimation method to reconstruct vehicle trajectories 
combining video sensor and probe data on urban arterial and freeway for non-lane 
based heterogeneous traffic condition.  The combination technique involves extra 
equipment installation difficulties when the road segment becomes non-homogeneous 
due to traffic operations or lane configurations. Particularly, in developing countries, 
chaotic traffic pattern and absence of fixed sensor in the roadway create the trajectory 
reconstruction technique even more challenging. Video sensor (as well as other fixed 
sensors) based trajectory reconstruction technique requires sensors for each non-
homogenous road segment and needs separate fundamental diagram (FD) to estimate 
required traffic parameters. This difficulty can be overcome through probe sensors 
alone. Thus, this research proposes an alternative approach of estimating traffic 
parameters only from probe data considering variable road capacity. Those parameters 
are used as input to reconstruct vehicle trajectories through lopsided network. The 
alternative method improves the Root mean square error (RMSE) of estimated travel 
time around 38.0% compared to that of original method where traffic parameters are 
obtained from FD, with respect to ground truth travel time. This method is found to be 
very appropriate, economical and reliable especially where required numbers of fixed 
sensors are unavailable. 

 
 

 

 



iv 
 

ACKNOWLEDGEMENTS 

All praise is due to the Almighty, the most merciful and the most beneficent. 

I would like to express my sincere gratitude and profound indebtedness to Dr. Md. 
Hadiuzzaman, Assistant Professor, Department of Civil Engineering, BUET,Dhaka. 
His affectionate guidance, valuable suggestion and participation kept me on duty to 
achieve the goals of the research. His devotion of guidance and constant 
encouragement strongly supported me to complete the present research work in this 
manner. 
 

Sincere appreciation goes to the members of my M.Sc defense committee: Dr. Abdul 
Muqtadir, Dr. Md. Mizanur Rahman and Dr. Farzana Rahman for their thoughtful 
questions, valuable comments and suggestions. 
 

I would like to acknowledge the research grant received for this study from the 
Committee for Advanced Studies and Research (CASR) of BUET, Dhaka. 
 

I am also thankful to Asif Mahmud, Nazmul Haque, Md. Atiqul Islam and Md. 
Rakibul Islam, Research Assistant, Department of Civil Engineering, BUET for 
their extensive support and help. 
 

Finally and most importantly, I am grateful to my parents for their love, 
concern, care and faith without which this study would have been impossible. 

 

 

 

 

 

 
 

 

 



v 
 

Table of Contents 
 
Declaration ...................................................................................................................... ii 

Abstract………………………………………………………………………………..iii 

Acknowledgement ......................................................................................................... iv 

Contents .......................................................................................................................... v 
List of Figures ............................................................................................................... vii 

List of Tables ................................................................................................................. ix 

1 Introduction ………………………………………………………………………..1 
     1.1 Background of the study………………………………………………………..1
  

    1.2   Statement of the problem and opportunities………………………………… 2
  

    1.3 Research objectives and scope of work………………………………………...3
  

1.4   Organization of the Thesis ……………………………………………………...3 
2 Literature Review………………………………………………………………….5 

2.1 Nomenclature…………………………………………………………………5 

2.2 Vehicle trajectory estimation …………………………………………………7 

          2.2.1   Different traffic data collection methods…………………………………7 

          2.2.2   Vehicle trajectory estimation methods………………………………….11 

2.3 Kinematic wave theory ……………………………………………………...18 
          2.3.1   Variational Formulation of Kinematic Wave Theory…………………. 19 

          2.3.2   Variational Formulation of Kinematic Wave Theory for          

                     heterogeneous   traffic…………………………………………………..22 

    2.4      Conclusion…………………………………………………………………..22 

3 Data collection and processing …………………………………………………..23 

3.1 Study area …………………………………………………………………...23 

3.2 Data collection ………………………………………………………………24 

3.3 Data processing .. ……………………………………………………………25 

    3.3.1 Probe data ………………………………………………………………25 

    3.3.2 Video Image Processing . ………………………………………………26 

3.4 Conclusion …………………………………………………………………..28 

4 Trajectory estimation and analysis ……………………………………………….29 

4.1 Fundamental Method of Trajectory Estimation……………………………..29 

           4.1.1 Time-Space Diagram and Cumulative Numbers……………………...29
  

           4.1.2     Variational Theory based on Kinematic Wave……………………….30 



vi 
 

4.2           Methodology……………………………………………………………….31 

            4.2.1      Development of lopsided network…………………………………..32 

            4.2.2      Placement of Probe Data in Lopsided Network……………………. 32 

4.3             Data Analysis……………………………………………………………..33 

            4.3.1     Qualitative Analysis………………………………………………….33 

4.4           Conclusion …………………………………………………………………51 

5 Results and compatibility analysis of proposed method ................................. 52 
5.1 Quantitative Analysis ......................................................................... 52 

5.1.1 Quantitative Analysis in case of freeways……………………………..52 
 

5.1.2 Quantitative Analysis in case of urban arterials……………………….54 
 

5.2 Statistical Analysis .... ……………………………………………………….56 
    5.3       Error Analysis………………………………………………………………57 

    5.4      Findings……………………………………………………………………..63 

6      Conclusions and recommendations……………………………………………...64 

    6.1      Conclusions…………………………………………………………………64 

    6.2      Recommendation for Future Studies………………………………………..65 

References …………………………………………………………………………….67 
A     Database……………………………………………………………………........72 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



vii 
 

List of Figures 
 

2.1 Vehicle Trajectory .................................................................................................... 6 

2.2 (a) Snapshot of the Probe Software Icon ; (b) Snapshot of probe  software   

       interface;(c) Snapshot of the user interface ; d) Snapshot of database transmitted   

      by the probe software……………………………………………………….    10-11 

2.3 Progress of time-series prediction by SARIMA modeling……………………….12 

2.4 Flow advancement………………………………………………………………...13 

2.5 Triangular fundamental diagram Flow-Density…………………………………..15 

2.6 Kalman filter………………………………………………………………………16 

2.7 Linear Fundamental Diagram……………………………………………………..19 

2.8 Solution Domain and Network Configuration in Time-Space……………………21 

2.9 Steps towards estimating trajectories……………………………………………..21 

3.1 Studied road corridor- Dhaka-Mymensingh Highway near airport 

      and at Katabon .................................................................................................. 23-24 

3.2 Interface of Way out Apps at Android .................................................................... 25 

3.3 (a) User table extracted from WayOut apps, (b) Location table extracted from Way   

      Out Apps. ................................................................................................................ 26 

3.4 Video image processing interface………………………………………………...28  

4.1 Three-Dimensional Representation of Vehicle Trajectories ................................... 29 

4.2 Piecewise Linear Fundamental Diagram ................................................................ 30 

4.3 Conversion of longitude and latitude into distance ................................................. 33 

4.4 Fundamental diagram .............................................................................................. 34 

4.5 Trajectories of probe vehicle in time-space diagram .............................................. 35 

4.6 (a) Solution network extracted from Microsoft excell………………………… .... 36       

4.7 Reconstruction of vehicle trajectories by Method 1 using reference (a) probe 1 (b)   

        probe 10 (c) probe 15 (d) probe 18 (e) probe 23                                               36-37 

4.8 Time-space diagram ................................................................................................ 38 

4.9 (a) Trajectory of probe 12 and probe 13 (b) Slope of different point ofprobe 12    

           and probe 13 (c)Trajectory of probe 16 and probe 17 (d) Slope of different point   

           of probe 16 and probe 17 (e) Trajectory of probe 19 and probe 20  (f) Trajectory   

           of probe 21 and probe 22 (g) Trajectory of probe 25 and probe 26………..39-41 

4.10 (a) Solution network extracted from Microsoft excell, (c) Reconstruction of    

              vehicle trajectories through probe data using reference probe 1(d) probe 10 (e)   



viii 
 

              probe 15 (f) probe 18 (g) probe 23 (Method 2a) …………………………42-44 

4.11 (a) Position of capacity drop is marked in the time-space diagram (b) Solution   

            network extracted from Microsoft excell, and (c) Reconstruction of vehicle    

             trajectories through probe data using reference probe18 (d) Probe 19 (e) probe   

            20 (f) probe 22 (Method 2b)…………………………………………… ... 45-47  

 4.12 Developed Fundamental Diagram and Trajectory of 8 Probe vehicles…………48       

4.13 Estimated trajectories without using reference probe vehicle  …………………..49 

4.14 Estimated Trajectories using different reference probe vehicles…………….50-51 

5.1 Oblique plot of travel time with respect to survey time period…………………...54 

5.2 Travel pattern during study time………………………………………………….55 

5.3 Ground truth (Actual) travel time vs. estimated travel time………………………56 

5.4 Probability distribution plot (PDF) of travel time………………………………...56 

5.5 Cumulative distribution plot (CDF) of travel time………………………………..57 

5.6 Mean Absolute Error and Root Mean Square Error of travel time estimation of (a)   

      Group 1 (b) Group 2 (c) Group 3 (d) Group 4 (e) Group 5…………………...58-59 

5.7 Root mean square error of travel time estimation………………………………...60 

5.8 Error analysis using different probe vehicles as reference with respect to   

      travel time…………………………………………………………………………60 

5.9 Performance of the proposed method regarding travel time estimation………60-61 

5.10 Comparison of actual space and estimated space of probe vehicle 6 estimated   

       from probe vehicle 5 as reference………………………………………………62 

5.11 Comparison of RMSE value of probe vehicle 6 estimated from other probe   

       vehicle as reference ……………………………………………………………...62 

 

 

 

 

 

 

 

 

 



ix 
 

List of Tables 
 

2.1 Data collection methods advantages and disadvantages…………………………..9 

4.1 Traffic Parameter Estimation using Consecutive Probe Trajectory ………………41 
4.2 Fundamental Diagram Parameters ………………………………………………..47 
5.1 Estimated value of flow parameters ………………………………………………52 
5.2 Travel time of the probe trajectories……………………………………………...52 

5.3 Travel Time of all the Probes……………………………………………………..54 

5.4 RMSE (km) estimated for time space error……………………………………….62



 

 



1 
 

Chapter 1 
 

INTRODUCTION 
 

1.1 Background of the study 
 

Today’s traffic in urban areas is starting to cause heavy load to the existing road 
infrastructure. As road infrastructure in many cases cannot be modified (lack of build-up 
space), different approaches need to be taken in order to optimize traffic flow. Such 
approaches consist of applying intelligent transportation systems (ITS) which main goal is to 
apply a holistic approach for solving traffic problems using information and communication 
technologies. For optimal traffic control, ITS based systems need high quality traffic data in 
real time. Needed traffic data consists of various parameters such as traffic flow, distance 
between vehicles, velocity of vehicles, vehicle classification, etc. which all can be obtained 
from various sensors. Mostly used road sensors are inductive loops and nowadays video 
cameras also. Video sensors or cameras combined with image processing algorithms are 
becoming an important approach to today’s road traffic monitoring and control. From the 
obtained video footage high level traffic information can be extracted. This information is 
crucial in advance traffic management systems from the ITS domain. 
 

Recent advancements in data collection technologies and availability and reliability of 
multiple data sources, vehicle trajectory estimation incorporating a fusion framework have 
become an advanced research criterion for intelligent transportation systems (ITS). 
Trajectories recorded from traffic sensors are direct representation of the traffic states, 
including traffic variations and different driving modes over the roadway. Trajectories have 
different application in traffic engineering such as determining congestion level, monitoring 
vehicle activity, simultaneous localization, mapping, vehicle detection, monitoring driver 
behavior etc. Vehicle trajectory measurement consists of discrete recording of its location, 
equally spaced in time, which actually represents the series of vehicle coordinates in 2D or 
3D space. Trajectory of individual vehicle can be plotted in time space diagram, if position of 
that vehicle at certain time is identified. This time-position coordinates can be easily obtained 
using probe sensor data. 
 

Over the years, different methods and models have been proposed to estimate vehicle 
trajectory. Kovacic et al. (2014) proposed an extended Kalman Filter based approach to 
estimate vehicle trajectories on multiple lanes using single camera, Barrios et al. (2011) 
proposed the same approach to predict the future location of an automobile by merging GPS 
data with GIS data, Daganzo’s (1994) Cell Transmission Model (CTM) and Variational 
method (2005) to the Kinematic Wave Model, a Data fusion technique, based on Variational 
formulation and kinematic wave theory was implemented by Mehran et al. (2012) to predict 
vehicle trajectories at signalized intersection, Ahmed et al. (2007) used Local Regression 
method to develop vehicle trajectories and consequently speed and acceleration profiles, Rey 
et al. (2015) estimated vehicle trajectory based on Newell’s Simplified Kinematic Wave 
Model, Goyat et al. (2010) used Spatio-Temporal MCMC (Markov Chain Monte Carlo) 
model in vehicle trajectory estimation. This paper used the algorithm for modeling and 
tracking vehicles in video sequences within one integrated framework, Sanwal & Walrand 
(1995) and Westerman et al. (1996) studied on cell tower signal triangulation to determine 
vehicle position and travel time. Izadpanah et al. (2010) proposed a linear clustering 
algorithm to detect and analyze shockwaves based on vehicle trajectory data obtained from 
probe vehicle. A Linear Regression model was incorporated to find propagation speed, spatial 
and temporal extent of each shockwave from the trajectories. Data obtained from a simulated 
signalized intersection and real trajectory data from freeway US- 101 were evaluated and 
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showed better accuracy of the proposed method. Later Herrera and Bayen (2010) combined 
an algorithm with Kalman Filtering and Newtonian relaxation techniques to integrate mobile 
sensor point detection to determine traffic state in a freeway. They assessed vehicle density of 
a multilane freeway segment. Hofleitner et al. (2012) proposed Bayesian Network based 
travel time prediction model from mobile sensor data. The model combined with machine 
learning framework to predicted traffic parameters and forecast travel times of the arterial 
network using small amount of real time information. A probabilistic traffic state model was 
developed by Hoa et al. (2014) to predict vehicle travel time using sparse mobile sensor data. 
They computed likelihood of different possible traffic state using priori distributions under 
different driving modes. Then, vehicle trajectory was reconstructed based on optimum 
driving mode sequence to solve large scale transportation network. Feng et al. (2015) used 
Automatic Vehicle Identification (AVI) and loop detector to estimate vehicle trajectories. The 
study identified spatial-temporal trajectory correction factors while collecting traffic data at 
Beijing Olympic Park and implemented particle filter theory and Bayesian method to 
combine the factors. Montanino and Punzo (2015), combined effects of vehicle platoon into 
trajectory reconstruction. Among all available traffic models, Kinematic Wave Model is the 
most widely recognized due to its ability to capture realistic traffic behavior such as spillover 
and propagation of shockwaves with adequate mathematical framework. 
 

The aforementioned models were mostly developed and validated for homogeneous traffic. 
However, in Dhaka city, both motorized and non-motorized vehicles of different sizes, 
shapes and speeds ply over the roads making the traffic operating condition highly 
heterogeneous. The behavior of traffic in such heterogeneous operating condition is 
significantly different from that in homogeneous condition. This necessitates the 
development of a new approach which will be able to successfully estimate and predict the 
heterogeneous traffic conditions of Dhaka city. 
 
1.2 Statement of the problem and opportunities 
 

Modification of Variation Formulation of Kinematic Wave Model for heterogeneous 
traffic 

 

Most of the preceding studies on the Variational Formation (VF) of Kinematic Waves are 
over conventional lane based traffic condition. This may be due to the difficulty and high cost 
involved in data extraction and complexities associated with non-lane based heterogeneous 
traffic movement. Addressing such shortages, application of Kinematic Wave theory for 
heterogeneous traffic condition in trajectory estimation would be the first step in this study.  
 
Developing a simplified and more reliable alternative approach of trajectory estimation 
 

Non lane based heterogeneous traffic are more complex to measure. Composition of traffic 
changes in traffic stream require fundamental diagram for every non homogeneous segment. 
Moreover, traffic composition in the freeway of developing countries is not solely car-
dominating. In this case, traffic parameter estimation using fixed sensor are data hungry and 
laborious method.  Fixed sensors such as loop detector, video sensor are not available in most 
of the roads of the developing countries. Even, loop detectors are not installed in all the roads 
of the developed countries as well. Therefore, there is an acute shortage of traffic data 
collection equipment where it is required.  Multiple video sensors are required for non-
uniform road segments where the method becomes expensive and data requirements are 
huge. When the surveyed road segment is very long, only video sensor based method is 
infeasible due to the large number of installation requirements and it needs considerable 
overlapping in between the consecutive sensors. Probe vehicle accompanied with video 



3 
 

sensor can reduce the requirements. Probe vehicle is a significant source of available traffic 
data and has prospect of global coverage in near future. It measures travel time directly and 
provides spatial traffic information of a freeway. In this context, the development of an 
alternative approach to estimate trajectories using the traffic parameters obtained through 
consecutive probe trajectories and single video sensor data would be the 2nd step in mitigating 
the difficulties of selecting homogenous road segment. 
 
