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ABSTRACT 

Laminated rubber bearing is an accepted and trusted structural element for 

accommodating various movements in bridges. Base isolation of structural systems and 

sensitive components also employ similar devices. This approach has considerable 

potential in protecting the structures and their equipments from vibrations by extending 

the natural period of the structures and thereby reducing the stresses involved. The 

bearing pads get primarily compressed on vertical load but also need to accommodate 

lateral shear movement and rotation about horizontal axis.  

For predicting the behavior of laminated rubber bearings, three dimensional finite element 

analysis is performed in this study at small and finite strain domain. The analysis fully 

takes rate independent monotonic material nonlinearities as well as geometrical 

nonlinearities into account. To achieve this, an improved hyperelasticity model of 

rubberlike materials proposed in Amin et al. (2006a,b) is implemented in a general 

purpose finite element program. Analytical derivations of stress and elasticity tensors are 

coded for finite element implementation. The material parameters necessary for 

simulation are used from previous experimental observations (Amin et al. 2006a). Using 

the constitutive model and the finite-element method, three-dimensional finite element 

simulations of natural and high damping rubber has been conducted in compression and 

shear regimes. For verification purpose, similar geometry and boundary conditions of the 

experiments were maintained in numerical models. The simulation results are found to be 

in good agreement with the available experimental results in compression and shear. Thus 

the adequacy of the developed finite element procedure in simulating nearly 

incompressible material response under uniaxial compression and simple shear is 

verified. 

Three-dimensional finite element models of single, double and multilayer rubber bearings 

are constructed for performing simulations in compression and shear regimes. Simulation 

results for single layer rubber bearings of different shape factors showed significant 

differences with analytical results. The FEM solutions were found to be more realistic 

than analytical results. For multilayer bearings, the effect of shape factor, bulk modulus 

and mesh size are found to be significant and logical to govern the compression behavior. 

Furthermore, bridge bearings with shorter steel plates and softer grades of rubber at the 

vii 
 



 

edges were found to give reduced stresses under non uniform compression producing 

rotational effects. The new hyperelasticity model was found to give lower bound results 

than conventional Mooney –Rivlin model in these cases. Finally, a parametric study for 

such bearings with different shape factors has shown that larger stresses are developed at 

bearings with higher shape factors or harder grades of rubber. 
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Chapter One 
INTRODUCTION 

1.1 GENERAL 

Laminated rubber bearings are made of either natural or synthetic rubber layers arranged 

alternately with steel shims (Figure 1.1). Natural rubber is obtained in the form of latex 

from the tree Hevea Braziliensis, whereas, synthetic rubber types include Neoprene, 

ethylene propylene diene monomer (EPDM), or a nitrile-butadiene rubber-EPDM (NBR-

EPDM). The raw rubber must be compounded to form the elastomer through 

vulcanization. The steel shims also get bonded to the vulcanized rubber in this process. 

During compounding, the rubber is mixed with fillers such as carbon black, oils and other 

additives, protective systems such as antiozonants and antioxidants, and sulfur as a 

vulcanizing agent. Heat and pressure are the other conditions to actuate chemical 

reactions. Thus a stable and durable bearing with a high quality bond between the 

elastomer and the steel shims is assured (Roeder and Stanton 1983). As the vulcanized 

rubbers have low surface energy, a surface treatment is usually applied to increase the 

surface energy and produce suitable adhesive joints. Different surface treatment methods 

are available to improve the surface properties of the rubber material, but chemical 

treatments are the most widely used one. The details of specific elastomer compounds and 

surface treatment vary and are frequently regarded as proprietary information by the 

bearing manufacturer.  However, the vulcanization process also invites nonlinearities in 

the stress-strain behavior of the material which is often warranted for a specific end use. 

Nonlinearity can be strain, time and even temperature dependent. In use large strains 

develop in rubber pads and they often need to sustain tensile strain even up to 600%. The 

stiffness of vulcanized rubbers varies with small and large strains. Time dependent 

phenomena such as creep, stress relaxation and other thixotropic behavior also occur 

under dynamic loading. Temperature induced nonlinear behavior is also observed as 

elastomers stiffen at low temperatures and become soft at higher temperatures.  

Moreover, applied strain rate and past strain and temperature history strongly affect the 

current mechanical behavior of elastomers. Thus the mechanical behavior of rubber 

bearings depends on vulcanization process, surface treatment mechanism, arrangement of 

steel shims and physical geometry of the rubber bearing as a whole (Amin et al. 2010). 



Chapter 1 

1.2 ENGINEERING APPLICATIONS OF RUBBER BEARINGS 

Rubber bearings have been used in bridges since the late 1950s, and have grown in 

popularity so they are now the most common type of bridge bearing all over the world. 

They resist vertical loads and accommodate deformations in all directions without the use 

of machined or moving parts. Rubber bearings of adequate design and quality largely 

reduce the maintenance frequency. They accommodate movements such as creep and 

thermal expansion, and in precast concrete construction they act as seating pads which 

provide uniform support for members (Figure 1.1), accommodating small movements and 

fabrication misalignment.  These characteristics, together with their economy, has for 

many years made them an attractive choice. The fact that rubber bearings also offer better 

seismic performance than traditional metal bearings by accommodating lateral 

deformations, further adds to their appeal. 

 
Figure1.1: Laminated rubber bearings as bridge seats 

Laminated rubber base isolation bearings (Figure 1.2) are being used increasingly for 

seismic isolation and machine vibration control. In the recent past, seismic isolation 

technology was primarily conceived for large, expensive buildings that house sensitive 

internal equipment such as computer clusters, electron microscopes, emergency operation 

centers, and hospitals. The isolators used in these applications are usually very large, 

heavy, and expensive. To extend this valuable earthquake-resistant strategy to housing 
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and commercial buildings, industries have made efforts to reduce the weight and cost of 

the isolators. Isolators are available at relatively low prices, even for standard new 

buildings (Tsai and Lee 1999; Tsai 2005). A seismic isolator has the main function of 

being extremely deformable for horizontal forces, but sufficiently stiff when loaded with 

vertical actions. This is essential in buildings that are subjected to seismic loads. The 

main goal is to “isolate” the whole structure from the ground (i.e., increase the period of 

the structure) when a seismic load acts, and to sustain the vertical loads that are 

transferred to the foundation. This is obtained by the incompressibility of rubber and the 

introduction of thin reinforcing steel plates, which are interspersed between rubber pads 

(Kelly and Konstantinidis 2009). 

 
Figure1.2: Base isolation with laminated rubber bearings 

1.3 BACKGROUND OF THE PROBLEM 

Design and performance evaluation of rubber bearings depend on two alternative 

approaches: testing the prototypes or analyzing numerically on computers. Although both 

methods have their distinct advantages and limitations, the latter is often more feasible. 

However, it requires a reliable finite element (FEM) approach. For micro level analysis of 

bearings, the adequacy of FEM analysis depends much on appropriate constitutive models 
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of rubber (Amin et al. 2006a,b). Historically, hyperelastic or elastoplasticy based 

viscoelastic models have been used to model rubberlike materials. In contrast, most of the 

hyperelasticity models used for modeling rubber are inadequate in representing the high 

stiffness at low strain and hardening feature at large strain simultaneously. So, the 

implementation of a versatile model in a FEM platform is warranted. Furthermore, to 

avoid ill-conditioned system of equations caused by incompressibility feature of rubber, 

the platform has to be capable of adopting a penalty method (Simo and Taylor 1982). 

Previously, Amin et al. (2006a,b) proposed an improved hyperelasticity model and 

Bhuiyan (2004) successfully implemented it to model rubber in FEAP, a FEM program 

(Taylor 2000). The attempt could not be used diversely for modeling rubber bearings due 

to limited pre & post processing capabilities of FEAP. In contrast, a recent study also 

maintained the suggestion on applicability of Amin’s model in predicting the behavior of 

elastomeric isolators (Milani and Milani 2012). However, no attempt has been made yet 

to incorporate this model in a versatile FEM platform e.g. ABAQUS (Hibbit 2009) and 

conduct a comprehensive performance evaluation of advanced rubber bearings with 

different grades of rubber and varying steel plate arrangements. In addition, once a 

reliable numerical platform is available, it could be possible in generating simulations for 

different shape and arrangements of bearings to better accommodate deformations as 

warranted in design. 

1.4 MOTIVATION OF THE STUDY 

A number of efforts were reported in the past on experimental investigations and 

numerical simulations of rubber bearings. However, structural engineers are still putting 

efforts to establish a dependable approach for predictions of response from bearings in 

different deformation modes.  

Laminated rubber bearings have mainly been investigated by experiments to understand 

their mechanical behaviors and thereby confirming the performance. But, in such 

experimental investigations, it is difficult to ascertain the stress fields and deformation 

patterns throughout the rubber mass. FEM remains as the other but only viable way of 

predicting local deformations and stresses while still element instability and difficulties 

with convergence of the iterative calculations remain as daunting challenges in such 

computational approach. Therefore selection of a versatile FEM platform is crucial. 
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Since, very few accurate constitutive models of rubber have existed so far and the 

conventional models have their own limitations, absence of an improved and versatile 

model have always hindered the performance of FEM. 

The most common design problems for rubber bearings are mostly associated with 

rotation, and particularly with load combinations that include light vertical load and large 

rotation which may occur in bridge bearings when the girder is first set and the full 

camber is still present. The great majority of theories, experiments and numerical 

simulations have addressed compression with or without shear, but very few have been 

devoted to complex deformation modes, such as   rotational deformation, consequently, 

the effects of the complex rotational behaviors of rubber isolators are neglected in the 

design process of bearings. Improved FEM platform is useful to analyze complex 

boundary with different steel plate arrangements which is not possible in other available 

approaches. 

In Bangladesh, construction of multistoried residential and commercial buildings has 

been on a peak in the recent years. Similarly large numbers of flyovers are also being 

constructed at different locations of the country. Geologists have predicted the possibility 

of a devastating earthquake in Bangladesh in the near future (Bilham et al. 2001, Feldl 

and Bilham 2006). So design and installation of base isolation bearings for mitigating the 

seismic vulnerabilities in the new structures should be a prime consideration. In bridges, 

the problem could be even more complicated if the rotational deformations are not 

properly addressed in the bearing design process.  

Because of the wide applications and cost-effectiveness of rubber bearings, and their 

increased applicability in the current scenario of Bangladesh, the present study is 

conducted with the intent of establishing a comprehensive FEM procedure that would 

address the problems outlined above and provide updated design provisions for rotation. 

1.5 LIMITATIONS OF TRADITIONAL STEEL PLATE ARRANGEMENTS 

Bearing pads in bridge bearings are susceptible to complex deformation mode such as 

rotation which is typically the result of the end rotations of the girder as it bends about its 

major axis. Such rotational degree of freedom operates in addition to axial deformation 

(Kelly 1997). In the base-isolation bearings, rotational deformations occur during strong 
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earthquakes. However, the responses of rubber bearings to imposed rotations have always 

been unsatisfactory compared to their responses in compression, shear and other 

deformational modes. Whenever large rotation loads occur, designers tend to use pot, 

disk, or spherical bearings instead, as the limited rotation capacity of a rubber bearing 

may practically prove more of a limit than the load capacity.  

A larger bearing with a higher shape factor would carry the axial load better, but it would 

reduce the bearing’s ability to accommodate rotations. It is worth noting that such design 

involves the use of a combination of force and displacement loadings and this 

combination presents challenges. The axial load is a force yet the rotation is a 

displacement. Designing for both simultaneously requires that the bearing be stiff in 

compression yet flexible in rotation. That may be difficult, because the features (size, 

shape factor) that make it stiff in compression also tend to make it stiff in rotation. These 

opposite tendencies eventually cause a dilemma in design. 

One principal cause of such problems is the traditional approach of steel plate 

arrangements (Figure 1.3).  Continuing steel shims up to the side cover increases the axial 

stiffness and strength, but it reduces the ability of the bearing to accommodate rotation. In 

such arrangements, large rotational stresses tend to develop near the edges of the bearing 

and the overall capacity is affected. Reducing the length of the intermediate steel shims 

and placing thicker rubber pads near the edges (Figure 1.4) can offer a comprehensive 

solution to this dilemma. Limiting the presence of steel shims to only the central zone of 

the bearing results in significant decrease in rotational stresses developed near the edges. 

In this way the rotational flexibility of the bearing is enhanced significantly, without 

compromising its vertical stiffness necessary for carrying axial load. 

 

Figure 1.3: Rubber bearing with traditional continuous steel plates 
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Figure 1.4: Rubber bearing with steel plates discontinued near edge 

1.6  SCOPE AND OBJECTIVES 

Based on the background summarized above the present research aims at the following 

objectives: 

1. To incorporate an improved hyperelasticity model for representing large strain 

nonlinear and nearly incompressible behavior of rubberlike materials in a FEM 

platform that has diversified pre & post-processing facilities. 

2. To simulate the rate independent responses of rubber blocks using material 

parameters identified from the published experimental data.  

3. To verify the adequacy of simulation by comparing simulation results with 

experimental observations. 

4. To model and analyze bridge seats and base isolation bearings at different 

deformation regimes considering geometric and material nonlinearities and by 

utilizing the developed FEM procedure. 

5. To perform a parametric study to delineate the effect of size, shape and 

arrangement of rubber and steel laminas on performance of the bearings through 

nonlinear static analysis. 

6. To propose a bearing design with improved rotational capacity. 

The outcome of the work will provide the rubber bearing industries a more reliable 

numerical approach for performance evaluation of products, reducing dependency on 

expensive prototype tests. Furthermore, the parametric study is expected to propose a 

rational design guideline for rubber bearings in terms of improved performance under 

uniaxial compression, simple shear and rotation. 
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LITERATURE REVIEW 

2.1 GENERAL 

The study of rubber bearings can be traced back to 1940s when Rocard (1937) and 

Haringx (1948) proposed individual theories for vertical and horizontal stiffness of 

elastomers. Later on, Gent and Lindley (1959) derived a linear theory on rubber bearings 

by investigating one rubber layer bonded to two steel shims. In these days, structural 

engineers also started using rubber bearings in bridges. However, design approach, 

materials, and way of application of rubber bearings have been through significant 

metamorphosis over the history till the present time. This chapter presents a brief review 

of the existing knowledge on laminated rubber bearings by discussing results of 

theoretical analyses, experimental studies and finite element simulations. It also describes 

the fundamental types, mechanism and potential failure modes.  However, understanding 

the mechanism of bearings require comprehensive knowledge on mechanical behavior 

and constitutive properties of rubber. Hence, a brief overview on mechanical behavior of 

rubber and constitutive models to describe the behavior is also provided. 

2.2 RUBBER BEARINGS 

The mechanics that play within rubber bearings is much different than steel bearings. It 

differs for the employed configurations (giving different boundary conditions) and the 

large strains which may occur in the rubber matrix. Moreover, type of rubber compound 

used, addition of metals and their arrangements, geometric shapes and boundary 

conditions of the bearings significantly affect the stress fields and deformation patterns. 

The following subsections provide short insight on major types of rubber bearings, 

fundamental structural parameters, deformation mechanism, boundary conditions and 

potential failure modes. 

2.2.1 Types  

Rubber bearings come in four major types: i) Plain rubber pads, used primarily when load 

is small ii) Cotton duck pads, made from very closely spaced layers of elastomer and 

woven cotton. Relatively rigid, they often are equipped with a slider to accommodate 
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horizontal displacements. iii) Fiberglass-reinforced pads, like cotton duck pads, have the 

advantage that they can be cut from a large sheet and do not need to be molded 

individually iv) Steel-reinforced rubber bearings, used when load is large. Thin rubber 

sheets and steel plates are laminated alternately to support structural load. Among these 

four types the last one is most commonly used and subject of the current study. Figure 2.1 

shows a typical steel reinforced rubber bearing. 

 

Figure 2.1: Typical steel reinforced rubber bearing 
 

Steel-reinforced rubber bearings can be further classified in three primary categories- 

Natural rubber bearings (RB) 

Natural rubber bearings (RB) possess distinct advantages over alternative type metal 

roller bearings. RBs are easier to install, free from corrosion and require no maintenance, 

the factors that are important to govern the economics of bridge and building. In use, 

natural rubber has proved superior to all other rubbers as bridge bearing material. 

The performance of natural rubber bearings is better than alternative, more expensive, 

synthetic rubber bearings since it is better capable of retaining designed stiffness at low 

temperatures. It also exhibits low creep, high strength and excellent fatigue resistance. 

However, deformation performances of such bearings are not as good as high damping 

rubber bearings for base isolation devices (Razzaq et al. 2012).  

Lead-rubber bearings (LRB)  

A lead-rubber bearing consists of a steel-reinforced rubber bearing with a lead insert 

fitted in its centre to induce hysteresis and damping properties (Figure 2.2). Such bearings 

are suitable for installing in base- isolation systems for the protection of buildings and 

Laminated rubber 

Rubber covering 

Steel sheet 

Flange 
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bridges during earthquakes (Robinson and Tucker 1977). The primary function of the 

rubber bearing is to control the strain pattern of the lead, forcing it to deform in pure 

shear, and hence to impart the damping characteristics in the device. However, the 

bearing also provides a horizontally flexible mount and an elastic centering force, both of 

which are required for most of the base isolation system studied (Warn et al. 2007). The 

flexibility lengthens the period of the isolated building, shifting the fundamental 

frequency of a structure away from the dominant frequencies of earthquake ground 

motion and the fundamental frequency of the fixed base superstructure, resulting in 

reducing the seismic forces in the superstructure. Moreover, it is convenient to construct 

lead-rubber bearings which provide the three features, hysteretic damping, bearing 

capacity and centering force, in proportions appropriate to a wide range of base isolation 

systems (Razzaq et al. 2012). 

 
Figure 2.2: A typical lead-rubber bearing 

 

High damping rubber bearings (HDRB) 

A rubber with larger damping property, which is often called high damping rubber (HDR) 

material, was developed in Japan in 1990s and has mainly been applied to the laminated 

base isolation bearings for the isolation of bridges and buildings from the substructure 

during earthquakes. This energy absorbing type of laminated rubber bearing is known as 

high damping rubber bearing (HDRB). Larger hysteresis and damping property of HDR 

absorbs earthquake energy better than natural rubber. Such bearings therefore do not need 

use of lead plugs since the damping property is well incorporated within the rubber itself 

(Bhuiyan 2009, Bhuiyan et al. 2009). Thus the construction of the bearing is relatively 

simple and requires less maintenance compared to LRBs. The HDRB not only supports 

the structure by the restricting the bulge of the rubber layers with the reinforced steel 
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plates, but also reduces the inertia force of the structure by extending the natural period 

and absorbs the earthquake energy by its hysteretic damping (Skinner et al. 1993). 

The laminated rubber bearings can be rectangular, square, annular or circular in shape 

depending upon the design needs. The main focus of this thesis is on square steel 

reinforced rubber bearings. Steel plates are bonded with rubber in alternating layers to 

form a sandwich and contain rubber cover on the top and bottom and around the edges, 

creating a sealed system in which the plates are protected against corrosion. The top and 

bottom covers (optional) and the side cover, also protects the inner rubber layers from 

ultra violet exposure induced degradation. Thus these outer layers often have mere 

structural significance.  

