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Abstract

Higher order boundary value problem which are known to arise in the study of astrophysics,
hydrodynamic and hydromagnetic stability, fluid dynamics, astronomy, beam and long wave
theory, engineering and applied physics. In this thesis under the title “Numerical Solution of
Higher Order Boundary Value Problem by Exp-Function Method”, two problems have been
studied.

Firstly, we discuss the propagation of nonlinear kinky periodic wave and breather wave for the
dominant nonlinear pseudo-parabolic physical models: the one-dimensional Oskolkov equation
is explored. By executing Exp-Function method, compilation of disguise adaptation of exact
nonlinear wave solutions with some noteworthy parameters for the Oskolkov equations is
accessed. The presentation of this technique is reliable, direct, and easy to execute contrasted

with other existing strategies.

Secondly, there are many methods to solve Fisher’s equation, but each method leads to single
special solution. In this thesis, a new method, namely the Exp-Function method, is employed to
solve the Fisher’s equation. The obtained results are shown graphically. The generalized solution
with some free parameters might imply some fascinating meanings hidden in the Fisher’s

equation.
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Nomenclature

D diffusion coefficient

m rate of chemical reaction
k constant

u unknown function

Qo parameter

b, parameter

t time

Greek symbols

a arbitrary constant

arbitrary constant
wave speed

= g8 >

wave variable
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Chapter 1

Introduction

This thesis is concern with numerical solutions of higher order boundary value problem by Exp-
function method. In thesis Oskolkov equation and Fisher’s equation are solved by Exp-function

method.

The mathematical model of physical phenomena usually results in non-linear equations, which
may be algebra, ordinary differential, partial differential, integral or combination of these. The
non-linear equations may contain one or several independent variables. The solutions of these
non-linear systems are dominated by their singularities (if exist). A value of independent variable
(or variables) for which the function is undefined is known as a singularity of the function.
Singularity plays an important role in many reflect some changes in the nature of the flow and
their study is of great practical interest. Sometimes it is very difficult to find out the exact
solution of physical problems. Particularly in statistical mechanics, there a large number of
problems for which the first few terms of the power series may be obtained exactly while the
exact solution is unobtainable. On the other corresponding function is not known, then it
becomes difficult to reproduce the function from the given power series. However, one can study
their singularities by some power series approximant methods. In order to study these problems
many powerful techniques have been used to find the power series coefficients. At the same time
a variety of methods have been introduced for getting the required information about the

singularities by using a finite number of series coefficients.
1.2 Motivation

There are many methods to solve non-linear higher order differential equations, but each method
can only lead to special solution. A new method, namely the Exp-function method, is employed
to solve non-linear higher order differential equations. The obtained result includes all solutions
in open literature as special cases, and the generalized solution with some free parameters might

imply some fascinating meanings latent in the non-linear higher order differential equations.



In the Exp-function method, we can solve non-linear higher order differential equations without
their boundary conditions. So in this thesis, I have motivated to solve the Fisher’s and Oskolkov

equations in the Exp-function method with their free boundary conditions.

1.3 Literature Review

Higher order boundary value problems occur in the study of fluid dynamics, astrophysics,
hydrodynamic, hydromagnatic stability, astronomy, beam and long wave theory, induction
motors, engineering, and applied physics. The boundary value problems of higher order have
been examined due to their mathematical importance and applications in diversified applied
science. Boutayeb and Twizell [2] used finite difference method to solve eighth order boundary
value problem. Noor and Mohyud Din [25] solved the same order boundary value problem by
variational iteration decomposition method. Siddiqi ef al. [30] used the variational iteration
technique for the solution of the eleventh order boundary value problem. Wazwaz [9] used the
modified decomposition method for solving linear and nonlinear boundary value problems of
tenth-order and twelfth-order. Adeosum et al. [32] presented the variational iteration method
(VIM) to find the approximate solutions of linear and nonlinear thirteenth order boundary value
problems. In the last few decennary, the study of nonlinear evolution equations established much
concentration in diverse fields of nonlinear science, such as fluid mechanics, nuclear physics,
solid-state physics, plasma physics, chemical physics, optical fiber and geochemistry. Many
scholars planned through NEEs to construct traveling wave solution by implement several
methods. The procedures that are well established in recent literature such as extended
Kudryashov method [14], New extended (G’/G) expansion method [17] trial solution method [3].
Roshid [26] showed exact and explicit traveling wave solutions to two nonlinear evolution
equations which describe incompressible viscoelastic Kelvin vogit-fluid. Turgutet al. [7]
Propagation of nonlinear shock waves for the generalized Oskolkov equation and its dynamic
motions in the presence of an external periodic perturbation by implement in this method.
Sviridyuk [15] showed on the stability of solutions of the Oskolkov equations on a graph. In
2006, He and Wu [20] have introduced the Exp-function method to obtain the solitary solutions
and the periodic solutions of nonlinear wave equations. Wu [34] discussed Exp-function method