Getting actual roadway condition considering dynamic capacity of freeway  
 

Since there is an effect of road side friction and slow moving vehicles in heterogeneous 
traffic condition, capacity of freeway is a function of time. So, considering dynamic capacity 
as an improvement of the aforementioned alternative approach would be the 3rd step to get 
the actual traffic scenario of the roadway. 
 
1.3 Research objectives and scope of work 
 

The goal of this study is to improve road network of Dhaka city by accurate and reliable 
prediction of traffic flow states. With this end in view, the research aims at developing a 
stochastic vehicle trajectory estimation model that will address the problems as mentioned in 
Section 1.2. The main objectives of this research work are listed below: 
 

1. To estimate vehicle trajectory using multiple sensors along with probe data to verify the 
accuracy of Kinematic Wave theory for heterogeneous traffic condition (both for urban 
arterials and freeways). 

 

2. To propose an alternative approach of trajectory estimation using limited sensors along 
with probe data where multiple video sensors are unavailable. 

 

3. To extend VF by analyzing nature of both estimated and measured trajectories, 
experiencing sudden drop of roadway capacity. 

 
The scope of this research is restricted to uninterrupted arterials, including no inflow and 
outflow. The north bound traffic of airport road (Dhaka-Mymensingh highway) and an 
arterial road at Katabon with signal controls is considered for the study purpose. The first one 
is a freeway bounded by Kuril flyover at upstream and ends near the round-about intersection 
located in front of airport. The developed model is expected to accurately estimate and 
predict the complex nature of the prevailing heterogeneous traffic condition of the test site 
through appropriate modifications and extensions of conventional traffic model.  
Although inflow and outflow of traffic are not considered in the study, the methodologies and 
principles used here can be extended and applied to other types of roadways. The research is 
carried out using simulations and field data obtained from the studied roadway section.  
 
1.4 Organization of the Thesis 
 

This thesis consisting of six chapters is structured as follows: 
 

Chapter 1 gives an Introduction of the relevant research background, statement of problems 
as well as the objectives and scope of this research. 
 

In chapter 2 nomenclature and previous studies regarding of vehicle trajectory estimation 
methods with a special focus on variation theory based on Kinematic Wave Model is 
comprehensively reviewed. It gives historical overview of a rich variety of modeling 
approaches regarding vehicle trajectory estimation and prediction methods and as well as data 
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collection methods developed so far or in use today. Here, theoretical issues of model 
derivation and characteristics and some practical issues are also discussed. 
 

Chapter 3 presents details of the study site selected and on the data collection and processing 
techniques adopted in this research. Some justifications regarding the choice of methods 
employed are also provided. 
 

Chapter 4 provides an in-depth investigation for understanding the VF of Kinematic Wave 
theory for trajectory construction in heterogeneous traffic condition. Two methods are 
discussed in this part of the paper, which are employed to estimate the input traffic 
parameters to reconstruct vehicle trajectories of a freeway by lopsided network. In both 
methods, solution of the lopsided network is conducted by VF. In Method 1 traffic 
parameters such as free flow speed, jam density and capacity obtained from FD, measured 
through multiple video recordings whereas FD parameters are measured directly from the 
pairs of consecutive probe vehicles rather than video sensor in the Method 2. Finally, the 
effect of capacity fluctuation on trajectory reconstruction is analyzed here. 
 

Chapter 5 systematically investigated the compatibility between the two proposed methods. 
The quality of estimated trajectories is measured in terms of RMSE and MAE both for 
freeways and urban arterials. 
 

Chapter 6 summarizes the main conclusions of this research and discusses recommendations 
for future works related to VF of Kinematic Wave theory for heterogeneous traffic. 
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Chapter 2 
 

LITERATURE REVIEW 
 

The year of commencement of research on highway traffic flow models was mid-1950s, 
when the propagation of shock waves was modeled by Lighthill & Whitham (1955) and 
Richards (1956) based on the analogy of vehicles in traffic flow and particles in a fluid. Since 
then numerous modeling approaches regarding trajectory estimation, travel time prediction 
has been studied. This chapter summarizes a historical overview of a rich variety of modeling 
approaches regarding vehicle trajectory estimation and prediction methods and as well as data 
collection methods developed so far or in use today. Here, theoretical issues of model 
derivation and characteristics and some practical issues will be discussed.  

2.1 Nomenclature  

Free Flow Speed (u): The desired maximum speed of a vehicle when the road is free i.e. 
amounting of vehicle is such that it has no influence over the specific vehicle. The speed of 
the vehicle in low to moderate flow rate is also known as free flow speed. Free flow speed 
depends upon road width, lateral clearance, visibility etc. 

𝑢 =
𝑙

𝑡
 

Where, 𝑙 = distance travelled by the vehicle, t = required time 
Unit of speed is kmph or mph. 
 

Density (k) and Jam density (kj): Density is the number of vehicle per unit length of 
roadway. And maximum attainable density under congestion is known as jam density. 
Density is the inverse, of spacing between two vehicles.  

𝑘 =
𝑛

𝐿
=  

1

𝑠
 

Where, n = total number of vehicle, L = length of the road segment, s = center to center 
spacing between two vehicle  
Unit of density is vehicle per km 
 

Flow rate (q) and maximum flow rate (qmax): Number of vehicle passing a reference point 
per unit of time. The highest attainable flow is known as maximum flow rate. The inverse of 
flow is known as headway. 

𝑞 =
𝑛

𝑇
=  

1

ℎ
 

Where, h= headway 
Unit of flow is vehicle per hour. 
 

Time space diagram: Generally represents the location of a vehicle at a certain time. Time is 
drawn in horizontal axis and distance from a reference point is drawn in vertical axis. The 
trajectories of individual vehicles in motion are portrayed in this diagram by sloping lines, 
and stationary vehicles are represented by horizontal lines. The slope of the line represents 
the speed of the vehicle. 
 

Shockwave: Shockwave is the transition between two traffic states i.e. flowing state to 
congestion state and vice-versa. It is a byproduct of traffic congestion and queuing. 
Shockwave speed is given by 
 

𝑣 =
𝑞2 − 𝑞1

𝑘2 − 𝑘1
 



6 
 

Where, q2, q1 = flow rate of two section, k2, k1 = density of two section 
 

Kinematic Wave Theory: Kinematic Wave theory was originally developed by Lighthill, 
Whitham and Richards and also known as LWR theory. This was applied to fluid and 
geophysical mass flow. It was then applied to model the highway traffic flow. It is made up 
of three components: the fundamental diagram, the conservation equation and initial 
condition. The key feature of the model is that there is some relation between traffic flow (q) 
and density (k). When there are no inflow and outflow from the study section, the 
conservation equation governing the kinematic wave model is: 

𝜕𝑘(𝑥,𝑡)

𝜕𝑡
+

𝜕𝑞(𝑥,𝑡)

𝜕𝑥
 = 0 

Variational Theory (VT): Variational Theory was proposed by Daganzo (2005). In VT, a 
probe trajectory is considered as a contour of a surface. The surface is represented by a 
continuous function N (t, x) = n, where, n is the number of last vehicle. The basic concept of 
VT involves fundamental diagram and cost (passing rate) function. But in this study, a 
simplified version of this theory is used to estimate the value of each node in solution 
network. According to VT, calculation of the cumulative height for each of the network 
nodes is reduced to the shortest path calculation considering the cumulative heights at the 
network boundary. 
 

Vehicle trajectory: Trajectory means path of a moving object. The location of a vehicle with 
respect to time is known as vehicle trajectory. It is represented in time-space diagram 
connecting all the points for space at incremental time as shown in Fig 2.1. 

 
Fig 2.1: Vehicle trajectory 

 

Trajectory reconstruction: To predict the position of a vehicle at any time is known as 
trajectory reconstruction. There are various techniques of trajectory reconstruction from 
given trajectories. Reconstructed trajectory provides the travel time required for a vehicle 
entering into the study area at a specific time. 
 

Probe vehicle: Vehicles, those are operated in the study area to collect data in real-time. 
They are normally GPS instrumented and constantly send traffic information to the main 
center. The applications of probe vehicle include travel time data collection, real-time traffic 
operations monitoring, incident detection, and route guidance applications. Probe vehicles 
collect data based on two primary methods: GPS data and geo-location that leverage cellular 
phone networks. 
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2.2 Vehicle trajectory estimation 
 

Trajectory estimation is an important study area in real time and predictive traveler 
information systems that can lead to the improvement of transportation efficiency. It gives a 
complete picture of traffic flow state which is important for evaluating the operating 
efficiency of the traffic networks, assessing the performance of traffic management strategies 
and developing the real time vehicle route guidance system. Trajectory estimation is used as 
the main data resource for predicting travel time algorithms and analyzing the historical 
travel time data. This enables researchers to estimate short term or long term travel time in 
arterials or motorway corridors. Therefore it determines offline performance measures for 
different policy applications. For example, this information is used by decision makers and 
transport planners in many project assessments. Trajectory estimation is also used to form an 
important part of Advance Traveler Information and Transportation Management System. 
 
2.2.1 Different traffic data collection methods 
 

Loop Detectors 
 

One of the most popular methods for estimating travel time is applying loop detectors (Amir 
2014). Loop detectors are always installed under the pavement of roads and consist of a large 
coil of electrically charged wire. Whenever a large metal object passes over the coil, it affects 
the coil’s electrical inductance, causing a change in the flow of electricity running through it 
and triggering the detector. Dual-loop detectors formed are by two consecutive single-loop 
detectors placed a set distance apart, so they are capable to measure vehicle speed (Porter, 
Kim and Magana 2011; Gibson 2009).Single loop detectors are usually used to measure the 
volume and occupancy on lanes but dual loop detectors are capable of measuring speed, 
length and consequently travel of vehicles (Gibson 2009). Most transport studies have used 
loop detectors for estimating travel time on motorways. Also, travel time estimated by loop 
detectors is not based on an individual vehicle’s travel time and can be faulty, as the 
estimated speed is based on the assumption of a common vehicle length. Although double 
loop detector estimates travel time value better than individual ones, but still in terms of 
congestion periods, which are the most important for estimating travel time, they cannot 
perform well (Martchouk and Mannering 2009). 
 
License Plate Matching 
 

This technique is based on capturing and recording license plates of any individual passing 
vehicles at specific places on roads equipped by camera. These cameras take license plate 
pictures and record them with corresponding time for calculating travel time later. Despite the 
high accuracy of this method in terms of estimating individual vehicle’s travel time, it is a 
quite expensive technique and produces a large amount of data. There would also be some 
external factors affecting the capture of license plates by the cameras, such as lane changing 
by cars at the time of capturing and environmental factors such as precipitation or angle and 
intensity of sun (Asudegi 2009). 
 
Electronic Distance Measuring Instruments (DMIs) 
 

This technique is quite similar to the probe vehicle method. The difference is that a sensor is 
attached to the probe vehicle, which moves along the route. The DMI receives pulses from a 
vehicle during its movement along the corridor. This recorded time is maintained on a 
computer to use as travel time estimation (Asudegi 2009). This technique is easier and safer 
to use compared to a probe vehicle. It is also easier to process the data, as data is 
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automatically received and saved electronically in database and decreases human errors in 
estimation, but it still has the same disadvantages of probe vehicles.  
 
Automatic Vehicle Identification (AVI) 
 

This technique works with an in-vehicle transponder, some reader units installed on the road 
side, and a central processing unit. When a vehicle with attached transponder passes a road 
side reader unit, the reader captures the transponder information and transfers this data to the 
main processor. The main computer processes the data and finalizes the travel time. In this 
method, human error has been eliminated and the computation of travel time is easier and 
faster and can be installed in toll collection places. It still has some disadvantages such as 
high initial costs, vehicles needing to be provided by transponder tags and being limited by 
only few equipped corridors (Asudegi 2009; Tam and Lam 2011). 
 
Bluetooth Data Collection Method 
 

Bluetooth, invented in 1994 by engineers from Ericsson, a Swedish company, enables sharing 
of music, images, and other data wirelessly over a Personal Area Network (PAN) defined by 
the device’s antenna (Bluetooth: About the technology 2011). Bluetooth data application has 
recently become more popular in transport studies as a cost efficient method for collecting 
and making traffic databases in transportation studies (D. and Vickich 2010). In early 2000, 
researchers investigated and tested Bluetooth for discovering movement of vehicles and 
applying it to intelligent transport services (Sawant et al. 2004; Nusser and Pelz 2000; 
Murphy,Welsh and Frantz 2002). Each electronic device is enhanced by Bluetooth 
technology and used by automobile passengers, and has its own unique identifier number. 
Number can be captured and registered by compatible Bluetooth scanners. These unique 
MAC (Media Access Control) addresses are captured by scanners to calculate travel time 
along an urban route when a vehicle containing a discoverable Bluetooth device passes 
through a scanner detection zone. 
 
Floating car and Probe vehicles  
 

In this technique someone is hired to drive a vehicle along a specific defined route and record 
the time and distance for travel time calculation. This is a pretty simple method for estimating 
travel time on corridors but is has some disadvantages such as: inserting human error in data 
recording, limited numbers of possible measurement within each day and also not working 
well in testing a variety of traffic conditions within a day (Asudegi 2009). 
 
Global Positioning System (GPS) Equipped Probe Vehicles 
 

This technique uses probe vehicles that are equipped by GPS for increasing the accuracy of 
data in the floating cars method (Blogg et al. 2010-9). Although the accuracy of finding travel 
trajectory by this method is pretty high and there is no need for equipment installation along 
roads, data collection and management cost by this method is still high (Asudegi 2009; Blogg 
et al. 2010-9). 
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All these techniques have their own advantages and disadvantages. Some of the key points 
about each data collection technique are summarized in the following in Table 2.1. 
 

Table 2.1: Data collection methods advantages and disadvantages 
 

Data collection Method  
 

Benefits Issues 

Loop Detectors  
 

Good for counting traffic volume 
and vehicles speed  

 

Low accuracy of estimated 
travel time in congestions, Very 
difficult to estimate travel time 

on signalized arterials  
License Plate Matching  

 
Forming large sample size, useful 

for OD studies, giving speed 
profiles for study section 
through the peak period  

Mismatching license plates, Not 
good for high speed corridors, 

High initial costs  

Electronic Distance 
Measuring Instruments  

 

Cost effective compared with 
floating cars, access to detailed 
travel time in routes, easier data 

processing  

Similar to floating cars(only 
omitting human errors)  

 

Automatic Vehicle 
Identification  

 

High accuracy of data gathering 
and processing, real travel time 
information, removing human 

errors  

High initial costs, privacy 
concerns, limited amount of 

data  
 

Bluetooth Easy implementation and 
relatively few costs, 

does not need any extra 
construction work and 

minimum rate of human error 
because of being fully automatic. 

Have some Technical and 
calculation challenges which 

can lead to considerable 
differences in rates of 

gathered data. 

Floating cars  
 

Easy performance Human errors and limited 
samples, not measuring delay of 
cross street traffic turning onto 

the route 
GPS Equipped Probe 

Vehicles  
 

High resolution vehicle trajectory 
data, no indoor installation needs, 
precise scheduling, no limitation 

in routes, no human errors 

Fail in tunnels and tree 
canopies, difficulty of data 

management, high initial costs 
and privacy concerns 

 
 
Probe Software 
 

The probe software techniques discussed in this section are unique in that they are typically 
intelligent transportation system (ITS) applications designed primarily for collecting data in 
real-time. Due to advancement in technology some software is developed for android based 
Smartphone to collect real time traffic information analogues to probe sensors. It utilizes 
Google Map Application Program Interface (API) to show real time location and java 
methods to track the time stamps and GPS locations. This application uses System. 
CurrentTimeMillis() method to get the time stamp for GPS location. 
 
Probe Software data collection method benefits 
 

Probe software based on android Smartphone has become more popular in traffic studies due 
to its advantages. Although the software that performs the data collection tasks are complex 
programs and is typically customized for a particular probe system some of the advantages 
which make this method particular are: 
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Low cost per unit of data – Simply having an android Smartphone with required software in 
it, data may be collected easily and at low cost. There is no need to set up and disassemble 
other infrastructure and equipment. 
 

Continuous data collection - Travel time data may be collected 24 hours per day with ITS 
probe software systems. Simply click on the start button; data are collected as long as probe 
vehicles continue to travel through the particular roadway.  
 

Automated data collection - Data can be collected electronically. Probe vehicle systems are 
electronic, and data are automatically saved from the probe vehicle to the cell phone memory. 
 

Data are in electronic format - Once the data have been collected, they are already in an 
electronic format. This assists in the processing of raw travel time data into a useful format 
for analysis. 
 
 

No disruption of traffic - Since data are collected from probes within the traffic stream, the 
traffic is not influenced by the experimenter. Probe vehicles are often driven by persons not 
directly involved with the data collection effort, thus data are not biased towards test vehicle 
driving styles. 
 

