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ABSTRACT 

 

Anchors, made of steel, pre-cast or cast-in-place concrete, timber are generally 

designed and constructed to resist outwardly directed loads imposed on the foundation of 

a structure. Depending on the placement, it may be horizontal, vertical or inclined. The 

aim of the present study is to develop an analytical model for the estimation of pullout 

capacity of vertical anchors embedded in frictional soils. The analytical model can 

consider more realistic variations in pullout capacity due to installation at a wider range 

of embedment depth. The model is based on the principle of limit equilibrium. The 

predictions from the developed analytical expression were compared to the available 

experimental and numerical investigations.  

Results show that the present model can predict the pullout capacity of shallow 

and intermediate anchors with more accuracy and reliability compared to the available 

pullout capacity prediction models. In addition, a comprehensive parametric study is also 

presented. It is found that with the increase of friction angle (𝜑′), pullout capacity 

increases significantly, the effect being higher at high friction angles (𝜑′ > 30°). The 

demarcation aspect ratio (ratio of anchor length to height) between single and continuous 

anchor is 10 rather than 5, which was proposed by Das (1990). Parametric studies further 

reveal that the active pressure components although play an insignificant role at an 

embedment depth ratio of less than 2.5, the effect is substantial thereafter. It appears that 

omission of contribution from side flanks results in a discrepancy of as much as 37% in 

highly frictional soils at an embedment depth ratio (𝐻/𝐵) greater than 3. Finally, it is 

observed that a constant value of 𝛿 𝜑′⁄  assumed in most pullout capacity prediction 

models for all the range of 𝐻/𝐵 and 𝐿/𝐵 to analyze the pullout capacity is not actually 

valid. The present study suggests a cautious selection of 𝛿 𝜑′⁄  parameter for square 

anchors and anchors laid at 𝐻/𝐵 < 4. 
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Chapter 1  

INTRODUCTION 

 

1.1 General 

The design of geotechnical structures, such as sheet pile walls, bulkheads, bridge 

abutments, and retaining walls requires foundation systems which can withstand 

horizontal pullout forces. In such circumstances, internally stabilized foundation systems, 

like soil anchoring, can provide an efficient and economical design solution. These 

anchors are usually tied to the retaining structure and are buried deep enough that they 

can safely withstand pullout forces (Merifield and Sloan, 2006). However, before the mid 

of nineteenth century, stabilizing structures using anchoring techniques was quite 

unthinkable. Recently, anchors are used to stabilize structures like suspension bridges, 

transmission towers, radar towers, aircraft moorings, submerged pipelines and tunnels. 

Anchors are now embedded not only in frictional soils but also in cohesive soils and 

rocks. Research showed that the use of anchors in a retaining structure may reduce the 

construction cost as much as 43 to 64% (Khan and Sikder, 2004). Nevertheless, 

inadequate anchorage systems constitute most of the causes of failure of retaining 

structures (Daniel and Olson, 1982).  

1.2 Background 

Anchor plates, anchor blocks, tie backs, and anchor beams supported by batter pile are 

some of the common types of anchors used for soil reinforcement. An anchor is a precast 

or cast-in-place member that may be rectangular, square or circular in shape, with 

necessary geometry and depth to mobilize adequate passive pressure (Bowles, 1997). 

Installation of an anchor requires excavation of the ground to the required depth, 

placement of the anchor, and backfilling with suitable soil (Merifield and Sloan, 2006). 

While used for retaining waterfront structure, or sheet pile walls, anchors are attached to 

tie rods either by driving or placing through augured holes. This type of anchor is of prime 

interest in the present study. 

Literature reveals that many researches have been conducted on the capacity of vertical 

anchors especially for anchor plate including that by Hueckel (1957), Ovesen and 
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Stromann (1972), Neely et al. (1973), Das (1975), Akinmusuru (1978), Rowe and Davis 

(1982), Murray and Geddes (1989), Ghaly (1997), Merifield and Sloan (2006), and 

Chowdhary and Dash (2016) etc. On the contrary, Bowles (1997), Duncan and Mokwa 

(2001), Naser (2006), Khan et al. (2017) conducted research on anchor block (limited 

aspect ratio). It is to be noted that the theoretical methods of calculating pullout capacity 

of vertical anchor plate are commonly employed for anchor block as well.  

The majority of past research has been experimental based and, as a result, current design 

practices are largely based on empiricism. In contrast, very few thorough theoretical and 

numerical analyses have been performed to determine the ultimate pullout loads of 

anchor. Of the numerical studies that have been presented in the literature, few can be 

considered as rigorous.  

From the existing research state, it seems that analytical studies to assess the pullout 

capacity of anchors are very few. Consequently, the present research work aims to 

propose an analytical model to estimate the ultimate pullout capacity of a vertical anchor 

embedded in frictional soil utilizing the principle of limit equilibrium. The analytical 

model will be capable to capture more realistic variations in pullout capacity due to 

installation at a wider range of embedment depth. In the meantime, reliability and stability 

of the model would be observed through comparison with the existing laboratory and 

field test data. The differences in inherent assumptions among the pullout capacity 

prediction models will be discussed while comparing to the model of the present study. 

The comparison is useful, because in the daily practice of geotechnical engineering many 

discussions arise on the choice of model at any particular set of conditions. Finally, 

conclusions will be drawn from the presented results. 

1.3 Research Objectives 

The present study aims to achieve the following objectives: 

i) To propose a new closed form analytical model to predict the ultimate pullout 

capacity of an anchor embedded at shallow and intermediate depth in the 

frictional soil utilizing the principle of limit equilibrium. 

ii) To quantify the contribution of side flanks developed due to pullout force 

exerted from the retaining structure via attachment to a rebar, thus providing 

a clear distinction between conventional plane strain case and actual 3-D 
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situation. 

iii) To validate the proposed model with the laboratory and full-scale model tests 

available in the present state of literature. 

iv) To conduct an extensive parametric study and observe the influencing 

parameters on which the ultimate pullout capacity depends.  

1.4 Organization of the Thesis 

The thesis consists of six chapters. A brief introduction on each chapter will now follow. 

Chapter 1 contains an introduction that includes the problem statement, background and 

objective of this study along with the thesis organization.  

Chapter 2 presents the literature review including the experimental, theoretical and 

numerical studies conducted on anchor block and plate. In addition, discrepancies among 

the assumptions in existing pullout capacity prediction models are discussed. 

Chapter 3 introduces the theory and the basic assumptions of the proposed model. The 

idealization of failure mechanism is clearly expressed in the chapter.  

Chapter 4 provides an elaborate mathematical insight into the analytical model to estimate 

the pullout capacity of an anchor embedded at shallow and intermediate depth. 

Chapter 5 shows the comparison of the proposed model with the existing experimental 

and theoretical studies. After that a parametric study is also presented.  

Finally, in Chapter 6, the main conclusions drawn from the study are pointed out. In 

addition to that some recommendations for future work are also provided. 
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Chapter 2 

LITERATURE REVIEW 

 

2.1 General 

This chapter presents a summary of research into vertical anchor plate or block behavior 

in order to provide a satisfactory background of subsequent discussions. A 

comprehensive overview on the topic of anchors is given by Das (1990). As the research 

work aims to focus on the analysis of an anchor embedded in frictional soil, a brief 

summary of existing research on relevant topic herein has been presented. Author took 

an attempt to present a selective overall summary of research into the behavior of anchors 

embedded in frictional soils.  

2.2 Anchor 

Anchors are generally designed and constructed to resist outwardly directed loads 

imposed on the foundation of a structure (Das, 1990). These loads are transmitted to soil 

by earth anchors. These are generally made of steel, pre-cast or cast-in-place concrete, 

timber etc. Depending on the placement, it may be horizontal, vertical or inclined. 

Anchors are generally installed by excavating up to the desired depth, then placing the 

anchor and finally backfilling with good quality soil. If such technique is adopted, then, 

it is referred to as backfilled anchors. In this study backfilled vertical anchor will be 

discussed. 

2.3 Classification of Anchor 

The ratio of the distance between existing ground surface and the bottom of the anchor, 

𝐻 to the height of the anchor, 𝐵 is termed as embedment depth ratio. This is a very 

significant parameter in identification of the behavior of an anchor. Depending on the 

embedment depth ratio, an anchor can be classified as (i) shallow, (ii) intermediate, or 

(iii) deep. A brief description of each of the classification is presented in subsequent 

discussions. 
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2.3.1 Shallow Anchor 

Das (1990) suggested that when the embedment depth ratio (𝐻/𝐵) is less than 3, the 

anchor is considered to be shallow. However, Terzaghi (1948) suggested that this ratio 

should be up to 2, for an anchor to be shallow. Dickin and Leung (1985) observed that 

the resistance of such shallow anchors is primarily governed by the anchor roughness and 

weight. Das (1990) and Merifield and Sloan (2006) suggested that neglecting the active 

force generated on the back side of the anchor might lead to significant error for such 

anchors. In case of shallow anchors, the failure plane reaches the ground surface at limit 

equilibrium condition. Figure 2.1 shows schematic view of a shallow anchor. 

 

Figure 2.1 Schematic view of a shallow anchor (𝐻 = embedment depth, 𝐵 = height of 

anchor, 𝑃𝑢= pullout capacity) 

2.3.2 Intermediate Anchor 

Although in some literature (Kame et al. 2012a; Choudhary and Dash, 2016), 

intermediate anchors are also classified as shallow anchors, Dickin and Leung (1985) 

observed that for a range of embedment depth ratio, consideration of smooth anchor 

(angle of wall friction = 0) provided strong agreement with the experimental results. 

Consequently, another classification named intermediate anchor was added. For such 

anchors, 𝐻/𝐵 varies from 3 to 8. Although, in some studies it was observed that the 

failure surface reached the ground surface for anchors laid at such depths, however, no 

conclusive evidence was found to support the observation undoubtedly. Chowdhary and 

Dash (2016) did observe both the phenomena to occur at intermediate depth. However, 
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density of the soil might have played an important role in identifying the failure pattern. 

Figure 2.2 shows schematic view of an intermediate anchor. 

 

Figure 2.2 Schematic view of an intermediate anchor 

2.3.3 Deep Anchor 

Biarez et al. (1965) suggested that if the embedment depth increases beyond 8, then the 

failure mechanism changes. The failure becomes localized in such cases; thus, failure is 

termed as rotational failure (Figure 2.3). They derived an equation considering the couple 

required for the rotation of the cylinder of soil on front of the anchor which provides close 

agreement with experimental data. The relation can be expressed as-  

 
𝑀𝛾𝑞 = 4𝜋(

𝐻

𝐵
− 1)𝑡𝑎𝑛𝜑′ (2.1) 

Where, 𝑀𝛾𝑞 = anchor force coefficient, 𝐻 = embedment depth of anchor, 𝐵 = height of 

anchor and 𝜑′ = angle of internal friction of the soil in which the anchor was embedded. 

2.4 Studies on Anchor Based on Analysis Technique 

At present, there are a number of techniques available for use by geotechnical 

practitioners and researchers when analyzing geotechnical problems. Depending on the 

analysis technique, the total researches on anchor can be classified into four categories. 

These are- 
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Figure 2.3 Schematic view of a deep anchor 

i) Displacement Finite Element Method (DFEM) 

ii) Upper bound limit analysis 

iii) Lower bound limit analysis 

iv) Limit equilibrium analysis 

In addition to the above-mentioned categories, some researchers adopted the method of 

characteristics. In the next couple of sections some of the available analysis techniques 

will be discussed in brief. 

2.4.1 Displacement Finite Element Method (DFEM) 

The displacement finite element technique is now widely used for predicting the load-

deformation response, and hence, collapse of geotechnical structures. This technique can 

deal with complicated loadings, excavation and deposition sequences, geometries of 

arbitrary shape, anisotropy, layered deposits, and complex stress–strain relationships. 

Although the ability to incorporate all of these variables can be a distinct advantage when 

compared to other methods of analysis, it can also be perceived as the greatest 

disadvantage of the method. In practice, great care must be exercised when finite element 
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analysis is employed to predict collapse loads. Merifield and Sloan (2006) suggested that 

such an analysis needs to be performed by qualified and experienced personnel. Even for 

quite simple problems, experience has indicated that results from the displacement finite 

element method tend to overestimate the true limit load and, in some instances, fail to 

provide a clear indication of collapse altogether. The ability of this technique to 

accurately predict incipient collapse has been studied in Toh and Sloan (1980) and Sloan 

and Randolph (1982). Researchers who performed DFEM include Sloan (1988), Sloan 

and Kleeman (1995), Merifield and Sloan (2006). 

2.4.2 Upper Bound Analysis 

Drucker et al. (1952) developed two limit theorems which are widely used by the 

geotechnical engineers of the current time. The upper bound limit theorem is one of the 

two theorems. The upper bound limit theorem is used to bracket the exact ultimate load 

from above and is based on the notion of a kinematically admissible velocity field. A 

kinematically admissible velocity field is simply a failure mechanism in which the 

velocities satisfy both the flow rule and the velocity boundary conditions. To be 

kinematically admissible, a velocity field must satisfy the set of constraints imposed by 

compatibility, the velocity boundary conditions, and the flow rule. After prescribing a set 

of velocities along a specified boundary segment, we can equate the power dissipated 

internally (caused by plastic yielding within the soil mass and sliding of the velocity 

discontinuities) to the power dissipated by the external loads to yield a strict upper bound 

on the true limit load. Upper bound limit analysis was performed by Sloan (1989), 

Lyamin and Sloan (2002), Kumar and Sahoo (2012) to estimate the ultimate pullout 

capacity. 

Chowdhary and Dash (2016) experimentally observed that in case of shallow anchor, soil 

undergoes an unrestricted plastic flow, leading to catastrophic failure. Thus, load carrying 

capacity of shallow anchors can be better estimated by upper bound limit analysis. 

2.4.3 Lower Bound Analysis 

This is the second theorem developed by Drucker et al. (1952). The lower bound limit 

theorem is used to bracket the exact ultimate load from below and is based on the notion 

of a statically admissible stress field. A statically admissible stress field is one where the 

stresses satisfy equilibrium, the stress boundary conditions, and the yield criterion. The 

lower bound solution is obtained by modeling a statically admissible stress field using 
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finite elements where stress discontinuities can occur at the interface between adjacent 

elements. Application of the stress boundary conditions, equilibrium equations, and yield 

criterion leads to an expression of the collapse load, which is maximized subject to a set 

of constraints on the stresses. The lower bound theorem states that if an equilibrium 

distribution of stress covering the whole body can be found that balances a set of external 

loads on the stress boundary and nowhere exceeds the yield criterion of the material, the 

external loads are not higher than the true collapse load. By examining different 

admissible stress states, the best lower bound value on the external loads can be found. 

In analyzing pullout capacity, Basudhar and Singh (1994), Smith (1998), Merifield et al. 

(2006) adopted lower bound limit analysis technique. 

In contrast to the observation of Chowdhary and Dash (2016) for shallow anchor, deep 

anchor follows different pattern. Deep anchor undergoes constrained plastic deformation 

owing to the overlying surcharge, and complete collapse is inhibited. Thus, it can be 

understood that load carrying capacity of deep anchors can be better estimated by lower 

bound limit analysis. 

2.4.4 Limit Equilibrium Analysis 

The limit equilibrium method is traditionally used to obtain approximate solutions for the 

stability problems in soil mechanics. The method entails an assumed failure surface of 

various simple shapes viz. plane, circular, logarithmic spiral. With this assumption, each 

of the stability problems is reduced to finding one of the most dangerous position of the 

failure or slip surface of the shape chosen which may not be particularly well founded, 

but quite often gives acceptable results. In this method, it is also necessary to make certain 

assumptions regarding the stress distribution along the failure surface such that the overall 

equation of equilibrium, in terms of stress resultants, may be written for a given problem. 

Therefore, this simplified method is used to solve various problems by simple statics. 

Although, the limit equilibrium technique utilizes the basic concept of upper-bound rules 

of limit analysis, that is, a failure surface is assumed, and a least answer is sought, it does 

not meet the precise requirements of upper bound rules, so it is not an upper bound. The 

method basically gives no consideration to soil kinematics, and equilibrium conditions 

are satisfied in a limited sense. It is clear that a solution obtained using limit equilibrium 

method is not necessarily upper or lower bound. However, any upper-bound limit analysis 

solution will obviously be limit equilibrium solution. 
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2.5 Studies on Anchor Based on Analysis Mode  

Based on the mode of analysis, like whether the research was experiment based or theory 

based, the researches on anchor can be divided into three main segments. These are- 

i) Previous experimental investigations 

ii) Previous analytical investigations 

iii) Previous numerical investigations 

A brief description about each of the above-mentioned divisions is provided as under- 

2.5.1 Previous Experimental Investigations 

Although there are no entirely adequate substitutes for full-scale field testing, tests at the 

laboratory scale have the advantage of allowing close control of at least some of the 

variables encountered in practice. In this way, trends and behavior patterns observed in 

the laboratory can be of value in developing an understanding of performance at larger 

scales. In addition, observations made in laboratory testing can be used in conjunction 

with mathematical analyses to develop semi-empirical theories. These theories can then 

be applied to solve a wider range of problems. The experimental studies on anchor can 

be classified into two categories which will be discussed in the subsequent paragraphs. 

Experimental investigations into plate anchor behavior have generally adopted one of two 

approaches, namely, conventional methods under normal gravity conditions or centrifuge 

systems. Of course, both methods have advantages and disadvantages, and these must be 

borne in mind when interpreting the results from experimental studies of anchor behavior. 

Numerous investigators have performed model tests in an attempt to develop semi-

empirical relationships that can be used to estimate the capacity of anchors in 

cohesionless soil. This is evidenced by the number of studies shown in Tables 2.1 and 

2.2. More specific details of these studies are provided in later chapters of the thesis when 

several previous laboratory studies are compared with the new theoretical predictions 

obtained in the current study. 

Prior to 1970, investigations into the field and (or) model testing of horizontal circular 

anchors or belled piles were conducted by Mors (1959), Giffels et al. (1960), Balla 

(1961), Turner (1962), Kananyan (1966), Baker and Kondner (1966), and Adams and 

Hayes (1967). A number of these studies were primarily concerned with testing 

foundations for transmission towers (Mors, 1959; Balla, 1961; Turner, 1962). In the 
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majority of these earlier studies, a failure mechanism was assumed, and the pullout 

capacity was then determined by considering the equilibrium of the soil mass above the 

anchor and contained by the assumed failure surface. This assumed failure surface ranged 

within a large variation of pattern.  

In contrast to the previous researches on anchor plates, very few experimental studies 

were found to be reported on anchor blocks (limited 𝐿/𝐵). Only three researches (Duncan 

and Mokwa, 2001; Naser, 2006; and Khan et al., 2017) were found to study the behavior 

of anchor blocks. Table 2.2 summarizes the experimental studies conducted on anchor 

blocks. However, observation reveals that only Duncan and Mokwa (2001) conducted 

field test, whereas the rest two researches focused on laboratory model test. One 

important observation includes the inability of the present researches to explore the 

behavior of intermediate and deep anchors. Duncan and Mokwa (2001) investigated the 

response of anchor blocks placed flush with the ground surface using two backfill 

materials. Naser (2006) observed the effect of saturation on the pullout capacity. Khan et 

al. (2017) investigated the response of the anchor blocks when it is placed at different 

distances from the yielding retaining wall. Nevertheless, the maximum embedment ratio 

investigated by the researchers is 3.2, which falls under the shallow anchor category. This 

leaves a lot of space for the present researchers to focus on the anchor block behavior 

embedded at intermediate and deep depths. 

2.5.2 Previous Analytical Investigations 

The previous analytical studies post-1970 for vertical anchors, are commonly used by 

practicing engineers. In general, the analytical methods of calculating pullout capacity of 

vertical anchor plates are commonly employed for anchor block (Das, 2007). Previous 

analytical studies of anchors in sand have typically utilized simple approach such as limit 

equilibrium. In Table 2.3, an attempt was taken to present the number of analytical studies 

conducted in post-1970 period. It is evident that analytical investigations hardly focused 

on anchor behavior beyond an embedment depth of 5. In addition, it is apparent that 

analysis method took place in one of the three forms, such as- empirical, semi-empirical 

and limit equilibrium. Again, methods proposed by Bowles (1997), Naser (2006), Jadid 

et al. (2018) were found to be strictly applicable to block anchors.  
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Table 2.1 Model tests and field tests on vertical anchor plate in frictional soil 

Source 
Type of 

testing 
Anchor shape 

Anchor  

size (mm) 

𝜑′ 

(°) 

𝐻/𝐵 

Heuckel (1957) Chamber Square 75–200 34.0 2 

Smith (1962) Field Rectangular; L/B = 1.25, 5 915 38.5 1–4.5 

Neely et al. (1973) Chamber Square; rectangular 50.8 38.5 1–5 

Das (1975) Chamber Square; circular 38–76 34.0 1–5 

Das and Seely (1975) Chamber Square; rectangular;  

L/B = 1,3,5 

51 34.0 1–4 

Akinmusuru (1978) Chamber Strip; rectangular; square; 

circular; L/B = 2, 10 

50 24.0 

35.0 

1–10 

Ovesen (1981) Centrifuge; 

Field 

Square 20 29.5– 

37.7 

1–3.39 

Rowe and Davis 

(1982) 

Sand 

Chamber 

Square; rectangular;  

L/B = 1–8.75 

51 32.0 1-8 

Dickin and Leung 

(1983, 1985) 

Centrifuge; 

Chamber 

Square; rectangular; strip 25; 50 41.0a 1–8 

1–13 

Hoshiya and Mandal 

(1984) 

Chamber Square; rectangular;  

L/B = 2, 4, 6 

25.4 29.5 1–6 

Murray and Geddes 

(1989) 

Chamber Square; rectangular;  

L/B = 1–10 

50.8 43.6  

dense 

1–8 

Dickin and King 

(1997) 

Centrifuge Rectangular; L/B = 7.8 25 37.3– 

46.1 

1–12 

Chowdhary and Dash 

(2016) 

Chamber Square 100 32.0– 

39.0 

1–9 

aMobilized plane strain friction angle, φ′mp 

 

Table 2.2 Model tests and field tests on vertical anchor block in frictional soil 

Source 
Type of  

testing 

Anchor block  

shape 

Anchor block  

size (mm) 

𝜑′  

(°) 

𝐻/𝐵 

Duncan and Mokwa 

(2001) 

Field Rectangular;  

L/B = 1.7 

1100×1900×900 50.0 1.0 

Naser (2006) Chamber Square 150×150×150 43.5 2.0 

Khan et al. (2017) Chamber Square 150×150×75 37.2− 

44.8 

3.2 
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 Table 2.3 Analytical studies on vertical anchors in frictional soil  

Source Analysis method 
Anchor 

shape 

Anchor 

roughness 

𝜑′  
(°) 

𝐻/𝐵 

Ovesen and Stromann 

(1972) 

Semi-empirical Plate Smooth 25–45 1–3 

NAVFAC DM (1986) Limit equilibrium Plate Smooth Loose; 

Dense 

1–5 

BS 8006 (1995) Semi-empirical Plate Smooth Loose; 

Dense 

1–5 

Ghaly (1997) Empirical Plate Rough 34–38.5 1–4 

Bowles (1997) Limit equilibrium Block Rough Loose; 

Dense 

1–5 

Naser (2006) Limit equilibrium Block Rough Loose; 

Dense 

1–5 

Jadid et al. (2018) Limit equilibrium Block Rough 0–45 1–3 

Thus, formulation of an analytical model applicable to both plate and block anchor 

deemed necessary. In the subsequent discussions, some of the commonly used analytical 

methods will be briefly discussed.  

