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ABSTRACT

The integration of vorticity stream function formulation and

control volume based element (CVFEM) has been applied to solve a

fluid flow problem. The driven cavity problem is chosen for this

purpose in which two walls of the cavity are moved with the same

velocity instead of the conventional one (top) wall moving in

horizontal direction. The resulting algorithm exhibits desirable

qualities of consistency and stability in predicting the flow

field.
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NOMENCLATURE

Horizontal and vertical velocities m/hr)

Dimensionless horizontal and vertical velocities

Cartesian co-ordinates horizontal and vertical(m)

Dimensionless Cartesian co-ordinates horizontal

and vertical

Viscosity of fluid (kg/hr-m)

Kinematic viscosity (m2/hr)

Fluid density (kg/mJ)

Stream function (m2/hr)

Dimensionless stream function

Vorticity (hr-1)

Dimensionless vorticity

Shear stress (Kg/m2)

Dimensionless shear stress

Reynolds number

Dimensionless interior grid spaces

P Pressure of fluid (kg/m2)

L Length of a wall of square box (m)

Subscripts -

w At the wall

lAt the left wall

t At the top wall.

x
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CHAPTER I

INTRODUCTION

A. GENERAL
Flow with separation and reattachment is an old topic in the

science of fluid mechanics. As an example, Leonardo da Vinci ob-

served and sketched recirculating eddies formed in the flow over

various configurations as early as in the fifteenth century[I,2].

Numerous researchers have worked on the said topic and many

theoretical models have been proposed, but other than the com-

plete Navier-stokes equations, none has been accepted widely.

The driven cavity problem is one of the standard examples of

flow with separation and reattachment. In the original driven

cavity problem, the top wall of a box (Figure-I) is moved with a

particular velocity in the horizontal direction. But in this re-

search work, two walls of a square box are moved with a par-

ticular velocity. This driven cavity problem will be referred to

as the modified driven cavity problem in this thesis. Figure-l is

a cross-section of a parallelopiped with the top wall moving to

the right at a speed uw. The cavity is square with characteristic

length L. The fluid contained within is assumed to be

incompressible with constant properties. Further,

lelopiped is assumed to be very long in the direction

its cross-section. These assumptions render the

the paral-

normal to

flow field

2-dimensional.

shown. Here,

In Figure-2, the modified driven cavity problem is

two walls are moved at a time with the same mag-

nitude of velocity. The top wall is always moved to the right at

a velocity uw. In conjunction with the top wall, either the left

or the bottom wall is moved. Four separate types of movement of
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the left wall and the bottom wall are considered which are given
below -

(a)

(b)

(c )

(d)

Case-l (LV) Left wall moving up

QCase-2 (LD) Left wall moving down

Case-3 (BR) Bottom wall moving right \~

~

Case-4 (BL) Bottom wall moving left

In subsequent description in this thesis, references will be made

to case-l through case-4 instead of illustrating the type of
movement.

B. OBJECTIVES

The purpose of this study is to implement a numerical scheme

to simulate Navier-Stokes equations for vorticity stream-function

Iormulation for the modified driven cavity problem. The Control

Volume based Finite Element Method (CVFEM) using the vorticity-

stream function formulation of the Navier-Stokes equations will

be used to predict the flow fields of the system. The details ,of

the Control Volume based Finite Element Method (CVFEM) may be

found in [8]. The main attention will be the observation of the

following as predicted by the

simulation.
above mentioned numerical

(a) The variation of horizontal and vertical velocity

profile'at the midplane of the cavity with grid

refinement.

(b) The variation of the shear stress along different walls

with grid refinement.
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(c) The variation of the horizontal velocity profile at

the midplane, with changes in Reynolds numbers.

ld) The variation of the shear stress along wall with

changes in Reynold numbers.

(e) The shi ft of center of vortex of the' main eddy wi th
grid refinement

r
1 I,
I
I,
I,
I
I,
I,

1

\,,
,

"



4,

CHAPTER II

LITERATURE REVIEW

Several investigators have carried out extensive research on

r'r 'I t

I;

the original driven cavity problem. Simuni [3] published~a paper 'l "

\:
in 1964 in Russia in which numerical sblutions of the Navier-

Stokes equations were presented both for rectangular cavities and

for channel flow with forward and backward facing steps. The

solutions were obtained by considering the large time limit of

the unsteady equations of motion. Simuni [3] presented solutions

for Reynolds numbers as high as 1000,

within the flow.

showing isolated eddies

Greenspan [ 4] published some numerical solutions for the

recirculating flow in a square carried out at the University of

Wisconsin in 1964. Solution were obtained for Reynolds number

upto 256 with meshes as small as 1/16. Because of the coarse

mesh,

wall.

the vortex center tends erroneously toward the downstream

An analytical study of the recirculating flow in a square

based on Batchelor's [5] model of an inviscid core matched to a

surrounding shear layer has been carried out by Mills [6]. Mills

[ 6] also carried out experiments to verify his analysis. The

measured flow properties were in qualitative agreement with the

analysis, but the measured vorticity of the inviscid core was
" \

about 1/3 of,the predicted value. Mills [ 6] attributed the

deviation to the gap between the fixed and moving,wall, to the

secondary eddies at the bottom of cavity and to three dimensional

effects.
;
\
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Burgraf [7] performed an analytical and numerical study of

tions of the full Navier-Stokes equations for an eddy in a square

description of seperated eddies was confirmed by numerical solu-

Analytical solutions,

was obtained for an eddy bounded by

The validity of the linear analysis as a

based on a linearized model,

the. structure' of steady separated flow.

a circular streamline.

cavity driven by a moving boundary at the top. These solutions

were carried out by a relaxation procedure on a high speed digi-

tal computer. Results were presented for Reynolds numbers from 0

to 400 in the form of contour plots of stream function, vorticity

and total pressure. At higher values of Reynolds number, an in-
viscid core was found to develop but secondary eddies were

present in the bottom corners of the square at all Reynolds

numbers.

