
HEATLINE ANALYSIS FOR MIXED CONVECTION FLOW OF 
NANOFLUID WITHIN A DRIVEN CAVITY CONTAINING 

HEAT GENERATING BLOCK 
 
 
 

by 
 
 
 
 
 

Ayesha Siddiqua 

Student No. 0413093007P  

Registration No. 0413093007, Session: April- 2013 

 
 
 
 
 

MASTER OF PHILOSOPHY 
IN  

MATHEMATICS 
 
 
 

 
 
 

Department of Mathematics 

BANGLADESH UNIVERSITY OF ENGINEERING AND 

TECHNOLOGY, DHAKA-1000 

March - 2018 
 

 









v 
 

 
 
 
 
 
 
 
 

Dedicated to my Family 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 



vi 
 

ACKNOWLEDGEMENT 

All praises for Almighty ALLAH, Whose uniqueness, oneness and wholeness is 

unchallengeable and without His help no work would have been possible to accomplish 

the goal. 

I am especially indebted to my supervisor Prof. Dr. Salma Parvin, Department of 

Mathematics, Bangladesh University of Engineering and Technology for her guidance and 

encouragement throughout my study. I have experienced an excellent academic study 

under her supervision and invaluable recommendations and support helped me to plan my 

further academic studies in the best way. 

I am thankful from the core of my heart to faculty members of the Department of 

Mathematics, Bangladesh University of Engineering and Technology, especially, to Prof. 

Dr. Md. Mustafizur Rahman, Head, Department of Mathematics, Prof. Dr. Md. Abdul 

Maleque, Prof. Dr. Md. Abdul Alim and all other teachers of this department for their 

guidance and supports. 

I am also very grateful to Prof. Dr. Nazma Parveen, Department of Mathematics, 

Bangladesh University of Engineering and Technology for giving me an inspiring 

guidance, remarkable suggestions, constructive criticism and friendly discussions. I am 

grateful to the external member of the Board of Examiners, Dr. Mohammad Ferdows, 

Associate Professor, Department of Mathematics, University of Dhaka for his valuable 

suggestions in improving the quality of my work. 

I am grateful to all my colleagues for their encouragement and helping mentality in all 

affairs especially in my research work. 

I wish to thank to the staff of the Department of Mathematics, Bangladesh University of 

Engineering and Technology, for their cooperation in this work. 

Finally I express my devoted affection to my family members, my father late Md. Siddiqur 

Rahman, who wished to find me in this position, my mother Monnujan Begum and my 

husband Md. Shairul Kalam, without his cooperation it would be an incomplete work and 

all other members for creating an comfortable environment in order to complete the 

courses, research studies and final production of this thesis work.  



vii 
 

 

ABSTRACT 

Heat transfer enhancement in presence of nanofluid by the effect of mixed convection in a 

lid driven cavity  are often encountered in engineering systems which has been studied 

numerically. A Cartesian co-ordinate system is used with the origin at the lower left corner 

of the computational domain. The system consists of a double lid driven cavity with a heat 

generating object centered at the origin. Upper and lower lids are kept adiabatic. Two cases 

are considered, for case I left and right lids are moving in upward direction while for case 

II upper and lower lids are moving in opposite direction. The governing equations are 

solved by employing a finite-element method based on Galerkin weighted residuals. The 

investigations are conducted for different values of Reynolds number, solid fluid thermal 

conductivity ratio, Richardson number, heat generation parameter and solid volume 

fraction. Streamlines, isotherms, heatlines and heat transfer rate in terms of the average 

Nusselt number (Nuav), average temperature (θav), maximum temperature, and the average 

heat flux magnitude for two above mentioned cases are presented for the aforesaid 

parameters. The results indicate that the mentioned parameters strongly affect the flow 

phenomenon and temperature field inside the cavity. Comparisons with previously 

published work are performed and the results are found to be in excellent agreement. 
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CHAPTER 1 
 

INTRODUCTION 
 

Quite often we encounter fluid flow and heat transfer in cavities at different orientations. 

These classical problems have some analytical and huge numerical solutions. Heat line 

analysis for mixed convection flow in cavities and channels have been studied by many 

researchers and it has been a very popular research topic for many years. Heatline 

analysis for mixed convection flows are important in the context of many engineering 

applications for predicting the performance, designing of many equipment, machine 

parts like microchips to large nuclear reactor. But things used in practical purpose are 

much more complicated in design and prediction of their performance using results from 

simple geometry cause huge error. For this complexity, in recent years, attention has 

been given to study thermal characteristics of complex geometry. Among those the 

cavities with solid bodies or partitions are given special attention due to their wide 

applications in heat exchangers, solar heat collector, some air conditioning equipment 

etc. 

 A study of the flow of nanofluid in a cavity with heat generating obstacles is also 

important from the technical point of view and such type of problems have received 

much attention by many investigators. Mathematical models used to predict the flow 

and the thermal behavior are mainly a couple of non-linear partial differential equations 

and their analytic solution is impossible except some special cases. 

The rest of the introductory chapter is as follows: since the problems that we shall study 

in this thesis are heat line analysis and mixed convection flow in cavities, we begin with 

a brief description on types of heat transfer in section 1.1 and mixed convection heat 

transfer in cavities in section 1.2. Then reviews on some definitions has been given in 

section 1.3. For convenience of present investigation literature related to this study has 

been presented briefly in section 1.4, then the motivation behind selection of the present 

problem, description and objective of the current study are described in section 1.5 to 
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1.7. Finally in section 1.8, a brief outline of the remainder of the thesis has been 

presented. 

1.1 Types of Heat Transfer 

Heat transfer is the process of transportation of thermal energy from one region to 

another region due to temperature difference. The heat transfer takes place by the 

distinct mechanisms or modes: Conduction, Convection and Radiation. The heat 

transfer always takes place from higher temperature medium to lower temperature one 

and heat transfer stops when the two mediums reaches the same temperature. 

Conduction is the transfer of energy from the higher energetic particle of a substance to 

adjacent lower energetic one as a result of interactions between the particles. 

Conduction can take place in solids, liquids, or gases. In gases and liquids, conduction 

is due to the collisions and diffusion of the molecules during their random motion, in 

solids it is due to the combination of vibrations of the molecules in a lattice and the 

energy transport by free electrons. The rate of heat conduction through a medium 

depends on the geometry of the medium, its thickness and the material of the medium, 

as well as the temperature difference across the medium. 

Convection is the mechanism of heat transfer through a fluid in the presence of bulk 

fluid motion resulting from the temperature difference. This type of heat transfer is 

called convection. The convection of heat transfer is of two types: natural convection 

and forced convection. If the fluid flow via convection occurs naturally, the convection 

is called natural (or free) convection. In this case fluid motion is set up by buoyancy 

effects resulting from the density variation caused by the temperature difference in the 

fluid and gravitational force. On the other hand, if the fluid motion is artificially created 

by means of external source like a blower or fan, the heat transfer mode is called forced 

convection. 

Radiation is the energy emitted by matter in the form of electromagnetic waves (or 

photons) as a result of the changes in the electronic configuration of the atom or 

molecules. Unlike conduction and convection, the transfer of heat by radiation does not 

require the presence of an intervening medium. In fact, heat transfer by radiation is faster 
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and suffers no attenuation in a vacuum. This is how the energy of the sun reaches the 

earth. Radiation is a volumetric phenomenon, and all solids, liquids, and gases emit, 

absorb, or transmit radiation to varying degrees. However, radiation is usually 

considered to be a surface phenomenon for solids that are opaque to thermal radiation 

such as metals, wood and rocks. 

1.2 Mixed Convection Heat Transfer in Cavities   
 

Mixed convection occurs when natural and forced convection mechanism acts together. 

Mixed convection in cavities is a contemporary importance, because cavities filled with 

fluid are central components in a long list of engineering and geophysical systems. The 

flow and the heat transfer induced in a cavity differs fundamentally from the external 

mixed convection boundary layers. Mixed convection in a cavity is the result of the 

complex interaction between finite size fluid systems in thermal communication with 

all the walls that confine it. The complexity of this internal reaction is responsible for 

the diversity of flow. Based on the potential engineering application, the cavity 

phenomena can be classified into two classes: 

a. Vented cavity and 

b. Lid driven cavity 

In a vented cavity flows induced by the heat source leads to the possibility of complex 

flows. The fluid flow and the heat transfer in a lid driven cavity where the flows are 

induced by a shear force resulting from the motion of a lid combined with the buoyancy 

force due to the non-homogeneous temperature of the cavity wall. The interaction 

between the buoyancy driven and shear driven flows inside a closed cavity in a mixed 

convection regime is quite complex. That is why it is important to understand the fluid 

flow and heat transfer characteristics of mixed convection in a lid driven cavity. 

1.3  Some Definitions 

Viscosity 

The viscosity of a fluid which is a strong function of temperature is a measure of its 

resistance to deformation. A friction force develops between two adjacent fluid layers 
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while they move relative to each other and the slower layer tries to slow down the faster 

layer. This type of internal resistance to flow is quantified by the fluid property 

viscosity. All fluid flows involve viscous effects to some degree and therefore no fluid 

are of zero viscosity. As temperature increases, the viscosity of liquids decreases 

whereas the viscosity of gases increases with temperature. 

Viscous and non- viscous flow 

Flows are called viscous whose flow patterns are dominated by the viscous properties 

of the fluid. This arises in fluids where the velocity gradients are comparatively large. 

The flow close to the walls of the pipes can be treated as viscous flows. 

The flow is defined as non-viscous or inviscid flow if the viscous properties are not 

dominant. These types of flows are common in the center region of flow in pipes and in 

gas flows. 

Newtonian and non-Newtonian fluid 

Newtonian fluids are those fluids for which the constant of proportionality i.e. the co-

efficient of viscosity (μ) does not change with the rate of deformation. In other words, 

fluids that follow the Newton’s law of viscosity are known as Newtonian fluids. Water, 

air and mercury are some examples of Newtonian fluids. 

Non-Newtonian fluids are those fluids for which the constant of proportionality i.e. the 

co-efficient of viscosity (μ) changes with the rate of deformation. In other words, fluids 

that do not follow the Newton’s law of viscosity are known as non-Newtonian fluids. 

Blood, liquid plastic and polymer solutions are non-Newtonian fluids. 

 

Compressibility 

Compressibility is a property of fluid that measures the change in density and 

consequently, the change in the volume of a fluid during motion under the action of 

external forces. The compressibility is expressed in terms of Mach number (M) which 

is defined by 
0

speed of fluid
 speed of sound 

uM


  . 
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Compressible and incompressible flow 

A compressible flow is one in which the density varies in the different portion of the 

fluids. Thus the volume of every portion of fluid differs in compressible flow over the 

course of its motion. A flow is said to be incompressible if the density remains nearly 

constant throughout. Therefore, for incompressible flow the volume of every portion of 

fluid remains unchanged over the course of its motion. The density of liquids is basically 

constant and accordingly the flow of liquids is naturally referred to as incompressible. 

Internal and external flow 

A fluid flow is classified into two categories; internal and external, depending on 

whether the fluid is forced to flow in a confined channel or over a surface. An internal 

flow is in a channel bounded on all sides by a solid surface except, possibly, for an inlet 

and exit. Flows through a pipe or in an air-conditioning duct are the examples of internal 

flow. Internal flows are dominated by the influence of viscosity throughout the flow 

field. The flow of an unbounded fluid over a surface is external flow. 

Thermal diffusivity 

Thermal diffusivity represents how fast heat diffuses through a material and is defined 

as  = Heat conducted /Heat stored=
pc

k


. 

Here the thermal conductivity k represents how well a material conducts heat and the 

heat capacity 𝜌 𝐶𝑝 represents how much energy a material stores per unit volume. 

Therefore, the thermal diffusivity of material can be viewed as the ratio of the heat 

conducted through the material to the heat stored per unit volume. A material that has a 

high thermal conductivity or a low heat capacity will obviously have a large thermal 

diffusivity. The large thermal diffusivity means that the propagation of heat into the 

medium is faster. A small value of thermal diffusivity means the heat is mostly absorbed 

by the material and a small amount of heat is conducted further. 
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Thermal conductivity 

Thermal conductivity is defined as the quantity of heat (Q) transmitted through a unit 

thickness (L) in a direction normal to a surface of unit area (A) due to a unit temperature 

gradient (ΔT) under steady state conditions and when the heat transfer is dependent only 

on the temperature gradient. In equation form this becomes the following:  

Thermal Conductivity = heat × distance / (area × temperature gradient) 

k = Q × L / (A × ΔT)   

Heatlines 

Heatlines represent heat flux lines which represents the trajectory of the heat flow and 

they are normal to the isotherms for conductive heat transfer. Heat functions are 

mathematical representation of heatlines and each heatline contour corresponds to 

constant heat functions. Heatline is the best tool to analyze and understand the heat flow 

in 2D convective transport process and this concept is similar to streamline which is 

important to analyze the heat motion.  