Ovesen and Stromann (1972) proposed a semi-empirical method for determining the 

ultimate resistance of anchors in sand. The ultimate pullout resistance of a continuous 

anchor as shown in Figure 2.4, per unit length of anchor, 𝑃𝑢
′ can be calculated from Eq. 

(2.2). 

 

Figure 2.4 Force components assumed by Ovesen and Stromann (1972) for analysis of 

continuous vertical anchor in frictional soil 
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𝑃𝑢
′ =  

1

2
𝐻2(𝐾𝑝 cos ′ − 𝐾𝑎 cos 𝜑′) (2.2) 

The term 𝐾𝑝 cos ′
of Eq. (2.2) can be obtained from Figure 2.5 using the value of 

𝐾𝑝 sin 
′ = (𝑊 + 0.5𝐻2𝐾𝑎 sin 𝜑′)/( 0.5𝐻2)  and the angle of internal friction 𝜑′ . 

Here, 𝑊 is the effective weight per unit length of anchor and coefficient of active and 

passive earth pressures, 𝐾𝑎, 𝐾𝑝  respectively are based on the assumption that 𝛿′ = 𝜑′i.e. 

angle of wall friction=angle of internal friction. 

For a continuous strip anchor (Figure 2.6(a)) of height B (which is less than the depth of 

embedment, H), the ultimate resistance per unit length is corrected as: 

𝑃𝑢𝑠
′ = [

𝐶𝑜𝑣 + 1

𝐶𝑜𝑣 +  
𝐻

𝐵

] 𝑃𝑢
′ (2.3) 

Where, 𝑃𝑢𝑠
′  is the ultimate resistance for strip case, 𝐶𝑜𝑣= 19 for dense sand and 14 for 

loose sand. 

 

Figure 2.5 Variation of 𝐾𝑝 cos ′
with 𝐾𝑝 sin 

′
 (Ovesen and Stromann, 1972) 

In practice, the anchor plates are placed in a row with center-to-center spacing, 𝑆′ (Figure 

2.6(b)). The ultimate resistance of each anchor of length, L is  

𝑃′𝑢 = 𝑃𝑢𝑠
′ 𝐵𝑒 (2.4) 

Where, 𝐵𝑒 is the equivalent length and can be obtained from Figure 2.7. It is important to 

note that the terms dense and loose are subjective in nature. The proponents did not 
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provide a clear distinction between the two categories. Thus, application of the method 

requires proper engineering judgement. 

 

(a) (b) 

Figure 2.6 Notations adopted by Ovesen and Stromann (1972) for (a) strip anchors, (b) 

row anchors 

According to NAVFAC DM (1986), the anchors should be placed outside the surface 

making an angle equal to angle of friction of backfill soil, 𝜑′ with the horizontal as shown 

in Figure 2.8. To summarize, in Figure 2.8, anchor block left of 𝑏𝑐  will provide no 

resistance, again anchor block right of 𝑏𝑓 will provide full resistance. However, anchor 

block between 𝑏𝑐 and 𝑏𝑓 will provide partial resistance.   

 

Figure 2.7 Variation of (𝐵𝑒 − 𝐿)/(𝐻 + 𝐵) with (𝑆′ − 𝐿)/(𝐻 + 𝐵) for anchors in 

frictional soil (Ovesen and Stromann, 1972) 
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Figure 2.8 Effect of anchor location on pullout capacity of anchor according to NAVFAC 

DM (1986) 

 

Figure 2.9 Failure wedge geometry for continuous anchor located between Rankine 

failure surface and slope 𝜑′ according to NAVFAC DM (1986) 

Design of anchor blocks using active and passive earth pressures in accordance with the 

NAVFAC DM (1986) are briefly illustrated in Figure 2.9 and Figure 2.10. A factor of 

safety of 2 against pullout resistance is suggested in this method. The step-by-step design 

methodology is summarized in Table 2.4. 
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Table 2.4 Anchor design methodology as per NAVFAC DM (1986) 

Step 

No. 
Methodology 

1 

In Figure 2.9, if anchor is placed right to 𝐶𝐶’, and in addition, if ℎ1 ≥  ℎ/2 

𝑃𝑝 = 1/2 𝐾𝑝𝛾ℎ2 

𝑃𝑎 = 1/2 𝐾𝑎𝛾ℎ2 

𝐾𝑝 is obtained from AASHTO LRFD Figure 3.11.5.4-2 using 𝛿/𝜑𝑓  =  −0.5 

Again, in Figure 2.9, if anchor is placed left to 𝐶𝐶’, and in addition, if ℎ1 =  ℎ2 

 𝑃𝑝 = 1/2 𝐾𝑝𝛾ℎ2 − (𝑃′𝑝 − 𝑃′𝑎) 

 𝑃𝑝 = 1/2 𝐾𝑝𝛾ℎ2  −  (1/2𝐾𝑝𝛾ℎ2
2 − 1/2𝐾𝑎𝛾ℎ2

2 ) 

 𝑃𝑎 = 1/2 𝐾𝑎𝛾ℎ2 

𝐾𝑎 is obtained from Figure 3 of Chapter 3 of NAVFAC DM (1986) 

2 

In Figure 2.10, anchorage resistance, if ℎ1 ≥  ℎ 2⁄  

Case I:  Continuous wall: 

Ultimate 𝑃𝑢𝑐  /𝑑 =  𝑃𝑝  −  𝑃𝑎where 𝑃𝑝𝑐 /𝑑 is anchor resistance and 𝑃𝑝, 𝑃𝑎 taken 

per linear foot of wall. 

Case II:  Individual anchors: 

If 𝑑 >  ℎ +  𝑏, ultimate 𝑃𝑢 =  𝑏(𝑃𝑝  −  𝑃𝑎)  +  2𝑃0𝑡𝑎𝑛𝜑′, where 𝑃0= resultant 

force of soil at rest on vertical area 𝑐𝑑𝑒 or 𝑐”𝑑𝑒. 

If 𝑑 =  ℎ +  𝑏, 𝑃𝑢/𝑑is 70% of 𝑃𝑢/𝑑 for continuous wall 

𝐿 for this condition is 𝐿’ and 𝐿’ =  ℎ. 

If 𝑑 <  ℎ +  𝑏, 𝑃𝑢/𝑑 + 𝑃𝑢𝑐/𝑑= 𝑃𝑢𝑐/𝑑 − 𝐿′ 𝐿⁄  (0.3 𝑃𝑢𝑐/𝑑), 𝐿’ =  ℎ. 

Again, in Figure 2.10, anchor resistance if ℎ1 < ℎ 2⁄  

Ultimate 𝑃𝑢𝑐/𝑑 or 𝑃𝑢𝑐/𝑑 equals bearing capacity of strip footing of width ℎ1 

and surcharge load γ(h - ℎ1 2⁄ ), as per Figure 1 of Chapter 4 of NAVFAC DM 

(1986) 

In addition, use friction angle 𝜑′: where 𝑡𝑎𝑛 𝜑′ = 0.6 𝑡𝑎𝑛 𝜑′ 
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(a) (b) 

Figure 2.10 Anchor design parameters for (a) continuous wall and (b) individual anchor 

assumed by NAVFAC DM (1986)   

BS 8006 (1995) recommends using passive resistance coefficient while calculating the 

pullout resistance of an anchor. This is based on the fact that, the conditions at the ends 

of the structures are quite different from those at the center, which has significant 

influence on the passive resistance. Ovesen (1964) found that the passive earth pressure 

against short structures is higher than those predicted by conventional theories (Rankine 

and Coulomb theories), and the difference can be quite significant. Hansen (1966) 

developed a method for correcting the results of conventional pressure theories for shape 

(or 3-D) effects. For short anchors, the ultimate resistance should be multiplied by a 

coefficient ( 𝑀 ) to account for 3-D effects. For a plate anchor passive resistance 

coefficient (𝑀) is given as: 

𝑀 = 1 + (𝐾𝑝 − 𝐾𝑎)
0.67

[1.1𝐸4 +
1.6𝐹

1 + 5 (
𝐿

𝐵
)

+
0.4(𝐾𝑝 − 𝐾𝑎)𝐸3𝐹2

1 + 0.05 (
𝐿

𝐵
)

] (2.5) 

Where, 𝐸 = 1 − 𝐵/𝐻, 𝐹 = 1 − (𝐿/𝑆′)2, 𝑆′is the center-to-center distance between two 

anchors, 𝐿  and  𝐵  are length and height of anchor respectively, and 𝐾𝑝  and 𝐾𝑎 are 

coefficient of passive and active earth pressure respectively. 
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Eq. (2.5) considers both the embedment factor (𝐸) and the shape factor (𝐹). The value of 

𝐹 is zero for long and continuous anchor and is 1.0 for single short anchor. According to 

the BS 8006 (1995) and Jones (1996), the horizontal pullout resistance of an anchor block 

is 4 times the passive pressure force acting on anchor block (ignoring the insignificant 

amount of resistance offered by rebar) i.e. passive resistance coefficient, 𝑀 =  4  is 

suggested. A factor of safety 2.5 to 3 is used in this method. However, the experimental 

studies by Khan et al. (2017) indicated that this coefficient is always less than 4. 

Ghaly (1997) used the results obtained from 104 laboratory tests, 15 centrifugal tests, and 

9 field tests to propose an empirical correlation for the ultimate resistance of single 

anchors. The soil data he collected had unit weight and internal friction angle ranging 

from 14 to 16 kN/m3 and 34° to 38.5°, respectively. The embedment depth ratio (𝐻/𝐵) 

of the anchor plate varied between 1 and 4. This data was incorporated in a generalized 

from to predict the ultimate horizontal pullout resistance of anchor plates in terms of the 

influencing parameters. If, 𝐴 = 𝐵𝐿 = area of the anchor, then the correlation can be 

expressed as: 

𝑃𝑢 =
5.4

𝑡𝑎𝑛 φ′
(

𝐻2

𝐴
)

0.28

𝐴𝐻 (2.6) 

Where, 𝛾 = unit weight of soil, 𝐻 = embedment depth of anchor and 𝜑′ = angle of 

internal friction of soil. 

Based on horizontal equilibrium analysis of lateral earth pressures and forces acting on 

an anchor block as depicted in Figure 2.11, Bowles (1997) proposed a general equation 

to determine the horizontal pullout resistance of anchor as follows: 

𝑃𝑢 = 𝐿(𝑃𝑝 − 𝑃𝑎 + 𝐹𝑡 + 𝐹𝑏) (2.7) 

Where, referring to Figure 2.11, if γ
c
= unit weight of concrete, then, 

Effective horizontal passive thrust, 𝑃𝑝 = area abcd 

Effective horizontal active thrust, 𝑃𝑎 = area a'b'c'd' 

Friction force acting at the top, Ft  = γd1tanδ 

Friction force acting at the bottom, Fb  = (γd1+γ
c
B)tanδ1 
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The above-mentioned terms can be determined when the angle of friction between soil 

and concrete (𝛿 and 𝛿1) acting at the top and bottom of the anchor block as shown in 

Figure 2.11 are known. For maximum efficiency, Bowles (1997) suggested to locate the 

anchor block such that the Rankine passive zone in front of the anchor should be 

completely outside the Rankine active zone behind the retaining wall. A factor of safety 

1.2 to 1.5 is suggested for this method.  

Naser (2006) analyzed pullout capacity of an anchor using limit equilibrium approach 

(Figure 2.12). It is important to note that the difference between the analysis of Bowles 

(1997) and Naser (2006) is that the later assumed the translational movement of the 

anchor, however, the former considered a rotational movement along the translational 

movement at limit equilibrium. Nevertheless, both the methods were developed for 

anchor block analysis only, indicating the applicability of these methods to anchor plate 

is restricted. 

 

Figure 2.11 Complete set of forces acting on anchor block as per the assumptions of 

Bowles (1997) 
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Figure 2.12 Free body diagram of anchor based on the assumptions of Naser (2006) 

The ultimate pullout capacity of an anchor (𝑃𝑢) was obtained from the equilibrium of 

forces acting on the anchor by summing them along the horizontal direction and 

multiplying the lateral earth pressures (passive and active) by the 3-D correction factor 

(𝑀), to yield the Eq. (2.8). 

𝑃𝑢 = 𝑀(𝑃𝑝 − 𝑃𝑎) + 𝐹𝑡 + 𝐹𝑠 + 𝐹𝑏 (2.8) 

Where, 𝑃𝑝 and 𝑃𝑎 are the effective horizontal passive and active thrust respectively. The 

3-D correction factor (𝑀) may be calculated from Eq. (2.5). Naser (2006) observed that 

the pullout capacity of block anchor with Rankin theory, corrected for the 3-D effect 

showed a close agreement with experimental results. 

Jadid et al. (2018) derived an expression to calculate the ultimate pullout capacity of the 

anchor block in cohesionless soil employing a passive wedge model. The ultimate pullout 

capacity (Pultimate) for an anchor block with the dimensions height (𝐵), width (𝐿), thickness 

(𝑡) and the depth of embedment below soil surface (𝐻) was calculated with the following 

equation: 
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𝑃𝑢𝑙𝑡𝑖𝑚𝑎𝑡𝑒 =
𝑊

𝑡𝑎𝑛 (45° − 𝜑′ 2⁄ )
 (2.9) 

Where, 𝑊 = weight of the soil contained within the failure surface and 𝜑′ = angle of 

internal friction of soil. The failure pattern assumed in the development of Eq. (2.9) is 

illustrated in Figure 2.13. Explanation of the force components is available in Jadid et al. 

(2018) and Jadid (2016).  

 

Figure 2.13 Idealized failure pattern in front of single anchor with acting forces 

in one face of the wedge according to Jadid et al. (2018) (𝛽 = angle 

subtended by central flank with the vertical, 𝛽′ = angle subtended 

by side flank with the vertical, 𝐹𝑠𝑓 = friction force at the side of the 

wedge, 𝐹𝑠𝑛 = normal force at the side of the wedge) 

Review of literature indicates that the rupture pattern assumed by different investigator is 

linear, bilinear, logarithmic spiral, composite logarithmic spiral, and circular. Choudhary 

and Dash (2016) and Zhao et al. (2011) concluded that the rupture pattern depends on 

some factors of which embedment depth ratio and density of soil are important ones. 

However, discrepancies continue to exist between predictions and actual measurements. 

Understandably, choice of failure mechanism played an important role in causing the 

disparities. Thus, it was also understood that improper choice of failure mechanism might 

lead to serious discrepancies between experimental result and theoretical predictions. 
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2.5.3 Previous Numerical Investigations 

Although, there are a variety of experimental results in the literature, very few rigorous 

numerical analyses have been performed to determine the pullout capacity of anchors in 

sand (Merifield and Sloan, 2006). Most of those numerical analyses were performed for 

strip anchor. On the other hand, to the knowledge of the author, hardly any effort has been 

made so far to conduct numerical analysis on anchor block. Although, it is essential to 

verify theoretical solutions with experimental studies wherever possible, results obtained 

from laboratory testing alone are typically problem specific. Since, the cost of performing 

laboratory tests on each and every field problem combination is cost prohibitive, it is 

necessary to be able to model soil pullout resistance numerically for the purposes of 

design. A summary of some important previous numerical studies post-1980 on vertical 

anchors is provided in Table 2.5. However, the researches presented in Table 2.5 is not 

exhaustive. 

Table 2.5 Numerical studies on vertical anchors in frictional soil  

Source Analysis method 
Anchor 

shape 

Anchor 

roughness 

𝜑′  

(°) 
𝐻/𝐵 

Rowe and 

Davis (1982) 

Elasto–plastic finite 

element 

Strip Smooth 0–45 1–8 

Hanna et al. 

(1988) 

Limit equilibrium Strip; 

Inclined 

Not 

Mentioned 

Loose; 

Dense 

Shallow; 

Deep 

Murray and 

Geddes (1989) 

Limit analysis–upper 

bound 

Strip; 

Inclined 

Rough; 

Smooth 

43.6 1–8 

Basudhar and 

Singh (1994) 

Limit analysis–lower 

bound 

Strip Rough; 

Smooth 

32; 35; 38 1–5 

Merifield and 

Sloan (2006) 

Limit analysis–upper 

and lower bound 

Strip Rough 20–40 1–10 

Bhattacharya 

and Kumar 

(2011) 

Limit analysis–lower 

bound 

Strip Rough; 

Smooth 

25–40 1–7 

Hanna et al. 

(2011) 

Limit analysis Strip Rough 30–45 1–9 

Bhattacharya 

and Kumar 

(2014) 

Limit analysis–lower 

bound 

Strip; 

Inclined 

Rough; 

Smooth 

30–40 3–10 

Bhattacharya 

and Roy (2016) 

Limit analysis–lower 

bound 

Strip Rough; 

Smooth 

30–40 2–7 
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Observation of Table 2.5 reveals that most of the numerical studies on anchors focused 

on strip case and no researches were found to report numerical studies on anchor blocks 

(limited 𝐿/𝐵). However, of the numerical studies reported in Table 2.5, most of the 

researchers investigated both smooth and rough anchors. Merifield and Sloan (2006) 

observed that though the effect of roughness on the pullout capacity of horizontal anchor 

is insignificant, the effect is quite prominent for vertical anchors. Another point is that, in 

contrast to the experimental investigations reported in this paper, behavior of shallow, 

intermediate and deep anchor is investigated by almost all the numerical researches. 

Moreover, the inclination of present researchers in the post–2010 period is toward 

numerical studies. 

Most recently, Bhattacharya and Kumar (2011) investigated the effect of vertical spacing 

of anchor plates and anchor roughness on the pullout capacity of vertical anchors using 

lower bound finite element analysis. Hanna et al. (2011) using limit analysis showed that 

the stress-strain condition in a sand mass during and after the installation of an anchor 

plate, over-consolidation ratio have a significant effect on the pullout capacity. Again, 

using numerical lower bound limit analysis in combination with linear programming, 

Bhattacharya and Roy (2016) showed that pullout capacity increases continuously with 

the decrease in normalized width. Thus, the concepts of anchor plate analyses may 

provide a significant insight into the understanding the behavior of anchor block failure 

mechanism as well. 

2.6 Summary 

Literature reveals that the failure mechanism of anchor plate is explored experimentally 

and theoretically by many researchers. In contrast, very few researches such as Duncan 

and Mokwa (2001), Naser (2006), and Khan et al. (2017) conducted experimental studies 

to investigate the behavior of anchor block. Additionally, Bowles (1997), and Naser 

(2006) developed analytical approaches for anchor block. However, the analytical 

methods of calculating pullout capacity of vertical anchor plates are commonly used for 

anchor blocks in practice. Thus, the key question to the present researchers is that- are 

these methods focusing on anchor plates can be utilized to simulate the behavior of anchor 

blocks as well? Author thinks that the difference in the side conditions of anchor plates 

(plane strain) and anchor blocks (3-D effect) might play a significant role in 

understanding the actual phenomenon. Nevertheless, rigorous analytical, numerical and 
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experimental studies might follow to explore the actual answer. As such, developing an 

analytical model to reliably and accurately predict the pullout capacity for anchor plate 

and block is the prime objective of the present study. Decisively, during the development 

of the theory, key importance was given to accuracy and reliability. As it is 

experimentally evidenced that the failure mechanism of shallow, intermediate and deep 

anchor differ significantly, only shallow and intermediate anchors are kept as focus in the 

present study. Thus, applicability of the proposed analysis will be restricted to shallow 

and intermediate anchors embedded in frictional soils. The predictions of the proposed 

method will be compared with the laboratory and field test results available in the 

literature along with other theoretical methods used for anchor design to assess the 

suitability of the methods.  

 

 

  



26 

 

 

Chapter 3 

THEORY OF THE PROPOSED MODEL 

 

3.1 General 

From the present state of art, it is evident that many researches have been conducted on 

the capacity of vertical anchors especially on anchor plate. However, the inherent 

assumptions in the available pullout capacity prediction models vary significantly from 

one another. Recent investigations showed that some assumptions are rather less 

important than the level of emphasize it was given. In contrast, some important 

assumptions seemed to be omitted in most models. This understandably explains the 

discrepancy among the pullout capacity prediction models. Thus, development of an 

analytical model addressing all relevant assumptions to estimate the capacity of an anchor 

is deemed necessary. The theory on which the model is developed will be discussed in 

this chapter.   

