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ABSTRACT

Integral nletllQd together with Finite Oiffer8nce method
was used to study thG laminar flow ch5ractEristics in the
entrance region of an "annulus for a flat vel oei ty profile

at the entry. A velocity profile based on the fully deve-

loped flow ~n the boundary layer, and a constant ratio of

inner to outer boundary layer thicknesses in the entrance

region were used for the Integral method. An algebraic

equation for the pressure distribution in the entrance

region of annuli was derived by this method, which was also

used in ~the Fini te-~Di~fferenc'e--rnethod.~.~-Theanalytical results

for pressure distribution w£re extended for comparison with

the experimental results for flow through a parall! 1 plate

channel.

From th~e cilaract-e-risti~cs~of~H,e resul~tB~-obtained from

the Fini tee.Dif.-feren ce..m et ho d, th e en tran c,e..region ,was di vide d

into :tuJOz'ones,~ viz~.(i) the in let~.re gi 0 n , and (~ii) the

filled region. At the end of the inlet region thE boundary

layer-s- .rrre.t. toget-h.er_ ..bu..t_ thE v-elocit-y pro_file t"2S not iden-

tical to that of the fully develped bne. In the filled

region
f

adjustlneflt of the complot!~ly viscous profile took
place until the fully developed similar profile attained

~t the end of it.

The fulJy 0'~velored vrJncity pJ"[lf5J.B ulas rIot symmetrical

magni tude of. th~~ s:::;rmm[-/c.:ric n tUlJ: cf" i he:; "lil:<Lr.ej.t.y profile

t!!;:<~ higher rOT sm[,11rJ:" radjus ::c::t5Q Df i~hL E.illiu.lilo But this
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RE.yrnifl[-;try cf .~ilC Velocity pl'ofils n8E.r tho antr2nce was very

snlGll 6nd gr2dually increased to its fully developed nature
2t 8 far Downstream distance~

The magnitude of the radial velocity obtained from

the Finite Difference method was small compared to that of

the axial component.lhe radial velocity was also asymmetric

about the centre of the hydraulic radius and this asymmetry

was quite prominent for smaller radius ratio. The radial

velocity decayed with axial distances, but such decaying

was very rS0id for sm~ller radius ratio at the inner-wall;

Entrance length was calculated on the basis of the

viscous term rather than the core velocity. Results of

axial and radial velocity, wall shear stress, boundary

layer development in the entrance region of five different

radius ratio 3nnuli were presented. The results indicated

that tt18 influence of the radius ratio on flow character-
isticS 'was VEry smEll for 0<5 < a ~ 1<O~
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incremental pr_essure__drop,_.hE_ - (~) fd'~x
constant in Ostwald de Wal~ po~er Jaw equation
constant in Ostwald de Wall power law equation
stati-c-pr-essure
di mensionIEsB~.t_a_ti,c~4lI.essur.e~pl~pU~_.._
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CHAPTER I
INTRODUCTION.~~-

1.1. Entrance Reqi~

The hydrodynamic behaviour of a flow through a duct iM the
developed region is well known. But when a fluid enters a duct,
the velocity profile changes along the axial direction from a
definite distribution at the entrance to a particular profile
far downstream.~he region along the axial direction over which
the velocity profile changes is known as ~he hydrodynamic deve-
loping region or entrance -region, In this region the-wall shear
stress is~igher than that in the developed region because of
greatertrans"IJers-eveloci ty _gr-adient-near the w-al-l.The rat-e--
of change of momentum--'and-thatof-energy--in--the axial- directi-on
are also .higher than ,that in the, deve"loped re_gion._b.e.cause_of

resulct--.in-,-aCgreater::a'xi-alcpre-ssure _:-gradi:ent::in-,thJ:s're-gion.:

Earlier it was believed that the developing boundary layers
met together at _the end of _the ent:ram::B_-:re:gion-where -the-velo-

"city profile attainedthe fully developed profile [5,13,29 etc.)

But recen: investigatio~in the entrance region of a pipe __show~
that :.aminar br mdary layers Ineet at the pipe axis much before
the attainment of a fully developed profile (20) This obser-
vatior. motivated to su"'divide the en.l';:'i !CB region into two

parts: the _inlet _regie" and th8 .._filILo. I'egion--"Jt _the end of

the inlet region the boundary layers meet together but the
veloci ty profilE's are not yet idiOn'd_csL In the fi! Lfsdregion

-------------------------- ---------------- -----
* Numbers in the .p~ra[lth8sis inJicate references
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adjustment of the completely viscous velocity profile takes

placEe u;ltil the fully developed profL.; is attained at the

end of it.

1.2. Annulus and its Application

An annulus is formed.by introducing a core through a

circular tube. The ratio of the inner and outer radii (radius

ratio, 0) is an important parameter in addition to other

variables that determines the nature of the flow in the

annuli. A pipe ( 0 = 0) and a parallel plate channel (0 - 1)

are the two limiting cases of an annulus.

In industrial heat exchangers and nuclear reactors,

there are many cases where heat transfer begins immediately

at the entrance of the annulus and therefore the calculation

of heat transfer coefficients for these cases requires a

detailed knowledge of the velocity field in the entrance

region of the annular passage,

LamiAar flow characteristics in the entrance region of

concentric ani"uJ.i LJJere stud:Led theoretically. An integral

method was used to deternline the flow characteristics inclu-

ding ti;e pressure distribution along the axial distance for

the entrance region of ,the annuli~ Experiments were also
performed to compere the analytic21 =esults of pressure
distribution in the 81-;trtince region of a parallel plate

channel, which was on~ of the limiting conditions of an

•
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Gnilulus. Using t118 analytical resulis for prC5SlJre distribu-

~ion dc~j.v~d f~~m the ifltegral mBthod~ b diffcrenti21 Il;ethoJ

WES used to detErmine 1~lo~Jchar~ctcrislics by solvirlg the

d5.fferential momentum &nd continuity equations for the entrance

regial' of annulip
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CHAPTER II
LITERATURE SURVEY-~~'--""', •..---..--~---

Laminar flDW Df fluid can be expressed mathematically
by the cDntinuity, mDmentum, and energy equatiDns. Since the
cDnservatiDn Df energy equatiDn in differentialfDrm and the
Navier-StDkes equatiDns are nDn-linear, each individual flDW
pattern has certain unique characteristics which are assDci-
ated with its initial and bDundary cDnditiDns. The basic
equat-i-Dns--have-been---analysed-.bY-TBseareheTs.f-o-r-various flow
pattern~;-but still-it is not-possible tD have an exact solu-
tiDn Df differential equations for the flDW in the entrance
regiDn of-a _duct .due to._the_presenc_e__of._the han-linear inertia
terms in the equations. Yet a number Df literatures are
available where thi-s-problemh-asbeenanalysed bDth theore-
tical.ly~-ande-xper.imental-ly.--with-a number ..Df_approxima_tions __

parallel plate channel, annuli etc. Van Dyke [3~ listed these
methods in fDur--g-eneral-groups: (1) lTnearisation-Lif- -inert-i-a
terms, (i1) Integral method, (iii) Series expansiDn and (iv)
Numerical finite " fference solutiDn. Most of these methDds
of sDlutiDn have assumed:

(a) Negligible axiaL mDlecular transport of momentum
with respect to that of radial transport,

ie-e. a2u « 1 a ( 8U )---Z "c)I:- I'

""ax r

(b) Pressure to be a functi.on of axial distance only,

Le. p-p(x)
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(e) A flat velocity profile at the entry of the duct,

•
i.e. u(o, r' = u o

Besides, a few literatures are available which investigated
the er,.rance flow experimentally. Some relevant end results

"of d~fferent literatures are included in Tables 2.1, 2.2 and

2.3.

In this chapter, the various methods of approximate
solution for the entrance flow in connection with tube.
parallel' plate' channel-'-(-semi~i.nf'ini-tBc)-anD'-annulialongwith
some experiment~l investigations'aTe'p~esentBd~-

2.2; Boundary Layer Solution: Inteoral ..Approach_

Boussinesq. {2]..w'as:the' first: pe.rson~who: dealt .withthe
entran ce,A'.lDcW.throug.h.-B..tu bE•..B.ou.ssines.q..repre sEn.t"D_.th.e

expre.ssion.plus __a perturbation term to obi:,,1n-'an'-approxima-
tioD.for the velDcity_prDfilss far from the entrance. Later,
Schiller [29) applied the int.egral,rep.resentation' of the
equations of motion and continuity to the boundary layers
llJhich_"develDp.alongo...the.tube ",all USj,'1ga perabolic velocity
profile. in the boundary layer and to the frictionless core.
The velocity profile chosen in the entrance region of the
tube was a modification of the oj.sGuille solution in the
sense that the tube radius was replBced by the boundary layer
thickness. When the boundary lBy~r thickness became equal
to the tubE radius, the 2nalysis predicted the establishment
of fully dpveloped flOW,. i~et tho €Ild of the entrance region
and its length calculated by Shiller was X = 0.02875.
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c

Schiller's [29J procedure lll8S repeated by Siegel [31J

for modified cubic and quartic boundary-layer velocity profiles

and by Bogue [3J- for cubic velocity profiles u~ing the power

law flow. The equation of pO~8r law flow:

T = m ( S) n

represents Newtoniam flow when n = 1.0. Bogue included

vdujdr as the radial momentum in the von Karman integral

method._

Campbell-and S-lattery--[5] reported--that Schiller's

solution was not app-lic:able- for x- > 0.02. Atkinson and

Go- dstien r14J sUggested that pressure is to be consider-ed-

as a function of both axial and radial distance and thus an

average_ value at each cross-section is to be calculated

rather-than -as-suming--p-=- p (x-)-in the boundarylayer.-Campbell
-

an d-S'iCl-ttBT)rcl":osurrred--the -'vei-o city ..di-s trib-u-tion -in.-the --ent----

uU = 1 for y >0 •
c

x > 0 (2.1)-

and uD~
c + 2 (

.r..,
'- for y .:0 O. x> 0

and using erl rgy balanc' f they derived e>:pressions for

bounda~y layer thicknB~s 55 a function of axial distance.
-I-he velocity and the pressu~e drop IJers also obtained in
terms of houndary layer thicknrssf
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by Langhaar [1BJ for tube, and later by Han [16] for parallel

plate channel. Langhaar obtained a velocity profile over the

entrance region of tubes by linearisin@ the inertia term in

the equation of motion and writing the equation in the

following form:

2
+).l (V u)

where -13~wasa function of x alone. Theeqn-.( 2-.3) was solved

analytically and the result was satisfactory except in the

regions very near the entrance and close to the wall, since

v,was not negligible-in these regions and _hence .there 13-was

not a function of x alone.

Trag [27J lin~arise~ the momentum equation_for tube

by replacing_ the. inertia __terms_ by__U .~. __and _the pressureo ox
term by ..(2v/r2' )(au/ar).- • This assomptionignored the-r=r2 ..

contribution of .the momen-tum change to the pressure drop,

and the incremental-pressure-~rop-K{oo) found by this method

was 1. 3.

Sparrow et al [2BJ modified Trag's linearisation method

in order to provide information relating to the flow deve-

lopment and the pressure drop in tube and pajallel plate

channel. Sparrow et al assumed the following linearised

Navier-Stokes equation:



•
TABLE 2.1. Values Df Incremental Pressure DrDp and Entrance Length fDr Tube •

•

•
-"-.. _'~'='~'- .., _. ~..; '. t ... .. .
Reference Exp~rimental'l K(oo) X RemarksTheDretical e. __.-l. ,.._<-.-_,... _
~ "'

DDrsey [B1
Knibbs (17]

Nikuradse [25J
Riema;, (26)

Schiller [29J

-do .•

Waltman B;,d
Keller [38J

Atkinson and
Gcldstlen [14J
Chr.i3t5.ans.gn and
Lemo;, 161- ,

-do-
Bogue i)]

Experimental '
.,,'.,

-do"'
I .

-do-

-dD-
-dD-

Theoretical
f

E;<perimental

ITheOretical

-do-

I-dc-

-do-

I

1.08,1',00

1.27 :!: 8%

1. 32

1.248 + 1%

1.32 + 10%
! '

1 .1 6

1.2 + 10%

1. 41

1.274

1.015

1 .1 6

0.0625

0.0288

0.065

0.e555

0.0288

Assuming a parabolic
velocity profile within
the boundary laY8~

Numerical solution.

Numerical solution with
negligible radial flow,
Assuming cubic velocity
~rofile within the boundary
layer.,

CD
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TABLE 2.1 (Contd ••• ) •

~""""""""""""----,~"'~",".~=_-------~------------------------------
Reference Exps-r'''sntall

.The,oretical ..:.J :""..
K(ro) X e ..

Remarks
0:--:-__._._.-~- ,..,._-... ~ ••••.•m_L;_."' ..,...,...~•.••.•.•.••••••__._,_._.

Doussinesq[21
Coll!.ns and
SchouJs:,tar [7J

Campb-911' 2nd. ,.. ,'=' --0....... JSlc.t •......y,5

I

Theoretical :. 1.24 . 0.065. _ ,'" •. , _ ..I"h'" .".. • •.•• ,_ ., h. , .. ', , •. , .• , , , '" • ' , ..

-do- : 1•33 0.061
-I: :.: I ~ i i

-do- 1.18 0.0675

Perturbation met!lod•
Assuming power low flow.

Integral method assuming
a parabolic velocity
profile.

Sp8.rnJuJ 8t al [2.9J

Mohanty and
Asthana [2~

[331. ,

Lar.gh:;\t:1J:

Sigel [31

-do-

Tomita

(I 8i,. J -do~ 1. 28 0.0575 ..

'j 1.08 0.03-do-

-db- 1.1Ci6 0.0296

I

-do- 1.24 0.05

-do- 1.22 0.0505
-do- 1.152 0.075

I,

, :!

Linearising the Navier-
Stokes equation.
.Assuming a cubic
ve~ocity profile.
Assuming a quartic
velocity profile.
Using linearised
Navier-Stokes equation.

Pahlhausen Integral method
using a fourth-degree
velocity profile.

(0
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TABLE 2.2. Calculated Values of Incremental, Pressure Drop and Entran~e Lerigth for
Parallel Plate Channel

I
I"

•

Rr3fe:tence K(oo) x..e .1
Remarks

~--------------,----------------------------------------------------------------_.-

5chH:hting [30]

5-~---'("' ~,- al [28'J..,;OlJ..l .. " _." ''::;l., J

Gupta ["1 ,1
,~ I •.• J

uJang and Longwell 1.37]

-do-

D.602

0.65

0.646

0.7874

I

0.7512

.... ,.~,' D. 01 ,

0.009,'
I ,

, i

0.033

I

0;008375

I '

0;0085

Perturbation method.

Linearising the Navier-5tokes
equation,

,
Integral method using a parabolic
velocity profile.

Nume~ical .solution assuming flat
velocity profile at entr~

Numerical solution assuming a
flat velocity profile at a section
far upstream from entry.

-{J

--'--""--, ..-------------------------------------------------~---------------------,---

~
-:J
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TABLE 2.3, Calculated Values of lncremental Pressure Drop and Entrance length for Annuli
•

•

o
{,

ReferenC2

i\l'Jrc:kswa [22J

...do-

Hn ..••'•.. -.• °1'~ ;::11 l-15'.•. ,.. ' .•.. ' -" -~'

a = r1/r.?J K(oo ) X Rc.:i"2rks,.e

0,636
. :"."....• 1. ! ', ... 0,64 0,052

0;833 - 0,05176
-0,5 - 0.01

0,25 - 0,012 1 Using the
linear'ised

O.'I0 - 0,015 ( Navier-Stokes
I

0,05 - 0,019 equation,

0,02 - 0,0205

~
~
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• where E(X) and A (x) were functions of x only, E(X) weighs

the mean velocity Uo and A (x) includes the pressure gradient

as well as the residual of the inertia terms, To facilitate

the solution of equation (2,4)

d h if f dx .was assume w en x = ETX) ~n

a stretched axial coordinate

addition to the assumptions

of no-slip boundary conditions at the duct wall and flat

velocity profile at the entrance, E(X) was derived by

equating the pressure gradient from momentum and mechanical

energy consi~erations; Trag's [27J velocity solution was

equivaient---to-that __of__,Sparrow.-etal-;Whe-n£(x) _= 1,0, -

Fleming and SparrQw_.[10] introduced a more general

method of analysis with the equation (2;4) for entrance flow

through ducts of arbitrary cross-section_ and thenapplied-i"t

to the rectangular and-triangular ducts with the_assumptions

made-by---Sparrowet _al[28J ,--R_esultsfor-the developm-ental

TABLE~2 ,4,-0 evelcpmentalCharact-ar-isti cs for_ FlowtJ, DU 90_"
Pipe and Parallel Plate Chan~el from Sparrow et al ~8J

Entrance length K(co) U/Uo
Ot!C', Xk X fd

v

Parallel plate 0,0083 0,009 0,65 1.50
channel

Circular Tube 0,038 O,04il 1.24 2,00
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Some interesting findings were reported by Mohanty and

• Asthana [20 ] for the entrance region of a smooth pipe. The

entrance region was divided into two parts, the inlet region

and the filled region. At the end of the inlet region, the

boundary layers met at the pipe axis but the velocity profile

was not found to be identical to that of poiseuille.In the

filled region, adjust~ent of the completely viscous profile

took place until the Poiseuille profile was attained. The

boundary layer equations in the inlet ~e9ionand the Navier-

Stokes equations in the Pahlhausen ~ntegral form in th~ filled

region were solved using a -fourth degree velocity profile:

4
u = l:i=o

A. (Ji , f ) i,i
~

(2. 5)

with the following boundary conditions:

I. Inl et_r.e,gi.oo':~__'--

0, at 1;=.r o -u = v = =
<s

u = U (x)c

dU 0 at s = 1.0
d1; =

a2u 0
dS2

=

II. Filled'region:

u = v = 0 at s=r/r2 = 0

u = U (x)c
au 0 at s 1.0

.~ = =

a2u 0'8"72 =

ta2u j [~~].