Nanofluids 

A nanofluid is a fluid containing nanometer sized particles called nanoparticles. These 

fluids are engineered colloidal suspensions of nanoparticles in a base fluid. The 

nanoparticles used in nanofluids are typically made of metals, carbides or carbon 

nanotubes. Nanofluids are two phase systems with one phase (solid phase) in another 

(liquid phase). Nanofluids have been found to process enhanced thermo physical 

properties such as thermal conductivity, thermal diffusivity, viscosity and connective 

heat transfer co-efficient compared to those of base fluids like oil or water. For a two 

phase system, one of the most important issue is the stability of the nanofluid and it is a 

big challenge to achieve desired stability of nanofluids. The potentials of nanofluids in 

heat transfer have attracted more and more attention. Due to high density of chips, 

design of electronic components with more compact makes heat dissipation more 

difficult. Recent Researchers illustrated that nanofluids could increase the heat transfer 

coefficient by increasing the thermal conductivity of a coolant.  
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1.3.1. Dimensionless parameters 

The dimensionless parameters can be considered as measures of the relative importance 

of certain aspects of the flow. Some dimensionless parameters related to the present 

study are discussed below: 

 

(a) Prandtl number 

The relative thickness of the velocity and the thermal boundary layers are best described 

by the dimensionless parameter Prandtl number, defined as  

Viscousdiffusion rate
Thermaldiffusion rate

pc
Pr

k



    

Where 



   is the kinematic viscosity, 

)( pc
k


  is the thermal diffusivity,   is the 

dynamic viscosity, k  is the thermal conductivity, pc  is the specific heat and   is the 

density. It is named after Ludwing Prandtl, who introduced the concept of boundary 

layer in 1904 and made significant contributions to boundary layer theory. The Prandtl 

number of fluids ranges from less than 0.01 for liquid metals to more than 100,000 for 

heavy oils. 

 

(b) Reynolds number 

The transition from laminar to turbulent flow depends on the surface geometry, surface 

roughness, flow velocity, surface temperature and type of fluid, among other things. In 

1883 Osborn Reynolds discovered that the flow regime depends mainly on the ratio of 

the inertia forces to friction forces in the fluid. This ratio is called the Reynolds number, 

which is a dimensionless quantity, and is defined as  
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3

2

Re
sec

( / )
( / )

( ) ( / )
( )

inertia Force Mass Accelaretion
Friction Force Shering Stress Cross tional Area

Volume Density Velocity Time
Velocity Length Cross Sectional Area

Length Density Length Time
Length

Length De






 



 


 

 







/
nsity Velosity L V LV LV

    

  
  

 

Here V, L,  and μ. are characteristic values of reference velocity, characteristic length, 

density and coefficient of viscosity of the fluid flow respectively and 





  is the 

kinematic viscosity. 

 

(c) Rayleigh number 

The Rayleigh number for a fluid is a dimensionless number associated with the heat 

transfer within the fluid. When the Rayleigh number is below the critical value for that 

fluid, heat transfer is primary in the form of conduction; when it exceeds the critical 

value, heat transfer is primarily in the form of convection. The Rayleigh number is 

named after Lord Rayleigh and is defined as the product of the Grashof number, which 

describes the relationship between buoyancy and viscosity within a fluid, and the 

Prandtl number, which describes the relationship between momentum diffusivity and 

thermal diffusivity. 

For free convection near a vertical wall, this number is  

  3Prx x s
gRa Gr T T x


    

where 

Pr = Prandtl number  

g = gravity  

x = characteristic length (in this case, length of cavity) 

Ts = temperature of surface  

http://en.wikipedia.org/wiki/Free_convection
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T∞ = quiescent temperature  

ν = kinematic viscosity  

α = thermal diffusivity  

β = thermal expansion coefficient  

Fluid properties Pr, ν, α and β are evaluated at the field temperature, which is defined 

as 
2

s
f

T TT 
  

For most engineering purposes, the Rayleigh number is large, somewhere around 106 
and 108. 
 

1.4  Literature Review 

Mixed convection is the combination of free and forced convective flow in which 

neither the free convection nor the forced convection effects are dominant. The effect 

of mixed convective flows in cavities, channels are investigated by many researchers by 

using analytical, numerical and experimental methods. Such a problem is grouped under 

lid driven cavity problem. The modeling and simulations of crystal growth, glass 

production, nuclear reactors and food processing are common examples of current 

industrial applications while convective thermal currents associated with the flow 

structure occurring in the lakes and reservoirs are classically sited as natural 

phenomenon.  

Heat transfers are needed in modern technology and are very important in many 

industrial areas. Hence it is necessary to study and simulate heat transfer phenomena. 

In recent years heat transfer in cavities in present of obstacles has drawn special 

attention and many authors have recently studied heat transfer in cavities with obstacles 

like heat generating objects, partitions and fins to the wall(s). 
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Some important works are presented below:  

Aydin and Yang [2] numerically studied the transport mechanism of laminar mixed 

convective in a shear and buoyancy-driven cavity. Mixed convective heat transfer in a 

two dimensional rectangular cavity with constant heat flux from partially heated bottom 

wall while the isothermal sidewalls are moving in a vertical direction was numerically 

studied by Gau and Sharif [21]. Luo and Yang [26] investigated two dimensional flow 

in a two-sided lid-driven cavity containing a temperature gradient. Billah et al. [6] 

investigated heat transfer and flow characteristics for MHD mixed convection in a lid 

driven cavity with heat generating obstacles where the horizontal walls of the cavity 

were kept adiabatic.  

Aminossadati and Ghasemi [1] performed a numerical study on the mixed convection 

in a horizontal channel with a discrete heat source in an open cavity. They considered 

three different heating modes and found noticeable differences among the indicated 

three heating modes. Mixed convection heat transfer in open-ended enclosures has been 

studied numerically for three different flow angles of attack by Khanafer et al. [23]. 

Leong et al. [25] performed a numerical study on the mixed convection from an open 

cavity in a horizontal channel. Authors found that the heat transfer rate was reduced, 

and the flow became unstable in the mixed convection regime. A numerical analysis of 

laminar mixed convection in a channel with an open cavity and a heated wall bounded 

by a horizontally insulted plate was presented in Manca et al. [29], where they 

considered three heating modes: assisting flow, opposing flow and heating from below. 

Later on, similar problem for the case of assisting forced flow configuration was tested 

experimentally by Manca et al. [28]. Steady laminar mixed convection inside a lid-

driven square cavity filled with water is studied numerically by Chamkha et al. [9]. They 

have shown the results that there are critical values for the partial slip parameter at which 

the convection is declined. 

Rahman et al. [41] performed the effect of Reynolds and Prandtl numbers on mixed 

convection in an obstructed vented cavity. They found that the flow and thermal field 

strongly depend on the Reynolds number, Prandtl number as well as Richardson 

number. As the Reynolds number and Prandtl number increase, the heat transfer rate 
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increases but average fluid temperature in the cavity and temperature at the cylinder 

center decrease at the three convective regimes. Then after Rahman et al. [42] 

investigated mixed convection inside a square ventilated cavity with a heat generating 

solid body located at the center. It was observed that heat transfer had a strong relation 

with conductivity ratio between solid and fluid as well as the diameter of the heat 

generating body. They found that the flow and temperature field is strongly dependent 

on the parameters D, K, and Q for the ranges considered. Yapici et al. [47] investigated 

laminar mixed convection in a lid-driven square cavity considering different shapes of 

hot bottom wall. It was found that at low Ri, rectangular wave shaped bottom wall 

produced maximum heat transfer. Numerical analysis on mixed convection heat transfer 

of nanofluid in a channel is investigated by Rashidi et al. [43]. Numerical simulation of 

mixed convection within nanofluid filled cavities was studied by Esfe et al. [19]. 

Muthtamilselvan et al. [32] have used copper-water nanofluids for the heat transfer 

enhancement. 

Parvin et al. [37] also investigated the effect of Reynolds number for mixed convection 

flow of nanofluid in a double lid driven cavity with heat generating obstacle. The study 

of two-dimensional mixed convection from a heated square solid cylinder located at the 

center of a vented cavity filled with air (Pr = 0.71) is performed.by Chamkha et al. 

[8].The results show that the average Nusselt number along the heated surface of the 

inner square values increases with increasing values of the Reynolds and Richardson 

numbers. The effect of the locations of the inner square cylinder and aspect ratio is 

found to play a significant role in the streamline and isotherm patterns. A channel with 

a cavity heated from below is numerically investigated for the mixed convection case 

for a range of Richardson numbers (Ri = 0.1, 1, 5, 10, 15 and 20) and Reynolds numbers 

(Re = 400, 500, 600, 700 and 800) in the laminar flow regime is investigated by Fatih 

[20]. Mixed convection flows in a lid-driven square cavity filled with porous medium 

are studied numerically using penalty finite element analysis for uniformly heated 

bottom wall, linearly heated side walls or cooled right wall by Basak et al. [3]. They 

found that the isotherms are generally symmetric at smaller Pr irrespective of Da and 

Re at Gr = 105 for linearly heated side walls. The isotherms are also almost symmetric 

at small Re with higher Gr (Gr = 105) and Da (Da = 10-3) and natural convection is found 
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to be dominant whereas the isotherms are compressed near the left and bottom walls at 

higher Re for linearly heated side walls. 

Melting heat transfer influence on nanofluid flow inside a cavity in existence of 

magnetic field is studied by Sheikholeslami and Rokni [45]. KKL model is taken into 

account to obtain viscosity and thermal conductivity of CuO-water nanofluid. Roles of 

melting parameter (δ), CuO-water volume fraction (χ), Hartmann (Ha) and 

Rayleigh (Ra) numbers are illustrated in outputs. Results depict that temperature 

gradient enhances with rise of Rayleigh and melting parameter. Nusselt number 

decreases with increase of Lorentz forces. 

A combined free and forced convection flow of an electrically conducting fluid in a 

cavity or in a channel in the presence of magnetic field is of special technical 

significance because of its frequent occurrence in many industrial applications such as 

geothermal reservoirs, cooling of nuclear reactors, thermal insulations and petroleum 

reservoirs. A study of magnetohydrodynamic (MHD) mixed convection around a heat 

conducting horizontal circular cylinder placed at the center of a rectangular cavity along 

with joule heating has been carried out by Rahman et al. [40]. It was found that the 

streamlines, isotherms, average Nusselt number, average fluid temperature and 

dimensionless temperature at the cylinder center strongly depend on the Richardson 

number, Hartmann number and the cavity aspect ratio. After a few years a finite element 

analysis is performed by Rahman et al. [38] on the conjugated effect of joule heating 

and magnetohydrodynamic on double-diffusive mixed convection in a horizontal 

channel with an open cavity. The results represented that the parameters like as 

Richardson number, Hartmann number, joule heating, buoyancy ratio and Lewis 

number have noticeable effect on the flow pattern and heat and mass transfer. On the 

same time, the development of magnetic field effect on mixed convective flow in a 

horizontal channel with a bottom heated open enclosure has been numerically studied 

again by Rahman et al. [39]. The results indicate that the parameters like as Rayleigh 

number, Reynolds number and Hartmann number strongly affect the flow phenomenon 

and temperature field inside the cavity whereas in the channel these effects are less 

significant. 
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Heat transfer has been given an enormous importance now a day as many engineering 

and modern science and technology system involves the problem of heat transfer. In 

most of the case it has been observed that traditional fluid cannot meet the demand of 

the desired thermo physical property which is needed for the desired level of heat 

transfer. As a result scientists and researcher are now a day trying different fluid to 

increase the heat transfer rate. The thermal conductivities of several nanofluids 

(dispersions of alumina nanoparticles in ethylene glycol) were measured at temperatures 

ranging from 298 to 411 K using a liquid metal transient hot wire apparatus is 

investigated by Beck et al. [4]. Their results confirm that additional temperature 

contributions inherent in Brownian motion models are not necessary to describe the 

temperature dependence of the thermal conductivity of nanofluids. Experimental 

investigations and theoretical determination of effective thermal conductivity and 

viscosity of Al2O3/H2O nanofluids are reported by Chandrasekar et al. [10]. The thermal 

conductivity and viscosity of nanofluids are measured and it is found that the viscosity 

increase is substantially higher than the increase in thermal conductivity. Both the 

thermal conductivity and viscosity of nanofluids increase with the nanoparticle volume 

concentration. Also they found that the proposed models show reasonably good 

agreement with their experimental results. Experiments are carried out by Chen et al. 

[11] on the rheological behavior of ethylene glycol (EG) based titanate nanotubes (TNT) 

nanofluids containing 0.5, 1.0, 2.0, 4.0 and 8.0 wt. % TNT at 20–60 °C. Their results 

show a very strong shear thinning behavior of the TNT nanofluids and big influences of 

particle concentration and temperature on the zero shear viscosity (ZSV) and high shear 

viscosity (HSV), for which the conventional form of Brenner & Condiff equation fails 

to predict. Choi [12] investigated Nanofluids: From vision to reality through research. 

He highlights recent advances in this new field of research and shows future directions 

in nanofluids research through which the vision of nanofluids can be turned into reality. 