3.2 Problem Notation 

Depending on the orientation of load, an anchor can be positioned horizontally or 

vertically. Vertical anchor having length 𝐿, height 𝐵, and width 𝑡 embedded at a depth 𝐻 

will be considered in the present study. A general layout of the problem is shown in Figure 

3.1. An anchor will be considered as shallow if embedment depth ratio (𝐻/𝐵) is less than 

3 and will be considered as intermediate if 𝐻/𝐵 lies within the range of 3 ≤ 𝐻/𝐵 ≤ 8. 

Here, both the shallow and intermediate anchors are focused which means ultimate 

pullout capacity of vertical anchors up to an embedment depth ratio of 8 can be 

determined using the method proposed in the study. This is from the perspective that 

beyond the limit, failure pattern becomes more localized and the assumptions which will 

be taken in the process of analysis will not be valid. 

3.3 Description of the Proposed Method 

The proposed method of present study is applicable for shallow and intermediate anchors. 

During analyzing, two wedge blocks are assumed to develop due to the anchor pullout. 

First one is the passive wedge block in front of the anchor and second one is the active 
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wedge block at the back of the anchor. The basic principle is that whenever pullout force 

would be exerted by retaining structure via the attachment to a rebar, normal stresses in 

front of the anchor would increase, causing development of a passive wedge in front of 

the anchor. However, an active wedge would also develop at the back of the anchor due 

to frontal movement of itself. The shape of the wedge blocks will be discussed in the 

subsequent sections. At this point, assuming the system is on the verge of failure, the limit 

equilibrium condition will be satisfied, using a variable pressure distribution along the 

failure plane. Then, from the horizontal equilibrium, pullout capacity for the plane strain 

condition will be determined. In addition to the plane strain situation, side flanks also 

develop due to the pullout. Subsequently, the contribution of the side flanks is also 

determined in the present analysis and added to the capacity obtained from the central 

wedge to obtain the ultimate pullout capacity.  

 

Figure 3.1 Problem notation 

3.4 Idealization of the Failure Mechanism 

The idealization includes assumptions regarding the shape of failure surface in both the 

active and the passive sides, pressure distribution on the failure surface, nature of load-
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displacement curve, nature of anchor-soil interface and nature of side flanks formed 

during failure. These topics will be discussed subsequently in the following sections. 

3.4.1 Failure Surface in Passive Side 

Although the actual failure surface might follow a very irregular pattern, the estimation 

of pullout resistance requires an idealization of the rupture surface. This failure surface 

idealization is the first step in problem solving using limit equilibrium technique. 

Researchers adopted different failure surface starting from the earliest method of analysis 

proposed by Rankine to estimate the ultimate pullout capacity. The failure surface 

assumed by Ovesen (1964) entails composite rupture pattern consisting of logarithmic 

spiral region sandwiched between two straight regions. Figure 3.2 shows the rupture 

pattern assumed by Ovesen (1964). Dickin and Leung (1985) developed a theoretical 

model for shallow anchors using planar failure surface considering the inclination of 

failure surface with the vertical, 𝛽 = 45° + 𝜑′/2.  

 

Figure 3.2 Failure surface in the passive side as assumed by Ovesen (1964) 

In addition to that, Dickin and Leung (1985) conducted extensive experimental study 

using centrifugal and conventional model tests. At shallow depth (𝐻 𝐵⁄ < 3), the failure 

pattern observed was linear in nature. However, the pattern became complex as the 

embedment was increased, leading to a curved failure surface. At intermediate depths 

(𝐻 𝐵⁄ = 5), the failure observed was curvilinear in nature (Figure 3.3). Beyond an 

embedment depth ratio of 8, rotational failure occurred. It was suggested in the study that 
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the minimum depth for which localized shear occurs is 8. They termed this as critical 

embedment ratio. Furthermore, the dependency of critical embedment ratio on the anchor 

size was criticized. 

 

(a) 

 

(b) 

Figure 3.3 Failure surface in the passive side as observed by Dickin and Leung (1985) 

when (a) 𝐻/𝐵 =  3, (b) 𝐻/𝐵 =  5 

NAVFAC DM (1986) suggested adopting  𝛽 to be similar to the theoretical model of 

Dickin and Leung (1985) in designing anchor in frictional soil. In Figure 3.4, failure 

surface assumed by NAVFAC DM (1986) is presented. From the field tests Duncan and 

Mokwa (2001) observed that the rupture plane could probably be assumed planar if the 

anchor is placed flush with the existing ground level.  
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Figure 3.4 Failure surface in the passive side as assumed by NAVFAC DM (1986) 

Chowdhary and Dash (2016) through extensive half model test observed the similar 

phenomenon as observed by Duncan and Mokwa (2001) for surficial anchors. Their 

experimental investigation confirmed that the soil wedge ruptured as single unit at 

shallow depth, causing the interface friction between soil and the anchor to be negligible. 

They further showed that when the anchor is placed flush with ground surface, the failure 

surface might follow a straight path, however, the failure pattern is observed to be a 

combination of logarithmic spiral and a straight line, as the embedment depth is increased 

up to such a limit that local failure occurs. Figure 3.5 shows a schematic sketch of the 

failure pattern noticed by Chowdhary and Dash (2016). Thus, to predict the pullout 

capacity, incorporating plane failure surface in the analysis might lead to conservative 

estimate of the pullout capacity with the increase of embedment depth ratio.  

Neely et al. (1973) assumed failure plane consisting of a combination of logarithmic 

spiral and straight line. Neely et al. (1973), however, proposed two techniques to idealize 

failure mechanism. Those can be listed as- 

(i) surcharge method, and  

(ii) equivalent free surface method. 

Surcharge method is completely based on the theory of plasticity. Here, it is assumed that 

the soil located above the top level of the anchor can be considered as a simple surcharge. 

The failure surface in the soil consist of an arc of logarithmic spiral and a straight line. 
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Figure 3.6 demonstrate typical failure mechanism using Neely’s (1973) surcharge 

method. 

 (a) 

 

(b) 

Figure 3.5 Failure surface in the passive side as observed by Choudhury and Dash 

(2016) when (a) 𝐻/𝐵 =  1, (b) 𝐻/𝐵 =  5 

In equivalent free surface method, the assumed failure surface in soil, ACD (Figure 3.7), 

is an arc of a logarithmic spiral with the center at O. OD is a straight line which is the 

equivalent free surface. The concept of the equivalent free surface is analogical to the 

method developed by Meyerhof (1951) to predict the ultimate bearing capacity of 

foundations. It is to be noted that along the equivalent free surface, OD, the shear stress 

𝜏 can be expressed in the form of Eq. (3.1). 
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 𝜏 = 𝑚 𝜎 𝑡𝑎𝑛𝜑′ (3.1) 

Where, 𝜎 = effective normal stress, 𝑚 = mobilization factor and 𝜑′ = angle of internal 

friction of soil. The magnitude of m may vary between zero and one. Neely et al. (1973) 

developed design charts expressed in non-dimensional form, as force coefficients. To 

summarize, this method also considers that the failure plane is a combination of 

logarithmic spiral and a straight line; however, considerations regarding the shear stress 

above the top level of the anchor are duly accounted for. 

 

Figure 3.6 Failure mechanism idealization by Neely’s (1973) surcharge method 

In summary, author has two options to idealize the failure mechanism. First one suggests 

neglecting the shear resistance above the top of anchor and the second one suggest 

considering the shear resistance by using the principle of equivalent free surface. 

Although the first option neglects the shearing resistance of soil above the top surface of 

the anchor, but the effect of soil weight above the base is considered in both the options.  

Terzaghi (1948) neglected soil resistance above footing level for the analysis of bearing 

capacity of the soil. Dickin and Leung (1985) conducted laboratory tests and observed 

that solution using Neely’s (1973) surcharge method provide compatible values in most 

of the cases. In contrast, free surface provided greatest deviations from their experimental 

results. 
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Figure 3.7 Failure mechanism idealization by Neely’s (1973) equivalent free surface 

method 

The experimental results of Choudhary and Dash (2016) suggested that for intermediate 

anchor, the failure surface might not reach the existing ground level depending on the soil 

properties. Furthermore, neglecting the shearing resistance above the top level of anchor 

would provide a conservative estimate, which is important from the reliability 

perspective. Thus, to achieve a conservative and reliable estimate, first option seems more 

accurate in such situation and the second option should not be opted as experimental 

evidences suggest that the later one might provide unreliable estimate of pullout capacity. 

Additionally, it was noted that the failure plane changes its nature with the change of 

embedment depth.  

Subsequently, considering all the possibilities, at shallow depth, the failure plane would 

be considered as planar as presented in Figure 3.8(a). The inclination of the failure plane 

can be estimated from the Rankine theory. At intermediate depth, the failure plane would 

be considered to contain logarithmic spiral surface followed by a plane surface. In Figure 

3.8(b), a schematic sketch of the assumed failure plane in the passive side for intermediate 

anchors is shown. For both shallow and intermediate anchors, the soil above the top level 

of anchor is considered to provide a simple surcharge over the hypothetical plane flush 

with the top of the anchor. 
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(a) 

 

(b) 

Figure 3.8 Geometry of the passive failure wedge developed in front of (a) a shallow 

anchor, and (b) an intermediate anchor as assumed in the present study 
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3.4.2 Failure Surface in Active Side 

Similar to the case of assuming a predetermined failure surface in the passive side, failure 

pattern in the active side needs to be ascertained. Merifield and Sloan (2006), through 

limit analysis, observed the formation of active wedge behind the anchor, concluding that 

failure in anchored soil is characterized by active failure zone immediately behind the 

anchor, and an extensive passive failure zone in front of the anchor. Choudhary and Dash 

(2016) reported that the failure pattern behind the anchor consists of a column of soil 

collapsing into the gap formed due to the forward movement of the anchor, contributing 

to the active pressure. However, Merifield and Sloan (2006) suggested that although the 

effect of active thrust could be neglected for greater depths, the effect is significant at 

shallow depth. It was also observed that the size of active failure zone behind the anchor 

decreases with an increase in the 𝜑′ and the effect is maximized at 𝐻 𝐵⁄ < 2, and in loose 

sands. Bowles (1997), and Naser (2006) also suggested consideration of active thrust on 

the back face of anchor. Thus, overlooking active failure wedge might lead to erroneous 

result for anchors laid at surficial layers.  

Teng (1962) adopted planar failure surface in the active side of anchor to estimate the 

pullout capacity. Ovesen (1964), however, adopted failure surface consisting of an arc of 

logarithmic spiral followed by a straight line, in the active side of anchor (Figure 3.9). 

Numerical investigation by Merifield and Sloan (2006) reveals failure pattern in the 

active side is almost linear and its inclination could simply be estimated from the angle 

suggested by Rankine (Figure 3.10). Merifield and Sloan (2006) observed that the failure 

plane reached ground surface in the active side of the anchor. Very recently, in the 

development of an analytical model to estimate active thrust, Kame et al. (2012a) 

assumed a failure surface consisting of an arc of logarithmic spiral followed by a straight 

line. Nevertheless, the arc seemed to be too small and can be considered planar. As the 

present study covers a wider range of embedment depth, it will be assumed that active 

failure wedge forms at the back of anchor. The failure plane will be assumed to be 

inclined at 45° + 𝜑′/2 with the horizontal in the active side of the anchor. Figure 3.11 

shows the geometry of active failure wedge assumed in the present study. 

Thus, the present analysis considers both the passive and active forces as they form in the 

front and at the back of the anchor respectively.  
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Figure 3.9 Failure surface in the active side as per the assumption of Ovesen (1964) 

and Kame et al. (2012a, b) 

 

 

Figure 3.10 Failure surface in the active side as per the assumption of Merifield and 

Sloan (2006) 
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Figure 3.11 Geometry of the active failure wedge developed at the back of anchor as 

assumed in the present study 

3.4.3 Pressure Distribution on the Failure Surface 

One of the important steps in solving problem utilizing limit equilibrium theory is to 

assume a pressure distribution along the failure plane. As failure commences along the 

failure surface which is assumed as a combination of an arc of logarithmic spiral and a 

straight line, reactive pressure generates over that surface. One of the most common 

similarities among different models in the available literature (Dickin and Leung, 1985; 

Jadid et al., 2018) is to assume a uniform pressure distribution along the failure surface. 

However, such idealization resulted in extremely optimistic pullout capacities. Although, 

reliability is ensured in such case, the accuracy is highly sacrificed. It is understandable 

that the generated pressure will not be the same at all the points along the failure surface. 

Thus, to address non-uniform pressure distribution along the failure surface, Kӧtter 

(1903) equation will be utilized. In cohesionless soil medium, under plane strain 

condition, in passive state of equilibrium, Kӧtter (1903) equation can be expressed as- 

 𝑑𝑝

𝑑𝑠
+ 2𝑝 𝑡𝑎𝑛𝜑′ 

𝑑𝛼

𝑑𝑠
=  𝛾 sin(𝛼 + 𝜑′) (3.2) 

Similarly, in cohesionless soil medium, under plane strain condition, in active state of 

equilibrium, Kӧtter (1903) equation can be expressed as- 
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 𝑑𝑝

𝑑𝑠
− 2𝑝 𝑡𝑎𝑛𝜑′ 

𝑑𝛼

𝑑𝑠
=  𝛾 sin(𝛼 − 𝜑′) (3.3) 

Notations used are presented in Figure 3.12 and addressed in detail in the Chapter 4. It is 

to be noted that Kӧtter’s equation is valid for plane strain cases. Patki et al. (2017), Patki 

et al. (2015) showed successful application of the equation in observing retaining wall 

behavior. Dewaiker and Mohapatro (2003), Patki et al. (2017) utilized Kӧtter (1903) 

equation to estimate the bearing capacity factor, 𝑁. Kame et al. (2012a), Patki et al. 

(2015) showed the successful application of Kӧtter’s equation to estimate the passive 

earth pressure coefficient. However, in this analysis Kӧtter’s equation will be used in 

conjunction with limit equilibrium approach. Such conjunctive use was successfully 

adopted by Kame et al. (2012b) and Patki et al. (2015). The pressure obtained from Eq. 

(3.2) and Eq. (3.3) can be integrated over the surface area to obtain the magnitude of 

resultant soil reaction in both horizontal and vertical direction. A typical pressure 

distribution along the failure surface in both the active and passive side is illustrated in 

Figure 3.12. 

 

Figure 3.12 Pressure distribution on the failure surface assumed in the present study 

However, author wants to clarify that the proposed analysis is focused to solve the pullout 

capacity of an anchor when the embedment depth ratio is less than 8. Beyond this 

embedment depth ratio, circular failure pattern occurs as evidenced in the works of Das 

(1990) and Biarez et al. (1965) and such local failure pattern cannot be addressed by the 

proposed technique. 
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3.4.4 Load Displacement Curve 

The prime objective in this study is to determine the ultimate pullout capacity. But, what 

does it mean by ultimate pullout capacity? Neely et al. (1973), observed three different 

load-displacement relationships from their laboratory model test (Figure 3.13). These are- 

i) Case I: 𝐿/𝐵 > 2 and 𝐻/𝐵 < 2 

For anchors with such geometric condition, load increases up to a point where 

displacement reaches a maximum value and remains constant thereafter. The constant 

value reached is considered as the ultimate pullout force. 

ii) Case II: 𝐿/𝐵 < 2 and 𝐻/𝐵 > 2 

For anchors with such geometric condition, load increases up to a maximum value, after 

which the load-displacement diagram becomes practically linear. The ultimate pullout 

capacity can be obtained by extending the slope of the linear portion up to a distance 

when it intersects load axis. 

 

Figure 3.13 Typical load-deflection curves depicting anchor failure criteria 
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iii) Case III: 𝐿/𝐵 > 2 and all 𝐻/𝐵 

For anchors with such geometric condition, load increases up to a peak value and 

decreases thereafter with the increase in displacement. 

As the limit equilibrium technique is adopted in the present study, it inherently suggests 

assumption of a predetermined failure surface and also the pressure distribution in that 

surface. This pressure in the prescribed failure plane will develop only when the bonding 

between the soil particles is lost. Thus, any pressure developed beyond the failure of soil, 

will initiate plastic deformation, resulting in increase of displacement. To ascertain the 

deformation at failure, a chart developed by Neely et al. (1973) can be used, which is 

based on laboratory model test and presented in Figure 3.14. However, in some 

circumstances design layout does not allow significant horizontal displacement. 

Therefore, maximum pullout capacity may not be attained in some specific field situation. 

Using the technique of the present study, one can only obtain the ultimate pullout 

capacity.  

 

Figure 3.14 Design chart to estimate deformation at failure, developed by Neely et al. 

(1973) 

Ghaly (1997), however, from the experimental results of Das and Seely (1975) proposed 

a relation between pullout capacity at any instance with allowable anchor deflection, 

which can be expressed as- 
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 𝑃𝑖

𝑃𝑢
= 2.2 (

𝑢

𝐻
)

0.3

 (3.4) 

Using this equation, inserting the allowable anchor deflection, the pullout capacity 

corresponding to an allowable anchor deflection can be obtained.  

3.4.5 Anchor-soil Interface 

Earlier studies on vertical anchors in sand by Rowe and Davis (1982) have revealed that 

anchor interface roughness significantly affects the ultimate anchor capacity. Merifield 

and Sloan (2006), however found no significant effect of anchor roughness on the pullout 

capacity for horizontal anchors in sand. But, for vertical anchors, the effect was 

substantial, and it requires necessary consideration in design. They observed that for 

vertical anchors, changing the interface roughness from perfectly rough to perfectly 

smooth can lead to a reduction in the anchor capacity by as much as 67%. The effect of 

anchor roughness was found to decrease with an increase in embedment depth for all 

friction angles considered by Merifield and Sloan (2006). The greatest rate of change in 

the roughness correction factor occurs between embedment ratios of 1 and 4. Merifield 

and Sloan (2006) incorporated a term to demonstrate the effect of anchor roughness. The 

term can be expressed as-  

 𝐹𝛿 =
𝑞𝑢(𝑟𝑜𝑢𝑔ℎ)

𝑞𝑢(𝑠𝑚𝑜𝑜𝑡ℎ)
 (3.5) 

Where, 𝑞𝑢(𝑟𝑜𝑢𝑔ℎ) =  ultimate pullout capacity for rough anchor, and 𝑞𝑢(𝑠𝑚𝑜𝑜𝑡ℎ) = 

ultimate pullout capacity for smooth anchor. For 𝜑′  = 30°, for example, the anchor 

correction factor Fδ increases from approximately 1.15 for 𝐻/𝐵 =  10 to around 1.90 for 

𝐻/𝐵 =  1. Two thirds of the total variation in fact occurs between 𝐻/𝐵 =  4 and 1. 

In the case of a rough anchor, significant shear stresses will develop at the anchor 

interface in response to this upward movement. These shear stresses are resisted by the 

interface and contribute to the anchor capacity. The rupture surface pattern of passive soil 

wedge depends on many factors, including but not limited to the embedment depth of 

anchor, interface friction between soil and anchor, the density of soil. Duncan and Mokwa 

(2001) suggested that a certain magnitude of relative shear displacement across the 

interface is required to mobilize interface friction. They indicated that the amount of 

relative shear displacement required to mobilize the full strength of the interface is 



42 

 

typically less than 2.5–6 mm. They further recommended that smaller relative 

displacements across the interface will result in only partial mobilization of the interface 

friction. It is to be noted that the occurrence of relative shear displacement will depend 

on whether the structure is heavy or light. Thus, analysis method largely depends on the 

assumption regarding the consideration of the structure to be heavy or light. 

In case of light structures, the upward component of the passive resistance is so large as 

to cause upward movement of the anchor (Duncan and Mokwa, 2001). Thus, both the soil 

and structure move together like a single unit as illustrated in Figure 3.15(a). As a result, 

the shear forces across the interface cannot get mobilized. Duncan and Mokwa (2001) 

conducted a field test on reinforced concrete anchor block of size 1.1×1.9×0.9m using 

two different backfill materials. They observed that as the load was increased, both the 

anchor and the passive failure wedge moved together in lateral and upward direction and 

concluded that the interface friction for shallow anchor is controlled by the weight of 

anchor itself for vertical equilibrium rather than the relative displacement across the 

interface. 

However, the scenario is completely different for heavy structures. Duncan and Mokwa 

(2001) indicated that if the vertical component of passive force is smaller than the weight 

of the structure, a slip will occur across the interface. In such situation, the soil moves in 

horizontal and upward direction, whereas the structure moves only in horizontal direction. 

As the soil moves upward with respect to the structure, there is a downward shear force 

on the soil and an upward shear force on the structure. Thus, in response to this upward 

movement, significant shear stresses develop at the anchor interface. This relative shear 

displacement will in turn mobilize the interface friction providing additional shear 

stresses to the system. These shear stresses contribute significantly to the pullout capacity 

(Duncan and Mokwa, 2001; Merifield and Sloan, 2006; and Kame et al., 2012a). From 

the extensive numerical analysis, Merifield and Sloan (2006), Kumar and Sahoo (2012), 

and Bhattachyarya and Kumar (2014) showed that the interface roughness has a 

significant influence on pullout capacity of a strip anchor. The shear stress developed 

along a rough interface tends to force the rupture surface downwards below the bottom 

of the anchor (Merifield and Sloan, 2006). Therefore, the rupture surface of the soil wedge 

becomes curvilinear. 
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(a) 

 

(b) 

Figure 3.15 Movement of the anchor-soil system due to pullout in (a) a light 

structure, (b) a heavy structure 

The technique to determine 𝛿 for light and heavy structure is significantly different as 

suggested by Duncan and Mokwa (2001). For light structure, the interface friction angle 

completely depends on the weight of the anchor itself, but, for large structures several 

factors interact with each other to affect 𝛿. For light structure, 𝛿 can be calculated using 

the expression 𝛿 = 𝑡𝑎𝑛−1 (
𝑊𝑏

𝑃𝑢
) and for heavy structure, force equilibrium of three forces, 

viz. the weight of the soil within the failure wedge, reactive force on the failure surface 

and the passive pressure on the wedge block is satisfied to obtain 𝜹. It was reported by 
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Duncan and Mokwa (2001) that 𝛿 remains in the range of 4°–6° when the anchor top is 

kept flush with the top of the existing ground level. However, with the increase of 

embedment depth, 𝛿 is also expected to increase. 