The ‘Way out’ software, developed for Android Smartphone to collect real time traffic 
information which is similar to probe sensors is one of the traffic data collecting software. 
The software utilizes Google Map based Application program Interface (API) to display real 
time location of vehicle and java methods to track time stamp. The time stamp is known as 
“Unix time” or “Epoch time”. ‘Unix time’ is the current time in milliseconds since January 1, 
1970 00:00:00.0 UTC. Relating to time stamp, different methods can be used as 
“nanoTime”method, System.Current-Time-Millis method and the request Location Updates 
method. Temporal difference is used to indicate the minimum temporal difference and spatial 
difference to indicate minimum distance between two consecutive readings. The minimum 
time interval between updates is hard-coded to be 5 seconds and the minimum distance 
change for updates is fixed to be 1 meter. A parametric study is conducted to check the effect 
of those effects. After retrieving the location data along with time stamp, all data is 
transferred to the server using post method. A PHP framework server is developed to receive 
the data from the android application “WayOut”. The database in the server had two tables 
for user and location. The users table stored identification number and identification name of 
users and the  location table stores time stamp, longitude and latitude along with 
identification number of user. A website is developed to download all the data stored in the 
database in csv format. A subsequent analysis is carried out for this study to find out the 
important features of probe travel behavior. 
 

 
(a)     (b)                          (c) 
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             (d) 
Figure 2.2: (a) Snapshot of the Probe Software Icon; (b) Snapshot of probe software interface 

;( c) Snapshot of the user interface; d) Snapshot of database transmitted by the probe 
software; 

 
2.2.2 Vehicle trajectory estimation methods 
 

Trajectory estimation effective way of travel time prediction is needed for a variety of 
intelligent transportation system (ITS) applications such as advanced traveler information 
systems, dynamic route guidance for assisting travelers in terms of choosing the best mode of 
travelling and decreasing the travel time to its minimum level. It can also be used as an 
advanced control measure for urban planners and traffic researchers to decrease congestion in 
roads and conduct vehicle movement to free flow.  
Based on the traffic data characteristics, different methods of historical data-base algorithm, 
time series models and simulations are done before for forecasting future travel time. 
Through using different types of input data for prediction process, different models have been 
assessed up until now. 
 
Piecewise Linear Speed Based’ (PLSB) trajectory method 
 

It is an improved algorithm for the off-line estimation of route-level travel times for 
uninterrupted traffic flow facilities, such as motorway corridors, based on time-series of 
traffic speed observations. The method is an extension and modification of an existing and 
widely used method known as the ‘Piecewise Constant Speed Based’ (PCSB) trajectory 
method (Lint & Zijpp 2003). The novelty of the new method is the fact that trajectories are 
constructed based on the assumption of piecewise constant speeds with the assumption of 
piecewise linear speeds: The speed in between two detection points on a path is modeled by 
the convex combination of the speeds observed at the upstream and downstream detector. It 
turns out that based on these assumptions, elegant mathematical expressions can be derived 
that describe the trajectories in between the two detectors.  
 

Off-line travel time estimation algorithms are typically used to gather statistics on the 
performance of transport systems. These statistics can be used to evaluate performance 
indicators that express policy objectives, or in studies that evaluate the impact of new traffic 
measures, especially if these contain a before and after study (Kraan et al. 1999).Travel time 
estimates are required as well in systems that analyze other aspects of the traffic system, such 
as estimators of dynamic Origin-Matrices, such as (DelftOD 2002). Finally, they can be used 
as a (tracking) component in more complex traffic control and traveler information systems 
(Van Grol et al. 1997) or as a means to compile historic databases that support trend analysis 
and conditional predictions of travel time (Kirwan et al.2002). 
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Microscopic traffic simulator 
 

Microscopic traffic simulation model describes the space-time behavior of the systems 
entities as well as their interactions at a high level of detail. With the increased availability of 
fast computers in recent years, the application of microscopic simulation as a tool of reflects 
real-world traffic systems are gaining popularity. The number of traffic simulation models 
has increased significantly and by the end of the last century, there were more than 70 
simulation models available according a study by U.C. Berkley (Skabardonis, 1999). Detailed 
review on such simulation models can be found in established literatures like Algers et 
al.(1997), Gao (2008), Olstam & Tapani (2004) etc. Among the large amounts of traffic 
simulation models are the CORSIM, the AIMSUN, the VISSIM, the PARAMICS and the 
INTEGRATION   microscopic traffic simulation models. Each traffic simulation model has 
its unique underlying logic. 
Toru et al. (2013) assumed a new type of probe vehicle which observes its position and its 
spacing. A simple traffic estimation method solely depends on probe vehicles data is 
formulated. To validate the model performance, the numerical characteristics of the method 
such as relation between estimation precision and composition rate of the probe vehicles are 
examined using a microscopic traffic simulator. 
 

SARIMA (Seasonal Auto Regressive Integrated Moving Average) Modeling 
 

Predicting future behavior of a time series is an important area of forecasting in terms of 
observing past behavior, and collecting variables in order to analyze and develop a model that 
considers underlying relationships. Then, based on the past behavior of time series, it is 
possible to extrapolate future time series. One of the most popular models in terms of 
forecasting time series is the SARIMA model. Khoei (2014) used SARIMA as a capable 
model to apply on arterial traffic data and forecast the short term future. SARIMA which is 
also called seasonal ARIMA is an upgraded version of ARIMA model with the consideration 
of seasonality of historical time series for predicting future behavior of such time series. 
(Williams and Hoel 1999; Bowerman,O'Connell and Richard 1993). 
 

The steps for predicting future values by SARIMA are shown in Figure 2.3. 
 

 
Figure 2.3: Progress of time-series prediction by SARIMA modeling 
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Cell Transmission Model 
 

The cell transmission model (DRAGANZO 1993) simulates traffic conditions by proposing 
to simulate the system with a time-scan strategy where current conditions are updated with 
every tick of a clock. The road section under consideration is divided into homogeneous 
sections called cells, numbered from i = 1 to I. The lengths of the sections are set equal to the 
distances travelled in light traffic by a typical vehicle in one clock tick. Under light traffic 
condition, all the vehicles in a cell can be assumed to advance to the next with each clock 
tick. i.e, 
 

ni+1(t + 1) = ni(t)                                                                                                               2.1
     
Where, ni(t) is the number of vehicles in cell i at time t. However, equation 2.1 is not 
reasonable when flow exceeds the capacity. Hence a more robust set of flow advancement 
equations are presented in a later section. 
 

Flow Advancement Equations 
 

First, two constants associated with each cell are defined, they are: (i) Ni(t) which is the 
maximum number of vehicles that can be present in cell i at time t, it is the product of the 
cell’s length and its jam density. (ii) Qi(t) : is the maximum number of vehicles that can flow 
into cell i when the clock advances from t to t + 1 (time interval t), it is the minimum of the 
capacity of cells from i − 1 and i. It is called the capacity of cell i. It represents the maximum 
flow that can be transferred from i − 1 to i. We allow these constants to vary with time to be 
able to model transient traffic incidents. Now the flow advancement equation can be written 
as, the cell occupancy at time t + 1 equals its occupancy at time t, plus the inflow and minus 
the outflow; i.e. 
 

ni(t + 1) = ni(t) + yi(t) − yi+1(t)                                                      2.2 
 

where, ni(t + 1) is the cell occupancy at time t + 1, ni(t) the cell occupancy at time t, yi(t) is 
the inflow at time t, yi+1(t) is the outflow at time t. The flows are related to the current 
conditions at time t as indicated below: 
 

yi(t) = min [ni−1(t),Qi(t),Ni(t) − ni(t)]                                           2.3 
 

where, ni−1(t): is the number of vehicles in cell i − 1 at time t, Qi(t): is the capacity flow into i 
for time interval t, Ni(t) − ni(t): is the amount of empty space in cell i at time t. 
 

 
Figure 2.4: Flow advancement 

 
Boundary conditions 
 

Boundary conditions are specified by means of input and output cells. The output cell, a sink 
for all exiting traffic, should have infinite size (NI+1 = 1) and a suitable, possibly time-
varying, capacity. Input flows can be modeled by a cell pair. A source cell numbered 00 with 
an infinite number of vehicles (n00(O) = 1) that discharges into an empty gate cell 00 of 
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infinite size, N0(t) = 1. The inflow capacity Q0(t) of the gate cell is set equal to the desired 
link input flow for time interval t + 1. 
 
Dynamic Bayesian Networks (DBNs). 
 

DBNs are directed graphical models that represent the complex interdependence between the 
hidden state variables ξi,t and the observations Yk. The graphical structure specifies the 
conditional independence and provides a compact parameterization of the model. The model 
structure does not change over time, which means that the structure can be fully specified by 
a two-slice temporal Bayesian network (2TBN). It is common to assume that the parameters 
of the 2TBN do not change, i.e., the model is time invariant. The model characterizes the 
variability of travel times among vehicles traveling on the network and the stochasticity of 
congestion dynamics on arterial networks. Hofleitner et al. (2012) proposed a probabilistic 
modeling framework for estimating and predicting arterial travel time distributions using 
sparsely observed probe vehicles. This Network represents the spatiotemporal dependence on 
the network and provides a flexible framework to learn traffic dynamics from historical data 
and to perform real-time estimation with streaming data. 
 
Multiple Hypothesis Tracking (MHT) methods 
 

Multiple Hypothesis Tracking (MHT) is one of the earliest successful algorithms for visual 
tracking. Originally proposed by Reid (1979), it builds a tree of potential track hypotheses for 
each candidate target, thereby providing a systematic solution to the data association 
problem. The likelihood of each track is calculated and the most likely combination of tracks 
is selected. Importantly, MHT is ideally suited to exploiting higher-order information such as 
long-term motion and appearance models, since the entire track hypothesis can be considered 
when computing the likelihood. Daniel et al. (2007) used this method to connect consecutive 
detections along time, constructing trajectories or tracks. As new observations are collected, 
they may be integrated in existent trajectories, as well as start new ones. Trajectory 
construction is not always a trivial task, as several detections can verify a same trajectory at a 
given instant. One way to deal with this data association problem is considering the entire 
feasible hypothesis, constructing a tree of trajectories along time. Trajectories started from 
false detections are commonly discarded in a few frames, since they will not receive more 
detection in the future. Trajectories coherent with a given number of observations confirm the 
presence of real vehicles, and then their dynamics can be estimated. 
 

Newell's Simplified Kinematic Wave Model 
 

One of the most recognized traffic models for trajectory estimation is the Newell's simplified 
kinematic wave model. This model is a simplification under special conditions of the 
Lighthill-Whitham-Richard (LWR) kinematic wave model (Lighthill and Whitham, 1955), 
which uses a partial differential equation to describe the evolution of traffic based on density, 
flow rate and speed  
 
𝜕𝑘(𝑥,𝑡)

𝜕𝑡
+

𝜕𝑄(𝑥,𝑡,𝑘)

𝜕𝑥
= 0                                                                                                       2.4         

 

In Newell's study (Newell, 1993a), he pointed out that the kinematic wave model could be 
streamlined with a triangular fundamental diagram using cumulative flow n(x; t) as a state 
variable, leading to a simpler formulation of the problem. 
 

In Newell's simplified kinematic wave model (Newell, 1993a), we have 
𝑛(𝑥, 𝑡) = min {𝐹(𝑡 −

𝑥

𝑉
)+𝑛0, 𝐺(𝑡 −

𝑙−𝑥

𝑊
) + 𝐾(𝑙 − 𝑥)}                                                           2.5 
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This equation means that the cumulative flow is either determined by the upstream conditions 
(first term on the equation) or the downstream conditions (second term on the equation). 
From the information propagation point of view, the traffic state within a homogeneous link 
is determined by upstream and downstream combined. According to (Daganzo, 2005), 
Newell's model is the Variational Formulation of the LWR model with a triangular 
fundamental diagram (Munjal et al. 1971; Daganzo, 1977; Newell, 1993a): q = ɸ(k) 
≡min{Vk,W(K- k)}. This diagram is represented in figure 2.5. In the original Newell's model, 
the road is assumed to be initially empty. However, the application domain of Newell's model 
can be extended for any initial conditions without a transonic rarefaction wave (Evans, 2010). 
 

 
Figure 2.5: Triangular fundamental diagram Flow-Density 

 
 

Adrian et al. (2015) estimate individual vehicle trajectories from Newell's simplified 
kinematic wave model based on heterogeneous data sources. Different from existing studies, 
the proposed method finds a new way to obtain vehicle trajectories from Newell's model, 
improving the previous attempts and representing a major breakthrough with the introduction 
of FIFO violation. Finally, the estimation method is verified using NGSIM data and the 
results support its consistency. 
 

Kalman Filter Technique 
 

The KFT is a method for adjusting the state variables by the available measurement data. The 
KF is a set of mathematical equations that provides an efficient computational (recursive) 
method to estimate the future state of a process. The filter is very powerful because it 
supports the estimations of past, present, and even future states, and it can do so even when 
the precise nature of the modeled system is unknown Hide et al. (2004), Bohg (2005),Welch 
et al. (2001), Hu et al.(2003), Zhang et al.(2005),Yang et al.(2004),Wang X. (2001), Hilde et 
al.(2004), Derbez et al., Johnson et al.(2001), Bar-Shalom et al.(2001). The KF estimates a 
process by using a form of a feedback control loop. The filter estimates the process state at 
some time and then obtains feedback in the form of (noisy) measurements, and then, it 
repeats (Fig.2.6).  
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Figure 2.6: Kalman filter 

 

In Fig.2.6, the following notation holds: 
x= state estimate 
z= measurement data 
A= Jacobian of the system model with respect to state 
H= Jacobian of the measurement model 
Q= process-noise covariance 
R= measurement-noise covariance 
K= Kalman gain 
P= estimated error covariance 
σp= prediction noise 
σm=measurement noise 
As such, the equations for the KF fall into two groups: the “prediction step” and the 
“correction step.” The prediction step equations are responsible for projecting forward (in 
time) the current state and error-covariance estimates to obtain the a priori estimates for the 
next time step. The correction step equations are responsible for the feedback, i.e., for 
incorporating a new measurement into the a priori estimate to obtain an improved a posteriori 
estimate. 
It has been applied in several studies (Feng, 2010) (Kristian, 2014) and (motai, 2011) to 
estimate traffic states in real-time and to predict the future location of an automobile. In the 
study of Nanthawichit et al. (2003) traffic states are first estimated by the macroscopic model. 
Then, as the system receives the observations, the estimated state variables are adjusted 
according to the KFT algorithm. The adjustment of the state variables in proportion to the 
difference between the observed and estimated values of the observation variables is the core 
of the KFT. 
 
Macroscopic Traffic Flow Model 
 

The macroscopic approach of traffic flow modeling represents the traffic states with the help 
of aggregated variables and yields flow models with a limited number of equations. Two 
basic equations always hold in all of the macroscopic traffic flow models. One is the 
conservation equation, which states that the change in number of vehicles on the roadway 
segment (x, x+dx) during time interval (t, t+dt) is equal to the number of vehicles flowing 
into that segment minus the number of vehicles flowing out of that segment. That is, vehicles 
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are neither automatically generated nor taken away on an enclosed section of roadway. This 
is expressed as a partial differential equation (Gartner et al. 2001): 
 

𝜕𝑝

𝜕𝑡
 +

𝜕𝑞

𝜕𝑥
=   g(x,t)                                                                                                                 2.6 

 

Where, q stands for flow, ρ for density and v for space-mean-speed. g is the generation rate 
within the road segment, x and t stands for space and time, respectively. 
 

Another equation is the basic traffic flow equation, namely, flow equals to the density times 
the space-mean-speed. 
q= v. ρ 
 
Next generation simulation model (NGSIM) 
 

Trajectories drawn in a common reference system by all the vehicles on a road are the 
ultimate empirical data to investigate traffic dynamics. The vast amount of such data made 
freely available by the Next Generation Simulation (NGSIM) program is therefore opening 
up new horizons in studying traffic flow theory. The Next Generation Simulation (NGSIM) 
trajectory data sets provide longitudinal and lateral positional information for all vehicles in 
certain spatio-temporal regions. Velocity and acceleration information cannot be extracted 
directly because the noise in the NGSIM positional information is greatly increased by the 
necessary numerical differentiations. A smoothing algorithm is proposed for positions, 
velocities, and accelerations that can also be applied near the boundaries. The smoothing time 
interval is estimated on the basis of velocity time series and the variance of the processed 
acceleration time series. The velocity information obtained in this way is then applied to 
calculate the density function of the two-dimensional distribution of velocity and inverse 
distance and the density of the distribution corresponding to the "microscopic" fundamental 
diagram. It is also used to calculate the distributions of time gaps and times to collision, 
conditioned to several ranges of velocities and velocity differences. By simulating virtual 
stationary detectors, it is shown that the probability for critical values of the times to collision 
is greatly underestimated when estimated from single-vehicle data of stationary detectors. 
 