A numerical investigation of mixed convection due to a copper–water nanofluid in a 

Lid –Driven square enclosure is presented by Nayak et al. [34]. They obtained the 

enhancement rate in heat transfer and entropy generation in nanofluid for a wide range 

of parameter values. The experimental results from a study on diathermic oil based 

nanofluids are executed by Colangelo et al. [13]. The results showed that the heat 
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transfer performance of diathermic oil enhances more than water with the same 

nanoparticles. Two empirical correlations for predicting the effective thermal 

conductivity and dynamic viscosity of nanofluids, based on a high number of 

experimental data available in the literature, are proposed and discussed by Corcione 

[14]. They found that, given the nanoparticle material and the base fluid, the ratio 

between the thermal conductivities of the nanofluid and the pure base liquid increases 

as the nanoparticle volume fraction and the temperature are increased, and the 

nanoparticle diameter is decreased. Additionally, also the ratio between the dynamic 

viscosities of the nanofluid and the pure base liquid increases as the nanoparticle volume 

fraction is increased, and the nanoparticle diameter is decreased, being practically 

independent of temperature. The heat transfer features of buoyancy-driven nanofluids 

inside rectangular enclosures differentially heated at the vertical walls are investigated 

theoretically by Corcione [15]. They observed that for any assigned combination of 

solid and liquid phases, the optimal volume fraction is found to increase slightly with 

decreasing the nanoparticle size, and to increase much more remarkably with increasing 

both the nanofluid average temperature and the slenderness of the enclosure. The 

numerical modeling of steady laminar mixed convection flow in a lid-driven cavity with 

a wavy wall filled with a water–CuO nanofluid is focused by Nada and Chamkha [33]. 

They found that the presence of nanoparticles causes significant heat transfer 

augmentation for all values of Richardson numbers and bottom wall geometry ratios. A 

numerical study is carried out by Hasib et al. [22] to investigate the transition from 

laminar to chaos in mixed convection heat transfer inside a lid-driven trapezoidal 

enclosure. It is found that both the flow and the temperature profiles are influenced by 

the combined effect of Reynolds and Grashof numbers to a great extent. 

The heatline concept was first introduced by Kimura and Bejan [24]. Various 

applications using heatlines were studied by Bello-Ochende [5], Costa [16], 

Mukhopadhyay et al. [31] and Deng and Tang [18]. Dalal and Das [17] have used heat 

line method for the visualization of flow in a complicated cavity. However a 

comprehensive analysis on heat flow during the mixed convection in a lid driven cavity 

with the heatline approach is yet to appear in this literature.  
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Heat flow visualization during mixed convection within entrapped porous triangular 

cavities with moving horizontal walls via heatline analysis was studied by Roy et al. 

[44]. There they have considered two cases, case 1: hot horizontal walls and cold 

inclined walls; case 2: cold horizontal walls and hot inclined walls. Again heatline 

analysis for MHD mixed convection flow of nanofluid in a driven cavity with heat 

generating block was studied by Parvin and Siddiqua [36].  Heat transfer enhancement 

by nanofluid in a cavity containing a heated obstacle is analyzed by Parvin et al. [35]. 

Again heatlines and other different visualization methods for confined heat transfer 

system are discussed by Mahapatra et al. [27]. For convective heat transfer problems, 

most widely used techniques to visualize the fluid flow and heat transfer are streamlines 

and isotherms respectively. These methods are not sufficient to address the degrees of 

complexity associated with the complicated convective problems. Thus, different 

visualization techniques have been developed to represent the results depending on the 

problem. Again the article by Sheikholeslami et al. [46] explores the effect of thermal 

radiation on Al2O3-water nanofluid flow and heat transfer in an enclosure with a 

constant flux heating element. The effects of Rayleigh number, Hartman number, 

viscous dissipation parameter, radiation parameter, volume fraction of nanoparticle on 

the flow and heat transfer characteristics have been examined.  
 

1.5 Applications 

Mixed convection heat transfer has always been of great interest because of its wide 

applications in different engineering areas such as the cooling systems of electronic 

components, building and thermal insulation systems, the built-in-storage solar 

collectors, the nuclear reactor systems, the food storage industry and the geophysical 

fluid mechanics and chemical processing equipment. Moreover mixed convection heat 

transfer enhancement of nanofluids are expansively used in various sizes of electrical 

and electronic devices. Also nanofluids are now being developed for medical 

applications, including cancer therapy and safer surgery by cooling. However, 

Nanofluids technology can help to develop better oils and lubricants. 
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1.6 Motivation behind Selection of the Present Problem 
 

It is clear from the literature review that little numerical study on heat line analysis for 

mixed convection flow of nanofluids in a cavity with heat generating block has been 

carried out. Heat line analysis for mixed convection in a cavity is important for 

numerous engineering applications. Mixed convection heat transfer is very important in 

designing nuclear reactor, solar collectors, electrical, micro electrical equipment 

containers and in many other design problems. Thus the analysis of the effect of mixed 

convection for different boundary conditions and shapes are necessary to ensure 

efficient performance of heat transfer equipment. On the other hand, the majority of the 

mixed convection studies were carried out in channel or cavity. Numerous studies on 

nanofluids are being conducted by talented thermal scientists and engineers all over the 

world, and they have made the scientific breakthrough not only in discovering 

unexpected thermal properties of nanofluids, but also in proposing new mechanisms 

behind the enhanced thermal properties of nanofluids and thus identifying unusual 

opportunities to develop them as next generation coolants for computers and safe 

coolants for nuclear reactors. Researchers have started showing interest in the study of 

heat transfer characteristics of these nanofluids in recent years.   If the cavity contains 

nanofluids and heat generating object is placed inside the cavity then the rate of heat 

transfer draws an extra attention. To the best of my knowledge, a little attention has 

been paid to investigate the heat transfer characteristics of the nanofluids contained in a 

cavity containing heat generating object. Numerical studies are therefore essential to 

observe the variation in fluid flow and heat transfer due to the above physical and 

properties changes, which forms the basis for the motivation behind the present study. 
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1.7   Present Problem  

In the above studies it is observed that, the heatline analysis for mixed convection in a 

square with cavity with heat generating object using nanofluids has not been analyzed 

yet. The study will be carried out numerically with an accurate numerical procedure, 

and the related results will be shown using isotherms, streamlines, heatlines, and related 

graphs and charts. The challenge of augmentation of heat transfer can be met with this 

model. 

The specific objectives of the present research work are: 

• To study a mathematical model regarding the mixed convection flow around a 

heat generating block placed in a double lid-driven cavity filled with nanofluid.  

• To solve the mathematical model using Finite Element Method (FEM). 

• To examine the effect of different parameters namely Reynold’s number Re, 

solid fluid thermal conductivity ratio (K), Richardson’s number Ri, heat 

generation parameter (Q) and solid volume fraction (χ), on isotherms, 

streamlines, heatlines and average heat transfer. 

• To make an optimum combination of the aforesaid parameters.  

• To validate the present computational procedure with other published works. 

It is expected that the present numerical investigation will contribute to the search for 

finding more efficient and better renewable energy equipment. 
 

1.8 Outline of the Thesis 
 

This thesis paper contains four chapters. In chapter 1, a brief introduction is presented 

with aim and objective. This chapter also consists a literature review of the past studies 

on fluid flow and heat transfer in cavities or channels. In this state-of-the art review, 

different aspects of the previous studies have been mentioned categorically. This is 
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followed by the post-mortem of a recent historical event for the illustration of fluid flow 

and heat transfer effects in cavities or channels.  

In Chapter 2, the computational procedure of the problem for viscuss incompressible 

flow of nanofluid. Basically finite element method is employed in this study and 

explained elaborately. We have investigated the effects for mixed convection flow in a 

lid driven cavity with water-alumina nanofluids. 

Chapter 3 contains a detailed parametric study on heatline analysis of mixed convection 

flow of nanofluid in a cavity with heat generating object. Effects of the major parameters 

such as Reynolds number, solid fluid thermal conductivity ratio, Richardson’s number, 

heat generation parameter, solid volume fraction, on the isotherms, streamlines and 

heatline are described. 

Finally, in Chapter 4 the dissertation is rounded off with the conclusions. Lastly, 

recommendations for further study of the present problem are outlined. 

  

 



CHAPTER 2 
 

PHYSICAL MODEL AND COMPUTATIONAL DETAILS 
 

The mathematical model of physical phenomena may be ordinary or partial differential 

equations, which have been the subject of numerical and analytical investigations. The 

governing partial differential equations of fluid mechanics and heat transfer are solvable 

for only a limited number of flows. To determine an approximate solution numerically, we 

have to use a discretization method which approximated the differential equations by a 

system of algebraic equations, which can then be solved on a computer. The 

approximations are used to small domains in space and /or time so the numerical solution 

provides results at discrete locations in space and time. Much as the accuracy of 

experimental data depends on the quality of the tools used, the accuracy of numerical 

solutions is dependent on the quality of discretization used. 

Computational fluid dynamics (CFD) computation involves the formation of a set numbers 

that constitutes a practical approximation of a real life system. The outcome of computation 

process improves the understanding of the performance of a system. Thereby, engineers 

need CFD codes that can make physically realistic results with good quality accuracy in 

simulations with finite grids. Contained within the broad field of computational fluid 

dynamics are activities that cover the range from the automation of well-established 

engineering design methods to the use of detailed solutions of the Navier-Stokes equations 

as substitutes for experimental research into the nature of complex flows. CFD have been 

used for solving wide range of fluid dynamics problem. It is more frequently used in fields 

of engineering where the geometry is complicated or some important feature that cannot 

be dealt with standard methods. 

The analysis of flow and heat transfer in thermodynamics can be performed either 

theoretically or experimentally. Experimental study of such problem could not gain that 

much popularity in the field of thermodynamics because of their limited flexibility and 

applications. For every change of geometry and boundary conditions, it needs separate 
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investigation, involving separate experimental requirement/ arrangement, which, in turn 

makes it unattractive, especially, from the time involved and economical point of views. 

The remainder of this chapter is as follows. In section 2.1, the physical configurations of 

the current research interest are shown. Then the appropriate mathematical model (both 

governing equations and boundary conditions) is considered in section 2.2. After that a 

numerical scheme that is employed in this study are described in the section 2.3.  

 

2.1 Physical Configurations 

 

 

 

 

       

 

 

 

 

 

 

  

                Case I      Case II 

 

Figure 2.1: Schematic diagram of the problem 

 

The schematic of the problem herein investigated is presented in the figure 2.1. A Cartesian 

co-ordinate system is used with the origin at the lower left corner of the computational 

domain. The system consists of a double-lid-driven square enclosure with sides of length 

L. A heat generating solid square obstacle is positioned at the center of the cavity. In 
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addition, the cavity is saturated with electrically conducting water alumina nanofluid. The 

solid obstacle has a thermal conductivity of ks and generates uniform heat flux (q) per unit 

area. Moreover, the vertical walls of the cavity are mechanically lid-driven and considered 

to be at a constant temperature Tc and both the top and bottom surfaces of the enclosure are 

kept adiabatic. Furthermore, the vertical walls are at uniform velocity U0 in the positive y 

direction (upward) (case I), the top wall is moving left and bottom wall is moving right 

with the same velocity U0 (case II). 

 

2.2 Mathematical Formulation 

In order to solve the fluid flow problems, some fundamental laws are used such as the law 

of conservation of mass or continuity equation, conservation of momentum, and 

conservation of energy, which constitute a set of coupled, nonlinear, partial differential 

equations. The nanofluids in the enclosure are Newtonian, incompressible and laminar. 

The nanoparticles are assumed to have uniform shape and size. It is considered that thermal 

equilibrium exists between water and nanoparticles (Al2O3 nanoparticles) and no slip 

occurs between the two media. It should be stated that, in a practical situation, most 

nanofluids used for augmentation of heat transfer are made up of extremely fine particles, 

usually under 40 nm diameter. The thermo-physical properties of water-alumina nanofluids 

are listed in Table 2.1.  

Table 2.1. Thermophysical properties of water and alumina Mansour [30] 

 

 Property  Fluid phase 
(water) 

Solid phase 
(alumina) 

cp (J Kg-1 K-1) 4179 765 
ρ (Kg m-3) 997.1 3970 

k (W m-1 K-1) 0.613 40 
β (K-1) 2.1× 10-4 0.85×10-5 
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The several steps of the mathematical formulations for the above physical configurations 

are shown as follows: 

2.2.1 Governing equations 

The physical properties of the nanofluids are considered to be constant except the density 

variation in the body force term of the momentum equation which is satisfied by the 

Boussinesq’s approximation. The effects of radiation and viscous dissipation are neglected. 

Under the above assumptions, the system of equations governing the two-dimensional 

motion of nanofluids is as follows: 

Continuity Equation 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0              (2.1) 

Momentum Equations 
 

𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
= −

1

𝜌𝑛𝑓
 
𝜕𝑝

𝜕𝑥
+ ν𝑛𝑓 ∇2𝑢              (2.2) 

𝑢
𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
= −

1

𝜌𝑛𝑓
 
𝜕𝑝

𝜕𝑦
+ 𝜈𝑛𝑓 ∇2𝑣 +

(𝜌𝛽)𝑛𝑓

𝜌𝑛𝑓
 𝑔(𝑇 − 𝑇𝑐)    (2.3) 

 

Energy Equations 

𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
= 𝛼𝑛𝑓 ∇2𝑇        (2.4)  

For solid obstacle the energy equation is, ∇2𝑇𝑠 + 𝑞 = 0    (2.5) 

where 𝑥  and 𝑦  are the distances measured along the horizontal and vertical directions 

respectively, 𝑢 and v are the velocity components in the x and y directions respectively, T 

and Ts denotes the fluid and solid temperature respectively, Tc denotes the reference 

temperature for which buoyancy force vanishes, p is the pressure and ρ is the density of the 

fluid, g is the gravitational constant, β is the volumetric coefficient of thermal expansion, 

cp is the fluid specific heat, k and ks are the thermal conductivity of the fluid and solid 

respectively. 
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The effective density 𝜌𝑛𝑓  of a fluid containing suspended particles at a reference 

temperature is given by 

𝜌𝑛𝑓 = 𝜒 𝜌𝑝 + (1 − 𝜒)𝜌𝑓        (2.6) 

where χ is the solid volume fraction of nanoparticles. In addition, the thermal diffusivity 

nf  of the nanofluids can be expressed as: 

 𝛼𝑛𝑓 =
𝑘𝑛𝑓

(𝜌𝑐𝑝)𝑛𝑓
         (2.7) 

The heat capacitance of nanofluids can be defined as 

(𝜌𝑐𝑝)𝑛𝑓 = 𝜒(𝜌𝑐𝑝)𝑝 + (1 − 𝜒)(𝜌𝑐𝑝)𝑓                                                             (2.8) 

Additionally, the thermal expansion coefficient of the nanofluids  nf  is expressed as: 

(𝜌𝛽)𝑛𝑓 = 𝜒(𝜌𝛽)𝑝 + (1 − 𝜒)(𝜌𝛽)𝑓       (2.9) 

The viscosity of the nanofluids can be estimated with the existing relations for the two-

phase mixture.  