Frictional resistance between soil and structure will obviously develop in the horizontal 

direction, since the pullout force from retaining structure causes horizontal shear 

displacement between soil and anchor. But, the key concern is the assumption of 

mobilization of vertical shear stresses. However, irrespective of the consideration of the 

weight of the structure, mobilization of interface frictional stress is observed by all the 

researchers discussed above, which leads no scope to omit the effect. 

In the present analysis, the interface friction will be considered along all the faces of the 

anchor, as the soil-structure interface is assumed to be rough, and the structure can either 

be light or heavy. Existing studies suggest that for plate anchor (not strip ones), the 

mobilization of horizontal frictional forces although may be neglected due to the fact that 

surface area is smaller, for anchor block, the magnitude should not be ignored. Thus, 

author found it more logical to consider the interface friction to simulate the actual failure 

scenario. In the pullout capacity prediction models of the existing literature, 𝛿 is assumed 

preliminarily based on the anchor material. Some standard guidelines for estimating 𝛿 

can be found in Potyondy (1961), Gireesha and Muthukkumaran (2011), Tiwari and Al-

Adhadh (2014). In contrast, in the present analysis, as the failure surface is predetermined, 

owing to the equilibrium condition to be satisfied by the horizontal and vertical 

component of the passive earth pressures, 𝛿 will be obtained. 

3.4.6 Formation of Side Flanks 

The next consideration is based on the dilatancy property of soil. Soils, depending on 

their relative denseness undergo dilation during plastic deformation. Soil dilatancy is 

found to have a significant effect on the response of a vertical anchor. Merifield and Sloan 

(2006) observed that in the extreme case of an anchor in a dense non-dilatant soil (𝜑′ =

 40°, 𝜓′ =  0°), the ultimate capacity was estimated to be approximately half of that for 

the same anchor in an associated soil (𝜑′ =  40°, 𝜓′ =  40°). They also suggested that 

because of localization, these results need to be treated with caution. 

Zhao et al. (2011), Giampa et al. (2016) also suggested that dilatancy of soil mass needs 

to be considered as it plays a significant role in the pullout capacity of an anchor. 
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Dilatancy during plastic deformation tends to cause the soil in front of the anchor to lock 

up, and it is necessary for an extensive plastic region to develop before there is sufficient 

freedom for the collapse to occur (Rowe and Davis, 1982). Laboratory test results and 

numerical analysis also confirmed the formation of side wedges caused by dilation of soil 

(Rowe and Davis, 1982; Dickin and Leung, 1983; Kouzer and Kumar, 2009; Giampa et 

al., 2016). As an approximation, Reese et al. (1974) and Lin et al. (2014) suggested using 

𝛼′ = 𝜑′/2 . This formation of side wedges inhibits the plane strain condition (2-

Dimensional problem) and causes 3-Dimensional problem for the anchor. The 

conventional lateral earth pressure theory (Rankine, Coulomb) was developed for 2-

Dimensional situation, which can be directly utilized for long/continuous anchor (e.g. 

strip anchor). For an anchor with limited aspect ratio, however, the different side 

conditions due to the formation of side flanks must be taken into consideration while 

utilizing the conventional lateral earth pressure theory to account the 3-Dimensional 

situation. The proposed method utilizes Kӧtter (1903) equation which also has the 

applicability in the plane strain problems. Thus, author made an effort to estimate the 

pullout capacity contributed from the side flanks as formed during the commencement of 

failure. The additional contribution will then be added to the pullout capacity obtained 

from the central region of the failure wedge, obtained from limit equilibrium analysis 

coupled with the assumption of pressure distribution using Kӧtter equation considering 

plane strain condition. 

Rowe (1978) derived approximate values of dilatancy angle, 𝜓′ for a particular value of 

𝜑𝑝𝑠 and 𝜑𝑐𝑝 from the stress-dilatancy relationship. The relationship can be expressed as 

Eq. (3.6) and will be adopted in the present analysis to estimate 𝛼′. 

 

tan (45 +
ψ′

2
) =

tan (45 +
φps

2
)

tan (45 +
φcp

2
)
 (3.6) 

Where, 𝜑𝑝𝑠 = peak plane strain friction angle, and 𝜑𝑐𝑝 = critical state friction angle. In 

this study, from force equilibrium, the contributions from the side flanks will be estimated 

assuming 𝜓′ = 𝛼′. Dickin and Leung (1985), Lin et al. (2014) suggested that the passive 

failure angle at the side flank of the wedge can be reasonably approximated to be equal 

to 45° + 𝜑′/2. On the contrary, author has different perspective to contradict the concept. 

Through extensive experimental investigation, it is established that as the embedment 
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depth increases, the failure path becomes curvilinear in nature. The curvilinear surface 

can better be approximated as logarithmic spiral surface. At an embedment depth ratio 

greater than 8, the failure pattern becomes circular. The failure wedge entails both central 

region and side flanks. However, in the junction region of the boundary of central region 

and side flank, a sudden jump from logarithmic spiral curve to a straight curve can hardly 

occur, as the total failure wedge works as a single unit. Thus, author thinks it would be 

more reasonable to consider a logarithmic spiral failure surface in the side flanks as well.  

During the idealization of the failure mechanism of the side flanks, however, three 

approaches can be followed. The theory behind each of these methods is discussed herein.  

In contrast to Neely’s (1973) surcharge method, the first approach would consider the 

shear resistance of the soil above the top level of the anchor. This approach may generate 

over–optimistic results since both the weight and the shear resistance above the top level 

of anchor is being considered. However, in this approach, the shear resistance developed 

along the failure plane will be assumed to be uniform. 

The second approach considers Neely’s (1973) surcharge method and frictional force 

developed at the bottom of the wedge is uniform. However, as mentioned earlier in this 

chapter, this method does not consider the shear resistance obtained from the soil above 

the top level of the anchor. 

Figure 3.16 shows a schematic sketch of the side flanks developed. From the illustration, 

it can be observed that the flank has a known width and height if the dilatancy angle is 

known in advance. Superimposing the two side flanks, an equivalent rectangular wedge 

having a width equal to the width of a single triangular wedge can be obtained. The width 

of wedge while development of the pullout capacity assuming plane strain condition, was 

𝐵. Now, it is assumed that plane strain condition exists in the rectangular wedge also, 

then the thickness of the modified wedge can be taken as (𝐵 + 2𝑏𝑡𝑎𝑛𝛼′). This is the third 

approach. However, it is worth mentioning that such approach will omit the resistance 

obtained from the vertical face of the side flanks. 

During the development of the theory for contribution from side flanks using first and 

second approaches, active force component, side friction component of anchor and 

bottom friction component of anchor is not considered, as these items are already 

considered during equilibrium condition of the failure wedge while considering plane 
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strain condition. Consideration of the above-mentioned terms might lead to double 

consideration of the force components. 

 

Figure 3.16 Plan view of the side flank formation during anchor pullout and 

consideration of equivalent rectangle to replace two triangles 

3.5 Summary 

In this chapter the assumptions associated with the analytical model to predict the pullout 

capacity of a vertical anchor is elaborately explained. The idealization includes 

assumptions regarding the shape of failure surface in both the active and the passive sides, 

pressure distribution on the failure surface, nature of load-displacement curve, nature of 

anchor-soil interface and nature of side flanks formed during failure. Applicability of the 

theory is also identified. The next chapter will focus on the mathematical basis of the 

assumption. 
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Chapter 4 

DEVELOPMENT OF THE MATHEMATICAL MODEL 

 

4.1 General 

The theory on which the model is based is explained in the previous chapter. This chapter 

will elaborately show the mathematical formulation of the assumptions taken. Firstly, the 

analysis technique will be discussed. Thereafter, the breakdown of the techniques will be 

presented.  

4.2 Analysis Technique 

The total analysis technique has been broken down into two segments. In the first 

segment, the plane strain condition would be considered to determine the pullout 

capacity. Thereafter, in second segment the contribution from the side flanks formed 

during pullout will be considered.  

4.3 Passive Pressure Calculation 

The assumed failure surface in the passive side consists of an arc of logarithmic spiral 

and a straight line during most of the range of embedment depth ratio considered. The 

total passive pressure is the sum of the contributing resistances generating from the 

surcharge above the top level of anchor and the self-weight of the soil within the failure 

wedge along the assumed failure surface. Thus, owing to the equilibrium condition to be 

satisfied, total passive resistance acting in horizontal and vertical direction will be 

obtained. 

4.3.1 Passive Pressure in Logarithmic Spiral Surface 

As discussed in the previous chapter, failure surface entails a combination of logarithmic 

spiral curve and a tangent section following that curve for intermediate anchors. For 

shallow anchors, the failure surface is planar in nature. The passive pressure along the 

vertical anchor-soil interface can be estimated from the resistance developed along the 

failure plane due to surcharge and self-weight of soil. A schematic diagram of the 

assumed failure surface in the passive side is provided in Figure 4.1.  
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The logarithmic spiral section can be expressed as- 

 𝐵𝐺 = 𝑟1 =  𝐵𝐷 ∗ 𝑒𝜃 tan 𝜑′ (4.1) 

In cohesionless soil medium, under plane strain condition, in passive state of equilibrium, 

the variation of pressure along the failure surface can be expressed as- 

 𝑑𝑝

𝑑𝑠
+ 2𝑝 𝑡𝑎𝑛𝜑′ 

𝑑𝛼

𝑑𝑠
=  𝛾 sin(𝛼 + 𝜑′) (4.2) 

 

Figure 4.1 Free body diagram showing the forces acting in logarithmic spiral zone 

Where, 

𝑑𝑝  = differential reactive pressure on failure surface 

𝑑𝑠  = differential length of arc of failure surface 

𝜑′  = angle of internal friction 

𝑑𝛼  = differential slope with the horizontal at any point of interest 

𝛼  = inclination of tangent at the point of interest with the horizontal 

However, to solve Eq. (4.2), a relationship between 𝜃 and 𝛼 need to be established. This 

can be obtained from the geometry of quadrilateral 𝐵𝐷’𝐺𝐺’ in Figure 4.1, 
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 90 +  𝜃 +  180 –  𝛼 +  90 −  𝜑′ =  360 (4.3) 

 𝑜𝑟,     𝜃 –  𝛼 –  𝜑′ =  0 (4.4) 

 𝑜𝑟,     𝜃 =  𝛼 +  𝜑′ (4.5) 

   ∴ 𝑑𝜃 =  𝑑𝛼 (4.6) 

The maximum spiral angle can be obtained from the geometry of ⦟𝐼𝐵𝐷 as 

 
𝜃𝑚 = 90 − (45 −

𝜑′

2
) = 45 +

𝜑′

2
 (4.7) 

From the theory of logarithmic spiral, a relationship between the differential surface and 

differential angle can be established, which can be expressed as- 

 𝑑𝑠 = 𝑟 sec 𝜑′ 𝑑𝜃 (4.8) 

Putting the basic theory of logarithmic spiral surface from Eq. (4.8) in Eq. (4.2), 

 𝑑𝑝

𝑟 sec 𝜑′ 𝑑𝜃
+ 2𝑝 tan 𝜑′

𝑑𝛼

𝑟 sec 𝜑′ 𝑑𝜃
= 𝑟 sin(𝛼 + 𝜑′) (4.9) 

 
𝑜𝑟,

1

𝑟
cos 𝜑′

𝑑𝑝

𝑑𝜃
+

2𝑝

𝑟

tan 𝜑′

sec 𝜑′

𝑑𝛼

𝑑𝜃
=  𝛾 sin(𝛼 + 𝜑′) (4.10) 

As obtained previously from the geometry of quadrilateral 𝐵𝐷’𝐺𝐺’ in Figure 4.1, 

 𝜃 = 𝛼 + 𝜑′  

 ∴  𝛼 =  𝜃 −  𝜑′  

Putting the value of 𝛼 in Eq. (4.10), 

 1

𝑟
cos 𝜑′

𝑑𝑝

𝑑𝜃
+

2𝑝

𝑟
sin 𝜑′ =  𝛾 sin(𝜃 − 𝜑′ + 𝜑′) (4.11) 

 
𝑜𝑟,

1

𝑟
cos 𝜑′

𝑑𝑝

𝑑𝜃
+

2𝑝

𝑟
sin 𝜑′ =  𝛾 sin 𝜃 (4.12) 

 
𝑜𝑟,

1

𝑟
cos 𝜑′

𝑑𝑝

𝑑𝜃
=  𝛾 sin 𝜃 −  

2𝑝

𝑟
sin 𝜑′ (4.13) 
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𝑜𝑟,

𝑑𝑝

𝑑𝜃
= ( 𝛾 sin 𝜃 − 

2𝑝

𝑟
sin 𝜑′)

𝑟

cos 𝜑′
 (4.14) 

 
𝑜𝑟,

𝑑𝑝

𝑑𝜃
= ( 𝛾 sin 𝜃 − 

2𝑝

𝑟
sin 𝜑′)

𝑟0𝑒𝜃 tan 𝜑′

cos 𝜑′
 (4.15) 

 
𝑜𝑟,

𝑑𝑝

𝑑𝜃
=

𝛾 𝑟0

cos 𝜑′
𝑒𝜃 tan 𝜑′ sin 𝜃 − 

2𝑝

𝑐𝑜𝑠 𝜑′
sin 𝜑′ (4.16) 

 
𝑜𝑟,

𝑑𝑝

𝑑𝜃
=

𝛾 𝑟0

cos 𝜑′
𝑒𝜃 tan 𝜑′ sin 𝜃 −  2𝑝 tan 𝜑′ (4.17) 

Now, giving the complex constant terms a simple form,  

 𝑎 =  
𝛾 𝑟0

cos 𝜑′
 (4.18) 

 𝑏 = 2 tan 𝜑′ (4.19) 

 𝑚 = tan 𝜑′ (4.20) 

Putting in Eq. (4.59),  

 𝑑𝑝

𝑑𝜃
= 𝑎 𝑒𝑚𝜃 sin 𝜃 − 𝑏𝑝 

(4.21) 

Considering,  
𝑑

𝑑𝜃
= 𝐷, 

 𝐷𝑝 + 𝑏𝑝 =  𝑎𝑒𝑚𝜃 sin 𝜃 (4.22) 

 𝑜𝑟, (𝐷 + 𝑏)𝑝 =  𝑎𝑒𝑚𝜃 sin 𝜃 (4.23) 

Such type of differential equation has two solution functions, viz. complementary 

function and particular integral. The complementary function can be obtained as- 

The complementary function: 

 𝑃 = 𝑒𝑚𝜃 (4.24) 

Differentiating both sides,  

 𝐷𝑝 = 𝑚𝑒𝑚𝜃 = 𝑚𝑝 (4.25) 

 (𝐷 + 𝑏)𝑝 = 0 (4.26) 

Putting the value of P,  



52 

 

 𝑚 𝑒𝑚𝜃 + 𝑏 𝑒𝑚𝜃 = 0 (4.27) 

 𝑜𝑟, 𝑒𝑚𝜃(𝑚 + 𝑏) = 0 (4.28) 

 ∴ 𝑚 =  −𝑏 (4.29) 

Thus, the complementary function (𝐶. 𝐹) is- 

 𝐶. 𝐹 = 𝑐 𝑒−𝑏𝜃 (4.30) 

Where, 𝑐 is a constant. 

The particular integral: 

𝑃. 𝐼 = 𝑎 
1

𝐷 + 𝑏
𝑒𝑚𝜃 sin 𝜃 (4.31) 

 
= 𝑎 𝑒𝑚𝜃

1

(𝐷 + 𝑚) + 𝑏
sin 𝜃 (4.32) 

 
=  𝑎 𝑒𝑚𝜃

1

𝐷 + 𝑏 + 𝑚
sin 𝜃 (4.33) 

 
=  𝑎 𝑒𝑚𝜃

𝐷 − (𝑏 + 𝑚)

{𝐷 + (𝑏 + 𝑚)}{𝐷 − (𝑏 + 𝑚)}
sin 𝜃 (4.34) 

 
=  𝑎 𝑒𝑚𝜃

𝐷 − (𝑏 + 𝑚)

𝐷2 −  (𝑏 + 𝑚)2
sin 𝜃 (4.35) 

 
= 𝑎 𝑒𝑚𝜃

𝐷 − (𝑏 + 𝑚)

−1 −  𝑏2 − 2 𝑏𝑚 − 𝑚2
sin 𝜃 (4.36) 

 
=  −𝑎 𝑒𝑚𝜃

𝐷 − (𝑏 + 𝑚)

1 +  𝑏2 + 2 𝑏𝑚 + 𝑚2
sin 𝜃 (4.37) 

The particular integral (𝑃. 𝐼) can be obtained as- 

𝑃. 𝐼 = 
−𝑎 𝑒𝑚𝜃

𝑏2 + 2 𝑏𝑚 + 𝑚2 + 1
[cos 𝜃 − (𝑏 + 𝑚) sin 𝜃] (4.38) 

Thus, the solution can be found by summing up both the complementary function and the 

particular integral. 

∴ 𝑃 =  
−𝑎 𝑒𝑚𝜃

𝑏2 + 2 𝑏𝑚 + 𝑚2 + 1
[cos 𝜃 − (𝑏 + 𝑚) sin 𝜃] + 𝑐𝑒−𝑏𝜃 (4.39) 

Boundary condition; at 𝜃 =  𝜃𝑚 ; 𝑃 =  𝑃𝐸 

Putting values of 𝑎, 𝑏, 𝑚 in Eq. (4.39), 
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𝑃 =  − 

𝛾 𝑟0

cos 𝜑′
𝑒𝑚𝜃

4 (tan 𝜑′)2 + 4 (tan 𝜑′)2 +  (tan 𝜑′)2 + 1
(cos 𝜃  

+ 3 tan 𝜑′ sin 𝜃) + 𝑐𝑒−2𝜃 tan 𝜑′ 

(4.40) 

 𝑜𝑟, 𝑃 =  − 

𝛾 𝑟0

cos 𝜑′
𝑒𝜃 tan 𝜑′

9 (tan 𝜑′)2 + 1
(cos 𝜃  + 3 tan 𝜑′ sin 𝜃)

+ 𝑐𝑒−2𝜃 tan 𝜑′ 

(4.41) 

Considering,  

 

𝐾 = −

𝛾 𝑟0

cos 𝜑′
𝑒𝜃 tan 𝜑′

9 (tan 𝜑′)2 + 1
 (4.42) 

Eq. (4.70) stands- 

 𝑃 = 𝐾𝑒𝜃 tan 𝜑′(cos 𝜃  + 3 tan 𝜑′ sin 𝜃) + 𝑐𝑒−2𝜃 tan 𝜑′ (4.43) 

Putting the value of boundary condition, 

 𝑃𝐸 = 𝐾𝑒𝜃𝑚 tan 𝜑′(cos 𝜃𝑚  + 3 tan 𝜑′ sin 𝜃𝑚) + 𝑐𝑒−2∗𝜃𝑚∗tan 𝜑′ (4.44) 

 𝑜𝑟, 𝑐𝑒−2∗𝜃𝑚∗tan 𝜑′ = 𝑃𝐸 − 𝐾𝑒𝜃𝑚 tan 𝜑′(cos 𝜃𝑚  + 3 tan 𝜑′ sin 𝜃𝑚) (4.45) 

 
𝑜𝑟, 𝑐 =

𝑃𝐸 − 𝐾𝑒𝜃𝑚 tan 𝜑′(cos 𝜃𝑚  + 3 tan 𝜑′ sin 𝜃𝑚)

𝑒−2𝜃𝑚 tan 𝜑′
 (4.46) 

 𝑜𝑟, 𝑐 = 𝑃𝐸𝑒2𝜃𝑚 tan 𝜑′ − 𝐾𝑒3𝜃𝑚 tan 𝜑′(cos 𝜃𝑚  + 3 tan 𝜑′ sin 𝜃𝑚)  

 𝑜𝑟, 𝑐 = 𝑃𝐸𝑒2𝜃𝑚 tan 𝜑′ − 𝐾′  

Where, 

 𝐾′ = 𝐾𝑒3𝜃𝑚 tan 𝜑′(cos 𝜃𝑚  + 3 tan 𝜑′ sin 𝜃𝑚) (4.47) 

Now, to obtain the total reactive force, a surface integral needs to be performed over 

logarithmic spiral surface 𝐷𝐸 of Figure 4.1. 

 
∴  𝑅𝑃𝐿 =  ∮ 𝑝𝑑𝑠

𝑠

0

 (4.48) 

However, the components of the reaction in horizontal and vertical direction need to be 

found. This needs the inclination of the force to be ascertained. Thus, the inclination of 

the force with horizontal can be obtained as below. 
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⦟𝐼𝐵𝐺 = ⦟ 𝐼𝐵𝐸 +  ⦟𝐸𝐵𝐷 −  ⦟𝐺𝐵𝐷 

 
= 45 −

𝜑′

2
+ 𝜃𝑚 −  𝜃 

 
= 45 −

𝜑′

2
+  45 +

𝜑′

2
−  𝜃 

 = 90 −  𝜃 

Thus, putting the value of inclination,  

 
𝑅𝑃𝐿𝑉 =  ∫ 𝑝 sin(90 −  𝜑′ − 𝛼) 𝑑𝑠

𝜃𝑚

0

 
(4.49) 

Again, as established earlier that 𝜃 = 𝛼 + 𝜑′, 

 ∴ 90 − ( 𝛼 + 𝜑′) = (90 −  𝜃)  

Thus, 

∴  𝑅𝑃𝐿𝑉 =  ∫ 𝑝 sin(90 −  𝜃) 𝑑𝑠
𝜃𝑚

0

 (4.50) 

 
= ∫ 𝑝 cos 𝜃 𝑑𝑠

𝜃𝑚

0

 (4.51) 

Similarly, 

 
𝑅𝑃𝐿𝐻 =  ∫ 𝑝 sin 𝜃 𝑑𝑠

𝜃𝑚

0

 (4.52) 

From the theory of logarithmic spiral, it is already established that 𝑑𝑠 = 𝑟 sec 𝜑′  𝑑𝜃. 