Spatio-Temporal MCMC 
 

MCMC is a spatio-temporal deferred logical inference approach. One of the main challenges 
of such methods is that the solution space of hypotheses grows exponentially related to the 
(duration) depth of observation. In the specific case of vehicle tracking, priors on both driver 
behavior and the road geometry can be used. Moreover, the trajectory of the object to be 
tracked is driven by a kinematic model. MCMC have been already used in visual tracking. In 
the work of Khan et al. (2005) and Smith et al.(2005), a MCMC based particle filter is 
presented for multi object tracking and an extension is proposed to handle a varying number 
of objects (Reversible Jump Markov Chain Monte Carlo, RJMCMC). The RJMCMC 
algorithm is used in a deferred logical inference framework to track several vehicles offline 
from a video sequence Yu et al. (2007). In MCMC methods, the random walk behavior is 
driven by proposal distributions. Goyat et al. (2010) used this model for trajectory estimation. 
 
Local Regression Method 
 

Local regression, which fits a local curve to each point of interest using the observations 
around it, is designed to replace standard regression estimates when one is dealing with data 
that require a flexible functional form. Cleveland (1979), Cleveland and Devlin (1988), and 
Cleveland and Loader (3, pp. 10–49) discuss the concept, properties, and computational 
algorithms for local regression. Cleveland and Devlin also report various application areas of 
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the method, such as support for exploratory graphical data analysis, provision of additional 
regression diagnostics for testing parametric models fitted to the data, and direct use of the 
local regression functions in place of parametric functions. Recently, the method has become 
popular in the machine-learning community. It is used as a form of memory (or instance) 
based learning to learn continuous nonlinear mappings in applications such as learning robot 
dynamics and process models (Atkenson et al.1997). In the transportation literature, Sun et al. 
(2003) applied local regression for short-term traffic forecasting. They report that local 
regression was superior when compared with nearest-neighborhood and kernel smoothing 
methods. Local regression is particularly useful to map highly nonlinear functions and allows 
for estimating continuous position, speed, and acceleration profiles at arbitrary points in time. 
The method was applied to a data set of second-by-second position observations extracted 
from video. 
 
2.3 Kinematic wave theory 
 

The kinematic wave theory originally developed by Lighthill, Whitham and Richards (LWR) 
in the 1950s (Lighthill & Whitham, 1955; Richards, 1956). They described a theory of one-
dimensional wave motion which could be applied to certain types of fluid motion or to 
highway traffic flow. The key feature of the LWR theory was that there is some functional 
relation between the flow q and the density k. The flow is defined for fluids as the rate at 
which mass passes some point and for traffic as the rate at which vehicles pass some point. 
The density is defined for fluids as the mass per unit length of channel and for traffic as the 
number of vehicles per unit length of road. This relation between q and k might vary with 
location x but not with time t, i.e., 
 

k (x, t) = k*(q (x, t), x)                                                                                                              2.7      
or 
q (x, t) = q* (k (x, t), x) 
 

for some given functions k* or q*. 
 

Assuming no entering or exiting traffic, the conservation equation (equation of continuity) 
implies: 
 

𝜕𝑘(𝑥,𝑡)

𝜕𝑡
+

𝜕𝑞(𝑥,𝑡)

𝜕𝑥
= 0                                                                                               2.8                       

 

which with eqn. (2.7) gives a partial differential equation for q(x, t), 

w(q(x,t),x) 
𝜕𝑞(𝑥,𝑡)

𝜕𝑡
+

𝜕𝑞(𝑥,𝑡)

𝜕𝑥
= 0                                                                                                          2.9  

 

With 
w(q,x)= k*(q,x)/ q 
 

where w(q, x)q / k is called the “wave speed”.
 

The usual method for solving eqn. (2.9) is to note that eqn. (2.9) implies that q(x, I) remains 
constant along a characteristic curve (wave) for which 
 

 𝑑𝑡 𝑑𝑥 = 𝑤(𝑞, 𝑥)⁄                                                                                       2.10 
 

 

Thus from any initial or boundary conditions which specify a value of q at some point x0 & 
the same value of q applies at all points along the characteristic curve passing through x,t 
namely the curve 
 

t(x)=t0+∫ 𝑤
𝑥

𝑥0
(q(x0,t0),z)dz 
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We will be concerned here mostly with the special case of a homogeneous channel or road 
section for which k*(q, x) = k*(q) is independent of x. In this case w is also constant along 
the characteristic curve and the characteristic curve is a straight line. 
One of the complications in the theory results from the possibility that characteristic curves 
for different values of q may intersect giving multiples values of q at the same (x, t). To 
complete the theory, it was necessary to introduce shocks (discontinuities in q) and write 
separate equations for the path of the shock so as to guarantee the conservation of mass 
across the shock path; the shock itself is not a source of mass. The characteristic curves on 
either side of the shock path determine the q(x, t) on each side, but each characteristic 
terminates at the shock. It was also necessary to eliminate certain formal solutions of the 
resulting equations which are inconsistent with a preferred direction of time. The 
conservation equations are invariant to changing x to -x and t to -t, but a flow pattern with 
shocks obtained by reversing the direction of x and t is not acceptable. The numerical 
solutions of the equations for the shock path are typically rather tedious. 
 
2.3.1 Variational Formulation of Kinematic Wave Theory 
 

Newell (1993a, 1993b, 1993c) combined the concept of cumulative curves with LWR theory 
and extended it to the 3D kinematic wave theory. Given N (x, t) as the cumulative number of 
vehicles at location x by time t, Newell suggested evaluating N (x, t) rather than q (x, t). 
Assuming a one dimensional traffic movement where the first in first out (FIFO) condition 
holds, variations in the cumulative number of vehicles over space can be addressed through 
(2.11). 
 

dN  (N / x)dx  (N / t)dt kdx qdt  (k q / w)dx                                     2.11 
 

With a piece-wise linear fundamental diagram, dN takes only two values: 0 for the forward 
wave and kjdx for the backward wave, where kjis the jam density. 
 

 
Figure 2.7: Linear Fundamental Diagram 

 

 
 

The 3D kinematic wave theory has been used for several applications such as dynamic 
network assignment (Kuwahara & Akamatsu, 2001), traffic simulation (Daganzo, 1994) and 
so on. Recently Daganzo (2005a, 2005b) proposed an efficient calculation method based on 
Variational Theory (VT) of the 3D kinematic wave theory to evaluate forward and backward 
waves within the traffic flow. VT (Daganzo, 2005a, b) provides an efficient solution method 
to estimate N at any point (x,t) in time-space given appropriate boundary conditions at (x0, t0). 
Considering that the maximum traffic flow and speed are bounded by the capacity (or 
saturation flow rate) qmax and the free-flow speed u, VT provides a solution to find the 
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maximum bound for the variation in N between different points in time-space. As a result if 
N(x0, t0) is known (boundary conditions) one can easily estimate N(x, t). 
If N is constructed as a function of time t and space x in a three dimensional space, function N 
will form a surface over time-space plane. Each contour of surface N will represent an 
individual vehicle trajectory. For more details, Daganzo (2005a; 2005b) can be followed. 
 

Solution domain 
 

In Variational Theory the problem is solved approximately by overlaying a dense but 
discrete, network with short straight valid paths as links, and the following two properties: i) 
the slopes of links branching from each node which represent the range of wave speeds with 
sufficient resolution; and ii) link costs (allowable change in the cumulative number of 
vehicles along each link). 
 
 

The solution domain in time-space can be modeled with a lopsided-network in which the 
mesh resembles triangular fundamental diagrams with identical steps in the time-space plane. 
The nodes are on a rectangular lattice with space separation sstep and time separation tstep. 
There are sets of links pointing to any node with slopes u (forward wave) and –w (backward 
wave). Each node in the network represents the height of the three dimensional cumulative 
surface at a specific point. Coordinate system F* is defined with i-coordinate aligned with the 
backward wave, and j-coordinate aligned with the forward wave. The cumulative number of 
the vehicles at node (i, j), is presented by N (i, j). 
 

With the piece-wise linear fundamental diagram, the link cost along the forward wave is 
equal to zero, which means there is no change in the cumulative number of the vehicles along 
the forward wave. On the other hand, the link cost along the backward wave, which is the 
maximum allowable change in the cumulative number of the vehicles, is estimated by 
multiplying the jam density kj by sstep. If there are any red intervals in the solution domain, the 
cost along the links corresponding to the red intervals becomes equal to zero. In this case, red 
intervals create shortcuts in the network. In other words, during the red intervals, it would be 
possible to move from node (i-1, j-1) to node (i, j) without incurring any cost. Since the 
positions of the signalized intersections are known, considering the signal timing data, those 
links corresponding to the red intervals can be distinguished easily. Given the piecewise 
linear fundamental diagram and time separation tstep, the space separation between network 
nodes sstep are estimated from 
 

sstep=
 𝑢𝑥𝑤𝑥𝑡𝑠𝑡𝑒𝑝

𝑢+𝑤
                                                                                                                    2.12 

 
Shortest path algorithm from boundary nodes 
 

In order to estimate the value of N at each node, appropriate boundary conditions should be 
set in the solution network. As shown in Fig.2.8, the solution domain is bounded within 
upstream (CD) and downstream (AB) boundaries. Considering the passing times of the 
vehicles, the cumulative traffic counts at the upstream and the downstream are assigned to the 
relevant nodes along the upstream and the downstream. Vehicle passing times can be 
retrieved from loop detector data or video surveys. Additional boundary conditions can be set 
by using probe trajectory data. Any probe trajectory can be approximated in time-space plane 
by using the nearest nodes to its path. Considering the FIFO discipline, N along a probe 
trajectory path on the solution network is a constant value. Therefore, a constant height 
should be assigned to those nodes which represent a probe trajectory in solution domain. 
Starting from the boundary nodes, the value of N at each node in solution domain N(i, j) can 
be estimated using the dynamic programming algorithm presented in (2.13). 
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N(i,j)=min(N(I,j-1),N(i-1,j)+kjxsstep                                                                                                                    2.13   
 

 

The boundary conditions can be reset as soon as newer probe trajectory data become 
available. Given the boundary conditions at upstream, downstream and the reference probe 
trajectory in Fig.2.8, the basic data fusion framework is only suitable for reconstructing 
vehicle trajectories from the passage of the reference probe trajectory up to the present time 
(ABCD area). Application of the basic data fusion model to reconstruct vehicle trajectories in 
offline condition is demonstrated in Mehran et al. (2012). In the following sections, a 
methodology is proposed which extends the applicability of the basic data fusion framework 
to real-time traffic prediction. The proposed extension enables short-term prediction of 
vehicle trajectories beyond present time. However, before proceeding further, description of 
the study area and available traffic data for this study are presented. 

 
Figure 2.8: Solution Domain and Network Configuration in Time-Space 

 

 
 

Figure 2.9: Steps towards estimating trajectories 
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2.3.2 Variational Formulation of Kinematic Wave Theory for heterogeneous traffic 
 

Vehicle trajectory data in mixed traffic condition has not received much attention compared 
to lane based conventional traffic condition. This may be due to the difficulty and high cost 
involved in data collection and extraction, and complexities associated with non-lane base 
movement and heterogeneous vehicles types with varying physical dimensions and dynamics. 
A very limited number of works based on Variational Theory of Kinematic Wave Model for 
heterogeneous traffic have been performed. For instance, Kuwahara et al. (2013) proposed a 
data fusion technique to estimate trajectories of all running vehicles on a signalized urban 
arterial as well as on an intercity motorway based on probe vehicle data and conventional 
traffic detector data. The objective of this research is therefore to examine a data fusion 
framework to reconstruct vehicle trajectories by combining traffic data from conventional 
traffic detectors and probe vehicle data based on the kinematic wave theory and implements 
the solution by the Variational Theory proposed by Daganzo. Farhana et al. (2012) 
implements kinematic wave theory to reconstruct vehicle trajectories from fixed and probe 
sensor data. The objective of this research is to examine a data fusion framework to 
reconstruct vehicle trajectories on signalized urban arterials by combining traffic data from 
fixed and probe sensors according to traffic engineering principles. The methodology is based 
on the Kinematic Wave Theory and implements the solution proposed by Daganzo (2005a, b) 
based on Variational Theory. The original solution by Daganzo cannot deal with vehicles 
coming in and out in the middle of the study section despite the frequent existence of such 
vehicles in the real world. Therefore, the methodology is extended further to incorporate the 
vehicles coming in and out. The proposed methodology is then applied to real world data and 
its robustness is confirmed by changing input data characteristics such as the frequency of 
probe data and the aggregation interval of fixed sensor data. Hadiuzzaman et al. (2015) 
proposes a methodology to deal with the development of a data fusion framework to 
reconstruct vehicle trajectories combining video sensor and probe data in non-lane based 
mixed traffic condition. The proposed framework is based on the application of Variational 
Formulation of kinematic waves for multiple lane condition. Moreover, an extension of the 
VF to accommodate side friction along the study section is presented. 
 
2.4 Conclusion  
 

This chapter provided an overview on the state-of-the-art of vehicle trajectory estimation 
methods with a special focus on Variational Theory based on Kinematic Wave Model. Most 
of these models were developed and validated for lane-based car dominated operating 
condition. Only a very limited number of studies for heterogeneous traffic were revealed 
from the extensive literature review. Hence, this research work aims at introducing an 
alternative approach of vehicle trajectory estimation based on Variational Formulation of 
Kinematic Wave Theory for heterogeneous traffic condition using data extracted from only 
one video sensor and also considering dynamic capacity. It is expected to show better 
accuracy in trajectory estimation and provide a complete traffic state for Dhaka city. 
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Chapter 3 
 

DATA COLLECTION AND PROCESSING 
 

This chapter presents details of the study site selection and the high-resolution data collection 
and processing techniques adopted for the research. The collected data will serve as the basis 
for the estimation of the vehicle trajectory in the later part of this research.  
 
3.1 Study area 

 

The study area selected for data collection is both a freeway and an urban roadway in Dhaka, 
the capital of Bangladesh. For freeway the site is the north bound traffic of airport road, a 
section of the Dhaka-Mymensingh Highway in Bangladesh as shown in Figure 3.1(a). It is 8-
lane freeway road segment bounded by Kuril flyover at upstream and ends near the round-
about intersection located in front of airport. For the study purpose the road segment is 
stretched to 3 km length. The entire segment is free from inflow and outflow of traffic there 
are exactly 4 through lanes on each direction of the test site totaling up to a width of 14.48 
meters (m) to 14.94 m in different links. The test section experiences a directional average 
annual daily traffic (AADT) of about 11451 vehicles. The traffic stream consists of 40 % 
cars, 12% microbuses or jeeps, 10% motorcycles, 8% buses, 10% utility vehicles and 20% 
auto rickshaws. Such geometric and characteristics make the test site an ideal study location 
for non-lane-based heterogeneous uninterrupted traffic condition. A 1 km multi-lane roadway 
stretch with two signalized intersection at Katabon as shown in Figure 3.1(b) is used as an 
urban roadway. 
 

 
(a) 
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(b) 

Figure 3.1: Studied road corridor- (a) Dhaka-Mymensingh Highway near airport  
and (b) at Katabon 

 
3.2 Data collection 

 

Dhaka-Mymensingh Highway near airport 
 

Collection of high-resolution data required for the trajectory estimation is a very challenging 
task under the existing traffic condition of the study area. This is because loop detectors are 
unsuitable for the test site due to measurement errors caused by non-lane-based movement of 
vehicles activating either both or neither of two adjacent detectors. Moreover, traffic cameras 
for vehicle detection are absent along the corridor. Under these circumstances, in total twenty 
seven mobile probe sensors and one video camera is installed to collect traffic data. The 
video sensor was set up at the upstream position of the study segment, located over a foot-
over bridge adjacent to Kuril flyover of the study site to provide traffic data for the research 
through image processing technique. Road capacity, free flow speed and jam density is 
measured from the prior video sensor data installed within the same Airport road segment 
study conducted by Sanjana et al. (2015). 
 

The test site was videoed from 4:00 PM to 5:45 PM on September 23, 2015.  The accuracy of 
the predicted trajectory depends on the smaller time lag between the consecutive probes. In 
the prior research conducted by Hadiuzzaman et al. (2015) and Mehran et al. (2012), probe 
vehicles were usually sent in 2-5 minutes interval within the studied road segment to collect 
probe data and showed considerable accuracy for trajectory reconstruction. Hence, 
approximate 4 minutes time interval has been taken to release each probe in the studied road 
segment.  
 

At Katabon 
 

The study was conducted at an evening peak (5:00 PM to 6:00 PM) on 18 June 2015. The 
experimental setup included 8 mobile probe sensors and 4 video sensors. The video sensors 
were installed at 4 different locations along the study section to analyze traffic states at 
different locations.  
 

 
 
 

Intersection 2 

Intersection 1 
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3.3 Data processing 
 

For the purpose of this study, video sensor data was used to obtain traffic count data along 
with speed and density for FD from which cumulative count of upstream is obtained. And 
using the probe sensors, reference points in the time space are obtained. The accuracy of the 
trajectories is greatly dependent on the reference points. Both of the dataset coordinate as a 
boundary condition to solve the problem numerically and using finite element method. 
 