and its application to nonlinear equations. Chun [11] obtained new solitary wave solutions to



nonlinear evolution equations by the Exp-function method. Ebaid [4] showed the possibility of
solving Burgers equation by the exp-function method. He also obtained the exact solutions for
the KdV equation and the extended KdV equation and exact solitary wave solutions for some
nonlinear evolution equations via this method. The method was also used to solve different
nonlinear wave equations, generalized Klein—Gordon equation [5], evolution equations with
nonlinear terms of any orders [16], (2+1)-dimensional Konopelchenko-Dubrovsky equations [31]
the Schwarzian Korteweg-de Vries equation [18], Broer-Kaup-Kupershmidt equations [8]
nonlinear evolution equations with variable coefficients [1] fifth order KdV equation and
modified Burgers equation [19]. Feng [24] presented the higher-order soliton, breather, and
rogue wave solutions of the coupled nonlinear Schrédinger equation by applying the DT method.
Al-Khaled [23] presented a sin collocation method to study numerical solutions of nonlinear
reaction diffusion Fisher’s equation. Rajni and Mittal [29] describes numerical study of reaction
diffusion Fisher’s equation by fourth order cubic B-spline collocation method. Eisa [13]
represented numerical solution of Fisher’s equation using finite difference method. Numerous
complex phenomena in real life are modeled by nonlinear evolution equations. Pseudo parabolic
model is one kind of partial differential equations in which the time derivative emerged in
highest order derivative and they have been exploiting for different areas of mathematics and
physics such as instance, for fluid flow in fissured rock, consolidation of clay, shear in second-
order fluids, thermodynamics and propagation of long waves of small amplitude. Nowadays,
much attention has been paid to investigate NEEs such as Pseudo parabolic equation [27]. It is
important to note that a completely integerable Pseudo parabolic model provides innovative and
explicit different type exact traveling wave solution. Shuimeng [36] obtain N-soliton solutions of
the KP equation used Exp-function method. Wu [33] used Exp-function method get solitary
solutions, periodic solutions and compacton-like solutions. Chang [22] applied the Exp-function
method to solve a system of nonlinear PDEs, and some new exact solitary solutions are obtained
with some free parameters. Yildrim [10] solved nonlinear reaction-diffusion equation arising
mathematical biology by the application of Exp-function method. Ji-Huan [21] used the Exp-
function method to show the generalized solitary solution and compacton-like solution of the
Jaulent-Miodek equations. Chun [12] find soliton and periodic solutions for the fifth- order
Korteweg-de Vries (KdV) equation with the Exp-function method. Qiuand Sloan [35] solved the

Fisher’s equation by moving mesh method and showed that moving mesh methods produce



much better results if the monitor function is chosen to suit the proper-ties of the differential
equation and of the numerical solution. In 2005, Anguelov et al. [28] solved the problem u; =
Uy +u(l —u) by using a periodic initial condition with 0-nonstandard method. They
concluded that their method is elementarily stable in the limit case of space-independent
variable, stable with respect to the boundedness and positivity property and finally stable with

respect to the conservation of energy in the stationary case.

1.4 Objectives of The Thesis

The primary objective is to numerically investigate the performance of exp-function method over
higher order boundary value problem. The specific aims are:

> To use the exp-function method to solve different higher order boundary value problems.
> To analyze the alternative ways of solving higher order boundary value problem by exp-
function method.

> To compare the results found from this study with other related published works to

validate the computational procedure.