2 f_ A
~

=

s=o s=o

Mohanty and Asthana calculated the total length of the ent-

rance regionx = 0.075 while the boundary layers met at X.=0.018e ~

from the entry.
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Schlichtin~ [3oJ introduced another technique for solving

the entrance flow with perturoation series and then applied

it to the entrance region of a parallel pJate channel. The

entrance region was divided iRto two zones. In the zone near

the entrance a boundary layer model was proposed which was

analogous to that o'f a flat plate at zero incidenc-e in unacce-
, If J\iX

lerated flow: 6/a=1.72v~U; where 'a' was the 'half width
a 0or the channel. The boundary layer development does not, yield

simiJari t.y~_type, velocity proj'iles and an-approximatio.n.was

the entranc.e, _solutTorfs-:-:tiiere _o.btained a's p-erturb-a,ti:ons 'of-t-he

fully developedcvel.ocity proffle as used' by -Boussinesq [2J

The flnw dev.elopmenLthroughojJj;._.i::.h.e entire ,entrance region

wa,s desc-ri'be'd' 'bypatching together -the. boundary la_yer ,solution

and Boussi:hesqc 'ty-p'e-oT-'solution: a't some' interme-dicate- 'location~c

assuming:'"

(i) p ..:.=..:._p(-7<) ....

(ii) u( 0, y) = Uo

(iii) -~ ~,~= Uc

(iv) an undeformed central core

and (v) a stream function such, that velocity profiles

are alrnost similar~

The velocity profile resLflts obtained by this method

we:;:e in ,good ..:.g:reement with t.hose, of Pfenr,inger [1 9 J and
Christiansen p,d Lemon [6] in the region very near the tube
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• Atkinson and Goldstien [14J modified the Schlichting's

[3oJ method for tubes. Th~y assumed a stream function,

'!' =
I •

[ { 4 (x/R.eDh) }::!f f1 ( E;;)

where

to obtain a boundary layer model solution which was believed

to be aocurate upto X ~ 0.0006 (cf. [14J p. 306.}. Like, "

Schlichting, this solution was then patched at X = 0.0006

with a Boussinesq [2J type of solution which was valid for

the region far from the entrance. Their patched relationship

yielded velocity profile data which agreed with Nikuradse~[2~

centre-line data. Similarly, Punnis [24) patched a downstream

boundary layer solution to a Boussinesq type of solution at

X = 0.0004 to obtain a solution "for tube entrance'region.

Gupta [13J obtained a solution for the entrance region

of a parallel plate channel by macroscopic energy balance to

all the fluid in the duct. Like Campbell and Slattery [5] he

used a boundary layer velocity profile:

Van Dyke [34J and Wilson [36] studied two models of entry

conditions for flow through parallel plate channel: (i) uniform

parallel flow at entry, (ii) uniform parallel flow at a section

far upstream, with the channel walls extended upstream as

streamlines, which corresponds to an infinite cascade of

equally spaced plates in a uniform oncoming stream. Using the
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Blasius flat plate boundary layer solution, Van Dyke obtained

a solution at Re = 300 for both the cases. It was found by

Van Dyke that the velocity profile for the second case was

convex at the entry and became concave at the centreline at

a distance X = 0.00029 from the entrance.

Murakawa [22] obtained t~e velocity distribution, the

pressure drop and the entrance length of an annulus after

solving the Navier-stokes equations in x-and r-directions

and the continuity equation with the following boundary

conditions:

u = v = 0 at the walls

u = U(r) at x = 0
u = u(r)fd at x = 00

Murakawa eliminated the pressure term by equating the Navier-

stokes equations in x-and r-coordinates and derived a complex

series of equations for the velocity distribution, the pressure

drop and the entrance length. Murakawa showed that within the

radius ratio 0.625 ~ a~ 0.99, the influence of radius ratio

on the entrance length was smaller than that of the Reynolds

number.

Heaton et al [15] analyzed the flola"in:the".entranc:8'
byregionbf annuli /the integral method used by Langhaar [1B]

with the following boundary conditions:

u = v = 0 at th~ wall

u = Uo at x = 0

and (~~)r = 0, r1 < c < r2
c

".''''',



• 17

• Heaton et al reported solutions for annuli of radius ratio

•
of 0.001, 0.02, 0.05, 0.10, 0.25 and 0.50 •

Mattai [21J formulated an ordinary differential
.

equation by macroscopic mechanical energy balance with the

following boundary conditions:

u = v = 0 at .the wall

u = Uo at x = 0

and assuming the fully developed velocity profile within the

boundary layer-.and a constant--I'atio of the boundary layers of

the inner and the outer walls for the fully developed flow

in the entrance region. But Mattai's ordinary differential

equation could -not-be -solved at -a region very near to the

entrance.

2.3. NuMerical Method

Considering the axial molecular-transport-~f momentum

and pressure gradient normal to the flow, Wang and Longwell

[37J sol ved the entrance flow characteri stics for parall el

plate channel for two different entry' conditions: (i) uniform

parallel flow at the entrance and (ii) uniform parallel flow

,
at a section far upstream of the entrance with the following

boundary conditions:

Case II

u = v = 0 at wall

v = 0

x < 0

- ex>at x =

o1at y = a
j&y=o.ov = 0

u /U = 1.0o

au/a y =

Case I

u = v = 0 at wall

au/a y = 0 }0 at y = av =

u/U = 1.0 }0 at x = 0
v = 0

(~)2)Ju/U = 3/2 (1o. _. 2 at
if = 0 a x=oo
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After eliminating the pressure gradient terms from the momentum

equation in x and y direction. and introducing the stream

function ~ the equation became:

a ("2,,,) a~ax VT -ax 4
R8 (2.7)

where Re =
4 aUo and 'a' was the half width of the.channel.

To ensure a finite boundaries they transformed x into a new

independent variable x':

x' = 1 - 1/(1+c),

where c was a constant with a positive value for x > 0 and a

negative value for x.< O. This transformation compressed the

scale of x at large distances from the entrance for this

solution. Then both the upstream and downstream regions were

transformed ..into squares O~ y ~1 and 0 ~ x I ~ 1.

Wang and Longwell introduced the term vorticity,

2w = - V ~ ,

in the equation (2.7) and solved by relaxation technique. They

used a 10x10 grids in terms of x' and y with c = 1.2. The

solution for the first case showed a definite concavity in

the velocity profile near the entrance (upto X = 0.001).

The ~ffect of axial diffusion of vorticity on flow

development in the tube was'studied by Vrentas et al [35J •

A vorticity transport equation was used with no-slip boundary

conditions for tube. To ensure a finite boundary, Vrentas et al
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assumed a transformation of x' = tanh Tx, like Wang and

Longwell [3~ where T is a parameter, which transformed the

infinite length scale, - 00 .,;;x~ 00 to a finite one, - 1 .~ x' ••1.

They obtained solution for a parabolic partial differential:

equation at high Reynolds number where axial diffusion of

vorticity was assumed to be negligible compared with the

other terms. The solution of this parabolitpartial differen-

tial equation was initiated at the entrance for a uniform

velocity profile with ~r/r2 = 0.05~ and ~x'

for the first 25 steps and ~x' -3
= 5x10 for

= 2 ~x = 5x1o-4r2Re
the subsequent

steps. The total axial pressure drop wasclaculated by

integrating the momentum equation over the entire entrance
-

region of the tube. The tube radius was divided into (N - 1)

equal divisions, w~ich gave (N - 1) equations of stream function

and same number of equations of vorticity for each axial loca-

tion, and then they were solved by tridiagonal matiix. Solutions

for the entrance length and the incremental pressure drop

K (00 ) at different Reynolds number are .given.in Table 2.5.

TABLE 2.5. Results of Entrance Length and Incremental
Pressure Drop for Different Reynolds Number
for Pipe obtained from Vrentas et al [35]

Re

250

150

50

1

Xe

0.0503

0.048

0.047

0.330

K(OO )

1.28

1.36

1 .40

7.76

u /Uc cfd

0.99

0.99

0.99
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• For Re

20

~ 250 the boundary layer equations adequately described

•
the flow field. The concavity in the velocity profile was

absent at Re~ 50. For Re > 50 it increased with Reynolds

number but existed only in the~egion very close to the

tube entrance. According to Vrentas et al, for low Reynolds

number the axial vorticity term in the vorticity transport

equation should not be neglected~-since-it led to an elliptic

finite difference equation. For solution of this elliptic

equation, rectangular grids were taken within the region

o ~r ~ r2 and - 1 ~ x' ~1. Applying the standard central

difference approximation to the first and second derivatives,

the elliptic equations were solved with the help of implicit

iterative method. The solution was obtained for 10x10 grids

in terms of 0 ~r ~r2 and - 1 ~x I ~1.

Christianse'n and Lemon [5} 'assumed radial component of

equation .o~motion to be negligible .and a uniform flow at the

entrance to .predict the flow development in the entrance

region .of a tube. The .entrance region ..o.f the tube was consi-

dered to comprise N concentric annuli. The momentum equation

in a finite difference form was written for (N + 1>""cylindrical

boundaries and the (N + 1) velocities at the entrance were

known and the corresponding values at the end of the segments

were determined by solving the (N + 1) equations by an itera-

tive process (modified Gauss-Siedel method) for 200x200 matrix.

They derived a pressure drop model for the entrance flow

through the tube as:
p _ p 13.74

o~pu/ = -x-/-R-eOh
(2.8)
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Friedmann et al [1~ solved the vorticity transport

• equation by the relaxation technique over the range o <>r <>r2

and o ~x ~xe for low Reynolds number (upto 500) with a flat

velocity profile at the tube entry. The entrance length X e

found by them is listed in Table 2.6.

TABLE 2.6. Results of Entrance Length for Different Reynolds
Number for Tube Obtained from Friedmann et al [12J

Re

10

20

40

100-200

300-500

o.oBBo
0.0675

0.061 0

8.0565

0.0560

u /uc cfd

0.99

0.99

0.99

0.99

0.99

Like Wang and Longwell [37J , Friedmann et al [12J found

concavity ih the velocity profiles near the ent~ance. For

very large values of Re the initially flat velocity profile

was maintained over a large axial length of the tube. The

maxima in the velocity profile was then pushed near to the

tube wall. In the boundary layer solution, the flat velocity

profile in the core could be reasonably approximated for

higher values of Re because, the axial range over which the

kinked velocity profile existed became vanishingly small. But

for small Re, the flat velocity profile at the entry could

not be maintained. Thus the results deviate from the solutions

of boundary layer approximation.
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2.4. Experimentar JnMestdgations:

Atkinson et al [1] used an optical technique for the

quantitative determination of ve.locity profiles in the entrance

region of a tube for Reynolds number ranging from 500 to 1500.

For flow at Re = SOD, the entrance length was found to be

Xe=0.0177.

The two portions of ~h~ entrance region (viz. "the inlet

and the filled region) were experimentally established by
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•
TA8LE 2.7. Experimental Results obt ained by Pfenninger [19J

•

I .II III IV V
•

x(m) 12.5 14.6 18.0 15.2 22.8

r2(m) 0.0254 0.0254 0.0254 0.0128 0.0254

Uo(m/s) 30.50 26.66 25.04 51. 3 30.0

Re/2 50,050. 44,200 41,470 44,000 49,600

2x/r2Re 0.00972 0.0129 0.0172 0.0270 0.0181

U /U 1.304 1•348 1.397 1.504 1.41c 0

Mohanty and Asthana' [20J. Experiments were carried out by

passing air through a 30 mm 10 smooth aluminium tube at

Re= 1875, 2500 and 3250. The uniform velocity at the entry

was generated by preceding the tube with a short bellmouth

at the.end of a large settling chamber, the area of which

was 100 times larger than the tube cross-section. The velocity

was measured by a 2mm microprobe flatt~ned at the tip, in

conjunction with an Askania micromanometerof sensitivity

0.01 mm Hg.
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CHAPTE R II I

THEO,RY

3.1. General

Laminar flow for Newtonian fluid is governed by the

Navier-Stokes differential equations. The general solution

of the non-linear Navier-Stokes equations is not yet avail-

able. However, in many practical cases where the non-linear

inertia terms do not exist, it is possible to obtain exact
, ,

solutions of the Navier-Stokes equations. But for the flow

in the entrance region of any duct, the presence of the

inertia terms, makes it difficult to obtain ~n exact solu-

tion of the Navier-Stokes equations •.To .overcome--thes-e

difficulties many researchers made different empirical

approximations.

3.2. Gov-erning Eguatrons:.

By restricting the application of the equations of

motion in cylindrical co.ordinates f4J to .the conditions such

that:
(i) the flow is independent of time,

(ii) the radial component of the equation of motion is

negligible,

(iii) any angular motion is negligible,

(iv) the fluid density and viscosity are constant, and

(v) the flow is independent of any.existing body force

field,



25

• the equations of motion in cylindrical coordinates are

• reduced to:

(3.1)

In cylindrical coordinates the equation of continuity is

a (ur)ax +
a (v r)ar = 0

, ..,

. r-, In obtaining the solutions of equations (3.1) and (3.2)

for flow in an annulus entrance region:

(a) the following assumptions are made:

I. Axial molecuiar transport of momentum is negligible

i.e.
1
r

II. The pressure is a function of x and is independent of r

i.e. p = p(x)

(b) the following boundary conditions are taken:

I. The velocity at the annulus entrance is uniform,

i.e. u (0 ,r) = U0' v (0, r) = 0.0

II. No slip condition at the wall

i.e. u = v = 0, at r = r1
and r = r2
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3.3. Eguations fo~ fuJI¥ Developed Flow:

Ear downstream from the entrance where the inertia term

vanishes, the momentum equation (3.1) becomes,

2 2 1 aua ular + r ar =
1
l.l

= constant (3.3)

The solution of this equation for annulus boundary

conditions e.g. u = 0 at r = r.(j = 1, 2) and u = U atJ .c

r = r yields Lamb's fully developed velocity profile foro .
annulus, expressed in nondimensional parameters as:

R2 R~
2 R/R.u. - - 2R.oln

--.J = ] ,. : J (3.4)
U R2

2 2
Ro/Rjc -- .. R-.--. 2 flo.ln0 J

The radius .for.cmaximumvelocitycomputed from this equation

(3.4) is:

(3.5)

The maximum velocity is;

( 2 1 )(1
a 2_1a _ - In 2 )

U c/Uo
Ina

=
( a2 - 1 ) - (1 + (2)ln a

(3.6)

The pressure drop caused by the fluid friction is:

(1 2p .. po. 64 - a) X

p U2 = 2
(3.7)

~ a ..;.1 \1 a 2)0 In +a

All these equations are derived in APPENDIX-A.
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3.4. Integral Method:
• The fully developed velocity profile was assumed to be

.valid within the boundary layer in the entrance region of

the annulus and it was expressed as:

R2 - R~ - 2 R2 In R/R.,J o. J
u. /u = J,X
J,X c

R2 R~ 2R2- - In Ro /R.o . J o. j,x JJ,X J,X

(3.8)

where j = 1,2 refers to parameter.s ..associated with the inner

and outer wall boundary layers respectively, by replacing the

radius of the maximum velocity with the radius of the boundary

layer thicknesses. Equation (3.8) becomes fully developed

at the wall

In addition,
v RoJ fd •

no-slip

when Ro
j, x

condition of

velocity profile equation

it satisfies the physical

and zero shear at the edge of the boundary layer. Considering

the control volume A8CD in Fig. 3,

(a) the conservation of mass equation is :

:-2
f u1 r dr + f

ro 1
U r dr + f u2 r dr }
c ro 2

(b) the momentum equation is

r01 221r{ - Tw1 r1 + Tw2 r2} dx - dp A = 27fp d{ f rU1 dr +
r1

r02 r2
..

U2 2f r dr + f rU2 dr } (3.9)
r01 c r02
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where, T .WJ
r au.]

= ]J La--?
r=r.

J

j=1,2

28

,.

and (c) the energy equation is:

-AU dp = 2]JlTo

r1h
{ I
r1

(au 2 2) rdr} dxar

+ lTpd

(3.10)

Eliminating 'dp' from'eqns. (3.9) and (3.10), and on rearran-

ging equation (3.11) given below was obtained:

r02 r2
U .I 2r U2 dr - U J 2 } (3.11)- 2ru2dr0 c 0 rr01 02

Assuming,

01 /02 Ia~ 01 / Ol I
any x fd
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and

the

introducing B. = r~/r~ where j =
J J j

following first order non-linear

Z9

1,Z. Mattai [Z~ derived

differential equation:

dX B(1 - o.Z) (3.1Z)dBZ ~

Cz - C1 (
X )

o.{/BZ '+ 1. (/BZ-1 ) }3
0.

where,
X = ( {

Z1 - 0.
- Zlno. - 0.)/(1 - {

Z
1 - 0.-2 Ina

~} )

and C1, Cz are functions of A1, AZ'" A43 as defined in the

APPENDIX-B. But this first order differenti~lequation cannot

be solved just from the entrance because (a) a Bingularity

exists at the entrance i.e. X = D and (b) instability exists

for some distance X = X' from the entrance, whose value is

different for different radius-ratio annuli. These two points

are explained in Fig •.5. Tof.ind out. the distance X' equation

(3.1Z) was modified with the assumptions that near the entrance

in the core region
dU 1 *U .c
OX = - •c p

the form:
•

dXdBZ ==

the Bern6ulli's ~quation applies, ~.e.

Then the differential equation (3.1Z) takes

MF ..;PF
SF

where SF, PF & MF are functions of B1 and BZ' Equation ~3.13)

was solved within the region of D < X ~ X' .'.ahdthen patched

with the solution of equation (3.1Z).

Equations (3.1Z) and (3.13) were solved by Simpson's
~

Integration formula with an initial_value of BZ = 1.0001 at



•

x = 0.0 and with an increment

This computation required 3-5

30

lIB2 = 0.01 till R01 = R02 •

minutes of CPU time (depending

upon the radius ratio) bn the IBM 370/115 machine.

3.5. Differential Method:

3.5.1. Eguations end 80undaryConditions

Equations (3.1) and (3.2) were solved numerically

with the assumptions I and II and the boundary conditions,

I and II .(given on page 25). A model for pressure gradient

was developed form the Integral method ~nd was "used for this

calculation.