Therefore, 

𝑅𝛾1𝑃𝐻  =  ∫ 𝑝 sin 𝜃 𝑟 sec 𝜑′  𝑑𝜃
𝜃𝑚

0

 (4.53) 

 
= ∫ 𝑝 sin 𝜃 𝑟0𝑒𝜃 tan 𝜑′ sec 𝜑′  𝑑𝜃

𝜃𝑚

0

 (4.54) 
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= 𝑟0 sec 𝜑′ ∫ 𝑝𝑒𝜃 tan 𝜑′ sin 𝜃 𝑑𝜃

𝜃𝑚

0

 (4.55) 

Putting value of 𝑃 from Eq. (4.43), 

= 𝑟0 sec 𝜑 ′ ∫ (𝐾𝑒𝜃 tan 𝜑′
cos 𝜃 𝑒𝜃 tan 𝜑′

sin 𝜃
𝜃𝑚

0

+ 𝐾𝑒𝜃 tan 𝜑′
3 tan 𝜑′ sin 𝜃 𝑒𝜃 tan 𝜑′

sin 𝜃 + (𝑃𝐸𝑒2𝜃𝑚 tan 𝜑′

− 𝐾′)𝑒−2𝜃 tan 𝜑′𝑒𝜃 tan 𝜑′ sin 𝜃)𝑑𝜃 

(4.56) 

= 𝑟0 sec 𝜑′ ∫ (𝐾𝑒2𝜃 tan 𝜑′
cos 𝜃 sin 𝜃 + 𝐾𝑒2𝜃 tan 𝜑′

3 tan 𝜑′ (sin 𝜃)2
𝜃𝑚

0

+ (𝑃𝐸𝑒2𝜃𝑚 tan 𝜑′
− 𝐾′)𝑒−𝜃 tan 𝜑′ sin 𝜃)𝑑𝜃 

(4.57) 

= 𝑟0 sec 𝜑′ ∫ (
𝐾

2
𝑒2𝜃 tan 𝜑′ sin 2𝜃 + 3 tan 𝜑′ 𝐾𝑒2𝜃 tan 𝜑′(sin 𝜃)2

𝜃𝑚

0

+ (𝑃𝐸𝑒2𝜃𝑚 tan 𝜑′
𝑒−𝜃 tan 𝜑′ sin 𝜃 − 𝐾′𝑒−𝜃 tan 𝜑′ sin 𝜃)𝑑𝜃 

(4.58) 

From trigonometry, it is known that 2 (sin 𝜃)2 = 1 − cos 2𝜃. 

∴ 𝑅𝑃𝐿𝐻 = 𝑟0 sec 𝜑′ ∫ {
𝐾

2
𝑒2𝜃 tan 𝜑′

sin 2𝜃 + 3 tan 𝜑′
𝐾

2
𝑒2𝜃 tan 𝜑′

 ( 1
𝜃𝑚

0

− cos 2𝜃)

+ (𝑃𝐸𝑒2𝜃𝑚 tan 𝜑′
𝑒−𝜃 tan 𝜑′

sin 𝜃 − 𝐾′𝑒−𝜃 tan 𝜑′
sin 𝜃)}𝑑𝜃 

(4.59) 

𝑜𝑟, 𝑅𝑃𝐿𝐻 = 𝑟0 sec 𝜑′
𝐾

2
∫ 𝑒2𝜃 tan 𝜑′ sin 2𝜃 𝑑𝜃

𝜃𝑚

0

+ 𝑟0 sec 𝜑′ 3 tan 𝜑′
𝐾

2
∫ 𝑒2𝜃 tan 𝜑′𝑑𝜃

𝜃𝑚

0

−  𝑟0 sec 𝜑′
3

2
tan 𝜑′ 𝐾 ∫ 𝑒2𝜃 tan 𝜑′ cos 2𝜃 𝑑𝜃

𝜃𝑚

0

+  𝑟0 sec 𝜑′ 𝑃𝐸𝑒2𝜃𝑚 tan 𝜑′
∫ 𝑒−𝜃 tan 𝜑′ sin 𝜃

𝜃𝑚

0

𝑑𝜃

− 𝑟0 sec 𝜑′ 𝐾′ ∫ 𝑒−𝜃 tan 𝜑′ sin 𝜃
𝜃𝑚

0

𝑑𝜃 

(4.60) 

Now, performing simple integration (Refer to Appendix A for more details), 
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𝑅𝑃𝐿𝐻 =  𝑟0 sec 𝜑′
𝐾

2
2𝐼1 +  𝑟0 sec 𝜑′ 𝑃𝐸𝑒2𝜃𝑚 tan 𝜑′

. 𝐼2 − 𝑟0 sec 𝜑′ 𝐾′𝐼2

+ 𝑟0 sec 𝜑′  3 tan 𝜑′
𝐾

2

(𝑒2𝜃𝑚𝑡𝑎𝑛 𝜑′ − 1)

2 tan 𝜑′

−   𝑟0 sec 𝜑′ 3 tan 𝜑′
𝐾

2
 2𝐽1 

(4.61) 

𝑜𝑟, 𝑅𝑃𝐿𝐻 =  𝑟0 sec 𝜑′  𝐾𝐼1 +  𝑟0 sec 𝜑′ 𝑃𝐸𝑒2𝜃𝑚 tan 𝜑′
. 𝐼2 − 𝑟0 sec 𝜑′ 𝐾′𝐼2

−  𝑟0 sec 𝜑′  3 tan 𝜑′  𝐾𝐽2 +  𝑟0 sec 𝜑′
3𝐾

4
(𝑒2𝜃𝑚𝑡𝑎𝑛 𝜑′ − 1) 

(4.62) 

𝑜𝑟, 𝑅𝑃𝐿𝐻 = 𝑟0 sec 𝜑′  [ 𝐾𝐼1 + 𝑃𝐸𝑒2𝜃𝑚 tan 𝜑′
𝐼2 − 𝐾′𝐼2 + 3 tan 𝜑′  𝐾𝐽2

+  
3𝐾

4
(𝑒2𝜃𝑚𝑡𝑎𝑛 𝜑′ − 1)] 

(4.63) 

Similarly, the vertical component can be obtained as- 

𝑅𝑃𝐿𝑉 =  ∫ 𝑃𝑐𝑜𝑠 𝜃𝑑𝑠
𝜃𝑚

0

 (4.64) 

 
=  ∫ 𝑃𝑐𝑜𝑠 𝜃 𝑟 sec 𝜑′ 𝑑𝜃

𝜃𝑚

0

 (4.65) 

 
=  ∫ 𝑃𝑐𝑜𝑠 𝜃 𝑟0𝑒𝜃 tan 𝜑′ sec 𝜑′ 𝑑𝜃

𝜃𝑚

0

 (4.66) 

 
=  𝑟0 sec 𝜑′ ∫ 𝑃 𝑒𝜃 tan 𝜑′𝑐𝑜𝑠 𝜃 𝑑𝜃

𝜃𝑚

0

 (4.67) 

Putting value of 𝑃 from Eq. (4.72),  

=  𝑟0 sec 𝜑′ ∫ {𝐾𝑒𝜃 tan 𝜑′
cos 𝜃 𝑒𝜃 tan 𝜑′𝑐𝑜𝑠 𝜃 

𝜃𝑚

0

+ 𝐾𝑒𝜃 tan 𝜑′
3 tan 𝜑′ sin 𝜃 𝑒𝜃 tan 𝜑′

𝑐𝑜𝑠 𝜃 + (𝑃𝐸𝑒2𝜃𝑚 tan 𝜑′

− 𝐾′) 𝑒−𝜃2 tan 𝜑′𝑒𝜃 tan 𝜑′𝑐𝑜𝑠 𝜃 } )𝑑𝜃 

(4.68) 
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=  𝑟0 sec 𝜑 ′ ∫ (𝐾𝑒2𝜃 tan 𝜑′ (cos 𝜃)2 𝑑𝜃 
𝜃𝑚

0

+ 𝑟0 sec 𝜑′ 𝐾3 tan 𝜑′ ∫ 𝑒2𝜃 tan 𝜑′ sin 𝜃 𝑐𝑜𝑠 𝜃 𝑑𝜃
𝜃𝑚

0

+ 𝑟0 sec 𝜑′ 𝑃𝐸𝑒2𝜃𝑚 tan 𝜑′ ∫ 𝑒−𝜃 tan 𝜑′𝑐𝑜𝑠 𝜃 𝑑𝜃

− 𝑟0 sec 𝜑′ 𝐾′ ∫ 𝑒−𝜃 tan 𝜑′𝑐𝑜𝑠 𝜃 𝑑𝜃 

(4.69) 

From trigonometry, it is known that 2 (cos 𝜃)2 = 1 + cos 2𝜃 

∴ 𝑅𝑃𝐿𝑉 = 𝑟0 sec 𝜑′ ∫ 𝐾𝑒2𝜃 tan 𝜑′ (1 + cos 2𝜃) 𝑑𝜃 
𝜃𝑚

0

+ 𝑟0 sec 𝜑′ 𝐾
3

2
tan 𝜑′ ∫ 𝑒2𝜃 tan 𝜑′ sin 2𝜃 𝑑𝜃

𝜃𝑚

0

+ 𝑟0 sec 𝜑′ 𝑃𝐸𝑒2𝜃𝑚 tan 𝜑′ ∫ 𝑒−𝜃 tan 𝜑′𝑐𝑜𝑠 𝜃 𝑑𝜃
𝜃𝑚

0

− 𝑟0 sec 𝜑′ 𝐾′ ∫ 𝑒−𝜃 tan 𝜑′𝑐𝑜𝑠 𝜃
𝜃𝑚

0

 𝑑𝜃 

(4.70) 

𝑜𝑟, 𝑅𝑃𝐿𝑉 = 𝑟0 sec 𝜑′
𝐾

2
∫ 𝑒2𝜃 tan 𝜑′ 𝑑𝜃

𝜃𝑚

0

+ 𝑟0 sec 𝜑′
𝐾

2
∫ 𝑒2𝜃 tan 𝜑′ cos 2𝜃 𝑑𝜃

𝜃𝑚

0

 

+ 𝑟0 sec 𝜑′ 𝐾
3

2
tan 𝜑′ ∫ 𝑒2𝜃 tan 𝜑′ sin 2𝜃 𝑑𝜃

𝜃𝑚

0

+ 𝑟0 sec 𝜑′ 𝑃𝐸𝑒2𝜃𝑚 tan 𝜑′ ∫ 𝑒−𝜃 tan 𝜑′𝑐𝑜𝑠 𝜃 𝑑𝜃
𝜃𝑚

0

− 𝑟0 sec 𝜑′ 𝐾′ ∫ 𝑒−𝜃 tan 𝜑′𝑐𝑜𝑠 𝜃
𝜃𝑚

0

 𝑑𝜃 

(4.71) 

Now, performing simple integration the horizontal component of the reaction force 

developed can be obtained as the form of Eq. (4.72). Detailed calculation is provided in 

Appendix A. 
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𝑅𝑃𝐿𝑉 = 𝑟0 sec 𝜑′
𝐾

2

( 𝑒2𝜃𝑚𝑡𝑎𝑛 𝜑′ − 1)

2 tan 𝜑′
+ 𝑟0 sec 𝜑′

𝐾

2
 2𝐽1

+ 𝑟0 sec 𝜑′ 𝐾
3

2
tan 𝜑′  2𝐼1 + 𝑟0 sec 𝜑′ 𝑃𝐸𝑒2𝜃𝑚 tan 𝜑′ 𝐽2

− 𝑟0 sec 𝜑′ 𝐾′ 𝐽2   

(4.72) 

𝑜𝑟, 𝑅𝑃𝐿𝑉  = 𝑟0 sec 𝜑′ [
𝐾

4

(𝑒2𝜃𝑚𝑡𝑎𝑛 𝜑′ − 1)

2 tan 𝜑′
+ 𝐾𝐽1 + 3𝐾𝐼1  tan 𝜑′

+ 𝑃𝐸𝑒2𝜃𝑚 tan 𝜑′
𝐽2 − 𝐾′ 𝐽2 ] 

(4.73) 

4.3.2 Passive Pressure in Plane Surface 

Figure 4.2 shows the free body diagram depicting the forces generated from surcharge 

and self-weight on the plane failure surface. From the geometry of the wedge block 𝐼𝐸𝐹 

(Figure 4.2), as the 𝐸𝐹 surface considered here is plane, it can be understood that- 

 𝑑𝛼

𝑑𝑠
= 0 (4.74) 

In passive side, 𝛼 = 45 −
𝜑′

2
 

 

Figure 4.2 Free body diagram showing the forces acting in planar zone 

Eq. (4.2) stands,  
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 𝑑𝑝

𝑑𝑠
=  𝛾 sin(𝛼 + 𝜑′) (4.75) 

 
𝑜𝑟,

𝑑𝑝

𝑑𝑠
=  𝛾 sin(45 −

𝜑′

2
+ 𝜑′) (4.76) 

 
𝑜𝑟,

𝑑𝑝

𝑑𝑠
= 𝛾 sin(45 +

𝜑′

2
) (4.77) 

 
𝑜𝑟, 𝑑𝑝 = 𝛾 sin(45 +

𝜑′

2
)   𝑑𝑠 (4.78) 

Integrating within the limits,  

 
∫ 𝑑𝑝

𝑃𝐸

𝑃𝐹

=  𝛾 sin(45 +
𝜑′

2
) ∫ 𝑑𝑠

𝑙𝐸𝐹

0

 (4.79) 

 
𝑜𝑟, 𝑃𝐸 − 𝑃𝐹 =  𝛾 sin(45 +

𝜑′

2
) 𝑙𝐸𝐹 (4.80) 

 
𝑜𝑟, 𝑃𝐸 =  𝛾 sin(45 +

𝜑′

2
) 𝑙𝐸𝐹 + 𝑃𝐹  (4.81) 

The vertical pressure acting on point 𝐹 of the failure wedge 𝐼𝐸𝐹 is equal to 𝛾(𝐻 − 𝐵). 

The corresponding horizontal pressure can be determined as 𝐾𝑝𝛾(𝐻 − 𝐵). Thus, the 

component of the pressure along a plane subtending an angle equal to 𝜑′  can be 

determined as 

 
 𝑃𝐹 = 𝐾𝑝𝛾(𝐻 − 𝐵) cos(45 −

𝜑′

2
) (4.82) 

Thus, Eq. (4.81) stands 

 
 𝑃𝐸 =  𝛾 sin(45 +

𝜑′

2
) 𝑙𝐸𝐹 + 𝐾𝑝𝛾(𝐻 − 𝐵) cos(45 −

𝜑′

2
) (4.83) 

Thus, the total force working on the plane failure surface 𝐸𝐹  can be estimated as 

1

2
𝑙𝐸𝐹( 𝑃𝐸 +  𝑃𝐹). 

𝑅𝑃𝑃 = 
1

2
𝑙𝐸𝐹 { 𝛾sin(45 +

𝜑′

2
) 𝑙𝐸𝐹 + 2𝐾𝑝𝛾(𝐻 − 𝐵) cos(45 −

𝜑′

2
)} (4.84) 

As the inclination of the reaction is 45 − 𝜑′ 2⁄  with the horizontal, the component of 

force in horizontal and vertical direction can be obtained as follows. 
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𝑅𝑃𝑃𝐻 =

1

2
𝑙𝐸𝐹 { 𝛾sin(45 +

𝜑′

2
) 𝑙𝐸𝐹 + 2𝐾𝑝𝛾(𝐻 − 𝐵) cos(45 −

𝜑′

2
)}

∗ cos (45 −
𝜑′

2
) 

(4.85) 

 
𝑅𝑃𝑃𝑉 =

1

2
𝑙𝐸𝐹 { 𝛾sin(45 +

𝜑′

2
) 𝑙𝐸𝐹 + 2𝐾𝑝𝛾(𝐻 − 𝐵) cos(45 −

𝜑′

2
)}

∗ sin (45 −
𝜑′

2
) 

(4.86) 

In Figure 4.3, passive resistance forces acting on the failure surface is shown. Therefore, 

the horizontal component of passive force on vertical surface can be obtained from 

horizontal equilibrium of the forces shown in Figure 4.3 as, 

𝑃𝑃𝐻 = 𝑅𝑃𝐿𝐻 + 𝑅𝑃𝑃𝐻 (4.87) 

Similarly, the vertical component of passive force acting on the vertical surface can be 

obtained from vertical equilibrium of the forces shown in Figure 4.3. 

𝑃𝑃𝑉 = 𝑅𝑃𝐿𝑉 + 𝑅𝑃𝑃𝑉 − 𝑊𝑙 − 𝑊𝑝 − 𝑞 (4.88) 

 

Figure 4.3 Free body diagram showing passive resistance forces acting on the failure 

surface 
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4.4 Active Pressure Calculation 

A similar approach adopted for estimation of total passive resistance will be used to 

estimate the total active resistance from the back of anchor. However, the only difference 

is that only planar failure surface is assumed in active side, in contrast to the combination 

of logarithmic spiral arc and straight line in the passive side. In Figure 4.4, the wedge 

block in active side along with the forces acting is presented. 

In cohesionless soil medium, under plane strain condition, in active state of equilibrium, 

Kӧtter equation can be expressed as- 

 𝑑𝑝

𝑑𝑠
− 2𝑝 𝑡𝑎𝑛𝜑′ 

𝑑𝛼

𝑑𝑠
=  𝛾 sin(𝛼 − 𝜑′) (4.89) 

Figure 4.4 shows the failure plane due to the stress generated across the failure plane. As 

the surface being considered here is plane- 

 𝑑𝛼

𝑑𝑠
= 0 (4.90) 

Thus, the Kӧtter equation stands- 

 𝑑𝑝

𝑑𝑠
=  𝛾 sin(𝛼 − 𝜑′) (4.91) 

Since, in active side,  𝛼 = 45 +
𝜑′

2
  

 
𝑑𝑝 =  𝛾 sin(45 +

𝜑′

2
− 𝜑′) 𝑑𝑠 (4.92) 

 
𝑜𝑟, 𝑑𝑝 =  𝛾 sin(45 −

𝜑′

2
) 𝑑𝑠 (4.93) 

Integrating, 

 
∫ 𝑑𝑝

𝑃𝑅

𝑃𝑃

=  𝛾 sin (45 −
𝜑′

2
) ∫ 𝑑𝑠

𝑙𝑃𝑅

0

 (4.94) 

 
𝑃𝑅 − 𝑃𝑃 =  𝛾 sin (45 −

𝜑′

2
) 𝑙𝑃𝑅 (4.95) 

 
𝑃𝑅 =  𝛾 sin (45 −

𝜑′

2
) 𝑙𝑃𝑅 + 𝑃𝑃 (4.96) 
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The vertical pressure acting on point 𝐹 of the failure wedge 𝐼𝐸𝐹 is equal to 𝛾(𝐻 − 𝐵). 

The corresponding horizontal pressure can be determined as 𝐾𝑎𝛾(𝐻 − 𝐵). Thus, the 

component of the pressure along a plane subtending an angle equal to 𝜑′  can be 

determined as 

 
 𝑃𝑃 = 𝐾𝑎𝛾(𝐻 − 𝐵) cos(45 +

𝜑′

2
) (4.97) 

Thus, Eq. (4.96) stands 

 
 𝑃𝑅 =  𝛾 sin(45 −

𝜑′

2
) 𝑙𝑃𝑅 + 𝐾𝑎𝛾(𝐻 − 𝐵) cos(45 +

𝜑′

2
) (4.98) 

Total force acting on the failure surface due to self-weight is =
1

2
(𝑃𝑃 +  𝑃𝑅). 𝑙𝑃𝑅 

𝑅𝐴𝑃 = 

1

2
𝑙𝑃𝑅 {𝛾 sin(45 −

𝜑′

2
) 𝑙𝑃𝑅 + 2𝐾𝑎𝛾(𝐻 − 𝐵) cos(45 +

𝜑′

2
)}  (4.99) 

 

Figure 4.4 Free body diagram showing the wedge block in active side 

As the inclination of the reaction is 45 + 𝜑′ 2⁄  with the horizontal, the component of 

force in horizontal and vertical direction can be obtained as the form of Eq. (4.100) and 

Eq. (4.101). 

 
𝑅𝐴𝑃𝐻 =

1

2
𝑙𝑃𝑅 {𝛾 sin(45 −

𝜑′

2
) 𝑙𝑃𝑅

+ 2𝐾𝑎𝛾(𝐻 − 𝐵) cos(45 +
𝜑′

2
)} cos ( 45 +

𝜑′

2
) 

(4.100) 
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𝑅𝐴𝑃𝑉 =  

1

2
𝑙𝑃𝑅 {𝛾 sin(45 −

𝜑′

2
) 𝑙𝑃𝑅

+ 2𝐾𝑎𝛾(𝐻 − 𝐵) cos(45 +
𝜑′

2
)} sin ( 45 +

𝜑′

2
) 

(4.101) 

4.5 Friction Forces around the Anchor 

It is to be noted that whenever pullout force is exerted via the attachment to a rebar, side 

friction would be developed along the outer surfaces of the anchor. However, the 

magnitude of the force would depend on the roughness of the interface. This is elaborately 

discussed in the previous chapter. Thus, friction components can be determined as- 

 𝐹𝑏 = 𝛾𝐻𝑡𝑎𝑛𝑏𝐿𝑡 (4.104) 

 𝐹𝑡 = 𝑊𝑠𝑡𝑎𝑛𝑡 = 𝛾(𝐻 − 𝐵)𝑡𝑎𝑛𝑡𝐿𝑡 (4.105) 

 
𝐹𝑠 = 𝛾 (𝐻 −

𝐵

2
) 𝑡𝑎𝑛𝑠𝐵𝑡 (4.106) 

4.6 Equilibrium of the Anchor 

As all the force components are known, horizontal equilibrium needs to be maintained to 

obtain the pullout capacity. Figure 4.5 shows the forces acting on the free body of anchor.  