1.5 Outline of The Thesis

In chapter one, the introductory discussions, motivations, literature review and objectives are
discussed. Some basic definitions and some basic formula are given in the chapter two. The idea
and method of the Exp-function method and some theorem are also given in this chapter. In
chapter three, the analytic results of the Oskolkov and Fisher’s equations in the Exp-function
method without their boundary conditions are discussed. The numerical result discussion of the
Oskolkov and Fisher’s equations in the Exp-function method are also discussed in this chapter.

And finally, in the chapter four, the conclusion of the thesis and my future work are given.



Chapter 2

Mathematical Preliminaries

2.1 Introduction

Real-life problems are mainly modeled by partial differential equations (PDEs) with applications
to engineering, physics, chemistry, ecology, biology, and other related fields of science.

Partial Differential Equation can be of different forms:

(1) linear or nonlinear,

(1) homogeneous or non-homogeneous,

(111)  elliptic, hyperbolic, or parabolic PDEs

Have some specifications that give the information how smooth the solution is, how rapid
information propagates, and what is the impact of initial and boundary conditions (which help to

find if a particular approach is suitable to the problem being portrayed by the PDEs).
2.2 Differential Equation

An equation involving derivatives of one or more dependent variables with respect to one or
more independent variables is called a differential equation.

For example of differential equations we list the following:

a2 dy\2

d—x§+xy(d—z) =0 2.1
4 2

% + 5% + 3x = sint (2.2)

d 2

a_: a—” =v (2.3)

From the brief list of differential equations in first example it is clear that the various variables

and derivatives involved in a differential equation can occur in a verity of ways.
2.2.1 Ordinary Differential Equation

A differential equation involving ordinary derivatives of one or more dependent variables with

respect to a single independent variable is called an ordinary differential equation.



Example:

dZy ﬂ 2 _

() =0 24
4 2

5+ 3x =sint Q.5

In Equation (2.4) the variable x is the single independent variable where as y is dependent

variable. In Equation (2.5) the independent variable is t, where as x is dependent.
2.2.2 Partial Differential Equation

A differential equation involving partial derivatives of one or more dependent variables with

respect to more than one independent variable is called a partial differential equation.

Example:
du |, du
5; 5?-— v (2.6)

9%u  9%u . 9%u
Tz 5270 (2.7)

In Equation (2.6) the variables s and t are independent variables and v is a dependent variable.
In equation (2.7) there are three independent variables x,y and z, in the equation where as u is
dependent.

More about Partial Differential Equation

In Mathematics, a partial differential equation is one of the types of differential equations, in
which the equation contains unknown multi variables with their partial derivatives. It is a special

case of an ordinary differential equation.

2.2.3 Types of Partial Differential Equation

The different types of partial differential equations are:
(1) First-order Partial Differential Equation
(i1) Linear Partial Differential Equation
(i11)  Quasi-Linear Partial Differential Equation

(iv)  Homogeneous Partial Differential Equation

Let us discuss these types of PDEs here.

(i) First-Order Partial Differential Equation

6



In Math’s, when we speak about the first-order partial differential equation, then the
equation has only the first derivative of the unknown function having ‘m’ variables. It is

expressed in the form of;

F(xl’ ......... xm’ul’uxll............uxm) — 0

(ii) Linear Partial Differential Equation

If the dependent variable and all its partial derivatives occur linearly in any PDE then such an

equation is called linear PDE otherwise a nonlinear PDE.

Example:
AR g o | O pOU L p L By =0
oxz T Poxay T Vo T ax TPy TIUT
2 2y0u | 0%u o
(x +y)at+axay 3u=0

(iii) Quasi-Linear Partial Differential Equation

A PDE is said to be quasi-linear if all the terms with the highest order derivatives of dependent
variables occur linearly, that is the coefficient of those terms are functions of only lower-order
derivatives of the dependent variables. However, terms with lower-order derivatives can occur in

any manner.

Example:

9%u 2. 9%u 9%u (6u)2 (au)z 3
uxax2+u xyaxay+uyay2+ o + oy +u°=0

(iv) Homogeneous Partial Differential Equation

If all the terms of a PDE contain the dependent variable or its partial derivatives then such a PDE
is called non-homogeneous partial differential equation or homogeneous otherwise. In the above

four examples, Example



Pu_ o0

e S
ou 0%u
A_1t88%_9p
ot 0x2

2.2.4 Initial Value Problem

An Initial Value Problem is a differential equation along with an appropriate of initial conditions.