3.3.1 Probe data 
 

The probe data are extracted using GPS equipped probe vehicle running in the airport road 
and at Katabon. Real time server time which is transformable to clock time and latitude-
longitude at 5sec intervals are incorporated into probe data. The probe data were collected 
using Android software named ‘Way out’. Reference points in the time space are obtained 
from probe sensors. Coordinates of reference points at upstream and downstream points are 
used as boundary condition to solve the problem. 
 

The ‘Way out’ software is developed for Android Smartphone to collect real time traffic 
information which was similar to probe sensors. The software utilizes Google Map based 
Application program Interface (API) to display real time location of vehicle and java methods 
to track time stamp. The time stamp is known as “Unix time” or “Epoch time”. The temporal 
difference of probe location is taken for calculation. The application software indicates 
temporal difference and spatial difference between two consecutive readings. The minimum 
time interval and minimum distance interval between consecutive updates are five seconds 
and one meter respectively. A central server, which is based on PHP framework, is used to 
receive data from ‘Way out’. Database of the server comprises with two tables for user and 
location. The user table stores identification of users and the location table stores longitude, 
latitude of the user corresponding to time stamp. All stored data in the database are saved in 
csv format through a website. Further analysis is carried out to find characteristics of probe 
trajectory for the study. In the Figure 3.2 shows screenshot of way out interface and Figure 
3.3 shows screenshot of excel database worksheet. Further details of the apps can be found in 
Hadiuzzaman et al. (2015) 
 

 
 

Figure 3.2: Interface of Way out Apps at Android 
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(a) 
 

 
 

(a) 

 
(b) 

Figure 3.3: (a) User table extracted from WayOut apps, (b) Location table extracted from 
Way Out Apps. 

 
3.3.2 Video Image Processing 
 

Video sensor data are used to calculate cumulative count of upstream traffic. The video 
sensor data is extracted accommodating video image processing interface as shown in figure 
3.4. Among all image processing techniques, the most common BGS (Background 
Subtraction) technique has been adopted. We have developed software in MATLAB using 
GUI (Graphical User Interface), incorporating BGS along with some major extension which 
enables the algorithm to accommodate some major challenges. While developing the object 
detection algorithm several environmental  challenges such as non-lane based movement, 
NMV detection, camouflage, camera jitter, sudden  illumination variation, dark car and 
shadow, low camera angle and elevation are addressed to  ensure high quality data. The 
software requires video data, vehicle geometry as input and provides speed, flow and density 
at required interval. We have used strip based counting method combining successive 
incremental differentiations for measuring flow. For speed, the whole field of vision is 
segmented and the change in center of area of object in each segment is detected to find the 
corresponding pixel speed. Calibrating the pixel distance with field distance, the actual 
instantaneous speed is obtained. Then the instantaneous speed is converted into time mean 
speed and space mean speed. For measuring density, the binary pixel density of objects 
within the field of visions is determined and using the actual measurement from the field the 
pixel density is converted into actual density. The accuracy in estimation of speed, flow and 
density from synthetic video sequences is 100% and the root-mean square error (RMSE) is 
zero. On the contrary, while dealing with the field video sequence the algorithm resulted 
(RMSE, MAE) about (19.72, 14.01) in flow, (4.34, 3.51) in density, and (1.18, 0.88) in speed. 
For the purpose of high quality data extraction, camera heights is fixed at 25 feet to reduce 
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the object details detected by the algorithm and the camera angle is maintained below 45 
degree to avoid perception problem. 
 

 
 

(a) Density interface of video image processing  
 

 
 

(b) Count interface of video image processing 
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  (c) Speed interface of video image processing 
 

Figure 3.4: Video image processing interface  
 
3.4 Conclusion 
 

This research aims at developing an alternative approach of estimating vehicle trajectories for 
the non-lane-based heterogeneous traffic condition of Dhaka city. For this, high-resolution 
data is the prerequisite. The current chapter introduced the test section used in this research 
along with details of the probe vehicle and video-based data collection method adopted. It 
then briefly discussed the image processing technique used here for extracting flow and speed 
data from the video footages of the test site. The measured high-resolution data will used for 
the estimation and analysis of vehicle trajectories in the subsequent chapters. 
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Chapter 4 
 

TRAJECTORY ESTIMATION AND ANALYSIS 
 
Vehicle trajectory is the most intuitive measure of traffic conditions on urban arterials. The 
efficiency of congestion management strategies can be evaluated directly through observation 
of vehicle trajectory. Not only that, vehicle trajectory approximations could be useful for 
planning applications or emissions modeling. For example, emissions are typically estimated 
using vehicle miles traveled, average velocity, average flow, or more recently, using point 
detectors capable of measuring instantaneous emissions from individual vehicles. But none of 
these methods are capable of capturing the effects of vehicle dynamics. Besides that, 
trajectories have different application in traffic engineering such as determining congestion 
level, monitoring vehicle activity, simultaneous localization, mapping, vehicle detection, 
monitoring driver behavior etc. In short, trajectories are direct representation of the traffic 
states, including traffic variations and different driving modes over the roadway. The present 
chapter focuses on estimation of vehicle trajectory using probe sensors (probe vehicle) and 
fixed sensor (video camera) for the heterogeneous traffic condition of Dhaka city. For this, it 
first presents the details of the widely accepted Variational Formulation of Kinematic Wave 
theory proposed by Daganzo which is used as the basic method of trajectory estimation in 
this research. Then the nature of trajectories will be investigated utilizing limited video sensor 
in place of multiple sensors as an alternative approach of trajectory estimation. Finally, 
applying dynamic capacity, getting actual traffic state information through trajectory 
analyzing will be ensured. 
 
4.1Fundamental Method of Trajectory Estimation 
 
4.1.1 Time-Space Diagram and Cumulative Numbers 
 

Vehicle Trajectories can be shown on a time-space diagram which is a two-dimensional 
space of time t and distance x of travel. Adding one more dimension of the cumulative trips N 
as a vertical axis as showing Fig.4.1, vehicle trajectories are piled up so that the cumulative 
number of trips N(x,t) appears at any time t and distance x. 
 

 
Figure 4.1: Three-Dimensional Representation of Vehicle Trajectories 
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4.1.2 Variational Theory based on Kinematic Wave 
 

The methodology for trajectory estimation is based on the Kinematic Wave theory and 
implements the solution by Variational theory proposed by Daganzo (2005a; 2005b). Once 
vehicle trajectories are estimated, they can be used for several purposes including travel time 
estimation and prediction, signal co ordination and emission monitoring. In this study, the 
method is applied to real world data and its robustness is confirmed through a couple of 
sensitivity tests. 
The Kinematic Wave theory was originally developed by Lighthill, Whitham and Richards 
(LWR) in1950s (Lighthill & Whitham, 1955; Richards, 1956). The key feature of the LWR 
theory was that there is some functional relation between the flow q and the density k which 
might vary with location x and time t. 
 

k (x, t) = k (q (x, t), x) or q (x, t) = q (k (x, t), x)                             4.1 
 
Eq. (4.1) is sometimes called ‘fundamental diagram’ and the conservation equation is written 
as below with no entering or exiting traffic. 
 

 
  
𝜕𝑘(𝑞(𝑥,𝑡),𝑥)

𝜕𝑞(𝑥,𝑡)

𝜕𝑞(𝑥,𝑡)

𝜕𝑡
+

𝜕𝑞(𝑥,𝑡)

𝜕𝑥
= 0                                                                4.2    

 

Newell (1993a, 1993b, 1993c) combined the concept of cumulative curves with the LWR 
theory and extended it to the three-dimensional kinematic wave theory shown in Fig.4.1. 
Given N(x,t) as cumulative number of vehicles at location x by time t, Newell suggested 
evaluating N(x,t) rather than q(x,t). By definition, relationships among flow q, density k and 
cumulative number N is described as below. 
 

𝜕𝑁(𝑥,𝑡)

𝜕𝑥
=-k(x,t)     

𝜕𝑁(𝑥,𝑡)

𝜕𝑡
=  q(x,t) 

 
 

Assuming a one dimensional traffic movement where first in-first out (FIFO) condition holds, 
variations in the cumulative number of vehicles over space can be addressed through (4.3). 
 

dN(x,t)=
𝜕𝑁𝑦

𝜕𝑥
𝑑𝑥 +

𝜕𝑁𝑦

𝜕𝑡𝑥
𝑑𝑡 = (−𝑘 +

𝜕𝑘𝑦

𝜕𝑞𝑥
𝑞) 𝑑𝑥                                                     4.3 

    

In particular with a piece-wise linear fundamental diagram as shown in Fig.4.2, dN takes only 
two values: 0for the forward wave and kjdx for the backward wave in which kjis the jam 
density. 
 

 
 

Figure 4.2: Piecewise Linear Fundamental Diagram 
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Variational theory (Daganzo, 2005a, b) provides an efficient solution method to estimate N at 
any point (x,t) in time-space given appropriate boundary conditions at (x0, t0). Considering 
that the maximum traffic flow and speed are bounded by the capacity (or saturation flow rate) 
qmax and the free-flow speed u,Variational theory provides a solution to find the maximum 
bound for the variation in N between different points in time-space. As a result if N(x0, t0) is 
known (boundary conditions) one can easily estimate N(x, t). 
If N is constructed as a function of time t and space x in a three dimensional space, function N 
will form a surface over time-space plane. Each contour of surface N will represent an 
individual vehicle trajectory.  
 
 

4.2 Methodology 
 

Fig.4.3 shows the necessary steps to estimate vehicle trajectories. The process starts with 
defining a discrete network to address time-space plane. Considering a triangular 
fundamental diagram, given the forward wave speed u, jam density kj and the maximum flow 
rate qmax, the backward wave speed w is estimated from (4.4). The horizontal distance 
between the nodes of the same row, tstep, is an input variable. Considering computational 
straightforwardness, a time step of 1s is recommended. The vertical distance between 
network nodes, sstep, is estimated from (4.5). 
 

w=
𝑞𝑚𝑎𝑥

𝑘𝑗−
𝑞𝑚𝑎𝑥

𝑢

                                                                                                                       4.4 
 

sstep = 
𝑢×𝑤×𝑡𝑠𝑡𝑒𝑝

𝑢×𝑤
                                                                                                                        4.5 

 

Each node in the network represents the height of the cumulative surface. To set the initial 
conditions on the network boundaries, the height along the first column in the network is 
assumed to be 1. Considering the passing times of the vehicles recorded by detectors, 
cumulative traffic counts at the upstream and the downstream are assigned as the heights to 
the nodes along the lower and upper boundaries of the network. 
 

When probe trajectories are used as a reference to reproduce other trajectories, some 
additional treatments are necessary. A probe trajectory can be interpreted as a contour on a 
three dimensional surface of cumulative curves. Therefore a constant height should be 
assigned to the network nodes in the vicinity of the probe trajectory. Since the cumulative 
vehicle counts at the upstream are known, a constant height can be estimated once the 
intersection point of the probe trajectory with the lower boundary of the network is known. 
 

Finally, optimization is performed to find the height of each node in the network. According 
to the Variational theory (Daganzo, 2005a,b), calculation of the cumulative height for each of 
the network nodes is reduced to the shortest path calculation with the link costs explained 
above and considering the cumulative heights at the network boundaries. In general, the 
height of node (i, j) that is N (i, j) is estimated from (4.6). However, if node (i, j) is located on 
a link which represents a red interval in time-space, considering the shortcut effect of the red 
intervals, N (i, j) is estimated from (4.7). 
 

N(i,j)=Min(N(i,j-1),N(i-1,j)+kjsstep                                                                                          4.6 
 

N(i,j)=Min(N(i,j-1),N(i-1,j-1),N(i-1,j)+kjsstep                                                                          4.7
   

Once the cumulative heights are calculated, a trajectory of a vehicle is obtained as a contour 
line of the cumulative heights. 
 
 



32 
 

4.2.1 Development of Lopsided Network 
 

Time-space diagram is the most widely used way to represent vehicle trajectories in two 
dimensional plots. Usually, time t is in abscissa and distance or space s is in ordinate. 
Cumulative number of arrival vehicles N can be added with the above graphical 
representation as a vertical axis to shape the diagram in a three dimensional mode which is 
called solution network or lopsided network. The procedure to construct lopsided network 
adopted in this research for trajectory estimation is based on Kinematic Wave theory of 
Lighthill, Whitham and Richards (LWR). The data of the lopsided network are arranged in a 
way that simplifies the structure for different location approach. However, the inclusion of 
location approach adds complexity in determining backward wave speed and sstep. It induces 
change in sstep with different capacity, free flow speed and jam density. In this regard, the 
following steps are used: (a) the capacity, forward wave speed, jam density are given input in 
different space location cell; (b) the time space is generated using these data provided that 
data are obtained from analysis of the triangular fundamental diagram (FD) 
Afterwards, is determined using the following equation (4.8).  

𝜀 =
𝑆𝑠𝑡𝑒𝑝

𝑤
                                                                                                      4.8 

 
Following this tmid is determined using equation (4.9).  
 

tmid=tstep-            4.9 
In the next step, the time in lopsided network is determined using, 
 

t(i,j)=t(i,j-1)+tmid                                                                                                                                                                             4.10
                      
4.2.2 Placement of Probe Data in Lopsided Network 
 

One of the main challenges of this study is the placement of probe data into lopsided 
network. The probes have regular time space properties whereas; the lopsided network has a 
time space inclined by an amount equivalent to forward wave speed. Since this difference 
restricts direct interaction, the probe data can be inserted into the lopsided network in two 
ways: (a) lag time approach; and (b) interpolation. In lag time approach, the regular position 
of probe in the time space is determined. Afterwards a specific time lag is deducted from the 
actual time. Let, a probe is at st position at time t. The lag time can be calculated using 
equation (4.11) where, u is the forward wave speed. Later, the time location in lopsided 
network is determined using equation (4.12) where, tlop is matched in zero distance and it will 
take the probe in (st,t )  co-ordinate in lopsided network.  
 

tlag = 
𝑆𝑡

𝑢
                                                                            4.11 

tlop = t-tlag                                                                 4.12 
 

In interpolation approach, the lopsided time space is created using tmid and 𝜀𝑡 where, 

𝜀𝑡 =
𝑆𝑠𝑡𝑒𝑝

𝑤
       

And tmid= tstep-𝜀𝑡 
 

Subsequently, the time for each node in the lopsided network is calculated using, 
 

tlop(i,j) ={
𝑡, 𝑖 = 1

𝑡𝑙𝑜𝑝(𝑖 − 1, 𝑗) + 𝑡𝑚𝑖𝑑,𝑖>1
 

 

In interpolation approach, using t(i,j), the position of the probe vehicle is calculated by 
interpolation for lopsided time. Then using the probe time space data and the position it is 
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placed in the lopsided network. After that the valid spaces are marked as ‘1’ if it matches 
with the corresponding space. 
 
4.3 Data Analysis 
 

Twenty-seven probe vehicles have been used to collect information regarding traffic 
condition. Latitude and longitude of each probe vehicle corresponding to regular time interval 
have been extracted from GPS sensor data. Then actual distance is calculated using latitude 
and longitude data using equation 4.13. Here, Φu = latitude of location upstream and Φd 
=latitude of location downstream (radian), λ = difference in longitude (radian) and R= arc 
radius of the earth. 
 

Actual distance, D = cos-1(sin Φu× sin Φd + cosΦu×cosΦd× cosλ) ×R                           4.13 
 

As for example the following figure (4.3) show the value of longitude and latitude of 
different probe as well as distance 
 

 
 

Figure 4.3 Conversion of longitude and latitude into distance 
 
4.3.1 Qualitative Analysis 
 

Trajectory estimation for freeways 
 

First of all, vehicle trajectories are plotted in the time space domain. Total survey time was 
almost 1 hour 45 minutes. As mentioned in earlier section, two methods were deployed to 
estimate vehicle trajectory with real time field condition. Later, second method was improved 
by including variable capacity and named as Method 2a and 2b. The probe trajectories are 
divided into five groups based on the proximity of arrival time and similarity of trajectory 
shape. 
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Method 1 
 

In method one, parameters of traffic fundamental diagram (FD) such as free flow speed, jam 
density and capacity are measured from multiple no of video sensors installed at each 
homogeneous portion of the studied road section. Broadly speaking at first, variation of 
traffic state is captured through installing multiple video sensors to construct FD parameters 
for separate segments. Then, capacity, jam density and free flow speed for different locations 
are calculated from the analysis of fundamental diagram. For this research video data for 
constructing the FD is obtained from Hossain et al. (2016). As mentioned earlier, the 
parameters are road capacity (qmax), free flow speed (u) and jam density (kj) which 
correspond to 5824 veh/hr, 55.44 km/hr and 680 veh/km respectively. 
 