2.2.2 Shape factor 

Shape factor S is a dimensionless measure of the aspect ratio of the single layer of the 

rubber defined as, 

area free - force
area loaded S =                                                                                                  (2.1) 

For example, for an infinite strip pad of width 2b and thickness t (Figure 2.3a), 

t
b S =           (2.2)  

For a rectangular pad of side dimension 2b and l and thickness t (Figure 2.3b), 

b)t(l
bl S 
2+

=            (2.3) 

For a circular pad of radius R and thickness t (Figure 2.3c), 

t
R S 
2

=                   (2.4)   

And for an annular pad of inner radius a, outer radius, and thickness t (Figure 2.3d), 

t
b-a S 
2

=             (2.5) 
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(a)  (b) 

  
(c) (d) 

Figure 2.3: Rubber bearings with different shape of rubber pads  
(a) Infinite strip (b) Rectangular (c) Circular (d) Annular 

 

 

The shape factor defines the thinness of the rubber layer compared with its lateral 

dimensions. The definition of shape factor given in above equations is expressed in terms 

of the gross bearing dimensions. 

2.2.3 Vertical and horizontal stiffness 

The vertical stiffness of a bearing is often a very important design criterion for vibration 

isolation of a system. The first analysis of compression stiffness was done by Rocard 

(1937) using an energy approach and further developments were made by Gent and 

Lindley (1959b) and Gent and Meinecke (1970). In order to predict the compressive 

stiffness and bending stiffness, an analysis based on a linear elastic theory was performed 

by Kelly (1997). In this theory, the vertical stiffness of a rubber bearing is given by the 

formula  

r

C
V t

AEK =             (2.6) 

12 
 



Literature Review   

Where A is the loaded area of the bearing, tr is the total thickness of rubber in the bearing, 

and Ec is the instantaneous compression modulus of the rubber steel composite under the 

specific level of vertical load. The value of Ec is computed for a single rubber layer and 

depends on shape of the bearing and shape factor. 

For an infinite strip pad          24GSEC =                                   (2.7) 

For a circular pad                26GSEC =                             (2.8) 

For a rectangular pad 

                    
∑
∞

=

−+=
oddm
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ρ(

m
ρ)(GS

π
E

2
tanh2111384

4
22

4          (2.9) 

For a square pad                        27486 GS.EC =                                                (2.10) 

Where, G is the shear modulus of rubber and 𝜀𝑐   is the compression strain, S is the shape 

factor and 𝜌  is the aspect ratio of the bearing. 

Horizontal stiffness is another important parameters of multilayer rubber bearings. 

Haringx (1948) first proposed the equation of horizontal stiffness of the elastomer in 

compression-shear state. Gent and Lindley (1959) derived the horizontal stiffness on the 

basis of investigating one rubber layer bonded to steel shims. Gent and Meinecke (1970) 

further extended this technology to the compression and bending state. Gent and Lindley 

(1981) investigated the stiffness of the RB further and provided a new calculating 

method.  

According to Haringx (1948) elastomer theory laminated rubber bearing’s horizontal 

stiffness can be obtained from 

r
H n.t

G.A
Δ
FK ==             (2.11) 

where n = rubber layers; and 𝑡𝑟  = rubber layers thickness, G= shear modulus and              

A= section area.  
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Haringx theory is established on the basis of the assumption that the bending stiffness and 

shear stiffness are constants. However, when there appears horizontal deformation 

induced by rotation, the computation results of Haringx theory are different from the 

experimental results; the reason is that the assumption of Haringx is inexistent (Koh and 

Kelly 1988). Kelly (1997) stated that if the load carried by a bearing is comparable to the 

buckling load, then the simple formula for horizontal stiffness may need to be modified. 

2.2.4 Load bearing and deformation mechanism 

The concepts underlying behavior of laminated rubber bearings developed from the basic 

requirement of accommodating expansion or contraction of one part of the structure 

without affecting the (Stanton et al. 1990). In doing so the challenge is to stiffen the 

bearing in compression without losing its shear flexibility. This is achieved by adding 

internal horizontal reinforcing plates in the bearing. The vertical stiffness of the bearings 

depend on the shape of the pads and shape factors, and for a given shape factor, 

maximum stiffness is achieved in square pads. 

Behavior under compressive load is illustrated in Figure 2.4. A plain rubber pad responds 

to vertical load by expanding laterally and slipping against the supporting surface as 

shown in Figure 2.4a. The rubber at the top and bottom surfaces of the pad is partially 

restrained against outward movement by friction against the support, but the rubber at 

mid thickness is not. This results in some bulging at the edges. The lateral expansion 

leads to significant vertical deflections. By contrast, the rubber in the laminated pad is 

largely prevented from such expansion by its bond to the steel plates, and the layers only 

form small bulges, as shown in Figure 2.4b. 

 
(a) (b) 

Figure 2.4: Bulging behavior of rubber pad  
(a) Without steel plates (b) With steel plates 

 

Load Load 
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One consequence of the characteristic bulge response is an uneven distribution of 

compressive stiffness throughout the pad such that local compressive stiffness at any 

point is a function of the distance from the center of the pad. Near the center, there is a 

large amount of surrounding rubber that must be displaced laterally in order for the rubber 

layers to bulge at the edges. In contrast, near the edges of the pad, the rubber is less 

confined and comparatively little force is required for the rubber to bulge. This 

confinement effect can produce significant difference in the stress strain response of 

rubber at these two locations which can be better investigated with finite element 

modeling rather than experimental observations. 

Rubber is quasi incompressible, so the volume of rubber remains almost constant under 

load, and the small lateral expansion leads to only a small vertical deflection. The 

laminated bearing is much stiffer and stronger in compression than a plain pad. However, 

the steel plates do not inhibit the shear deformations of the rubber, so the bearing is still 

able to undergo the same shear deformations as the plain pad for the purpose of 

accommodating lateral movements (Warn et al. 2007). However, lateral stiffness is 

inversely proportional to rubber layer thickness. Hence, thicker rubber pads result in 

higher flexibility in shear.  

In addition to axial and shear deformations, bridge bearing pads are susceptible to 

rotations about two orthogonal axes; rotation about the transverse centerline (bending 

roll) is typically the result of the end rotations of the girder as it bends about its major 

axis, while rotation about the longitudinal centerline (overturning roll) corresponds to 

overturning rotations of the girder at the supports. As a girder rotates, the top surface of 

the pad becomes inclined relative to the bottom surface (Figure 2.5), lifting upward from 

one side of the pad and depressing the opposite side. As the pad is already compressed by 

the weight of the girder it supports, the entire width of the pad initially remains in contact 

with the girder and the initial rotational stiffness of the pad is linear. However, if the roll 

angle becomes large enough, the girder will begin to lift off the pad, and stiffness will 

become highly nonlinear. The critical rotation angle at which this occurs is dependent on 

the initial compression load. (Harper and Consolazio 2013). 

A great advantage of rubber bearings is that they have no moving parts; they are not 

subject to corrosion and they are reliable, cheap to manufacture, and need no maintenance 

(Simo and Kelly 1984). 
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Figure 2.5: Rotational deformation of laminated rubber bearing 

2.2.5 Boundary Conditions 

In unanchored rubber bearings (Figure 2.6a), every rotation and displacement leads to 

restraining forces which have to be taken into account on the whole structure. If 

displacements take place under a small compressive force, sliding between bearing and 

sub or superstructure can occur. To avoid this it is necessary to use rubber bearings with 

resistance to sliding. This can be achieved by applying vulcanized plates on the bottom 

and on the top of the bearing, which can be connected to the sub – and superstructures by 

bolts, pins or appropriate shapes. (Figure 2.6b) 

 

(a) 

 
(b) 

Figure 2.6: Laminated rubber bearing (a) Unanchored (b) Anchored 

Smaller, short time, horizontal forces can be transmitted by the restraining forces. If these 

forces are higher or if they are permanent loads, a restraining steel construction is 

required. In these cases the rubber bearing transmits the vertical force and allows 
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rotations, while horizontal forces in one or two directions are transmitted by the steel 

construction. (Figure 2.7a and 2.7b) 

 

(a) 

 
(b) 

Figure 2.7: Rubber bearing and steel construction  
(a) Fixed in one direction (b) Fixed in two directions 

 

2.2.6 Failure modes 

The failure modes of rubber bearings are complex and still not fully understood. The most 

common failures include yield and rupture of the reinforcement, delamination of 

reinforcement, cracking or tearing of the rubber, fatigue, and instability (Roeder et al. 

1986). 

The elastomer in a bearing frequently experiences large shear strains. These occur for 

axial load, rotation and shear, and are illustrated in Figure 2.8. The shear strains can be 

envisaged by considering regions or elements of the rubber that are rectangular when 

unstressed, but are forced to become parallelograms when the bearing is under load. The 

shear strains caused by axial load and rotation reach their maxima at the same place, 

namely the very edge of the layer where the rubber is bonded to the plate. Imposed shear 

deformations, on the other hand, causes shear strains that are relatively constant over the 

whole layer, including the critical end of the plate. 

Under severe loading, this stress leads to local detachment of the elastomer from the steel. 

This starts with tensile debonding of the cover from the ends of the plates as shown in 

Figure 2.9 then propagates inwards along the surface as shear delamination.  Debonding 

is easy to see on the surface because two bulges merge into one larger bulge, as shown in 
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Figure 2.8: Different deformation modes of a laminated rubber bearing layer 

(Stanton et al. 2008) 

Figure 2.9. However, distinguishing between local tensile debonding of the cover and 

shear delamination of the internal layers is difficult.  

Shear delamination is the most important potential mode of failure. If it were to occur in 

practice, the elastomer would start to extrude from the bearing, which would in turn cause 

significant vertical deflection, horizontal forces of unpredictable magnitude, and possible 

hard contact between the girder and the support. Though it does not create collapse 

condition, it can seriously degrade the overall serviceability of the structure. 

  
Figure 2.9: Tension debonding at the shim end and shear delamination at the 

shim surface. (Stanton et al. 2008) 

The lateral expansion of the rubber layers causes tension in the steel plates. At extreme 

loads, the plates may fracture, typically splitting along the longitudinal axis of the bearing 

as shown in Figure 2.10. For surprisingly short bearings, stability failure may occur 

because of the low shear stiffness of rubber. If the bearing deflects too much in 
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compression due to excess flexibility or creep serviceability failure may occur. Excess 

deflections may damage the structure or render it unusable. (Roeder and Stanton 1983) 

 
Figure 2.10: Fractured steel plates in bearing (Stanton et al. 2008) 

Experimental findings proved that the failure of rubber material is independent of the 

stain rate of loading (Lewangamage et al. 2004). It has been observed experimentally that 

rubber material and rubber in bearings fail mostly at the edges of rubber layers due to 

development of large shear strains except in tensile deformation of rubber bearings. This 

fact indicates that hydrostatic pressure does not affect to that failure mode. Therefore, it is 

assumed that failure behavior is isotropic and incompressible. 

However, laminated rubber bearings should be protected from instabilities and failures 

because these may result in serious damage to the superstructure. Evaluation of the 

collapse conditions is an essential step in designing an rubber bearing (Zhou et al. 2003). 

Collapse of the device can occur by global failure because of buckling or roll-out of the 

device or by local rupture because of tensile rupture of the rubber through detachment of 

the rubber from the steel or yielding of the steel (Imbimbo and De Luca 1998). Therefore, 

it is necessary to have accurate knowledge of the global characteristics and behavior of 

the device under maximum lateral displacement with various boundary conditions (Abe et 

al. 2004a). 

2.3 MECHANICAL BEHAVIOR OF RUBBER 

Mechanism of rubber bearings in service conditions and in ultimate failure conditions 

originate from the mechanical behavior of steel and rubber. Elasto-plastic behavior of 

steel is well known. However, the constitutive properties of steel less affect the 
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mechanical behavior of rubber bearings. In contrast, the mechanical response of rubber 

bearings significantly depends upon the constitutive properties of rubber. 

 Rubber is a unique material where both elasticity and viscosity properties exist together. 

It has a low modulus of elasticity. It is resilient and yet exhibits internal damping.  Rubber 

can be processed into a variety of shapes and the load-deflection curve can be altered by 

changing its shape. The concepts underlying the behavior of rubber are quite different 

from those of concrete, metal, timber and other conventional engineering materials. They 

depend on the fact that rubber can undergo reversible, elastic deformations that are 

enormous compared with those of conventional materials, but the fact also brings with it 

the need for special design procedures. The mechanical behavior of rubbers is dominated 

by nonlinear rate dependent elastic response (Aklonis et al. 1972) and includes other 

characteristic behaviors like Mullins’ effect (Mullins 1969) and hysteresis (Gent 

1962a,b). The following subsections present a general overview on the mechanical 

behavior of rubber highlighting some striking observations of experimental results on 

rubber materials obtained in compression (Amin 2001) and shear (Wiraguna 2003). 

2.3.1 Nonlinear elasticity 

The stress-strain behavior of rubber is recognized to be nonlinearly elastic in its main 

part. The stress-strain response contains three features. At the initiation of stretch 

application, the presence of fillers gives a little bit high stiffness. With increasing applied 

stretch, the initial stiffness disappears due to the breakdown of rubber-filler bonds. 

However, at the end, stiffness starts to increase prominently and the material approaches  

 
Figure 2.11: A typical nonlinear response obtained from natural rubber 

under monotonic compression and after removing Mullins’ effect  
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the ultimate limit of deformability.  Figure 2.11 presents a typical nonlinear response that 

one can obtain in a monotonic loading test. 

2.3.2 Strain rate dependency 

Figure 2.12 presents a schematic representation of typical rate-dependent responses that 

can be obtained from a viscoelastic solid. When such a solid is loaded at an infinitely 

slow rate the stress-strain curve follows the E-E' path. This behavior is called the 

equilibrium response. On the other hand, in the case of an infinitely fast loading rate, the 

response takes the I-I' path. Such a response is known as the instantaneous response and 

defines a domain where viscoelastic effects come into play. However, in practical 

experiments, it is difficult to apply infinitely fast or slow loading rates to reach these 

boundaries. 

Vulcanized rubber is a typical example of highly viscous solid (Ward 1985), where the 

stress response is highly dependent on the rate of loading. Figure 2.13 presents some 

typical rate-dependent response that can be obtained, when a rubber is subjected to 

monotonic compression loading at varied strain rates. The comparison of the curves 

portrays the presence of strain-rate effect on the stress-strain response. 

 

 
Figure 2.12:  A schematic representation of responses obtained from a 

viscoelastic solid 
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Figure 2.13:  Viscoelastic effect exhibited by natural rubber at different strain rates in 
monotonic loading under compression loading under compression 

2.3.3 Hysteresis 

Apart from the strain-rate dependent effects, a rubber also exhibits a significant hysteresis 

phenomenon and residual strain under cyclic loading. Filler concentration plays an 

important role on these behaviors (Ward 1985). Figure 2.14 illustrates the hysteresis 

effect obtained from a rubber specimen subjected to cyclic loading under compression. 

Figure 2.15 illustrates the hysteresis effect obtained from a rubber specimen subjected to 

cyclic loading under shear. However, there is an existence of ‘healing effect’ in the 

material. Due to healing effect, a recovery of molecular damage occurs slowly with time 

and the material tends to reach the virgin state. 

 

Figure 2.14: Hysteresis in cyclic compression responses at different strain rates 
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Figure 2.15: Hysteresis in shear stress responses in cyclic test with different strain 

rates 
 

2.3.4 Mullins’ effect 

The first period of stress-strain curves obtained from cyclic loading test on a virgin 

specimen differs significantly from the shape of subsequent cycles due to a strain-induced 

stress softening effect. Mullins (1969) was the first to point out this phenomenon and 

therefore frequently referred as “Mullins’ effect”. The softening has been attributed to 

breakdown or slippage of weak linkages between the filler and rubber, filler-filler 

aggregates and breakdown of molecular network chains. The effect is much more 

pronounced in the vulcanizates containing high proportion of reinforcing fillers. 

Figure 2.16 illustrates an example of typical Mullins’ effect exhibited by virgin rubber 

subjected to a cyclic compression test. In this demonstration, stretches (i.e. 1+dL/L, 

where L is the undeformed length) were applied in three cycles in each stretch level (Fig. 

2.16a). Three maximum stretch levels (namely S1, S2 and S3) were considered. The 

specimen is initially assumed to be in a reference stress-free virgin state V and loaded in 

compression to a stretch state S1 along stress- stretch path P1 (Fig. 2.16b).  

At this point, when the specimen is unloaded, it follows path P2 and returns to V. In the 

second period, when the material is loaded once again up to S1, the stress- stretch 

response follows P3 path and behaves like a softer material than the virgin one. However, 

the unloading path remains the same as P2. In the third period, the loading path remains at 
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Figure 2.16 A typical example of Mullins’ effect observed in virgin rubbers under 

compression (a) Applied stretch history; (b) Stress-stretch response 

P3 and unloading path at P2 provided the maximum stretch in loading is kept constant at 

S1. In a fourth period, when loading is applied up to S2 stretch, the path P3 is followed to 

reach S1 state, not the P1 path. If additional loading is applied beyond S1, the path P1 is 

followed again to reach S2 and during unloading, P4 path is followed. In subsequent 

loading phases up to S2 stretch, P5 path is followed, while in unloading sequence P4 path 

is maintained indicating a greater loss is material stiffness. In the third maximum stretch 

level of S3, P1 and P7 loading paths are followed and P6 is maintained for unloading 

purpose. However, from Fig. 2.14b, the material appears to reach neighborhood of a 

stable state after the first loading cycle provided the maximum stretch value is maintained 

constant. 
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2.3.5 Incompressibility 

Rubber rubbers are almost completely incompressible, with a Poisson’s ratio ν > 0.49 and 

when subjected to a uniaxial compressive force, they tend to expand laterally to preserve 

their volume. The resistance of rubber against shear deformation is very low compared to 

the resistance against volumetric deformation. This gives a very high value of bulk 

modulus compared to its shear modulus and the material is considered to be 

incompressible. Under this assumption, the deformed cross-section of the specimen 

subjected to uniaxial or biaxial deformation can be predicted to calculate the Cauchy 

(true) stress in the material. However, Herrmann et al. (1989) indicated the possibility of 

the existence of voids in the rubber microstructure that might largely affect the bulk 

modulus.  

2.4 CONSTITUTIVE MODELS FOR RUBBERLIKE BEHAVIOR 

Though rubber is a unique material, capable of demonstrating diversified mechanical 

behaviors in cyclic loading such as Mullins’ effect and hysteresis; previous literatures 

indicate that consideration of rate independent monotonic response in modeling rubber 

pads is adequate for obtaining a rational solution of laminated rubber bearings. 