The following is an initial value problem
4x%y" +12xy' + 3y = 0;y(4) = 8,y'(4) = —3/64 (2.8)
2.2.5 Boundary Value Problem

If the given conditions are given at more than one point and the differential equation is of order
two or greater, it is called a boundary value problem. A Boundary Value Problem can have none,

one, or many solutions.

Example
d?y
=Y =0y0)=1y(m/2) = 2. (2.9)

2.3 Non Linear Equation

A nonlinear system of equations is a set of equations where one or more terms have a variable of
degree two or higher and/or there is a product of variables in one of the equations. Most real-life

physical systems are non-linear systems, such as the weather.

2.3.1 Higher Order Non Linear Differential Equation

We shall concerned with sixth-order nonlinear differential equations of the form

déx dx
- r(-2)
dt® dt

As a specific example of such an equation we list the important Van der Pol equation

d?x

d
dt2+u(x2—1)d—:+x=0

8



Where, u is a positive constant.
2.3.2 Oskolkov Equation

It’s some kind of non-linear partial differential equation used to model the propagation of shock

waves in certain materials.

Example:

The (1+1) dimensional Oskolkov equation is in the following from
Up = Pyt — AUyy + Uy =0

2.3.3 Fisher’s Equation

Fisher's equation, which describes a balance between linear diffusion and nonlinear reaction or

multiplication.

Example:

We consider the reaction diffusion equation is
U = Uy +u(l —u)

2.4 The Exp-Function Method

In this section we state some basic theorem describing general properties of exp-function method

whose material of this section can be found in [6]

The Exp-function method has been widely used to solve different kinds of nonlinear partial
differential equations. These nonlinear partial differential equations are transformed first into
nonlinear ordinary differential equations and then the ansatz of the Exp-function method is

Ya-_canexp(nn)
S m=—p bmexp(mn)

u(m) = applied to obtain the solution. However, a part of the solution using this

method is to construct the relations between c, p, d and q by balancing the highest order linear



term with the highest order nonlinear term. It is proved in this thesis that c = d and p = q are

the only relations that can be obtained by applying this method to any nonlinear ordinary

differential equation. Therefore, the additional calculations of balancing the highest order linear

term with the highest order nonlinear term are not longer required in future. Hence, the method

becomes more straightforward.
2.4.1 Method

Consider the given (1+1)-dimensional nonlinear wave equation
N Ug, U, Uy Uggy Uy -+ 1o ooe weewee seemenens) = 0
Or, the (2+1)-dimensional nonlinear PDE
N(u, Up, Uy Uy Ungey U, Uyyy, Uy, =0 7o oo weeseeses see e ) =0
Seeking for the wave solution for equation (2.10) requires the transformation:
u = u(n), n = u(x — wt).
For equation (2.11), the wave solution requires the transformation:
u =u(é), n=x+ay+ft.

Consequently, equation (2.10) is reduced to the ODE:

N(u, _’uwul"uuc‘uzuu"uzwzun' _uzu//' ......... ) — 0' u= u(n)
And, equation (2.11) is reduced to
N(u, u', v/, au’, u”, B2u”, a?u”, au' - - ) =0, u=u(é).

The Exp-function method anstaz is expressed in the form:

Yd__.anexp(nn) _a—cexp(=cn)reeeees +apexp(pn)
Yi=—pbmexp(mn) — b_gexp(=dn)++-weweeeee +bgexp(qn)’

u(m) =

Which can be applied to solve equation (2.14), a similar anstaz can be also applied to solve

equation (2.15).

10
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2.4.2 General formula

On using the ansatz given by equation (2.4.1.4) then the following derivatives are resulted

uD@m) =2 exp[=(c+d)n]+-0y expl(p+q)n]
91 exp[(—2d)n]+---T1 exp[(2q@)n]

5

u® (7)) — T2 exp[—(c+3d)n]+------0, exp[(p+3q)7]
92 exp[(—4d)n]+--T; exp[(4q)n]

2

u® ) == exp[—(c+7d)nl+-g5 expl(p+7q)n]
93 exp[(=8d)n]+:--T3 exp[(8q)n]

(4) (1) — Faexpl=(c+15d)n]+--gy exp[(p+15@)n]
“ (77) 91 exp[(—16d)n]+----Tyexp[(16q)n] (2.17)

9

Where,t;, g;, 0; and I'; are all constants. Therefore, the following general derivative formula is

obtained

) _Ir exp[—(c+R"-Dd)nl++orexpl(p(2T-1)q)n]
u (TI) orexp[(=2"d)n]++Iexp[(2"q)n] (2.18)

This formula for the r-derivative of u(n) will be used in the next section to explore the

mathematical aspect of the Exp-function ansatz.