The Control Volume based Finite Element Method (CVFEM) was

first proposed by Baliga [8] • In Baliga's dissertation, the

merits and demerits of the conventional Finite Element Method and

Finite Difference Method are discussed in detail. Baliga used

unequal order pressure-velocity interpolation in his CVFEM. In

this unequal order method, pressure is stored at fewer locations

than the velocities in the calculation domain which results in a

coarse pressure resolution.

Later on Prakash and Patankar [9] improved the unequal order

CVFEM which allows the storage of pressure at the same nodes as

the velocities. This equal order CVFEM was found to produce more

accurate pressures than those predicted by the unequal order

method of Baliga, [8]. Afterwards, Prakash [10] presented a new

equal order method, the main idea of which is a modified
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exponential-lInear shape function that pirectly takes into ac-

count the effects of sources such as pressure gradients in the

momentum equations. The formulation performs even better in terms

of accuracy than the previous ones at the cost of increased com-

puter ,effort fOr each coefficient update cycle.

Recently, Husain [II] solved fluid flow problems using the

Vorticity- Stream Function Formulation and the Control Volume

based Finite Element Method (CVFEM). In [11], the CVFEM was

successfully applied on the driven cavity problem. It was found

to predict the overall flow field with greater accuracy 'than the

procedurd of Burgraf [7]. The main advantage of the vorticity'

stream function formulation is:- (a) The number of equations to

be solved is reduced effectively by one. Instead of two momentum

equations, a single transport equation for vorticity is

encountered.(b) The pressure.gradient terms and the continuity

equation are conveniently absent. This eliminates the question of

how the pressure is to be interpolated in order to represent the

momentum equations in the continuity constraint.

The simulation of the modified driven cavity problem with

the CVFEM and stream function formulation presnts an interesting

prospects.Because .it will reveal the suitability of the CVFEM and

stream function formulation to predict the various types flow

field.
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.CHAPTER III

METHOD OF SOLUTION

A. GOVERNING EQUATIONS

The Navier-Stokes equation in cartesian co-ordinates for two

dimensional, ipcompressible flow may be written as follows:

x - momentum U6')/0% -+- vou/2Jy :::: -1 jpop j'O%t y (Cit.loX' +
(/u'/o:;/v') -t6u '.•.••.•.. (1)

y - momentum iA-d'J jO?U +'\)d,"/oy 7: - Vf'dploy +.; (Cl\1/c3?t-''V +
2J~/dy") +~v (2)

Continuity (3 )

In the above equation u and v represent velocity components in

the x and y directions, respectively, and p is the pressure. The

terms s' and s' are body forces in the x and y dire6tions,

respectively and Y is the Kinematic viscosity. Upon differen-

tiating (1) with respect to y, (2) with respect to x and sub-

tracting the former result from the later, the transport equation

for vorticity is obtained:

lLaWjo?0 t 'JdwjQ)I =:Y(OtJ/a7Z'+otJ/Qy~ T (O~v/d?0-d'b"'-JdY)
••••••••••• (4)

where UJ is the vorticity. defined as

Defining the the stream function ~

U =' d'rio)'
V:= - oYjch,

••••••• (5)

( 6)

( 7 )
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the relationship between ~ and u) is then expressed as follows
?J'V<Yj'DX; -t o"'i'j3Yo/fW -:= 0 ••••••••. (8)

Considering Figure 2 (modified driven cavity) and making follow-

ing assumptions,

x - x/L ( 9 )

Y - y/L ( 1O)

If - <y /uwL (11)

Sl WL/uw (12 )

U - u/uw (13 )

V v/uw (14)

equations (4 ) and through (8 ) may be written in dimensionless

form as
t)cl..rL/oX T VdS2./'al ::: VRe.C.~'J-~I2/~')<.'J--+;'"1L/~1'l-) ....... (15 )

£L 'eN/?J X - CJUJOY ....... (16)

U olf jer'f ........ (17)

\I -d'l'/O>, ........ (18)

2J'V<t.>jOX" -to""'f'joj1-- + SL --:= 0 ........ (19 )

The main dimensionless group resulting is the Reynolds number,

Re = uwL/ Y •

B. BOUNDARY CONDITIONS

The boundary conditions used for different cases are sum-

marized below:
.e,J
I = 0, at all walls and U=I, at the top wall in all cases

(CASE-l through CASE-4)

CASE-l(LU) :

U = V = 0, at the bottom and right walls
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v = 1, at the left wall.

CASE-2 (LD) :

U = V = 0, at the bottom and right walls

V = -I, at the left wall

CASE-3(BR) :

V = 0, at the left and right walls

U = 1, at the bottom wall

CASE-4 (BL) :

V = °, at the left and right walls

U = -1, at the bottom wall

Whenever any wall' is moved, the two extreme corners of the wall

are kept fixed i.e. the velocities at these two points are set to

zero.

C. METHOD OF SOLUTION

To obtain the nodal equations for the general transport

the calculation domain is subdivided into tranMularequation,

elements. On each element, mid-points of its sides are extended

to its centroid to form links. Contr,ol Volumes (Fig. 3b) are

formed by adjoining these links to the others from the neighbour

elements. The integral formulation of the general transport equa-

tion is then ,applied to each control volume in the calculation

domain. An exponential-linear shape function is assigned within

each element to the transported variable and based on this as~

signed shape function, the combined convective diffusive' flux

vector is integrated along the links of the element. Then the

contributions,of the links to the control volume portions that

constitute it are assembled systematically. This procedure.is
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repeated for all the elements in the calculation domain. This

results a set of linear nodal equations for the general trasnport

variable .~ ' which may be written as:

cJp Pr -j-~ba~b9 M-f, c:: 6 ~
where nb indicates the neighbour nodes of the node p,a are co-

efficients of the nodal matrix equation (NEM) and b is the global

load vector (GLV) component corresponding to node p.

The overall iterative procedure used in the calculation is

as follows:-

(1) Compile the coefficients for the poisson equation for

the stream function. This is..done only once at the

beginning of the calculation procedure.

(2) Guess the distribution of the stream functi.on 't' and

compile the coefficients of the vorticity transport

equation.

(3) Solve for the vorticityJl. and. update wall values as

proposed in [11].

(4) Using the values. of..Q obtained in (3), compile the

global load vector (GLV) for the poisson equation

for 't'

(5) Solve for 't'

(6) 'Check for convergence. If not converged, go to step (2).