3.5.2. CelculetionTechnigue

An explicit finite difference technique of the

ouFort-J'rankel..{9] .t.ypewas .applied."here to .the momentum .."

equation (i.1) and the continuity equation (3.2) along with

the assumptions I & II and the boundary £onditions I & II

to calculate .the velocLty development and tbe radial velocity

decay in the entrance region. The approximations used for

the derivatives in this method with the truncation errors are

given in APPENDIX-C. The Finite Bifference grid used for the

computation is shown in Fig. 3. A FORTRAN-IV computer program

was developed to solve these equations for uniform grid

spacings in the x- and 1'- directions. The programme documen-

tation and the list are furnished in APPENDIX-F.

von Neumann's [23] method of stability analysis

with first order error was applied to the momentum equation
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and found to generate a stability constraint as given in

ApPENDIX-D.

The DuFort-Frankel [9] technique requires information

from two previous stations for the calculation to proceed

in the stream-wise direction. Since the initial condition

u/U = 1.0 at X = 0, gives information only at the firsto
station, a direct expl~cit method was used to start the

solution; which requires information only at the previous

station. Then the solution was proceeded by the OuFort-

Frankel method from,the third station.

The grid spacings in the x- andr- directions were

chosen to be uniform, dividing the hydraulic radius into 50

equal divisions to attain the convergence of the solution.

For,a stable calculation a ratio of grid spacings bR/bX = 1000

was used.

The finite difference equations for the continuity and

the momentum are g~ven in APPENOIX-C for both the OuFort-

Frankel scheme and the direct explicit scheme.

The computation reported here for one station did not

require more than one second of CPU time on the IBM 370/115

computer.

,
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CHAPTER IV

THE EXPERJMENTAL SET~UP AND THE EXPERIMENT

4.1. General

Most of the experimental investigations for laminar

entrance flow which appeared in the literature are,for the

circular tube. It is shown that the tube and the parallel

plate channel are the two limiting conditions of an annulus.

There are a few papers published with the experimental

results for laminar entrance flow through the tube. One of

the aims of the present investigation was to find out the

pressure drop expsrimentally.inlthe~eDtrance region of a

parallel plate channel.

4.2. Experimental Facilities

Laminar flow was produced by inducting air through a

parallel plate 'channel-from an infini tesurrounding. A,blower

of capacity 12.5cfm at 80,mm H20 head was used to induct

air. The inlet side of the blower was connected ~ith a wooden

driverging channel 'made of 6 mm thick perspex sheet. Six

aluminium angles were glued (using Araldite) to the upper

plate of the channel to keep it straight. The sketch of the

experimental set-up is shown in'Fig. 2. To avoid side effects

on the flow an aspect ratio (= breadth/depth) of 97 was chosen,

and this was considered to be two dimensional. The sides of

the channel were made leak proof by using scotch tape over the

joints. A number of 1/16 inch diameter holes were drilled at

the mid-section of the upper plate at different axial location,s.
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The pressure was measured by using a Micromanometer of Flow

Corp, USA, having a sensitivity of 0.~0001 inch of manometric

liquid. Mea~urements were taken at different Reynolds number,

e. g. 610, 1067, 1234 and 1600 obtained by regulating the

delivery side of the blower. In order to verify the para-

llelism of the flow a smoke j.et was generated in the channel

and the stream-lines were observed. The stream-lines were

found to be reasonably straight and parallel confirming the. ,

parallelism of the flow as shown in Fig5.14,(a)-14(€~.

The uncertainty of the measurements are functions of

variations of the ambient temperature and pressure, the

specific gravity of the manometric liquid and the accuracy

of the manometric readings. It was found to be less than

!2.5%. The uncertainty of the measurements for non-dimensional

pressure drop is~iscussed inA~PENDIX-E.
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CHAPTER V

RESULTS AND DISCUSSION

5.1. General

Laminar flow properties in ~he entrance region of an

annulus were calculated both by the Integral method and the

Finite Difference method. The pressure gradient used in the

second method was obtained from the result of the Integral

method. The solution by the Integral method was obtained by

assuming fully --'developedvelocity profile within the boundary

layer and a constant ratio of the inner to the outer boundary

layer thicknesses. Pressure drop in the entranc~ region of a

parallel plate _channel .was found experiment.ally •.The analy-._

tical results for pressure drop obtained from the Integral

method were extended to compare with the experimental ones.

All calculations for both the Integral and the Finite Diffe-

rence technique-'were carried -out.by assuming a flat veloci.ty

profile at the entry.

This chapter presents the __resul ts.-ofcentranee flow

characteristics for five different radius ratio annuli

(a = 0.01, 0.05, 0.10, 0.25 and 0.50) along with their compa-

risons.

5.2.Pressursdrop

A pressure drop model:

. ,
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the Integral method. Xl is the distance, X, where

The values of A and B for different radius ratio annuli are

presented in Table SAl.

TABLE 5.1. Values of A & B of Pressure Drop Equation (5.1)
for Different Radius Ratio Annuli

A B RM5 error %

0.01 0.18581 0.42928 1.042

0.05 0.18746 0.43155 1.155

0.10 0.18693 0.43108 1 .305

0.15 0.18548 0.42944 1.497

0.20 0.18357 0.42729 1.718

0.25 0.18081 0.42434- 1.999.

0.,'30 0.17809 0.421.26 2.307
. -:.

0.35 0.17704 0.41928 2.563

0.40 0.17616 0.41728 2.838

0.45 0.17613 0.41579 3.098

0.50 0.17714 0.41491 3.339

The development of incremental pressure drop K(X) for

different radius ratio annuli was shown in Fig. 6. As may be

seen from Fig. 6, the increffizntalpressure drop~evelopments

for ~ = 0.50 and ~ = 1 are approximately the same. But the

curves for ~ = 0.01 and ~ = 0.0 are not close to each other.
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~his significant difference between the incremental pressure

• drops for very small a and a = 0 may be attributed to the

different physical boundary conditions prevailing near the

centre for the two cases. For very small values of a the

velocity is zero near the centre whereas for a = 0 it is

near the maximum. In the case of higher radius-ratio (a ~ 0.50)

the effect of the curvature of the inner and the outer pipes

of an annulus on the flow becomes negligible and hence leads

to a single pressure drop curve -for 0.5 ~ a ~ 1.0.

The 8xpBrimen~al results for pressure drop in the entrance

region for flow through a parallel plate channel at Reynolds

number, Re = 609, 1066, 1234 and 1599 are shown in Fig. 7.

Very close to the entrance and at low Reynolds number, the

results deviated from the curve of eqation (5.1) for a= 0.5

because of the fact that in the region very close to the
2

entrance "~he,dericvative,,(O,,,u)-i5- not -negligi,ble relative to"."
'a.2.

! 4-(r~U) and the pressure
X
gradient5 in the radial directionr or or

were not small '[37J '. FOLsinall Reynolds,number'~ concave,
. , 2

velocity distribution (0 u2 > 0) in the central portion, or
existed very near (X :::0.001) for Re= 300 the entrance [12,37J

These deviations may be attributed to the assumptions of neg-

ligible axial momentum transport with respect to radial momentum

transport and a constant velocity in'the central portion near

the entrance. However, at a distance far from the entrance the

experimental points are close to the present theoretical

curve.
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5.3. Velocity Distribution:

• The results From the Finite Difference method for the

axial and radial velocity profiles for different radius ratio

annuli (a = D~01, 0.05, 0.10, 0.25 & 0.50) are presented in

Figs. 8(a)-8(e) and 1o(a)-1o(e) respectively. The velocity

profiles based on the fully developed flow, which were used

in the Integral method are also presented in Fig~. 8(a)-8(e)

for comparison. As may be seen from Figs. 8(a)-8(e), there

exists a difference between the velocity profiles obtained

from the Finite Difference technique and that from the

Integral solution. This difference is prominent near the

entrance and near to the walls.

The finite difference results predicted that the velocity

profile in the entrance region was parabolic within the boun-

dary layer but not of the same degree as that of the fully

developed- profile •.The velocity. pro.file_was not symmet-ri-cal
R - R .

with respect to the centreof-~he hydraulic ~adius (R R1 =
2 - 1

0-.5) of the annulus.-The velocity close to the inner pipe

was higher.than that close. to the outer pipe for the same

distance from the wall. But this skewness of the velocity

profile towards the inner wall decreased as the radius ratio

of annulus increased. The skewness of the radius of the

maximum velocity ~ith respect to the centre of the hydraulic

radius is given in Table 5.2. The variation of core radius

along the axial distance is shown in Fig. 13.

The results for axial variation of core vewocity obtained

by the Finite Difference .method and that of Heatonet al ~5J
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TA8LE 5.2. 5kewness of the Core Radius with respect to
the Centre of the Hydraulic Radius of Different
Radius Ratio Annuli

1 -
RS

(R1 + (R2- R1)/2)

0.01

0.05

0.10

0.25

0.50

At far downstream At end of Inlet region

?i4.63% 15.68%

22.28% 10.86%

15.7% 6.55%

6.96% 2.4%

1.93% 1.33%

are shown in Fig. 9. It can be seen from Fig. 9 that the

results.of Heaton et al deviate from that of the Finite

Difference solution in the region near to. the entrance

because of the assumption of negligible radial velocity made

by them.

The variation of the outer and inner wall shear stresses

for the five radius ratio annuli considered are plotted in

Figs. 11 (a)-11 (j). In Figs. 11 (a)-11 (e), the stresses were

nondimensionalised by the shear stress at the outer wall of

the fully developed flow and in Figs. 11(f)-11(j), by the

respective stresses o~ the fully developed flow. The relative

difference of the shear stress at the inner wall with that

at the outer wall can be observed in Figs. 11 (a)-11 (e). The
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stresses obtained from the Integral method are shown in

Figs. 11(f)-11(j) and they deviate significantly from those

obtmned by the Finite Difference method. This deviation is
.

due to the assumed velocity profile for th.e Integral method.

The results for radial velocity at different axial

locations for different radius ratio annuli are plotted in

Figs. 10(a)-1o(e). The radial velocity caused by the accele-

ration of the fluid in the entrance region decayed along the

downstream gradually. The magnitude of the radial velocity

was small compared to the axial component. The radial velocity

was also influenced by the radius ratio. For small radius

ratio annuli ( a ~ 0.01) the radial velocity decayed more

quickly near the inner wall than the outer wall. And at

higher radius ratio annuli ( a ~ 0.50) the radial velocities

originating from the two walls are almost similar.

5.4. Lengthbf the EntrsnCe Region

After the development of the boundary laye~ under the

accelerating core, the final adjustment of the completely

viscous velocity profile to the fully developed solution

marks the end of the entrance region. 5hingo (cf. [2o])iden-

tified the boundary layer region as the 'inlet region' and

the fully viscous region as the 'filled region'.

Figs. 12(a)-12(e) show the growth of the boundary layers

with the axial distance for five radius ratio annuli (a = 0.01,

0.05, 0.10, 0.25,& 0.50). The boundary layers obtained from

the Integral method met at the core radius of the annulus
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at the end of the entrance region. The assumptions of the

velocity profile based on the fully developed profile and the

constant ratio of the inner and the outer wall layer growth

for the Integral solutio~failed to predict the two distinct

regions (viz. the inlet and the f~lled region) which were

experimentally found by Mohanty and Asthana [20J for flow

th~ough a smooth pipe. The existence of these two regions for

flow through an annulus was established by the Finite Oiffe-

renee method. In the inlet region, at the edge of the boundary

layer For numerical compu~a-

tion of the boundary layer thickness it was assumed that at

the edge of the boundary layer laU/aR I ~ 0.01, and the length

of the inlet region was defined as the distance from the
22.entrance where (a U/aR) ~ - 2.0, based on the assumptionc .

U/U = 0.9999. Also the length of the entrance region was
c

defined as the distance from,the entrance where the average

value of the viscous term (i.e. V2u) of the Navier-Stokes

equation reaches 101% of that of the fully developed value.

Since in the entrance region, the core velocity developes

to its fully developed value asymptotically, most of the

researchers ~~6,13,20,28,37 etc.] assumed the entrance length

as the distance from the entrance to the point where the core

velocity reaches 99% of its fully developed value. Murakawa

[22J defined this entrance length for annular passage as the

distance where the developing velocity profile matched with

that of the fully developed one. In the present investigation,

calculation of the length of the entrance region was done by
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considering an average viscous property change to its fully

• developed value instead of the development of the axial

velocity at a particular radius. The computed values of the

lengths of the Inlet region and the Entrance region are

listed in Table 5.3.

TABLE 5.3. Results of the Lengths of the Inlet and the
Entrance Region for Different Radius Ratio
Annuli, ,

X. Xe U /U RMS of (U-Ufd)J. c 0
at X at Xe e

0.01 0.00285 0.10 0.995 0.00075

0.05 0.00255 0.030 0.986 0.00213

0.10 0.0024 0.0165 0.982 0.00253

0.25 ..0.0023. 0.0125- _ 0.99 0.00147

0.40 0.00225 0.0120 0.992 0.00108

0.50 0.0022 0.0115 0.9865 0.00155

In the Finite Difference calculations, the cumulative

RMS .error of the Uo at each station of calculat.ion did not'

exceed 0.00025.
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CHAPTER VI
CONCLUSIONS

Laminar flow characteristics in the entrance region of

annuli were obtained both by the Integral method and the

DuFort-Frankel type of Finite Difference method for a flat

velocity profile at the entry. The solution by the Integral

method was obtained by assuming fully developed velocity

profile within the boundary layer, and a constant ratio of

the inner to the outer boundary layer thicknesses at any

axial distance in the entrance region. The results for the

pressure drop by this method were compared with the existing

analytical results for flow through pipe and parallel plate

channel. The result for the pressure drop for a = 0.5

obtained b~ this method was in good agreement with that of

the existing results for parallel plate channel (a = 1 ).

The pressure grad{~~t obtairi~d by ~he Integral method

was used in the Finite Difference method; The results

obtained by the Finite Difference method for velocity profile

within the boundary layer and the ratio of the inner to the

outer wall layers did not agree with the assumptions for

velocity profile and the boundary layer thickness made for

the Integral method. The axial velocity profile in the

entrance region changed with axial distance to its fully

developed profile at a distance far into the downstream. The

radial velocity component was calculated to be small compared

with the axial velocity, and it decayed with the axial dist-

ance. Such decay of radial velocity was expected and the nature

of decaying was found to b~ a function of radius ratio.
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The growth of the boundary layers obtained by the Finite

Difference method yielded two distinct zones of the entrance

region viz. (i) the Inlet region and (ii) the Filled region,

which were also reporteD earlier by Mohanty and Asthana [2oJ

for flow through a smooth pipe. Boundary layers met together

at the end of the Inlet region but the velocity profile

changed with axial distance and achieved a fully developed

profile at the end of the Filled region.

The asymmetry of the velocity profile near ~he entry

was small but gradually increased along the_axial distance
•

to its flJlly devel-op-ed-nature'.'-For annuli- wi-th radius ratio,

a = 0.5, this asymmetry was found to be small.

The length of the entrance region was calculated on

the basis of .the viscous term of the momentum equation rather

than the development of the core velocity.

Considering t-he.flow characteristics -ihthe entrance-

region obtained in this work and the existing fully developed

flow~arameters,~tccan bB-inferr~d-that the effect of the

radius ratio on the flow ~s very small for 0.5, a' 1.0.

The preisur~ distribution in the entrance region of a

parallel plate chann~l -(aspect ratio of 97) was investigated

experimentally at four different Reynolds numbers, Re = 609,

1066, 1234 and 1599, The analytical results for pressure drop

from the Integral method were extended to compare with the

experimental ones and they were found to be in good agreement

at higher Reynolds number except in the region near to the

entrance.
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APPENDIX-A

• EQUATIONS FOR FULLY-DEVELOPED FLOW

A.1. Velocity Eguation

Laminar flow is governed by the Navier-Stokes equations

and the continuity equation. In cylindrical coordinate the

Navier-Stokes equation for an incompressible Newtonian fluid

for the developed region is:

~tr (r ~ ) = ~ ~ = k = constant

After integrating the equation (A.1) w.r.t. r,

k r2u = 4 + G1 In r + G2

Where G1 and G2tre constants to be evaluated with the

boundary conditions:

(A.1)

(A.2)

u = 0 at r = rj; j - 1,2 refers to the inner and
outer walls respectively.

Then equation (A.1) becomes after substituting the values of

k (r2 2 2 r/r .)u. = 4 r . -2rolnJ J J

at" r = ro
k 2 2 2 r6/rj)U = 4 (ro - r. - 2ro Inc J

(A.3)
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Dividing equation (A.3) by equation (A.4)

• 2 2 2r - r. - 2r6 ln r/r.
/u ~

J (A.S)u. = 2 2J c ln re,lrjr<5 - r. - 2r<5J

A.2. 'Radius .of Maximum Velo,city, r<5

To evaluate G1 and G2 in equation (A.2) the following
boundary conditions are assumed:

u = D, at r = r1 and at r = r2

Then

and (A.7)

Equating th,e,R. H.S terms of eqns. ,(A.,5)&,(A.7),

2 2
k r' - r2G1 ( 1 )= - "4 ln r1/r2

2 ln 2 lnk r1 r2 - r2 r1and G2 = "4 ( )
ln r1/ r2

Substituting these values in eqn. (A.2).

~( 2u = 4 r ln r +



B5

•

or, U

2
k 2 £2

=-4 {r --1net
2(et _ 1)ln r + 2(etIn r2 - In r1)} (A.B)

At r = ro , au/ar = 0

2 2 1au k
r2 et -

• . ar = "4 (2ro -- ) = 0ro In et

et2_ 1 I

or, ro = r2 ( In )2 (A.9)
et

A.3. Maximum Velocity, Uc

Atr=ro'

Then from equation

u = Uc

(A. B)

2
r2 2
-(et -In et

Putting ro = r2 (a2 - 1
In et

2
r2 2
-1 (et Innet

2 2 1 )]k [r2 2 2 2 et-
U ="4 21net { (et - 1) - In et (et -1 ) In -2
c lnet

r
2

The flow rate, Q = 2" J urdrr1

where u is given in equation (A.B)

After integrating,

(A.10)

1Tk
Q = -S [

2.et - 1
In et
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Then the average velocity, Uo

•

U =o
(A.11)

Dividing eqn. (A.1D) by eqn. (A.11), and after simplification,

, ,

Z
Z Z

(a -1 ) (a -1) In }{1-ln -:z - a

U /u In
=c 0 Z aZ)(a - 1 ) - ( 1 + In a

A.4. Pressure Drop

From eqn. (A.11)

(A.1Z)

8 Uo

Z Zr (~_ 1 _ aZ)
Z In a

p
Dr, f

p.