The equation given by Brinkman [7] has been used as the relation for dynamic viscosity of 

the nanofluids in this problem, as given 

𝜇𝑛𝑓 =
𝜇𝑓

(1−𝜒)2.5
                                                                                                                  (2.10) 

The effective thermal conductivity of nanofluids, knf, is given by  

𝑘𝑛𝑓

𝑘𝑓
=

𝑘𝑝+2𝑘𝑓−2𝜒(𝑘𝑓−𝑘𝑝)

𝑘𝑝+2𝑘𝑓+2𝜒(𝑘𝑓−𝑘𝑝)
       (2.11) 

 

where, kp is the thermal conductivity of the nanoparticles and kf is the thermal conductivity 

of base fluid and χ is the particle volume fraction of the suspension. 
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2.2.2 Boundary conditions (dimensional form) 

For the present problem the boundary conditions are specified as follows: 

 

For case I: 

At sliding double leads: 𝑢 = 0, 𝑣 = 𝑈0, 𝑇 = 𝑇𝑐 

At horizontal top and bottom walls: 𝑢 = 𝑣 = 0,
𝜕𝑇

𝜕𝑛
= 0 

At square block boundaries: 𝑢 = 𝑣 = 0, 𝑇 = 𝑇ℎ 

At fluid solid interface: (𝜕𝑇

𝜕𝑛
)fluid = 𝑘 (

𝜕𝑇𝑠

𝜕𝑛
)solid 

 

For case II: 

At horizontal top wall: 𝑢 = −𝑈0, 𝑣 = 0,
𝜕𝑇

𝜕𝑛
= 0 

At horizontal bottom wall: 𝑢 = 𝑈0, 𝑣 = 0,
𝜕𝑇

𝜕𝑛
= 0 

At the vertical walls: 𝑢 = 𝑣 = 0, 𝑇 = 𝑇𝑐 

At square block boundaries: 𝑢 = 𝑣 = 0, 𝑇 = 𝑇ℎ 

At fluid solid interface: (𝜕𝑇

𝜕𝑛
)fluid = 𝑘 (

𝜕𝑇𝑠

𝜕𝑛
)solid 

Where 𝑛 is the non-dimensional distances either in 𝑥 or 𝑦 direction acting normal to the 

surface and 𝑘 is the ratio of the solid fluid thermal conductivity  𝑘𝑠/𝑘𝑛𝑓. 

Such local values have been further averaged over the entire heated surface to obtain the 

surface averaged or overall mean Nusselt number 

0

1 L

av
TNu ds

L N


 


 

where L is the length of the heated wall. The average Nusselt number can be used in process 

engineering design calculations to estimate the rate transfer from the heated surface. 
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2.2.3 Dimensional analysis 
 

The following dimensionless parameters are introduced for making the governing 

equations (2.1−2.5) into dimensionless form: 

𝑋 =
𝑥

𝐿
,   𝑌 =

𝑦

𝐿
, 𝑉 =

𝑣

𝑈0
, 𝑈 =

𝑢

𝑈0
, ∆𝑇 = 𝑇ℎ − 𝑇𝑐  , 𝜃 =

𝑇−𝑇𝑐

∆𝑇
, 𝑃 =

𝑝

𝜌𝑛𝑓 𝑈0
2 

where X and Y are the coordinates varying along horizontal and vertical directions, 

respectively, U and V are, the velocity components in the X and Y directions, respectively, 

 is the dimensionless temperature and P is the dimensionless pressure. After substitution 

the dimensionless variables into the equations (2.1-2.5), we get the following 

dimensionless equations as 

Continuity equation 

𝜕𝑈

𝜕𝑋
+

𝜕𝑉

𝜕𝑌
= 0          (2.12) 

 

Momentum equations 

𝑈
𝜕𝑈

𝜕𝑋
+ 𝑉

𝜕𝑈

𝜕𝑌
=  −

𝜕𝑃

𝜕𝑋
+

ν𝑛𝑓

ν𝑓
 .

1

𝑅𝑒
 ∇2𝑈       (2.13) 

𝑈
𝜕𝑉

𝜕𝑋
+ 𝑉

𝜕𝑉

𝜕𝑌
=  −

𝜕𝑃

𝜕𝑌
+

ν𝑛𝑓

ν𝑓
 ∇2𝑉 + 𝑅𝑖 

𝛽𝑛𝑓

𝛽𝑓
 𝜃      (2.14) 

Energy equations 

𝑈
𝜕𝜃

𝜕𝑋
+ 𝑉

𝜕𝜃

𝜕𝑌
=

1

𝑅𝑒 𝑃𝑟
 
𝛼𝑛𝑓

𝛼𝑓
 ∇2𝜃       (2.15) 

For solid obstacle the energy equation is  

∇2𝜃𝑠 + 𝑄 = 0          (2.16) 

The non-dimensional numbers that appear in equations (2.13)-(2.15) are as follows: 

Reynolds number Re =
𝑈0𝐿

𝑣
 , Prandtl number Pr =

𝑣

𝛼
 , Richardson number Ri =

𝑔𝛽 ∆𝑇 𝐿

𝑈0
2 . 
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2.2.4 Boundary conditions (non-dimensional form) 

 

For case I: 

At sliding double leads: 𝑈 = 0, 𝑉 = 1, 𝜃 = 0 

At horizontal top and bottom walls:  𝑈 = 𝑉 = 0,
𝜕𝜃

𝜕𝑁
= 0 

At square block boundaries: 𝑈 = 𝑉 = 0, 𝜃 = 1 

At fluid solid interface: (𝜕𝜃

𝜕𝑁
)𝑓𝑙𝑢𝑖𝑑 = 𝐾 (

𝜕𝜃𝑠

𝜕𝑁
)𝑠𝑜𝑙𝑖𝑑  

 

For case II: 

At horizontal top wall: 𝑈 = −1, 𝑉 = 0,
𝜕𝜃

𝜕𝑁
= 0 

At horizontal bottom wall: 𝑈 = 1, 𝑉 = 0,
𝜕𝜃

𝜕𝑁
= 0 

At the vertical walls: 𝑈 = 0, 𝑉 = 0, 𝜃 = 0 

At square block boundaries: 𝑈 = 𝑉 = 0, 𝜃 = 1 

At fluid solid interface: (𝜕𝜃

𝜕𝑁
)𝑓𝑙𝑢𝑖𝑑 = 𝐾 (

𝜕𝜃𝑠

𝜕𝑁
)𝑠𝑜𝑙𝑖𝑑  

where 𝑁 is the non-dimensional distances either in 𝑋 or 𝑌 direction acting normal to the 

surface and 𝐾 is the ratio of the solid fluid thermal conductivity 𝐾𝑠/𝐾𝑛𝑓  . 

The average Nusselt number at the heated wall of the cavity based on the conduction 

contribution may be expressed as 
0

1 L
nf

f

k
Nu dN

L k N
  

      
            (2.17) 

The average temperature and average velocity may be expressed as: 

/av dV V    where L is the non-dimensional  length of the surface. 

The relationships between stream function   and velocity components U, V for two-
dimensional flows are  

 𝑈 =
𝜕𝜓

𝜕𝑌
   and  𝑉 = − 

𝜕𝜓

𝜕𝑋
  which give a single equation  

𝜕2𝜓

𝜕Χ2
+

𝜕2𝜓

𝜕Y2
=

𝜕𝑈

𝜕𝑌
−

𝜕𝑉

𝜕𝑋
 . 

The no-slip condition is valid at all boundaries as there is no cross-flow. Hence 0  is 
used for boundaries.  
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The heat flow within the enclosure is displayed using the heat function Π obtained from 
conductive heat fluxes ,

X Y
   

  
  

 as well as convective heat fluxes (Uθ, Vθ). The heat 

function satisfies the steady energy balance equation  U
Y X




 
 

 
 and V

X Y



 

  
 

  

which yield a single equation    
2 2

2 2 U V
X Y Y X

 
     

  
   

. 

 

2.3 Numerical Analysis 

The governing equations along with the boundary conditions are solved numerically, 

employing Galerkin weighted residual finite element techniques discussed below. 

 

2.3.1 Finite element formulation and computational procedure 

To derive the finite element equations, the method of weighted residuals Zienkiewicz and 

Taylor [48] is applied to the equations (2.12) – (2.16) as  

0
A

U VN dA
X Y

  
  

  
                                                                       (2.18) 

2 2

2 2
1

A A

nf
A

f

U U PN U V dA H dA
X Y X

U UN dA
Re X Y

 







     
      

     

  
 

  

 



      (2.19) 

2 2

2 2
nf

A A A
f

nf
A

f

V V P V VN U V dA H dA N dA
X Y Y X Y

Ri N dA

  












        
        

         



  



  (2.20) 

2 2

2 2
1nf

A A
f

N U V dA N dA
X Y Re Pr X Y 

   



     
    

      
                             (2.21) 

0s s
A A

N U V dA N Q dA
X Y 

   
   

  
        (2.22) 
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where A is the element area, N
( α = 1, 2, … … , 6) are the element interpolation functions 

for the velocity components and the temperature and H
( λ = 1, 2, 3) are the element 

interpolation functions for the pressure. 

Then apply Gauss’s theorem into equations (2.19)-(2.22) to generate the boundary integral 

terms associated with the surface tractions and heat flux. After that the equations (2.19)-

(2.22) become 

00

1

A A

nf
xA S

f

U U PN U V dA H dA
X Y X

N NU U dA N S dS
Re X X Y Y

 

 






     
     

     

   
  

    

 

 

     (2.23) 

00

A A

nf nf
yA A S

f f

V V PN U V dA H dA
X Y Y

N NV V dA Ri N dA N S dS
X X Y Y

 

 
 

 


 

     
     

     

   
   

    

 

  

   (2.24) 

1

1nf
A A

f

w wSw

N NN U V dA dA
X Y Re Pr X X Y Y

N q dS

 




   



      
     

        



 



   (2.25) 

2
s s

w wA A Sw

N N dA N QdA N q dS
X X Y Y
 

 

     
   

    
       (2.26) 

The equations (2.23)-(2.24) specify surface tractions (Sx, Sy) along outflow boundary S0 

and (2.25)-(2.26) specifying velocity components and fluid temperature or heat flux (qw) 

that flows into or out from domain along wall boundary Sw. 

The basic unknowns for the above differential equations are the velocity components U, 

V, the temperature , θs and the pressure P. The six node triangular element is used in this 

work for the development of the finite element equations. All six nodes are associated with 

velocities as well as temperature; only the corner nodes are associated with pressure. This 

means that a lower order polynomial is chosen for pressure and which is satisfied through 

continuity equation.  
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The velocity component and the temperature distributions and linear interpolation for the 

pressure distribution according to their highest derivative orders in the differential 

equations (2.12)-(2.16) as  

   UNYXU ,                                                                                                (2.27) 

   VNYXV ,                                                                                                 (2.28) 

    NYX ,                                                                                                     (2.29) 

                                                                                               (2.30) 

   PHYXP ,                                                                                                   (2.31) 

where  β = 1, 2, … … , 6;  λ = 1, 2, 3. 