If converged, print out results.

After obtaining the converged solution the shear stress are cal-

culated according to the following formula:~

, .
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Shear stress along the top wall-
atSo vorticityzero.

••••••••••.•••• (20).

Ji<1t',=;U~, ..... (21).
'c3y .

.• ::::-,;MWWf, .... (22).

Now shear stress along the top wall is

Along the top wall 'dV/OX- is equal to

the top wall becomes WWt -= - JtVO.)l

Non-dimensionalize shear stress is now calculated by

(23) can also be applied for the bottom

dividing equation (22) by 1/2 PlAw'V

i. e. J{* = -PWlllt/1ptA.~
The equation (22) and

,
( 23)

wall.

Shear stress along the right wall -
The term d~ay is zero 'along the right wall. So the

vortici ty equation becomes W""t.== dvjO?V ••••••••• 124)

So shear stress along the right wall is 1"\.1) = #do'Jo)&7V' .. (25) .

.~W\\r . . . . .. (26).

Again non-dimensionalize shear stress'~ is given by

j*= )AW/JZP\Jtf (27).

The equation (26) and (27) can also be applied for the left wall.

D. DOMAIN DISCRETIZATION
The discretized domain is shown in Figure 3 and is based on

the dimensionless variables defined, by equations (9) and (10). An

e.qual number of grid lines (LMAX) in the vertical and horizontal

directions were used. The first grid space near the walls is kept

half, the distance of the interior grid space in order to resolve

any boundary layer behaviour (sharp velocity gradients) that may

arise. Therefore, the interior grid spacing, k , may be expresed

in terms of number of grid lines as,

= l/(LMAX -2
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CHAPTER IV

RESULTS AND DISCUSSIONS
.,

Introduction

A detailed parametric study is conducted to assess the ef-

fects on the predicted flow field. In particular, the horizontal

and vertical velocity profiles at midplanes of the cavity, the

shear stress along the walls and movement of the primary vortex

centers are examined with respect to the variation in Reynolds

numbers and grid refinement. Results are obtained for Reynolds

numbers of 10,100 and 400 and for each Reynolds number the grid

sizes of 15x15, 21x21 and 27x27 are used. A summary of the runs

is shown in TABLE-I. The solution converges quickly for every

run and no spurious results are encountered. All results are

presented in dimensionless form.

TABLE-1

CASE NO.

CASE-1 (LU)
Left wall up

CASE-2 (LD)
Left wall down

CASE-3 (BR)
Bottom wall to
the right

CASE-4 (BL)
Bottom. wall t.o
the left

REYNOLDS NUMBER

10
100
400

10
100
400

10
100
400

10
100
400

GRID SIZES

15X15. 21X21. 27X27
DO
DO
DO
DO
DO
DO
DO
DO
DO
DO
DO

The computations w~re carried out on an IBM 4331 machine at

BUET. A typical CPU time needed for case-1 is given in Table 2

and 3.
,/
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TABLE-2

Re-10 and Case-1 (LU)

Grid size Converging Criteria Time in Seconds

15 x 15

21 x 21

27 x 27

1E-4

1E-4

1E-4

TABLE 3

223.4

833.35

Grid size - 15 x 15 and Case-1 (LU)

Re. No. Converging Criteria Time in Seconds.-----------------------------------------~-----------------"
10

100

400

lE-2

1E-2

1E-2

169.3

202.9

480.1

The converging criteria is calculated according to the
formula,

where a* are the new coefficients formed according to the step

(2) of the 'Method of Solution' and R~is the right hand side of

the vorticity transport equation, Jl is the current value "of the

vorticity, n is the number of node. The value "of E is chosen

arbitrarily and when the above equation satisfies the program

than stops its iteration.
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Effects of Grid Refinement on the Velocity Profile:

In observing the effects of grid refinements on flow fields,

only the more demanding case for Reynolds number of 400 is
discussed. Plots of the horizontal velocity profile (V) at the

vertical center line of the cavity are shown for Reynolds numbers

21x21 and 27x27 are presented

of 400 in Figure 4 for case-l (LV).

obtained for grid sizes of 15x15,
In this Figure, the result

in order to demonstrate the effects .pf grid refinement on
velocity profile. It ~s clear upon exa~ination of Figure 4 that

even the prediction of horizontal velocity profile with coarse
grid coincides with that of finer grids.

Plots of the horizontal velocity profile at the vertical

penter line of the cavity with grid refinement are shown for

Reynolds numbers of 400 in Figures 5,6 and 7 for case-2 (LD),

case-3 (BR) and case-4(BL) respectively. The vertical velocity
profile at the horizontal midplane of the cavity with grid

refinement for the same Reynolds number for case-2(LD) is shown
in Figure 8. In all cases mentioned above the predictions of the

velocity profiles with coarse grids coincide with those of finer
grids. With regard ~o the effects of grid refinement, the
velocity profiles generated by the present method attain insen-
sitivity quickly for all cases as can be observed in Figures 4
through 8, demonstrating a healthy consistency.
Effects of Reynolds Number on the Velocity Profile:

Fig. 9 shows the distribution of the horizontal component of
the velocity at the vertical centerline with variation in

Reynolds numbers for case-2(LD). With the increasing Reynolds
number, sharper changes in the profile near the top wall is
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evident which coroborates the idea that a boundary layer forms

with higher Reynolds number. Two points of inflexion in the

profile are observed. The lower inflexion point is at 0.18 from

the bottom wall. This point is found not to shift with changes in

Reynolds number. The upper inflexion point is found to occur

above the horizontal midplane of the cavity. In contrast to the

lower inflexion point, this upper inflexion point is found to

vary with changes in Reynolds number. Similar plots are shown in

Figure-10 for case-4 (BL). Here also the boundary layer effect is

apparent near the,moving walls for higher Reynolds number. In

this case, two points of inflexion are found in the profiles and

they are near the top and bottom walls. With the decreasing

Reynolds number, -the points of inflexion are found to shift inte-'

rior of the wall. Between the points of inflexion, profile with

almost constant slope (ovjdY ) is found and the slope,

is found to increase with higher Reynolds number. Nevertheless,

an alomst constant vorticity is found near the centre of the

cavity which dictates that an inviscid core develops around the

centre. It is due to th-e reason that the slope d'j07C.- is als-o

found to increase correspondingly with higher Reynolds number.