8 U ]1
~ 0dp = f dx

o Z Z
r (a -1 ZZ Ina --l- a )

Putting rZ

Dh
= -2~(~1---a-) and Re =

•. . p - Po
=

~ pu Zo

(A. B)



•

87

APPENDIX-B
INTEGRAL TECHNIQUE

B.2. Mattai's eguation

The functions of A's, C1 & C2 defined by Mattai [211 are:

A = 1 - B2 + In B22 2
A3

S B1
B1 B1 B1 (B1 In B1 ) In B1= 6' + '2- "3""+ -

B2
2 B2

3
A4

S B2 B2(B2 In B2) In B2= 6' - + '2 - -r + -
B1

4
7 3 2 2 3 B1 (3 3 2

AS = 3' - 2B1 - 7jB1 + ~ B1 - 4+ - 2B1 + B1 )In B1 + B1.) .

B 4
B 3 _ 4'2 +
2

( 3 In B2) In 2 B2-2 B2 +

B1
3

A7
11 3B1

3 B1
2 In B1= '6 - + 2 T+

B2
3

A8
11 3B2 + 3 B2

2 In B2= '6 - 2 - T+

Ag = (- 1 + 1/B1 )/A1
A10 = (-1 + +)/A22

.A11 = H1- B2) + B1 InB11

A12 = H1 B2) .+ B2In B22

A13 = - 3 + 3B1 B2 + 1/B11
3 3B2

2 1/B2A14 '" - + B2 +
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ss
,

A1S=a
2(1 - S1)282A2- (1 - 82)281A1

81)3+3[(1

82)3 + 3 [(1

81 )~- 811n81J In81 + (3 + In81 )ln
2
81

82)2 - 821n82] In82 - (3 + In82)ln282

. 2 3
= ( - 81 + 3A1/A1 + 3A3/A1 + AS/A1 )/81

2 3
= (- 82 + 3A12/A2 + 3A4/A2 + A6/A2)/82.

A22 = A7/(81

A23 = AS/(S2

A26 =(1 - 81
2) + 4(811) - 21n 81

8~) + 4(82 - 1) - 21n82

A28 = [-2(81 - 1) + (A24 A26/A1) ] /A1

A29 = [2(82 - ~) - A24 A27/A21 /A2

A30 = 3A11 [ A1/ A11

A31 =3A12 [A/A12
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• 3= A6 (A19/A6 3A10)/A2

= (-1 + A30+ A32 + A34)/A20B1 - 1/B1

= (- 1 + A31 + A33 + A35)/(A21B2)-1/B2

{ B1 (1 - B2) 2 A1 3 f 1 / B1 + A9} / A1 5

A
39

= 1/B
2

+ A
10

-12B1'(1'-B2)2Ad / {A15(1-B2)~ - f a2(1-B1)2B2A2~

~1/B2 + A10} /A15

A40 = An/A? - 1/B1 - 2A9

A
41

= A14/AB - 1/B2 - 2A10

A42 = - (a2/2)A20A24(A36 + A38) +~A21A24A38 + a
2

A40 A22

J
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B. 3. Modified Mattai's eguation

Near the entrance, it can be assumed that in the core

90

region the Bernoulli's.equation holds good,

au 1

""*i.e. U c
c-aX"" = p

for Uc

and using Mattai's [2D derivation

£E. U2 A24
dA24

dx = P 0 crx

The momentum balance equation is:

2 r2J ( 2
2) * d[-, r1 + T r2 - = dXw1 w2

r1 x

(B.1)

[
r2

rdrl22p fu
r1

./---v--
Shear force term (sF) Pressure force

term (PF)
Change of momentum
term (MF)

Now, from Matteii [21]

The Shear force term , (sF)

[- r21 [2)JU (B1-1). 2 Uc(B2-1)]
2 'w r1 + 'w = 2 _ c + A2-1 2 _ A1

2 [- r2] 4)JUoA24[ -
B1-1 B2 -

11or, 'w r1 + 'w = -+ A2
(B.2)

1 2 A1

The PressureJ"br'ce term (PF):

Substituting eqn. (B.1) and using Mattai derivation for
dA24~ ' the pressure force term in the momentum balance equation

becomes,

and since
3/2

dB1/dx = -(y/0(B1/B2)



.. . Pressure force term (PF) pu2 2= 0 r2
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'I{ (B /B )3/2
0: 1 2

•

Change of momentum tsrm (MF):

(B.3)

d
r2 2 d U2 2 2

2Pd'X J u rdr = P"dX r1 An - r2 A23cr1

U2 2 d 2 2 A23)MF = P 0 r2 dX A24 (0: A22 -

then from [21J

-,
I

But d
[ A~4

2 A23) ]dx ( 0: A2,2 -

2 ( 0:2 d An d A23) +2A24(
2 A23)

d A2li= A24 d'X -"dX 0: A22 - d'X

2 2 dB1 dB2 2 2 - A23)= A24( 0: A40 A22 d'X - A41 A23 d'X) + 2A24( 0: A22

dB1 dB2 }
"

t A3B + A39dX dX

2
[0:
2 A4DA22

3/2 2
= A24 Y (B1/B2) - A41A23 + 2( 0: An-A23)

0:

)- y 3/2
+ A39J](B1/B2) A3B dB/dx

0:

,',
\' ,

"
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•• The change of momentum term,

• pu2 2= 0 r2

Now dividing all the three terms by pU; r~ A24, one gets

(B.4)

. -

1). SF = { -

Since

A24 [ -
3/2 23) MF. dB/dx = ya(B1/B2) A40A22-A41A23+2(a A22-A23)

{- Y
3/2

A38 + A391] dB2
a (81/B2) 'dX

Then the momentum balance equation is :

Shear force term + Pressure force term = Change of momentum term

1

•• •

or,

dB2SF + PF. 'dX = MF

dx MF - PF
= ----dB

2
SF

(B.S)
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APPENDIX-C

FINITE-DIFFERENCE TECHNIQUE

C.1. General

A standard explicit finite-difference ~echnique requires

very small streamwise steps to satisfy the stability criterion.

The DuFort-Frankel method '~J was found to be stable and was

used here. The standard explicit scheme was used as a starting

method for the DuFort-Frankel procedure which require's infor-

mati on from the two previous streamwise stations.

The finite-difference problem domain is usually established

by letting 6X and 6R be small increments of the coordinates

X and R and considering all the variables as existing on the

finite set of points X = i6X, R = j6R where i and j are integers.

The dependent variables are expanded in Taylor series.

The basic variables are made non-dimensional by using the

following transformation:

ct,;
l'
I

X = x/ReDh, U = u/Uo'
,

R = r/Dh,

Introducing the above transformations in equations (3.1)

an d (3.2):

the continuity equation becomes:

a (UR)ax +
a(VH) _ Da R -

(C.1)

and the momentum equation becomes:

I a P1 a au
= - :2 ax + 'RaR(R 31i)

1+ -- Re
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Since the axial transport bf momentum was assumed to be

negligible the momentum equation can be written as:

U~~ + v~ = - (C.2)

C.2. Finite Difference Equations for the DuFort-Frankel Scheme

C.2.1. The Continuity Equation

Taylor's expansion about half a grid in the r-direction
, "\

and one grid in the x-direction leads to:

U(i+1, j+1) = u(i,jdhllX Ux

U(i+1,JO) = U(i,J+~) + llX U llR u+ ~ {(llX)2 Ux -""2 r xx

(C.3)

(C.4)

(C.S)

-'I
I

U(i-1,j)

(C.6)
•4

.~
( ,
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Subtracting equations (C.6) from (C.4) and (C.5) from (C.3),

and then adding the differences

U(i+1 ,J+1 )+U (i+1 )-U(i-1,j+1 )-U(i-1, j)( aU ) = + 0 (6)
crx 0 0 , 4'J.,J+2 uX

Subtracting expansions for U as in equations (C.3) and (C.5)

(C.7)

(au) =
"'ClR ° 0 ,

J.,J+2

U(i+1. j+1) - U(i+1, j)

6R
(C.s)

Using approximations (C.7) and (C.S) in the continuity equation

(C.1). the finite difference equation becomes:

R(j ) + R(j+1 ) U(i+1, j+1) + U(i+1,j) - U(i-1, j+1) -U(i-1,j)

2 46X

R(j+1 ) U(i+1 ,j+1) - R(j) U(i+1, j)
+ = 0 (C.9)

M

C.2.2. The Momentum Equation

Taylor's expansion of U about one grid in the r-direction

leads to:

U(o ° 1) U(o 0) + 'R U + (-2"R)2 U + 0(,3)J.,J+ = J..J u u ur rr (C.10)

U(i,j-1 ) (C.11)
c

Subtracting eqns. (C.11) from (C.10)

au Uti, j+1) - Uti. j-1) 2
("""R) 0 0 = --------- + 0 (6 )

o J..J 26R
(C.12)

,
'.
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Similarly, expansion of U about one grid in the direction

yields:

96

(~ )ax i,j

U(i+1,j) - U(i-1,j) 2
= -------- + 0 (,', )

2,', X
(C.13)

Taylor's expansion of U about half a grid spacing in the

r-direction yields:

U(i,j+~) = U(i,j) + ~M U + H~,',R)2 U + 0 (,',3)
r rr

U(i,j-~) = U(i,j) - ~,',R U +~(~,',R)2U + 0 (,',3)
r rr

(au) h{U (i,j+~) U(i,j-~)}dJi . = -~,j

Similarl y,

(C.14)

(C.1 S)

( C.1 6 )

-"I ',
'VC1J

i,j

or,

1 {
== Z"R

= lR

(R~) - (R~ ) }a R • • I a R • . I~,J+2 ~,J-2

R(j )+R(j+1)
{---- (~)a R • . I2 ~,J+2

(C.17)
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Using expansions similar to equations (C.14) and (C.15) one
may write:

(au U(i,j+1) - u(i,j)
0(1l2) (C.18)

).. I = . +a'R ~,J+~ llR (C.18)

(aU U(i,j) - U(i, j-1) .
0(1l2)) = +a'R Ii,j-:2 llR

Writing the following expansions for U:

U(i+1, j) (C.19)

U(i-1,j) (C.2o)

Adding eqns. (C.19) and (C.20):

U (i,j) = ~ U (i+1,j) + U (i-1, j) (C.21)

Assuming Uxx to be negligibly small compared to Urr' and using
eqns. (C.21) and (C.18) in eqn. (C.17):

[
a au]. _ 1 [RUJ+RU+1)
di'i (Ra'R ) . . - Lr1i ---. ---

~, J 2

U(i,j+1)-0.5 {U(i+1,j)+U(i-1,j)}
llR

RU )+ RU-1 )

2

0.5 {U(i+1,j)+U(i-1,j)}
llR

+o(ll) (C.22)
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, Using equations (C,22), (C,13) and (C,12) in equation (C,2)

2!'.R2!'.X

U(i+1,j)-U(i-1,j) U(i,j+1)-U(i,j-1)
U(i,j) --------- + V(i,j) ------~-- =- ~ dP/dX

1 .. lR(j )+R(j+1)
+ R{j)!'.R 2

U(i,j+1 )-0,5 {U(i+1,j)+U(i-1,j)}

!'.R

0,5

2

{U(i+1,j)+U(i-1,j)}-U(i,j-1)] .

!'.R
.(C,23)

C,3 Direct Explicit Scheme

The finite-difference equations for this scheme were used to

start the DuFort-Frankel method, These equations can be derived

by the standard method:

The continuity .equation is:

R(i)+R(j+1) U(i+1, j+1 )+U(i+1 ,j)-U(i,j+1 )-U(i,j-1)

2 2!'.X

R(j+1)U(i+1,j+1)- R(j) U(i+1,j)+ = 0

!'.R
(C,24)

The momentum equation is:

!'.R

U(i,j+1) - U(i,j)
!'.X

U(i+1,j)-U(i,j) U(i,j)-U(i,j-1)
U(i,j) -------- + V(i,j) -------- = - ~ dP/dX

2

U(i,j)
(C,25)



•

99

APPENOIX-O

STABILITY ANALYSIS OF THE MOMENTUM EQUATION

The finite-difference solution should ensure that:

i) the finite difference representation is consistent.

ii) due to the particular method of solution, round-off

errors or errors from any source are not amplified

or allowed to grow in subsequent steps in the solution.

The first point is called the consistency condition [11J

which can be studied by expanding the dependent variables in

Taylor's series expansions in a manner such that the difference

between the partial differential equations and the finite

difference representation can be observed [11J • This difference

is known as truncation error of the equations; and if it vanishes

in the limit as the mesh size is shrunk, the finite difference

representation is said t'? be consistent.

The second point is called the stability condition. In

dealing with the stability and convergence, the ideas of von

Neumann [23] were used.

Let the error growth in U bee and according to Numann

it was expressed in the first harmonic by:

With the error, the velocitiescahnged to:

U(i,j+1)-"U(i,j+1) + e(i,j+1) )
U(i,j-1)'\,U(i,j-1) - 6(i,j-1)

U(i+J,j)'\,U(i+1,j) + e(i+1,j)

(0.1)

(0. 2)
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and
S1 ( R+ R) is 2X, }6(i,j+1) = Ae e

• (D. 3)
S 1 (R- R) iS2X

6(i,j-1) = Ae . e

et c8tra.

Substituting eqns. (0.2) in equation (C.23) and then substracting

eqn. (2.23),

1
=

(LlR)2
[(1 +

LIR 6 (i + 1 , j) - 6 ( i -1 , j )
2R(j)){- 2 + 6(i,j+1)}

6(i+1,j) - 6(i-1,j)
- (1 - 2~~j)){-----2---- (0.4)

SlLlR
Substituting eqn. (0,3) in eqn. (0.4), using s= e

and rearranging,

where
U(i,j)/LIX

A =0
V(i,j) 1 1

fiR - (LlR)2
-

2R(j)LlR

and V(i,j)/llR + 1/(llR)2 1/{ 2R(j )llR}-
8
0 =

1/(llR) 2U(i,j)/llR - - 1 /{ 2R(j )llR}
. ..

The roots of eqn. (0.5) are:

s = - A /2 + ;I(A /2)2 - 8o - 0 0

(0.5)

(0.6)
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According to von Newmann the stability condition,

•
I F,; I ~ 1

For real roots, inequality (0.7) are:

A A
0 (~)2 B ~ 1 where A < 0"2 + . -2 0 0

A A )20 ( 0 B >,. 1 where A > 0
"2 - "2 - "-0 0

Rearr~nging the eqn. (o.e)

(0.7)

(O.B)

(0.9)

J~o/_ "

or,

or,

A 2
( Z 0) - Bo ~ 1 + Ao +

A
(;.) Z

(0.10)

Using expressions of.Ao and Bo in eqn.(0.10) and rearranging,

~R 2V(i,j) - 1/R(j)

U(i,j)

or,
- ZV(i,j) + 1/R(j)

U(i,j)

Since U(i,j) is always positive,

2V(i,j) + 1/R{j)

u(i,j)
(0.11)

I

The stability constraint given by the equation (0.11) determines

the grid spacing in the x and r directions.
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APPENOIX-E

UNCERTAINTY ANALYSIS

The uncertainty rif the measurements of the pressure drop

is influenced by th~ variations of the ambient temperature and

pressure, the sp.gr. of the manometric liquid and the accuracy

of the manometric readings.

E.1. Uncertainty of Measurement of Sp.Gr. of the Manometric Liquid

The sp.gr. of the manometric liquid was measured by the

using ~he Archimedes ~rinciple at 2ooC. The sensitivity of the

balance scale was 0.0001 gm and the volume of the plumate was

2 ml + 0.Do01 mI.

S. d .t 0 __Mass. mlnce enSl y volume = v

•. . ao
3rii =

1
v =

o
m

Uncertainty, wy ={~

and

. .

aD
d\j=

m--2"-
v

o
v

)2 (dO
W + ~m 0 v

where wm and ware the uncertainties of mass and volume
v

measurements respectively. Then, after evaluating,

;r = 0.013%

E.2. Uncertainty of Pressure Drop Measurements

The non-dimensional pressure drop P = ~ =
.Lp U 2
2 0

hma
Yma
Yair

where hma is the manometric reading in head of manometric liquid
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and Yma and y. are the densities of the manometric liquid
a~r

and air respectively •
•

But Yair =

temperature

Pat
RT 'at
of the

•

where Pat and Tat are the pressure and

ambient air.

Then, P = h Yma R Tat/p atma

Differentiating,.

ap R Tat
ahma = Yma p = P/hmaat.

ap h R Tat
aYma

.::::- p/Ymama P . -
at

ap
h ImaR/p t P/TataT at = =m. a

L 2= h Yma -R Tat/Pat =
aPat ma p/Pat

. . Uncertainty .•..-:wp,,= {. (~~:"W'h
ma ma

(-a P+ar at
+

or,
Wh

( ma= { ~ ma
+ ( + (

Wp at
Pat

where wh ' W , wT and
ma Yma at

Wp are the uncertainties of the
at

manometric reading, the sp.gr. of manometric liquid, the atmos-

pheric temperature and the atmospheric pressure respectively.

The values for wp/p were computed and they did not exceed! 2.5%.
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APPENDIX F
COMPUTER PROGRAMME

Two computer orogrammes, INMETH and FIMETH, written
in the FORTRAN-IV language, were developed based on the
Integral method and the Finite Difference method respectively.
Lists of the programmes along with the definition of the
variables used in the programmes are listed below.

F.1. Programme Doc~mentation of INMETH

1

Vari abl e
BB
BBB
BT

DPRE
H

:ORES
Q

RD1
RD2
SHEAii1
SHEAR2
UU

X

Glefinition
B2 for fully developed flow
B1 for fully developed flow
Value of B2 at which eqns. (3.12)
and (3.13) should be patched
L'lP

Pressu-re.,--p.-...