In the following Figure 4.4 shows triangular shaped FD which can be obtained from video 
sensor data representing traffic flow state of a road segment. In the FD diagram, the slope of 
AB limb is forward wave speed (u) and the slope of BC limb is backward wave speed (w). 
Intersection of AB and BC part is the maximum flow or capacity (qmax) and maximum 
density at the abscissa of the diagram represent jam density (kj). 

 
Figure 4.4 Fundamental diagram 

 
 

Using these parameters and the time space domain of 27 probes mentioned in Appendix A 
Table A.1, trajectory of probe vehicles are plotted with the help of MATLAB programming. 
A typical workspace is shown in Appendix A Table A.2 through which aforementioned data 
were given as input to construct probe vehicle trajectories. Then Table A.3 shows the 
command window for trajectory plot. 
 
Figure 4.5 shows the time space trajectory of probe vehicles within the studied road segment. 
As mentioned in earlier section, the probe trajectories are divided into five groups based on 
the proximity of arrival time and similarity of trajectory shape. In Method 1 and Method 2a 
with constant capacity, Group 1 was Probe 1 to Probe 9, Group 2 was Probe 10 to Probe 14, 
Group 3 was Probe 15 to Probe 17, Group 4 was Probe 18 to Probe 22 and Group 5 was 
Probe 23 to Probe 27. 
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Figure 4.5: Trajectories of probe vehicle in time-space diagram 

 
Finally Daganzo’s VF was incorporated in the lopsided network to estimate trajectories of all 
vehicles within the time window applying MATLAB programming. Figure 4.6 and in 
Appendix A Table A.4 shows the solution network and command window for trajectory 
construction respectively. Total traffic counts are taken from the video sensor located in the 
upstream of the study road segment. Trajectories in each group are measured taking first 
probe vehicle of that group as reference vehicle. In the Figure 4.7 shows the trajectory 
estimation of the vehicles for an individual group under Method 1 i.e. implementing video 
sensor data to measure traffic parameters. 
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 NOTE: Underlined values are input 
 

Figure 4.6: Solution network extracted from Microsoft excell  
 

 
(a) 

 
(b) 
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(c) 

 
(d) 

 
(e) 

Figure 4.7: Reconstruction of vehicle trajectories by Method 1 using reference (a) probe 1 (b) 
probe 10 (c) probe 15 (d) probe 18 (e) probe 23 

 
Method 2 
 

Method 2 is divided into two parts 2a and 2b. In Method 2a, aforementioned parameters are 
measured directly from the pairs of consecutive probe vehicle rather than video sensor in the 
Method 2a. Then, the obtained parameters are incorporated into lopsided network to 
reconstruct trajectories of vehicle following Method 1. Consecutive probe are selected in 
such a way that, both of the vehicle within a pair are in same traffic stream and have similar 
time lag to represent a traffic shockwave. Jam density is calculated from the division of 
cumulative count and distance difference between the consecutive vehicles. Afterwards, 
Shockwave speed is calculated from the slope of the bending portion of the consecutive 
vehicle trajectories where those bends accommodate traffic congestion in the time-space 



38 
 

diagram. Then, free flow speed is measured from the average slope of the probe trajectories. 
Like Method 1, total traffic count is measured from video camera installed in the upstream of 
the surveyed road segment. In the following Figure 4.8 shows time-space diagram of two 
consecutive probe vehicles i and j. The slopes of vehicle trajectories from the free flow 
portion where trajectories are straight in shape are calculated and thus the average free flow 
speed (u) is estimated. The slope of the two successive bends of the two consecutive vehicles 
show backward flow speed w1 and w2. The first backward wave speed (w1) is almost 
constant for all vehicle in a traffic stream and represent shockwave; whereas (w2) varies and 
depends on driver’s behavior. If the probe i is the r-th vehicle and probe j is the (r+n)-th 
vehicle and distance between those two is x km. and the jam density kj is n/x. 
 

 
 

Figure 4.8: Time-space diagram 
 

Trajectories of probe vehicle are scrutinized to identify pair of trajectories which could 
represent shockwave. Based on the flat portion in trajectories and sharp bend in the time-
space domain, five separate representative pairs are identified to measure traffic parameters. 
The representative pairs are Probe 12-13, Probe 16-17, Probe 19-20, Probe 21-22, Probe 25-
26. The following figure 4.9 represents calculation procedure of traffic parameters estimation. 
Table 4.1 provides estimated traffic parameters from consecutive probe trajectories. From 
five pairs of consecutive trajectories five set of traffic parameters are estimated and finally 
from these values average values are taken which are shown below:  
 
 

Traffic Parameter Average value Taken value 
u 55.37 55 
Kj = 763.52 764 
w = 12.06 12 
q_max = 7561.739436 7562 
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(a) 

 

 
 

(b) 

 
(c) 
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(d) 

 

 
(e) 

 

 
(f) 
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(g) 

Figure 4.9 (a) Trajectory of probe 12 and probe 13 (b) Slope of different point ofprobe 12 and 
probe 13 (c)Trajectory of probe 16 and probe 17 (d) Slope of different point ofprobe 16 and 

probe 17 (e) Trajectory of probe 19 and probe 20  (f) Trajectory of probe 21 and probe 22 (g) 
Trajectory of probe 25 and probe 26 

 
Table 4.1 Traffic Parameter Estimation using Consecutive Probe Trajectory 

 

 
 

 
 

After having traffic parameters such as road capacity (qmax), free flow speed (u) and jam 
density (kj) which correspond to 7560 veh/hr, 55 km/hr and 764 veh/km respectively total 
traffic counts are measured using similar data used in the first method described earlier. After 
that like method 1 Daganzo’s VF was incorporated in the lopsided network to estimate 
trajectories of all vehicles within the time window applying MATLAB programming which is 
indicated through Table A.5 in Appendix A. Figure 4.10(a) shows the solution network and 
(b-f) shows the trajectory estimation of the vehicles for an individual group under Method 2a 
with constant capacity i.e. implementing probe sensor data technique only. Thick and thin 
lines represent actual and predicted trajectories respectively in the figure. 
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NOTE: Underlined values are input                  (a) 
 

 
(b) 
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(c) 

 
(d) 

 
(e) 
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(f) 

 

Figure 4.10: (a)Solution network extracted from Microsoft excell, (b) Reconstruction of 
vehicle trajectories through probe data using reference probe 1 (c) probe 10 (d) probe 15 (e) 

probe 18 (f) probe 23 (Method 2a) 
 
Extension of method 2 
 

Qualitative study of the trajectory depicts that both method can estimate trajectories with 
better perfection. However, prediction performance of the lopsided network depends on the 
proximity of reference trajectory. The closer the estimated trajectory, the better is the 
estimation result. Both of the methods are based on considering constant road capacity. 
However, capacity varies with time-space and has stochastic pattern. In the Figure 4.11(a), 
box marked in the position represents the area of capacity drop which is a spatio-temporal 
phenomenon. The area is at 2 km downstream from starting point (Kuril flyover) located near 
Khilket and the capacity drop occurred after around 5:00 PM. It has been found that the 
capacity drop occurred near probe no. 17 vehicle in the time space diagram. 
Unauthorized halt of buses to boarding-alighting of passengers cause the capacity drop in the 
road segment of Dhaka-Mymensingh highway within the survey period. The mentioned 
position in time-space diagram shows that all probe trajectories were bent horizontally i.e. 
parallel to time ‘X’ axis. This type of bend is evidently distinguishable than the bend produce 
due to shockwave. Trajectory bends due to shockwave are triangular in shape, have slope as 
shockwave speed and propagate downstream. 
To encounter the effect of capacity drop, it is required to calculate the traffic parameters of 
that portion. Traffic parameter estimation using video sensor is tedious and requires 
installation of multiple equipment. Hence, consecutive probe trajectories are used to measure 
the qmax, congestion speed u and jam density kj to improve the second method and named as 
Method 2b. The parameters have been calculated 2851veh/hr, 7 km/hr and 596veh/km 
respectively. Figure 4.11 (b) and Table A.6 in Appendix A shows the solution network and 
command window of MATLAB for trajectory construction respectively. Using Method 2b 
with variable capacity, the bend in vehicle trajectory occurred due to capacity drop can be 
captured after 1 hour. The technique is easier and efficient form measurement comparing to 
video sensor. A MATLAB code is developed by the authors to accommodate the bends to 
estimate vehicle trajectories as shown in Table A.7 in Appendix A. As a result, travel time 
can be predicted with better precision even at the situation of capacity fluctuation. Figure 
4.11(c-f) represents the application of Method 2b considering variable capacity. 
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(a) 

 

 

 
 

(b) 
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(c) 

 
(d) 

 
(e) 



47 
 

 
(f) 

 

Figure 4.11: (a) Position of capacity drop is marked in the time-space diagram (b) Solution 
network extracted from Microsoft excell,  (c)  Reconstruction of vehicle trajectories through 

probe data using reference probe18(d) Probe 19(e) probe 20 (f) probe 22(Method 2b) 
 
Trajectory estimation for urban arterials 
 

Fundamental Diagram Parameters 

In urban roadway facilitating non-lane based heterogeneous movement, traffic parameters 
such as capacity, forward wave speed and jam density varies due to on-street parking, 
presence of NMV(non motorized vehicle) etc. As such neglecting the effect of this changing 
state and assuming it constant, will not represent the actual scenario of the road. Moreover, 
trajectories estimated using these parameters will not be reliable and representative output. 
Therefore, in this study, traffic parameters essential to the fundamental diagram of traffic 
flow theory in order to ensure good estimation of trajectory were developed. To find the maxq ,
u , jk for different locations, the analysis of fundamental curve has been adopted in this study. 
The analysis is conducted with the combination of linear and quintile regression proposed by 
Dervisoglu et al. (2009). Figure 4.12(a)-(b) shows the fundamental diagram considering 5 
minutes resolution data of two typical locations and 4.12(c) shows Trajectory of 8 Probe 
vehicles. The analysis has been conducted on the dataset extracted over a period of 12 hours 
on June 18, 2015. The fundamental diagram parameters at different locations are shown in 
Table 4.2. In the Table 4.2, Fundamental Diagram 1 is for upstream of the study section. 
Fundamental Diagram 2, Fundamental Diagram 3 and Fundamental Diagram 4 are for places 
200m, 600m and 1000m respectively from the upstream location.  
 

Table 4.2: Fundamental Diagram Parameters 
 

Designation Speed 
(km/hour) 

Capacity 
(vehicle/hour) 

Density 
(vehicle/km) 

Fundamental Diagram 1 10.50 1740 350 
Fundamental Diagram 2 11.00 1250 400 
Fundamental Diagram 3 8.90 1560 385 
Fundamental Diagram 4 10 1620 500 
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(a) Fundamental Diagram 1 

 
(b) Fundamental Diagram 2 

 
(c) Trajectory of 8 Probe vehicles 

Figure 4.12: Developed Fundamental Diagram and Trajectory of 8 Probe vehicles 
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Trajectories without Reference Probe Vehicle 

This section contains analysis of estimated trajectory, assuming fundamental diagram 
parameters as constant. The constant value of maxq , uand jk is 1740vehicle/hr, 10.5km/hr and 
350vehicle/km respectively. Figure 4.13 shows estimated trajectories for the selective study 
area without using any of the probe trajectories as reference. The shaded lines are estimated 
trajectories of the study area. The figure shows that the trajectories after 5:25 PM have 
become flat due to error in estimation. It represents that if no reference probe is used the flow 
behavior cannot be estimated precisely. From the figure, it is apparent that probe 1, 2, 3, 4 are 
in agreement with the estimated trajectory. While the 5th, 6th, 7th, 8th probe trajectory shows 
considerable shockwaves due to the congested traffic conditions and side friction, its 
corresponding estimated trajectory represents traveling at free-flow conditions between 
intersections. When probe trajectories are not used as reference, the study area is considered 
as an empty street segment. As a result, the impact of congested traffic conditions and the 
corresponding backward waves from the earlier time intervals are not revealed in the 
estimated trajectories. Trajectories without Reference Probe Vehicle have been illustrated in 
Figure 4.13. 

 
Figure 4.13: Estimated trajectories without using reference probe vehicle 

 

Trajectories Using Reference Probe Vehicle 
 

When probe data are used as reference, the agreement between the estimated trajectory and 
the corresponding probe trajectory improves significantly. The trajectories estimated using 
different probe vehicles as reference have been illustrated in Figure 4.14. In Figure 4.14(a), 
when probe vehicle 1 is used as reference, it is observed that the estimated trajectories for 
probe 2 and 3 are well in agreement. However, for probe vehicles 4 to 8, it does not estimate 
accordingly. According to Figure 4.12(c), Probe vehicles 1, 2, 3 are in congested region due 
to tidal flow of commuting time. Alternatively, probe vehicles 4, 5, 6, 7, 8 are facing totally 
different situation than the earlier probes. Hence, if vehicle trajectories are estimated with 
respect to probe vehicle 1, it represents the existing situation analogous to probe vehicle 2, 3. 
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(a) Estimated trajectories using probe vehicle 1 

 
(b) Estimated trajectories using probe vehicle 4 

 
(c) Estimated trajectories using probe vehicle 5 
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(d) Estimated trajectories using probe vehicle 6 

Figure 4.14: Estimated Trajectories using different reference probe vehicles 
 

In case of reference probe vehicle 4 in Figure 4.14(b), it is observed that estimated 
trajectories at the entry point of probe 5, 6, 7 & 8 are well in agreement (estimated and 
measured travel time almost same), although there is a significant difference in entry time 
about 30 minutes between the reference probe and probe 5, 6, 7 & 8. Nevertheless, it can 
reconstruct the trajectory well as the congested situation is almost same for all the estimated 
probes compared to the reference one. When reference probe vehicle 5 is used as reference in 
Figure 4.14 (c), it is observed that the estimated trajectories at the entry point of probe 6, 7 & 
8 are in agreement with actual trajectories as well as travel time and it can detect the every 
detail maneuver of other probes seemingly well. Similar characteristics are observed for 
probe vehicle 6 when used as a reference. 
 
4.4 Conclusion 
 

The current chapter focused on the application of VF based on kinematic wave theory for 
trajectory construction for heterogeneous traffic condition of Dhaka city. For this, two 
methods have been discussed in this part of the paper, which are employed to estimate the 
input traffic parameters to reconstruct the vehicle trajectory of a freeway by lopsided 
network. In both methods, solution of the lopsided networks was conducted by VF. As traffic 
parameters of fundamental diagram are the key to reconstruct vehicle trajectories, those data 
were obtained from analyzing FD which are constructed from data obtained from video 
recordings at each segment of studied area in the Method 1 whereas aforementioned 
parameters were measured directly from the pairs of consecutive probe vehicle rather than 
video sensor in the Method 2.Traffic parameters such as capacity, free flow speed and jam 
density varies in a freeway due to side road friction by bus stop, presence of different types of 
motorized vehicle and non-lane based heterogeneous traffic movement. Assuming those 
parameters constant and neglecting effects of this changing state will not represent actual 
road scenario. In addition, vehicle trajectories estimated by using these parameters will not be 
reliable and measured travel time have significant errors. Hence, traffic parameters obtained 
from FD are strived to find better estimation of vehicle trajectory. So, as an extension of 
method 2 in accurately estimating the traffic states in heterogeneous traffic condition 
considering dynamic capacity, method 2b was proposed here. Hence, A MATLAB code was 
developed to accommodate the sudden capacity drop of traffic system. 
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Chapter 5 
 

RESULTS AND COMPATIBILITY ANALYSIS OF PROPOSED 
METHODS 

 

Modern traffic management systems require, in most cases, a simpler and cost effective 
traffic flow model. This necessitates the compatibility check between two proposed methods. 
The present chapter aims at comparing the performance of the new approach of vehicle 
trajectory estimation as well as to evaluate how the change in traffic demand impacts on 
vehicle trajectory pattern. For this, at first for the assessment of the quality of the estimated 
trajectory in predicting real traffic situation quantitative analysis of both methods is done. 
Later for compatibility check between two methods statistical analysis is done. To check the 
accuracy and applicability of VF of Kinematic Wave theory error analysis is done. For this, 
Root Mean Square Error (RMSE) and Mean Absolute Error (MAE) are compared for both 
methods. 
 
5.1 Quantitative Analysis 
 

Assessment of the quality of the estimated trajectory in predicting real traffic situation can be 
done by the difference between real time and estimated travel time. One of the inherent 
properties of vehicle trajectory reconstruction are travel time estimation. It represents the 
quality of trajectory estimation. In the study, travel time is calculated for each probe vehicle 
by subtracting start time from ending time for both freeways and urban arterial. 
 
5.1.1 Quantitative Analysis in case of freeways 
 

Estimated travel time of all probe vehicles in field situation, using Method 1, Method 2a and 
2b with constant and variable capacity respectively are mentioned in the following Table 
5.2.The main reason behind the difference in outcome of three methods is the difference in 
value of flow parameters by three methods. If the deviation of these values is less, the 
outcome and relative error from actual is comparable. Table 5.1 shows the estimated value of 
free flow speed, maximum flow and jam density by three methods. 
 