Relative strength of the vo~ticity at the centre of the cavity

(ratio o~ an iriterior point vorticity to the corresponding point

vorticity on the moving wall) is found to decrease with higher

Reynolds number indicating that a larger inviscid core develops

with lower Reynolds number which again reinforce that the bound-

ary layer effect is more pronounced with higher Reynolds number.
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Effects of Grid Refinement on the Shear Stress:

In all the Figures of the shear stress the corner points of
the walls are excluded from the plots, because these are points
of singularities. Plots of the shear stress .along the top wall

and right wall for Reynolds number of 400 with grid refinement

are shown in Figure 11 and 12 for case-1 (LU). In Figure.12, it

is interesting to observe that the shear stress is opposite ~n

sign on the upper portion of the right wall as compared to the
lower portion, indicating the existence of a small secondary
vortex.
(LD) ,

Similar plots are shown in Figures 13 and 14 for case-2

in Figures 15 and 16 for case-3 (BR) and in Figures 17 and

18 for case-4(BL) .. From observing Figures 14 the existence of a

secondary vortex near the upper portion of right wall is evident
[case-2(LD)). The shear stress changes its sign along the right

(wall for case-3 (BR) in Figure 16 indrcating the existence of two
primary vort.ices. Another important factor observed in the
Figures 1~, 15 and 17 is that the shear stress at the rear side

is less than the front side of the top wall forcase-2, case-3,
case-4 respectively. It is clear upon observing the plots that

the shear stress is more sensitive to grid refinement than those

of the velocity profiles. But the sensitivity of the shear stress

decreases with finer grids as compared to coarse grids in all the

cases as shown in Figures 11 through 18.

I~. ,
,
\ ~.,.
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Effects of Reynolds Number on the Shear Stress:

The variation of non-dimensional shear stress along the "top
wall with Reynolds number is shown in Figure 19 for case-1 (LU)
using a gri9- size of 27 x 27. The same along the right wall is
shown in Figure 20 for case-4 (BL) • In both the cases, the noo-
dimensional shear stress is found to decrease with increasing
Reynolds number. In Figure 19, the minimum non-dimensional shear

stress is found to occur nearer to the beginning point of the top
wall and in Figure 20, it shifts downward along the right

near the minimum shear stres~ is observable for highest Reynolds

wallwithdecreasing Reynolds number. In Figure 20, a skewness
•

number of 400' for case-4 (BL). With lower Reynolds number, the
skewness is found to decrease and at lowest Reynolds number the

shear stress becomes almost symmetric to the wall. It is due to
the reason that with lower Reynolds number, the convective term
of the governing equation becomes negligible and with symmetric

boundary conditions applied on the simplified governing equation,

the results become symmetric. A pecuiliarity is observed near the
bottom in Figure 20. It is not clear whether any physical

phenomena is causing this behaviour or any pitfall in the algo-

rithm is responsible for it.

Effects of Grid Refinement on Location of the Primary Vortex
Centre:

The movement of the centres of the primary vortices with

grid refinements are next discussed. In TABLE-4 below, the loca-

tion of centers with grid refinement are shown for various cases.

In Figure-21, the location of center"of primary vortices for

different cases are shown.

(".
\ '
I I
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TABLE-4
CASE Numbers of

primary vortices
Location of centers
grid sizes

Case-1(LU) 1

15x15

(..5,.5767)
21x21

(.5,.5773)

27x27

(.5,.58)
---------------------------------------------------------------
Case-2(LD) 2 (.246, .309) (.25,.2895)

(.691 ,.730") (.698, .763 )
(.26, .3)
(.7, .74)----~----.--------------------------------------------------------

Case-3(BR) 2 (.576,.730) (.578,.720)
(.653, .230) (.616, .220)

(.58,.73)
( .60, .22)

Case-4 (BL)

Case-1 (LU):

1 (.5,.5) (.5,.5) (.5,.5)

One primary vortex is found in this case. The center is

found to shift slightly upward with finer grids. The prediction

is not well behaved because with finer grids, the movement of the

centre is greater than that coarse grids.

Case-2 (LD) :

Two. primary vortices are found in this case. Both the cen-

ters are found to shift a little with grid refinement. However,

the shift is less with finer grids than with coarse grids.

Case-3(BR):

Two primary vortices are also found in this, case as

expected. Here also, the centers are found to move a little with

grid refinement. Alike the earlier one, the shift in center is

less with finer grids than with coarse grids.
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Case-4 (BL) :

One primary vortex is found ih this case.

found not to move its position with grid refinement.
The center is

The prediction of locations of the primary vortex centres is

not very satisfactory. The main reasons of the above shortcomings
may be the followings:

a) The computer program was 'written using single

precision variable. This single precision might

cause the above shortcoming. The program with double

precision could yield m'ore accurate solutions.

b) The converging criteria may be lowered to produce

a better solution but of course, the time needed for

getting a converged solution would be g~eater

accordingly than that of with the higher converging
criteria.
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CHAPTER V

SUMMARY AND CONCLUSIONS

In this work; integration of vorticity stream-function for-

mulation and (CVFEM) has been applied to solve fluid flow problem
..

with separation and reattachment. The driven cavity problem with

two walls m9ving tangentially with the same magnitude of velocity

is chosen as a test problem instead of conventional one. (top)

wall moving in horizontal direction.
The combination of the vorticity-streamfunction equations

with CVFEM leads to an algorithm that is free of complications of

the pressure velocity coupling that plagues the primitive vari-

able form of the Navier-Stokes equations. Consequently fewer

equations have to be solved at each iteration step.The resulting

algorithm shows favourable stability and consistency with grid

refinement and with various Reynolds number in predicting the

velocity profiles of the test problem. The algorithm is not as

promising in predicting the shear stress with grid refinement as

in the case of the velocity profile. It shows sensitivity in pre-

dicting the shear stress with grid refinement. But sensitivity

decreases with finer grids i.e. the algorithm is more stable with

finer grids in predicting the shear stress. The algorithm is

found to predict the location of the primary vortex centres which

vary slightly with grid refinement. But with double precision

variable in the computer program and with lower converging

criteria, the above short-coming is likely to improve. From ob-

serving such results, it can be concluded in overall sense that

the combination of the vorticity stream function formulation and
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CVFEM. can be applied with some reservations .in simulating various

fluid flow problem of engineering interest such as rotating full

or half annulas enclosure, rectangular cavities, channel flow

with forward and backward facing steps etc.