2.4.3 Theorems

Theorem 1: Suppose that uand uY are respectively the highest order linear term and the
highest order nonlinear term of a nonlinear ODE, where r and y are both positive integers. Then

Zq"‘_c a”exp(nn) leads toc =
Em——p bmexP(

the balancing procedure using the Exp-function ansatz: u(n) =
dandp=q,Vr>1,vy = 2.

Proof. Assuming that y is a positive integer then have from the Exp-function ansatz:

u = ( Ye__ . anexp(nn) )y _ a)—/ceXp(—yan """ +a;;exp(]/p17) (2'19)

Sm=—p bmexp(mn) bY ; exp(=ydn)+---+by exp(yqn)
In order to balance the linear term of the highest derivative u(™ with the highest nonlinear term
uY, we first rewrite u™ as uMmn) =

Ty exp[—(c+2"-1D)d)n]++orexpl(p(2"-1)q)n] bZd exp(—ydn)+-- +b21/ exp(yqn)
or expl(=27d)nl+-+Iy expl(2"q)n] bY j exp(=ydn)+---+b} exp(yqn)
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_ zrb? jexpl=(c+ 2" ~14y))nl+-+arb] expl(p(2"~1+y) )]

B 9rbY y expl(=27+y)dnl+--+I7b} expl(2"+Y)qn] (2.20)
Also from equation (2.19) we obtain
Y = LcexpCyem e kapexp(ypm) g expl(=2"dynl -4y expl @ q)n]
bY jexp(—ydn)+-+b} exp(yan) * grexpl(=2"d)nl+-+I exp[(27q)n]
_ eral cexp[(=2"d+yc)n]+- - +Frag exp[(2"q+yp)n] o)

orbY ;exp[(=2T+y)dn]+---+Irb} exp[(2T+y)qn]

On balancing the lowest and the highest order of the Exp-function in Egs. (2.20) and (2.21), it

then follows

—(c+@2"—1+y)d)=—-2"d +yc)
p+ Q@ —1+y)qg=(2"q+yp). (2.22)

Simplifying the last two equations yields

(y—Dd= (-1,
(v =Dp = —-Dg. (2.23)
Noting that y = 2, we find from Egs. (2.23) that c=d and p=q, and this complete the proof.

Theorem 2: Suppose that u™and u®u® are respectively the highest order linear term and
the highest order nonlinear term of a nonlinear ODE, where r, s and k are all positive integers.
Then the balancing procedure using the Exp-function ansatz leadstoc =dandp =q,Vr,s,k >

1.

Proof. Let 1, s, and k be positive integers. The nonlinear term u®u® can be evaluated by using

the general formula given by Eq.(2.18) and the Exp-function ansatz as

u®yk = Is exp[—(c+(25-1)d)nl++as expl(p(2°-1)q)n] _ b¥cexp(=ken)+--+bf exp(kpn)
9sexp[(=25d)n]+--+Tsexp[(25q)7] bk ; exp(—kdn)+---+bk exp(kqn)

_ 1sbk exp[—((k+1)c+(25-1)d)n]+--+0sbk exp[((k+1)p+(25-1)q)n]
B 9sbk 4 exp[(—25d)n]+-+Tsbk expl(25-+k)qn]

(2.24)

Multiplying both numerator and denominator of the R.H.S of this equation by

(9rexp[(=2"d)n] + -~ - + I exp[(2"q)n)),
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We then get

u(s)uk _a exp[—((k+1)c+(25+2r—1)d)n]+-~~+a2 exp[((k+1)p+(25+2r—1)q)n]
- B1exp[—(25+2T+k)dn]+---+ B, exp[(25+27+k)qn] i

(2.25)