Table 5.1: Estimated value of flow parameters 
 

 Method 1 Method 2 

Free flow speed, u (kmph) 55.44 55 Congested speed = 7 

Maximum flow, qmax(veh/hr) 5824 7560 Congested flow = 2851 

Jam density, kj (veh/km) 680 764 Congested density = 596 

 
Table 5.2:  Travel time of the probe trajectories 

 

Probe No 

Actual 
Travel time, 

minutes 

Estimated travel 
time by  

Method 1 
(Traffic 

Parameters 
collected from 
Video sensor), 

minutes 

Estimated Travel 
time by Method 2a 
(Traffic Parameter 

collected from Probe 
vehicle), 
Minutes 

Estimated Travel time by 
Method 2b 

(Traffic Parameter collected 
from Probe vehicle), 

minutes 

Probe 1 4.74 5.01 4.96 4.96 
Probe 2 4.41 3.25 3.26 3.26 
Probe 3 4.74 3.23 3.26 3.26 
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Probe No 

Actual 
Travel time, 

minutes 

Estimated travel 
time by  

Method 1 
(Traffic 

Parameters 
collected from 
Video sensor), 

minutes 

Estimated Travel 
time by Method 2a 
(Traffic Parameter 

collected from Probe 
vehicle), 
Minutes 

Estimated Travel time by 
Method 2b 

(Traffic Parameter collected 
from Probe vehicle), 

minutes 

Probe 4 3.86 3.23 3.21 3.21 
Probe 5 4.41 3.28 3.25 3.25 
Probe 6 4.63 3.20 3.26 3.26 
Probe 7 3.75 3.21 3.26 3.26 
Probe 8 3.86 3.25 3.27 3.27 
Probe 9 3.42 3.23 3.28 3.28 

Probe 10 5.95 3.71 3.65 3.65 
Probe 11 4.30 7.33 6.80 6.80 
Probe 12 4.39 7.05 5.92 5.92 
Probe 13 6.48 6.36 5.02 5.02 
Probe 14 5.95 5.21 3.32 3.32 
Probe 15 11.14 6.47 6.35 6.35 
Probe 16 9.92 11.37 9.00 9.00 
Probe 17 10.92 12.46 11.94 10.53 
Probe 18 14.00 10.88 10.76 8.88 
Probe 19 12.02 9.95 8.59 7.24 
Probe 20 12.57 8.01 6.72 13.06 
Probe 21 11.58 6.00 4.68 12.98 
Probe 22 10.48 3.77 3.24 12.68 
Probe 23 12.57 10.46 10.38 11.53 
Probe 24 13.23 8.60 8.70 10.05 
Probe 25 12.57 7.78 7.62 9.12 
Probe 26 10.81 6.31 5.36 7.44 
Probe 27 10.81 3.15 3.25 7.03 

Note: Estimated travel times from Probe 1 to Probe 16 in Method 2b are same as Method 2a  
 
Figure 5.1 depicts the variation of travel time with survey time period for the entire 3 km 
segment. From the graphical representation, it is clear that travel time increases with the 
proceeding of survey period. The road segment was in uncongested traffic state condition 
within the survey time 4:00 PM to 5:00 PM approximately and was in jammed situation 
within 5:00 PM to 5:45 PM. Both methods can predict travel time in free flow state with 
better precision. However, those methods can predict much lower travel time than field 
scenario under jammed situation. As an improved version of Method 2 with capacity 
variation (i.e. Method 2b) is taken into account better measurement could be provided than 
other two methods in this situation. 
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Figure 5.1: Oblique plot of travel time with respect to survey time period 
 

Travel time in a freeway under congested situation is much unpredictable. Under stop and go 
condition, variable speed deceleration and tidal flow condition, it is hard to predict travel time 
exactly. Constant capacity cannot explain the unpredicted temporal jam. The situation can 
only be represented by variable roadway capacity rather than explained in simplified 
fundamental diagram. Traffic parameters are complex function of traffic perturbation, driver 
behavior, car following behavior and vehicle lane changing characteristics. 
 

5.1.2 Quantitative Analysis in case of urban arterials 
 

As mentioned earlier travel time of vehicles is the inherent element while estimating 
trajectory. Table 5.3 represents the travel time of 1 km distance of the study section for all the 
probes. 

Table 5.3: Travel Time of all the Probes 

Probe Name Starting time 
(12 hour format) 

Ending time 
(12 hour format) Travel Time (minute) 

Probe 1 5:4.13 5: 29.56 25.43 
Probe 2 5: 8.58 5:30.30 21.72 
Probe 3 5:13.02 5:31.41 18.39 
Probe 4 5:21.17 5:35.37 14.19 
Probe 5 5:49.19 5:62.90 13.70 
Probe 6 5:50.67 6:3.51 12.83 
Probe 7 5:54.13 6:3.76 9.62 
Probe 8 5:56.72 6:12.03 15.30 
Free Flow Condition (0.5 km of the study section) 
Probe 1 5:4.13 5:6.46 2.32 
Probe 2 5: 8.58 5:10.24 1.66 
Probe 3 5:13.02 5:14.93 1.90 
Probe 4 5:21.17 5:23.78 2.60 
Probe 5 5:49.19 5:52.35 2.63 
Probe 6 5:50.67 5:53.72 3.04 
Probe 7 5:54.13 5:57.58 3.44 
Probe 8 5:56.72 5:60.52 3.80 
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(a) Travel time required for the probe vehicles to travel 1 km 

 
(b) Travel time required for the probe vehicles to travel 0.5 km 

Figure 5.2: Travel pattern during study time 
 

Figure 5.2(a) shows the change in travel time with time estimated from the probe vehicles for 
1 km segment. It can be inferred from Figure 5.2(a) that the travel time decreases with time. 
It shows that a peak period was prevailing about 5:00 PM to 5:30 PM. 
 

Figure 5.2(b) shows the travel time of 0.5 km stretch of the study section for each probe. This 
portion of the roadway segment does not contain any signal. As a result vehicle can enjoy 
free flow speed in this stretch of the roadway. The straight line up to 0.5 km represents free 
flow condition of the vehicles. Figure 5.2(b) shows that the travel time to pass this 0.5 km 
segment where the shockwave has occurred is increasing with time. It represents that, the 
diminishing of peak period is decreasing the demand of the road. However, this decrease in 
demand promotes unauthorized on-street parking. This behavior induces side friction and 
diminishes capacity, thereby increasing travel time. This phenomenon cannot be explained 
using the aforementioned analysis, where the fundamental diagram parameters are assumed 
to be constant. To explain this behavior variable fundamental diagram parameters are 
essential. 
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5.2 Statistical Analysis 
 

Statistical analysis has been conducted based on the ground truth (actual) and estimated travel 
time. From Figure 5.3, plotting actual travel time of probe vehicle with other estimated travel 
time, we found that all of those are underestimated. Coefficients of trend line for Method 1, 
Method 2 with constant and variable capacity are 0.66, 0.72 and 0.82 respectively. All of the 
coefficients are below 1 i.e. underestimated the actual travel time. However, Method 2b with 
variable capacity measures better than other two and follow higher R2. Better prediction is 
indicated by the higher value of the coefficient of variability R2. Later a descriptive statistical 
analysis is conducted as indicated in the following Figure 5.4 Travel time estimated by 
Method 1 and Method 2a with constant capacity measures lower average travel time and 
standard deviation compared to measured field travel time. Method 2b with variable capacity 
improves average travel time results somewhat, and predicts standard deviation of travel time 
better. All of the four methods measure positive skewness with negative kurtosis value for 
travel time. 
 

 
Figure 5.3: Ground truth travel time vs. estimated travel time 

 

 

Figure 5.4: Probability distribution plot (PDF) of travel time 
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Skewness measures relative symmetric pattern with respect to center point of probability 
distribution curve and Kurtosis measure relative peak or flat nature of data with respect to 
normal distribution.  The skewness of our measured and estimated data is within -1 to +1 
limit as described in Bulmer (1979). Measured actual travel time data are almost normal 
distribution pattern with very little skewness. However, travel time data obtained from other 
estimation methods are right skewed with long tail to the right as shown in Figure 5.4. 
Normal distribution curve represents zero kurtosis value and value greater than +2 depicts 
non normal distribution as described in Byrne (2012). Our measured and estimated travel 
time data shows negative kurtosis value which represent slight steeper (peak) data 
distribution than normal distribution curve as shown in Figure 5.4. When data distribution is 
more flat than normal distribution kurtosis value is positive. 
From the probability distribution plot and cumulative distribution plot, measured travel time 
data considering variable capacity followed normal distribution curve (dotted line) as shown 
in the Figure 5.4 and 5.5. Method 2b with variable capacity is relatively better than other two 
alternatives in this regard. 
 

 
Figure 5.5: Cumulative distribution plot (CDF) of travel time 

 
5.3 Error Analysis 

For freeways 

Travel times of reconstructed trajectories are measured relating to the entrance time with the 
corresponding probe vehicles. The actual field and estimated travel time obtained by both 
methods were calculated from the corresponding trajectories. At first, Mean Absolute Error 
(MAE) of every group is found out. MAE) is a quantity used to measure how close forecasts 
or predictions are to the eventual outcomes. The mean absolute error is given by equation 5.1. 
 

Error, e ae t t   

MAE=
1

𝑛
∑ 2𝑛

𝑖=1 ei                                                                                                                    5.1 
Where, ta = Ground truth or actual travel time and te = estimated travel time by lopsided 
network using either of the methods described earlier. 
 

After that, Root mean square error (RMSE) is compared to estimate accuracy of the study as 
shown in equation 5.2. 
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Error, e ae t t   

Root mean square error, RMSE =√
∑ ei

2

n
                                                                                5.2 

MAE and RMSE are calculated from the ground truth travel time and shown in bar plot in the 
Figure 5.6. Here, Method 1 and Method 2a with constant capacity are comparable error. 
However, if we consider, estimation techniques in terms of ease of data acquisition, Method 
2b is more preferable. In addition, Method 2b with variable capacity reduces the percentage 
of error significantly. 
 

 

 
 

(a) 

 
(b) 
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(c) 

 

 
(d) 

 
(e) 

Figure 5.6: Mean Absolute Error and Root Mean Square Error of travel time estimation of (a) 
Group 1 (b) Group 2 (c) Group 3 (d) Group 4 (e) Group 5 

17.98% 18.22%
16.31%

24.32% 24.62%

21.02%

MAE & RMSE MAE RMSE
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Figure 5.7: Root mean square error of travel time estimation 

 
For urban arterials 

It can be seen from the figure that the error grows as the entry time is more apart with respect 
to reference probe. Figure 5.8 shows that probe vehicle 1 has the highest entry time 
difference with the last probe vehicle and producing the maximum error. This is because of 
being highest entry time difference as reference probe vehicle. 

 
Figure 5.8: Error analysis using different probe vehicles as reference with respect to travel 

time 

 
(a) No probe vehicle as reference 
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(b)All probe vehicles as reference 

 

 
(c) Comparison of RMSE value 

 

Figure 5.9: Performance of the proposed method regarding travel time estimation. 

Improvement of estimated travel time can be found from Figure 5.9. It reveals that reference 
probe vehicle plays an important role in data fusion framework. Figure 5.9(a), (b) and (c) 
shows that the RMSE value in travel time estimation improves from 10.91 minutes to 2.50 
minutes while using consecutive probe vehicle as reference.  
 
Time-space error analysis 

Another RMSE has been estimated with respect to time-space position of actual and 
estimated trajectory. This has been done by comparing actual space traveled with estimated 
space at the same time position. The error has been computed analyzing the difference 
between two spaces where, Se corresponds to estimated travel space prediction from reference 
probe vehicle and Sa relates to actual travel space at same time and n is the number of data set 
tested in time space diagram. 
Error, e=|Se –Sa| 

Root Mean Square Error, RMSE
2

1

n
ii

e
n




  

10.91%

2.50%

0%
2%
4%
6%
8%

10%
12%

No probe vehicle as reference All probe vehicles as
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RMSE(km) estimated for travel time error
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Figure 5.10 shows actual space vs. estimated space with RMSE for probe vehicle 6 when 
probe vehicle 5 used as reference. The percentage of RMSE value has shown both in Table 
5.4 and in figure 5.11 when other probe vehicle used as references.    

 
 

Figure 5.10:  Comparison of actual space and estimated space of probe vehicle 6 estimated 
from probe vehicle 5 as reference 

 
Table 5.4: RMSE (km) estimated for time space error 

Probe Nos. RMSE 

(km) 
            1 0.2409 
            2 0.1673 
            3 0.2518 
            4 0.1410 
            5 0.1780 
            6 0.2134 
            7 0.198 

 

 
Figure 5.11:  Comparison of RMSE value of probe vehicle 6 estimated from other probe 

vehicle as reference 
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5.4 Findings 
 

In case of freeways  
 

As mentioned previously, two methods are investigated to estimate traffic parameters for 
trajectory reconstruction under lopsided network framework. Both of the methods are 
justified in terms of efficiency and accuracy. The traffic parameters estimation through the 
probe vehicle data is sound technique in terms of detector reduction. Subsequently, the 
accuracy of the first method i.e. video sensor based parameters estimation has been checked 
with the second one through the error analysis. The accuracy of the probe vehicle based 
traffic parameter estimation technique is good and comparable with other methods. The 
Method 1 and Method 2a with constant capacity have RMSE 12.86% and 13.64% 
respectively. When capacity drops, probe based techniques can predict the traffic parameters 
easily and estimate travel time with better precision i.e. RMSE is only 7.99 %. Prior research 
conducted by Mehran et al. (2012) estimated travel time using consecutive probe trajectory 
by lopsided network and found 27.3% to 37.42% RMSE with respect to ground truth travel 
time. In our research, we replicated the similar parameter estimation techniques on our 
studied road segment and found 12.86% RMSE. The proposed alternative approach i.e. 
Method 2b reduces RMSE value to 7.99%, which improves travel time estimation around 
38%. Because of heterogeneous traffic condition and frequent side friction of the roadway, 
precise estimation of travel time was more difficult. Hence, the Method 2b with variable 
capacity technique is suitable to estimate traffic parameters of lopsided network for trajectory 
reconstruction. 
 
 

In case of urban arterials 
 

With the developed methods it is possible to reconstruct the trajectories. The data was 
collected from Katabon Road, Dhaka. In the study section, there prevails non-lane based 
heterogeneous traffic condition with significant amount of NMV. 
From analysis it is found that there is significant improvement because of using data fusion 
technique. Figure 5.8 supports this improvement. From previous chapter it reveals that, when 
reference trajectory is not used the quality of reconstruction is much poor. When probe data 
fused with video data it makes better quality trajectory reconstruction. The RMSE with 
respect to travel time reduces by 8.41 minutes.  
This case study shows that the method can be applied for at least short term travel time and 
traffic state prediction. The case study reveals that, less than 1% of total numbers of vehicle 
are used as reference probe. However, the reconstruction quality is quite good.     
The study time was an evening peak and it gives us an opportunity to study rapid traffic state 
changing phenomena. From the study, it is found that probe vehicles make low quality 
reconstruction when traffic state changes rapidly. However, when traffic state changes slowly 
the reconstructed quality is convincing even when the entry time difference of probe and 
reconstructed vehicle is more than 30 minutes. 
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Chapter 6 
 

CONCLUSIONS AND RECOMMENDATIONS 
 

6.1 Conclusions 
 

This research deals with reconstruction of vehicle trajectory both for freeways and urban 
arterials. The methodology was basically based on Kinematic Wave theory and for solution 
adopts Variational theory. This study also compared probe vehicle data with video sensor 
based data to estimate required parameters. In contrast to prior studies, this research focused 
on the implementation of probe sensor dataset to estimate vehicle trajectories under variable 
capacity. Estimating traffic parameters without constructing fundamental diagram (FD) and 
incorporating variable capacity within a time frame in a lopsided network generate a 
challenging situation in trajectory reconstruction. In fact, more complete dataset over a wide 
temporal and spatial range would aid in the analysis. Main conclusions from this research are 
summarized below. 
 
At first an overview on the state-of-the-art of vehicle trajectory estimation methods with a 
special focus on Variational theory based on kinematic wave model was made. It gives 
historical overview of a rich variety of modeling approaches regarding vehicle trajectory 
estimation and prediction methods and as well as data collection methods developed so far or 
in use today. A detail theoretical discussion on Variational theory based on Kinematic Wave 
model was made. Most of these models discussed were developed and validated for lane-
based car dominated operating condition. Only a very limited number of studies for 
heterogeneous traffic were revealed from the extensive literature review and step by step 
procedure for trajectory construction in heterogeneous traffic condition was discussed. 
 