'.'.
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APPENDIX:A

(This section includes the computer program
used in the analysis)

, '
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z ( r J = i.I f ; I I !' f' • :, f ; )
l ( I ) = I l ( I ) - 1 I I C S r
::;'~r! 'u"
'::=:Sr"X'1X
3 I ; = • '1~ X I I } •• ( 1 • - • I P ~ ) "J)
! ( I~l ::~l,I~;I ( ;)': • "J, r. r. )
'. ( 1 ) ) = ( l'( 1 J I - l ) Ie S T
YI2=YBII)-yr'.(i'J
Y 3 I ' Y U ( 3 J - " :.\ I I )
Y(,~j=,(B{~):-yr.H 3}
132=1())-z(;»
Z 13= Z I 1 ) - : ( 3 )

FILE:
,,'

----,._, -, ..- ."'_. --~- ....~~:~-'_."._ .. ,.,-~,..



- "----" ~.-- ..--,.--,-,,-,-,---,-"'-~.: --~-...,---~,_....

V~/S

2 Z 1 = l (Z ) - l ( J )
:.1 = l ( ?) . Y I, ( 3 ) - l (,J Y 1.1 ( 2 )
: Z:: l ( 3) vel 1'[ I -7 ( l) "'Y"q';)
: j =, I I) .Y 1.\ ( 7 ) - l I 2) Y '.'. ( I )
"l=:'(1) YZ)','.(Z} Y~~l./('~j Yl(~

Xl_I=IY':, X"(')'Y31 Xi'.())+Yl? Xf\l3))/U
.~i.q=(n:, X.',(il+71:' ':'IU)'l?l x:\(}))/J
Xl ~ I = I : I >: ii ( j ). C 2 X 'j (.? ) + C, .X B 13 ) ) I D
'{4J=, -j] Jii~V

; '.' ~
. "':'

i.J ?1L';~ \=4,1:':;
" ( l , J ) .C' ( '. 4 V (l 'I,' Y l\ ( r ) + C I I - G 4 t.\" A .. Y 2 3 ) / D
C I I , 2 ) = I " "V I,' I:' " Y f:J ( ! )+ C 2.) - G 4.' u, A' Y 3 I ) / 0
"(I.",'=(O,V IU:. Y'1(I)+C:;I-r;A""~A YI21/D
~ ( I , 1 ) = ( - ~ A ~ '1 4 ' Z 32 I / D
~ ( I , 2 1= ( - ~ A '\ " .\' l I 3 ) / {l
~tl,3)=(-:;:."\"1fl. 7.21);D

'? 302 CJ \j r I ~J.J::
)J nlo J=I,3
)JJ311 1=1,:;
Y F X~ ( J , I ) = ( ( r ( J + 3 , I ) + 4 • :,.1" ( J + 6 • I ) + C ( 1 0 , I ) ) :,y B ( J + 3 ,

~ -(~(J.~,I)+4.~.G(J+6,I)+~{lO.J)}~XB(J+3»/6

1~ 0

13 I I
93lC

:)',Tl'd':
:O'JT'lhJ':
)J .}1;~O I~-1,3
:: S ,\ I I • I I = Y F X ~ ( :J , I ) - Y F X G ( 1 • I )
E S '\ ( 2, I ) = YFX ~ 11 • I ) - YF XG I 2 , I )
':S~( 3,1 )=YFX;( 2,1 )-YFXG(.1,1)
'.J'( rI :'!J':
.JJ 12U ~:=I.l
.J J ( '.J:' I = ( ',C 4 I 'j L • "J C ) - I ) / T P "+ I
I I ( '): ) c " : .\ I " _ , ,,: )'- I !~1.: (J J ( N C I - 1 )
) J 1 Z I I = I I 3
~'Jc~P(II(I ),j.J( [J)

)J 12':: J=I,3
I L,=c~- (I J I 1)- I J (J) )
.J :; = 2 - I J J ( I ) - .I J ( J J )
~( ;-~, J:;, \JLJ' -::~ ( I;~, J -:;, f'J()) + ~:;., ( I T J )

12{~ =~)~rI;~~F:
lZ 1 ',:J'H r" ',F
( Uil:) : \ 'H r 'u =

". r J:(';

9320, '" ...•

i~.- 'J )
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APPENDIX:B
(This section includes a typical output of the computer
i>rogram for case-I)
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(,.,tt'llil1,)"C- 11
11;?Ll..t,'I',",:- lJI
I LI • l ,~1..\; 'l. " ,~- ~,
1~_.l.'Llt"u- ;..
lCt(lil:;"J-
lC.(~.(J~,t."O- -,
ICtl.r:t;~,.;"C- c;

11.1(OSOt"C- I,
!l:'.CnL~~I';"C- t~

~' ,j • ;: r j :' I "ii-

1l.,tl.i.l'Ll"L- 1
5f.1U-llC:J rlv/'I, (1['.1 .:;1-1 :.L:j Av(jc\" 'du:JHS

£\i6LnlSL"' ::: T\Vf~ dC,l ::hJ ,j(:i If,,"!I][JJ:Jlr.: ~'nHI
CCnOUOd"('l ::'r,j',:\Jlt; SC:iU,A:~o

-is I \r.:J:: rlJfI
I'?! ~~;ri'.:

Ci~~~ ,:1 (_L • :, , :,~. l; ',' I ~,(

/\ -I _I (I

(~( tl.. .',;I:" <~

(, S

-~'" -\; ,: " r L " :,

2

I"-'

" ~-'

.;;?

't z:
;:?