Furthermore, studies have shown that constitutive models representing hyperelastic 

isothermal nearly incompressible behavior can result in satisfactory prediction of the 

stress responses of the rubber pads without considering the elastoplastic and viscoelastic 

behavior. Hence, rubbers and other rubberlike materials are generally modeled as 

hyperelastic materials in numerical simulations. In a hyperelasticity model, the 

mechanical properties are defined by a strain energy density function which relates the 

total strain energy per unit volume to the deformed state of the material. The responses 

predicted by these models are essentially rate-independent. Each hyperelasticity model 

uses a different form of strain energy density function (W), which is nearly always written 

in terms of the strain invariants or principal stretch ratios, which represent the material 

deformation (Harper et al. 2013). There are two approaches for obtaining a strain energy 

function: the phenomenological theory and the statistical mechanical theory. However, in 

both approaches the stress-strain relationship is derived from a strain energy density 

function (W) that depends on the final state of strain and is independent of loading 

history. Some commonly used form of strain energy potentials has been discussed in this 

section. 
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2.4.1 Arruda-Boyce form (1993) 

Arruda-Boyce (1993) form is a strain invariant based model. A compressible version of 

Arruda-Boyce model is also available (Anand 1996). The form of the Arruda-Boyce 

strain energy potential is  
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where W is the strain energy per unit of reference volume; µ, 𝜆𝑚, and D are temperature-

dependent material parameters; 1I is the first deviatoric strain invariant defined as  
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where the deviatoric stretches    ii J λλ 3/1−= ; J is the total volume ratio; elJ  is the elastic 

volume ratio and 𝜆𝑖 are the principal stretches. The initial shear modulus, 0µ  is related to 

µ with the expression 

)
67375

42039
875

513
175

99
5

31( 86420
mmmm λλλλ

µµ ++++=      (2.14) 

A typical value of mλ  is 7, for which .025.10 µµ =  

2.4.2 Mooney-Rivlin form (Mooney 1940; Rivlin 1948a,b) 

Among all the strain invariany based models Mooney-Rivlin (Mooney 1940; Rivlin 

1948a,b) form is most convenient for its simplicity. The form of the Mooney-Rivlin 

(Mooney 1940; Rivlin 1948a,b) strain energy potential is  
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where W is the strain energy per unit of reference volume; 10C , 01C  and 1D  are 

temperature-dependent material parameters; 1I and 2I are the first and second deviatoric 

strain invariants defined as  
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where the deviatoric stretches ii J λλ 3/1−=  ; J is the total volume ratio; Jel is the elastic 

volume ratio and iλ are the principal stretches. The initial shear modulus and bulk 

modulus are given by )(2 01100 CC +=µ  , and 
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K =   

2.4.3 Neo-Hookean form (Rivlin 1948a,b) 

A neo-Hookean hyperelastic model employs a strain energy density function that is not 

based on a statistical-mechanical analysis of linked polymer chains. This results in a 

relatively simple strain energy density function (Eq. 4) with only one material parameter, 

C10. The form of the neo-Hookean (Rivlin 1948a,b) strain energy potential is  
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where W is the strain energy per unit of reference volume; 10C  and 1D  are temperature-

dependent material parameters; 1I is the first deviatoric strain invariant. 

The neo-Hookean model is only accurate for small strains. 

2.4.4 Yeoh form (1990, 1993) 

The form of the Yeoh (1990, 1993) strain energy potential is an approximate function 
which expresses as a cubic function of  1I  , 
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where W is the strain energy per unit of reference volume; and iD  are temperature-
dependent material parameters, ii J λλ 3/1−= the deviatoric stretches; J is the total volume 
ratio; Jel  is the elastic volume ratio and 𝜆𝑖  are the principal stretches. 
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2.4.5 Polynomial forms (1972, 1975) 

The Mooney-Rivlin form was found to be inadequate in predicting the stresses associated 

with multi axial modes of deformation. The failure of this model to provide multi axial 

data predictions was thought to arise from not considering enough terms of expansion of 

equation (Tschoegl 1972). In this course, James and Green (1975) employed various 

higher order expansions of the general Rivlin function. The form of the polynomial strain 

energy potential is  
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where W is the strain energy per unit of reference volume; N is a material parameter; ijC  

and iD  are temperature-dependent material parameters; 1I and 2I  are the first and second 

deviatoric strain invariants  

For cases where the nominal strains are small or only moderately large (< 100%), the first 

terms in the polynomial series usually provide a sufficiently accurate model. Some 

particular material models- the Mooney-Rivlin, neo-Hookean, and Yeoh forms are 

obtained for special choices of ijC  .  

2.4.6 Ogden form (1972, 1984, 1986) 

The form of the Ogden (1972, 1984, 1986) strain energy potential is a stretch ratio based 

model and is very widely used. The model requires six parameters to describe the stress 

stretch relation and performs well up to a very large deformation range. The model is 

∑∑
==

−+−++=
N

i

i
el

i

N

i i

i J
D

W iii

1

2
32

1
12 )1(1)3(

2 ααα
λλλ

α
µ

       (2.20) 

where iλ are the deviatoric principal stretches ii J λλ 3/1−= ; iλ  are the principal stretches; 

N is a material parameter; and  iµ , iα and iD are temperature-dependent material 

parameters. The initial shear modulus and bulk modulus for the Ogden form are given by 
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The particular material models like the Mooney-Rivlin and neo-Hookean forms can also 

be obtained from the general Ogden strain energy potential for special choices of iµ and 

iα . 

2.4.7 Marlow form (2003) 

The form of the Marlow (2003) strain energy potential is 

)()( 1 elvoldev JUIUW +=           (2.21) 

where W is the strain energy per unit of reference volume, with devU  as its deviatoric part 

and volU  as its volumetric part; 1I  is the first deviatoric strain invariant, the deviatoric 

stretches ii J λλ 3/1−= ; J is the total volume ratio; Jel is the elastic volume ratio and 𝜆𝑖  are 

the principal stretches. The deviatoric part of the potential is defined by providing either 

uniaxial, equibiaxial, or planar test data; while the volumetric part is defined by providing 

the volumetric test data, defining the Poisson's ratio, or specifying the lateral strains 

together with the uniaxial, equibiaxial, or planar test data. 

2.4.8 Yamashita and Kawabata form (1992) 

Yamashita and Kawabata (1992) considered the strip-biaxial and bi-axial test results and 

proposed two alternate forms of W: 
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where, C5, C2, C3, N, n and m are the material parameters with N=n-m. In the parameter 

identification procedure, based on Rivlin and Saunders (1951); Kawabata and Kawai 

(1977), Kawabata et al. (1981) and also Fukahori and Seki (1992) noted the W to be 

decomposed into the sum of two independent functions of 1I and 2I . This striking idea 

was further considered in a general form by Lambert-Diani and Rey (1999) to arrive at a 

general strain energy density building procedure. According to that proposal, one 

experiment with only one principal stretch ratio greater than one is required to obtain the 
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function of 1I . However, to obtain the other part of W through an adequate function of 2I , 

they suggested for another experiment with two principal stretch ratios greater than one. 

2.4.9 Amin et al. form (2001, 2002, 2006a,b) 

Amin (2001) proposed a strain energy function modifying the Yamashita and Kawabata 

(1992) model in terms of I1 for NR and HDR in uniaxial compression as  
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where C5,  C3, C4, M, and N are material parameters with N ≥1.0 and 0.0≤M≤1.0. 

It should be noted that the first term with coefficient C5 is a component of original 

Mooney-Rivlin model (Mooney 1940; Rivlin 1948a,b), while the term with C3 and N 

coefficients was proposed by Yamashita and Kawabata to include the hardening feature 

observed at higher strain levels. In order to incorporate the initial stiffness part, Amin et 

al. (2002) proposed the incorporation of the third term associated with coefficient C4 and 

M. After considering the shear and compression regime experiments, Wiraguna (2003) 

proposed an additional term by modifying the energy function as 
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(2.25)           

Amin et al. (2006a,b) reported that the additional term increases accuracy of model result 

at low stretch level.  

In the present work, this improved strain energy function has been used as the constitutive 

model for rubber in all the subsequent finite element analysis. 

2.5   THEORETICAL DEVELOPMENTS ON RUBBER BEARINGS 

Gent and Lindley (1959a) pioneered a simplified analysis of laminated bearings that uses 

small-deflection theory and depends on an assumed displacement field. It provides a 

remarkably accurate estimate of the strains in the rubber layers up to a point near the 

edge. The method was originally developed for a completely incompressible material, for 
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which conventional analysis fails. It treats the lateral deformation of the rubber layers as 

distributed parabolically through the layer thickness, and depends on calculating the shear 

stresses in the material from that assumed displacement field. This approach has formed 

the basis for the computations in nearly every specification to date, and was used as the 

basis for Kelly’s (1997) linear elastic theory. 

Kelly based his theory on two sets of assumptions. For direct compression, the kinematic 

assumptions are -  i) points on a vertical line before deformation lie on a parabola after 

loading and ii) horizontal planes remain horizontal. According to this theory, for a 

rectangular bearing pad with compressible rubber, the distribution function for 

compressive stress (S22) and shear stress produced by pure compression (S12) can be 

expressed as 
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where K, 𝜀𝑐 ,  λ, G represent the modulus of bulk compressibility, compressive strain, 

second shape factor and shear modulus respectably (Bhuiyan 2004). The above equations 

are used in the current work for obtaining analytical solution of single layer rubber 

bearings. 

In the study of rubber isolation bearings, Haringx (1949) first offered the bearing as a 

homogeneous and isotropic column with an equivalent height that included the rubber 

layers and steel shims. By this theory, the P-Δ effect on the influence of horizontal 

stiffness of the bearings under axial compressive loading was studied. Haringx’s theory 

has shown fairly good agreement with experimental results for moderate amounts of shear 

strain (Chang 2002; Kelly and Marsico 2010). The theory was then applied to study the 
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stability concept (Stanton et al. 1990) and was used to identify the material properties of 

laminated rubber bearings (Tsai and Hsueh 2001). 

However, many investigators have proposed other nonlinear, mechanical models for 

multilayer rubber bearings. Recently Ravari et al. (2012) presented an analytical method 

by extending Haringx’s theory on influence of end rotation effects on the mechanical 

properties of rubber isolation bearings. They discussed that the mechanical properties of 

the laminated rubber bearings differ significantly with consideration of initial rotation as a 

boundary condition. He et al. (2012) also presented a simple mechanics model to analyze 

the rotation, compression, and shear property for rubber isolators on the basis of nonlinear 

rotational stiffness and Haringx elastomer model. 

2.6 EXPERIMENTAL OBSERVATIONS ON RUBBER BEARINGS 

Experimental investigations have been made on rubber bearings addressing different 

aspects of stiffness, stability, failure modes, etc. The earliest tests on rubber bearings were 

primarily concerned with behavior under compressive loads. The results consistently 

show that bearings with harder elastomer and higher shape factors are stiffer. Some of 

these bearings were monotonically loaded to failure (Roeder and Stanton 1983). Bearings 

have also been tested under shear. Tanabe et al. (1992) performed horizontal tests with 

circular bearing pads under vertical load and reported that the experimental results of 

horizontal stiffness were in a good agreement with the analytical predictions. Masao 

(1992), Mitsuru and Takao (1996), and Liu et al. (1999) also conducted similar tests on 

stiffness with bearings of large diameter with an increased vertical pressure and the 

results were similar to Tanabe’s test results.  

Fujita et al. (1990) performed a series of static tests on rubber bearings implemented for 

base isolation of buildings. This study investigated fundamental characteristics of the 

rubber bearings such as horizontal and vertical stiffness and also capacities of 

deformations. Loading experiments on laminated rubber bearings have also been 

performed by (Kelly 1991; Aiken et al. 1992; Hwang and Ku 1997) to understand their 

mechanical behaviors and confirm their performance.  

Hwang et al. (2002) developed an analytical model for high damping elastomeric 

isolation bearings for predicting the shear force–displacement hysteresis for both rubber 
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material and bearing under cyclic loading reversals. They also performed material and 

shaking table tests to validate the model. 

Failure tests of biaxial, uniaxial and simple shear for rubber materials under different 

rates of loading were conducted by (Lewangamage et al. 2004). They measured local 

strains at failure by image analysis and developed a failure model for rubber. Based on 

the experimental results of bearings failure, they also proposed design criteria which can 

estimate ultimate failure characteristics of laminated rubber bearings. 

Abe et al. (2004a) studied cyclic behaviors of three types of laminated rubber bearings 

under multiaxial loading state. For natural, high damping and lead-rubber bearings, they 

investigated the characteristics of the restoring forces in small amplitudes. The study also 

included a triaxial loading experiment by applying two-directional displacement paths to 

the bearings under a constant vertical load. The experimental results indicated the 

importance of considering effect of triaxial loading for rational and reliable design of 

bearings.  

The capacity of the bearings to accommodate the loads and rotations without excessive 

damage was evaluated by a program of testing by Transportation Research Board (TRB) 

of USA in 2008. The test program included material tests, static and cyclic tests on full 

bearings, and diagnostic tests on full bearings on a total of 72 bearings to evaluate their 

instantaneous state of damage. Based on this study (Stanton et al. 2008) new rotational 

limits were suggested for rubber bridge bearings modifying AASHTO LRFD 

specifications. 

Bhuiyan et al. (2009) performed horizontal cyclic shear deformation tests on high 

damping rubber bearings with a constant vertical compressive load and proposed an 

elasto-viscoplastic rheology model of HDRBs for seismic analysis. 

However, limited testing has been performed with rotation on bearings. These tests 

suggest that rotation is a most critical criterion for governing the strength of bearings. 

Further, combined loads on bearings such as shear with compression and compression 

with rotation are not well understood from existing research results. Therefore, numerical 

simulation is warranted in these areas. 
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2.7 NUMERICAL SIMULATIONS OF RUBBER BEARINGS 

In the experimental investigations, it is difficult to obtain the behaviors in the complex 

deformation modes and predict the local stress concentration and rupture in the internal 

regions. As an alternative approach, many investigators have conducted finite element 

analysis for comprehensive performance evaluation of laminated rubber bearings. 

Accurate modeling of the rubber bearings requires the coupled modeling of the slight 

compressibility, the kinematic nonlinearity, and the material nonlinearity. In the case of 

laminated rubber bearings with carbon filled rubber (natural rubber bearings), which 

shows small damping, Seki et al. (1987), Takayama et al. (1990), Billings (1993), and 

Matsuda (1999) developed the two- or three-dimensional finite element models of the 

bearings with hyperelasticity, and investigated the internal stress or strain state under the 

large deformation. In this research, the hysteretic behaviors of the rubber component were 

not taken into account. Ali and Abdel-Ghaffar (1995) presented the analysis of lead–

rubber bearings with the finite-element method, in which the rubber component was 

modeled as hyperelasticity, and its energy absorbing behavior was not considered. 

Salomon et al. (1999) proposed a constitutive model of HDRs, where the hysteretic 

behaviors of the rubber component were modeled by viscoelastic and plastic constitutive 

models, and, then, developed the three-dimensional finite-element model of the bearing 

with that constitutive model. However, in this research, the accuracy of the proposed 

constitutive model was not presented and, in addition, the validity of the finite-element 

model was shown only qualitatively in comparison with the public experimental results of 

the bearings.  

Miehe and Keck (2000) presented a phenomenological material model for a 

superimposed elastic–viscoelastic–plastoelastic stress response with damage at large 

strains. For elastic ground–stress response, a rate-dependent viscoelastic overstress 

response and a rate-independent plastoelastic overstress response of carbon-black filled 

rubbers, the study demonstrate the overall response of the developed constitutive model 

by means of details numerical implementation. 

Matsuda (2001) also developed a three-dimensional finite model of high damping rubber 

bearings, in which the behaviors of the HDR were approximated by the viscoelastic 

damage model (Simo 1987; Simo and Hughes 1997). The simulations in this research 
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indicated that only the viscosity was not enough to reproduce the large hysteretic energy 

loss of HDRs. Yoshida (2004) proposed a constitutive model for slightly compressible 

material and performed three dimensional finite element modeling of high damping 

rubber bearings utilizing that model. In this work, complex deformation such as torsional 

or rotational deformation of the bearing were simulated by the finite-element model, and 

design equations for these deformation were proposed on the basis of the simulations and 

experimental results. 

Abe et al. (2004b) performed numerical simulations on triaxial hybrid seismic response of 

laminated rubber bearings using developed mathematical models for multiaxial loading 

and confirmed the ability of the proposed models to predict the seismic response by 

comparing simulation results with experimental results. 

Harper and Consolazio (2013) presented a numerical analysis method for estimating axial 

stiffness of bearing pads and validated the axial calculation method with experimental 

results from compression tests. The research also proposed a grillage method for 

calculating rotational stiffness in which the pad is modeled as a grillage of compression-

only axial springs. The method is based on experimental stiffness data and considers 

reductions in rotation stiffness that are caused by girder slope relative to the pad. 

Milani and Milani (2012) performed a numerical analysis for elastomeric isolators with 

different rubber compounds. The work compared performances of the nine constant 

Mooney-Rivlin model and the previously discussed improved strain energy function by 

Amin et al. (2002, 2006a,b) within finite element discretization of the isolator and 

estimated compression modulus, shear-large displacement curves, and hysteretic 

behavior. 

However, all the investigations for compression, shear and rotation capacity of bearings 

so far, have been limited to the traditional design of rubber bearings. No significant 

attempts have been observed to change the conventional steel plate arrangements of 

bearings and investigate the resulting change in performance. 
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FEM IMPLEMENTATION OF IMPROVED 

HYPERELASTICITY RELATION  

3.1 GENERAL 

In the previous chapter, the commonly used hyperelasticity relations for modeling 

rubberlike materials and the proposed improved hyperelasticity relation by Amin et al.   

(2006a,b) are discussed briefly. The necessity of an adequate hyperelasticity model 

implemented on a versatile finite element platform has been also mentioned categorically. 

Improved pre and post processing capabilities together with capacity of running a quasi 

incompressible solid element in finite strain domain is the benchmark of finite element 

program’s versatility. In this context, ABAQUS (Hibbit 2009) is considered as the 

standard finite element (FEM) platform for this study. This chapter is devoted to describe 

how this new constitutive model is implemented in ABAQUS for performing subsequent 

nonlinear analysis of rubber and rubber bearings. For this purpose, the improved strain 

energy density function and its corresponding derived equations of left Cauchy-Green 

tensor and Jacobian and distortion tensor were coded. In this course, a user subroutine sub 

program of the proposed constitutive model was developed and implemented. 

3.2 COMPUTATIONAL APPROACH 

The constitutive behavior of a hyperelastic material is always defined as a total stress–

total strain relationship. Therefore, the fundamental development of the formulation for 

hyperelasticity is made using finite strain theories where Hook’s law for elasticity at 

small strain fits as a special case. Furthermore, hyperelastic materials are often 

incompressible or very nearly so; hence, use of mixed (hybrid) formulations is necessary 

for simulation. FEM programs are applied for finding an approximate (finite element) 

solution for the displacements, deformations, stresses, forces, and any other state variable 

that is subjected to some history of loading or displacement. The displacement based 

finite element method approximates the exact equilibrium requirement by replacing it 

with a weaker requirement, that equilibrium must be maintained in an average sense over 

a finite number of divisions of the volume of the body. For this, the classical virtual work 
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statement is reduced to the approximate form of equilibrium and hence used in a finite 

element model. 