Thus, from horizontal equilibrium, 

 𝑃𝐴𝐻𝐿 + 𝑃𝑢 − 𝑃𝑃𝐻𝐿 − 2𝐹𝑠 − 𝐹𝑏 − 𝐹𝑡 = 0 (4.107) 

 𝑜𝑟, 𝑃𝑢 = (𝑃𝑃𝐻− 𝑃𝐴𝐻)𝐿 + 2𝐹𝑠 + 𝐹𝑏 + 𝐹𝑡 (4.108) 

Thus, putting the values from Eq. (4.87), Eq. (4.102), Eq. (4.104), Eq. (4.105), and Eq. 

(4.106) the ultimate pullout capacity can be obtained. As discussed in the previous 

chapter, the pullout capacity obtained from Eq. (4.108) considers the contribution from 

central flank only. 

4.7 Contribution from the Side Flanks 

In the last chapter, the theory of the approach is explained. As mentioned there, three 

approaches can be followed to estimate the contribution from the side flanks to ultimate 

pullout capacity. Thus, at first, the mathematics of first approach will be presented. 



64 

 

Subsequently, other approaches will be addressed. Figure 4.6 depicts the failure 

mechanism assumed.  

 

Figure 4.5 Free body diagram showing the forces acting on anchor 

From vertical equilibrium, ∑ 𝐹𝑣 = 0;  

 𝑊 + 2𝐹𝑠𝑓 cos 𝛽 +  𝐹𝑏𝑓 cos 𝛽 − 𝐹𝑏𝑛 sin 𝛽 = 0 (4.109) 

The relationship between the forces in horizontal and vertical face of the failure surface 

in soil can be given by the expression of Eq. (4.110) from the theory of soil mechanics 

as- 

 𝐹𝑏𝑓 =  𝐹𝑏𝑛 tan 𝜑 (4.110) 

Putting the value in Eq. (4.109), 

 𝑊 + 2𝐹𝑠𝑓 cos 𝛽 +  𝐹𝑏𝑛 tan 𝜑′ cos 𝛽 − 𝐹𝑏𝑛 sin 𝛽 = 0 (4.111) 

 𝑜𝑟, 𝐹𝑏𝑛(tan 𝜑′ cos 𝛽 − sin 𝛽) =  −𝑊 − 2𝐹𝑠𝑓 cos 𝛽 (4.112) 

 
𝑜𝑟, 𝐹𝑏𝑛 =  

𝑊 + 2𝐹𝑠𝑓 cos 𝛽

(sin 𝛽 −  tan 𝜑′ cos 𝛽)
 (4.113) 

From horizontal equilibrium, ∑ 𝐹ℎ = 0;  
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 𝑃𝑢𝑠𝑖𝑑𝑒
− 2𝐹𝑠𝑓 sin 𝛽 cos 𝛼 ′ + 2𝐹𝑠𝑛 sin 𝛼 ′ − 𝐹𝑏𝑓 sin 𝛽 − 𝐹𝑏𝑛 cos 𝛽 = 0 (4.114) 

Putting Eq. (4.110) into Eq. (4.114),  

 𝑃𝑢𝑠𝑖𝑑𝑒
− 2𝐹𝑠𝑓 sin 𝛽 cos 𝛼 + 2𝐹𝑠𝑛 sin 𝛼′ − 𝐹𝑏𝑛 tan 𝜑′ sin 𝛽 − 𝐹𝑏𝑛 cos 𝛽

= 0 

(4.115) 

 𝑜𝑟, 𝑃𝑢𝑠𝑖𝑑𝑒
− 2𝐹𝑠𝑓 sin 𝛽 cos 𝛼′ + 2𝐹𝑠𝑛 sin 𝛼′ − 𝐹𝑏𝑛 (tan 𝜑′ sin 𝛽

+ cos 𝛽) = 0 

(4.116) 

 𝑜𝑟, 𝑃𝑢𝑠𝑖𝑑𝑒
=  2𝐹𝑠𝑓 sin 𝛽 cos 𝛼 ′ − 2𝐹𝑠𝑛 sin 𝛼 +  𝐹𝑏𝑛 (tan 𝜑′ sin 𝛽

+ cos 𝛽) 

(4.117) 

Putting Eq. (4.113) in Eq. (4.117),  

 𝑃𝑢𝑠𝑖𝑑𝑒
= 2𝐹𝑠𝑓 sin 𝛽 cos 𝛼′ − 2𝐹𝑠𝑛 sin 𝛼′

+  
𝑊 + 2𝐹𝑠𝑓 cos 𝛽

(sin 𝛽 − tan 𝜑′ cos 𝛽)
(tan 𝜑′ sin 𝛽 + cos 𝛽) 

(4.118) 

From trigonometric transformation,  

 (tan 𝜑′ sin 𝛽 + cos 𝛽)

(sin 𝛽 −  tan 𝜑′ cos 𝛽)
=  

1 + tan 𝜑′ tan 𝛽

tan 𝛽 − tan 𝜑′
=

1

tan(𝛽 − 𝜑′)
 (4.119) 

Putting it in Eq. (4.118), the expression becomes- 

 
𝑃𝑢𝑠𝑖𝑑𝑒

= 2𝐹𝑠𝑓 sin 𝛽 cos 𝛼 ′ − 2𝐹𝑠𝑛 sin 𝛼 ′ +  
𝑊 + 2𝐹𝑠𝑓 cos 𝛽

tan(𝛽 − 𝜑′)
 (4.120) 

Determination of the parameters 𝐹𝑠𝑓 , and 𝐹𝑠𝑛 requires estimation of the area within the 

failure surface. 

Area within zone 𝑂𝐷𝐸: 

Zone 𝑂𝐷𝐸 is schematized in Figure 4.7. 

𝐴 =  ∫
1

2
𝑟 (𝑟 𝑑𝜃 )

𝜃𝑚

0

 (4.121) 

Using simple integration, (Refer to Appendix A for more detail) 
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𝐴 =  
𝑟1

2 − 𝑟0
2

4 tan 𝜑′
 (4.122) 

 

(a) 

 

(b) 

Figure 4.6 Formation of side flanks due to pullout force exerted from the tie rod (a) 

plan view, (b) sectional view 

From Figure 4.8, using simple geometry, 
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Figure 4.7 Schematic view of Zone 𝑂𝐷𝐸 to estimate the enclosed area 

 𝑏

𝑟1
= cos (45 −

𝜑′

2
) 𝑜𝑟, 𝑏 =  𝑟1 cos (45 −

𝜑′

2
)  (4.123) 

It is known that- 

𝑟1 = 𝑟0𝑒𝜃𝑚 tan 𝜑′; 𝑜𝑟, 𝑟1 =  𝑟0𝑒(
𝜋

4
+

𝜑′

2
) tan 𝜑′ ; 𝑜𝑟, 𝑟1 = 𝑘𝑟0; 𝑜𝑟, 𝑟1

= 𝑘 𝐵 [ 𝑊ℎ𝑒𝑟𝑒, 𝑘 = 𝑓(𝜑)] 
(4.124) 

∴ 𝑏 =  𝑘 𝐵 cos (45 −
𝜑′

2
) = 𝐵𝐼 = 𝐼𝐹 = 𝑘′𝐵 (4.125) 

Where,  

 
𝑘′ = 𝑘 cos (45 −

𝜑′

2
) (4.126) 

Again, from ∆𝐵𝐼𝐸 in Figure 4.8, 

ℎ

𝑟1
= sin (45 −

𝜑′

2
) ; 𝑜𝑟, ℎ = 𝑟1 sin (45 −

𝜑′

2
)

= 𝑘𝐵 sin (45 −
𝜑′

2
) = 𝑘′′𝐵 = 𝐼𝐸 

(4.127) 

Where, 
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𝑘′′ = 𝑘 sin (45 −

𝜑′

2
) (4.128) 

 

Figure 4.8 Geometry of the failure surface in passive side to estimate some anchor 

parameters 

The distance 𝐸𝑀 (Figure 4.6(b)) can be determined as- 

 𝐸𝑀 = (𝐻 − 𝐵) + 𝐼𝐸 = (𝐻 − 𝐵) + 𝑘′′𝐵 (4.129) 

Total area can be obtained as- 

 ∑ 𝐴 = ∆𝐵𝐷𝐸 + ∆𝐵𝐼𝐸 + □𝐵𝐼𝑀𝐿 + ∆𝐸𝑀𝑁 (4.130) 

Area of △ 𝐵𝐼𝐸 =
1

2
. 𝑏. 𝑘". 𝐵 =

1

2
𝑘′𝐵. 𝑘". 𝐵 =

1

2
𝑘′𝑘" 𝐵2 (4.131) 

Area of □𝐵𝐼𝐿𝑀 = 𝑏 (𝐻 − 𝐵) = 𝑘𝐵(𝐻 − 𝐵) (4.132) 

Area of △ 𝐸𝑀𝑁 =
1

2
𝑀𝑁 ∗ 𝑀𝐸 =

1

2
𝑏 (1 +

𝐻 − 𝐵

k′′B
) ∗ (𝑘"𝐵 + 𝐻 − 𝐵) (4.133) 

Area of △ 𝐵𝐷𝐸 =  
𝑟1

2 − 𝐵2

4 tan 𝜑′
 (4.134) 

Thus, 𝐹𝑠𝑛 and 𝐹𝑠𝑓 can be estimated as- 

 

 𝐹𝑠𝑛 =  ∑ 𝐴𝑖

4

𝑖=1

∗
1

cos 𝛼′
 . 𝐾𝑎𝛾ℎ𝑐 (4.135) 
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 𝐹𝑠𝑓 =  𝐹𝑠𝑛 . tan 𝜑′ (4.136) 

Determination of ℎ𝑐:  

Locating ℎ𝑐  requires proper estimation of the centroid of the area within the failure 

surface. 

 

Figure 4.9 Estimation of the centroid of Zone 𝑂𝐷𝐸 

In, Zone 𝑂𝐷𝐸 of Figure 4.9, Hijab (1956) suggested that the centroid can be estimated if 

the two parameters 𝑚 and 𝑛 are known. 

 

𝑚 =
4

3
∗

𝑟0 tan 𝜑′

1 + 9 (tan 𝜑′)2
[
(

𝑟0

𝑟1
)

3
(3 tan 𝜑′ sin 𝜃 − cos 𝜃) + 1

(
𝑟1

𝑟0
)

2

− 1
] (4.137) 

 

𝑛 =
4

3
∗

𝑟0 tan 𝜑′

1 + 9 (tan 𝜑′)2
[
(

𝑟0

𝑟1
)

3

− 3 tan 𝜑′ sin 𝜃 − cos 𝜃

(
𝑟1

𝑟0
)

2

− 1
] (4.138) 

Using the principle of Pythagoras, iteration can be performed to locate distance 𝑂𝐴. 

 𝑚
2

+ 𝑂𝐴2 =  𝑛
2

+ 𝑂𝐶2 (4.139) 

Applying simple geometry, the centroid can be located. 

 
tan 𝛼 =

𝑚

𝑂𝐴
;  𝑜𝑟, 𝑂𝐴 =

𝑚

tan 𝛼′
[𝜃𝑚 = 45 −

𝜑

2
] (4.140) 

Again,  
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tan(𝜃𝑚 − 𝛼′) =

𝑛

𝑂𝐶
;  𝑜𝑟, 𝑂𝐶 =

𝑛

tan(𝜃𝑚 − 𝛼′)
 (4.141) 

From △ 𝑂𝐴𝐵 and △ 𝑂𝐶𝐵 

 

 𝛼 =  tan−1 [
sin 𝜃𝑚

𝑛

𝑚
+ cos 𝜃𝑚

] (4.142) 

Detailed calculation is provided in Appendix A. Putting the obtained value, 𝑂𝐴 can be 

determined. 

 
tan 𝛼 =

𝑚

𝑂𝐴
 (4.143) 

 
𝑜𝑟, 𝑂𝐴 =

𝑚

tan 𝛼′
 (4.144) 

 Distance from the surface = 𝐵𝐿 + ℎ1 = 𝐻 − 𝐵 + 𝑂𝐴 (4.145) 

In ∆ 𝐵𝐼𝐸; 

 
center =

𝐼𝐸

3
=

𝑘"𝐵

3
 (4.146) 

 Distance from the surface = 𝑀𝐼 +
𝑘”𝐵

3
= 𝐻 − 𝐵 +

𝑘"𝐵

3
 (4.147) 

In ∆𝐸𝑀𝑁; 

 
center =

𝑀𝐸

3
=

𝑀𝐼 + 𝐼𝐸

3
=  

𝐻 − 𝐵 + 𝑘"𝐵

3
 (4.148) 

In □𝐵𝐼𝑀𝐿; 

 
center =

𝐻 − 𝐵

2
 (4.149) 

 

∴  ∑ 𝐴𝑖ℎ𝑖

4

𝑖=1

= ∑ 𝐴𝑖

4

𝑖=1

∗  ℎ𝑐 (4.150) 

 
Actual area =  

𝐴𝑖

cos 𝛼′
 (4.151) 

cos 𝛼 ′ cancels out from both sides. Thus, the effect was not considered in either side. 
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Weight components:  

 
𝑉 =  ∮ 𝐴 𝑑𝑦 (4.152) 

Figure 4.10 shows the volume to be integrated to obtain the weight of the system in side 

flank. 

 

Figure 4.10 Integration volume to obtain the weight enclosed within the failure 

surface in side flanks 

From geometry of the side flank as depicted in Figure 4.10,  

 tan 𝛼′ =
𝑦

𝑥
;  𝑜𝑟, 𝑦 = 𝑥 tan 𝛼′ (4.153) 

Differentiating both sides,  

 𝑑𝑦 =  tan 𝛼′  𝑑𝑥 (4.154) 

𝑎𝑡 𝑥 = 0 ; 𝑦 = 0 𝑎𝑛𝑑 𝑎𝑡 𝑥 =  𝑥𝑚; 𝑦 =  𝑦𝑚 

From the principle of similar triangle, from ∆ 𝐸𝐼𝐹 𝑎𝑛𝑑 ∆ 𝐸𝑀𝑁 in Figure 4.6(b) the limit 

of the volume to be integrated can be obtained as follows- 
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𝑀𝑁

𝐸𝑀
=

𝐼𝐹

𝐼𝐸
𝑜𝑟, 𝑀𝑁 =

𝐼𝐹

𝐼𝐸
∗ 𝐸𝑀 𝑜𝑟, 𝑀𝑁 =

𝑏

𝐼𝐸
∗ (𝐼𝐸 + 𝐼𝑀) 𝑜𝑟, 𝑀𝑁

= 𝑏 (1 +
𝐼𝑀

𝐼𝐸
) 

(4.155) 

𝑜𝑟, 𝑀𝑁 = 𝑏 (1 +
𝐻 − 𝐵

𝐼𝐸
)  𝑜𝑟, 𝑀𝑁 = 𝑏 (1 +

𝐻 − 𝐵

𝑘′′𝐵
) (4.156) 

𝐿𝑁 = 𝐿𝑀 + 𝑀𝑁 𝑜𝑟, 𝐿𝑁 = 𝑏 + 𝑏 (1 +
𝐻 − 𝐵

𝑘′′𝐵
) 𝑜𝑟, 𝐿𝑁

= 𝑏 + 𝑏 + 𝑏.
1

𝑘′′
(

𝐻

𝐵
−

𝐵

𝐵
) 

(4.157) 

𝑜𝑟, 𝐿𝑁 = 2𝑏 + 𝑏.
1

𝑘′′
( 

𝐻

𝐵
− 1 )𝑜𝑟, 𝐿𝑁 = 𝑏 [ 2 +

1

𝑘′′
(

𝐻

𝐵
− 1)] (4.158) 

From Figure 4.10, the limit of volume integration can be set from 0 to 𝑦𝑚. 

 𝑥𝑚 = 𝐿𝑁 (4.159) 

𝑉 =  ∫ 𝐴 𝑑𝑦
𝑦𝑚

0

=  ∫ 𝐴 tan 𝛼′ 𝑑𝑥 
𝑥𝑚

0

=  𝐴 tan 𝛼′ ∫ 𝑑𝑥 =  𝐴 tan 𝛼′ [𝑥]
𝑥𝑚

0

𝑥𝑚

0

 

(4.160) 

Volume, 𝑉 =  𝐴 tan 𝛼′  𝑏 [ 2 +
1

𝑘′′
(

𝐻

𝐵
− 1)] (4.161) 

Where,  

 

𝐴 =  ∑ 𝐴𝑖

4

𝑖=1

 (4.162) 

Thus, total weight of soil within the failure wedge in passive side can be estimated as- 

 𝑊 =  𝛾 ∗ ∑ 𝑉 (4.163) 

As already mentioned in the previous chapter, active force and both the bottom and side 

friction forces are not considered here, as these items are already considered in plane 

strain capacity determination. 



73 

 

Now, the second approach will be illustrated. The difference between the two approaches 

is that the later one neglects the shear resistance above the top surface of the anchor which 

means the weight component will not be considered above that level. Thus, it will affect 

the centroid determination only. 

Determination of ℎ𝑐:  

Locating ℎ𝑐  requires proper estimation of the centroid of the area within the failure 

surface. 

In, Zone 𝑂𝐷𝐸 of Figure 4.9, 𝑂𝐴 can be determined from Eq. (4.144). 

From ∆ 𝐵𝐸𝐹 in Figure 4.8, 

 
center =

𝐼𝐸

3
=

𝑘"𝐵

3
 (4.164) 

 Distance from the surface =
𝑘”𝐵

3
 (4.165) 

 

∴  ∑ 𝐴𝑖ℎ𝑖

2

𝑖=1

= ∑ 𝐴𝑖

2

𝑖=1

∗  ℎ𝑐 (4.166) 

However, area in the inclined surface can be determined using Eq. (4.130). 

As side flanks having similar geometry develop from both the edges of the anchor, an 

equivalent rectangle (from plan view) can be considered for the simplicity of analysis 

instead of two triangular wedges independently. The third approach uses Kӧtter equation; 

however, the width of the wedge is (𝐵 + 2𝑏𝑡𝑎𝑛𝛼′). Thus, the contribution from the side 

flanks using the present approach can be determined by replacing 𝐵 with (𝐵 + 2𝑏𝑡𝑎𝑛𝛼′). 

It is to be noted that in this approach, the friction developed along the vertical face of the 

triangular wedges is not considered, leading to a conservative result. It eventually 

suggests that application of the third approach considers a plane strain condition. 

However, application of the first two approaches considers a 3-D analysis. 

Finally, putting the values of 𝐹𝑠𝑛 , 𝐹𝑠𝑓 , and 𝑊  from Eq. (4.135), Eq. (4.136) and Eq. 

(4.163) in Eq. (4.120), the expression of contribution from side flanks stands as- 
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𝑃𝑢𝑠𝑖𝑑𝑒

= 2 ∑ 𝐴𝑖

𝑛

𝑖=1

.  𝐾𝑎𝛾ℎ𝑐 . tan 𝜑′ sin(45 + 𝜑′/2) − 2 ∑ 𝐴𝑖

𝑛

𝑖=1

.  𝐾𝑎𝛾ℎ𝑐 tan 𝛼′

+  
𝛾 ∑ 𝐴𝑖

𝑛
𝑖=1 tan𝛼′𝑏 [2 +

1

𝑘′′ (
𝐻

𝐵
− 1)] + 2 ∑ 𝐴𝑖

𝑛
𝑖=1 ∗

1

cos 𝛼′
 .  𝐾𝑎𝛾ℎ𝑐 . tan 𝜑′

sec(45 + 𝜑′/2) ∗ tan(45 − 𝜑′/2)
 

(4.167) 

Thus, the pullout capacity of anchor considering the three-dimensional effect can be 

obtained by adding the pullout capacity obtained from plane strain condition to the pullout 

capacity that can be obtained from the sides of the wedge block. Therefore, 

 𝑃𝑢𝑙𝑡𝑖𝑚𝑎𝑡𝑒 = 𝑃𝑢 + 𝑃𝑢𝑠𝑖𝑑𝑒
 (4.168) 

Finally, putting the values from Eq. (4.108) and Eq. (4.167), the ultimate pullout capacity 

can be obtained. However, this obtained pullout capacity will be compared to the pullout 

prediction models in the available literature and the suitability will be assessed for any 

particular situation. The next chapter contains the validation of the model. 

4.8 Summary 

In this chapter an elaborate mathematical insight into the determination of pullout 

capacity for both shallow and intermediate anchor is presented. At first pullout capacity 

is obtained assuming a plane strain condition and then the contribution of the side flank 

is taken into consideration.  
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Chapter 5 

RESULTS AND DISCUSSIONS 

 

5.1 General 

The results obtained from a selection of existing theoretical and experimental studies are 

reported in this section. The results are then compared with the predictions from the 

present study and a brief discussion is presented. 

For convenience, the comparison with the existing techniques will be presented in the 

analogous form presented in the literature of interest. Two commonly used parameters 

will thus be used to compare the predictions from different models. These are-  

i) Anchor breakout factor 

ii) Force coefficient  

Anchor breakout factor will be denoted as, 𝑁𝛾 and will be expressed as- 

 
𝑁𝛾 =

𝑃𝑢𝑙𝑡𝑖𝑚𝑎𝑡𝑒

𝛾𝐻𝐵𝐿
 (5.1) 

Force coefficient will be denoted as, 𝑀𝛾𝑞 and will be expressed as- 

 
𝑀𝛾𝑞 =

𝑃𝑢𝑙𝑡𝑖𝑚𝑎𝑡𝑒

𝛾𝐵2𝐿
 (5.2) 

The comparison can take one of the two forms, such as (i) comparison with experimental 

studies, and (ii) comparison with theoretical studies. 

5.2 Comparison with Experimental Studies 

Although numerical studies have caught the attention of present researchers there are no 

better alternative to full scale field tests. However, field scale experimental techniques 

are generally cost restrictive. Thus, researchers also focused on prototype chamber model 

tests and centrifuge tests. The results obtained from several experimental studies will now 

be compared with the predictions from the present method. 