:~

I,

b

L

..,
'';'-

I.;
l ~'
(: T
S I
L[
S 1

" [
1-, 'I

c I
, r
1 1
r. I

"

'7 ~~

~

., (

"2[
II:
C .;..
be

(j ~ r,L (1 I
:1 1

I Ii' c.

Ld'
.t S

L •• - u

C( it:: L(le" \.

,_ \.. • \ J •• i t. i, u t {

,: C • C" 2 I, I • r;
~C',;L;'(.:f'T
l c 0l. r L ~ I"Ii

\ (IL.:'~!T~;.L

-.: C -I I,,~~"'; " 1

[ (. t l, 1 1 1-/ • 1
lel,It.1-IL"(:
I ( OJ;:; c:::. i..

I, C • ,: l,) :. ,; 0 " :!
'I C tU 1". fj I, 'I • .:;

~..: t \: '1. '- ',I', " 'I
~i ':.-' l,llll;: ';
'I L • II :. " { I, • '\

~,L tLJ~,I;("I"I.

~ c -'j ~ I ..:b (I" [

~;C-L,'~ t(j '"L
2[-1.;.":( ~:"c
I(-l~.n\ s.r
I l - " /, 'i L"',

:; L -, j l. 't i, i, • 1',
" C - '- {, '; 1. C • ::
., C -I!;; 'j ( b • :2

'r: (-u, ,:C 1." I.

1,(-iiL 2LL"1
i'(-(jJ.12t:;"c

"1 L - l: ;: t 'I: ,)' ;: .

:,C '.jl'Li:£!" ('

lj C -(I T ';(,l'S
'. ( -,~\',i, r ,:" I

-I:'l (i t- ~,
(J C :J, .,1.. "

l\itLlfJ1LS"i-
I .) t (J " t 1.~l'I-
I C.ll L I ; :-,• I -
( I) t ,J ~; I 1._ ~," i -
In.U~IL'-,.
I ::: t (I i, 11.(, " I -
!(I-o(jiL~_S.l-
'In'IUC11 ~," t-
I C, '. U 'J C: l. '..; " I -
l(ltn2CL~"I-
II] IU~;i;'}(:. [-

I i'J • li L I:''I ~. 1 -
\ () I U ,) L '-, ~',• 1 -
I ;ltU\J<"J')~," '[-

Itltl!ui)I),," [-
(fl .•ClIII};', "1.-
l (] 0 d i.l- ..l I:, " 1 -
l (J t (j c.. ;~ "':, " l -
I 'l •CI IS').~ " [ -
I ,''I t CI L " \.- (, " I -
1~)o(lu.:<: ,," [-
1~\t(jI;':;U(,"I-

I i I III (, 1,; i," r -
1(ltL~'C.~j,. [-
In" (j 'i 1 ,~I,. I -
I ~I,tilCr.~,~"1-
IOtU'.'tL,:"j-
lllo(i':,?LT" (.-
I Ij '. r! (.' I '/ C, " 1 _.

d :1 • (: t. 1 ~~ I • ;': -

[~1-11~, l,lJ)" ::-

"i' :j(.(,(~ i, "~/-

,.1;1. It ijS(/L "r,-
,lntl'-Jl)L~ll .,/-

, [

l 'j J t:

CO-t(JC)21.1"1-
Gi.)'()921.'1" \'-
(jJtU~..:lI'(-
CO.ll~21.("1-
O(l-Ill<;2LI" 1-
(iJt{Jlj2L [-1-
Ov-tlJo,Zl["I-
t~'J-t(ji21 T"l-
0,') t (j I;: L '" 1-
() l) • U iJ 2 l I" I -
Gdtl1LIl.I"I-
n I) 0 (j I, 11 I'" (-.
GoJ-t(JOiL'I'I-
e ,l • LJ jl l: L I " I -
::IJttJ1.(,[) I" 1-
CO-t(jCI'i] 1;1I" 1-
ni.Jt(J~'LCjI" (-
Q0,tll£:.;{) [" 1-
o (J t III Z q I t I -
CfJtU!c..Sl"[-
C ~J t 1..1~1 I, 0:: I "1 -
nO"06L~Jl'1-
i\nt(_j~l:..t t" [-
00t(j(L2'I"I-
niJoU611!"\-
C(J"UCit ~:O. 1-
(; 0 't lJ I 1 (, ,J • I -
CU-t(J( L 1 c. 'I-
10 -lj '.i S"(,'-;.;:;-
tLJ-lJ~12L:""<l-
TO'-Uf]f.!.ltl-
1i) -Ii t, Ii r (;. -->-

lU-lJ't:'-(L.~_-
?::J-(j8Li,\. •.~.

t oJ :, ,:

(O .•(OOCO'(1
':Ct'(uo(w"n
CO-t(iJOCO"r:
fJ().COO(;(),"(1

CC-tc,nuco"c,
Qil,dJ(j(10C'C

C(J-t(!LOCC'l'

(;Cl"(]lJO()O' [I

CCtc:UOQO"[)
GC .•.c~ucJlJr' r;
L'O .l:l:OCG" r
CO-tbUCJCO"\1
un tllO(lcn" (:
uO .C(lo..::-n 'l,;
';') t(J\;(;l:(j 'l)
l:utlllGcn"O
~C.(~80GG~n
CC-t~ijOG()'{;
-.;0 -tr;[;r.(,c' (1

(J!l -tl ;jChlO '0
en t [ l, D G (j " C-
co .•.cuouo"o

, CC,tC.l.c:~:(:'n
iJO. CJOG\)" (I

llOt(jU()cn"~

(j[) .•.Cuocn" c.:
L.{;tCii.JO,~fI"(\

uOtc,onco"[)
LlD.tC:UDllO" C,
GUtUOOCO"C
(] (1 't (, II {J (I 0 " ()

un"L()OCO"ll
lJO-tCO(':(JC"O
Go.(()non"Cl

I ..: ;,..-I - 1 ~~~ ~,) d S / h /\

,
;

vli,"U, ":;<:;'1;';:) '- Ijll,;"I,) ; ""IL, I 'v '[ r .! .;r I: ':i ! : j -I! J

,!,,9
< •••



~,(J t ( {,;~,":' t C
t .= ,~ ll' \..(.",t l:
I (J t C :: ',i ,~ d •. C
1(.+( I'}'I'J-l1
1(: • l. 'I":? I, • (

lL.l';t):~t..C
T:"'1C' ..2~Z.(
1C.('-;'lc'(oll
1C t ( C lli l • (,

<; I
I, [

\.1
, I

1 I
(l 'I

"
C i, t I.: S I ~f{, l: ,;
C;0,.C~8':>':"C c

c!\' :HIS
~;"~n

"