R61
R62

T ITw1 w1fd
T T
w21 w2
U fd
cfd
Axial distance, X
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F.2 Programme Listing of INMETH

II
1:,II)r) 1
01:',1.)',; r:
001:,;-'; C
(-)()04 (
(-)()(-i"; C I.f~n::Gr,:{;d .. SUI,UTT rJU FDF~ pnl.ll~J)r'-)I(f L AYF:r.' THICK ill": S;S Jr! "f HI"' DLVFI ..OF' I r\l("; r,~1:1'";T nu
O(l()( I: j"'c'I:"{)!)JUS F:(\TJ[I, r-::~ II<? 1'(\lr'H"TII
Or)l-:') C JJ 1 ::"[,r:L 1 (1 'i lr:' i T i-JHI:'TI-I

OO(-iU C lJ::,~,,-,r!FU'r',:?/h:l :I Ni-l[ -11<
000? C X''''{l.XIAI ))I.\'T(,NC[/I-IYDl'~I'IUI Ie nT(:,iil(rl'i~IH.,f)'S hl\li1"i::i:.r\ 1.~,:'-\SI:::nfilJ 1,lynl'(i,I ..-Il': ]",-10',. rr-'I,~-i'l-i
(,0 i 0 C>: ::;~:'.:~"~'~:;c::: ::i '::- 'I: ::~~:-:;:"::~:.:::-::~:::':~'::::.;:.;~"::_~:::::::::-:::-:::'I:'.\:,,::.,::.'~::::~":~;'::''::-'::"::~:.~::.::'I:'=:' ':i"::: .::.:::'::: ,I:''::::::-:::,I:'::::::i' ',: ::: ~:: ::~':::: :::' ::~,.:~ :::' '::. J i'J r-i1 n J

OOi~ IMF'L:ICI" r~LAI_:!('H(t1'-H,O--"2.) Ti-JMCTI-I
(,;Oi2 DjMr::i,!,~':r()r.l p( H) ,[(n(H) ,l.IU(H) ,HPF:(n) ,nT.:n) I Ni'IF: II--!
0iji3 cnMtinl~ YI~0(0),XX(1000) ]NMI~'IH
OC'~4 fo:l'::fij)(j,3) 1D.1,.l) , ,,)""1,6) LI"1'1['TI--I
00j~~> J r'Ur~MAT( (il)"j.'3) TNli[TI'1
00~b j::I-::A\)(j ,~3)(lHJI,)) ,J:: i ,6) JNrW'fH
0017 I:;;FJII)(~ ! 13) (BFl (,,), ,J"O~ ,I) Jr~i-.'iF:')" H
O(-)il3 f::[AD':1 J '13) (onn(,.I) "J""1,1.,) !'j"!f'lF-\H
00 ~ 'i kLr1f' (1 ,1 :-1,) (r~T ("I) .' "I:" i ,6) '! (IMI': 'f~1
OO~!O 13 rl.:,I)::HI~lr( /.D10.H) JHnr,"I!-1
O()?i OU 60(-) 1(:0: ; J) '1 Nt'I['1 H
(0).:2 r c'Q(I() 1t'-lr'lFTIj
0023 l>,IF:l"TL(:'~,4:,r' 'I~Jt'lI'..TII
0024 4 F(jr-::M{lT,://~5X, 'r':{lDJUS' r~f~,T:r(J :0:' ,D14.7) lNMFTI-I
00:25 klFn TF (3,333) -IrmE"TI-1
0026 :3;:;:::: Fl:mf~td' (/t,X, 'n~~I ,(IX J 'X' ,'1)<, 1 PI',:!,' S' ,fiX, I yr' I ,1 OX, I Ll/V I ; 7Y., 'F:;j)1 ' , ]'NMI-:'Tfl
0027 •~JX, 'l:;:lJ;~' J Q\, . SI,L f.lh1 ' ,7X, ','.'HEr,r: ~' ,;~~<,'(.11..[-"(1' ,ex, 'nFT(~I' .\ rl'_IMI:-TI-1
00~::D C 1:-,,1 :INhr:TH
0029 t,:>iF i)c::LlU (t< ) lNMFl H
0030 B21~'D'.::In:;(1<) J rWiI-. Til
OO' __~1 Hi Ff)"o:nf!I'l (1< ) :r HMI: T_H
003~! A:,_>F'l)=; • ()""U::.'F D+Dl...fl[; (B2F- n) rNMF"T H
0033 D2ST=DT(K) fNMrll'j
0034 SSUM::::(-).O Il~MF:'JI-1
(!03~; I{OUNTo:"(-) TUr1[TI,
003h f'.1I~-D"'i• 0-131 FD+DL.OC; ([(i FIn JNMI-:'-( I i
0037 DPRE~0.0 INM[TH
9(-)313 X:;:;0 . 0 TNt-WTfI
0039 H"':O. 010 'INMFTI-1
00AO H2c::1.0000i IUhrl"H
0041 Del ~)OO N::c,i, :',>O()(.) '1IJMr O!
00-1-::':' L'"'(.) TNI"II '1H
(\(-)43 LM:c;,) 11',)j"i1 I H
0(-)44 C(:d'if"l '" ( ( (i • Ie) -T'li"<:' ~ / (-"",,'. ('\;!. \\1.I-II, (I:-) ) ) """:1-). ':\-1'"' \ I (1 ,t-) ....( ( ; ,.-I ..',)',-<:}) I ( '~'.(.j I j\lr-il~Til

0(;4':,\ .:xj)I,,('ll;(F-) )!(-!(,':'i ]rJr11;')11
O(:l4() i(-) Hi ::::(1,0+(; .()""1.0/i)Sj:11(r(}<~»-:""(~()111'i/1':o),)(.)i,:-<)~ ri'IHI.li'!
0047 Lt e'l'l I HM! "1'1':
004D C Lc::0 THMI fH
0047 C ]'j\lhl Til
O()~:'0 C '1 Ni Ii: 11,.1

00~)'i C D1'"-1.~~)(N) 'Ii,jl"[-':'\'i

(

(

l.

l

(

c
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(

(

(

(

(

(

00~)~")C
00~53
OO~;:4
005~:)
00.'>1-
00~n
oo~:>o
00')'1
oObO
OOf) i
0(')1.:,2
O(:'tl,5
9064
006~:}
')(J6!:,
\)(-),~.

OO,:-..,D
O(l69
00"j'U
O()7i
0072
00'/3
0074
OO'('~~;
(-)07(,

0077
007H
(j()79

0000
00D~
00D~_~
OOn;3
'JOU4
OOD~:i
OOOt-,
00~;7
OO(~H
00U9
OOS-'O
OW? ,
009:,'
00(?:'~
00'.;'4
O(-)?~_i
00'/6
00;?7
O(\'/E:
(lOll'S' ,.
0 1 00 C
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B)':;DA(N)
~ 1;'"1 ,O,."l~i'l 1)1 [lI", (111 )
r,::'::'1.()--.n:','I,PI nr:.r.f(.l)
A3:<;.()/I.,.("''''11~'' Fii.~'>'.:\ /:~.O" In.)I-H:'~ FL+ni-)i(l-lj----IlI,nG(l'!i »/-J)I.f)1,(H1)
fl4 C,'') 4 / 6. ,. .I!;.>I ]l;.' I'.. )( ::,' /:'~ •.. --n).)i .Ji. J/~'~, -I- ll?')( I }J,)-- fll_DG ( n::' ) ) .)1; iii ,['If.; ( n:"))
(.6"7, /3. :), H 1,11 • '(':,;.~ H 1.)(.'Ii :,_>+~:'.;:-".. )'H1-l( ,l<':~--'-J~i .)1.)1 '1/ 4. +rn -)1 (:3. 1. 'i'" n 1+[1 i JHf:~ 1

,~(IlU~lc(n, )-1\-(1-"\"'1 ,:i')'l,1+f)I.ril:;'_Hl) }JI(Ill.nC(f:1 ».'_.)r::)
A6::::7 • /3. ,,-;.,.. )i j(:)"" 3 • / II • 'lI' r(:~ 'F")(::~'I • (,{,f,Af,-i(' I~;::jt:" :.~- .. :,-'',).)(H::,~')'.~-4+ 0)')1, ( :~. --I • '')'J( T~:'.l-t r:-:-.l

• 1(")('~~ ) )1;J)1..or; \ 11::_ ) 'I'D:'.~,)I ( . -, " ~')')(-l:i::~+ III., 1,1[; ( n~?) ) _)1( III .("1(, ( n:) ) ) ,),_,';:;
(\-/::"1i ./{;."..:-~.'1Il!1+1 .~:i,)(,n1 ')(--)(,2. (D'i,)1,,)( 3) /3. -1-nL DC ([1' )

rd]:::'11 • / f.J.' 3. _I, j-'l',"11 . ':),)(,n2 )1;.)1 ) .... (J<~')HU) /:7, •. l DI.ne (T~))

A'/''",(- ..-1 .+1 ./I:i )/(.11

(,dO"c( j .'1,1 ./1(O/n:-!
A11~0.5~(1 .-111~~;).~~1~l)LOI;(lli)
tl1 2'::. ~:';)I( i ....r:'.'." ),;.::) +l':;'1r IH nL; (I;)
tIl 3'" ;~, .f >; . )(.1': i 1'1 i )i .n' ) -: i _,/ f; 'i
t,1 4' ,j •.1;--: •. )( 02 ....H:,,)r .)1 ::? + i ./n:~
(ii (1-")(')(");')(((1 .(-1--1-':1 )')I,-)(-2):!(r::?,'_A:::~'(1.O T~::~):,r,,":,l .)(T-,:i-!(-'~'1i
t,1f):." "(1.0---l,;i )-!()I:-.' ,-;". O"(.(D'j i .O),)i,lJI.C1L;(i-'~1 )_.,)')! 1~IC(I:j l-)I)!)

(::) -/:::: - ( 'I • ('J ... n'...' ) ,)(,')1 ~,-' +? .-,)-)f'( n).-- i _,(\:.H f!1... DC ( U) ! .,,-1;<1.Cii;, ( n::! J '»'1(- ::~

Ai B"::( 1 .0 ..-D1 ) 111'-3-13. Ox ( (1 • ""F!i ) oj.,j',;:)" fli ji-jil ni"; (0; ) ) .)(-:01".1"1[; (J::i j -1-',3. (,)+nl_[Ii: (1".
• 'j :> \ '}i (DLCil.; (l': j ) ) -!(-)!'•..~

(.1i 9::' (1 ,,(j- ..J',2) '\(")(J'I':~. 0.)(' ( (i '-'R:?! -);-h 2 D2 -),,'1)1..eli; (IJ::» ) ')('DI ..OI; (n:)) ,1, (?-, O-~-1"'I.. CiC (H
.2) ).j( (DI,.OG (rc) ).):-)';:.~

tl::.:(-):-;; ( .~ B1 1-3" 0-)(i'i ; 1./ (11+7.• -)f'A:-~/ (',i ,)~,,,,)+;,~)/ I'll .ii '!( 3) iB i
A2i" (-n)i.~,x,;12/A2{J.*~4/A?*x~+A~/A~'0~~1):R)
A22~ A7/(D1~Ai~11::)
A}~= A8/(n~~~2~li?)
A:?4" (?:,r(1 -r~~:!)*ni*R~0fA'*A2)/A15
A2~5:: ....I,} • ~5'j' r' ')1' 1(' ;:,~ .)e (I;! 4 'Ji (oj ;:: () + (;0 • ~; .)(-,:)? 4 -l\-rl) \ {-F' 'P. -)(- ~-»(,:,\)). (:I):~
PI::,;!,,) ,-" (1. -.. 01 _)1,)I_;:!) -I-A. )( (l-~1 ).) ._.;:!, )1,JlL.O('~ (1'11 )
A)1= (i.-D2~.)'1'4.*(D2--1 .0)-~.~DL,O(;(B2)
(\~'.'D:" (.,,::'::.1):)'-,': B 1 .- i .0.\ +A::~4 ,)':(.',) ('/ t) i ) ,I i~11

A29: ( 2.0x(02"-1 .O)~'A24-!1(-A?1/h~»)/A?
A30= J.010Aj,~'(A1/A1i-A9)/Ai
AJ1' 3.0¥A~?*(A?!Ai:~--A10)/A2
A3~: 3.0*~3 *(Ai6/A3-2.0~,A9)/(Ai**))
A33'- 3.0-)«(14-~'(I'il-;'/1'14 --::,~.-\(/liO)/«(12-);')l'.:~)
~311~ A~*(A18/A5-j.~A9)/(Ai*.3)
A35~ A6*(A1?/~6-3.0~~i0)/(A?*)l3)
tI3{,::" «(""j .O+tl:;()'I.A32.\.A:"4)/(tJ:-;o",'rn) -i ./I~1)
A37~ «-I .O{'A31iA~Ji'(35)/(A7'*B?)-1 .O/B})
A3H'" (i ./.Hi'IA?+2.-)I,(F>"(-')(':?)')('«1 .O'-I~l ).,r,,),'.:).)~J-.t2.)I:f~~)/(r')i~\¥(1 .--[{1» {F~i)i( (i.

• - 1::21-)(-":'2) ,)(Ai .). (1 ./n1 +A(} )/A1 ')
Gi "::1 ./j'~2-1-('11 ().-2.')(Di lC (i. -B2)')(('li/(,d ~::;
(,2"- (F")(')(-2) ')( ( ( , • (-) -n i )~(-)(::!)-l(-n2-)((~I:):'(' ( 1 • /02+tl' 0) /(.11 ~~;
(139-"'(",1."[',2
(13?""c ( i ,/D?'l'(.11 0",,2. 0:.;[{1 -l~( ( I •. ~r::?)-)(-)(:'.~)-l>:-A1/ «(J 1 "i')(' (1 . (~ "rC)) ) ..- (P~ -)(2) -)(-«( 1 • --n

• )**?)lCB2~A~*.(1 ./B?'~(10)/A15)

JNMF f I~
TNMF"TH
fNtif-'j H
I'IJHF'lH
rNMI"fH
rNMI:_Tli
Tt-lhFTH
[Nr-'iETH
nJ f"i [ I H
fi'!MFTH
:rt-J(ll~~TH
lNMUH
:r f') ['I F".:r :!
IW'iI::Hf
I'Nfil I-H

TI'.ii.n rH
nB"i:::'}' !.I
rNMI'TH
]i'ii'il: 11.1

T Nf~if" 1 !-1
JNi'iLTH
rUi"i[TH
JrJMFTH
:I Ni'H::lH
:\ i'-)iviFTH
] NM[T)-~
'1 Nr-1FfH
1 Ni-H:'TH
INMLTH

'f NMFTH
J NMF rH
:rNj"iI~'TH
JNMI fH
TNMFIH
I Nl"if'"Tli
-I r-.Ji'JF 1 Ii
Ti,li-1F TH
TNMI'TH
TNMF r I-!
TNMF"Tlj
JNMI'IH
I Nii[TI-I
H,!MEnl
'1Ni'1[lH
INr-iE:TH
JNI1r::TH
rNt'I[TII

JNI"iF'TH
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0101
0102
01(.)3
0104
OJ (-j:::;

010(,
i)107
(1) (ll-: C
01 (oj';' L
01 1 ,) (;
(oj i 1 1
0; ):;;
0113
(/-1 j J)

011 :::.
o i i (, I'
0117 C-
01"\ H C
()i i 'i C
0110 C
01 ?i
Oi??
o i :'_~;3
01)4
01 ~j'5
01 ?!\
01 )";'
01 ::.l(3
01 )(/.
0130
0131
0'132
013;) ::~:')~~'
(-)134
013~
013l;
0137 )~!/l
(i13(3
01;3</
o i .~(1
Oi 4j
(-'142 C
0143 C
0144 C
(\14"'; (
OJ'll> C
01 <j-{ C
01 L:n r"'
014,/ C
o i ~-;(\I"'

r, 1 :~ i
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1"140:" A1J/r,7';./Hi--<'.-~i,il~
A41'- ('li4/(\I!"1./H~-',,<' "inU

-A4:.~=:: "-0. ~:_\.F ( I '~.l, '.' ).Ii i'lI:,'(\ I, (,:,"")'. ( (:,:-'.1, I (l/,H ) +(l:'~1 -)((,:?4-)( A:"m/::.' . (.l-f r:',!':,,),. 2¥ (,,40'1(1)2)

A43'''- . ().~.'>." ( I ')i h :. ) ){ ,"J :'(.\, "'I:'il) 'If rd'-I,t (,\. ~.;.j< A24 ¥(,;:'"\ .)! (,d7'1 0 • '.J 'J~ (,:_;4;1 fl? i 1\(U9--t141 ,j1 (_)

.?3
C 1 c"; (,)4.!( ( Pl.') :-'./ " ! ,. (I;"i h "1:'("( ) J ( {1;": i-I {,;:>9_',
'::>. 1"1::_;4-1\ i {VI:, 1 :' . ,', n;:"'; I' (,:, 'j ) / ( ("I:': :,' t,)'l)
Uj;:.1 I-I f 3, ::'(1 1 tll, r,:'~, ('_\, ()~'1, (,'j, (tl" (\ i _,(:,ij, (.,'/, ti1 0, (11 i, (I'I::~,(,i ?:, t.)) 4, (1'1:"J

. III f.>, t: i ;/,t.1 n, 1',\ '.' , 11'.'(-). t.':' 1 ,(,,:-':'.), t,:' "" ('.,:'4, t,;:''-i, t,:)(" A::l7 , (.l;,.~n,r.':,~(.',A:~O, (,31 ,

.~3~,()~!,():\4,~.\',,~:iA~J7.Alll,~'~'),n~~,~4i,(,42,A4.~,('1 ,C?,rll ,B~ .
:IF(J-'j2.C']'. (l-(:'~Sl"I.I!~,I_"O) )1-;0 TO (;"-/9

SF,o:liJ.O-)( (1 ,\\'''I'I~.),:-'I'~'(---(J~1---1 .n')/(.i+(H> i ,(i)/r'-l-;')
F'F 'c-,",?4 J' ( i _().,I';' i"' ) ,I, .: "'l'(d11'i')I- l ( n l/n;._' ) .' .)' i .':)'),I.p,3('L'T'./ r):'~'t)
n'j:o:n)A -',,-( "'ld''''1 ,1-".1"Il ( ( 1:1i /1:) 1 -)(..)(.1 "~, 'J :'! (, {I 0 "'"rj~;:')--(:;1\1 .l':t;':~:.~I ) • 0'-'" ( I '-II1~':,(-l;?;'~"'-(~'I;:-~3) ,)(,
.PF:'/A~'ili/(1 0--"1')11') 1