Where a4, a5, 1, and [, are constants and given as

a, = g, 1;bk,, a, =I',bias,

B1 = 9r9shXy, B2 = I Tsby, (2.26)
On multiplying both numerator and denominator of the R.H.S of u(® by

(9sb%q exp[(—(2° + k))dn] + -+ + I'b§ exp[(2° + k)qn]),

We get

S1exp[—(c+(25+2T+k—1)d)n ]+ +8,exp[(p+(25+2"+k—1)q)n]

u® =
Biexp[—(25+2T+k)dn]+: -+ +B,exp[(25+27+k)qn] i

(2.27)

Where §, and 6§, are given by
51 = 1,9:b"%,, 8, = o,Isbf. (2.28)

In view of Egs.(2.25) and (2.27) and balancing the lowest and the highest order of the Exp-

function, we get
—((k+Dc+@25+2"—1Dd) = —(c+ 2+ 2"+ k — 1)d),
k+Dp+R2°+2"-Dg=p+2°+2"+k—1)q. (2.29)

These equations can be also simplified to give c=d and p=q.

Theorem 3: Let u™and (u®)® be respectively the highest order linear term and the highest
order nonlinear ODE, where r, s and Q are all positive integers. Then the balancing procedure

using the Exp-function ansatz leads to c=d and p=q, Vr,s = 1,V > 2.

Proof. Proceeding as above, the nonlinear term (u(®))® can be evaluated by using the general

formula given by Eq.(2.18) as

(52 —_ €1expl-[(c+2°-1Dd)2+27dIn+-+€p expll(p+(2°-1q)2+27q]n]
(u ) €3 exp[—(25n2+2M)dn]+---- +e4 exp[(250+27)qn) > (230)

Where, €, €,, €3 and €, are constants. Also u™ can be written as

13



u® = X1 expl-((c+@ - 1)d)+2°0d)n]+---+0, expl(p+(2"~1)q+2°0q)n] 2.31)
X3 exp[=(25Q+27)dn]+--+xs€ expl[(2°0+27)qn] ’ '

Where, x4, 2, xzandy, are also constants. The balancing procedure leads to the system:

—[(c+@2°-1)d)2+2"d = —(c+ (2" — 1)d) + 2°04d),
b+ -1 +2"g=((p+ (2" —1)q + 2°0q. (2.32)

On simplifying this system we then have

(2-1(c—d) =0,
@Q-DpP-q =0. (2.33)

Noting that 2 # 1 the system above requires that c=d and p=q, and this complete the proof.

Theorem 4: Suppose that uand (u®)?u’are respectively the highest order linear term and
the highest order nonlinear term of a nonlinear ODE, where 1, s, and A are all positive integers.

Then the balancing procedure used the Exp-function leads to c=d and p=q, Vr,s, 2,1 > 1.

Proof. On using (2.4.1.4) and (2.4.2.2) we can rewrite u™and (u®)%u%as

($)V2,,4 _ €s exp[-[(c+(25-1)d)n+2"d+Ac]n+---+€g expl[(p+(25-1)q) 2+27 q+Ap]n]
@) u €7 expl—(250+27 +A)dn]+-+ege expl(252+2T+A)qn] (2.34)
And
u® = L exp[—[(c+(2"+2°02+A-1)d)n]+---+ X6 expl(p+(2"+2°0+A-1) )] (2.35)
X7 exp[—(250+27+)dn]+:-++xg exp[(252+27+2)qn] ’
Where, €;and y; i = 5,+-- -+ -+ -+ .-+ 8, are constants. From Eqgs. (2.34) and (2.35) we obtain

—[(c+ @ -1)d)2+2"d+ Ac] = —[(c+ 2" + 250 + 1 — 1)d),
P+ 2= +2"q+Ap=p+2"+2°0+ 21— 1)q, (2.36)

Which can be simplified as

A+02-1)(c—d) =0,
A+02-1)(c—d)=0. (2.37)

Noting that A + 02 —1 # 0,V A, 2 > 1, we obtain c=d and p=q, and this complete the proof.
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Chapter 3