,-

c r: I ( 1 <; :: • c
1 C. - ( I ~~': • (j

T .:: - L [I, t • ,J ,. ?
Zu-C',JCZ"C- T

-1-]'vH J11:'lI'.:J :.Jl--J ::C:l A\,'~jc~
111'.:1"0:!Iil e(l.! ~t\:;lJl':.i-.:::ll:

[C"C{;\-:'tl"[J- '~1
;':u.(S(;;~l.(I- 1,1
TC1Cc;~lS.C- £1
lCtC~iCSt.C- ?1
lCtLLlf..t"CJ- II
T(;t(I.CE'::.C- (11
IC.-tC.j-)~t.2.(j- tJ
lC.((,.;r("::.- :i
lL.t(SL{;l.~;- 1.
1 C -t (t [ (.il •.(j - S

SMG1-1C:J
b2ijCBCS~L.C ='llvM

SM['I-ll~_J
lL16SLSS"t =-llv~

1 LtC 'I:" \: '.; • :'1 .. ,"
t':'.(C(J::,,'C- I,

;:ij .•( ':H 11 I • (J - t
:: C • t.: I,J;' '! 1 .• C -
11.tC~'lql~[)- 1

-1-1'7 t~ .l:1 J -j :! l- 1 'tiC:I A \~~cv 't:\T:iIIS
lj:~-J .:Ill.! <.~C:; l!,,_:IJl:J:::.I[;:: ~\,}jO

? C) - ( I, '..;n G • U - (; l
[(J-('JCI-!'I.O- l!l
Ii.;-C:'L('IS.C (r
CC'r(i.J,;lZ-C ?I
CO.C(;li()(.; -C' 11
::(lI,-;~;:'.I..C 01
l\;tl.'".r.l.,~ {,
il..(?lh!aCi .:{

.
'.

,,,

l(jt('( :'~::':'.l:
1[; .• CC!J'L~~.l-]
lCt-(SlSt:"C
1 ~J I ( :-'~',(-,II " ,;

I •..I- l i, ( ci 1• (I

I •.., t t 12 t:, --; • i:

l
')

c

"
\
-,

r(jll~~'-l:l\:'L: 1
Sf'ilJ'nt~J -I-I.','.', i,C!J.!L\. :11- l 'H...i AvU::'(: ,-V:HiS

( <) .; C) 12 1.q 7' • () ,: -I -I \l1.~ L U.! 1 L ~ C(] j .J I'J:i [ ::: I ~i:J :iIJJ ~~ "d(I•
.~t 'L,:';.l"u.-. ~;[
':; t (/ L ': i .U - I, I
....• :;:;~: 'I "0 - 'I::I

I ,i t ( ) 1 ;.- (, • : 2 I
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\- FILl:: 'ILc

U-VcL~JCI TV

1.OOOE+-OO 1,000=+00
8.510e-01 8.638,-)1
~.52IE-OI 5.852F.-)1
1.1)5E-eJ;l 3.415':-01
1dR'6E-OI 1.4880-01
L.433E-02 4.49qr:-01

-7.5~Oc-02 -1.U2L~-81
-l.45Q~-Ul -1.825E~Ol
-2.057"-01 -2.459,.01
-2.AI3E-OI ~2.96b=-~1
-,.122E-OI -3.315E-DI
-3.~39t-81 -3.3525-01
-3.IU6F-0 I'-2. 14ZF,-O1
-1.t,83[-Ol -1.199r:-OI

~.OUOE .•.OO U.ODt)~.f-O()

1.000:;-"(\0
~i.J05E-~i
(t.6QlE-Ol
2.'t71E-QI
1.:)66::-01
l,598t::-02

-'~e717':"-2~
-(l.b?bf:-02
-l.42~F-'J1
-1."23'-)1
-2.(~<:16~-,)1

-).1')9':-:")1
-,.12F-n
-1."-Ht2f'-'Jl

O.UOOI.::+-OD

I. •• I. ::;!t r~- D I.

C'I.00JE"'UI)

1.r)OOE ..•.OO
7.1.3f,t:-O]
3.l?6E-01
1.',52C-OI
5.A9:)c-02
1.092~-D2

-~.Cl5')i:-U2
- (, • ~ :l 1 !~- (~?
-6.9~',E-u2
- " • ~', "l. r::- u ~
-I.t_ll i:-Ol
-2.054F:-JI
-?RI7f.:--lJl

-f.l.17"-~1]

l .UI!fJl~ .•.no
].'j£?"7".~nl
'"I. r; 1 'Jr- - 0 2
2.'.llfl:-:-0Z
l.10':J:-02
%.Z.;;.f.;'=-rJ:\

-}. !j? F.-;"' 1

- I. •. 2 .1 r.: =.'. - 0 2
-1.S9hc-r?.
-,~.9J8-:-QL
-5.1 f18.':-02
-1.1{,1[:-01
-l.,\)l~'-CI

;).{JOOc'OJ

:J4110JEt-:)f)
J.UJ)[tJQ
).O;;J':~.JO
J.CUJf:.JO
).JJJ~.IJO
;J.~J:,r:.JJ
J.U:JJ 4JJ
J.OJ:1: t:J['
).J))[:t::;O
J.:)J)~.-')[)

[J.aJJi~.UO
J. JJJE+OQ
). r)i.'J1;::t:J']

:).:JU:.'.""'
). OJJ[~.' J:J

1.JJO::4-,')0
9.615::-01
ti.!:i:t6E-Jl
~.J7E-)1
7 • .3~)S~-:1l
6 •. 5 3 8 ~:- J I.
5.701'-1'1
:j.J:'L'~-::i
(t.2,U:-J1.
~.lt~)2:::-81
Z.C)~J2::-01
1 •. -::/2 ~:: - l' I.
1.1~'fc-l1
3 •. j -f ~) t- - ~' ,~