FY i "-,~-(;(lh(,.l'_I"" ( ,,\~ i /1,':' \ -)(,)'1 , '",) xrl:~~(.)-l'-i;:3/,- ,',:::"1~((:.:" /'
[1-:)::::.1, A 0')' (r'vl"'I,\','i'l ,,:')1) e"_( --(";(-l11()'jl. ( (P.i In:)" ,1'-"-1 • ~:;)-)'.('30/1 '+(.\:J;9 )
1,'1)00<1.0:" ( ( ; • (\--i"' \ )( ,',);. .,,'.; (,:~/)/ (1'11,,",")',2).- (127/ (,'~)co:.~':;,))")
FI(':A24¥(~K"lf:I())/:',0
ldlnTE'-: 3, :'.~O)j"1) •• \T ,F'r ,F M, vn, 1.:,1(

rI7(FM )~22,~?3,2)~
F~j"'(). 0
F'""(l'""li~'F'I""')/ S']'"

lJf( I-j F (:.~, "I ; i 1 ) F-:} J r:
FOI~MAT(~X,I)14.1,~X.l)'4.1)
(; IJ TD ~\('\:~'
IrILM.E0.7)j;n TO )24
L.M:. LI-i-I i
rr'(Lti.CT."I )(~('1 rn :'!:')",
XI( i ""j'
1<~!::::112+H/2 A (.)

i.;U 'ID 10
'>;1(20::1
XIC~ooF
1~2::::r:i2+H/::: A 0
GO Tn 10
YI<4:::.r:
XI(=(XK'{)A0~XK2i,2.0MYK3'~XK4)VA.A
DX:"XI<-)(Il
x,:::>.;., I!X
F-'I'::!:: S"") c ':-1.)( (", ~ !l')( F I::' / ( j .. (,)..-r','/. V' ) /1V
\ .•I-'::cr:'r::ES)t"nx
JiI,:'F:F; nl~'r::F-1 nr'
lJI,'1. TI::. (:::;, ::~o)n~),X, V'I::FS, I)f-'I,:E, A?4, T:,'(, ,:;/:\11(,
YI':"J)F'r~[/4. OJ":!
XX (I')) _oo-x
Y', N) ::"yr'
nI'::Ti,;:o::A;':41("1)4,;'- (r'-); 1'-,,-(.,)~,'-"n::,!:'~-' / (; "0- r">1-~''1

(11_F(~".;(\:?11,'(,.•(3;; r-~;I)":(,)O ..():.ij) ',: i ,o ..-.r'-l'I:')
Wr(lTI'::(3, 7(\0) 1"Tt',t,i ..r:.t)
])i'-:1.;,:'JI1.\'I',\I(f Hi )---1 (,

.It-lMFTH
:I Niil::'r 1-1
.INt'il-'Ill
1 rJ Ii 1:.-'11-1
:I NM!'TH
I {JM!:"'111
Tf~WTII
I HMF:TJ-!
rNMI .. I 1'1
TUf1["'11-1
] i"JI"\f TH
Jlmr 11--1
Jt-JVIFTH
H-Jh['TH
] i,lr-lI"TI-1

I'Nt1r;11,j
TNMl':.ll,[
JNI"WHI
I (Jt1F-'J 1.1
Jl-JMf:.TII
JN~ir::TI \
TI\II"\I;: I H
.1I'H'/If '1 H
li~i"Wnl
n~MI:_-ifI

l,i-H11~
I r,iri[' L1 1ift1:
I Wi]: 'IH"'
rN~1I '1'1-1
.lNMFHI
JHhETl1
HJMLTH
] NW:, TH
'IHMr-TH
rr'm~ r1-l
JNHf-.TH
JNt~r.TI1
TNMF l"I--1
I Nr-lF.TH
'I iii i'1I~--, 1.1
I NHF i 1.1

"f ~)rji:"'111

li-!i'-II'" I-H
11'Jl-II'TH
.1NI'iFl H
Tr-JM[TH
lHMFTH
rNM['l-H
r i'H-lFTI-1
[Nr-jl::.l H
'1 r_I!"I:"IH
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01 '5::~
01 ~:)3 C
01 ~54
01 ~:)~5 I'

01 '.>!., C
O'j " 'i' ;.,'?(;'

01 ~~;n
01 ::;? (:

(\ 1 ,'.0 C
01 61 (';:.~,::,3
91 (,2 C
01 63
01 ~A
0j b~:;'
01 ,~)(,

01 h""i
C'] f:,H
() 'i I,S' j ~~;

01 70
01 "/~i
01 7::'
01 ( ,~ ;',~9
01 l4
01 /5 c:
017/) C
01 , , cnoo
01 iH C
('>1 lq C
OJ HO C 3(-)

01 81 c:
01 D :'.~ ::lOi
01 03
OJ nil
01 us C
01 nt, I
0'1 fJ7
01 nn
01 B(,;'

01 ?O
01 91
01 ?:~ ~:),0
01 93
01 ':14 C
01 9~) C
01 ri6
0; 1/7
01 ':tU
01 9?
C)~~OO ['

108

D?',,,; ,(-)-..1 ,1"1/l),"['I.:] (ll:.')
Cr"Il.L 1.1,fl,';' I (N ,',
r;Cl 10 ~_)10
(,(1 !U ':)"(,)0

XI(4 "'F'
cnl: ,-,~ .0/ i. ('I~:)'i ;;(':'. ~I'+If, (,11(.1/1'" i.)I t 1:"\ i' .lC() A ~";- 'j • r.:, \ ) oj'-':" ~~)

r. ,,( .-.C 1 .)>'(;()HA II ',l' cor:'.! i;'/ ) I! H il ( 1 . 1.J... r'.)I-<.') :)

FYI'iV:""i, (l/r
.1,)I::} IF: (3, J:'(:::,! j'l:'. F] HV I I
I-:'OF:MAT(~:)~:I Iii i:. '/, ',Y, III 4,7, ~,x, }\'I 1.7)
c;U TO '5 (J(.\

JF (L..[(~.:") '.;(1 rn ::,"}
1..C I,. H
IF' (I. .r;')'. 'I) (;1"1 lU 1~:)
XI( 1 ::.'F
r:~2."r<UII/::~. 0
G(l TD j!)

XJ';::-"'F
XI< ~\""I--
H::,';,"D2+H/).O
CD TU ;0
X[:4'F
I)X=H*(XI(li4.0~XK2~-XI(4)/6.0
IrCI_I..•EQ.1 )[;[1 TO 800
C;O TU nOi
DX""XI: 1 .1;(rO---J-I-- ..) • (-) !" ( i .0-'1"1('\"0" 7~:_\!
DrRr~'IIPkEi'(A;)4**?-', .0'
Ac""X+DX
Fnr::Mt,T (/ /':;>: ," Uf'",'--,-' ,014."/)
H ~5( j\l.f i) (i. + i ./ F' / E -II ( ; • -- i ./ J)'<';' IF, T ( res (1~ + 1 ) ! ))~Hi- C... :~~)
X=X+H*(XKi'}XK?*?+XI(J*2.+1K~lj6.
i')'i:"i ./I:JS(~I~'I(V1 )"'1.0
J))::, 1 •....j • /)')S.(;il:,l'; n:~\)
WI~:ITI"" (3,7) X,n1,'FO,ni,r<~,F;?q
F[lr~I''it'lT ( /':, 'I, '»' ,Tli4.7,:',lY, '1~1"'" ,Ui4."l,)Y, 'fe:::' ,ni'~."{',2X, 'OJ::"' ,n,

,4.7,2>-:, 'n),,:-' ,D1'1.'r ..)X .. '(I/V" ,)")\-'1.7)
S\ "i/;.O;'( (j .O--F')ji-Jr::2),»( (}H.-,j "O)/(,; ..-(I<?"1.(.i)/A)
S2=2.0-l((P~~~)~A22-A2~)*(-A~l3~r;AMA¥COt)/p+n3(~)
S3~P*A40*A22-l(GAMA1(CI)f'~-A4;*A23
F'R[S=(SlX~24.(S2.-~3)~(A24~*2)/XK4'~?0/(1.0-P~~J)
fW 1 ::c ( ; • (0\ .•. D 1 ) ,)1-0 • ~)/ ( 1 _,Oil '-.; .0)
f.;D2""(i .O- ..O?)-)(O.~:)/(j.(-l--r:')
l>H,:JTF (3, 3J) F'I;:ES, I,m~ ,I'm)
IF(LL.ER.; )~o10 510

Df'=j-='FIE $;.)(. DX
DF'I~E.-_cDP"([ + DF'
SHEARi=A24H(B1-1.0)/A24FD,/(D1FD 1,O)¥A1Fn/~1
.::I-I[tjr(::~"rF240i(D) ....1 .0) /t12.'),F-n/ (H?FI' ..,~ • (,) ¥-(,i21-:-T'/{'1:'~
(,)1::1TF:, (J, ~',;(-)~):'SHr::r,F: 1 ,;':lil_~tll:~2

rt,JMf:'TH
rNr1F I'H
:r LIj-1v--r ~j

:I l»MI:::'1 H
H!MF'lJ!
I 1,ll"1r i' H
Tl-Jhl::TH
T1,11-'I!::" H
Ir~m~lH
:IW'iI~TII
Tl!MI""'TH
IWil'llj
TNl1F 1'1--1
HH'iETI-I
T I~hf:-TI-I
"[ 1-)11[TI-1
JI-jMF:TH
'1NliFll1
1rml~'lH
INML1H
Jr!rl[TH
ll'Jti[TH
TNMFTI~
nliil~:I'll
Ti-!r-1F TH
I:Nl'1FTI--I
Ji'!Mr:' fH
Ii»iil-:.TH
J rmr:T1--l
nmFTH
IN1"iFl H
Tr-1i"ir':'llj~__,_,,~
r Nr"iFT!I'll'-:t~
JNi'iE'{H ' __-, _
J i'll-'iF rlr;.-;,.-<;-~",

,- ''If.,'''
"j Ni'-iF'II_1 ....._:-_:;;
JNri['TI-1
fNMEn-1
JHMI:-:TH
TtJMI'"TI--I
] (!Hr: I'll
UJr'1F'il-l
Tr~i1FlH
JNMFTH
'1NM[TH
1NMI'::l!'1
INnE 1"1-\
TNMFTH
I NiiF. T H



•
(

r
0~O1 C

( 02(-):'1 C
0203 (tOO

0)04 ~:>(-)~S
O~:()~'i 33
O~)<:\6 :,,'0
02\)7

( O:20B C
0~:or;
O::'i 0 C
021 ,
O:?i 2 C
O~)i :3 700
02 ~4
02 i '".'
02 ,"02 , "/
021 U
0:) , 'I ;~/;4
02::~O
o;:::~:1
0::::2/
():';?:'~
0;:':24
o :.~:::~::; ~~\() (j

( 022,', 31
O:;'::~7 ~~::)
(\2::,:!B

,- ');?;:,:''I (.') () (-),
0:~30
02:':~i
0232 C
0;)3:3 C
023-4 C
O;:!3::i C
023f~ C
0237 C
0230 C
023(';> C
0140 C
02-'1-1 C
0:'4 ;? C
0243 C
0;!44 C
0;:4") ['

0246 C
( 0;:;:') -I C

O::~4fJ C
0;:49 C

l O::~~}OC
02:;;1 C
02~)? l'

C 02~j3 L
O:,;~)A C
('2':\~> C

( 1);;~;;6 1-;
(,:;-''':;{' l~

Jj-'-(I:::_~.1."T .P;},';T) (~O "In ~',OO
wrn TI:" (J, '1 {:,0 ) nx I Ill"', IlFI,:I:
t "UI:it1(Yl ( 'iX, J) j -4 . "1 , ~\1.I Pi 4 • "/ I "j X I III A • "7 )
FfH(/1(', H ~:)X;' SI-I[?I{i '" I, D1 4,""1, TX, J XIII:.MO; ',Ti14,"7)
Fur::Mtd ( ~,)x, 'F'r(!":.:''''' ..ni4.7 ..~5X, 'I(ill":" .. j)1L~.7,')X .. '1,:1))'" ,l!i-'1.'"(')
F'TII,:I1(,""I"(1 ~5(~5X..1)1!)."/) I
I)EV~I)2+~'~(1.0i'Di)
11:(DEV.~'r.1 .0) (;0 TO 31
BE1~-n}4Mn}4/(1.o-r~r)¥(F~r~A22-A~3)
(.ll...Fn ..:n::lA'Ir,)(:~/ 0: 1 ,(.) ....F.,I,P))( (1'"'." 1"'1i.t12(-)...r"J',:,~1)

lJI'\ 1') I: (:-.; ..7(-)(-j) VF::Tr', ..nl. I: (-,
F'Oh:t.1r\T (~'iX, 'MUt1N CfJI,;:F(
IWI u,rr 'U Illiff",'j
yr':;"D r:'r::F /'1 • (I /;(

XX (l<nUN r) "'x
Y(I<DLji")"1 ):.'YF'
[,,1[::J T[ (3, ?;:'~<1)l'1:') , --,;..F'I.<F:S. '(I', (.)?~J I;:(I i ,j.,:f)~1 , SHI~:{)I;' j I SI'IFAF.:) .. f~,L.FA, OFT!'J
F(')ld")AT ( j 1 ,,1 X, Jl11 ':'i))

:IT(f'FV,GT.1.(J) r:;('1 rn :~1
1...11::::0
IF(l'<',~.IT,r05'l) i;n Tn T',~:~
L" (\
Ir(D~.GT.D}Sl') [0 T(] 9°9
cun-I Ji'lUf:
WRJTE(3J:~?)R)FD,~1Fn,R2S1'.{)24rI)
Fnl'~MGT(/IJ4(~iX,n14.7»
('hl ..1 L[(,-)."\;T(IWUNl)
C[tr ..'T:r NI.ll::
.\' T Cl F'
C:ND
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} N t'! I:. f H
r i-H1r- f H
Tr,)i1!' i H
I Hill 'j' H
rl'Wli 11'[
1 r~f'lF ., H
Jl'Ji'i[::TH
INri[TH
I NHI;TI.t
TNt'!F HI
J UI11-'l'f:
Tl'~f1t.1H
J r~j1FTH
HJH[TI.i
T ~,lf.11''''lH
TI\lr1~:TI.I
rNMr'TI.1
Jl\ji1FlH
JNhFTH
TNf-it=:TH
:I NMr::TI1
TNMf:: i'H
:I I'H1FTH
J i'1dl~:'1 1,1
Tl'lMFTj-1
INMf', fH
'Ir'HlI TI.!
J i-Jr.iF I'H
:I t,WIFTjl
JNl'iETH
J l~j~IF'rH
T NnETI'1
U.lMJ;'TH
'1i~MI::TH
Ji'!MCHI
[1'!i"I~:TII
j NMf:.TH
1 i'H11:.'I"1 I
J NMr;'TI1
1'i'!MFTII
J i"iMr'"fl1
'I NnFTH
j NHf::', H
Hmr:TH
:INi'lFlH
.rt'mr~'rII
Ti!I/I!'TII
HJ11r. Til
'INiWfll
j 1,liil' fH
I r~hl- 1"11
rij/.,I i'li
li,!i',: '!'
'I i,WI:. ~I:
Ti 'MI- "Iii
Ji;,-',I 1H
li~1 i!: '1Ii
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<
O:'.~:.>9 C
O:'/,O C
O::lt.d C

C 026:? C

r

11 0

] NMf-." H
I Nr1F'rH
I NMF:" H
r tolMF.'T H

0290 (:**"**li¥*.*••• **¥*!'**.¥M¥"**~*¥*lf~*** ••*'f*¥~K.~*1~*1,**¥*.*~**)(.*¥**
0299 Clf***.~h DATA * •• **.***.I(.~*.*~***¥•••*¥**** ••*¥*M*.~*¥.¥¥.
0300 C**.~.***.**#**M.#Jr~*M.I'¥¥I'¥*~(*JtM***••****~.**~**.J(~***.**~*it~**.
0301 0.0100.1500.3500.4500.6500.~~0
0302 1.66131 1.54'}419 1.~i172:.;(? i .~)i02344 1.~503COSU7 1.~::;,:j~:;n31
,!'END F'I,~lf~T
1':I;;[p,j)Y
~"INVr'lL.r D CCWWil~IND
~:j'::[r,J)Y

(

(

(

(

(

O:)6:~
O:-:(,",~

0266
(J:,': I, '/

O:.'t"F;
0:':(,9
O~:""i'O
0271
0)7)
027:'j
0274
027~::;
027(;,
0277
O?7B
027<,1
02:30
02\31
02~:l2
0283 :::
02~)4
(~)8.:5

0';:9(.,
O??i
0::9? 4

0:j96
0:)97

S'I.I!:H,:OI,IlHJl II (.),\"1 \1~(IIIN'l'

111F'1.,] r'] "T r. (\1 .\'~1«(\ 11,11 .i)

Dlnl'::NS:I nt~ I.I:OI( (1 P,,'I' \
COMMI)N Y(11)el!)\ ,XX(11\\'0'
5'1' Ij,(~

S2::"O. (-)
S3""0. ()
54::"0.0
S~~;";.0.0
SC) ,0. (")
DO i 1",< . UlliN']
Yi"=5ii-DLlll;(X\(J,»
S:;c"S:J+XX ( :1 i.), .PI (.Ie; (XX ( 1:) .l
S3".'-':~+(DI"i:)C; (XX ( :r ) ~ \ ,1, -)(:.'