Experimental investigation on the behavior of vertical anchor has been studied by Neely 

et al. (1973). Both the square and rectangular anchors having an embedment depth ratio 
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up to 5 were tested. Three aspect ratios such as 1, 2 and 5, with a friction angle of 38.5° 

were investigated. The reported breakout factors corresponding to an aspect ratio of 5 are 

presented in Figure 5.1. It can be observed that for embedment depth ratio within the 

range of 1 to 4, the predicted breakout factor from the present study is in good agreement 

with the reported breakout factor in Neely et al. (1973). Beyond the aforementioned 

range, Neely’s (1973) experimental scheme seems to overestimate the breakout factor. It 

was also reported in Neely et al. (1973) that for an embedment depth ratio greater than 2, 

very large displacements were observed, implying load-displacement curves were still 

increasing when the test was terminated. Thus, the ultimate pullout capacity would vary 

from the reported one. This might have caused the discrepancy of breakout factors 

between the predicted pullout capacity from the present study with the Neely et al. (1973) 

reported capacities beyond an embedment depth ratio of 4. 

 

Figure 5.1 Comparison of breakout factors with Neely et al. (1973) 

The capacity of vertical plate anchors has also been studied by Akinmusuru (1978) and 

Hoshiya and Mandal (1984). Akinmusuru (1978) investigated square, rectangular and 

circular anchors with an embedment depth ratio ranging from 1 to 10. Hoshiya and 

Mandal (1984) conducted tests on small scale anchors in a 300 mm × 400 mm sand 

chamber. The results are presented in Figure 5.2. Based on the rigorous numerical 
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investigations of Merifield and Sloan (2006), Hanna et al. (2011), it can be said that the 

chamber considered by them was insufficient to contain the whole collapse mechanism, 

which eventually caused the overprediction of the methods. Throughout the embedment 

depth ratio considered both the methods predicted pullout capacity significantly higher 

than the prediction from the present study. The overprediction was as much as 145% at 

an embedment depth ratio of 7. Thus, boundary condition might have contributed to the 

observed breakout factor. 

 

Figure 5.2 Comparison of breakout factors with Akinmusuru (1978) and Hoshiya and 

Mandal (1984) 

Dickin and Leung (1983) conducted small-scale conventional model tests and also 

centrifuge tests on vertical anchors placed in sand. Some of the results are presented in 

Figure 5.3. It can be observed that for the embedment depth ratio considered, the 

predictions from the current method provided higher breakout factors compared to the 50 

mm model tests and centrifuge test results of Dickin and Leung (1983) in most of the 

cases. The maximum overprediction was 12.1% compared to the centrifuge test, and it 

was 2.6% compared to the 50 mm model test. However, Dickin and Leung (1983), while 

comparing the experimental results with the existing theoretical method observed the 

optimistic output of their experimental program. Only Biarez et al. (1965) method 
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predicted lower than Dickin and Leung (1983). It is also to be noted that both the 50 mm 

model test result and centrifuge test results didn’t match, and the discrepancy was as much 

as 17%, owing to the scale errors incurred in the model and centrifuge tests. Although, 

Dickin and Leung (1983) concluded that the results obtained from centrifuge model tests 

provide a more reliable basis for full scale anchor design, such assumption is debatable 

at the current state-of-the-art, since both the small-scale model tests and centrifuge tests 

are subjected to significant scale errors while extrapolating to field conditions. 

 

Figure 5.3 Comparison of breakout factors with Dickin and Leung (1983) 

Dickin and Leung (1985) conducted prototype tests using two different size anchors. 

Their test program included tests on both continuous and single anchors with width/height 

ratios of 1, 2 and 5 at embedment ratios up to 8. Some of the test results are presented in 

Figure 5.4, expressed in terms of dimensionless force coefficient, 𝑀𝛾𝑞.  The agreement 

of the prediction of the present analysis with that of square anchor is highly encouraging, 

indicated by exact matches within the embedment depth ratios of 2 to 8. For rectangular 

anchors, the present analysis provides a close estimate with the observation of Dickin and 

Leung (1985) as well. For all the aspect ratios considered, at an embedment depth ratio 

of 1, the present analysis seems to underpredict the force coefficient and for the other 

embedment depth considered, the prediction from present model provides an almost 
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Figure 5.4 Comparison of breakout factors with Dickin and Leung (1985) 
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exact match with the experimental observations. In addition, at any particular embedment 

depth ratio, the effect of anchor geometry is apparent from Figure 5.4. It seems that with 

the increase of aspect ratio, the force coefficient decreases. It can also be observed that 

the decrease of force coefficient is negligible with the increase of aspect ratio from 5 to 

10, and experimental results corresponding to continuous anchor almost matches the 

curve corresponding to an aspect ratio of 5 or 10.  

In Figure 5.5, the available theoretical prediction methods such as, Biarez et al. (1965), 

Ovesen and Stromann (1972), Meyerhof (1973), Neely et al. (1973) are compared with 

the model test results using 50 mm high continuous anchors of Dickin and Leung (1985). 

The prediction of the present analysis is also presented in the same plot. It seems that in 

general all the theoretical prediction techniques yielded a higher estimation of force 

coefficient compared to the same reported by Dickin and Leung (1985). Compared to the 

other theoretical methods, the prediction from the present analysis seems to provide the 

best results. The maximum discrepancy (underprediction) of the present method is about 

12% at an embedment depth ratio of 1.  

However, among other theoretical methods, only Biarez et al. (1965) provided the lowest 

overprediction, which is 55.7%, indicating the better accuracy of the present method. It 

is important to note that throughout the embedment depth ratio considered, the prediction 

from the present model provide a lower force coefficient compared to the experimental 

results of Dickin and Leung (1985). From the reliability point of view, such 

underprediction is highly encouraging. It should be noted that at shallow depth, the 

present analysis assumes a planar failure surface, however, in actual field conditions, a 

non-linear failure surface may occur, which might increase the weight contained within 

the failure surface. This might be considered as an explanation of maximum 

underprediction of force coefficient at shallow depth using the present analysis technique. 

In Figure 5.6, a comparison among the theoretical predictions available in the existing 

literature, the estimate from the present study and the experimental force coefficient 

reported for a 25 mm prototype centrifuge model test by Dickin and Leung (1985) are 

presented. It seems that the prediction from Biarez et al. (1965) and the prediction from 

the present model is in close agreement with the experimental results reported by Dickin 

and Leung (1985). It is important to note that the failure mechanism assumed by Biarez 

et al. (1965) is rotational in nature, which is the general occurrence for deep anchors. 
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Figure 5.5 Comparison of force coefficients obtained from existing theoretical 

prediction techniques with the experimental force coefficients reported in 

Dickin and Leung (1985) corresponding to 50 mm high anchor 
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Figure 5.6 Comparison of force coefficient obtained from existing theoretical 

prediction techniques with the experimental force coefficients reported in 

Dickin and Leung (1985) corresponding to 25 mm high anchor 
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For the anchor size considered in the study of Dickin and Leung (1985), it is possible that 

the failure mechanism followed the hypothesis proposed by the same. It means that the 

failure might have been localized and the soil located in front of the anchor might have 

taken the place behind the anchor due to the frontal movement of itself causing a 

rotational failure. This might be considered as a possible explanation of good agreement 

between the prediction of Biarez et al. (1965) and the experimental observation. 

However, the overprediction of the existing pullout capacity prediction models are 

evident from Figure 5.6. From Figure 5.5 and Figure 5.6 it can be seen that in both the 

cases, the prediction from Neely’s (1973) surcharge method and equivalent free surface 

method provide a significant overestimation of the force coefficient, suggesting a 

cautious use of the model. Methods proposed by Ovesen and Stromann (1972), Meyerhof 

(1973), Rowe and Davis (1982) also provided a substantial overprediction throughout the 

embedment depth considered. From reliability perspective such overprediction is highly 

discouraging. The maximum overestimation from the present model was observed to be 

3.3% at an embedment depth ratio of 2 and the maximum underprediction was observed 

to be 2.6% at an embedment depth ration of 5. Nevertheless, the prediction from the 

present model was within a band of ∓3.5%  of the experimental observation. Thus, 

considering the agreement with the experimental results, present model and Biarez et al. 

(1965) model are better to capture the failure scenario. 

5.3 Comparison with Theoretical Studies 

While comparing with the results of the surcharge method of Neely et al. (1973), it was 

observed that the predictions from the present analysis are in close agreement when the 

embedment depth ratio is in the range of 2-5 for both the friction angle considered (Figure 

5.7). Neely’s equivalent free surface method provided an overestimate of the breakout 

factor for most of the embedment depths considered. For the cases when anchors are 

placed flush with the surface, Neely’s surcharge method and equivalent free surface 

method seems to overpredict the breakout factors. It is important to note that during the 

development of theory of the present study it was shown that the failure mechanism at 

shallow depth follows a linear rupture pattern, however, Neely’s study assumed that the 

failure to be in a logarithmic spiral plane. Thus, the additional weight contained within 

the logarithmic spiral failure surface might have caused the higher estimations of Neely’s 

methods at an embedment depth ratio less than 2 at a friction angle of 40°. It can also be 
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observed that with the increase of friction angle the prediction range of different methods 

increases, which means the disparity among the predictions of different methods 

increases. For instance, at an embedment depth ratio of 3, and a 𝜑′ of 30°, the breakout 

factor is within the range of 3.55-5.95, whereas for a 𝜑′ of 40°, the breakout factor varies 

in the range of 9.88-13.20.  

 

Figure 5.7 Comparison of breakout factors with Merifield and Sloan (2006), and Neely 

et al. (1973) 

While observing the predictions from Merifield and Sloan (2006), it can be found that for 

most of the embedment depth ratio considered, it provided an overestimation of breakout 

factor. The overestimation increases as the friction angle increases. However, with the 

increase of friction angle, the increase of breakout factor at an embedment depth ratio of 

1 was found to be negligible. It suggests that for surficial anchors, the effect of friction 

angle on breakout factor is marginal. This observation is coherent with the predictions 

from the current model, where the breakout factor increased from 1.15 to 3.25 with the 

increase of friction angle from 30° to 40°. Whereas, using Neely’s surcharge method and 
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equivalent free surface method, the breakout factor was found to increase from 1.31 to 

6.7 and 2.95 to 7.2 respectively. 

Meyerhof (1973) presented a semi-empirical theory to predict the pullout capacity of 

anchors. In the method proposed, Meyerhof (1973) didn’t explain the interface roughness 

and incorporation of it in the method. In addition, it was not explicitly mentioned whether 

the method was for smooth or rough anchors. From the comparison presented in Figure 

5.8 it can be observed that Meyerhof (1973) method provided a lower estimate of 

breakout factor for most of the embedment ratio considered, especially at a friction angle 

of 40°. However, from the observation of breakout factor estimate at a friction angle of 

30°, it is hard to comment on the interface roughness assumed by Meyerhof (1973) during 

his analysis.  

 

Figure 5.8 Comparison of breakout factors with Meyerhof (1973) 

In addition, it can be observed that with the increase of friction angle from 30° to 40°, the 

discrepancy seems to be magnified, indicating that the method of Meyerhof (1973) might 
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prediction of Meyerhof (1973) is highly conservative. This observation is in agreement 

with Merifield and Sloan (2006), who also noticed the conservatism of Meyerhof (1973) 

method. For instance, the breakout factor corresponding to an embedment depth ratio of 

4 and a 𝜑′ of 40°, are 8 in Meyerhof (1973) method and 12.4 in the present method, 

indicating high underprediction using Meyerhof method. At the same embedment depth 

ratio, with the decrease of 𝜑′ to 30°, the breakout factor observed was 5.44 and 5.8 using 

Meyerhof (1973) and the present model respectively. 

At this point, the results obtained by Basudhar and Singh (1994), who utilized lower 

bound procedure based on finite elements and non-linear programming will be compared 

with the results from the current study. In the research, Basudhar and Singh (1994) 

considered both smooth and rough anchors. However, it is unrealistic to think of a 

frictionless contact between anchor material and surrounding soil. Thus, the results 

considering rough interface will be considered here and are presented in Figure 5.9.  

 

Figure 5.9 Comparison of breakout factors with Merifield and Sloan (2006), and 

Basudhar and Singh (1994) 
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It seems that at a friction angle of 32°, the predictions from the current investigation are 

in close agreement with the predictions of Basudhar and Singh (1994). Merifield and 

Sloan (2006) suggested that the algorithm of Basudhar and Singh (1994) is not based on 

properly extended stress field. Thus, it may provide optimistic results in situations where 

the friction angle is on the lower side. 

The observation seems to be true in the present study as well. With the increase of the 

friction angle, the predictions from Basudhar and Singh (1994) seem to overpredict. At 

𝜑′ = 32°, a maximum discrepancy of 17% can be observed between the prediction from 

the current model and Basudhar and Singh (1994) at an embedment depth ratio of 5. 

However, the discrepancy increases to 34.7% at an embedment depth ratio of 5 

corresponding to 𝜑′ = 35°. To assess the observation of Merifield and Sloan (2006), the 

breakout factor corresponding to 𝜑′ = 35°  is also presented in the same plot. The 

discrepancy between the predictions from present method with that of Merifield and 

Sloan (2006) is as much as 20.7% at an embedment depth ratio of 5. Nevertheless, it is 

understood that the predictions from the present study provided optimistic results for most 

of the embedment depths considered, which is important from reliability point of view. 

5.4 Parametric Studies 

In the next couple of sections, the influence of parameters like friction angle, aspect ratio, 

active pressure components, side flanks and angle of wall friction on the ultimate pullout 

capacity will be investigated. 

5.4.1 Effect of Friction Angle on Pullout Capacity 

Figure 5.10 presents the effect of friction angle on the force coefficient for an anchor with 

a height of 50 mm. It seems that with the increase of friction angle, the force coefficient 

increases. An increase of friction angle from 35° to 40° causes a 59.5% increase of force 

coefficient (at 𝐻/𝐵 = 8). However, this increase percentage decreases to 49.2% as the 

friction angle increases from 30° to 35° (at 𝐻/𝐵 = 8). The increase of force coefficient 

is 48.5%, when friction angle increases from 25° to 30°. It suggests that the increased 

friction angle has higher tendency to increase the pullout capacity with the increase of 

embedment depth ratio compared to the same anchor embedded in soils having less 

friction angle. 
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Figure 5.10 Effect of friction angle on the force coefficient for an anchor with a height 

of 50 mm 
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The effect of aspect ratio on the pullout capacity of a 50 mm model anchor embedded in 

a soil with friction angle of 40° is apparent from Figure 5.11. It seems that a square anchor 

has 36.1% higher force coefficient (corresponding to an embedment depth ratio of 8) than 

the anchor with same height, but with a 𝐿/𝐵 ratio of 2. In literature, it is suggested by 

0.5

1

2

4

8

16

32

64

128

1 2 3 4 5 6 7 8 9

M
γq

H/B

φ' = 40°

φ' = 35°

φ' = 30°

φ' = 25°

 



89 

 

Das (1990) that an anchor with an aspect ratio of greater than 5 can be considered as a 

continuous anchor. However, in the present study, the increase of 𝐿/𝐵 ratio from 5 to 10 

caused 8.5% decrease in force coefficient. Again, the increase of 𝐿/𝐵 ratio from 10 to 20 

caused a maximum of 3.0% increase in force coefficient. As presented in Figure 5.11, 

increase of aspect ratio further to 100 didn’t cause any considerable decrease in force 

coefficient. Thus, the conventional approach proposed by Das (1990) seems not to be 

applicable in the present study. An aspect ratio of 10 instead of 5 can be considered as 

the demarcation line between single anchor and continuous anchor. 

5.4.3 Effect of Active Pressure Components on Pullout Capacity 

In Figure 5.12, the effect of active pressure components on the breakout factor is 

demonstrated using the analytical model of the present study. To develop the figure, the 

anchor and soil parameters of Neely et al. (1973), Dickin and Leung (1983), Basudhar 

and Singh (1994) and Merifield and Sloan (2006) were used. However, pullout capacity 

was obtained using the present model. In some past studies it has been suggested that 

active earth pressure components do not play a significant role in the ultimate pullout 

capacity. Nevertheless, it is accepted that consideration of active pressure components 

provides a lower estimate of the ultimate pullout capacity. Although, the discrepancy is 

less at an embedment depth ratio below 2−2.5, at high embedment depth ratio, the 

discrepancy seems to be substantial. For instance, the increase of breakout factor 

corresponding to an embedment depth ratio of 8, for the test results of Dickin and Leung 

(1983) is 14.9% for neglecting the active pressure components. Again, the increase of 

breakout factor is only 4.25% for the same test corresponding to an embedment depth 

ratio of 1. 

In Figure 5.13, the effect of active pressure components on the force coefficient is 

demonstrated using the results of Dickin and Leung (1985). The maximum increase of 

force coefficient for neglecting the active pressure components of a 50 mm model test is 

observed to be 26.1% corresponding to an embedment depth ratio of 8. In the similar 

fashion as the effect observed in Figure 5.11, the increase was only 2.1% for the same 

anchor placed at an embedment depth ratio of 1. Thus, it is understood that the active 

pressure components although play an insignificant role at an embedment depth ratio of 

less than 2.5, the effect is substantial thereafter. 
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Figure 5.11 Effect of aspect ratio on the force coefficient for an anchor with a height 

of 50 mm 
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Figure 5.12 Effect of active pressure components on the breakout factor (𝑃𝑎 = active 

pressure components) 
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Figure 5.13 Effect of active pressure components on the force coefficient 
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having a friction angle within the range of 30° −40°. It is apparent that consideration of 

side flank contribution increases the estimated pullout capacity. The effect seems to be 

prominent at high friction angles like 40° in the present case. In addition, the discrepancy 

between the force coefficients are not significant up to an embedment ratio up to 2, 

however, it is considerable thereafter. For instance, for soils having a 𝜑′ of 40°, the 

increase of force coefficient due to the consideration of side flank is 12.1% at an 

embedment depth ratio of 2, however, it is 37.4% at an embedment depth ratio of 8. 

Again, for soils having a 𝜑′  of 30 ° , the increase of force coefficient due to the 

consideration of side flank is 5.8% at an embedment depth ratio of 2, however, it is 21.1% 

at an embedment depth ratio of 8. Thus, the discrepancy seems to increase with the 

increase of the embedment depth ratio. Nevertheless, the effect seems to be considerable 

for soils with high friction angles, indicating a cautious selection of pullout capacity 

prediction model for highly frictional soils. In the present state-of-the-art, it is a common 

practice to consider plane strain case for the analysis of such structures. The present 

analysis indicates that the 3-D effect, which can be overlooked at low embedment depths 

(less than 3), however, is unavoidable in the cases when embedment depth ratio is higher 

than 3. Omission of such effects might result in an erroneous result in highly frictional 

soils and at an embedment depth ratio greater than 3. 

5.4.5 Effect of Angle of Wall Friction on Pullout Capacity 

Anchor roughness is one of the most important parameters for the analysis of anchor 

pullout capacity. To estimate the angle of wall friction, several charts are suggested by 

different researchers based on the anchor material. However, it is understood that the 

maximum possible value of 𝛿 depends on the roughness of the interface and properties 

of the soil. It is already discussed in Chapter 2 that the value of 𝛿𝑚𝑎𝑥/𝜑′ varies between 

0 and 1 depending upon surface roughness, mean particle size of sand and method of 

installation (Tiwary et al., 2010). However, in the current study it is observed that 𝛿 is 

not constant for all the embedment depths. Figure 5.15 shows the relationship between 

𝐻/𝐵 and 𝛿 𝜑′⁄  for a 50 mm high anchor. It can be observed that 𝛿 𝜑′⁄  increases as the 

embedment depth ratio increases. The increase is not uniform throughout. It is rapid up 

to an embedment depth ratio of 2. After this limit, the increase of 𝛿 𝜑′⁄  is uniform. For 

instance, for a soil with 𝜑′ = 40°, with the increase of 𝐻/𝐵 from 3 to 8, 𝛿 𝜑′⁄  increases 

from 0.58 to 0.66. 
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Figure 5.14 Effect of consideration of fide flanks on the force coefficient 
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observed to be 0.42, whereas for an anchor with 𝐿/𝐵 ratio of 10, maximum 𝛿 𝜑′⁄  was 

0.66. However, for an anchor with 𝐿/𝐵 ratio of 5 and 2, maximum 𝛿 𝜑′⁄  was 0.65 and 

0.59 respectively. Thus, it is understood that the increase of 𝐿/𝐵 ratio from 5 to 10 did 

not increase the 𝛿 𝜑′⁄  substantially, suggesting the demarcation line between heavy and 

light anchor suggested by Duncan and Mokwa (2001).  

 

Figure 5.15 Change of 𝛿 𝜑′⁄  with 𝐻/𝐵 and 𝐿/𝐵 for a typical concrete anchor of height 

50 mm 

Although in the study of Duncan and Mokwa (2001), the different behavior of light and 

heavy structure is discussed, no demarcation between light and heavy structure is 

suggested based on 𝐿/𝐵 ratio. It is apparent from this study that an 𝐿/𝐵 ratio of 5 can be 

used as a demarcation line. In addition to that, for surficial anchors, wall friction is not 

fully mobilized. And most importantly, it is perceived from this study that although 𝛿 𝜑′⁄  

is constant in the range of 𝐿/𝐵 from 5 to 10 and 𝐻/𝐵 from 3 to 8, the constant value of 

𝛿 𝜑′⁄  assumed in most cases for all the range of embedment depths and 𝐿/𝐵 to analyze 

the pullout capacity doesn’t really hold true. Additionally, in the idea of Duncan and 

Mokwa (2001) a light structure is the one which has a 𝐿/𝐵 ratio of less than 5, and a 

heavy structure will have an 𝐿/𝐵 ratio beyond the aforementioned limit. 
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5.5 Why this Model? 

It seems that the present model involves complex mathematical analyses to obtain the 

pullout capacity. In the existing literatures, some pullout capacity prediction models are 

available which are easier to use. Therefore, the question arises, why should someone 

prefer the current model. It is important to note that the main objective of this study was 

to obtain a more reliable and accurate estimate of pullout capacity. Subsequently, 

simplicity was not preferred over reliability. To clarify this, author took an attempt to 

show the predictive capability of existing pullout capacity prediction models using a 

single plot. The plot can be termed as reliability versus error plot. For developing the plot, 

the experimental results of Rowe and Davis (1982), who conducted 47 experiments on 

anchors having different geometry and soil parameters was considered as the base case. 