In this subsection the definitions necessary for defining hyperelastic material behavior in 

ABAQUS/Standard to treat the incompressible and quasi incompressible cases are 

discussed. 

3.2.1 Stress measures 

In ABAQUS results, the stresses are always expressed in terms of the Cauchy stress. The 

classical principle of virtual work also expresses equilibrium in terms of Cauchy (True) 

stress and the conjugate virtual strain rate, the rate of deformation, where conjugate 

means the product of the stress and the strain rate defines work per current volume. From 

an engineering viewpoint, the Cauchy stress is the only measure of stress of practical 

interest as an output value from a FEM program, because it is the direct measure of the 

traction being effective per unit area by any internal surface in the body (Hibbit 2009). 

However, two alternative stress definitions relevant to the development of constitutive 

theories are Piola-Kirchhoff stress and second Piola-Kirchhoff stress (Bonet and Wood 

1997) 

Cauchy Stress 

Cauchy observed that the stress vector across a surface will always be a linear function of 

the surface's normal vector, the unit-length vector that is perpendicular to it. The stress 

tensor can be represented in any chosen Cartesian coordinate system by a 3×3 matrix of 

real numbers as 
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First Piola–Kirchhoff Stress 

In finite deformations, the Piola–Kirchhoff stress tensors express the stress relative to the 

reference configuration. It relates forces in the current configuration to areas in the 

reference configuration. This is in contrast to the Cauchy stress tensor which expresses 

the stress relative to the present configuration. For infinitesimal deformations or rotations, 
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the Cauchy and Piola–Kirchhoff tensors are identical. The first Piola-Kirchhoff stress 

tensor P is defined as 

TJ −= σFP           (3.2) 

where J, 𝜎, F  is the body force per unit undeformed volume, work conjugate with respect 

to current conjugate volume and  deformation gradient respectively. 

Second Piola-Kirchhoff Stress 

The second Piola–Kirchhoff stress tensor relates forces in the reference configuration to 

areas in the reference configuration. The force in the reference configuration is obtained 

via a mapping that preserves the relative relationship between the force direction and the 

area normal in the reference configuration. The second Piola-Kirchhoff stress tensor S is 

defined as 

TJ −−= σFFS 1           (3.3) 

where J, 𝜎, F  is the body force per unit undeformed volume, work conjugate with respect 

to current conjugate volume and  deformation gradient respectively. 

3.2.2 Strain measures 

Hyperelastic material model describes deformations in which both rotations and strains 

are arbitrarily large and implementation of Finite strain theory, also called large strain 

theory is warranted. In this theory, the undeformed and deformed configurations of the 

continuum are significantly different and a clear distinction has to be made between them. 

From a wide range of possible strain measures available in ABAQUS for example, stretch 

ratio, engineering strain, Green strain and logarithmic strain. the choice is strictly a matter 

of convenience. Since strain is usually the link between the kinematic and the constitutive 

theories, the convenience of this choice in the context of finite elements is based on two 

considerations: the ease with which the strain can be computed from the displacements 

and the appropriateness of the strain measure with respect to the particular constitutive 

model. In general large-strain elasticity analysis of rubbers and similar materials can be 

done satisfactorily by using the stretch ratio. 
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Engineering Strain 

The engineering strain is expressed as the ratio of total deformation to the initial 

dimension of the material body in which the forces are being applied. The engineering 

normal strain or engineering extensional strain or nominal strain e of a material line 

element or fiber axially loaded is expressed as the change in length ΔL per unit of the 

original length L of the line element or fibers. The normal strain is positive if the material 

fibers are stretched and negative if they are compressed. Thus,  

L
Ll

L
L −
=

∆
=ε          (3.4) 

where ε is the engineering normal strain, L is the original length of the fiber and l is the 

final length of the fiber.  

Logarithmic Strain 

The logarithmic strain ε, also called natural strain, true strain or Hencky strain. 

Considering an incremental strain  

l
l.δδε =

          (3.5)
 

The logarithmic strain is obtained by integrating this incremental strain: 

∫ ∫=
l

L l
l.δδε  

λε ln)ln( ==
L
l

    (3.6) 
 

)1ln( e+=  

       .....
32

32

−+−=
eee  

where e is the engineering strain. The logarithmic strain provides the correct measure of 

the final strain when deformation takes place in a series of increments, taking into 

account the influence of the strain path 
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Stretch Ratio 

The stretch ratio or extension ratio is a measure of the extensional or normal strain of a 

differential line element, which can be defined at either the undeformed configuration or 

the deformed configuration. It is defined as the ratio between the final length l and the 

initial length L of the material line. 

                                         L
l

=λ      (3.7)
 

The extension ratio is approximately related to the engineering strain by 

         
1−=

−
= λ

L
Lle

          (3.8)
 

 

This equation implies that the normal strain is zero, so that there is no deformation when 

the stretch is equal to unity. The stretch ratio is used in the analysis of materials that 

exhibit large deformations, such as elastomers, which can sustain stretch ratios of 3 or 4 

before they fail.  

3.2.3 Deformation gradient and left Cauchy-Green strain tensor 

Deformation gradient is a significant term in finite strain theory and applied and 

computational mechanics. It is a second-order tensor that represents the gradient of the 

mapping function or functional relation, which describes the motion of a continuum. The 

material deformation gradient tensor characterizes the local deformation at a material 

point with position vector, i.e. deformation at neighboring points, by transforming (linear 

transformation) a material line element emanating from that point from the reference 

configuration to the current or deformed configuration, assuming continuity in the 

mapping function.  

Several rotation-independent deformation tensors are used in mechanics. In continuum 

mechanics, the most popular of these are the right and left Cauchy-Green deformation 

tensors. Reversing the order of multiplication in the formula for the right Green-Cauchy 

deformation tensor leads to the left Cauchy-Green deformation tensor. 
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Assuming the current position of a material point as x and the reference position of the 

same point as X, the deformation gradient can be defined as 

     𝐅 ≝  𝛿𝑥
𝛿𝑋

                           (3.9) 

Then J, the total volume change at the point, is  

                                                       𝐽 ≝ det(𝐅)     (3.10) 

For simplicity, we define the deformation gradient with the volume change eliminated as  

                                                          𝐅� ≝ 𝐽−1 3� 𝐅        (3.11) 

Then the deviatoric stretch matrix or the left Cauchy-Green strain tensor of can be 

introduced as  

     𝐁� ≝  𝐅�. 𝐅�𝑇     (3.12) 

3.2.4 Strain energy density function and hyperelasticity 

A strain energy density function is used to define a hyperelastic material by postulating 

that the stress in the material can be obtained by taking the derivative of W with respect to 

the strain. So, hyperelasticity is a type of constitutive model for ideally elastic material for 

which the stress-strain relationship derives from a strain energy density function. 

A strain energy density function or stored energy density function is a scalar valued 

function that relates the strain energy density of a material to the deformation gradient. 

),(~).().(ˆ)(ˆ RBRBFFC 2
1

WWWWW T ====    (3.13) 

Equivalently, 

),()..()( RBRBRC T WWWW ===     (3.14) 

where F is the (two-point) deformation gradient tensor, C is the right Cauchy-Green 

deformation tensor, B is the left Cauchy-Green deformation tensor and R is the rotation 

tensor from the polar decomposition of F. 

For an isotropic, hyperelastic material the function relates the energy stored in an elastic 

material, and thus the stress-strain relationship, only to the three strain (elongation) 
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components, thus disregarding the deformation history, heat dissipation, stress relaxation 

etc.  

3.2.5 Strain invariants 

For isotropic materials the strain energy density function can be expressed uniquely in 

terms of the principal stretches or in terms of the invariants of the left Cauchy-Green 

deformation tensor. 

So, for isotropic materials, 

),,(),,(),,(~),,(ˆ
32121321321

CCC IIIUJIIWIIIWWW ==== λλλ              (3.15) 

where, I1 is the first strain invariant and I2 is the second strain invariant and can be 

defined as 
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2
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2
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3
4

2 ; λλλλλλ ++==
− IIJI                           (3.16) 

  
3.2.6 Compressible and quasi incompressible behavior 

A perfectly incompressible material deformed elastically would have a Poisson's ratio of 

exactly 0.5. Rubber has a Poisson ratio very close to 0.5. But when the material response 

is almost incompressible, the pure displacement formulation in which the strain invariants 

are computed from the kinematic variables of the finite element model, can behave 

poorly.  From a numerical point of view, the stiffness matrix is almost singular because 

the effective bulk modulus of the material is so large compared to its effective shear 

modulus, thus causing difficulties with the solution of the discretized equilibrium 

equations. To avoid such problems, it is more convenient to model rubber and rubberlike 

materials as nearly incompressible using a Poisson’s ratio of 0.49 to 0.4995. 

3.3 USER DEFINED MECHANICAL BEHAVIOR IN ABAQUS 

Several particular forms of the strain energy potential are available in ABAQUS for 

simulating the behavior or rubberlike materials. The incompressible or almost 

incompressible models make up: i) the polynomial form and its particular cases ii) the 

Ogden form iii) the Arruda-Boyce form; and iv) the Van der Waals form. 

ABAQUS/Standard also allows other forms of strain energy potentials to be defined for 
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isotropic materials via user subroutine. User-defined material behavior is provided by 

means of an interface whereby any mechanical constitutive model can be added to the 

library. It requires that a constitutive model (or a library of models) is programmed in 

user subroutine UMAT. The proposed improved hyperelasticity relation (Amin et al. 

2006a,b) was incorporated in the program by taking advantage of this feature. The feature 

is very general and powerful yet requires considerable effort and careful exercise. 

The proposed hyperelasticity model was incorporated by user subroutine UMAT 

(Appendix A.1). The characteristics of user defined material behavior, the special 

considerations and variable definitions are discussed in Appendix A.2, Appendix A.3 and 

Appendix A.4 respectively. 

3.4 FORMULATION FOR CODING IN USER SUBROUTINE 

The key part for successful implementation of a new material model is proper formulation 

of expressions for stress, deformation, stiffness and other parameters. The proposed 

hyperelasticity model was incorporated in the user subroutine UMAT (Appendix A.1), 

through formulating the Cauchy stress tensor and elasticity tensor from the improved 

strain energy density function (Amin et al. 2006a,b).  

3.4.1 Derivation of Cauchy stress tensor 

For a nearly incompressible hyperelastic material, the Cauchy stress tensor σ can be 

expressed as  

1

21

22 −

∂
∂

+
∂
∂

+−= BB1σ
I
W

I
Wp

         (3.17) 

where B is left Cauchy Green deformation tensor describing the strain quantity and W  is 

the strain energy density function. The left Cauchy Green deformation tensor B can be 

derived from the deformation gradient F of material particle as 

TFFB =             (3.18) 

For isotropic elastic materials, the strain energy function W can be expressed as a function 

of invariants of a deformation tensor Ii, (i=1, 3) 
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( )321 ,, IIIWW =                       (3.19) 

When the material is incompressible, the third invariant I3=1, and W is represented as a 

function of I1 and I2 only 

( )21 , IIWW =             (3.20) 

The deformation invariants can be written in term of the left Cauchy Green deformation 

tensor B  

BtrI =1  

( ) ( ){ }BBB trtrI −= 2
2 2

1
                    (3.21) 

Bdet3 =I  

Amin et al. (2002) proposed an improved strain energy function to modify the Yamashita 

and Kawabata (1992) model in terms of first invariant for NR and HDR in uniaxial 

compression. The improved strain energy function )( 1IW  is given as stated below 

1
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41
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N
C

)(IC)W(I                  (3.22) 

where C5, C3, C4, and M , N are the material parameters by using least square method 

(unrestrained fitting) for uniaxial compression test data.  

Later on in 2003, Wiraguna (2003) proposed the improved strain density energy with two 

invariants as 

( )33
1

3
1

3 22
1

1
41

1
3

1521 −+
+

+
+

+= ++ IC)-(I
M

C)-(I
N
C)-(IC),IW(I MN       (3.23) 

where C5, C2, C3, C4, N and M are the material parameters to be determined from 

experimental results by Wiraguna (2003) using least square method for compression and 

shear tests data. 
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Using Eq. (3.20) the Cauchy stress tensor for incorporating in ABAQUS can be derived 

from Eq. (3.15) as 

( ) ( )( ) 1
214135 2332 −+−+−++−= BB1σ CICICCp MN                      (3.24) 

3.4.2 Derivation of deviatoric components of elasticity tensor 

The deviatoric component of deformation gradient F  can be evaluate as 

( ) FFF 3
1

detˆ −=                    (3.25)  

The deviatoric component of the left Cauchy Green deformation tensor B can be 

consequently derived using F̂ as 

TFFB ˆˆˆ =            (3.26) 

Using Eq. (3.24), the different components of B̂  can be obtained in the form  
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Finally, the deviatoric components of the elasticity tensor, incorporated in ABAQUS, can 

be expressed as  
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Chapter Four 
VERIFICATION OF NUMERICAL SIMULATION 

4.1 GENERAL 

Derivation of the Cauchy stress tensor and the Lagrangian elasticity tensor for the new 

hyperelasticity relation has been described in Chapter 3. Numerical procedure for this 

new constitutive model in the general purpose FEM program, ABAQUS was also 

discussed. This chapter is devoted to performing numerical simulations of rubber as a 

material under different deformation modes using the newly incorporated constitutive 

law. In this process, the simulation results of rubber under compression and shear 

deformation modes are compared with experimental response to verify the adequacy of 

the developed code. 

4.2 MATERIAL PARAMETERS 

Stress-strain behavior of rubber is recognized to be nonlinearly elastic. At the initial 

stage, rubber shows a little bit high stiffness, with increased applied stretch, the initial 

stiffness disappears and at the end, stiffness starts to increase again prominently and the 

material approaches ultimate limit of deformability. 

To precisely simulate the nonlinear stress-strain behavior of rubber in equilibrium and 

instantaneous states, identification of proper material parameters of the hyperelasticity 

model is important. Amin (2001) performed uniaxial compression tests on rubber 

specimens to observe the mechanical behavior of natural and high damping rubber. Later 

on, cyclic tests in simple shear loading was also carried out by Wirugana (2003) to 

observe the mechanical behavior of rubber under shear deformation. 

Based on these experimental data for shear and compression, identification of parameters 

for the proposed hyperelasticity model was carried out by Wirugana (2003) using least 

square method. For simplicity, only positive loading path of simple shear tests was 

considered to determine material parameters. These parameters except for M and N were 

determined for the equilibrium and instantaneous states independently. The values of 

these material parameters which are used for numerical simulation of hyperelasticity 

models are listed in Table 4.1. 
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Table 4.1: Material parameters for High Damping Rubber (HDR) and Natural Rubber 
(NR) 

Specimens Responses C2 
(MPa) 

C3 
(MPa) 

C4 
(MPa) 

C5 
(MPa) M N 

HDR 
Equilibrium 0.145 1.182 -5.297 4.262 

0.06 0.27 
Instantaneous 0.166 2.477 -11.689 9.707 

NR 
Equilibrium 0.095 0.019 -0.515 0.754 

0.15 1.29 
Instantaneous 0.176 0.043 -0.861 1.056 

4.3 SIMULATION OF COMPRESSION BEHAVIOR 

Rubber experience large amount of compressive strain without significant permanent 

deformation or fracture. To show this phenomenon, the block models were compressed to 

50% of their initial height which corresponds to a stretch ratio of 0.5 and the performance 

of the models has been discussed in the following subsections.  

4.3.1 Geometry of the model 

Geometry and boundary conditions for the purpose of finite element simulation of 

compression are chosen based on the geometry and boundary condition of the test 

specimens used in experiments. This similarity eliminates any possibility of deviation of 

simulation results from the experimental results due to the difference in shape and 

boundary conditions.  

The rubber block model used for simulating compressive behavior is shown in Figure 4.1. 

All the nodes at the bottom surface except the central node A, are restrained along Y-

direction and free along other two directions. The central node A is restrained in all three 

directions. In top surface, the central node B is restrained in X-direction and Z-direction, 

whereas, all other nodes at the top surface are free. 

The selected mesh for this model consists of total 1000 8-noded brick (hybrid) elements, 

C3D8H have been chosen as the element type and fully integration mode is selected as 

integration scheme. The value of bulk modulus is listed in Appendix A.3. Compressive 

load is applied through vertical displacement of the top surface. 
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Figure 4.1: Geometry of the model used for numerical simulation of compression 

 

4.3.2 Equilibrium response 

When a viscoelastic solid is loaded at an infinitely slow rate, the response is known as 

equilibrium response. Numerical simulation results for equilibrium response using the 

elastic parameters of NR and HDR as listed in Table 4.1 is presented graphically in 

Figure 4.2. From the figures it is evident that the Cauchy stress-stretch relationship as 

obtained from the FEM simulation is in well agreement with the experimental results and 

the constitutive relation. The nonlinear behavior of hyperelastic material is well 

represented. For NR, the 3 responses are very similar, whereas, for HDR, the difference is 

ignorable. Similar simulations were also performed by Bhuiyan (2004). In this study, 

simulation results for NR and HDR from 2D and 3D analysis were compared with 

experimental results up to stretch ratio of 0.5. 

The deformed shapes and Cauchy stress contours for a stretch ratio of 0.5 has been shown 

in Figure 4.3. For both NR and HDR, the stress distribution is found to be uniform over 

the entire area and throughout the depth. This can be explained with reference to the 

boundary conditions. As all the nodes except the central two nodes have lateral degrees of 

freedom in both directions, the block has a very small effect of confinement. So the 

resulting stresses are same. 

In Figure 4.4, the changes in deformed shape and stress contour have been illustrated for 

different values of applied compression ranging from a small value (5%) to a very high 
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value (50%). In all the cases the pattern of Cauchy stress distribution is unchanged and 

the deformed shapes have also found to be consistent. 
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Figure 4.2: Cauchy stress-stretch relations for equilibrium response (a) NR (b) HDR 
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(a) 

 
(b) 

Figure 4.3: Deformed shape and Cauchy stress contour in equilibrium response for 50% 
compression (a) NR (b) HDR 
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(a) (b) 

  

(c) (d) 

 
 

(e) (f) 

Figure 4.4: Change in  stress pattern  with increase in applied compression for 
equilibrium response of NR (a) 5% compression (b) 10% compression (c)17.5% 
compression (d) 29% compression (e) 45% compression (f) 50% compression 
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4.3.3 Instantaneous response 

When load is applied at an infinitely fast rate the response is known as instantaneous 

response. In this case the numerical results have totally matched with those from 

experimental and constitutive relations for both NR and HDR. These nonlinear Cauchy 

stress-stretch relations are represented in Figure 4.5.  

The deformed shapes and Cauchy stress contours for a stretch ratio of 0.5 has been shown 

in Figure 4.6. Like equilibrium response, the stress distribution is found to be uniform 

over the entire model for both NR and HDR. The value of Cauchy stress of HDR at 50% 

stretch ratio is 2.89 MPa which is 44% higher as compared to NR. 