~'4"c.s'4+XX(T)'~,(PLlJC,(XX(-I!_\)~; ?
S5=;;S~5-~ IIL.DC; (DUJl.; ( (Y ( J ) I 1 _ (1) (Y (J '; '-1 • (I) J )
S'6 :::Sc,-I.J)I..,ClG(XX(] »)'II11I,JH;(IH. (;«Y(1'+1.0)/(Y(1)"1.0»)
A=O.5i'I)EXr:'«(S3¥(S?",S~;)-,Si~ S4-S6),/IS1*Y1-[:L_OATII)*S3')
B=(FLOAT(I)~(S4-S6)-SiK(S2-S5))/(S1*S'-FL,OAT(I)*S3)
\,JIUT[(3, 2):1, S1, S::I, ."3, 5'4, S'::> , S(S, ('" n
rORMAT(///,2X,J5,8(2X,D12.5»
DD 3 J="1, I<OLlHT
1:1X""A,' XX (,I Hi., (IH-><X (~I) )
YF_qN::: I nr::xF'': AX) "l-DEXI,:' ("-('1X) ) / (fll.XF' «(;X) ",.J)[Xr' ': ._-P,X) >
[1-(r:11;:(,I) C-e (Y (,.I) ....YLDN) ~':Ii'::,)

SUriY"'O _0
SUMf:>OO" ()
DO 4 1"I"'1,1<Dl.HH
SU11'i c::S'[li-l'1'-;-Y (1'1)
SUMr: ":.-:':llhr::{ Ff::OI;: <: ti 1
1::'11."[,'" l'1S(;!i','j' (S'I,IMF) /'<;.'llh-I )', -i (to.
~Jr.;:1 '"i E (:5, ':;) 1<f'ilJt-JT, 1:;1'15'1::
FUh'i'ltIT (/~:\X I 'CDlli',/l'. , , 1':"; . ~")-,". 'I-~h,~; [RCiI'( PF:'I:~CF'I~T"",.ol 4. -;:)
r~ETURI~
[I,D

'I HMI I'll
frldl. iH
r Iml~ fH
1 rH'1F' rH
r i'.Ii'if; 'fl r

I Wil:TH
I f,HiF fl.
JNMf. i H
Ii-Ji--j[ T"!I
HWiI"I!J
'11\1,11:'11-[
JNMhlH
1 Nhl:.TH
INMETH
rN~IE Til
J rH.'jF 1'1-1
ENrlr: I"H
J I-IM~:TH
TNMETH
Jt~r-IETH
'nmLlH
JNr-ir::TJ-1
JrH-iE"TH
It,IMETH
TI'JI-1ETH
JNMFTH
:rr~ME -i-H
JNM[TH
fNMI;:TI-l
T r-JriF 'r 1,1
'1r,!iil';"nl
li-n-II'" "i'H
T ,n-H"TH
'1i~I-'lr' rH
n-,Ii"i~: n,r
T r'jMI~~TH
ft"Mr: ) H
I Ni1[TH
') NhF i H
rNMF"-T H

"

(

(



F. 3. Programme Documentation of FIMETH
•

VariEble Definitation

A,B Constants of eqn. (5.1)
OPRES (dP/dX)
OX Increment of X
OY Increment of R
RO Rc;
P Radius ratio
PRESFD (dP/dX)

fd
SHEAR T ITW wfd
T1FO Tw1fd
T2FO Tw2fd
U Axial veloci ty,- -U -

V Ra di-al---veloci-ty-,~V---
UAVE U

0

UFO (Uc/Uo)fd
X Axial dist-anc-e,-X-

Y radial dis t_.alr:.e_,_R

11 1
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("

F.4 Programme Listing of FIMETH

.

,li. J( )', 'I' .. j,: o}(.1(,.)(..)( j) F..veL n F' J f.)G 1...(,11 IN (') I~:I~'LClI.J "11.11-:I-I U (~,1--1 C () 1~C F r'~ll;: I r ~ f~l fJ N U ( T;i- .~' ii, .): :,( CO',( -J' 'lo'

r, SUl ..U'f'JOf.l n'( FJr-J],"J[ DJFFFF:l:"Nl,F TECI1(-JJUUr-

Y (1 )=-"1-:;1
Y (MF'i ) ""1'(2
1)D i I(Y<:? M
YCKY)=Y(1 )~.nY*(KY-1)

DO 2 JX=:'~,M
LI (1, --1>: I ":1.001
V (1 ".JX) '''(1. (\
DO 3 1(::<"'i,3
U(I<X, j )::-.1).0
V (I{X, 1 )::::() ~ (\

SINH(X)~(DEXP(A*X~~(B+X)--DI~XI'I-A*x**(n,tX'»)/2.0
C[J5'H (X )::o( DP',F' (MJ-X"r,'f (Fi+X) ) of DF'.:<F' ( ----A~(X:H- (YHX!» I~~,()
DI':'F::I.~.\"(X)""4. ()l,CDS'H (X );'SJNH (X) -'--4.0" {',¥\::~(-l; -: !-'u>( ~-1 ,() ).)'. (Iii O(~, Xl -I-(n+X) IX)

./ (S 1 i'!H (X) ) 1H(-::_'
IJI-'ll't, P,A,B/O.01 ,O.1fl,,'>U1 ,().4:~«~FV
nAT~ X,IIX,M/0.0AOOO,0.00001 ,~01
Deili',. 1)'.:<1,IiX2, 1)'<3, l)X.VO. 00(-)01 0, (1. (\(-)(']() i Co. O. o (.)("1(J i I ()., (-hh) 0 1 0/
DA1A D/5,DX6/0.000w~,0.0()010i
DATA PRESFD /80.1,~/_
WFnTE(.-~,1~)O)F'

IFJ /1F:TH

J 11F'L. J CIT r~E(;L.!D ( H"".IJ , ()_ ..7. )
DIMFNSION V(j,202)
[OMMCH,! Y (2«.') ,U ( iii 20);'

YM:c:M
D"{:::'O. ~:)/Yt1
r-jF'; ::,~,+-;
Fi1::;:O,~~;i(;Jj!T'-i ,0)
r(~_)::::o,':)/ (~ • 0 P)
F(D::-F(),~:,( <F'-j(I' j .O)/DI D(';(P.~:P) )')('10,~";

UF'!)c., -: (P-)(,I"--i ,();' .)\(-; . O..-j)I_Cl~, ( (-I '.)\F'--; . (-)) IDI ..nr; (I"'-p-F') ) 'J -- j"I.,C1rv ("F'l"I:';' ) / <. (F'.)(-r"." 1 _
.O)--(1.0+F'll-F')-i<.DL.OG(I» !

r~:rCc.r:1+DY
J:;;Oc"',F;2----DY
U:r={RI~RI-R;.R1-2.0~Rnl~R0*DI_nG{RI;R1 »)/(I'ill.l~n-Ri¥~"-7.0¥I~D¥Rl)~

.Dl_OG(RD/Rl »)*IJFD
UO':(Rn*RO-R2*R~-2;*rlD~RIl*I)LD~(RO;R))/{Rl).)(-RD-R2¥R?-?0*RD*RII¥
.DL.OG(RD/k2)I~UFD
1 11:-D<). 0')(' ( r::1 '-f::Dl~I;:D/I;: i )_11.UFD/ ( rm-!! j;:J)--I-( ; ,,'I:::i _.~l • o~ F:Il.1( rw ,~,nl_or, ( 1-::1)!I~: 1 ) )
T2FD~2.0*(k7-RD¥RD/R2)¥UFD/(Rn~Rn~R2KR2--2,0~RI)ftRD~DI_O(;(RD/R?)
""\r{ITF(~i,, 1 (3)UFD, UJ, 1.10, Ti I"P, "1'21'''1), I~:D

~)

OOA4
004~:!
00<16
OOA? C
004D
004')'
0()~;(\

0051
00~:):?

(\00'\ ('
0002 C
000:(, r
(.)O(.)l{ C

000~')
000."-,
00('7
O()('H C.
(\ () (-) (,J C
OOiO C
O() i i C;-'
()(~i~:C
0013 C.
001 "1
CoOl'}
001h
0017
O(\~ B
0(-\f(~
0(-'::>0
0021
OO)::!.
00;::3
00?4 [
Of)::.'~:)
00:26
0("::."7
00~!n
GO??
003()
0031
003::~
0033
0034
0035
003,')
OU:37
003B
OO~~(?
0040
0041
004:) r:
0043

(

(

(

(

"

(

(



UCI<[,rI(.,"/J)'-(
))
) )

•

(

(

(

(

\

0(.1':)4
OO~;~,) :"1
O()~>b
OO'~'7
() O~:):i
00")9
OO,~,(\
00(,1
0(')/')

OO(.~3
O(),'\4 BOi
00/,'5
0(-) (,l.\ B02
(JOCI) DOO
O(i6H
(lOt,,)
0',-)-,"0
0071 C
007~_)
(~073
0074
007'i
(;'0'/(.,
00T1
\.)')7F:
007(? C
OOBO
OOD1
00n::~
00B3
ONJ4
00[1':)
O~)~:l6
0007
OOD8 ~)
000'1 C
0090
0091
n(-)(/'.::.)

O()';3
00',4
00f/';:;

009/,
O~.)97
(j0'JB
(.)0,/9

0100

I.l( I<X I MI"1) ('. (:,
V(I(X,Mr'] ):'O.i.
t«lUr~T"O'
C{"irl,\' J :-T:D.'. 1.:\1"-1-: 1 1'1. " \')llj'l'J)( I:]"" 0IJ)f, (1::1)/1'::1 )
CUf'L~'U:"I~n'!'h\)-.-I.: '"I.; ,()l'1,'1)"1,'11~J)1Uf,(I.;I:/r:;?)
WI::.r-'[(3,i!)'l)I',I-:J),11 n
l,II:; I -J r:: ( ~"1, , i ,:\::,)
DC) B(-W ]\),.,1,I'iI'\
r;:::::y (IIl)
1.1""(1,:1'::D)H('1.H(,j ,n«}
IJ ( ~ 0, In J \ I:::" I, 1-:~I'1-: i .:.'.(-).)'.1':;0,'r::)J-}(l)t .DC (r:;/r~1 ) ) /C(INS:I .)'UFD

cn Hl n{-H'
II ( i (J, :I j",) (I:; ~'I.: I,:;;'" 1(." :' " (",. I'-:j))'I, )).)I.11I..DI; ': 1"(lF;)) ) jC(ji'J.\'('l.,(UFn
WI'n:n:(3, ~C<'~)I\', 1)( 1(-:', '10)
cr.l.I .. STI::U'(I';()llrH,II'I,I)ll,"il"j), :.:rl),~O,M!ny)
CAl ..L S'] MSllN (I«HIN') ,Ill' ,I-i ,1'11'1 . j,n ,P) -' i 0)
C(1U .. VJ .Yi;rlS:,I::1 ,)11', M, i (i, \i)
I<Ol.Ji~-r:o:o i
DO A 1(1'::",1 .. ;
I(OIHH"O'I<OUNT+ i
I([i 0;1([+1
XX::cX+l!X/2.
IF(I(OUN1".(;1".?) XX:~X
PI::I'::,,,':; r\F'I'~F5' (XX)
>:o"'X+O):;
~H::J fE (:5,101) j( n\.Ir~"1, x, F'r~[S
DO :; MA:<~J M
titl '\ ::= i'1 ("1 .1
r-1Pi2:ccI1(i----j
U[1 ::::DXJ"PI~:~:'.~"iiO. ~5/U (I<[ ,t1?,) +IJ (VF' , MA)
l.J I:: 2 == V ( Iz [: ! M ,"'1\ .j. ( 1.1( I( F J i1 (I ) --.U ( K [' , fitl;~ ) ) ")()l X
\.1[3"' \ Y (MAi ) +Y (Mn) ,1(, (U( I'X, M('" ) -II( I<E, h
1.1[:'1::;(,( 11"1) +Y (MA2)) -\, (1)( KE! M(.1)-LJ (I{T, M(1
UE:5=DX/U(K[,MA)/Y(M~)/2.0/Jly/ny
l)(KEj,MA)~U['-.UE)+LIFS~(I,)E~-U[4)
KI(::::0
SUM""0.0
r;r,L1 {,VF (11,1(1: 1 ,SUM, DY, F-:1 ,I;:::,' J l<CilHH ,F,:M.';,' I F:dSU, 10)
wr~l TI;: (3, 1 (l1 ) I{ nlll~'1 , X.' PFiES I I;:MS: I F::MS'I.I
DiJ /.; MV""2, M
MVi :;"MV"-~
V1::;Y(M\i1 )1(.V(I(Fi ,tW1 )/Y(MV)
V2~CYCMV)~Y(MV1 »*Dl'/4.0/yrMV)/!lX
V3'-,[J(I<E1 .MV)+U(H:1,MV1 ).-IJ(I<T,MV)-l.J(I<F,MV~)
V(KE1,MV)":V~-V2,)rv?>
[1""(V(I(E1 ,!"'IV},LT.O.O)V(I<F1 ,MV)::::O.(')
11':'(Y (MV) ._.I~D) f" f.,} 7
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(

(
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c

<-

(

l

l.

0101 t:,
010:'1 l
()~(') :.~
0iOA
o ~(-)~:)
010(,
01 0"(
0~OH
01()9

0110 C
0111 C
01 i :)
(-)1;.3 H
0; ;4
(-)1 i ~5
O~1b
01 i 7
011 n .,
01 i?
01 ',~0
0':" C
01 :Ci) 4
0123 C
0124
012:>
01 ;::f.,
0127
01 ::..~n
0129 i0
0130
013; 9("1',
o 13~:.~
0133
0134
o i 3~)
043f.)
0137
0130
01 :59
0140
0141
0142
0143
01-44
0; 4~)
014{, )0
0147
0140
0149 2;
01 ~:>O
01 'j,!

11 4

Cm~l"1 Nil!:
MI{,',MI:''j ....MV
DO U 111<." \ ,HI:
MV) :::HI:' ) ....I{I(
M'J'3= i1V:~~+i
V01'::Y(MV3).V(I:[t ,MV])/Y(MV~>l
VO~::'(Y(HV~)'IY(MV?)*I)Y/4.A/Y(MV7)!nX
VD:5"::IJ (K L 1 ,MV:~) +U (1{1:::1 ,M'.n) -.1.1(n:, M'~I:-~J ""1.' (I<E. /1\/))
V (1< 1":1 I MV:"') ,,-Vrq'l vn:)'I(VU:5
wr::J'lT,(3, 1\'U:'11\i::~,MV3,\1nl,Vn~),Vn3JV(I<r:1,MV~) ,1,/<1<[1 ,MV:') ,U(I{Fi ,rl\i:.,~),

.U(I{I:~1 ,M\//,) .1)(I;L.,MV::l) ,1.I(I<r::.H\l:-~.)
IF(V(I(E1 ,MV).)"CT.O.O) V(I(L1,M\/]):::;(-!.0
CDIH T!~U[
l.n:: n-c <: :~ I 1 (-J;:' )
l)U 'f I' \/:.,.j ,1'\1-'1
r(Y~(YlKV)-Y(, »)/0.5
UGF:AF="l.) (1<1::1,1(\/ l /0. 02~,;
WI:~]'rF(3, iO;J;) Y(I(V) ,Ull([1 ,I{\/) .V(I<[1 ,1<1,,1) ,UC~I:~r-lF,r-::y
Ull.L. sn~I:S(I(UUNT,lJI,\JlJ,'riFD,T2FI>,I<E1 ,M,ny)
CI':;LI" S'Hl,S'UN(I(CillNl,DY}M,Mr-'1,1::1 ,1:~2,I(ri)

CONTJNUE

1<I...""I( (JI.li'!'r .... i
no 10 I"Hi<.J, M
U(i,MH)""U(I(I.,MM)
1,'(1 ,Mr~)":V(K!..,MM)
IJ{2,MM)""IJ(I(OIJNT,MM)
'Ii (), r-iH) ==v (l<Ol.IiH ,!'IM)
~h'1
Np:,,:::
J)XX==l)X
JF(I<nUN1.U:~.1 i) GO Tn 70
JF(I<OI.HH.r;T.1i.t',ND.l<lJUNT.Ll.2i )(~[1 1'[1 21
JF(UHJNT .EC!.2i) GO TO ::,:2
IF(KOIJNT.G'r.21 .AND.I«lLJNT.I_T"35)~n 1'0 )3
IF(KOUNT.FQ.35l (;0 1'0 24
IF(I<DUNr.GT.3~'i.t,NJ).I{[jUNT.Ll.4~,) {;[I TO :.:-~~-\
JF(K()lJNT.EQ.4~) GO TO 26
IF(KOUNT.GT.4~.AND.KOUNT.LT.2501 )GO ll) 27
IF(KOUNT.EQ"2501 )(;0 TO 28
IFlKOlJNT.Gr.250i .AND.Kl)IJN1'.LT.2601 )~() TO 29
IF(KOUNT.EQ.2601)GO TO 40
IF(I<(]UNT.(~T.2",01 )r.n 10 41
GO TO 1 (}
DXc=(DX+J)}I,i )/2.0
DXX":J)X 1
GO TD 19
r>X"-DX1
DXX-'''IiX1
GO TCI ;9
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c
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(

(

(

l

01 52 2::
Oi ~:)3
01 '5'1
01 ~)~-i :~:".\
01 ~)6
01 ~:)'7
01 ~:)n :::4
01 ~s:(}
01 f,()
(\) " :.,: ~:;
OJ 62
(~ 1 ():.~

01 (,4 ;?(,
01 ,I,':)

01 6{,
01 6) Xl
01 fJl3
(-\1 5°, ,
O~70 28
01 7'1
01 72
01 '"('3 )9
01 74
01 I~)
01 76 40
01 77
01 '('n

01 7~) 41
01 no
0 ; ,]i 1
01 B2
01 B3
01 f;;"i
01 w;
01 Hi)
0; Wi'
Oi i~B C
0)FJ9
01 (;'0
01 91
0; ':;'2
019~
01 '14
01 S' ~";
(~ 1 'It,
01 (?7
01 !In
01 S'9
0~:OO c
0201 ,;;~

DX: ..' (DX i ,I I)X::.~)",:'_(\
DXXc::DX2
GO TO '\ 9
DX"""DX}
DXX":'I)X)
GD TD 19
DX'o:( nX;J-t-DX.' ~,' ,I. (\

DXXc.::DX3
GO Tn 19
IJX"'DX:-~
Dxx""nx:'~
GI'l TO 1 q
nX~(DX3~-nY4),/~'.0
nXX"DX4
GU Tn 19
DX::::\!X4
DXXo:::l)X4
(;r) TO 1 <;'
DX~(1)X4+DX5)/2.0
DXX"'DX':>
GD TD 1 (}
1)}::-oJ)X'")