After that, an introduction of the test section, used in this research along with details of the 
probe vehicle and video-based data collection method adopted was discussed. It then briefly 
discussed the image processing technique used here for extracting flow and speed data from 
the video footages of the test site. The measured high-resolution data were used for the 
estimation and analysis of vehicle trajectories. 
 
An in-depth investigation was done for understanding the Variational Formulation of 
Kinematic Wave theory for trajectory construction in heterogeneous traffic condition as the 
most important part of this study. Two methods were discussed in this part of the paper, 
which were employed to estimate the input traffic parameters to reconstruct the vehicle 
trajectory of a freeway by lopsided network. In both methods, solution of the lopsided 
networks was conducted by VF. As traffic parameters of fundamental diagram are the key to 
reconstruct vehicle trajectories, those data were obtained from video sensor in the Method 1 
whereas consecutive probe vehicles were deployed to estimate in the method two. In Method 
1 traffic parameters such as free flow speed, jam density and capacity obtained from FD were 
measured through multiple video recordings. Then, obtained parameters were incorporated 
into lopsided network based on VF to estimate vehicle trajectories in the traffic stream. 
Traffic flows of the road segment were counted from the video camera installed in the 
upstream of the studied road segment. 
 

On the contrary, FD parameters were measured directly from the pairs of consecutive probe 
vehicle rather than video sensor in the Method 2. Then, the obtained parameters were 
incorporated into lopsided network to reconstruct trajectories of vehicle following Method 1. 
Consecutive probe were selected in such a way that, both of the vehicle within a pair were in 
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same traffic stream and have similar time lag to represent a traffic shockwave. Jam density 
was calculated from the division of cumulative count and distance difference between the 
consecutive vehicles. Afterwards, Shockwave speed was calculated from the slope of the 
bending portion of the consecutive vehicle trajectories where those bends accommodate 
traffic congestion in the time-space diagram. Then, free flow speed was measured from the 
average slope of the probe trajectories. 
 

Traffic parameters such as capacity, free flow speed and jam density varies in a freeway due 
to side road friction by bus stop, presence of different types of motorized vehicle and non-
lane based heterogeneous traffic movement. Assuming those parameters constant and 
neglecting effects of this changing state will not represent actual road scenario. The effect of 
capacity fluctuation on trajectory reconstruction was analyzed here. Freeway capacity varies 
due to spatial and temporal variables. Spatial variables can be captured by video sensor as 
these are much predictable. The analysis revealed that there was a noticeable effect of time 
dependent capacity fluctuation on the shape of trajectories. The vehicle trajectories bend to 
accommodate such capacity variation. As a result, lopsided network were reformed using 
parameters estimated by consecutive trajectories when capacity varies due to side friction. 
 

The research work was conducted both in freeways and urban arterials. Method 1 was applied 
to estimate vehicle trajectories by fusing video sensor and mobile probe sensor data for urban 
arterials. Also, extension of Variational theory to accommodate side friction was investigated. 
 
Finally, the compatibility analysis between the two proposed methods was systematically 
investigated. The quality of estimated trajectories was measured in terms of RMSE and MAE 
both for freeways and urban arterials. As, a simpler and cost effective alternative approach 
namely method 2 (proposed in this study) the quantitative and statistical analysis was 
discussed which proved the applicability of the new method. Application of VF in case of 
urban arterials was also proved to be accurate by analyzing the results.  
 
6.2 Recommendations for Future Studies 
 

There are still some open endings in this research. Some parts are not studied due to some 
technical and time issues. These points including some next steps in the research are 
described here. 
 

A revision of this study shows that, the study only deals with predicting travel time. 
However, reconstructed trajectory can also represent the traffic state at any time effectively. 
A further extension of this research might be to estimate traffic state from probe data. 
 

This study grouped the trajectories of identical shape and showed effectiveness of trajectory 
reconstruction technique by predicting travel time of the trajectories of that group. But a 
guideline can be developed to show for how much time ahead a reference trajectory is 
effective to predict travel time with reasonable accuracy. This might vary for congested, 
transitional and uncongested traffic condition. So, a further extension of this study would 
develop a guideline providing the influential time range of a trajectory for prediction of travel 
time in all three phase of traffic condition. 
 

Incoming / outgoing vehicles has not been addressed in this research. The methodology need 
to extend to consider this issue. A vehicle changing its lane in multilane conditions can be 
treated as an incoming or outgoing vehicle in a single lane. So, the lane changing behavior 
can be strongly considered that time.  
 

The estimated trajectories can be used to calculate the external effects or uncertain 
circumstances. In this research no attention is paid to the calculation of the external effects. 
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For this topic too, further research is needed in order to use this method for the calculation of 
external effects. Since driving modes can be retrieved from estimated trajectories, the 
methodology can be used for the purpose of emission monitoring. 
 

The proposed method is an extension of Kinematic Wave theory which can accommodate 
different parameters related to fundamental diagram. The requirement of obtaining trajectory 
is small and the application of the method is simple. Besides, the proposed model can 
accommodate side friction which is one of the major problems in non-lane based traffic 
stream. Also, since the method can predict vehicle trajectories in near future, it provides 
drivers useful forecasted information. A possible extension to this research approach would 
be to estimate traffic state from trajectory data in non-lane based heterogeneous situation.   
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Appendix A 
Database 
 
In this appendix all necessary data and code for trajectory estimation along with the survey 
database are presented. Table A.1 and Table A.2 represents Space and time value of 27 
probes and MATLAB Workspace of input data. Table A.3, Table A.4, Table A.5, Table A.6 
and Table A.7 all represent MATLAB Code for Trajectory estimation. Table A.8 and A.9 
represents Time Table in second and video sensor cumulative vehicle count data for 1 hour at 
the upstream of the study area respectively. In Table A.10 and A.11 signal timing can be 
found.  

Table A.1: Space and time value of 27 probes 
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Table A.2: Workspace of input data 
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Table A.3: MATLAB code for Probe Trajectory estimation  
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Table A.4: Command window of MATLAB programming for Tajectory estimation  
(Method 1) 
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Table A.5: Command window of MATLAB programming for Tajectory estimation 
( Method 2a) 
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Table A.6: Command window of MATLAB programming for tajectory estimation  
( Method 2b) 
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Table A.7: MATLAB code to accommodate the bends 

 

 



79 
 

 

 



80 
 

 



81 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



82 
 

Table A.8: Time Table in second 
 

 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 
1 0 245 490 735 980 1225 1470 1715 1960 2205 2450 2695 2940 3185 3430 
2 5 250 495 740 985 1230 1475 1720 1965 2210 2455 2700 2945 3190 3435 
3 10 255 500 745 990 1235 1480 1725 1970 2215 2460 2705 2950 3195 3440 
4 15 260 505 750 995 1240 1485 1730 1975 2220 2465 2710 2955 3200 3445 
5 20 265 510 755 1000 1245 1490 1735 1980 2225 2470 2715 2960 3205 3450 
6 25 270 515 760 1005 1250 1495 1740 1985 2230 2475 2720 2965 3210 3455 
7 30 275 520 765 1010 1255 1500 1745 1990 2235 2480 2725 2970 3215 3460 
8 35 280 525 770 1015 1260 1505 1750 1995 2240 2485 2730 2975 3220 3465 
9 40 285 530 775 1020 1265 1510 1755 2000 2245 2490 2735 2980 3225 3470 
10 45 290 535 780 1025 1270 1515 1760 2005 2250 2495 2740 2985 3230 3475 
11 50 295 540 785 1030 1275 1520 1765 2010 2255 2500 2745 2990 3235 3480 
12 55 300 545 790 1035 1280 1525 1770 2015 2260 2505 2750 2995 3240 3485 
13 60 305 550 795 1040 1285 1530 1775 2020 2265 2510 2755 3000 3245 3490 
14 65 310 555 800 1045 1290 1535 1780 2025 2270 2515 2760 3005 3250 3495 
15 70 315 560 805 1050 1295 1540 1785 2030 2275 2520 2765 3010 3255 3500 
16 75 320 565 810 1055 1300 1545 1790 2035 2280 2525 2770 3015 3260 3505 
17 80 325 570 815 1060 1305 1550 1795 2040 2285 2530 2775 3020 3265 3510 
18 85 330 575 820 1065 1310 1555 1800 2045 2290 2535 2780 3025 3270 3515 
19 90 335 580 825 1070 1315 1560 1805 2050 2295 2540 2785 3030 3275 3520 
20 95 340 585 830 1075 1320 1565 1810 2055 2300 2545 2790 3035 3280 3525 
21 100 345 590 835 1080 1325 1570 1815 2060 2305 2550 2795 3040 3285 3530 
22 105 350 595 840 1085 1330 1575 1820 2065 2310 2555 2800 3045 3290 3535 
23 110 355 600 845 1090 1335 1580 1825 2070 2315 2560 2805 3050 3295 3540 
24 115 360 605 850 1095 1340 1585 1830 2075 2320 2565 2810 3055 3300 3545 
25 120 365 610 855 1100 1345 1590 1835 2080 2325 2570 2815 3060 3305 3550 
26 125 370 615 860 1105 1350 1595 1840 2085 2330 2575 2820 3065 3310 3555 
27 130 375 620 865 1110 1355 1600 1845 2090 2335 2580 2825 3070 3315 3560 
28 135 380 625 870 1115 1360 1605 1850 2095 2340 2585 2830 3075 3320 3565 
29 140 385 630 875 1120 1365 1610 1855 2100 2345 2590 2835 3080 3325 3570 
30 145 390 635 880 1125 1370 1615 1860 2105 2350 2595 2840 3085 3330 3575 
31 150 395 640 885 1130 1375 1620 1865 2110 2355 2600 2845 3090 3335 3580 
32 155 400 645 890 1135 1380 1625 1870 2115 2360 2605 2850 3095 3340 3585 
33 160 405 650 895 1140 1385 1630 1875 2120 2365 2610 2855 3100 3345 3590 
34 165 410 655 900 1145 1390 1635 1880 2125 2370 2615 2860 3105 3350 3595 
35 170 415 660 905 1150 1395 1640 1885 2130 2375 2620 2865 3110 3355 3600 
36 175 420 665 910 1155 1400 1645 1890 2135 2380 2625 2870 3115 3360 - 
37 180 425 670 915 1160 1405 1650 1895 2140 2385 2630 2875 3120 3365 - 
38 185 430 675 920 1165 1410 1655 1900 2145 2390 2635 2880 3125 3370 - 
39 190 435 680 925 1170 1415 1660 1905 2150 2395 2640 2885 3130 3375 - 
40 195 440 685 930 1175 1420 1665 1910 2155 2400 2645 2890 3135 3380 - 
41 200 445 690 935 1180 1425 1670 1915 2160 2405 2650 2895 3140 3385 - 
42 205 450 695 940 1185 1430 1675 1920 2165 2410 2655 2900 3145 3390 - 
43 210 455 700 945 1190 1435 1680 1925 2170 2415 2660 2905 3150 3395 - 
44 215 460 705 950 1195 1440 1685 1930 2175 2420 2665 2910 3155 3400 - 
45 220 465 710 955 1200 1445 1690 1935 2180 2425 2670 2915 3160 3405 - 
46 225 470 715 960 1205 1450 1695 1940 2185 2430 2675 2920 3165 3410 - 
47 230 475 720 965 1210 1455 1700 1945 2190 2435 2680 2925 3170 3415 - 
48 235 480 725 970 1215 1460 1705 1950 2195 2440 2685 2930 3175 3420 - 
49 240 485 730 975 1220 1465 1710 1955 2200 2445 2690 2935 3180 3425 6295 
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Table A.9: Cumulative Vehicle Count Table 

 

 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 
1 0 65 155 222 280 347 428 502 558 615 668 732 793 858 926 
2 1 67 155 222 282 349 430 503 559 617 669 732 793 861 929 
3 4 68 156 222 282 349 431 503 559 618 670 733 794 862 931 
4 7 69 158 225 288 350 431 505 559 619 671 734 799 864 931 
5 9 70 162 226 289 353 431 506 559 620 674 735 799 867 932 
6 10 72 164 226 290 354 433 508 559 620 677 736 801 868 935 
7 12 72 168 227 291 356 434 510 559 625 678 737 802 869 937 
8 13 74 170 228 292 359 436 510 560 628 681 737 802 870 938 
9 13 75 171 229 293 359 439 511 562 631 681 739 802 870 940 
10 13 78 172 232 295 361 439 513 564 631 682 740 802 871 942 
11 14 79 173 232 297 363 443 515 566 632 682 742 802 874 942 
12 15 80 174 232 298 364 445 517 568 633 683 743 802 875 943 
13 18 81 178 232 299 365 447 518 568 633 684 744 803 876 946 
14 21 83 178 236 300 366 448 519 570 633 685 745 804 878 949 
15 21 85 179 236 300 367 448 519 571 634 686 747 805 878 951 
16 22 86 183 236 303 369 448 521 571 635 689 747 806 880 952 
17 23 88 185 237 305 372 450 522 571 635 689 748 807 883 952 
18 24 90 187 239 306 372 454 523 571 635 689 750 808 887 953 
19 26 90 189 241 308 373 456 523 571 637 691 751 810 888 953 
20 27 94 190 245 310 373 457 526 572 638 691 754 811 890 954 
21 28 97 193 246 310 375 459 526 574 640 692 756 813 893 954 
22 30 98 194 247 311 378 461 527 575 640 693 757 816 895 954 
23 30 99 195 248 312 379 462 528 579 640 694 758 816 896 956 
24 32 100 196 248 312 381 463 530 580 641 694 760 818 897 956 
25 33 103 196 249 313 384 466 533 580 644 696 762 819 897 956 
26 33 105 198 249 314 386 468 534 581 644 698 764 821 897 958 
27 33 107 199 250 314 387 469 538 582 646 702 766 822 900 961 
28 34 108 200 250 316 388 471 540 583 646 704 768 823 901 963 
29 35 111 202 252 317 390 475 541 585 646 704 769 823 903 963 
30 35 112 202 252 319 392 478 542 586 646 707 770 825 904 965 
31 38 113 202 253 322 392 479 543 588 648 708 771 826 905 967 
32 41 114 204 253 325 395 480 543 588 649 711 772 827 908 969 
33 43 115 205 254 327 396 481 543 590 651 711 773 829 909 970 
34 44 116 206 255 328 398 481 545 590 653 712 774 832 910 974 
35 46 119 207 257 329 399 482 547 590 656 713 774 836 911 976 
36 46 122 208 258 330 399 483 549 591 657 715 775 838 912   977 
37 48 126 209 259 333 399 485 551 592 658 717 777 840 912   978 
38 49 127 210 260 336 401 485 551 594 660 718 777 842 912   981 
39 51 131 211 264 338 402 486 552 595 661 720 778 843 912   981 
40 52 135 211 265 341 406 488 552 596 661 720 778 844 913   982 
41 52 138 213 267 342 407 488 553 600 662 722 779 846 913   982 
42 53 141 214 267 342 411 488 554 601 662 723 781 848 914   982 
43 55 145 215 269 344 414 489 555 603 662 724 783 851 916   983 
44 56 147 215 271 344 416 490 555 604 662 724 784 852 917  
45 57 148 215 271 344 418 492 558 607 662 725 784 854 919  
46 57 149 216 273 344 420 495 558 610 664 727 788 854 921  
47 58 150 217 279 344 422 497 558 611 666 729 789 854 924  
48 60 151 217 280 346 424 498 558 613 667 730 790 856 925  
49 62 154 219 280 347 427 500 558 614 668 731 791 856 926  
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Table A.10: Signal Time Data (Intersection 1) 

Cycle Nos. Starting time of Green 
Interval 
(12 hour format) 

Starting time of Red 
Interval 
(12 hour format) 

Cycle Time  
(minute) 

1 5:0.0 5: 6.10 7.10 

2 5: 7.10 5:11.68 6.08 

3 5:13.18 5:15.27 3.42 

4 5:16.60 5:20.43 5.83 

5 5:21.93 5:28.0 9.67 

6 5:31.60 5:37.30 8.08 

7 5:39.68 5:42.77 4.83 

8 5:44.51 5:48.0 4.0 

9 5:48.51 5:51.51 3.59 

10 5: 52.10 5:52.60 1.83 

11 5:53.93 5:54.51 1.42 

12 5:55.35 5:56.0 3.35 

13 5:58.70 6:0.1 2.90 

 
 

Table A.11: Signal Time Data (Intersection 2) 

Cycle Nos. Starting time of Green 
Interval 
(12 hour format) 

Starting time of Red 
Interval 
(12 hour format) 

Cycle Time 
 (minute) 

1 5:0.0 5: 8.30 9.30 

2 5: 9.30 5:11.05 6.70 

3 5:16.00 5:17.1 7.38 

4 5:23.38 5:25.71 6.25 

5 5:29.63 5:33.21 1.97 

6 5:31.60 5:37.3 2.53 

7 5:34.13 5:35.38 11.47 

8 5:45.60 5:48.35 3.30 

9 5:48.90 5:56.40 8.81 

10 5: 57.71 5:58.15 3.50 
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