4.3.4 Effect of bulk modulus 

In addition to the material constants, the bulk modulus of rubber is an important 

parameter for simulating actual compressive behavior. Depending upon the level of 

confinement, high bulk modulus, which corresponds to almost incompressible material, 

can give very high stress results in compression. Since in the models described above, 

boundary conditions are chosen to minimize lateral confinement, bulk modulus does not 

have any effect on the stresses in this case. Same analysis was repeated for four different 

values of bulk modulus (K) 20 MPa, 40 MPa, 200 MPa and 2000 MPa for equilibrium 

response of NR and the results are shown in Figure 4.7. 
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Figure 4.5: Cauchy stress-stretch relations for instantaneous response (a) NR (b) HDR 
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(a) 

 
 

 
(b) 

Figure 4.6: Deformed shape and Cauchy stress contour in instantaneous response for 50 % 
compression (a) NR (b) HDR 
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Figure 4.7: Effect of Bulk Modulus on numerical simulation of compression 

 

4.4 SIMULATION OF THE BEHAVIOR IN SHEAR 

The shear deformation capacity of rubber is exceptionally high. It can practically undergo 

almost 200% -250% shear strain without any permanent deformation. However, for 

simulation purpose, the block models were subjected to a maximum of 100% shear 

displacement which corresponds to a shear strain of 1.0 for limited capacity of the 

developed code in shear strains. The resulting performance of the models has been 

discussed in the following subsections. 

4.4.1 Geometry of the Model 

The rubber block model used for simulating behavior in shear is shown in Figure 4.8. All 

the nodes at the bottom surface are restrained along X, Y and Z-directions. In top surface, 

all the nodes are restrained along Y-direction (vertical direction) and are free in rest of the 

two directions. 

The selected mesh for this model consists of total 800 8-noded brick (hybrid) elements, 

C3D8H have been chosen as the element type and fully integration mode is selected as 
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integration scheme. The value of bulk modulus is listed in Appendix A.3. Shear is applied 

through horizontal displacement of the top surface along X-direction. 

 

 

 

Figure 4.8: Geometry of the model used for numerical simulation of shear 

 

4.4.2 Equilibrium response 

Numerical simulation results for equilibrium shear response of NR and HDR is shown 

graphically in Figure 4.9. In the shape of the curve showing FEM results, the nonlinear 

behavior of the material is well depicted. For NR, the simulation gives slightly higher 

stress results as compared to the experimental and constitutive values. But as the variation 

is very small and also gives conservative results it can be ignored easily. For HDR, 

initially up to a strain range of 0.5 the FEM results are slightly higher, after that the curve 

tends to converge with the rest two curves. Similar simulations were also performed by 

Bhuiyan (2004). In this study, simulation results for NR and HDR from 2D and 3D 

analysis were compared with experimental results for shear strain up to 250%.  

The shear stress (S12) contours for NR and HDR are presented in Figures 4.10. The 

distribution of shear stress is symmetric about a central diagonal line. For NR, along the 

diagonal, the shear stress is minimum and tends to increase with the increase in distance 

from the diagonal line. The maximum shear stress occurs at two positions- the top left and 
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the bottom right corners. Since shear is applied along X-direction, there is no variation of 

shear stress along Z-direction (other horizontal direction). For HDR, the numerical values 

of stresses are different but the pattern of stress distribution and location of maximum and 

minimum remains same.  
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Figure 4.9: Shear stress-strain relations for equilibrium response (a) NR (b) HDR 
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The deformation patterns for shear as shown in Figure 4.11 are not homogeneous across 

the cross section and some lateral bulging is also present. Specially near the corners, 

excessive distortions of the elements is visible. Similar deformation pattern is also 

observed for instantaneous response in shear (Figure 4.13). For direct shear, the 

deformation pattern reported in similar previous literature (Bhuiyan 2004) suggests that 

the edges should be perfectly straight with homogenous deformation across the length. 

However, the stress and deformation patterns largely depend upon a number of factors, 

such as, choice of elements, formulation scheme of elasticity tensors and selected 

integration scheme. In the present case, use of 8-noded brick elements could be a possible 

reason for volumetric locking or hourglass mode phenomenon in the corner elements. 

Due to such unphysically stiff response, excessive distortion in the corner elements and 

deviations from the expected deformed shape is possible.  

In a previous study, Matsuda et al. (2004) applied shear deformation on rubber blocks and 

compared their deformed shapes from different solution techniques. In this study, 

depending upon the solution technique, slight variations in deformed shapes were 

observed. However, due to differences in applied constitutive model, solution techniques 

and other parameters, the deformed shapes and stress patterns of this study cannot be 

directly compared with the current work. 
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(a) 

 
(b) 

Figure 4.10: Deformed shape and shear stress contour in equilibrium response  
(a) NR (100% shear) (b) HDR (80% shear) 

4.4.3 Instantaneous response 

In instantaneous response the FEM simulation results show better agreement with the 

experimental and constitutive relation than the equilibrium response. The results are 

graphically illustrated in Figure 4.12. The stress contours are represented in Figures 4.13. 

They follow the same trend of distribution as equilibrium response, with numerically 

higher values, as expected. 
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(a)   

 
(b)   

Figure 4.11: Deformation pattern in simple shear  
(a) NR (100% shear) (b) HDR (80% shear) 
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Figure 4.12: Shear stress-strain relations for instantaneous response (a) NR  (b) HDR 
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(a)    
 

 
 

 

(b)    
 

 
Figure 4.13: Deformed shape and stress contour in instantaneous response  

(a) NR (90% shear) (b) HDR (100% shear) 

In Figure 4.14, the changing contours with increase in shear strain are shown for six 

different strain values. Interestingly, with increase in shear strain the stress distribution 

takes different patterns and after a certain strain level most of the area in the block except 

the corner portions, reaches approximately same stress level (75% of maximum stress). 
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(a) (b) 

 
 

(c) (d) 

 

 

 

(e) (f) 
Figure 4.14: Change in stress patterns with increase in shear displacement for equilibrium 
response of HDR (a) 1% shear (b) 5.5% shear (c) 34% shear (d) 44% shear (e) 54% shear 

(f) 70% shear 
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4.5 SIMULATION OF BEHAVIOR UNDER COMPRESSION AND SHEAR 

In the previous sections, numerical results for individual compression and shear were 

discussed. However in bearing applications, rubber is stressed under combination of 

compression and shear. Though experimental results are not available for these 

deformation modes, only simulation results are compared in this section to judge the 

application of the code in handling a more complicated but practical boundary condition. 

4.5.1 Geometry of the model 

The rubber block model used for simulating behavior under combined action of 

compression and shear is shown in Figure 4.15. All the nodes at the bottom surface are 

restrained along X, Y and Z-directions. In top surface, all the nodes are free in X, Y and 

Z-directions. 

The selected mesh for this model consists of total 800 8-noded brick (hybrid) elements, 

C3D8H have been chosen as the element type and fully integration mode is selected as 

integration scheme. The value of bulk modulus is listed in Appendix A.3. Load is applied 

in 2 steps. At the initial step, only compression is applied through vertical displacement of 

the top surface. In the next step, shear displacement is applied with the already sustained 

compression.  

 

 

Figure 4.15: Geometry of the model used for numerical simulation of combined action of 
compression and shear 
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4.5.2 Vertical Stress Response (S22) 

Figure 4.16 represents the Cauchy stress-stretch behavior for equilibrium and 

instantaneous response of both NR and HDR under combined loading. It is seen that 

minimum stress occurs for equilibrium response of NR. On the other hand, maximum 

stress results are found for instantaneous response of HDR. Hyperelastic material 

behavior is also best delineated with the S shaped curve for instantaneous response of 

HDR. 

Initially when only compression was applied, the compressive stress contours were very 

well defined as shown in Figure 4.17 with maximum stress located along the center line. 

Subsequently upon addition of shear, the stress pattern is rearranged with relocation of 

maximum stress at corners. The value of maximum Cauchy stress also increase from 1.32 

to 1.44 MPa for 100% shear. 
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Figure 4.16: Cauchy stress-stretch relation for combined action of compression and shear 
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(a) 
 
 

 
(b) 

Figure 4.17: Cauchy stress contour (a) Only compression (5%)  (b) Combined action of 
compression and shear (5% compression and 100% shear) 

 

4.5.3 Horizontal stress response (S12) 

The shear stress-strain relationship for equilibrium and instantaneous response of both 

NR and HDR is presented in Figure 4.18 for combined loading. It is seen that maximum 

shear stress is produced for instantaneous response of HDR. It also gives the most well 

defined curve. The shear stress distribution as shown in Figure 4.19 is almost 

homogenous except the corner regions.  
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Figure 4.18: Shear stress-strain relation for combined action of compression and shear 

 

 

Figure 4.19: Shear stress contour under combined action of compression and shear (5% 
compression and 100% shear) 

4.6 EFFECT OF MESHING ON SIMULATION 

In any FEM analysis, the selection of appropriate mesh and element size plays an 

important role in the simulation. The reliability and precision of simulation results can be 

increased by choosing optimal size of meshes. In the previous sections, for analysis of 
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rubber blocks in compression and shear, the optimum mesh size has been chosen based 

on investigations reported in similar previous studies (Amin et al. 2006a). However, for 

analysis of rubber bearings in the subsequent chapters, a preliminary mesh sensitivity 

analysis has been performed on a multilayer bearing for compression and shear. The 

dimensions and geometry of the bearing is discussed in more detail in the next chapter. 

The effect of mesh size has been analyzed with six different meshes. The details of the 

meshes are shown for a single rubber layer in Figure 4.20 and 4.21. 

The compression behavior of rubber pads is investigated with different mesh sizes in 

Figure 4.22. For Mesh 1 and Mesh 2, the rubber layers develop very large stresses at 

relatively small strain levels and show extremely high stiffness.  From the shape of the 

curve it is also evident that nonlinearity is not described. So the mesh must be redefined. 

For Mesh 3 and Mesh 4, the stress values are significantly decreased for same strain 

levels. But the material still fails to develop a nonlinear response. In Mesh 5 and Mesh 6, 

the stress-strain curves exhibit a well defined nonlinear behavior for a larger range of 

strain and the Cauchy stress values are relatively reasonable. The shape of the curve is 

closest to the desired shape for a hyperelastic material for mesh 6. Hence, considering all 

the aspects, the stress strain response of mesh 6 can be chosen as the most reliable one. 

From these comparisons, it is confirmed that the mesh size is a key factor for correctly 

simulating the compression response of any rubber bearing. So, the optimum mesh size 

must be carefully chosen. 

Figure 4.23 shows that for three different mesh sizes, the shear stress-strain relationships 

of the rubber pads are identical. Thus it is proven that shear behavior of rubber bearings is 

not influenced by the mesh size. So, while analyzing bearings for combined action of 

compression and shear, the compression behavior should be considered with greater 

importance for selection of optimum mesh size. 

Figure 4.24 shows the Cauchy stress contour in compression for two different meshes. In 

Mesh 1, rubber and steel layers are meshed only in single direction. As a result, the 

distribution of Cauchy stress is nearly uniform in the entire area and any variation is 

rarely noticeable. The Cauchy stress values are extremely high and the presence of some 

tensile stress is also identified which is totally unexpected for pure compression. On the 

other hand, mesh 6 shows a well defined stress contour with maximum stress at the center 

and minimum stress in the corners. It also exhibits a gradual decrease in stress from 
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center toward edge and no tensile stresses are formed.  So the stress patterns from Mesh 6 

are more realistic. 

In all the subsequent analyses for different type of rubber bearings, the results of this 

section are considered for idea on selecting the optimum mesh and element sizes. 

 

 
 (a) 

 

 
 (b) 

 

 
 (c) 

 Figure 4.20: Variation of mesh size (a) Mesh 1 (b) Mesh 2 (c) Mesh 3 
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 (d) 

 

 
 (e) 

 

 
 (f) 

 Figure 4.21: Variation of mesh size (d) Mesh 4 (e) Mesh 5 (f) Mesh 6 
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(a) 

 
(b) 

Figure 4.24: Variation of Cauchy stress contour with mesh size (a) Mesh 1 (b) Mesh 6 
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Chapter Five 
BEARINGS WITH TRADITIONAL STEEL PLATE 

ARRANGEMENTS 

5.1 GENERAL 

Incorporation of steel at alternate layers gives combination of horizontal flexibility and 

vertical stiffness in rubber bearings. Traditionally, in designing such bearings, the length 

and width of steel and rubber layers are kept equal and the grade of rubber is not varied 

within a single bearing. However, number of rubber layers, shape factor and property of 

rubber are the governing parameters for structural properties in rubber. In the previous 

chapter, FEM formulation of the proposed constitutive model has been implemented for 

analysis of individual rubber blocks. For compression and shear, the adequacy of the 

developed code has been verified by comparing the numerical results with the 

experimental data. In this chapter, the behavior of traditional rubber bearings has been 

examined using the developed code for rubber bearings having single, double and 

multiple rubber layers. However, in each case, material parameters are kept same for 

comparing the material response from each of the bearings. 

5.2 SINGLE LAYER RUBBER BEARINGS 

The developed finite element code has been used for analysis of single layer NR bearings 

of shape factors in the range from 1.25 to 30. These bearings are made of single rubber 

layer as, for analysis of such bearings, there is an available analytical theory derived by 

Kelly (1997). Kelly’s method is an approximate one based on linear elastic theory for 

bearings under compression and so far this is the only available formula for analyzing 

rubber bearings. In this subsection numerical simulation results from FEM have been 

presented and compared with analytical solution.  

5.2.1 Geometry of the models 

The bearing models used for simulation are square in shape as shown in Figure 5.1. In 

square bearings the responses are same and symmetrical for both directions. To study the 

effect of shape factors, different size of rubber pads has been modeled for both material 

and geometric nonlinearities. Table 5.1 gives a detail list of the dimensions of steel plates 
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and rubber pads for different shape factors (SF). During analysis, all the nodes at the 

bottom surface of the bearing have been restrained in all three directions, 8-noded 

continuum brick (hybrid) elements, C3D8H have been chosen as the element type and 

fully integration mode is selected as integration scheme. Material parameters for 

equilibrium response of natural rubber (Table 4.1) have been used in all the analyses of 

this chapter. The used value for bulk modulus is listed in Appendix B and shear modulus 

(G) is 0.98 MPa. 

 

 

Figure 5.1: Geometry and mesh of single layer bearing 
  

Table 5.1: Geometric characteristics of rubber bearings for different shape factors 

la 
 mm 

lb 
 mm 

tr  
mm 

ts 
 mm 

Shape Factor 
(SF) 

50 50 10 3 1.25 

50 50 5 3 2.5 

60 60 3 2.5 5 

150 150 3 2.5 12 

240 240 4 2 15 

240 240 2.5 2 24 

240 240 2 2 30 
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5.2.2 Response due to pure compression  

Compression is applied on top surface of the bearing by downward vertical movement of 

the top steel plate and resulting Cauchy stress-strain behavior of the bearing pads are 

compared with the analytical solutions in Figures 5.2 to 5.4. From the results, it is evident 

that there is a considerable difference between FEM solution and Kelly’s analytical 

solution which increases with increase in compressive strain.  This can be explained from 

the fact that Kelly’s theory is limited to elastic analysis but FEM is independent of 

geometric idealization of material. It takes into account the nonlinear hyperelastic 

material behavior and responds accordingly. As a result, the Cauchy stress values from 

FEM are much less than those from analytical solution. Similar comparisons for single 

layer rubber bearings were also performed previously by Bhuiyan (2004). For bearings 

with different shape factors; the FEM solutions produced larger stresses than analytical 

solution in this study also. 

The distribution of Cauchy stress across starting from point O across the length 𝑙𝑏  of 

rubber pads is plotted in Figures 5.5 to 5.9. All the values are taken at mid depth of rubber 

pad along section A-A. From the plots it can be seen that for bearing pads with low shape 

factors this distribution is parabolic. However, with increasing value of shape factors, the 

distribution becomes more uniform and for extremely high shape factors, the stress values 

are near to constant over the entire length, except the locations near edge. This trend of 

Cauchy stress distribution is also maintained in the analytical solutions but with a higher 

approximation. However, the difference between the two solutions progressively 

decreases with increase of shape factors and Kelly’s analytical results approach towards 

the FEM results. From Figure 5.2 to 5.8, it is also noticeable that the hyperelasticity 

property of rubber is very well exhibited for all shape factors in FEM.  

The deformed shape and stress contours for pure compression are represented in Figures 

5.9 to 5.12 for four different shape factors. The difference in stress contour over the depth 

and across the length is also shown for inside section. As mentioned above, the stress 

contours are more pronounced for lower shape factors, whereas, for higher ones, the 

stresses are nearly same. It can be explained from the effect of confinement. Lower shape 

factor implies thick rubber layers have very low confinement in the outer regions, 

medium confinement in the intermediate regions, and high confinement in the central 

regions. So, there are well defined variations in the stress levels. On the other hand, high 
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shape factor implies very thin rubber layers which have extremely high confinement at all 

the regions except the boundary area. So the stresses do not vary significantly. 
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Figure 5.2: Variation of Cauchy stress with Shape Factor  
(a) Shape Factor 1.25 (b) Shape Factor 5 
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Figure 5.3: Variation of Cauchy stress with Shape Factor 
 (a) Shape Factor 12 (b) Shape Factor 15 
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Figure 5.4: Variation of Cauchy stress with Shape Factor  
(a) Shape Factor 24 (b) Shape Factor 30  

79 
 



Chapter 5 

 

-12

-10

-8

-6

-4

-2

0
0 10 20 30 40 50

FEM solution
 Linear theory (Kelly 1997)

C
au

ch
y 

S
tre

ss
, S

22
 (M

Pa
)

Distance (mm)

 
(a) 

-12

-10

-8

-6

-4

-2

0
0 10 20 30 40 50

FEM solution
Linear theory (Kelly 1997)

C
au

ch
y 

S
tre

ss
, S

22
 (M

Pa
)

Distance (mm)  
(b) 

Figure 5.5: Distribution of Cauchy stress along horizontal direction (X-axis) 
 (a) Shape Factor 1.25 (b) Shape Factor 2.5 
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Figure 5.6: Distribution of Cauchy stress along horizontal direction (X-axis)  
(a) Shape Factor 5 (b) Shape Factor 12 
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Figure 5.7: Distribution of Cauchy stress along horizontal direction (X-axis) 
 (a) Shape Factor 15 (b) Shape Factor 24 
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(b) 

Figure 5.9: Cauchy stress contour for Shape Factor 1.25 (a) Full section (b) Section A-A 
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Figure 5.10: Cauchy stress contour for Shape Factor 5 (a) Full section (b) Section A-A 
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(b) 

Figure 5.11: Cauchy stress contour for Shape Factor 15 (a) Full section (b) Section A-A 
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(b) 

Figure 5.12: Cauchy stress contour for Shape Factor 30 (a) Full section (b) Section A-A 
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5.2.3 Shear stress at steel-rubber interface due to compression 

When compression is applied to the bearing pads, due to bulging, the compression strain 

causes a shear strain at the interface of rubber and steel plate with a peak value 6S times 

the compression strain; where S is the shape factor. In thin pads shape factor can be quite 

large, and hence, the multiplying factor as well. So the shear stresses (or shear strains) 

that develop under direct compression by the constraint of rigid steel layers to which the 

rubber is bonded are an important design consideration from steel-rubber bonding point 

of view. Any loss of bonding generally implies to loss of confinement and the vertical 

stiffness as well. In this subsection, the FEM results of shear stress developed at the edge 

of rubber pad due to pure compression are simulated, illustrated and compared with 

corresponding results from Kelly’s analytical solution. 