DXXc::l)X~:>
C;U TO 1 '7
DX=~DX5+1)X6);2.0
DXY""{)XfJ
GO TO ;,}
I'Xc-::OX6
DXX"DX6
no i 1 I:ce) .IW
1<DUN"i'''=I( DUNl -/-1
I I .-C J -- j
1J J ,,,] +i
PR1:~,,,':::'Dr:'I:::ES' (X)

IF- (F'r::ES .Ll. PF(LSFD) F'I::F.S;,cF'I::r SFD
>>CX-II\XX
WI::JTL(3,101 )I<OI.JIH,X, r'I:;U'
no 12 ,..1""2,r1
JJ"'.j--1
~1,.J,.Jc.'J-/-1
tlD1 :;cO, ~~J'-PF::[S+U ( T ,.J) .)'\I ( J:I ,J) I;~,O/DX
un;>\.' ( I, ,1)lI (IJ(:r, J,I.J)--l.J( I, .J.J) )/2./DY
lJI>3c;: (Y (J.,),J) -/-Y(..J) ) .11. (1)( J " ..I..IJ) ..n, o:)JIU (JJ ,J)
1.Jl)4;:;: ( Y ( ,J ) +Y ( • J.J ) ~, 1':- ( I.) , ~':;.ir[ J( T T , . I ) .,- lH T , ,J.J ) )
UD~'),,, ( I JD3----IIIH ) /Y ( ...1) 1;_> • {.'j/[ly lIlY
LlDI!c"U ( I, ,J) /2, O/nX-t i .OlDY lOY
lJ(J:rJ,J)=(I.Jl)1-I.ID7i-UD~)/Lln6
JI-(U(.T.TJ,::;).LT.IJI) U(lTJ,))c.:II]
IF(l.J(J:r:r,2),F(~.UI) U(]:r:l,:~)c'IJ(J,~q
CrJN'fJNlJF
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(

(

(

(

( .

l

'-

02(-)2
0203
O)()4

O:'.~O~:)
O~~06
0207
020B
0209
0210 '\3
021 i 14
021 ::~
0213
0214
021 '')
0216
0217
02iG
0219 17
0220 1 i
0221 C
0222 C
0223
0:!24
0:;'~2~->
022/,

022D C
0:)2(."
(L'JO
023;
0232 C
O:~33 C
0n4 c:
0::\35
0236
0237 C
023\3 C
0239 G
O:.!40 C
024'\ C
0242 CiB
0243
0244
02A~3
02-16
0247 C
024H
O:?4<;

cr.Il..!. (iVF(~I. I-I I ,,\'Ult,lli ,1.:1 ,J.:.'.1(l11I1n,r::1.1S,I'::r1.~'11.10)
J) (I 1 :'~ ,)J) ::<, . 1-1
,101 :-:-JJj.- i
Vl)i,-.v{j"'-I ,.IDl ),I,'{(,I]); )/1 (.11"'\

V fl:~""! J ( :r .r J , ,.1I! ) ,III i :1"I :t , . III i ) "II ( .I .I ' .,Ip ) ,-I J ( :r J I ,.In ; )
V(:r:IJ"JD)"'.Vlli."Vl):'~(', (,Ji)'il (.IP\) \-~I)Y/Y( 0»)/1].0/I1X
11-(VtJIJ, ..JPl,1 '1.('.('\) V(l}J ".111):.':0,')
:rr' ( Y ( J T) ) ._-r,]) ) 1 :", , :'~ • ~ '1
ClHn 'I NlJr:
rW::::MPi ..-Jf)
no ; 7 NI>lc"i, NI<
J?"'hF'l --NN
,13''''.J2+~
VDD~"'VI"IJJ ,,13Hiy(,n)/Y':>-I:-:)
'v'DCl),,,U (T:I :I "JJ)'I lJ( 11:J "n ) ..-11( -I 'I ,.1~5) --u (TJ ..J»
V(IJI,.J2):~VD01~VIIIJ2NIY(.,I~)~-Y(,I)))*IIY/Y(.J2)/8.0/DX
IF(Il': lIT " ,J:n .(~T.(-1.0)\/( 'Ill ,,1:':1)':'(-\.0
CONTINUf
CUNTTNUE
WI.:ITE(3,101 )I\D\.IN"J ,x,r""r,r".\'
Wi\JTE(3, ~o:?)
DO 1b JH;c'1,MF',
l.J (~ ,..1M) c_"11(NF', ,,1r-1)
U(2 ..~IM)=U(JJ'J,JM)
Vll,.JM)"'V(NF'".JM)
V()}JM)~V(JIJ"JM)

I IWUNT" N
IF (l{[rUNT .U: ,30i) 1j((lIINT:"'~)1i-N

IF ll<rillNT. G1'. J0~) JI{[1UNT"'~)O¥N <U<iO
TF (l<OlJNl • GE. :.,~). AND • lUll JNT .I..T .1.>7) ,JI(OUNl ~ 1O'l(N,-fl
IF ( 1<UUf.!T , r:(~ • 6"'() J Ie (11JNT"': 1 (-)-lf~.!---~ t\
IF(I<nUHT .(;1 .h7) JI<l.HJNT<"~(.HN--q4
U- I I<DUNT • I.E: • ll<OLll'n) (~() TO 997
Wfn TF( J ..~\1i )IWIINT ,x, I:'F,[S, RM.\" , r-<1'15: U
WIUT[13,10»
no iO I(M';:;i ,/'11-'1
lJGRAF~U(JIJ.KM)/0.02~
UJ)EVI=U(i0,KM)-UIIII,KM)
RY=(YIKM)-Y(1 »/0.5
wr::JTFC~"1(3) Y(I(M) J U(Jn ,I{M) ,VI III ,I(M) ,l.J(;r.;AF,r.;y ,I1OFI,.IJ
CAL.1. SlRES (KnUtH, I...IJ,110, T1 FJ), T2FD, 1::r1. M, DY)
CrjlJ_ SH1SDNlIWWH,DY,M,MP1,f\1 ,R::~,lJ1)
cr,LL VISCOSlRt,OY}i1,IJ:r,V)
r~;;:-fP-1

]F"(X.GT.0.0i.)t)r;n fD ~)o:)'::;

Gn Tn 9?9
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02~.:;0 ':1~):';
0:)'') ,
O)~:;::~
02~::;3
O:',~~:)4
o:~~:)':}

( O;:!1:5tJ
O~:)"I
02:,;n ,q

( O?l:i9
02bO 32
0;7'(,1 30

( 026::)
0;::1,3
02{)L1 ['

r O:'_~6~S ,O:j

\
O::~fJ6
(l)(i} , (1 ~>
026D 1 00
0::;(,(/ ,Oi
O;:!7(~

" ')271 ,O?
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cnHY I '" 1::\) .J' 1-:1\.. I, 1 "1, \ <:~.0-)( I'dH' Idl.){ 1)1.nl~ ( F:lij f, 1 )
CCll~ SO:;;:) ,1)." lil)" Ie), I,;_~'<.' • (J)( f::iH' 1..'1.\•• DI .11(;( f,: \) Ih'::~ )
WF(I"IT (3. i 0,1 )1- ,r\)), IJI- 1\
I,H,]n::(3.1 (1'._')

DrJ :V-' :I 1:"--;, ~lI
r.:""y (:I C)
1:(i'''o('(]C)''''1-.;1 )/f,).~-)

I I~:(1'(,--1'11) J i ,,3 \ , 3::~
U (i , Ie) (I, l( 1,.. 1',1 ')(1::1,<~.0 ).-[.;1)-1' mH(f)I.nr; (Fur: i ))ICUNS:! .)rlJFD
GD "10 30
U ( 1 , T t': ) C': ( F;), I.; "'-I~::! ,)(1::)"-;:,' , 0)( F:J) I', 1'::Tl-l(nL()C (F:/r: ::~) ) /CDNS[I¥. UFn
~.lI'::ITE ( :5 1 i (~:.~H~ , II ( i 1 J C) , F:Y
Cr'lLi .';n::L~S(1«'111i'1 r 1 III ,UO, Tin), 'r;:,'F n, i .'M, lW)
CALI SJMS'nN(I,[iI.IN'!IIiY,t1,riF-i ,1-;:1 ,F:-:~,1.\

FOFiMIYr (/./, :.l)(, 'VUL.LY llF\lEUiPF:n \/FI fH"'l TY r-rwr:-:II ,I': 1~.rH~ F:1 II"')""' ,fJ1.1). 7,
,:?X, I j"dl""', Ili 4. 7, ~,)X, '!.IV))""!, 1)14,'',', /)
FCiI?MAT(/, iOX, 'Y/DH' ,i~:\X, 'U/V(,VF', 10X,' (r::---Fii >/(F::?--+:i) ')
FDI.~MnT(I. ':'X, 'F(AIHl.IS 1(()THi'---', I) f 4,,"7:-
F[H::r1(.yr~//2X, 'STrYllnN:::' ,J~:;; ,?:x, '):'e,' ,n~(l 7,)X, '.oF-inX"':' ,1"";4,7,

. :~7;,' r-:MS DI,:VTATTDH 01:- LltlVF:"', 1); '1. '/, ~~X-' 'F(hS F)::OH I) nl';'Vfi"' j ,\)i A. 7)
FUF:t'1(.ll(./ i 0.\ 1 'Y,IJiI.) , .' ; ox , '11/\/r'iVF I .1?\-' I I \I .1~..lj\,lA\!F 1 .1 (\;;, 'ur;r: ..(',r' I ,

,j 2/, ' (Fi ...-Fii ) / (r(:,~-.I\l ) , ,i OX, 'l.J DEVi}--U')
.FORMAT(2X,7(4X,J)14.7)}
STUP
ENfl
SLJDf:DtJTJNF STj,::ES (j<DUNl ,UJ ,IJO, Ti FD, 1 ::~Fn I J.1 :t ,1'1, flY)
IMr-UTIT r"~:r'lI...)IU(A ....H,u'-Z)
COr1MDN Y(::'O~') ,U( j i .20)
,:.'I-IFt.lF:l ,= (.!j. (j)(LJ (:r:l I,::: ) ....lJ( U: 1 _3) )/:?" OlDY 11"1 r'D
L=:M-1
SHEIW::)"" (U ( J J:I I L) ---4. o '1': U (J ,j :I ,M) ) /:?, O/nY/l:~Fn
TtlU;"'U(lJI,2)/U:I
TAU2~U(IIJ,M)/Un
l.JI~:ITI:: (3) :)(-)0) KC1IINT, SI.IF.r~IRl , ,\'HE(.II'::2) Tli1J1 ) T ?IU2
FURMfYf (/,2>: I I S'TATIDH"" ) J~5, 'SI1Er":Jr: 1:= I, 1l"\4."7, 'SHEill::?" I, Dj 4,"7, I Tf'd.J1 ",.

.fl14.7, IT(.ll.l~~;:"',Ill-1. 7)
l-~ET(JI~N
END



•

\

,-

(

(

(

0~!n(i'
02'1(;'
O;'~'.i'\
O?;J:'.~
02'-i3
02<;4
029':;
02':,'6
0297
o::~r;!3
02?9
0300
030-1
0302
0303
0304
030~>
0"306
0307
030n
0:5 (:)'}
03'1 (:,
031 i
03i)
(3)3

,.

11 8

:;unr::nUTJNF SJt1S0NII«("lUtlT,DY,M,MF'1 ,r::1 ,n::>,JJ})
IMI'LT~l,l' R~AL.8IA--H,O-Z)
I~OMMnN YI)O)),IJ( 11,7(2)

,\'1 ""0,0
S~;::::O.0
.\'3" 0.0
MA:"-rV:'
PO ~:>00 1""'1, M(.\
J::::::lif 1".1
K :",::.~)(:r
Si~S1i'2.0*Y(~I)HnY.LI(JJJ}J)*!(2
5'1 ::::.'\1+4. O~Y (Ie) :,tDY.)c[J( TTl ,1<) """':~::
S2""S2~2.0*Y(J)¥nY*U(]JJ.J)*~3
S2~S2i4.0*Y(I{)¥DY*U(ITI,K)**3
S3=S3+2.0MY(J).DY¥lJ(II]',~I)

500 S3=S3+4.0~Y(K)~DY~IJ(lII,K)
B~2.0~S1!(R2*R2-R1*R1 )!~.o
A~2.0*S2/(R2*R2-R1*Ri )/~.O
IjAVE=2.0*S3!(R2*R2-R1~R1 )/3.0
\,Iri I TE (:5, ~:)'50) I<DI.lNT, It, A, UAVE

~5~)O FOHiiAT(2X, 'STATJDN"" ,I'j,2X, 'M.,Ft,:o:' ,ilill.7,?X, 'BCjA::"', ,Il14,7,:?X ..
• 'lJ(~l\"'Fc..:' }Vi 4. -;;')

F:F.TUF:N
[Nfl
surn;iOI)TJNF' AVE (1'-1,TJ I ,SUt'i, DY,1'~1I l;:~)!IWUiH ,1~:hS,f::hSI.I, \; Ii, )

O:~14
03 1 :5

(' 031 I, 1 03
03 1 7
03; U
03 i '?
(~3:~O
O!,:~1
0322 1 0(\
032:';;
OJ:::: 4
03:::~)
O:J,~!6
03'?}
(.\J?U ~::;~;1
032'"1
03;-5(-) 1 (-)4

OX~~
()3;-~2 C'
O:'~33 C1 01
':J?:~4 C
O~_~3'5
('):~3(,

c

L,

IMPLICIT RlAI_¥H(A-H,D."Z)
Clli'iMCiN Y (:-~02) ,11 (11 ,2(2)
s,-:::(-) " 0
M (.1::" M/2
DU 100 ,Jo-'1,MA
K"<!,)\J-1
L=::2Jt,J
S=S~'2.0~Y(K)~lj(I]J,K)
,\;:::-,S+4.0,(Y(1.. ),\(J( 11]! L)
urlvr:':=::-,~.O'I(,':';',I)'{ /:~. 0/ (r:;21(F~?.I( i -)(,1.:'i )
MI':O,! ::::J-j+i
SLi:;;'(') . (~
DO ~:j~::,iI{::::; J ViP;
DEVI=IJ(KK,K)-'U(JJJJI~)
SU'''SU+ OFVI ~(IIEV 'I
RMSll=DYRR'fCSU)/MPi
SUM','SIJM+ (i • 0-11(,\IF»)t ( 1 A 0.-1 ,1(;\11'::)
r:~M,<;:.::DSUln(SliM) / (IWl.JfH,- 'i )
\,JI,:~:r-ll:: (:.~, ; () i )II ('IIJt-!T! U(IVF, r.11Y' ,I';:MSIJ
r(mh~ll' (::'>:, 'SH,ll DH::c • , I ~:; , ~:;X' 'II,C)\,'T:;; , , n i -4A 'I " 'X, t CLiMUIJd rVI~ 1~:I1,': i'il=

• 1.Ji',VF,:,,' ,i)i 4. '7,)X, f)1 4. 7)
!,[TI.!I-::N
FNII
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03Tl Slwr::()Un,NF VJSCO,\'(H1 ,I)Y,M,I,V)
033rt ]MF'I.ICIT I';;[(;I,,-)I;:)((:I--I-i,f) ..../)

o:nl? CUMf)(JH '( (::'02) ,lI (i 1 ,:)0::")
0340 DIMCN31'fIN V( ~i.2A~),)V(100)
0341 wl~Jl'E(3,5)
0342 DD~0.0
('3Q3 lID 10 J~2,M
O:~4J! -.1,I::c-.1''''1
034S J.I.J':J~l
(-)34c) J)Ulc,(II(:r;JJJ) "II(:l,JJ:)/llY/::).O
0347 nU:?"'((J{J, ,,1,.1,1):II(] /.1,1) -?(H(lJ(" .,)) l/D'{/l)')'

0348 DI_13~DLJi!Y(J)'I'I)U2
03-1? ])1):::;J)l)~-DII:~

0350 IIV<,.I)=D\J3
OT:;; 1::c..:('(J)""I'~i)/0.:;
O:)~:}2 [',lrnTF(:~,.'1 ~5H(,U( J I J), )1l.l1, \)11~l,DIL~, V(],,J)
0353 10 CON1'lNIJ[
03'54 D\lA'v'F,"flD/F:'Ul(.)T (r1--'1 )
03~S WRIT[(3,25)Dn,nn~VF
0356 ~1=O.0
03~7 S2=0.0
()3~:)~~ i..t1.,,-ii/) ....'j
0359 Of)35 L=~.LM
(-)J60 L 1..=;:,'-)',1..-' 1
03/:,1 V1<:"211-1,.
036? S1~Sl+4.0MDV(LL)
0363 ~5 'S2;S2~-2.0.DV(KI()
0:164 .~:'T:::;DY'H'< nv (2) -1-1)1,1 (~:50)+4. O')'_DV (4?) +S1 .t-S~,;)/3.0
036~ SAY[~ST/(DY.(M-2»
03(,() wr: Il[ «~, 4~\i ST, St,VI~~
O:"~6"'1 45 F'OI;:MrY1'(F:;X i 'Sl :--, ,D 14" 7 -' '~\X. 'SAVE:"" , \)1 4. (')
03,~.B 25 H1I-\MAl(/~:)X, 'SUi1 Dl.J3"0: , ,Dj4.,7i'~><' 'nnt,VF:::.' ,D14.7)
03.~(? 5 F(iI~MA.T (/;, 7X, ' (1::--F~1 ) / (I~;?- r~1 ) , , 1OX, 'I..I/U';VI::' , i (,':\,'IH.J/TlY' ,10%, 'n/OY (D
03-/0 .,1I/DY) '.,f.' X, ''i;OV(YOl.l/DY)/Y' ,f,X, 'V/l.I('l\lI:~' ,I)
0371 15 FORMAT(2X,7(4X,D'i4.71)
0372 RETIJRN
0373 F:~fJJ)
-)i,END F'I~Jt,!T
¥1-;;E'Ar,Y
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