Substituting the element velocity component distributions, the temperature distribution, 

and the pressure distribution from equations (2.27)-(2.31), we get the following equations: 

 , , 0x yA
N N U N V dA               (2.32) 

     

 

, , ,

, , , , 00

1

x y xA A

nf
x x y y xA S

f

N N U N U N V N U dA H H P dA

N N U N N U dA N S dS
Re

           

      





   
 

 

 

 
             (2.33) 

 

     

 

, , ,

, , , ,

00

1

x y yA A

nf
x x y yA

f

nf
yA S

f

N N U N V N V N V dA H H P dA

N N V N N V dA
Re

Ri N N dA N S dS

           

     

   










   
 



 

 



 

             (2.34) 

 

     

 

, ,

, , , , 1
1

x yA

nf
x x y y w wA Swf

N N U N N V N dA

N N N N dA N q dS
Re Pr

        

      

 


 



 
 

  



 
       (2.35) 

 

 ,s sX Y N  
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     , ,

2

x s y sA

w wA Sw

N N U N N V N dA

N Q dA N q dS

        

 

  
 

 



 
         (2.36) 

Then the finite element equations can be written in the form 

0 
VKUK yx           (2.37) 

 1nf
x y x xx yy u

f
K U U K V U M P S S U Q

Re          





 
     

 
 

 (2.38) 

 nf
x y y xx yy

f

nf
v

f

K U V K V V M P S S V

Ri K Q

         

  










 
    

 
 

 

      (2.39) 

 1nf
x y xx yy

f
K U K V S S Q

Re Pr         


  



 
    

 
 

      (2.40) 

 xx yy s
s

S S K Q Q    
             (2.41) 

 

where the coefficients in element matrices are in the form of the integrals over the element 

area and along the element edges S0 and Sw as 

,x xA
K N N dA 

                                                                                       (2.42a) 

,y yA
K N N dA 

                                                                                       (2.42b) 

,x xA
K N N N dA  

                                                                                  (2.42c) 

,y yA
K N N N dA  

                                                                                  (2.42d) 

A
K N N dA                                                                                                  (2.42e) 

, ,xx x xA
S N N dA 

                                                                                        (2.42f) 

, ,yy y yA
S N N dA 

                                                                                         (2.42g) 
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,x xA
M H H dA 

                                                                                           (2.42h) 

,y yA
M H H dA 

                                                                                         (2.42i) 

00u xS
Q N S dS

                                                                                                (2.42j) 

00v yS
Q N S dS

                                                                                              (2.42k) 

1w wSw
Q N q dS 

                                                                                           (2.42l) 

2w wSws
Q N q dS 

                                                                                               (2.42m) 

A
K N dA                                                                                                            (2.42n) 

These element matrices are evaluated in closed form ready for numerical simulation. 

Details of the derivation for these element matrices are omitted herein. 

For numerical simulation, these element matrices are evaluated in closed-form. Details of 

the derivation for these element matrices are omitted herein for briefness. 

The resultant finite element equations (2.37)-(2.41), are nonlinear. These nonlinear 

algebraic equations are solved employing the Newton-Raphson iteration technique by first 

writing the unbalanced values from the set of the finite element equations (2.37)-(2.41) as, 

p x yF K U K V   
          (2.43a) 

1 ( )

u x y x

nf
xx yy u

f

F K U U K V U M P

S S U Q
Re

       

  





  

 
   
 
 

      (2.43b) 

( )nf
v x y y xx yy

f

nf
v

f

F K U V K V V M P S S V

Ri K Q

          

  










 
     

 
 

 

        (2.43c) 

 1nf
x y xx yy

f
F K U K V S S Q

Re Pr           


  


       (2.43d) 



  Chapter 2 
 

32 
 

 xx yy ss s
F S S K Q Q     

          (2.43e) 

This leads to a set of algebraic equations with the incremental unknowns of the element 

nodal velocity components, temperatures, and pressures in the form, 

0
0
00
00 0

0 00 0

u
uu uv u up

vvu vv v vp

u v

pu pv p

ss s s

FK K K K u
FK K K K v
FK K K

pK K F
K F





   



 






 
     
          
      
          
          

       (2.44) 

where  1nf
uu x x y xx yy

f
K K U K U K V S S

Re      





 
     

 
 

 

uv yK K U


  

0u u sK K    

up xK M


  

vu xK K V


  

 1nf
vv x y y xx yy

f
K K U K V K V S S

Re      





 
     

 
 

 

nf
v

f
K Ri K 




   

vp yK M


 , 0v sK    

u xK K 
  

v yK K 
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1 ( )nf
x y xx yy

f
K K U K V S S

Re Pr     




     

0p sK K    

pu xK M


  

pv yK M


  

0p pp p sK K K     

0u v ps s s sK K K K         

 xx yys sK S S   
   

The iteration process is terminated if the percentage of the overall change compared to the 

previous iteration is less than the specified value. 

To solve the sets of the global nonlinear algebraic equations in the form of matrix, the 

Newton-Raphson iteration technique has been adapted through PDE solver with MATLAB 

interface. The convergence of solutions is assumed when the relative error for each variable 

between consecutive iterations is recorded below the convergence criterion ε such that  

  nn 1 , where n is number of iteration and , ,U V   . The convergence 

criterion was set to 10- 5. 

 

2.3.2 Grid size sensitivity test 
 

In this chapter a lid driven cavity is considered as the geometry, therefore several grid size 

sensitivity tests are conducted in this geometry to determine the sufficiency of the mesh 

scheme and to ensure that the solutions are grid independent. Therefore a grid 

independence study was executed to make sure the correctness of the numerical results for 

a square cavity at the representative value of Pr = 6.2, Re = 100, K = 5, Ri = 1, Q = 1 and 

χ = 0.05. Non-uniform triangular element grid system is employed in the present study. 
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The extreme value of Nuav is used as a sensitivity measure of the accuracy of the solution 

and is selected as the monitoring variable considering both the accuracy of numerical value 

and computational time. This is described in Figure 2.2. It is observed that the magnitude 

of the average Nusselt number for 10843 elements shows a very little difference with the 

results obtained for the other higher elements. The element 10843 is chosen for further 

calculation. This grid resolution is therefore used for all consequent calculations. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2.2: Grid sensitivity test while Pr = 6.2, Re = 100, K = 5, Ri = 1, Q = 1 and χ = 
0.05. 

 
 

2.3.3 Validation of the numerical scheme 

In order to verify the accuracy of the numerical results and the validity of the mathematical 

model obtained throughout the present study, comparisons with the previously published 

results are essential. But due to the lack of availability of experimental data on the particular 

problems along with its associated boundary conditions investigated in this study, 

validation of the predictions could not be done against experiment.  
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The present numerical model is verified for heat transfer and flow characteristics for MHD 

mixed convection in a lid-driven cavity with heat generating obstacle by Billah et al. 

(2011). However, we recall here some results obtained by our model in comparison with 

those reported in Billah et al. (2011) for Re = 100, Ha = 10, Q = 1, Pr = 0.71, Ri = 10 and 

K = 5.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  Billah et. al (2011)   Present work 
 

Figure 2.3: Comparison of the present work with Billah et al. (2011) while Re = 100, Ha 
= 10, Q = 1, Pr = 0.71, Ri = 10 and K = 5 for isotherms (top) and streamlines (bottom). 
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The physical problem studied by Billah et al. (2011) was a lid-driven enclosure with sides 

of length L. A heat generating solid square obstacle is positioned at the center of the cavity. 

In addition, the cavity is saturated with electrically conducting fluid. The solid obstacle has 

a thermal conductivity of ks and generates uniform heat flux (q) per unit area. Moreover, 

the vertical walls of the cavity are mechanically lid-driven and considered to be at a 

constant temperature Tc and uniform velocity V0 in the positive y direction (upward). 

Furthermore, both the top and bottom surfaces of the enclosure are kept adiabatic. The 

uniform magnetic field of strength B0 is applied in the horizontal direction.   

Finally, the streamlines and isotherms for Re = 100, Ha = 10, Q = 1, Pr = 0.71, Ri = 10 and 

K = 5 is presented in the Figure 2.3. It can be seen from the figure that the present results 

and those of Billah et al. (2011) are in excellent agreement. This validation boosts the 

confidence in the numerical outcome of the present work.  

 



CHAPTER 3 
RESULTS AND DISCUSSION 
 

The present numerical study is carried out for Al2O3-water nanofluid with the help of finite-

element method. The current investigation is to explore the conjugate effects of nanofluids 

on mixed convection heat transfer in a square cavity in the presence of heat generating 

object in heatline approach. Numerical results are presented in order to determine the 

effects of the presence of dimensionless parameters. The dimensionless parameters that 

must be specified for the system are Reynolds number (Re), solid fluid thermal 

conductivity ratio (K), Richardson  number (Ri), heat generation parameter (Q) and solid 

volume fraction (χ). Results are presented in terms of isotherms, streamlines and heatlines 

contours along with necessary plots at different values of Re, K, Ri, Q and χ for case I and 

II. Representative distributions of average Nusselt number (Nuav) at the heated surface, the 

dimensionless average temperature θav of the fluid and the solid, maximum average 

temperature of the fluid and solid and the average heat flux magnitude will be presented. 

 

3.1 Effect of Reynolds Number 
 

Mixed convection flow for nanofluid inside a lid driven cavity having a heat generating 

square obstacle is governed by different parameter namely Prandtl number Pr, Reynolds 

number Re, solid volume thermal conductivity ratio K, Richardson number Ri, heat 

generation parameter Q and solid volume fraction χ. Here the Reynolds number Re is 

involved to control the heat transfer and fluid flow in this section and the other parameters 

are kept fixed at Pr = 6.2, K = 5, Ri = 1, Q = 1, and χ = 0.05. The results are presented in 

terms of isotherms, streamlines and heatlines pattern. Figure 3.1(a) is showing the 

isotherms for different values of Reynolds number from 20 to 150 (case I). Here the color 

indicates the temperature of the flow field, blue is for lower temperature and red color 

indicates higher temperature. The higher valued isothermal lines are near the heat 

generating object and lower valued lines are near the side walls. For Re = 20 the isotherms 

near the upper boundary are looked like the shadow of human arms. From the figure it can 
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be said that when Re increases that is the inertia force increases due to the movement of 

two vertical lids the isothermal lines near the upper boundary become sharp and near the 

heat generating obstacle these are more condensed. For Re = 100 and 150 the isotherm 

disappears near the upper boundary and number of isotherms increase which indicates 

higher temperature gradient. A thermal plume is developed near the vertical wall for higher 

values of Re. 

The flow field inside a double lid driven cavity with heat generating object in terms of 

computed streamlines for various Reynolds number is shown in figure 3.1(b). The other 

parameters are kept fixed at Pr = 6.2, K = 5, Ri = 1, Q = 1, and χ = 0.05.  Here the color 

indicates the velocity magnitude of the flow field, blue to red means lower to higher 

velocity. Due to the upward motion of the vertical walls, fluid rises up along the vicinity 

of the vertical walls forming clockwise rotating cell as well as anticlockwise rotating cell 

near the left and right vertical lids respectively for aforesaid values of Re. The flow strength 

increases for the increasing value of Re. The size of the vortex as well as the flow strength 

has a strong effect as the Re is increased from 20 to 150.  The flow field is almost 

symmetrical adjacent of the side walls for all values of Re. For the given boundary 

condition there form two counter clockwise vortex at two sides of the cavity. For Re = 100 

and 150, the stream lines are little bit away from the heat generating object near the bottom 

wall and become closer near the upper wall. The elliptic shape of the core of the vortex 

becomes circular as Reynolds number gets the higher values. If the Reynolds number is 

increased the vortex inside the cavity becomes slightly stronger which is a sign of 

supremacy of forced convection in the cavity. 

The heat lines for various Reynolds number is shown figure 3.1(c). The figure shows the 

flow of the heat due to the mixed convection in a square cavity with a heat generating 

obstacle while the above mentioned parameters are kept fixed as the same value. Here the 

red color indicates the higher heat flux magnitude and the blue color indicates the lower 

heat flux magnitude. From the figure it can be said that there is well built effect of Re on 

heatline structure. 
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(a)                              (b)                                       (c) 

Figure 3.1: (a) Isotherms, (b) streamlines and (c) heatlines for different values of Re 
(case I) with Pr = 6.2, K = 5, Ri = 1, Q = 1 and χ = 0.05. 

 

Re = 20 

Re = 50 

Re = 100 

Re = 150 



Chapter 3 
 

40 
 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

  

  

 

   

  (a)                                          (b)                                     (c) 

Figure 3.2: (a) Isotherms, (b) streamlines and (c) heatlines for different values of Re 
(case II) with Pr = 6.2, K = 5, Ri = 1, Q = 1 and χ = 0.05. 

Re = 150 

 

Re = 20 

 

Re = 50 

 

Re = 100 
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The flow pattern is symmetric about vertical mid line. When Re = 20, the heatlines are 

denser near the side walls due to movement of the side walls and elliptic shape lines are 

less in number. When Re is increased from 20 to 50 it is found that the heatlines become 

denser near the heat generating obstacle due to forced convection.  Also it is found that the 

elliptic heat lines increases near the side walls. In the next figure when Re is increases to 

100 and 150, the orientation of the heatlines are almost similar. Since the fluid is water 

Al2O3 nanofluid and the forced convection becomes stronger that causes the heat transfer 

rate to increase. Therefore, at high Reynolds numbers addiction of nanoparticles motivates 

increase in heat transfer rate. 

The effect of Reynolds number on the temperature distributions for the case II are 

illustrated in the figure 3.2 by plotting the isotherms, streamlines and heatlines, while the 

other parameters are kept fixed as Pr = 6.2, K = 5, Ri = 1, Q = 1 and χ = 0.05.  The 

corresponding isotherms results from the figure indicates that obstacle remains at higher 

temperature. The lower valued isotherms are nearer the boundaries and the higher valued 

lines are nearer the heat generating object. At high Reynolds number the forced convection 

plays a dominant role, and the recirculation flow is mostly generated by the moving lid. 

We also observe that from the figure 3.2(a) as the Reynolds number enhances from 20 to 

150, the temperature contours tend to get affected considerably. At Re = 20, the isothermal 

lines near the heat generating object are elliptic and slightly inclined to the right corner, the 

isothermal lines near the side walls are rectangular. When Re increases that is inertia force 

increases due to the movement of the upper and lower leads, it is observed that the 

isothermal lines are denser to the upper left corner since the upper lead is moving to the 

left with considerably higher velocity. 