Solution of Higher Order Boundary Value

Problems

3.1 Introduction

The problems of Oskolkov and Fisher’s equation have been solved by Exp-function method.
Oskolkov and Fisher’s equation are most widely studied problems in which are mostly used in
modeling transport of air, adsorption of pollutants in soil, diffusion of neutrons, food processing,
modeling of biological and ecological systems, modeling of semiconductors, oil reservoir flow
transport, fluid mechanics, nuclear physics, solid-state physics, plasma physics, chemical
physics, optical fiber and geochemistry. There are many methods to solve Fisher’s and Oskolkov
equations, but each method can only lead to special single solution. In this thesis, a new method,
namely the Exp-function method, is employed to solve the Fisher’s and Oskolkov equation. The
obtained result includes all solutions in open literature as special cases, and the generalized
solution with some free parameters might imply some fascinating meanings latent in the Fisher’s
and Oskolkov equations. For this reason, we can solve a higher order boundary value problem
without its boundary conditions. So, in this thesis, we have solved the Fisher’s and Oskolkov
equations with their free boundary conditions. In this thesis, we also implement such figures by
solving the Fisher’s and Oskolkov equations we have computer software to get different shape of

figure.
3.2 Oskolkov Equation

In this subsection we implement the Exp-function method for (1+1) Dimensional Oskolkov
Equation in the following form

Up — LUyt — AUy +uUU, =0 (3.2.1)
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Where «, § are arbitrary constant and u(x, t) is an unknown function . Used the traveling wave
variable u(x,t) = u(n) and n = kx — wt where k is a constant & ® is wave speed. Now we

convert the equation (3.2.1) into the following ordinary differential equation

2k2wpu’ — 2ak*u’ — 20u + ku? = (3.2.2)
Where the prime denote the derivative with respect to 1
We know, the Exp-function method is based on the postulate that traveling wave solutions could

expressed in the following form

_ Y4 anexp(nn)

ulm = Ym=—p bmexp(mn) (3.2.3)
_ acexp(cn)+ ..................... +a_dexp(_dn)
= bpexp(lm)"' ..................... +b_q€xp(—q17) (324)

Where c, d, p and q are positive integers which are unknown to be further determined a,, & b,
are unknown constants. To determine the values of ¢ & p. We balanced the linear term of highest
order in equation with the highest order nonlinear term. Similarly to determine the values of d &
q, we balanced the linear term of lowest order in equation with the lowest order nonlinear term.

Now differentiate equation (3.2.4) with respect to 1 and both side squaring we get

, _ bpePlacceM—bypePllacec

u T (3.2.5)
_ ep"e”?[bpac(c—p)]
- o (3.2.6)
e(@+on
= (3.2.7)
Here Mzc_p) = constant
bp
Again,
e2PN @+ (p4c)—e®P+ON 2p 2PN
u' = DT (3.2.8)
" 2PN e P+ {(p+c)—2p)}
=y = S Ol (3.2.9)
" c,e(Bp+om
= (3.2.10)
And
2 _ ake*n
= (3.2.11)
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ePeM[byac(c—p)| a2.e2n

1,2 —
e bpe?Pn "b3.e2PM (3.2.12)
(c=p)bp.ac.a2.e3cm+pn
B Zé-e‘*p" (3.2.13)
(Bct+p)n
=S (3.2.14)

C4.€4PN
Balanced the highest order of Exp-function in equation (3.2.10) & (3.2.14), we have 3p + ¢ =
3¢ + p, and we obtain p = c. Used the same method, we can also obtain that g = d.

For solved, we put p = c = 1 and g = d = 1, so equation (3.2.4) reduce to

aexp(n)+ag+a_ exp(=1n)
biexp(n)+bo+b_1exp(—n) (3.2.15)

u(m) =

Substituting equation (3.2.15) into equation (3.2.2) and by the help of computer program we get