Figures 5.13 to 5.15 present the shear stress vs. strain relationship for different shape 

factors as listed in Table 5.1. From the plots, it is clear that the horizontal or shear 

stiffness of the bearings tend to increase slightly with the increase of shape factor. 

Previously Bhuiyan (2004) performed similar investigations on shear stress at rubber steel 

interface due to compression for different shape factors and found similar patterns of 

results.  

It must be noted that bearings need to have a high vertical stiffness and a low horizontal 

stiffness simultaneously. As vertical stiffness decreases for low shape factors (Figure 5.4 

to 5.6), the shape factor of bearing must be chosen carefully for practical applications. 

The comparison with Kelly’s solution shows a distinct dissimilarity between simulation 

and analytical stress results which increase with higher strain levels, same as in case of 

compressive stress. The reason behind such variation is the linear approximation on 

which Kelly’s theory is based. As FEM simulation considers both material and geometric 

nonlinear behavior of rubber, it is better able to predict the hyperelastic material response. 

The stress contours for shear stress produced by compression are presented in Figures 

5.16 and 5.17 for four different shape factors. The other contours follow the similar trend 

hence skipped for brevity. From the contours it can be said that the shear stresses do not 

vary significantly across the length, except the boundary regions. It is also evident that the 

pattern of stress distribution is independent of shape factor and is same for low and high 

shape factors. 
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Figure 5.13: Variation of shear stress with Shape Factor  
(a) Shape Factor 1.25 (b) Shape Factor 5 
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Figure 5.14: Variation of shear stress with Shape Factor 
 (a) Shape Factor 12 (b) Shape Factor 15 
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Figure 5.15: Variation of shear stress with Shape Factor  
(a) Shape Factor 24 (b) Shape Factor 30 
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(a) 

 
(b) 

Figure 5.16: Variation of shear stress contour with Shape Factor  
(a) Shape Factor 1.25 (b) Shape Factor 5  
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(a) 

 
(b) 

Figure 5.17: Variation of shear stress contour with Shape Factor 
(a) Shape Factor 15 (b) Shape Factor 30 
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5.3 DOUBLE LAYER RUBBER BEARING 

After analyzing simplified single layer bearings, the current section focuses on a 

laminated rubber bearing which consists of two rubber layers bonded and alternated by 

rigid steel shims. The collapse of such bearings can occur either by global failure or by 

local rupture or detachment of rubber from steel. Although failure behavior of rubberlike 

material should involve simulations with elasto-viscoplastic theories, the hyperelasticity 

solutions can shed light to it. Therefore it bears significant importance to have a close 

observation on the stress distributions within the rubber layers as well as the rubber-steel 

interfaces of the device. For a better idea on behavior of such bearings in different 

deformation modes, the model is analyzed for pure compression and simple shear and the 

findings are discussed hereby. 

5.3.1 Geometry of the model 

The bearing model consists of two thick steel plates at the top and bottom and two rubber 

layers of same thickness. A thin steel lamina is also placed in the center between the two 

rubber pads. The bearing is square in shape and the required dimensions of steel and 

rubber layers are shown in Figure 5.18. In the bottom surface all the nodes are restrained 

in three directions, 8-noded linear continuum (hybrid) elements, C3D8H have been 

chosen as the element type and fully integration mode is selected as integration scheme. 

The value of bulk modulus is listed in Appendix B. 
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Figure 5.18: Geometry of the model used for double layer rubber bearing  
(Shape Factor 4) 

  

5.3.2 Response due to pure compression  

The Cauchy stress strain relation for the rubber pads is illustrated in Figure 5.19. It shows 

that the behavior of rubber inside the pad and along the two interfaces is not same. 

Though the three responses follow the same path, they differ from each other in 

maximum strain level. For the same amount of compression, the strain developed at the 

two interfaces is about 40%. But within the rubber layer the strain decrease and becomes 

almost half (22%).The stress-strain behavior for the top and bottom rubber layer is 

identical. Hence only one plot is shown to avoid repetition. 

Figure 5.20 presents the distribution of Cauchy stress across the horizontal direction (X-

axis). The variation is parabolic for inside rubber layer and also along steel plate 

interface. But the curve representing Cauchy stress values along the interface, exhibits a 

flat peak in the center which indicates that the stresses in the central zone are constant. It 

also shows a small discontinuity of shape near the boundary regions and gives higher 

stress values than inside rubber layer. On the other hand, for inside rubber layer, the curve 

is a smooth parabola showing continuity in shape and a well defined peak at the centroid. 

The variation of Cauchy stress across the horizontal direction (Z-axis) is shown in Figure 

5.21. As the bearing is square in shape, theoretically these stress results should not vary 
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from those along X-axis. Comparing Figure 5.21 with 5.20, the similarity of the two 

graphs is evident which confirms the accuracy of simulation. 

The Cauchy stress contours for compression are represented in Figure 5.22. As seen from 

the figure, the maximum stress is developed at the center and decrease gradually towards 

the edge. In steel plates, stresses are minimum at the four corners. In case of rubber 

layers, the stresses at the edges are very small compared to rest of the areas. This is due to 

the reduction in level of confinement in the edges. 

Figure 5.23 demonstrates the variation of compression strain between steel and rubber 

layers. For the same amount of compression, steel develops a small amount of strain 

compared to rubber.  Rubber pads have undergone large deformations and reached a 

maximum strain of 48%, whereas, the maximum strain in steel plate is only 2.8%.  The 

highest strain in rubber pads is observed at the edges along the steel interfaces. The 

variation of strain across the depth of rubber pad is parabolic with minimum strain at mid 

depth. In the horizontal direction, the distribution of strain is nearly uniform as seen from 

Figure 5.21(b). 
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Figure 5.19: Distribution of Cauchy stress in rubber along different interfaces 
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Figure 5.20: Distribution of Cauchy stress in rubber along horizontal direction (X-axis) 
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Figure 5.21: Distribution of Cauchy stress in rubber along horizontal direction (Z-axis) 
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 (a) 

 
(b) 

Figure 5.22: Cauchy stress contour for pure compression (a)Full section (b) Section A-A 
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(a) 

 
(b) 

Figure 5.23: Variation of compression strain in rubber layers and steel plates  
(a) Full Section (b) Section A-A 
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5.3.3 Response due to simple shear   

A shear displacement equal to the total rubber thickness was applied and the resulting 

shear stress strain behavior is plotted in Figure 5.24. It shows that for the same applied 

shear, the strain developed at interface is almost twice than that at mid height of rubber 

layer. The stress values also vary accordingly. The shear stress at the interface is 0.85 

MPa, whereas at mid height of rubber layer it is 0.5 MPa. 

The distribution of stress in the direction of applied shear is graphically depicted in Figure 

5.25. It is seen that the magnitude of shear stress is uniform over the length and for the 

central one third portion it remains constant. In the boundary region the stresses are 

decrease but the difference is very small. In the perpendicular direction, the maximum 

shear stresses develop at the two boundaries and decrease in the intermediate area. 

However the overall variation of shear stress is not significant and the distribution is 

almost homogenous for both directions. 

This phenomenon is better focused in the stress contour in Figure 5.26.  It shows two 

distinct bands in the edges with extreme values and rest of the areas are single colored 

indicating negligible variations. Presence of steel shims is the reason behind this type of 

stress patterns. Because without any steel, individual rubber blocks exhibit significant 

variation in shear stress, as discussed in the previous chapter (Figure 4.10 and 4.13). So 

there exist significant variation in pattern of shear stress distribution for individual rubber 

blocks and rubber layers in the bearing. Figure 5.27 shows the deformation pattern for 

applied shear.  
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Figure 5.24: Distribution of shear stress in rubber along different interfaces 
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Figure 5.25: Distribution of shear stress in rubber along horizontal direction 
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Figure 5.26: Stress contour for simple shear 

  

 

 
Figure 5.27: Deformation pattern for  simple shear 
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5.4 MULTILAYER RUBBER BEARINGS 

As a next step of analysis, a bearing comprising multiple layers of steel and rubber is 

simulated and its performance under compression and shear is tested numerically. In the 

course of analysis, the effect of change in mesh size and different shape factors on the 

compression and shear response of the model has also been investigated. 

5.4.1 Geometry of the model 

The bearing is square in shape and contains multiple alternate steel and rubber laminas 

bonded together as shown in Figure 5.28. To study the effect of shape factor, the 

thickness of the rubber layer is varied. Table 5.2 contains a detail list of the dimensions of 

steel plates and rubber pads used for different shape factors. The boundary condition is 

same as previous. All nodes at the bottom surface of the bearing are restrained in all three 

directions and 8-noded continuum brick (hybrid) elements, C3D8H have been chosen as 

the element type and fully integration mode is selected as integration scheme. The value 

of bulk modulus is listed in Appendix B. 

 

 

Figure 5.28: Geometry of model for multilayer rubber bearings 
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Table 5.2: Geometric characteristics of rubber bearings for different shape factors 

la  
mm 

lb  
mm 

tr  
mm 

ts  
mm nr ns 

Shape 
Factor (SF) 

240 240 10 2 6 5 6 

240 240 5 2 6 5 12 

240 240 4 2 6 5 15 

240 240 2.5 2 6 5 24 

240 240 2 2 6 5 30 

 

5.4.2 Response due to pure compression   

The effect of shape factor is very pronounced on the compression behavior of bearings as 

portrayed in Figure 5.29. Here for the lowest shape factor (SF 6), the stresses are 

minimum and the response is nearly linear. With increase in shape factor, the curve 

changes its shape delineating increasing nonlinearity in the behavior.  For any particular 

strain, higher shape factor results in higher stresses in the rubber pads and maximum 

stresses are developed for the highest shape factor considered (SF30). So it can be said 

that while designing rubber bearings, it is accordingly essential for a designer to choose 

an appropriate shape factor that best meets the design requirements. 

The variation of Cauchy stress contour for different shape factors are illustrated in Figure 

5.30. It is clearly visible that lower shape factors show greater variation of stress. For SF 

15, the location of maximum stress is a small circular region in the center. When the 

shape factor is doubled, the zone of maximum stress is widened and more than 50% area 

in the center develops almost constant stress. So in addition to the stress-strain behavior, 

the pattern of stress distribution is also highly dependent on shape factor. 

For same shape factors (shape factor 15 and shape factor 30), the Cauchy stress contour 

of single and multi layer bearing show significant difference in pattern of stress 

distribution. For single layer bearings, nearly same stress develop over the entire length 

(Figures 5.11 and 5.12), whereas for multilayer bearings, continuous decrease in the stress 

is observed from center towards the edges (Figures 5.30).  Comparing the Cauchy stress 

strain behavior for same shape factors, it was also observed that for same strain level, 
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larger stresses develop in multilayer bearings (Figure 5.29) as compared to the single 

layer bearings (Figures 5.3 and 5.4). 

5.4.3 Response due to simple shear   

The behavior of the multilayer bearing is investigated under simple shear for different 

shape factors. Figure 5.31 illustrates the effect of shape factors on shear stress-strain 

relationship of rubber layers.  It is visible that variation of shape factor does not induce 

changes in stress-strain relationship for shear. 

Figure 5.32 shows that the deformation pattern for shear is nearly homogenous in the 

steel and rubber layers. The shear stress contour for this multilayer bearing is plotted in 

Figure 5.33.  From this contour it is identified that the variation of shear stress is more 

notable for the steel plates. Rubber layers, on the other hand, develop a nearly uniform 

stress contour which is also seen previously in the case of double layer bearing. 

Previously, in case of individual rubber blocks in shear (Figure 4.10 and Figure 4.13) the 

stress contour showed large variation of stresses. So it can be said that that the presence 

of alternate steel shims helps to develop a uniform shear stress distribution in the rubber 

layers. 
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Figure 5.29: Variation of Cauchy stress with Shape Factor 
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(a) 

 

 
 (b) 

Figure 5.30: Variation of Cauchy stress contour with Shape Factor  
(a) Shape Factor 15 (b) Shape Factor 30 
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Figure 5.31: Variation of shear stress with Shape Factor 

 

 

 
Figure 5.32: Deformation pattern for  simple shear 
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Figure 5.33: Stress contour for simple shear 
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Chapter Six 
IMPROVED PERFORMANCE IN ROTATIONAL BEHAVIOR  

6.1 GENERAL 

Rubber bearings are often thought of having a limited load capacity. When load exceed a 

certain threshold, designers tend to use pot, disk or spherical bearings instead (Stanton et 

al. 2008). One practical reason is the low stresses permitted in rubber bearings often result 

in large bearing for carrying a high load, and the space may not be available for it. 

However, molding a large rubber bearing may also impose problems. Such bearings are 

likely to have a limited rotation capacity, and that may ultimately prove more of a limit 

than load capacity. Large rotation causes stress concentration near to edges. Such stress 

concentration has potentials to initiate fatigue related damage in the bearing. Therefore, 

the capacity of the rubber bearing to accommodate loads and rotation without excessive 

damage or failure is one of the major concerns of designers at present. 

 In the previous chapter, analysis of traditional bearing types using the developed FEM 

code was discussed in detail. The main focus of this chapter is analysis of rubber bearings 

which with their modified design features are expected to have better capacity in rotation 

in addition to their compression and shear load taking capacities. 

6.2 DESIGN OF RUBBER BEARING FOR ROTATION 

In a rubber bearing with externally bonded steel plates, the bearing is forced to follow the 

rotation angle directed by the girder, even if it results in local tension stresses and strains 

in rubber in the tension side (Figure 2.5). In extreme cases, rubber might suffer sudden, 

brittle, internal rupture (Gent and Lindley, 1959a). So, to ensure a comprehensive 

performance of bridge bearings, it is accordingly important to investigate the rotational 

capacity of the bearings in addition to compression and shear capacities. 

In the following subsection, four different bearing models are considered for analysis 

with the developed FEM code. The applied load is a combination of rotation and a small 

amount of compression, which is always present in practical situations due to dead load 

and live load of girder. The internal arrangement of rubber and steel layers and grade of 

rubber is varied and the resulting performances are investigated and discussed hereby. 
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6.2.1 Geometry of the models 

The bearing models used for simulation are square in shape. Due to the applied rotation, 

the model possesses only one symmetry plane. Taking advantage of that symmetry, only 

half of the bearing is modeled. The models vary within themselves in dimension, 

arrangements of steel plates and grades of rubber. Perfect bonding has been achieved 

between all the layers by merging the layer together at the interfaces. A constant 

magnitude of vertical displacement and rotation is maintained in all four models. These 

values (Table 6.1) are chosen considering the possible range relevant to practice.  

Table 6.1: Applied load/displacement on four models in this subsection 

Load/Displacement Magnitude 

Vertical 
displacement 2.5 mm 

Rotation 0.38 
degree 

In Model 1 and 2, the central steel plate is continuous up to side cover and the other steel 

plates are of smaller length. In Model 3 and 4, all the steel plates are continuous up to side 

cover. Two different grades of rubber are simultaneously used in Model 1 and 3, whereas 

only Rubber 1 is used in Model 2 and 4. The detail dimensions and arrangements of steel 

plates and rubber pads for different models are shown in Figure 6.1. 

 The selected mesh for these models is shown in Figure 6.2. As seen from the figures, the 

mesh is refined in the interfaces between two different rubber types to better predict the 

possible stress concentration in these zones and also to minimize local mesh distortions. 

In the vertical (Z-axis) direction, the top and bottom steel plates are divided in two 

elements and rest of the layers are divided in 4 elements to increase the adequacy of 

simulation. 8-noded linear continuum (hybrid) elements, C3D8H have been chosen as the 

element type and fully integration mode is selected as integration scheme. The value of 

bulk modulus is listed in Appendix B. 
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Figure 6.1 (a): Geometry and materials of Model 1 
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Figure 6.1 (b): Geometry and materials of Model 2 
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Figure 6.1 (c): Geometry and materials of Model 3 
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Figure 6.1 (d): Geometry and materials of Model 4. 
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(a) 

         
(b) 

 
Figure 6.2: Mesh of the bearing models (a) Side view (b) Top view (c) 3D view  
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6.2.2 Design for materials and parameters 

Simple shear tests have been previously carried out at Kawakin Core-Tech (Japan) on two 

different grades of natural rubber with shear modulus (G) 1.2 MPa and 0.8 MPa. The 

shear stress vs. strain response as observed from the experiments is plotted in Figure 6.3. 

Based on these experimental data, identification of material parameters for the proposed 

hyperelasticity model was done. The values of these elasticity parameters used for 

subsequent analysis are listed in Table 6.2. 
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Figure 6.3: Shear stress vs. strain response obtained from experiments for the two rubber 

grades 

Table 6.2: Elasticity parameters 

Material G 
MPa 

C2 
MPa 

C3 
MPa 

C4 
MPa 

C5 
MPa 

M 
 

N 
 

Rubber 1 1.2 3.2803 1.0244 -5.7813 3.2803 0.15 0.4777 

Rubber 2 0.8 2.6921 0.93809 -4.9917 2.6921 0.15 0.4777 

Experiment 

Best fit with  

Amin et al. 2006 
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6.2.3 Prediction of performance with improved hyperelasticity model 

A comparison between the stress responses obtained by using widely used Mooney-

Rivlin model and the improved constitutive model. (Amin et al. 2006a,b) has been 

performed to justify the performance of the proposed constitutive model.  Simulation 

results for Model 2, using the equilibrium parameters of NR and for Model 4, using 

equilibrium parameters of HDR (Table 4.1) are plotted in Figure 6.4. The results show 

that for same applied rotation, the stresses obtained from Mooney-Rivlin model are 

higher than those from proposed constitutive model.  

Similar comparisons are also performed for the all four bearing models described in 

Figure 6.1 using the elasticity parameters given in Table 6.2. The simulation results are 

graphically shown in Figure 6.5 and 6.6. From the results it is visible that the stresses 

obtained from Amin et al. (2006a,b) model are slightly less than those obtained from 

Mooney –Rivlin model, especially in the central region of the bearings.  However, the 

pattern of stress response from these two constitutive models is found to be similar as 

seen in a related previous study (Milani and Milani 2012). In this study, it was shown that 

the stresses from Mooney-Rivlin model tend to be slightly higher than the Amin et al. 