In figure 3.2(b), the streamlines are shown for different values of Reynolds number. At Re 

= 20 the flow strength of the nanofluid is symmetric about the vertical mid line. This is 

also observed for the other values of Reynolds number. Almost all the streamlines are 

rectangular in shape. But for the higher Reynolds number the direction of the motion of the 

fluid is affected by the movement of the upper and lower boundaries which is in counter 

clockwise direction. That is why the streamlines are denser for the higher values of 

Reynolds number. In figure 3.2(c), the heatline pattern is shown for different values of 



Chapter 3 
 

42 
 

Reynolds number while Pr = 6.2, K = 5, Ri = 1, Q = 1 and χ = 0.05. For low Reynolds 

number the heatlines are symmetric about the vertical mid line inside the domain. When 

the values of Reynolds number increases from 20 to 50 the heatlines is denser which is 

observed for the other values of Reynolds numbers and the heatlines overlap, which cause 

the heat transport through the fluid.  

In figure 3.3, the effect of Reynolds number on average Nusselt number at the heat source, 

average fluid temperature in the cavity, maximum temperature in the cavity and the average 

heat flux magnitude for the cases I and II are presented while  Pr = 6.2, K = 5, Ri = 1, Q = 

1 and χ = 0.05.  The average Nusselt number for the increasing value of Re slightly changed 

for both the cases and all the values of Nusselt number are apparently higher in case I than 

that of case II. The average temperature of the solid and fluid for case I and II are shown 

in the next figure where it is observed that the average temperature of the solid decreases 

for the increasing value of Re. The average temperature of the fluid decreases very slowly 

and after Re = 50 the average temperature is almost constant. The next figure is for 

maximum temperature for various values of Reynolds number. The maximum temperature 

for case I is lower than that of case II. Again average heat flux magnitude increases rapidly 

for the increasing value of Re while the heat flux magnitude increases very slowly for case 

I. Finally the quantitative measurements of average Nusselt number, average temperature, 

maximum temperature and the average heat flux magnitude are tabulated in the tables 

3.1(a), 3.1(b), 3.1(c) and 3.1(d) respectively for the cases I and II with different Reynolds 

numbers. 
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(a)  (b) 
 

 

 

 

 

 

 

  

 

 

               (c)                                                                 (d)                           

 

Figure 3.3 (a) Average Nusselt number, (b) average temperature of the solid and the 

fluid, (c) maximum temperature of the solid and the fluid and (d) average heat flux 

magnitude for different values of Re, with  Pr = 6.2, K = 5, Ri = 1, Q = 1 and χ = 0.05. 

 



Chapter 3 
 

44 
 

 

Table 3.1 (a): Variation of average Nusselt number with Re 

 

Re Case I Case II 

20 3.53386 3.51295 

50 3.53180 3.52286 

100 3.53487 3.52267 

150 3.53455 3.51710 
 

Table 3.1 (b): Variation of average temperature with Re 

 

Re solid(case I) fluid(case I) solid(case II) fluid(case II) 

20 0.70384 0.20508 0.9706 0.31521 

50 0.53062 0.12609 0.84769 0.26190 

100 0.45834 0.10062 0.78953 0.23402 

150 0.43213 0.08979 0.75228 0.21602 

 

Table 3.1 (c): Variation of maximum temperature with Re 

 

Re solid(case I) fluid(case I) solid(case II) fluid(case II) 

20 0.74838 0.73557 1.00488 1.00488 

50 0.57628 0.56492 0.88278 0.88278 

100 0.50764 0.49861 0.82605 0.82605 

150 0.48274 0.47218 0.79202 0.79202 

 

Table 3.1 (d): Variation of average heat flux magnitude with Re 

 

Re Case I Case II 

20 3.60620 8.96568 

50 4.73351 16.6571 

100 6.24679 27.0822 

150 7.82795 34.43532 
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3.2 Effect of Solid Fluid Thermal Conductivity Ratio 
 

Cooling mechanism is one of the most important concerns in the industry. In most cases 

cooling improvement of existing heat exchanger is done by increasing the size of these 

systems which is not desirable. In recent years nanofluid is used to improve the heat transfer 

since it is with higher thermal conductivity than the pure fluid. 

In the present problem, isotherms, streamlines and heatlines for case I are shown in figure 

3.4 for various values of solid fluid thermal conductivity ratio K(0.2, 1,5 and 50) while the 

other parameters are kept fixed as Pr = 6.2, Re = 100, Ri = 1, Q = 1 and χ = 0.05. Now 

from the figure 3.4(a) it is a reminder that the thermal conductivity of the heat generating 

obstacle effects strongly on the isotherm structures. At the lower value of K = 0.2, the lower 

values isotherm near the heat-generating body is parabolic but higher values isothermal 

lines are elliptic. In addition, the thermal layer inside and on the boundary of heat 

generating square obstacle is more concentrated indicating most of the heat is concentrated 

inside and on the boundary of a heat generating body for the lowest value of K, because 

this body generates heat and contains more heat from the surrounding space. The 

concentrated isotherm reduces from the heat-generating obstacle with the increasing values 

of K since the thermal conductivity increases for the increasing value of K as a result the 

parabolic shaped isotherms increases. It is also observed that when K increases the 

isotherms near the side walls which occurs due to the movement of the side walls. 

The flow field inside a double-lid driven square cavity in terms of computed streamline for 

the four representative values of the solid fluid thermal conductivity ratio K (= 0.2, 1, 5 and 

50), while Pr = 6.2, Re = 100, Ri = 1, Q = 1 and χ = 0.05 is shown in figure 3.4(b). For all 

values of K the flow field becomes symmetrical about vertical wall. Now for K = 0.2, the 

fluid flow is characterized by a clockwise and anti-clockwise eddy generated by the motion 

of the vertical lids. Again for the different higher values of K (1.0, 5. and 50), it is evident 

that the size as well as the flow strength of the vortices remains unaffected with the 

increasing value of K. This behavior is rational because thermal conductivity of the solid 

has a negligible effect in the flow field. For all values of K the flow field becomes 
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symmetrical about vertical line due to the presence of double-lids having uniform velocity, 

temperature and direction. 

The heatlines for various solid fluid thermal conductivity ratio are shown in the figure 

3.4(c). From the figure it can easily be said that there is well built effect of K on heat line 

structure. Since heatlines represents the trajectory of the heat flow and the concept is 

similar to streamline, therefore a clockwise and anticlockwise direction is observed due to 

the movement of the side walls. Heat flux lines originated from the solid block becomes 

denser for higher values of K. If K increases then the heat flow increases since the thermal 

conductivity of the solid block is higher than that of nanofluid. 

In the present case II, the isotherms, streamlines and heatlines are shown in figure 3.5 for 

various values of solid fluid thermal conductivity ratio K (0.2, 1, 5, 50) while the other 

parameters are kept fixed as Pr = 6.2, Re = 100, Ri = 1, Q = 1 and χ = 0.05. In the first 

column, figure 3.5(a) the isotherms are shown. The first figure is for K = 0.2 which is 

lowest value for the considered four values which shows that the isothermal lines are denser 

near the heat generating object. These isothermal lines are comparatively higher valued 

than those are near the boundaries. The isothermal lines nearer the heat generating object 

are elliptic and the lines nearer the upper and lower moving boundaries are seemed to be 

like rectangular due to the movement of the boundaries. The next figure is for K = 1 where 

the number of isothermal lines increases in the fluid domain. Like the previous case the 

isothermal lines near the heat generating body are elliptic, in the center they are almost 

circular and near the upper and lower moving walls the lines are rectangular.  In the same 

manner for the next two values of solid fluid thermal conductivity ratio K (5 and 50), the 

conductivity of the heat generating body is higher and the isothermal lines increase and 

making a comparison of the isothermal lines for different values of K, no significant 

difference is found except shifting of the isothermal lines from the center of the heat-

generating obstacle. 
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        (a)                                                (b)                                                   (c) 

Figure 3.4: (a) Isotherms, (b) streamlines and (c) heatlines (case I) for different values of  
K with Pr = 6.2, Re = 100, Ri = 1, Q = 1 and χ = 0.05. 
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        (a)                                              (b)                                        (c) 

Figure 3.5: (a) Isotherms, (b) streamlines and (c) heatlines (case II) for different values 
of K with Pr = 6.2, Re = 100, Ri = 1, Q = 1 and χ = 0.05. 

K = 50 

K = 5 

K = 1 

K = 0.2 
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In figure 3.5(b), streamlines for different values of solid fluid thermal conductivity ratio K 

(0.2, 1, 5, 50) are shown while the other parameters are kept fixed as Pr = 6.2, Re = 100, 

Ri = 1, Q = 1 and χ = 0.05. For K = 0.2, the streamlines are shown in the first figure. From 

the figure it can be said the direction of the streamlines are greatly affected by the 

movement of the upper and lower boundaries. For the other values of K (1, 5 and 50) the 

direction as well as the vortex of the motion remain the same as the previous value of K 

except the number of streamlines increase.  

In the third column of figure 3.5 the heatlines for different of K are shown while the other 

parameters are kept fixed as Pr = 6.2, Re = 100, Ri = 1, Q = 1 and χ = 0.05. For different 

values of K there is very low effect on the heatline pattern. Here heat flow occurs mainly 

due to convection as the heatlines are nearly perpendicular to the isotherm lines as well the 

walls. Here the intensity of fluid circulations is found to be much stronger near the side 

walls specially near the upper and lower moving walls due to the movement of the walls. 

The large regime of the convection is due to the large amount of heat transport from the 

moving walls associated with the large intensity of circulation. Therefore if the values of 

K increases from 0.2 to 50 the heat flux lines also increases near the side walls and 

transports heat from the center to the side walls. 

The effect of solid fluid thermal conductivity ratio on average Nusselt number at the heat 

source, average fluid temperature in the cavity, maximum temperature and the average heat 

flux magnitude are shown in the figure 3.6 for case I and II. The figure 3.6(a) shows the 

distribution of the average Nusselt number vs. the solid fluid thermal conductivity ratio K. 

for the both cases when K = 0.2, the average Nusselt number is very high. If K increases 

to 1 then there is a rapid decrease in the average Nusselt number. Thereafter the average 

Nusselt number decreases slowly for the next two values of K. From the figure it seems 

that for the above mentioned two cases all the values overlap that is there is similar changes 

for the values of K. In the figure 3.6(b) the variation of average temperature vs. K is shown 

for solid and fluid of case I and that of case II. It is observed that for both cases the average 

temperature of the fluid remain unchanged for various values of K (0.2, 1, 5 and 50). The 

result match with the result found in the streamline pattern for various values of K. The 

average temperature of the fluid for case II is higher than that of case I in every case. 



Chapter 3 
 

50 
 

 

 

 

 

 

 

 

 

 

 

 

(a)      (b) 
 

 

 

 

  

   

 

 

 

 

(c)                                                                            (d)                                                                                                              

Figure 3.6: (a) Average Nusselt number , (b) average temperature of the solid and the 

fluid, (c) maximum temperature of the solid and the fluid and (d) average heat flux 

magnitude for different values of K, with Pr = 6.2, Re = 100, Ri = 1, Q = 1 and χ = 0.05. 
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Table 3.2 (a): Variation of average Nusselt number with K 

 

K Case  I Case  II 
0.2 15.86172 15.93062 
1 5.92333 5.959422 
5 3.53487 3.522612 
50 2.80057 2.795242 

 

Table 3.2 (b): Variation of average temperature with K 

 

K solid(case I) fluid(case I) solid(case II) fluid(case II) 
0.2 1.152742 0.10514 1.48286 0.23617 
1 0.590852 0.10308 0.91973 0.23318 
5 0.458322 0.10059 0.78707 0.23218 
50 0.420082 0.09901 0.750877 0.23345 

 

Table 3.2 (c): Variation of maximum temperature with K 

 

K fluid(case I) solid(case I) fluid(case II) solid(case II) 
0.2 0.77339 1.94317 0.94905 2.25902 
1 0.63845 0.76805 0.87245 1.08629 
5 0.498595 0.50763 0.792245 0.82358 
50 0.426058 0.42633 0.752335 0.75483 

 

Table 3.2 (d): Variation of average heat flux magnitude with K 

 

K Case I Case II 
0.2 6.08861 27.06434 
1 6.13194 26.79185 
5 6.24505 26.83165 
50 6.35479 27.11632 
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Again the average temperature of the solid (case II) is higher than the average temperature 

of the solid (case I). For the lower values of K the average temperature is high and for the 

value of K from 5 to 50 the variation in the average temperature is very slow in both cases. 

The next figure is showing the maximum temperature of the solid and fluid in both cases. 

Maximum temperature of the solid for case I is higher than solid for case II. Also it can be 

said that the maximum temperature of the fluid (both cases) is a little bit higher for the 

lower value of K. The average heat flux magnitude for different values of K are shown in 

the figure 3.6(d) for case I and case II. Here it is observed that the average heat flux 

magnitude for case II is higher than that of case I. It is also observed that for the increasing 

value of K there is very small effect of average heat flux magnitude which is negligible. It 

is further observed that, although the variation of the average Nusselt number with K is 

qualitatively similar for the abovementioned cases, but has quantitatively dissimilarity, 

which are well documented in the Tables 3.2 (a), (b), (c) and (d). 