O.JJL):t-.~:;

--.---------------~-----------------~-------------------------------- ~ w

8.077E-D_l7.308E-Ol

I.OODE+UO l.OOOE.f-OO
7.]65~-OI 6.~Oq~-81
3.3251:-01 1.8?9E-OI
8.513E-02 -6.985[-03

-~.2g5E-02 -7.~8ge-02
-1.072"-UI -9.7(,3E-02
-1.3B51:-01 -1.039'-)1
-1.523E-01 -1.036[-01
-1.SS8E-Ol -9,Q95E-'J2
-1.515E-Ol -9.342[-02
-1.3861:-01 -8.281"-02
-1.145E-Ol -6.61qE-OZ
-7.b33E-U2 -4.l11~-02
-2.7°3[-02 -1.1B8,-ryZ

J.QOOE+OO o.u~o~+no

1.0:)0:::+-00
7.'00,-01
,~. 369E-Dl
!.773E-JI.
9.985~-03

"-Q.Z58E-02
-1.53'tF:-[)!
-1.~74F-OI
-2.J]~=-OI
-2.0'8=-01
-1,156r:-:H
- L •.b&9t-Ol
-lol~7E-nl
-It.'t41f:-O?

J.~):}or:+:JJ

5.767::-01

1.C'uOE.f-un
'J.7.42E-Ol
".1.095[-01
2.52'tE-Ol
60393E-02

-('.537~-U2
-1.525[-01
-2.07ZE-Ol
-20393"-01
-?53?E-OL
-2.(tf31E-OL
-2.18f'5E-UI
-I.'56(.E-OI
-6.L8~E-02
[LO[)')r: .•.::In

l.000'-.-I)O
B.'.701:-01
5.57R;:-f)1
3.0!">Ji"::-11
1.083[-01

-3.8001'-02
-1.4l5~-f)1
-2.126[-01
-2.59()C::-f)1
-.?C(~~,r.:-Dl
-~.~;l'tC;-Ol
-j.6~1)r--rll
-I.9~('!:-Ol
-7.977r-J2
D.O~Of;-+'~f)

1.r;))t":-t-JO
~.SO:;=-:Jl
'3.n4~r:-jl
).17IE-Jl
1.37~E-JI

-1."~1~n:-J~
-1.2~1~:-Jl
-Z.J;t5i::-JI
-2.6?A~-Jl
-}.J27t:-Jl
-3.2L2E-')1
-3.('6If:-JI
-2.':.'~F:-Jl
-7.851 r:-J2

).0))1-+):)

x=----) ~.?31::-'JL 5.0DU'::-1"'I1

-------------------------------------------------------------------------------y= 1.J'JJ:::+JO
y= 9.S15t::-Ol
y::= H.H!t()~-:ll
Yo ~.)77c-Jl
y= 7.3JfE-ol
y= 6.5"~B=-OI
y= 5.7!~9::-Jl
y= 5oJJJc-JI
y, 4.,31'-J1'
y= 3.'tb2::-01
y= ?b92::-01
y=. I •.'~E-al
y= L.lSft:::-)l
y= 3.g'f~'::-J2
y= J.LlJJ::t:-:1

J.O:JOE"-OO
O.QOnE'"or:
O.OQ.l!:.f-t)n
O.OU1E+OO
O.QOC'f.OO
0.000r:,: •.oo
0.0001::.'"00
:'.:JO:>[,,-OO
2.00JI:'"00
O.OOJE.f-JO
0.00:)r::";)[1
O.OLJJE+UO

1..000C"'OO
1.2~).F:-nl

-2.c;.771:-P7.
-2.7001::-02
-1.71f,f:-f1?
-1.Jlli~~C'2
-lol0ZC-()2
-9.b(~()r::-OJ

-B.62?~-DJ
-7.65P.f:-03
-b.{t~/tr.-;11
-t,.711r-')3

-4.2l51::-J2
-Lf),:nf:-J2
-2.7.131[,-)2

1.0::.lJ!::'f-QO
'f. 34,+'--[.11
l.)J;[~-)2

-5erJl:--~-J?
- oJ e "l. '! ~!;: - :J 2
-'j.'?77;;-J?
-5.49;,=-J2
-'.)0)C-J2

y= l.JJl)~tOfj
y= '7.61 S::'-OL
y= H.~~.h:~-J.l
y= lJ.J7E-Jj
y= 7.3J~F-)l
y= f::...j3a::--Jl
Yo 5.nF-ol
y= 5.JJO::<11
Yo:: '~.23l::-JL
y= 3.1t~).?::-Ol
y= 2.0"2>JI
y= 1.923[-01

-------------------------------------------------------------------------------
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r:Uf" I :.lj'10IJrl:::> Cf;l/lp"f:-, DIP.Kfl.

y= 1.1 r)(l:::_') I -1.,:»lL-'}~
y= 3.!j!,6::-J;: -(... l:::~~-;'
v= O.JJ0~'~~ 1.~J'!:'Ja
V-V,LJ:JIY

•

-Z.,-:r.2--('I\
-', .'~&6=:-r'5

r..~l)C'7':Jtl
=:t .1~01!;.or
~.DJOf:.on

1.J~3E-OI 3.',62::-)1-------------------------------------------------------------------------------
'f= 1.:.IJO:''10
Yo: 9.!>1 :>::-01
y=- :.l,~',",:-01
"f..: ;1 .• J 7 f =- - J I
v:: 7.3J':.~ __,)1
¥= b. :i31)-:-01
Y= .5.7~F-JI
y= S.JjO":".JJ
y= 4.2'31 ::-01
V::: J.lIS;:'::-')l
y= ~.:,;')2::'<J1
Y= I.J2):-OI
y= 1.1;';i<';j
y= ?.~i'I!'I:-lI2
y= ). JJu~ I J:J

I J:);".')"
I :'l:'1;r.-1Jt'
I .• 'lD '" l' •• J n
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