(2006a,b) model. 
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Figure 6.4: Comparison of maximum principal stress between the conventional Mooney-Rivlin 
(Mooney 1940, Rivlin 1948a,b) and the Amin et al. (2006a,b) model   

(a) NR (Model 2) (b) HDR (Model 4) 
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Figure 6.5: Comparison of maximum principal stress between the conventional Mooney-
Rivlin (Mooney 1940, Rivlin 1948a,b) and the Amin et al. (2006a,b) model  

 (a)  Model 1 (b) Model 2 
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Figure 6.6: Comparison of maximum principal stress between the conventional Mooney-Rivlin 
(Mooney 1940, Rivlin 1948a,b) and Amin et al. (2006a,b) model  (a) Model 3 ( b) Model 4 
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6.2.4 Comparison of performance within four bearing types 

The stress responses for the four models (Figure 6.1) are compared using the material 

parameters listed in Table 6.2 and the results are presented graphically in Figure 6.7 to 

6.9. Figure 6.7 shows the simulation results for maximum principal strain in the four 

different models. It is evident that the strains are practically zero in the central region but 

possess extremely high values as they approach the edges. So it is likely that in the case 

of rotation, extremely high stresses would develop in this boundary areas and the failure 

would be initiated in this zone. For Model 1 and Model 2, a sharp change in strain is 

observed near the edges. This is due to change in grade of rubber. 

Experimental observation on rubber bearings also show that, under application of axial 

load and rotation, stress concentration at the rubber edges is extremely high (Stanton et al. 

2008). Under severe loading this stress can lead to debonding of elastomer from the steel 

plates. It can starts with tensile debonding of side cover from the ends of the plates and 

propagates inwards. So in order to ensure comprehensive performance in rotation, the 

bearings must be designed such that stress values near the boundary regions are 

minimized. Several possibilities are investigated in the current work and the comparison 

of their stress response is illustrated in Figure 6.8. For Model 4, which represents 

conventional design approach of bearings with continuous steel and single grade rubber, 

the stresses are maximum. For Model 3, the stresses slightly decrease but the variation is 

not significant. However, significant reduction in stress level has been observed, for 

Model 1 and 2, especially in the edge zones, which are considered as most critical 

location. The distribution of vertical Cauchy stress also follow the same pattern as seen in 

Figure 6.9.  

Figure 6.10 and 6.11 show the undeformed shape of the models. Separate color has been 

used for different materials, for better representation of the steel plate arrangements and 

variation of rubber within the bearing. Figure 6.12 and 6.13 compares the contours for 

maximum principal stress for the four models. From the figures it can be seen that for 

same loading, the maximum compressive stress in Model 1 and Model 2 is less than 

Model 3 and Model 4. Among all the models, the maximum compressive stress is 

developed in Model 4, which is the traditionally designed bearing model. It is also 

observed from the contour that for Model 1 and 2, the compressive stresses in the rubber 

layers significantly decrease towards the end. But, for Model 3 and 4 the high stress 
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values in rubber are almost constant over the entire length. Formation of high tensile 

stresses in the interface of top cover and top steel plate is observed in Model 1 and 2. So, 

it could be identified as a potential failure location. In Model 3 and 4, maximum tensile 

stresses are located at the interface of top steel plate and adjacent rubber layer and 

detachment of rubber from steel plate could initiate local rupture. Tensile stresses also 

develop in the side cover for Model 3 and 4 which increases the chances of failure by 

debonding of side cover. 

From the above discussions, it is clear that decreasing the length of intermediate steel 

shims can produce significant improvement in the rotation capacity of bearing, and 

incorporation of a rubber with lower shear modulus in the boundary area can further 

enhance the performance. So Model 1 can be considered as an improved design for 

bearings which are likely to encounter rotation with compression loads.  
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Figure 6.8: Variation of principal stress for different models 
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Figure 6.9: Variation of vertical Cauchy stress strain for different models 
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(b) 

Figure 6.10: Undeformed shape showing different materials in separate colors  
(a) Model 1 (b) Model 2 (Rubber 1 in white, Rubber 2 in red and Steel in green) 

 

 

124 
 



Improved Performance in Rotational Behavior   

 

 

 

(a) 
 

 
(b) 

 
 
 

Figure 6.11: Undeformed shape showing different materials in separate colors  
(a) Model 3 ( b) Model 4 (Rubber 1 in white, Rubber 2 in red and Steel in green) 
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(a) 

 
(b) 

Figure 6.12: Maximum principal stress contour (a) Model 1 (b) Model 2 
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Figure 6.13: Maximum principal stress contour (a) Model 3 (b) Model 4 
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6.3 STRUCTURAL PERFORMANCE DUE TO DESIGN MODIFICATION 

In the previous section, the rotation capacity of four different bearing designs has been 

investigated to identify the one with most comprehensive performance. In this section, the 

model is further analyzed for different deformation modes and for different shape factors. 

The findings of this study are presented hereby. 

6.3.1 Geometry of the models 

The same geometry of Model 1 of Figure 6.1a is used in this section. The elasticity 

parameters are same as Table 6.2. To study the effect of shape factor, thickness of the 

rubber layers is varied. Definition of shape factor follows same as equation 2.2. List of 

the dimensions is provided in Table 6.3. The element types and boundary conditions are 

same as section 6.2.1. 8-noded linear continuum (hybrid) elements, C3D8H have been 

chosen as the element type and fully integration mode is selected as integration scheme. 

The value of bulk modulus is listed in Appendix B. To increase the adequacy of 

simulation, the mesh is slightly modified in vertical direction. 

Table 6.3: Thickness of Rubber 1 layers for different shape factors 

tr(mm) Shape Factor (SF) 

10 6 
5 12 
3 15 
3 24 
4 30 

 

6.3.2 Behavior under pure compression 

The Cauchy stress-strain behavior of Rubber 1 and Rubber 2 under compression is 

presented in Figure 6.14. From the figure it is clear that the behavior of Rubber 1 differs 

significantly between its two locations- side cover and central rubber pads. The side cover 

has almost negligible amount of confinement as compared to the central Rubber 1 layers 

and therefore develops extremely small amount of stress in compression. The central 

Rubber 1 layers are highly confined by the steel plates and the surrounding thick Rubber 
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2 layers. So they exhibit extremely high stiffness. Rubber 2, on the other hand, is 

relatively less stiff than Rubber 1and it also undergoes higher compression strain. 

The distribution of Cauchy stress in three principal directions shows similar patterns 

(Figure 6.15). The compression is applied along vertical direction (Z-axis). So 

theoretically the stresses in X and Y directions should be same. In the figure, these two 

graphs grossly match, which indicates the adequacy of simulation. The variation of 

Cauchy stress is symmetrical and the maximum stress is constant over the entire central 

zone, whereas, near the boundary, the rate of decrease of Cauchy stress is extremely high.  

The effect of shape factor on the two rubber types is highlighted in Figure 6.16 and 6.17. 

As the results imply, increasing shape factor increases the axial stiffness for both rubber 

types and therefore it can be said that a large bearing with higher shape factor would carry 

compression load better. The variation of Cauchy stress with distance is illustrated in 

Figure 6.18 for different shape factors.  While the numerical value of stresses increases 

with increase in shape factors, the patterns remain identical. But interestingly for higher 

shape factors, the maximum stresses occur at the transition point between Rubber 1 and 

Rubber 2 and then decrease towards the center. A sharp rise in the stress is also observed 

at these transition edges and the magnitude of this rise also increases with shape factor. 

For different shape factors, Figure 6.19 shows the maximum Cauchy stress developed in 

the bearing, while Figure 6.20 presents the maximum vertical displacement that the 

bearing would allow safely.  

Rubber is not truly incompressible and for high shape factor bearings, slight change in 

compressibility has greater influence on axial stiffness. This effect is graphically depicted 

in Figure 6.21, where the Cauchy stress–strain relationship of Rubber 1 is shown for 

different bulk modulus.  It is evident that increase in bulk modulus produces significant 

increase in stiffness of the material. From the trend of the graphs it can be also assumed 

that for incompressibility conditions, the material would become infinitely stiff. So for 

actual simulation of the bearing’s response the bulk modulus should be chosen 

appropriately. 

The Cauchy stress contour for different shape factors of Model 1are compared in Figure 

6.22 and 6.23. As seen from figure, the pattern of stress contours for lower shape factors 

differs significantly from the higher ones. In SF 6, maximum stresses develop at the 
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central Rubber 1 layers and decrease towards the Rubber 2 layers. Near the edges, sudden 

drop in stresses is also observed, which is unique for this shape factor only. Formation of 

tensile stresses in the side cover is observed at some transition zones. But in all other 

areas of side cover stresses are predominantly compressive. In SF 12, continuous change 

in stress from centre to the edge is visible in the central layers of Rubber 1, whereas, in 

thick outer layers the stresses are almost uniform. For higher shape factors (SF 24 and SF 

30), the pattern of stress contour is almost same. A central area of almost constant stress 

is visible with a gradual decrease towards the edge. The side cover is subjected to tensile 

stresses along the interface with steel plates, which indicate the possible chances of 

tensile debonding of the side cover. 

The Cauchy stress contour for the two other principal directions is illustrated in Figure 

6.24. As discussed previously, they posses similar patterns and same magnitude. The 

variation of strain between steel and rubber layers is shown in Figure 6.25. Formation of 

tensile strain in steel layers is noticeable, though it has extremely small magnitude 

compared to the compression strain in rubber layers. The strain levels are almost same in 

all the layers of rubbers but show significant decrease in the side cover. A possible reason 

behind this variation could be the effect of confinement.  
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Figure 6.17: Variation of Cauchy stress in Rubber 2 layer for different shape factors 
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(a) 

 
(b) 

Figure 6.22: Variation of vertical Cauchy stress contour with Shape Factor for Model 1 
 (a) Shape Factor 6 (b) Shape Factor 12 
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(a) 

 
(b) 

Figure 6.23: Variation of vertical Cauchy stress contour with Shape Factor for Model 1 
 (a) Shape Factor 24 (b) Shape Factor 30 
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(a) 

 
(b) 

Figure 6.24: Variation of Cauchy stress in other 2 principal directions for 2.5 mm vertical 
displacement (a) Along X-axis (b) Along Y-axis 
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Figure 6.25: Typical variation of axial strain in rubber and steel layers 

6.3.3 Behavior under compression and rotation 

The most common design problem associated with rubber bearings is rotation, and 

particularly with load combinations that include light axial load and large rotations. If 

large rotations occur, one side of the bridge sole plate experiences net upward movement, 

the bearing necessarily follows and elastomer experiences direct tension. It eventually 

results in uplift failures. In this sub section the performance of the bearing is evaluated for 

two different magnitude of applied rotation (Table 6.4) with a fixed amount of 

compression (2.5 mm vertical displacement) for a better idea about their rotation 

behavior. 

Table 6.4: Applied rotation 

Rotation Magnitude 

Rotation 1 0.38 
degree 

Rotation 2 0.48 
degree 
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From Figure 6.26 it can be seen that the distribution of principal stress becomes 

unsymmetrical upon the application of rotation. It is evident from the shape of the curve 

that rotation produces tension on the left side of the bearing and after interacting with the 

already present compression, resultant principal stresses are decreased in this side. On the 

opposite side, the compressive stresses from rotation combine with the stresses due to 

pure compression and result in higher principal stresses. When the applied rotation is 

small (0.38 degree,) the variation of stress between two sides is minor. But with increase 

in rotation the distribution is more skewed and variation of stresses is more prominent. 

Considering the trend of the curves it can be predicted that if the compression is very light 

or if larger rotations occur, net tensile stresses are likely to develop in the left side. But 

since the bearing is designed in a way to minimize stress magnitude in the boundary 

region, so it can be expected that tensile stresses even if occur would be within tolerable 

limit. So chances of tensile detachment or uplifting would be minimal. The pattern of 

vertical Cauchy stress is also similar to the principal stresses as seen in Figure 6.27. 

Variation of vertical Cauchy stress for only compression and compression with rotation is 

shown in Figure 6.28. For only compression the stress distribution is symmetric and 

stresses in the central region are constant whereas, for compression and rotation, the 

stress distribution becomes asymmetric. The change in maximum principal stress contour 

when rotation is added with compression is compared with stress contour for pure 

compression in Figure 6.29. For only compression loading, the stress distribution is very 

well defined across the bearing. While compressive stresses dominate in the rubber layers 

and small steel plates, tensile stresses are prominent in the central steel plate and the 

interfaces of top and bottom steel plates with cover. Tensile stresses are also found to be 

present in the side cover along the interfaces with steel plates. In case of added rotation, 

the location of maximum compressive stress is shifted toward the right with a decrease in 

magnitude of maximum stress. In this case, extremely high tensile stresses develop at the 

interface of top cover with top steel plate and tensile stresses occur in the entire side 

cover. So visibly, the stress condition in rotation is more critical than pure compression. 
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Figure 6.26: Variation of maximum principal stress for 2 different applied rotations 
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Figure 6.28: Variation of vertical Cauchy stress  
(a) Only compression (2.5 mm) (b) Compression (2.5 mm) and rotation (0.47 degree) 
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(a) 

 
     (b) 

Figure 6.29: Maximum principal stress contour  
(a) Pure compression (b) Combined action of compression and rotation 
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6.3.4 Behavior under shear 

In rubber bearings, imposed shear deformations cause shear stresses that are relatively 

constant over the whole layer, including the critical end of the plate. However, in the 

present bearing model, two different rubber grades are simultaneously used and hence its 

behavior in shear slightly differ that conventional response type. Figure 6.30 shows the 

shear stress-strain relation for the two rubber types. Rubber 1 is seen to have higher shear 

stiffness. But the maximum strain develops in the Rubber 2 layers which is almost 100% 

in some locations. 

Across the rubber layers variation of shear stress is graphically depicted in Figure 6.31. It 

is clear that shear stresses are low in the boundary regions and show sudden positive 

changes at the interfaces of different rubbers. However, the magnitude of shear stress is 

almost constant in the central area which matches the shear stress pattern as observed for 

traditional bearings. This is also illustrated in the shear stress contour in Figure 6.32. The 

deformation pattern in shear is homogeneous which is reflected in the figure 6.33. 
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Figure 6.32: Typical stress contour of Model 1for simple shear  
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Figure 6.33: Typical deformation pattern for simple shear 
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Chapter Seven 
CONCLUSIONS 

7.1 GENERAL 

The work presented in this dissertation describes a procedure for implementation of a new 

constitutive model (Amin et al. 2006a,b) in finite element methods. In this course, 

formulation of the proposed constitutive model is described and a mixed finite element 

method adaptive for the proposed constitutive model is selected. Three-dimensional finite 

element model of natural and high damping rubber material is constructed and verified in 

comparison with the experimental results. Detailed modeling of traditional laminated 

rubber bearings is done and their microscopic behavior is investigated under large 

deformations. Furthermore, rotational behaviors of new bearing types are obtained 

through numerical simulations. Finally, through a parametric study an improved bearing 

design is has been justified for general comprehensive performance. 

7.2 VERIFICATION OF NUMERICAL SIMULATION 

Plain blocks of rubber were modeled in finite element program ABAQUS (Hibbit 2009) 

and nonlinear static analysis has been performed for pure compression, simple shear and 

their combinations. The simulation results have been compared with results obtained from 

constitutive relation and experimental observations to verify the adequacy of the 

developed code in simulating nearly incompressible, equilibrium and instantaneous 

response of natural and high damping rubber. 

The size of the specimens and boundary conditions were carefully chosen to reflect the 

original experimental conditions.  Three dimensional finite element analyses have been 

carried out considering both material and geometric nonlinearities. For pure compression, 

both equilibrium and instantaneous response were simulated and the analysis outcome for 

NR showed very good agreement with those obtained from constitutive relation and 

experimental results. For HDR, the equilibrium response matched exactly with the 

constitutive relation but showed slight variation with the experimental values in the 

medium stretch zone.  However, for instantaneous response, the three results are in a 

good agreement with each other for the entire stretch range. 



Conclusions   

The effect of bulk modulus on simulation results was investigated and has been found to 

have no significant influence in case of compression under the chosen boundary 

conditions. 

The stress contours for uniaxial compression are homogenous over the entire block. The 

value of Cauchy stress is constant at each point in the sample. This conforms to the 

experimental conditions which were carefully selected to avoid any local confinement 

effect. The deformed shapes show uniform bulging of the block in each direction which 

confirms the absence of lateral confinement. 

For simple shear, the geometry and boundary conditions of the model were kept same 

with the experimental situations. The equilibrium and instantaneous response of NR 

showed good agreement with those obtained from constitutive relation and experiment. In 

case of HDR, the simulation results showed slight variation from the constitutive relation 

However, the nonlinearity of the material has been highlighted in the stress strain 

response for all the models. The extremely large strains developed in case of shear depict 

the inherent capability of rubber to undergo large deformations. 

The stress contour for shear shows that the stresses are symmetric with respect to the 

larger diagonal of the model and maximum and minimum stresses occur near the two 

opposite edges. This is due to the fact that maximum shear strains also develop in these 

regions which is visible from the locally distorted mesh. 

For combined action of compression and shear, experimental results are not available at 

present. Comparisons have been done within different material and response type. In this 

case, instantaneous response of HDR showed highest stiffness and highest nonlinearity in 

its behavior. The stress contours of axial stress showed formation of tensile stress along 

edges which is due to the coupling effect of compression and shear. The shear stress 

contour showed nearly uniform magnitude of stresses over the entire area except for the 

corners.  

7.3 BEARINGS WITH TRADITIONAL STEEL PLATE ARRANGEMENTS 

Three different cases of traditional bearings were analyzed using the developed FEM 

procedure starting with the most simplified one, which comprises only one rubber layer. 

Pure compression was applied on models of different shape factors and the results of 
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compressive and shear stress were compared with analytical solution obtained using 

Kelly’s method (Kelly 1997). 

From the analysis, the vertical stiffness of the bearing was found to increase with shape 

factor. The analytical theory provided higher results for each case but the difference 

between simulation and analytical solution decreased with increased shape factor.  The 

variation of compressive stress across the horizontal distance was plotted for different 

shape factors. For both FEM and analytical results, the curve became gradually more flat 

with increased shape factor. The shear stress produced by compression at the interface of 

rubber and steel was also investigated for each shape factor and compared with analytical 

results. The stress contours showed that the variation of shear stress over the entire rubber 

layer is negligible. 

The second case was a bearing with two rubber layers of equal thickness. The 

compression and shear stresses investigated along the rubber-steel interfaces and in the 

mid depth of rubber layer showed no variation. The distribution of compressive stress 

along the two perpendicular horizontal direction also showed good agreement with each 

other which is expected for a square shaped bearing. The contours for compressive stress 

showed occurrence of maximum stress in the center and minimum stresses at the corners. 

While the maximum strains were observed along the rubber steel interfaces and varied 

parabolically over the depth. The shear stresses on the other hand were found to be nearly 

constant over the entire rubber layer. 