 

3.3 Effect of Richardson Number 
 

Figure 3.7 shows the results obtained for case I for various values of Richardson number 

in the form of isotherms, streamlines and heatlines. For case I, the upper and lower lids are 

adiabatic, left and right walls are moving upwards. These movements of the lids cause two 

primary vortices to be formed near the lids. According to the direction of the lids 

movement, the vortex which is formed by the force resulting from the movement of the left 

lid is clockwise and the vortex which is formed by the force resulting from movement of 

the right lid is counterclockwise. Richardson number in figure 3.7 is set to 0, 1 and 10 

whether the other parameters are kept fixed as Pr = 6.2, Re = 100, Q = 1, K = 5 and χ = 

0.05. Here Ri = 0 stands for pure forced convection which means that the force due to 

movement of the lids dominates over the buoyancy force. The isotherms for Richardson 

number of 0, 1 and 10 are shown in the figure 3.7(a). At Ri = 0 the isotherms demonstrate 

that temperature gradient near the cold wall and particularly the hot wall is very high which 

shows high rate of heat transfer in these areas. In fact, temperature distribution inside the 



Chapter 3 
 

53 
 

cavity is highly dependent on the forced convection flow caused by movement of the lids. 

In the next figure Richardson number is assumed to be equal to unity which is for pure 

mixed convection and a similar pattern is observed in this case except that the isotherms 

near the side walls become sharper. The upper figure of 3.7(a) is for Ri = 10 which is for 

free convection dominated region. The temperature distribution in this case is almost 

opposite of the other two case since natural convection is dominant in this case. It is also 

visible that the isothermal lines are in upward direction. 

In the figure 3.7(b) the streamlines for various Ri is observed. Ri = 0 is for pure forced 

convection which occurs due to the movement of the lids and thus, the formed vortices are 

due to the forced convection. A similar distribution is observed for Ri = 1. For Ri = 10, a 

visible change is found compared to the previous two cases. Effect of natural convection 

and the force caused by the upper lid reinforce each other, thus a powerful vortex is formed 

which occupies bulk of the cavity. The previously existing vortices are closer to the side 

walls and two new vortices are formed near the heat generating object which illustrates the 

increment in the velocity of the fluid. Again the heatlines for various values of Richardson 

number is shown in the figure 3.7(c) while the other parameters are Pr = 6.2, Re = 100, Q 

= 1, K = 5 and χ = 0.05. For these three cases there are well built effect of increasing values 

Ri. For pure forced convection (Ri = 0) and pure mixed convection (Ri = 1) the heatlines 

are condensed near the heat generating object and gradually they are transmitting heat to 

the nearby cold side walls. For Ri = 10 which is for free convection region, the heatlines 

spread over the whole region. In this case the heatflux magnitude is very high near the solid 

body which is the region for natural convection. 
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(a)                                        (b)                                        (c) 

 

Figure 3.7: (a) Isotherms, (b) streamlines and (c) heatlines (case I) for different values of  
Ri with Pr = 6.2, Re = 100, Q = 1, K = 5 and χ = 0.05. 
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(a)                                        (b)                                        (c) 

 

Figure 3.8: (a) Isotherms, (b) streamlines and (c) heatlines (case II) for different values 
of Ri, with Pr = 6.2, Re = 100, Q = 1, K = 5 and χ = 0.05. 
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In the figure 3.8, the isotherms, streamlines and heatlines are represented in terms of 

various Richardson number for case II where the upper lid is moving left and lower lid is 

moving right at a constant velocity and the other parameters are kept fixed as Pr = 6.2, Re 

= 100, Q = 1, K = 5 and χ = 0.05. In figure 3.8(a), isotherms for different Ri are shown. 

When Ri = 0, this means that the force due to movement of the lids dominates. Isotherms 

near the heat generating object are higher valued and near the side walls are lower valued. 

The flow pattern is strongly affected by the movement of the upper and lower lids. That is 

why the shape of the isothermal lines are rectangular near the side walls and elliptic at the 

center of the cavity. The case Ri = 1 is for pure mixed convection the flow pattern is almost 

similar to the previous case. Again the third case is for Ri = 10 which means free convection 

dominates over the cavity and mentionable difference is observed than the other two cases. 

The isothermal lines are towards the right corner. In the figure 3.8(b) streamlines are shown 

and the fluid flow is widely affected by the increasing value of Richardson number. For Ri 

= 0 and Ri = 1, the flow pattern follows the same direction which occurs due to the 

movement of the upper and lower lids. Number of streamlines increase for the second case 

and both of them are in counterclockwise direction since the upper lid is moving left and 

lower lid is moving right. At Ri = 10 which is the case of free convection and thus a more 

powerful primary vortex than the previous cases is formed. It is observed that additional 

vortices are formed at Ri = 10. In figure 3.8(c) heatlines are shown for Ri = 0, 1 and 10. 

For the first two cases that is for Ri = 0 and Ri = 1, the heat transfer rate is almost similar 

which happens for the case of lower Richardson number. The third figure is set for Ri = 

10, thus the buoyancy force is dominant and additional vortex is formed and heat transfer 

rate increases due to the buoyancy force. In figure 3.9, average Nusselt number on the 

heated surface, average temperature of the solid and fluid, maximum temperature of the 

solid and fluid and average heat flux magnitude for various Richardson number are shown 

for case I and II. 
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(c)                                                                      (d) 

 

Figure 3.9: (a) Average Nusselt number, (b) average temperature of the solid and the 

fluid, (c) maximum temperature of the solid and the fluid and (d) average heat flux 

magnitude for different values of Ri, with Pr = 6.2, Re = 100, Q = 1, K = 5 and χ = 0.05. 
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Table 3.3 (a): Variation of average Nusselt number with Ri 

 

Ri Case  I Case  II 

0 3.53060 3.51977 

1 3.53487 3.52266 

10 3.50223 3.51366 

 

Table 3.3 (b): Variation of average temperature with Ri 

 

Ri solid(case I) fluid(case I) solid(case II) fluid(case II) 

0 0.43522 0.09489 0.83076 0.24024 

1 0.45835 0.10063 0.78946 0.23397 

10 0.60597 0.22565 0.42951 0.11348 

 

Table 3.3 (c): Variation of maximum temperature with Ri 

 

Ri solid(case I) fluid(case I) solid(case II) fluid(case II) 

0 0.48301 0.47385 0.8649 0.83378 

1 0.50766 0.49863 0.82599 0.79465 

10 0.64492 0.62854 0.47006 0.45028 

 

Table 3.3 (d): Variation of average heat flux magnitude with Ri 

 

Ri Case I Case II 

0 6.46974 29.13694 

1 6.24818 27.07513 

10 14.5294 13.5932 
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The first figure is for average Nusselt number vs. Ri which shows that when Ri increases 

from 0 to 1, then the average Nusselt number increases and when Ri increases from 1 to 10 

then average Nusselt number decreases for case I. The heat decreases fast for case I. for 

case II similarity is found as case I. The next figure is for average temperature of the solid 

and fluid. The average temperature for solid and fluid increases for case I and decreases 

for that of case II. Also the fluid temperature increases for case I and decreases for case II. 

Again the maximum temperature of solid increases for case I and decreases for case II, 

maximum temperature of the fluid increases for case I and decreases for case II. Finally 

the average heat flux magnitude increases for case I and decreases for case. Overall it is 

clear the all the above mentioned parameters give higher values for case I and 

comparatively lower values for case II. All the above mentioned results are shown 

quantitatively in the tables 3.3 (a), (b), (c) and (d).  

 

3.4 Effect of Heat Generation Parameter 
 

Figure 3.10 shows the results obtained for case I in the form of isotherms, streamlines and 

heatlines for various values of heat generation parameter. For case 1, the upper and lower 

lids are adiabatic, left and right walls are moving upwards while the other parameters are 

kept fixed as Pr = 6.2, Re = 100, Ri = 1, K = 5 and χ = 0.05. In figure 3.10(a) the effect on 

isothermal lines are shown for various Q. Here the red color in the figure indicates the 

higher temperature and blue color means the lower temperature. For Q = 1 the higher 

valued isotherms are near the heat generating object and those are elliptic and the isotherms 

near the moving walls are lower valued which are in parabolic shape. When Q = 2 same 

pattern is observed like Q = 1. For both cases the flow pattern is uniform on the both sides 

of the heat generating block. When the value of Q increases, the uniform distribution is 

devastating and fluctuation in the isothermal lines are observed since the value of the heat 

generation parameter increases. The isothermal lines are gathering near the right down 

corner for Q =3 which is more clear for Q = 4. In figure 3.10 (b) the effect on streamlines 

lines are shown for various Q for case I. Two vortex are formed due to the movement of  
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(a)                                   (b)                                            (c) 

Figure 3.10: (a) Isotherms, (b) streamlines and (c) heatlines (case I) for different values 
of Q with Pr = 6.2, Re = 100, Ri = 1, K = 5 and χ = 0.05. 
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                                 (a)                                       (b)                                      (c) 

Figure 3.11: (a) Isotherms, (b) streamlines and (c) heatlines (case II) for different values 
of Q with Pr = 6.2, Re = 100, Ri = 1, K = 5 and χ = 0.05. 
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the side walls for Q = 1 and Q = 2. At the low heat generation the streamlines are in a 

clockwise direction near the left wall and in anticlockwise direction near the right wall. 

The velocity of the fluid is well distributed. For Q = 3 a small disturbance is observed in 

the streamline pattern which increases for Q = 4 which occurs due to the convection 

dominant inside the cavity. For Q = 4 the streamlines are nearer the left wall. In figure 3.10 

(c) the effect on heatlines lines are shown for various Q. for Q = 1, the heatlines are nearer 

the heat generating object and elliptic heatlines are near the side vertical walls. For Q = 2 

the heatlines pattern remain same. For Q = 3 the heatlines from the left wall are flowing 

rightward. That is why the heatlines are close to the right wall.Figure 3.11 shows the results 

obtained for case II in the form of isotherms, streamlines and heatlines for various values 

of heat generation parameter Q. For case II the upper lid is moving left and lower lid is 

moving right. Figure 3.11 (a) shows the isothermal lines in the cavity for Q = 1, 2, 3 and 4. 

For Q = 1, the higher valued isothermal lines are near the heat generating object and the 

higher valued isothermal lines are near the side walls. At the center the isothermal lines are 

elliptic and near the side walls those are rectangular which is affected by the movement of 

the upper and lower lids. The orientation and values of the isothermal lines are almost same 

for Q = 2. For the values Q =3 and 4, the lines are not that much uniform because heat 

generation is high in this two cases. In the figure 3.11 (b) the streamlines are shown and it 

can be said that the flow pattern and strength are almost similar for different values of Q. 

In the figure 3.11 (c) the heatlines are shown for the case II. The heatlines are circulated 

around the heat generating object and they are stronger near the moving walls. Therefore 

it can be concluded from the above discussion that the variation of Q has small effect on 

case II whether strong effect is observed for case I. 

In figure 3.12, average Nusselt number on the heated surface, average temperature of the 

solid and the fluid, maximum temperature of the solid and the fluid and average heat flux 

magnitude for various Q are shown for case I and II. For both the cases average Nusselt 

number increases linearly with the increasing value of Q which indicates that the heat 

transfer rate increases. Average temperature of the solid and fluid also increase for case I 

and II. The average temperature for solid and fluid are higher in case II than the values  
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    (c)                                                                   (d) 

Figure 3.12: (a) Average Nusselt number, (b) average temperature of the solid and the 

fluid, (c) maximum temperature of the solid and the fluid and (d) average heat flux 

magnitude for different values of Q with Pr = 6.2, Re = 100, Ri = 1, K = 5 and χ = 0.05. 
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Table 3.4 (a): Variation of average Nusselt number with Q 

 

Q Case  I Case  II 
1 3.53487 3.52261 
2 4.59607 4.58001 
3 5.6543 5.63713 
4 6.70234 6.69514 

 

Table 3.4 (b): Variation of average temperature with Q 

 

Q solid(case I) fluid(case I) solid(case II) fluid(case II) 
1 0.45832 0.10059 0.78707 0.23218 
2 0.60610 0.13294 0.99057 0.29786 
3 0.75856 0.16319 1.16984 0.35648 
4 0.94308 0.19735 1.33053 0.40921 

 

Table 3.4 (c): Variation of maximum temperature with Q 

 

Q solid(case I) fluid(case I) solid(case II) fluid(case II) 
1 0.50758 0.49855 0.82599 0.79466 
2 0.67053 0.65824 1.03965 1.00078 
3 0.83739 0.82007 1.23240 1.18682 
4 1.03293 1.00546 1.40698 1.35535 

 

Table 3.4 (d): Variation of average heat flux magnitude with Q 

 

Q Case I Case II 
1 6.24505 26.83165 
2 8.09123 33.65569 
3 10.19957 39.41748 
4 14.77178 44.49916 
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obtained in case I. The maximum temperature for solid and fluid for case I are in increasing 

approach and the values are close to each other. Similar approach is found in case II and 

also all the values in case II are higher than case I. The average heat flux magnitude is very 

high in case II than case I. All the above mentioned results are shown quantitatively in the 

tables 3.4 (a), (b), (c) and (d). 