Reliability is defined as the percentage of cases for which the calculated pullout capacity 

is lower than or equal to the experimental value, with a value approaching 100 percent 

indicating the most desirable characteristics of reliability. Error in the system was 

expressed using Mean Absolute Percentage Error (MAPE). A MAPE value of zero 

indicates the best possible accuracy. In Figure 5.16, the available pullout capacity 

predictions are plotted along with the prediction from the current model.  

 

Figure 5.16 Evaluation of different methods with respect to reliability and MAPE 

It seems that values of MAPE vary from 19.1% (most accurate) for the current model to 

64.7% (least accurate) for the Neely’s method. It can also be observed that maximum 

Present Model

Ovesen and 

Stromann 1972

NAVFAC 1986

BS 8006 1995

Ghaly 1997

Bowles 1997

Duncan and 

Mokwa 2001

Naser 2006

Perfect Accuracy 

& Reliability

Neely 1973

Meyerhof 1973

Biarez 1965

0

20

40

60

80

100

0 10 20 30 40 50 60 70

R
el

ia
b
il

it
y
 (

%
)

Mean Absolute Percentage Error, MAPE (%)



97 

 

reliability was observed to be 93.7% using current model and Bowles (1997) method. 

However, a minimum reliability of 12.8% was observed from BS 8006 (1995) method. 

The models of Duncan and Mokwa (2001), Ghaly (1997) and Biarez et al. (1965) provide 

a good combination of accuracy and reliability. From engineering point of view, 

reliability is a very important aspect in any design scheme. Thus, it is suggested not to 

prefer user-friendliness over reliability during the selection of suitable model during 

design practice. Nevertheless, considering the predictive capability of the available 

models, the current model seems to provide the best combination of accuracy and 

reliability, thus, suggested to be adopted in anchor design when it is laid at shallow and 

intermediate depth. 

5.6 Summary 

In this chapter, the validation of the proposed model was done with the theoretical and 

experimental investigations available in the existing literature. The presented data shows 

the accuracy of the prediction of pullout capacity of the proposed model. Its suitability 

for the estimation of pullout capacity shallow and intermediate anchors is also discussed. 

A parametric study was conducted and the effect of different influencing parameters on 

the pullout capacity was studied. 

  



98 

 

 

Chapter 6 

CONCLUSIONS AND RECOMMENDATIONS 

 

6.1 General 

In the current study, a rigorous analytical investigation into the behavior of anchor is 

presented. The factors affecting the pullout capacity have properly been addressed. In 

addition, comparative assessment has been presented to illustrate the superiority of the 

proposed model. After that some parametric studies have also been shown. Finally, the 

author recommended some scope in further continuing the study. 

6.2 Conclusions 

The basic conclusions that can be drawn from the present study are- 

a) The ultimate pullout capacity of a shallow or intermediate anchor can 

accurately and reliably estimated by using Eq. (4.168). Comparison with 

existing experimental and theoretical studies suggests that the model is 

capable to consider variations in pullout capacity installed at an embedment 

depth ratio (𝐻/𝐵) up to 8 in frictional soils. 

b) One important feature of the proposed model is that the interface friction angle 

is obtained from the equilibrium of the forces in horizontal and vertical 

direction. However, in most of the pullout capacity prediction models, based 

on the type of anchor material, interface friction angle need to be assumed 

initially. Subsequently, the maximum possible value is inserted in the model 

to estimate the pullout capacity. Thus, the present analysis considers the 

feature that the interface friction angle not only depends on the interface 

roughness, but also on the weight of the anchor itself and the weight of soil 

mass contained within the failure surface. 

c) The force coefficient tends to increase with the increase of friction angle (𝜑′). 

The effect is prominent in anchors embedded in highly frictional soils, as the 

increase of pullout capacity increases significantly if the friction angle is 

increased from 35°  to 40°  compared to the increase from 30 °  to 35° . It 
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suggests, the denser the surrounding soils are, the more prominent will be the 

increase of the pullout capacity. 

d) The conventional approach proposed by Das (1990) that an aspect ratio (𝐿/𝐵) 

of more than 5 is sufficient to consider an anchor as a continuous one, seems 

not to be comprehensive in the present study. A 𝐿/𝐵 of 10 instead of 5 can be 

considered as the demarcation line between single anchor and continuous 

anchor. 

e) The present study suggests that the active pressure components although play 

an insignificant role at an embedment depth ratio of less than 2.5, the effect 

causes high discrepancy thereafter. It was also pointed out that the 

consideration of the active pressure components provides a reliable and 

conservative estimate of the ultimate pullout capacity. 

f) The present analysis indicates that the 3-D effect, which generates due to the 

formation of side flanks, can be overlooked at low embedment depths (𝐻/𝐵 <

2). The effect is substantial in the cases when 𝐻 ⁄ 𝐵 > 2. Omission of such 

effects resulted in an erroneous result (a discrepancy of as much as 37.4%) in 

highly frictional soils (𝜑′ = 40°) and in the cases when the embedment depth 

ratio is greater than 2. 

g) It is perceived from this study that although 𝛿 𝜑′⁄  is constant in the range of 

𝐿/𝐵 from 5 to 10 and 𝐻/𝐵 from 3 to 8, the constant value of 𝛿 𝜑′⁄  assumed 

in most cases for all the range of embedment depths and 𝐿/𝐵 to analyze the 

pullout capacity is not actually valid. Additionally, in the classification of 

retaining structure of Duncan and Mokwa (2001), a light structure is the one 

which has a 𝐿/𝐵 ratio of less than 5, and a heavy structure will have an 𝐿/𝐵 

ratio beyond the aforementioned limit. 

6.3 Recommendations for Future Study 

During the course of theoretical analyses, there was always an urge to expand the scope 

of the study in order to gather more information and to achieve better approximations. 

Some of these future research prospects are recommended below- 
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a) Although frictional soils are always preferred as a backfill material in general, 

sometimes cohesive soil may be encountered during backfilling. In such 

circumstances, design should be done considering cohesive soil and its 

relevant properties (Shahriar, 2016; Shahriar et al. 2018), which may be 

studied.  

b) Very high retaining wall may require multi-staged anchor system. The anchor 

in the lowest stage may be embedded at deeper depth. In that case, new 

theoretical approach may be developed to study the behavior of deep anchor. 

The present study predicts the pullout capacity up to an embedment depth ratio 

of 8 but not beyond. 

c) The effect of dynamic loading (e.g. earthquake or, liquefaction) on pullout 

capacity of anchor may be investigated. In addition, the applicability of the 

theory to foundation of different structures (like concrete, adobe) may be 

studied (Islam and Iwashita, 2010). 

d) Although the inclination of the present researchers is towards numerical 

analyses, there is no better alternative than field scale experimental tests. In 

existing state of art very few small-scale model tests are being observed to be 

existent, however, the extrapolation to field scale may incorporate significant 

errors. Thus, field scale model test need to be performed in order to better 

understand the actual mechanisms involved. 

Thus, it is recommended for future study to work on the above-mentioned areas to 

consider most of the problems encountered in the field during the design and construction 

of anchor. Finally, it is expected that the present study will be useful to all those dealing 

with civil engineering projects and research works on anchored retaining wall. This 

research will also be useful to those who are involved in the development of standards on 

the determination of horizontal pullout capacity of anchor. 
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APPENDIX A 

 

Simple integrations performed to obtain the close form solution from Eq. (4.60) and Eq. 

(4.71) are presented below. 

𝐼 = ∫ 𝑒𝑚𝑥 𝑠𝑖𝑛𝑥 𝑑𝑥 
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= 

1

𝑚
𝑒𝑚𝑥𝑠𝑖𝑛𝑥 −

1

𝑚
∫ 𝑒𝑚𝑥𝑐𝑜𝑠𝑥 𝑑𝑥 

 

 

= 

1

𝑚
𝑒𝑚𝑥𝑠𝑖𝑛𝑥 −

1

𝑚
[ 𝑐𝑜𝑠𝑥 ∫ 𝑒𝑚𝑥𝑑𝑥 

−  ∫{
𝑑

𝑑𝑥
(cos 𝑥) ∫ 𝑒𝑚𝑥𝑑𝑥 } 𝑑𝑥 ] 

 

 
= 

1

𝑚
𝑒𝑚𝑥𝑠𝑖𝑛𝑥 −

1

𝑚
[cos 𝑥

𝑒𝑚𝑥

𝑚
+ ∫

sin 𝑥 𝑒𝑚𝑥

𝑚
𝑑𝑥 

 

 
= 

1

𝑚
𝑒𝑚𝑥𝑠𝑖𝑛𝑥 −

1

𝑚
[cos 𝑥

𝑒𝑚𝑥

𝑚
+

1

𝑚
∫ sin 𝑥 𝑒𝑚𝑥𝑑𝑥 

 

 
= 

1

𝑚
𝑒𝑚𝑥𝑠𝑖𝑛𝑥 −

1

𝑚2
𝑒𝑚𝑥 cos 𝑥 −

1

𝑚2
𝐼 

 

Using some side change simplification, 

𝐼 +
1

𝑚2
𝐼 = 

1

𝑚
𝑒𝑚𝑥𝑠𝑖𝑛𝑥 −

1

𝑚2
𝑒𝑚𝑥 cos 𝑥 

 

(1 +
1

𝑚2
) 𝐼 = 𝑒𝑚𝑥(

1

𝑚
𝑠𝑖𝑛𝑥 −

1

𝑚2
cos 𝑥) 

 

  
∴ 𝐼 =

𝑚2

𝑚2 + 1
𝑒𝑚𝑥(

𝑠𝑖𝑛𝑥

𝑚
−

cos 𝑥

𝑚2
) 

 

Now putting the limits of angle, we get, 

∫ 𝑒𝑚𝑥 sin 𝑥 𝑑𝑥
𝜃𝑚

0

=
𝑚2

𝑚2 + 1 
[𝑒𝑚𝜃𝑚 (

sin 𝜃𝑚

𝑚
−

cos 𝜃𝑚

𝑚2
) −

1

𝑚2
] 

 

∴ ∫ 𝑒𝑚𝑥 sin 𝑥 𝑑𝑥
𝜃𝑚

0

=  
𝑚2

𝑚2 + 1 
 [𝑒𝑚𝜃𝑚 (

sin 𝜃𝑚

𝑚
−

cos 𝜃𝑚

𝑚2
)] −

1

𝑚2 + 1
 

 

Here 𝑚 = tan 𝜑′ or, − tan 𝜑′. 
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∫ 𝑒2𝜃 tan 𝜑′ sin 2𝜃 𝑑𝜃 

Let, 2𝜃 = 𝑥 

∴ 2𝑑𝜃 = 𝑑𝑥  

∴
1

2
 ∫ 𝑒𝑥 tan 𝜑′ sin 𝑥  𝑑𝑥 =

1

2
 𝐼 

If, 𝑚 = tan 𝜑 then, 𝐼 = 𝐼1 and if, 𝑚 = − tan 𝜑′ then, 𝐼 = 𝐼2 

The charts corresponding to 𝐼1 and 𝐼2 are provided in the later part of the Appendix. 

Again, 

𝐽 = ∫ 𝑒𝑚𝑥 cos 𝑥  𝑑𝑥 
 

 
= cos 𝑥 ∫ 𝑒𝑚𝑥 𝑑𝑥 − ∫{

𝑑

𝑑𝑥
(cos 𝑥) ∫ 𝑒𝑚𝑥𝑑𝑥 } 𝑑𝑥  

 

 
= cos 𝑥

𝑒𝑚𝑥

𝑚
+  ∫ sin 𝑥

𝑒𝑚𝑥

𝑚
𝑑𝑥 

 

 
= 

1

𝑚
𝑒𝑚𝑥 cos 𝑥 +

1

𝑚
∫ 𝑒𝑚𝑥 sin 𝑥 𝑑𝑥  

 

 

= 

1

𝑚
𝑒𝑚𝑥 cos 𝑥 +

1

𝑚
[sin 𝑥 ∫ 𝑒𝑚𝑥𝑑𝑥

−  ∫{
𝑑

𝑑𝑥
(sin 𝑥) ∫ 𝑒𝑚𝑥𝑑𝑥 } 𝑑𝑥] 

 

 
= 

1

𝑚
𝑒𝑚𝑥 cos 𝑥 +

1

𝑚
[
sin 𝑥 𝑒𝑚𝑥

𝑚
−  ∫

cos 𝑥 𝑒𝑚𝑠

𝑚
𝑑𝑥] 

 

 
= 

1

𝑚
𝑒𝑚𝑥 cos 𝑥 +

1

𝑚2
𝑒𝑚𝑥 sin 𝑥 −

1

𝑚2
∫ 𝑒𝑚𝑥 cos 𝑥 𝑑𝑥 

 

 
= 

1

𝑚
𝑒𝑚𝑥 cos 𝑥 +

1

𝑚2
𝑒𝑚𝑥 sin 𝑥 −

1

𝑚2
𝐽  

 

Using some side change simplification, 

𝐽 +
1

𝑚2
𝐽 = 𝑒𝑚𝑥(

cos 𝑥

𝑚
+

sin 𝑥

𝑚2
) 

 

(1 +
1

𝑚2
) 𝐼 = 𝑒𝑚𝑥(

cos 𝑥

𝑚
+

sin 𝑥

𝑚2
) 
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∴ 𝐽 =

𝑚2

𝑚2 + 1
𝑒𝑚𝑥(

cos 𝑥

𝑚
+

sin 𝑥

𝑚2
) 

 

Now putting the limits of angle, we get, 

∫ 𝑒𝑚𝑥 cos 𝑥 𝑑𝑥
𝜃𝑚

0

=
𝑚2

𝑚2 + 1 
[𝑒𝑚𝜃𝑚 (

cos 𝜃𝑚

𝑚
+

sin 𝜃𝑚

𝑚2
−) −

1

𝑚2
] 

 

∴ ∫ 𝑒𝑚𝑥 cos 𝑥 𝑑𝑥
𝜃𝑚

0

=  
𝑚2

𝑚2 + 1 
 [𝑒𝑚𝜃𝑚 (

cos 𝜃𝑚

𝑚
+

sin 𝜃𝑚

𝑚2
)] −

𝑚

𝑚2 + 1
 

 

Here, 𝑚 = tan 𝜑′ or − tan 𝜑′ 

∫ 𝑒2𝜃 tan 𝜑′ cos 2𝜃  𝑑𝜃 

Let, 2𝜃 = 𝑥 

2𝑑𝜃 = 𝑑𝑥  

∴
1

2
  ∫ 𝑒𝑥 tan 𝜑 cos 𝑥  𝑑𝑥 =

1

2
 𝐽 

If, 𝑚 = tan 𝜑′ then, 𝐽 = 𝐽1 and if, 𝑚 = − tan 𝜑′ then, 𝐽 = 𝐽2 

The charts corresponding to 𝐼1 and 𝐼2 are provided in Appendix C. 
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Area calculation of Zone ODE in Figure 4.7 

𝐴 =  ∫
1

2
𝑟 (𝑟 𝑑𝜃 )

𝜃𝑚

0

 (4.121) 

 
=  

1

2
∫ 𝑟2 𝑑𝜃

𝜃𝑚

0

 
 

 
=  

1

2
∫ 𝑟0

2𝑒2 𝜃 tan 𝜑′ 𝑑𝜃
𝜃𝑚

0

[ ∵ 𝑟 = 𝑟0𝑒𝜃 tan 𝜑′] 
 

 
=

1

2
𝑟0

2[
𝑒2 𝜃 tan 𝜑′

2 tan 𝜑
]

𝜃𝑚

0
 

 

 
=

𝑟0
2

4 tan 𝜑 ′
[𝑒2 𝜃 tan 𝜑′ − 1] 

 

 
=  

𝑟0
2𝑒2 𝜃 tan 𝜑′ − 𝑟0

2

4 tan 𝜑′
 

 

∴ 𝐴 =  
𝑟1

2 − 𝑟0
2

4 tan 𝜑′
 (4.122) 
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𝛼′ can be determined using the following procedure. 

 𝑂𝐴2 + 𝑚
2

= 𝑛
2

+ 𝑂𝐶2 (4.139) 

 
𝑜𝑟,

𝑚
2

(tan 𝛼′ )2
+  𝑚

2
=

𝑛
2

{tan(𝜃𝑚 − 𝛼′)}2
+  𝑛

2
 

 

 
𝑜𝑟, 𝑚

2
{1 +

1

(tan 𝛼′ )2
} =  𝑛

2
[ 1 +

1

{tan(𝜃𝑚 − 𝛼′)}2
] 

 

 
𝑜𝑟, 𝑚

2
{

1 + (tan 𝛼′ )2

(tan 𝛼′ )2
} =  𝑛

2
[
1 + {tan(𝜃𝑚 − 𝛼′)}2

{tan(𝜃𝑚 − 𝛼′)}2
] 

 

 
𝑜𝑟, 𝑚

2 1

(sin 𝛼′ )2
= 𝑛

2 1

{sin(𝜃𝑚 − 𝛼′)}2
 

 

 
𝑜𝑟,

{sin(𝜃𝑚 − 𝛼′)}2

(sin 𝛼′ )2
=

𝑛
2

𝑚
2 

 

 
𝑜𝑟,

{sin(𝜃𝑚 − 𝛼′)}

(sin 𝛼′ )
=

𝑛

𝑚
 

 

 
𝑜𝑟,

sin 𝜃𝑚 . cos 𝛼′ − cos 𝜃𝑚 . sin 𝛼′

sin 𝛼 ′
=

𝑛

𝑚
 

 

 
𝑜𝑟,

sin 𝜃𝑚

tan 𝛼′
− cos 𝜃𝑚 =

𝑛

𝑚
 

 

 
𝑜𝑟,

𝑛

𝑚
+ cos 𝜃𝑚 =

sin 𝜃𝑚

tan 𝛼′
 

 

 

𝑜𝑟, 𝛼′ =  tan−1 [
sin 𝜃𝑚

𝑛

𝑚
+ cos 𝜃𝑚

] (4.142) 
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APPENDIX B 

 

Figure B-1 Variation of 𝐾 with the change of 𝜑′and 𝛾 for a 0.1m high anchor 
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Figure B-2 Variation of 𝐾 with the change of 𝜑′and 𝛾 for a 0.2m high anchor 
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Figure B-3 Variation of 𝐾 with the change of 𝜑′and 𝛾 for a 0.3m high anchor 
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Figure B-4 Variation of 𝐾 with the change of 𝜑′and 𝛾 for a 0.4m high anchor 
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Figure B-5 Variation of 𝐾 with the change of 𝜑′and 𝛾 for a 0.5m high anchor 
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Figure B-6 Variation of 𝐾 with the change of 𝜑′and 𝛾 for a 0.6m high anchor 
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Figure B-7 Variation of 𝐾 with the change of 𝜑′and 𝛾 for a 0.7m high anchor 
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Figure B-8 Variation of 𝐾 with the change of 𝜑′and 𝛾 for a 0.8m high anchor 
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Figure B-9 Variation of 𝐾 with the change of 𝜑′and 𝛾 for a 0.9m high anchor 
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Figure B-10 Variation of 𝐾 with the change of 𝜑′and 𝛾 for a 1.0m high anchor 
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Figure B-11 Variation of 𝐾 with the change of 𝜑and 𝛾 for a 2.0m high anchor 
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Figure B-12 Variation of 𝐾 with the change of 𝜑′and 𝛾 for a 3.0m high anchor 
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Figure B-13 Variation of 𝐾 with the change of 𝜑′and 𝛾 for a 4.0m high anchor 
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Figure B-14 Variation of 𝐾 with the change of 𝜑′and 𝛾 for a 5.0m high anchor 
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APPENDIX C 

 

Table C-1 Integrals and 𝑘 value corresponding to a given 𝜑′ 

𝜑′(°) J1 I1 J2 I2 k 

25 1.052 -1.010 0.68799 -1.30010 1.59593918 

26 1.071 -0.962 0.68471 -1.27305 1.63752982 

27 1.090 -0.912 0.68122 -1.24545 1.68146203 

28 1.110 -0.859 0.67754 -1.21733 1.72792304 

29 1.131 -0.806 0.67365 -1.18874 1.77711966 

30 1.152 -0.750 0.66956 -1.15972 1.82928083 

31 1.175 -0.692 0.66527 -1.13030 1.88466048 

32 1.198 -0.633 0.66078 -1.10053 1.94354099 

33 1.222 -0.571 0.65608 -1.07045 2.00623702 

34 1.247 -0.507 0.65118 -1.04010 2.07310012 

35 1.273 -0.442 0.64607 -1.00952 2.14452406 

36 1.301 -0.373 0.64075 -0.97876 2.22095106 

37 1.330 -0.302 0.63522 -0.94787 2.30287913 

38 1.360 -0.229 0.62948 -0.91688 2.39087078 

39 1.391 -0.153 0.62353 -0.88585 2.48556329 

40 1.425 -0.073 0.61737 -0.85481 2.58768094 

41 1.460 0.009 0.61099 -0.82381 2.69804971 

42 1.497 0.096 0.60440 -0.79289 2.81761481 

43 1.536 0.186 0.59759 -0.76211 2.94746192 

44 1.578 0.280 0.59056 -0.73151 3.0888429 

45 1.622 0.379 0.58331 -0.70112 3.24320714 

46 1.669 0.483 0.57583 -0.67100 3.41223998 

47 1.720 0.593 0.56813 -0.64118 3.59791001 

48 1.774 0.710 0.56021 -0.61172 3.80252775 

49 1.832 0.833 0.55205 -0.58265 4.02881885 

50 1.895 0.965 0.54366 -0.55401 4.28001601 

51 1.963 1.107 0.53504 -0.52585 4.55997526 

52 2.037 1.259 0.52618 -0.49821 4.87332411 

 