The third case comprises multilayer rubber bearings of five different shape factors.  For 

uniaxial compression, the effect of shape factor has been very well observed as the 

vertical stiffness gradually increased with shape factor.  For shear, the effect is less 

noticeable yet it is evident that the horizontal stiffness also increases with shape factor. So 

it can be concluded that selection of appropriate shape factor is important to achieve high 

vertical stiffness and high horizontal flexibility simultaneously.  In a parallel study, the 

effect of mesh size is also investigated and the results show significant influence of mesh 

size on compression results. However, the shear stresses have been found to be 

independent of mesh size. 
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7.4 IMPROVED PERFORMANCE IN ROTATIONAL BEHAVIOR 

A new design concept of laminated rubber bearings for enhanced rotation capacity has 

been introduced and a parametric study has been performed to choose the most optimum 

design. Performance of the new hyperelasticity model has also been checked and 

justified. In each case, a combination of compression and rotation was applied and the 

results show that reducing the length of intermediate steel layers and incorporation of a 

different rubber layer with lower shear modulus near the edge significantly improves the 

rotation capacity of the bearing. 

The stress contour shows formation of tensile stress at the interface of steel plate with top 

cover which indicates possibilities of tensile debonding at this zone under extreme 

loading. However, for the model with traditional design, high tensile stresses develop at 

the side cover showing possibilities of local failure of the side cover. So it is visibly 

evident that traditional designs are not well suited for taking large rotation. 

Among the four bearing models, the one showing best rotation capacity is further 

analyzed for different shape factors. In compression, the vertical stiffness of the bearing 

increases with increased shape factor for both the rubber types. But for rubber with lower 

shape factor, the effect is more prominent. 

The effect of bulk modulus has been investigated for uniaxial compression. It was seen 

that with higher bulk modulus, vertical stiffness of the bearing shows notable increase. 

This effect is governing because of the extremely high confinement of the rubber pads.  

To study the effect of change in rotation, two different rotations were applied. It was 

observed that with increase in rotation, the possibilities of formation of tensile stresses in 

rubber pad increases rapidly. The amount of compression load applied, plays a major role 

in this case. If the compressive load is small, the same amount of rotation would cause 

greater tensile stresses. 

The shear performance of the bearing was also investigated and it was found that the 

shear stresses maintain almost constant magnitude for a certain type of rubber and show 

sharp changes at the interface of two different rubbers. 
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7.5 SCOPE OF FUTURE STUDIES 

Finite element formulations used for current work are developed considering the 

hyperelasticity behavior of rubberlike materials. However, for full representation of 

monotonic response, viscoelastic properties of rubber must be considered also. Hence, 

FEM simulation of rheological behavior is proposed for future studies. 

The present model is capable of simulating rate-independent equilibrium and instatneous 

behavior. The effect of hysteresis and strain rate dependency should also be explored to 

increase the potential of the proposed model. 

The shear behavior is investigated for maximum 100% shear strain. Further investigations 

can be done for higher strain ranges.  

The present work focuses on performance evaluation of square bearings. Similar 

investigation on rectangular, circular and annular bearings is needed to be studied.  

The research considered the compression, shear and rotation deformations of the bearing 

in simulation. Similar analysis can be conducted for more complex modes, such as 

torsion, buckling and fatigue loading of bearings.  

The adequacy of the developed procedure can be further investigated by conducting 

similar analysis on Neoprene, EPDM and other synthetic rubber compounds widely used 

in bearings. 

The present study is focused on numerical simulation of rubber bearings. Prototype test of 

these bearings for comparative assessment is proposed for future studies. 

In the present work, different deformation modes are simulated to understand the 

macroscopic behavior of the bearing. General failure criterion of rubber materials is not 

incorporated in the developed FEM procedure. Hence, further investigation on the 

collapse conditions of the bearings through simulation and development of a damage 

model can be performed in future studies. 
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APPENDIX A.1 

User Subroutine UMAT 

        SUBROUTINE UMAT(STRESS,STATEV,DDSDDE,SSE,SPD,SCD, 
     1 RPL,DDSDDT,DRPLDE,DRPLDT,STRAN,DSTRAN, 
     2 TIME,DTIME,TEMP,DTEMP,PREDEF,DPRED,MATERL,NDI,NSHR,NTENS, 
     3 NSTATV,PROPS,NPROPS,COORDS,DROT,PNEWDT,CELENT, 
     4 DFGRD0,DFGRD1,NOEL,NPT,KSLAY,KSPT,KSTEP,KINC) 
C 
      INCLUDE 'ABA_PARAM.INC' 
C 
      CHARACTER*8 MATERL 
      DIMENSION STRESS(NTENS),STATEV(NSTATV), 
     1 DDSDDE(NTENS,NTENS),DDSDDT(NTENS),DRPLDE(NTENS), 
     2 STRAN(NTENS),DSTRAN(NTENS),DFGRD0(3,3),DFGRD1(3,3), 
     3 TIME(2),PREDEF(1),DPRED(1),PROPS(NPROPS),COORDS(3),DROT(3,3) 
C 
 
C    LOCAL ARRAYS 
C ---------------------------------------------------------------- 
C    BBAR   - DEVIATORIC RIGHT CAUCHY-GREEN TENSOR 
C    DISTGR - DEVIATORIC DEFORMATION GRADIENT (DISTORTION TENSOR) 
C ---------------------------------------------------------------- 
C 
      REAL INBB(6) 
  
 DIMENSION BBAR(6),DISTGR(3,3) 
C 
      PARAMETER(ZERO=0.D0, ONE=1.D0, TWO=2.D0, THREE=3.D0, FOUR=4.D0) 
C 
C ---------------------------------------------------------------- 
C    UMAT FOR COMPRESSIBLE NEO-HOOKEAN HYPERELASTICITY 
C    CANNOT BE USED FOR PLANE STRESS 
C ---------------------------------------------------------------- 
C    PROPS(1) - C10 
C    PROPS(2) - C01 
C    PROPS(3) - D1 
C ---------------------------------------------------------------- 
C 
C    ELASTIC PROPERTIES 
C 
C     C10 = 80.0 
C C01 = 0.0 
C D1 = 2.013423E-04 
  
 C2 = .095 
 C3 = .019 
 C4 = -.515 
 C5 = .754 
 CM = .15 
 CN = 1.29 
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 D1 = 0.01 
C 
C    JACOBIAN AND DISTORTION TENSOR 
C 
      DET=DFGRD1(1, 1)*DFGRD1(2, 2)*DFGRD1(3, 3) 
     1   -DFGRD1(1, 2)*DFGRD1(2, 1)*DFGRD1(3, 3) 
      IF(NSHR.EQ.3) THEN 
        DET=DET+DFGRD1(1, 2)*DFGRD1(2, 3)*DFGRD1(3, 1) 
     1         +DFGRD1(1, 3)*DFGRD1(3, 2)*DFGRD1(2, 1) 
     2         -DFGRD1(1, 3)*DFGRD1(3,1)*DFGRD1(2, 2) 
     3         -DFGRD1(2, 3)*DFGRD1(3, 2)*DFGRD1(1, 1) 
      END IF 
      SCALE=DET**(-ONE/THREE) 
      DO K1=1, 3 
        DO K2=1, 3 
          DISTGR(K2, K1)=SCALE*DFGRD1(K2, K1) 
        END DO 
      END DO 
C 
C    CALCULATE LEFT CAUCHY-GREEN TENSOR 
C 
      BBAR(1)=DISTGR(1, 1)**2+DISTGR(1, 2)**2+DISTGR(1, 3)**2 
      BBAR(2)=DISTGR(2, 1)**2+DISTGR(2, 2)**2+DISTGR(2, 3)**2 
      BBAR(3)=DISTGR(3, 3)**2+DISTGR(3, 1)**2+DISTGR(3, 2)**2 
      BBAR(4)=DISTGR(1, 1)*DISTGR(2, 1)+DISTGR(1, 2)*DISTGR(2, 2) 
     1       +DISTGR(1, 3)*DISTGR(2, 3) 
      IF(NSHR.EQ.3) THEN 
        BBAR(5)=DISTGR(1, 1)*DISTGR(3, 1)+DISTGR(1, 2)*DISTGR(3, 2) 
     1         +DISTGR(1, 3)*DISTGR(3, 3) 
        BBAR(6)=DISTGR(2, 1)*DISTGR(3, 1)+DISTGR(2, 2)*DISTGR(3, 2) 
     1         +DISTGR(2, 3)*DISTGR(3, 3) 
      END IF   
       
C     
C     INVERSE OF BB MATRIX 
C 
      DETBB = BBAR(1)* (BBAR(2)*BBAR(3)-BBAR(5)*BBAR(5))-BBAR(4)* 
     1(BBAR(4)*BBAR(3)-BBAR(6)*BBAR(5)) + BBAR(6)*(BBAR(4)*BBAR(5)- 
     1BBAR(6)*BBAR(2)) 
      
      INBB(1) = (BBAR(2)*BBAR(3)-BBAR(5)**2)/DETBB 
      INBB(2) = (BBAR(1)*BBAR(3)-BBAR(6)**2)/DETBB 
      INBB(3) = (BBAR(1)*BBAR(2)-BBAR(4)**2)/DETBB 
      INBB(4) = (BBAR(6)*BBAR(5)-BBAR(4)*BBAR(3))/DETBB 
      INBB(5) = (BBAR(4)*BBAR(6)-BBAR(1)*BBAR(5))/DETBB 
      INBB(6) = (BBAR(4)*BBAR(5)-BBAR(2)*BBAR(6))/DETBB 
             
C        CALCULATE THE STRESS 
C 
      TRBBAR=(BBAR(1)+BBAR(2)+BBAR(3))/THREE 
C      EG=TWO*C10/DET 
 
      EG=TWO*(C5 + C3*(BBAR(1)+BBAR(2)+BBAR(3)-3)**CN + C4*(BBAR(1)+ 
     1 BBAR(2)+BBAR(3)-3)**CM)/DET 
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      EK=TWO/D1*(TWO*DET-ONE) 
       
      PR=TWO/D1*(DET-ONE) 
       
      DO K1=1,NDI 
        STRESS(K1)=EG*BBAR(K1)- 2*C2*INBB(K1)/DET + PR 
      END DO 
      DO K1=NDI+1,NDI+NSHR 
        STRESS(K1)=EG*BBAR(K1)- 2*C2*INBB(K1)/DET 
      END DO 
C 
C    CALCULATE THE STIFFNESS 
C 
      EG23=(EG + C2)*TWO/THREE 
      DDSDDE(1, 1)= EG23*(BBAR(1)+TRBBAR)+ EK 
      DDSDDE(2, 2)= EG23*(BBAR(2)+TRBBAR)+ EK 
      DDSDDE(3, 3)= EG23*(BBAR(3)+TRBBAR)+ EK 
      DDSDDE(1, 2)=-EG23*(BBAR(1)+BBAR(2)-TRBBAR)+ EK 
      DDSDDE(1, 3)=-EG23*(BBAR(1)+BBAR(3)-TRBBAR)+ EK 
      DDSDDE(2, 3)=-EG23*(BBAR(2)+BBAR(3)-TRBBAR)+ EK 
      DDSDDE(1, 4)= EG23*BBAR(4)/TWO 
      DDSDDE(2, 4)= EG23*BBAR(4)/TWO 
      DDSDDE(3, 4)=-EG23*BBAR(4) 
      DDSDDE(4, 4)= EG*(BBAR(1)+BBAR(2))/TWO 
      IF(NSHR.EQ.3) THEN 
        DDSDDE(1, 5)= EG23*BBAR(5)/TWO 
        DDSDDE(2, 5)=-EG23*BBAR(5) 
        DDSDDE(3, 5)= EG23*BBAR(5)/TWO 
        DDSDDE(1, 6)=-EG23*BBAR(6) 
        DDSDDE(2, 6)= EG23*BBAR(6)/TWO 
        DDSDDE(3, 6)= EG23*BBAR(6)/TWO 
        DDSDDE(5, 5)= EG*(BBAR(1)+BBAR(3))/TWO 
        DDSDDE(6, 6)= EG*(BBAR(2)+BBAR(3))/TWO 
        DDSDDE(4,5)= EG*BBAR(6)/TWO 
        DDSDDE(4,6)= EG*BBAR(5)/TWO 
        DDSDDE(5,6)= EG*BBAR(4)/TWO 
      END IF 
       
      DO K1=1, NTENS 
        DO K2=1, K1-1 
          DDSDDE(K1, K2)=DDSDDE(K2, K1) 
        END DO 
      END DO 
C 
      RETURN 
      END 
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APPENDIX A.2 

Characteristics of User Defined Material Behavior 

Stress Components and Strain Increments 

The subroutine interface has been implemented using Cauchy stress (true stress) 

components. The strain increments are defined by the symmetric part of the displacement 

increment gradient. In the stress and strain arrays direct components are stored first, 

followed by shear components. There are direct and engineering shear components. The 

order of the components is fixed and must be maintained accordingly. Since the number 

of active stress and strain components varies between element types, the routine must be 

coded to provide for all element types with which it will be used. 

Local Orientations 

When a local orientation is used at the same point as user subroutine UMAT, the stress 

and strain components depends on the local orientation. Specially, in the case of finite-

strain analysis, the basis system in which stress and strain components are stored rotates 

with the material. 

Geometric and Material Nonlinearities 

When considering large elastic strains, the total-form constitutive equations relating the 

Cauchy stress to the deformation gradient are commonly used. As the material model 

allows large volume changes and geometric nonlinearity is also considered, the exact 

definition of the consistent Jacobian is warranted to ensure rapid convergence. 

Material Constants 

The user-defined material behavior requires that all mechanical material behavior 

calculations be programmed in subroutine UMAT. All the material constants needed in 

user subroutine UMAT must be specified as part of a user-defined material behavior 

definition as any other mechanical material behaviors included in the same material will 

be ignored. The number of material constants being entered is also needed to be specified 

clearly. 
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Convergence 

Jacobian matrix of the constitutive model must be defined accurately for rapid 

convergence of the overall Newton scheme. In most cases the accuracy of this definition 

is the most important factor governing the convergence rate. If the user material's 

Jacobian matrix is not symmetric, the unsymmetrical equation solution capability in 

ABAQUS/Standard can be invoked. Since non-symmetric equation solution is much 

more computationally expensive than the corresponding symmetric system, if the 

constitutive Jacobian is only slightly non-symmetric, to use a symmetric approximation 

and accept a slower convergence rate may be less expensive computationally. However, 

an incorrect definition of the material Jacobian affects only the convergence rate, the 

results are unaffected. 

Element Choice and Damping Properties 

The subroutine is called at all material calculation points of elements for which the 

material definition contains user-defined hyperelastic behavior. Theoretically it can be 

used with all elements in ABAQUS that include mechanical behavior (elements that have 

displacement degrees of freedom). But since hyperelastic materials are often 

incompressible or very nearly so, choice of hybrid elements gives better performance. 

For a material defined by user subroutine UMAT, mass proportional damping can be 

included separately, but stiffness proportional damping must be defined in the user 

subroutine by the Jacobian and stress definitions. 
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APPENDIX A.3 

Special Considerations 

Use of Penalty Methods 

In UMAT, the code specifies that incompressible materials must be modeled via a penalty 

method. To ensure this requirement a finite bulk modulus was used which corresponds to 

a Poisson’s ratio in the range of 0.49~0.4995. The chosen bulk modulus was large enough 

to model incompressibility sufficiently but small enough to avoid loss of precision.  In 

general, the bulk modulus was maintained to be about 100–1000 times the shear modulus. 

The tangent bulk modulus 𝐾𝑡can also be calculated from the Jacobian matrix of the 

constitutive model.  

Hourglass Control 

Hourglass control refers to the stiffness associated with the drill degree of freedom 

(rotation about the surface normal) of the elements. For hyperelastic materials, this 

property is of significant importance and must be defined appropriately. For using with 

user defined material, the hourglass stiffness factor for hourglass control was defined as 

part of the element section definition based on the total stiffness approach.  This factor 

was not required for enhanced hourglass control modes and when full integration was 

selected in the element definition. 

Transverse Shear Energy Calculation 

User defined material when used to define the material response of shell elements that 

calculate transverse shear energy; ABAQUS/Standard cannot calculate a default value for 

the transverse shear stiffness of the element. Hence the element's transverse shear 

stiffness has to be defined manually. To avoid such complications solid elements were 

used all through in the analysis instead of shell elements. 

Availability of Deformation Gradient 

The deformation gradient is available for solid (continuum) elements, membranes, and 

finite-strain shells. It is not available for beams or small-strain shells. It is stored as a 3 × 

3 matrix with component equivalence. For fully integrated first-order isoparametric 
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elements like-4-node quadrilaterals in two dimensions and 8-node hexahedra in three 

dimension, the selectively reduced integration technique is used which is also known as 

the B technique, and a modified deformation gradient is passed into user subroutine 

UMAT. To avoid any modification of the defined deformation gradient, fully integrated, 

8-noded continuum elements were used in modeling hyperelastic material. 
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APPENDIX A.4 

Variable Definitions of UMAT 

DDSDDE 

It is the Jacobian matrix of the constitutive model, ∆𝜎/𝜕∆𝜀  , where ∆𝜎 are the stress 

increments and ∆𝜀 are the strain increments. DDSDDE(I,J) defines the change in the Ith 

stress component at the end of the time increment caused by an infinitesimal perturbation 

of the Jth component of the strain increment array. Unless the unsymmetric equation 

solution capability for the user-defined material is invoked manually, ABAQUS/Standard 

will use only the symmetric part of DDSDDE. The symmetric part of the matrix is 

calculated by taking one half the sum of the matrix and its transpose.  

STRESS 

 This array is passed in as the stress tensor at the beginning of the increment and is 

updated in the routine to be the stress tensor at the end of the increment. In special cases 

the initial stresses can be specified and this array contains the initial stresses at the start of 

the analysis. The size of this array depends on the size of strain array. In finite-strain 

problems the stress tensor has already been rotated to account for rigid body motion in the 

increment before UMAT is called and only the corotational part of the stress integration is 

done in the code. The measure of stress used is Cauchy stress. 

BBAR    

It is the deviatoric right Cauchy-green tensor for the user specified material. It is an array 

which is locally defined. 

DISTGR  

It is the deviatoric deformation gradient or the distortion tensor. It is also a locally defined 

array. 

NTENS 

It is an array containing the total strains at the beginning of the increment These strains 

are available for output as the elastic strains. In finite-strain problems the strain 
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components have been rotated to account for rigid body motion in the increment before 

UMAT is called and are approximations to logarithmic strain. 

DFGRD1 

This array contains the deformation gradient at the end of the increment. If a local 

orientation is defined at the material point, the deformation gradient components are 

expressed in the local coordinate system defined by the orientation. This array is set to the 

identity matrix if nonlinear geometric effects are not included in the step definition 

associated with this increment.  

NDI 

It is the number of direct stress components at a point. 

NSHR 

It is the number of engineering shear stress components at a point. 

PROPS 

It is the user-specified array of material constants associated with this user material. 

NPROPS 

It is the user-defined number of material constants associated with this user material. 
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APPENDIX B 

List of Bulk Modulus used 

 
Chapter No. Model K 

MPa 

 
4 Rubber Block under Compression 200 

 
4 Rubber Block under Shear 200 

 
4 Rubber Block under Compression and Shear 200 

 
5 Single Layer Rubber Bearing 20 

 
5 Double Layer Rubber Bearing 2000 

 
5 Multi Layer Rubber Bearing 2000 

 
6 Bearings for Improved Rotational Behavior 200 
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