 

3.5 Effect of Solid Volume Fraction 
 

Figure 3.13 shows the results obtained for case I in the form of isotherms, streamlines and 

heatlines for various solid volume fraction. For case 1, the upper and lower lids are 

adiabatic, left and right walls are moving upwards while the other parameters are kept fixed 

as Pr = 6.2, Re = 100, K = 5, Ri = 1 and Q = 1. Here the effect of the solid volume fractions 

is investigated in the range of 0% – 10%. The isotherms for various solid volume fraction 

of nano particle inside a double lid driven cavity with a square heat generating block are 

shown in figure 3.13(a). From the figure it can be said that the solid volume fraction of 

nano particle effects significantly on isotherm structure. If the solid volume fraction is 0% 

that is for normal fluid isotherms are parabolic near the heat generating block. If solid 

volume fraction χ is increased from 0% to 10% then the parabolic shaped isotherms 

increase. Making a comparison of the isotherm lines for various solid volume fractions, the 

isotherms are slightly shifted from the heat generating block to the side wall. The flow field 

inside a double lid driven cavity with heat generating object in terms of computed 

streamlines for various solid volume fraction χ is shown in figure 3.13(b). The size of the 

vortex as well as the flow strength has a small effect as the solid volume fraction is 

increased from 0% to 10%. For the given boundary condition there forms a counter 

clockwise vortex inside the cavity. If the solid volume fraction χ is increased the vortex 

inside the cavity becomes slightly weaker. The heat lines for various solid volume fraction 

χ are shown in figure 3.13(c). From the figure it can easily be said that there is less effect 

of solid volume fraction χ on heat line structure. When the solid volume fraction χ is 0% 

that is in absence of nano particles then the heat flux lines are circulating from the center  
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(a)                                    (b)                                    (c) 

Figure 3.13: (a) Isotherms, (b) streamlines and (c) heatlines (case I) for different values 
of χ with Pr = 6.2, Re = 100, K = 5, Ri = 1 and Q = 1. 
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  (a)        (b)    (c) 

Figure 3.14: (a) Isotherms, (b) streamlines and (c) heatlines (case II) for different values 
of χ with Pr = 6.2, Re = 100, K = 5, Ri = 1 and Q = 1. 
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towards the side walls which occurs due to the movement of the walls. When the solid 

volume fraction is increased it is observed that the density of circulations also increases. 

Since alumina has relatively high thermal conductivity when the solid volume fraction χ is 

increased then the heat flow also increases. The trajectory of the heat flow is nearer to the 

moving side walls. In the figure 3.14 results are obtained for case II in the form of 

isotherms, streamlines and heatlines for various solid volume fraction χ keeping the other 

parameter fixed as Pr = 6.2, Re = 100, K = 5, Ri = 1 and Q = 1. Isotherms for different 

values of solid volume fraction for case II are shown in figure 3.14(a). The isothermal lines 

are elliptic near the block and rectangular near the side walls. The higher valued isothermal 

lines are near the heat generating block and the lower valued lines are near the boundaries 

when χ = 0. The flow pattern remains the same as the previous value of χ for the other 

values like χ = 0.02, χ = 0.05 and χ = 0.1 when the property of the working fluid is changed. 

The flow field inside a double lid driven cavity with heat generating object in terms of 

computed streamlines for various solid volume fraction χ is shown in figure 3.14(b) for the 

second case. The size of the vortex as well as the flow strength has a small effect as the 

solid volume fraction is increased from 0% to 10%. For the given boundary condition there 

forms a counter clockwise vortex inside the cavity. If the solid volume fraction χ is 

increased the vortex inside the cavity becomes slightly weaker. The heat lines for various 

solid volume fraction χ are shown in figure 3.14(c). When solid volume fraction increases 

from 0% to 10%, the heatlines are denser significantly due to the presence of nano particles. 

In figure 3.15, average Nusselt number on the heated surface, average temperature of the 

solid and the fluid, maximum temperature in the cavity and average heat flux magnitude 

for various χ are shown for case I and II. For both the cases average Nusselt number 

increases linearly with the increasing value of χ which indicates that the heat transfer rate 

increases. Average temperature of the solid and fluid also increase slowly for case I and II. 

The average temperature for solid and fluid are higher in case II than the values obtained 

in case I. The maximum temperature for solid and fluid for case I are in increasing approach 

and the values are close to each other. Average heat flux magnitude decreases for the 

increasing values of χ. All the above mentioned results are shown quantitatively in the 

tables 3.5 (a), (b), (c) and (d). 
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Figure 3.15: (a) Average Nusselt number, (b) average temperature of the solid and the 

fluid, (c) maximum temperature of the solid and the fluid and (d) average heat flux 

magnitude for different values of χ, with Pr = 6.2, Re = 100, K = 5, Ri = 1 and Q = 1. 

 



Chapter 3 
 

70 
 

Table 3.5 (a): Variation of average Nusselt number with χ 
 

Χ Case  I Case  II 
0 3.05133 3.04544 

0.02 3.23885 3.23099 
0.05 3.53487 3.52261 
0.1 4.07147 4.05006 

 

Table 3.5 (b): Variation of average temperature with χ 

 

χ solid(case I) fluid(case I) solid(case II) fluid(case II) 

0 0.44053 0.0942 0.74216 0.22416 

0.02 0.44795 0.09683 0.76214 0.22834 

0.05 0.45832 0.10059 0.78707 0.23218 
0.1 0.47372 0.1064 0.82627 0.24191 

 

Table 3.5 (c): Variation of maximum temperature with χ 

 

Χ solid(case I) fluid(case I) solid(case II) fluid(case II) 
0 0.48889 0.47950 0.77873 0.74974 

0.02 0.49675 0.48752 0.79873 0.76881 
0.05 0.50763 0.4986 0.82604 0.79471 
0.1 0.52353 0.5147 0.86251 0.82984 

 

Table 3.5 (d): Variation of average heat flux magnitude with χ 

 

Χ Case I Case II 
0 6.81915 29.01325 

0.02 6.57152 28.208685 
0.05 6.24505 26.83165 
0.1 5.79367 25.34469 
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Finally the variation of average Nusselt number and average heat flux magnitude for the 

different values of Reynolds number Re, solid fluid thermal conductivity ratio K, 

Richardson number Ri, heat generation parameter Q and solid volume fraction  

𝜒 for case I and II are shown in the table 3.6 and 3.7.  

Table 3.6: Variation of average Nusselt number 

 

Re K Ri Q 𝜒 Case I Case II 

20 5 1 1 0.05 3.53386 3.51295 

50 5 1 1 0.05 3.53180 3.52286 

100 5 1 1 0.05 3.53487 3.52267 

150 5 1 1 0.05 3.53455 3.51710 

100 0.2 1 1 0.05 15.86172 15.93062 

100 1 1 1 0.05 5.92333 5.95942 

100 5 1 1 0.05 3.53487 3.52261 

100 50 1 1 0.05 2.80057 2.79524 

100 5 0 1 0.05 3.53060 3.51977 

100 5 1 1 0.05 3.53487 3.52266 

100 5 10 1 0.05 3.50223 3.51366 

100 5 1 1 0.05 3.53487 3.52261 

100 5 1 2 0.05 4.59607 4.58001 

100 5 1 3 0.05 5.6543 5.63713 

100 5 1 4 0.05 6.70234 6.69514 

100 5 1 1 0 3.05133 3.04544 

100 5 1 1 0.02 3.23885 3.23099 

100 5 1 1 0.05 3.53487 3.52261 

100 5 1 1 0.1 4.07147 4.05006 
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Table 3.7: Variation of average heat flux magnitude. 

 

Re K Ri Q 𝜒 Case I Case II 

20 5 1 1 0.05 3.60620 8.96568 

50 5 1 1 0.05 4.73351 16.6571 

100 5 1 1 0.05 6.24679 27.0822 

150 5 1 1 0.05 7.82795 34.43532 

100 0.2 1 1 0.05 6.08861 27.06434 

100 1 1 1 0.05 6.13194 26.79185 

100 5 1 1 0.05 6.24505 26.83165 

100 50 1 1 0.05 6.35479 27.11632 

100 5 0 1 0.05 6.46974 29.13694 

100 5 1 1 0.05 6.24818 27.07513 

100 5 10 1 0.05 14.5294 13.5932 

100 5 1 1 0.05 6.24505 26.83165 

100 5 1 2 0.05 8.09123 33.65569 

100 5 1 3 0.05 10.19957 39.41748 

100 5 1 4 0.05 14.77178 44.49916 

100 5 1 1 0 6.81915 29.01325 

100 5 1 1 0.02 6.57152 28.20869 

100 5 1 1 0.05 6.24505 26.83165 

100 5 1 1 0.1 5.79367 25.34469 

 

It is found from the table 3.6 the heat transfer rate is maximum for Re = 100, K = 0.2, Ri = 

1, Q = 1 and 𝜒 = 0.05 for both cases. Also it is observed from table 3.7 that the average 

heat flux magnitude is maximum for Re = 100, K = 5, Ri = 1, Q = 4 and 𝜒 = 0.05 for case 

I and case II but case II gives much higher value than that of case I. 

 



 

 
 

CHAPTER 4 
CONCLUSIONS 
 

Mixed convection in a lid driven cavity containing a heat generating object using water-

alumina (Al2O3) nanofluids under the influence of heatlines has been investigated 

numerically. The results are presented for flow and thermal fields as well as heat transfer 

inside the cavity. In this thesis paper two cases are considered, (i) two vertical moving 

walls while the remaining sidewalls are kept adiabatic and (ii) two horizontal walls moving 

towards opposite direction and the heat generating object is placed at the center of the 

cavity. Finite element method is used to solve governing equations. Comparisons with the 

beforehand published work are performed and found to be in excellent agreement. The 

effect of different dimensionless parameters like  Reynolds number (Re), Solid fluid 

thermal conductivity ratio (K), the Richardson number (Ri), heat generation parameter (Q) 

and solid volume fraction (χ) have been reported. The various ideas and results have been 

discussed in detail in the relevant chapters of the thesis. In the present chapter an attempt 

is made to summarize the concepts presented and results obtained in the work reported 

already. A section on the scope of further work on associated fields of investigation is also 

included. 

 

4.1 Summery of the Major Outcomes 
 

The analysis has been confined to case of lid driven cavity containing heat generating block 

exerting constant heat flux. The nature of flow and thermal fields and the characteristics of 

heat transfer process particularly its augmentation due to the presence of nanofluid in the 

cavity is discussed in chapter 3 and the results are shown in terms of isotherms, streamlines 

and heatlines. Two different cases were under consideration depending on the movement 

of any two side walls and keeping the remaining two walls adiabatic. The effect of the 

dimensionless parameters such as Reynolds number (Re), solid fluid thermal conductivity 

ratio (K), the Richardson number (Ri), heat generation parameter (Q) and solid volume 
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fraction (χ) are analyzed for both the cases in details in the previous chapter. On the basis 

of the analysis the following conclusions have been drawn: 

(i) There is notable effect of Re on isotherms, streamlines and heatlines for both 

considered cases. For the increasing values of Re, little change is observed in the 

average Nusselt number, the values obtained for case I are higher than that of case 

II. Average heat flux magnitude increases rapidly for case II while the values for 

case I increases slowly for the increment of Re.  

(ii) In general the solid fluid thermal conductivity ratio K has a strong influence on 

thermal fields but there is a negligible effect on streamlines for the increasing values 

of K. For both cases, average Nusselt number decreases rapidly when K changes 

from 0.2 to 5 and decreases very slowly from 5 to 50. Again for the variation of K 

there is negligible effect on heat flow while case II gives higher value than case I. 

(iii) There is significant effect on isothermal lines, streamlines and heatlines. For both 

cases when Ri = 0 and 1, the thermal and flow field have similar pattern whose 

change is noticeable for Ri = 10. Heat transfer rate increases when mode of 

convection is changed from forced to mixed convection and decreases when it is 

changing from mixed to free convection. Again heat flux magnitude changes 

differently for case I and case II. 

(iv) The effect on isotherms is remarkable for the variation of Q from 1 to 4 but 

streamlines and heatlines are not that much affected. The average Nusselt number, 

average temperature of the solid and fluid, maximum temperature of the solid and 

fluid and average heat flux magnitude all increase for the increasing values of Q. 

The flux magnitude is higher for case II than case I but the heat transfer rate is 

almost same for both cases which increases linearly for the increasing values of Q. 

(v) There is mild effect on the flow field if the solid volume fraction increases from 

0%-10%. If χ increases then the heat transfer rate increases. Average Nusselt 

number increases vary rapidly, average temperature and maximum temperature for 

solid and fluid increases slowly and average heat flux magnitude decreases for the 

increasing value of χ. 
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(vi) Though the heat flow is higher in case II than case I but there is no significant 

change in heat transfer rate for the two considered cases. Better heat transfer rate 

can be achieved for higher values of Re, Q, χ and lower values of K at Ri = 1. 

 

4.2 Further Works 

The following can be put forward for the further works as follow-ups of the present 

research as. 

 Double diffusive mixed convection can be analyzed through including the governing 

equation of concentration conservation.  

 Investigation can be performed by using magnetic fluid instead of electrically 

conducting fluid within the porous medium and changing the boundary conditions of 

the cavity’s walls. 

 Only two-dimensional fluid flow and heat transfer has been analyzed in this thesis. So 

this deliberation may be extended to three-dimensional analyses to investigate the 

effects of parameters on flow fields and heat transfer in cavities. The study can be 

extended for another nanofluid other than Al2O3 so that the results can be compared for 

better one. 

 Single phase flow model is considered. Two phase models may be analyzed and 

compared to the single phase model. 
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