¢, = —2wfk?agh by + 2wPk?a b3 + 2ak?agh by — 2ak?a, b — 4wayb,by + 2ka,aybg
+ 4ak?a_,b? — 4wa,b1b_; + 2ka,a_1b; + ka?b_, — 2wa_,b? — 2wa, b3
+ ka3b, — 8fwa,b;b_, + 8Bwk?a_,b? — 4ak?a,b;b_,
c_, = 2ak?ayb?, — 4wa_,byb_; + 2kaga_1b_, + ka® by — 2wayb?; — 2wPk?a_,;byb_4
+ 2wBk?agb?, + 2ak?a_,bob_,
¢y = 2ak?ayb? — 4wa, b by + 2ka agb; + kaiby — 2wagh? — 2wPk2a;b1by + 2whk?ayb?
— 2ak?a,b, b,
c_, = —6ak?a;byb_, + 6ak?a_,;b by + 6wlk?abyb_; + 6wBk?a_,b,b,
— 12wpfk?agh b_; — 2wagb3 + kaib, + 2ka,aghb_, + 2ka,a_, b,
+ 2kaga_1b; — 4wabgb_1 — 4wagb1b_1 — 4wa_1b by

c3 = —2wa,b? + ka?b,
c_3 =ka*,b_, — 2wa_,b?,

Now solved the above equations used by computer program get the following set of solutions are

-1 a 3béa -1 b3
Case-1: k= |-, w=—,a_,=0,ap=0,a, =——>- |[—,b_y =b_4,by = by, b; = —>
6[?’ 5[?’ 1 » 0 » 41 5b_, 6[?' 1 1,70 0, M1 4b_,

Now substituting all values of case -1 in equation (3.2.15) and yielding the following solution of

equation (3.2.1)
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b&a(l )e"’

3 J—-6B

3 / 5 (3.2.16)
b1<b1eﬂ+bo+ 0 )

4bq

u(m) =

Similarly get solution of equation (3.2.1) for the case of 2, 3, & 4

,1 - 5a3 1 5a
Case-Z:k= §1w=_a)a—1=01a0=a01a1=_a—03' . b_1=b_1,b0=— Oﬁ-

5B 8ab_; /68’ a
e A 25a%p
68’ 1 96azb_,
—sa.e". /68
u() = —y 22t % (3.2.17)
25.a(2).Be.77 ) 5./6B.ag b e o
96.a?2b_q 12a 1
k= |2 =29, Z3bea [zl _ _ 58 _
Case-3: k = 6/3’(‘) = 5ﬁ'a‘1 = o, 6B,a0 =0,a, =0,b_41 = 4b1'b0 = by, b; = by
3 bZ.o.e™
u(m) = <. o (3.2.18)
,/—6B.<b1'en+b0+ (‘)}bl )
AT I SR 3 5ajB . [ 1 25a%p __Sagp
Case-04: k = J;,w = SB,a 1= Sab, 6B,a0 ag,a; =0,b_; = s6azb, ’ D0 o
1
6_[3’b1 =b,
5 a3 _
Aotz -/ 6B.e n
u(n) = 5‘;80 il el (3.2.19)
by el 12 a"/@ : 96a2bq -
3.3 Fisher’s Equation
The nonlinear reaction-diffusion equation
Uy = DUy, + mu(1l — u) (3.3.1)

This equation was first introduced by Fisher as a model for the propagation of a mutant gene.

Here u(x,t) is the concentration of the reactant, D represents its diffusion coefficient, and m
represents the rate of chemical reaction. In media of other natures, u might be temperature or
electric potential, D might be the thermal conductivity or specific electrical conductivity.

Equation (3.3.1) becomes
U = Uy +u(l —u) (3.3.2)
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Here the independent variables x & t into wave variable n = kx + wt to carry out a partial

differential equation into two independent variables.

Now,

n =kx + wt (3.3.3)

Differentiation equation (3.3.3) with respect to # we get

an _
5 =W (3.3.3a)
. g, = Ou_0udn
SUp == oo (3.3.3b)
su=uow (3.3.3¢)
Again,
on _
Pl k (3.3.3d)
u @
U, = a—’;ﬁ (3.3.3¢)
=k-u' (3.3.3g)
s utu, = ku?u/ (3.3.3h)

Again differentiate equation (3.3.3g) with respect to x we get

Upy = k? - 1" (3.3.3i)
Now used the equation (3.3.3) to (3.3.31) convert the Fisher’s equation (3.3.2) to the Ordinary
Differential Equation is

—wu' +k*u" +u(l—u) =0 (3.3.4)

Where the prime denote the derivative with respect to 1. We know, the Exp-function method is

based on the postulate that traveling wave solutions can be expressed in the following form

_ X&__canyexp(nny)
ulm = Ym=—p bmexp(mn) (3.3.5)
— acexp(cn)+ ..................... +a_dexp(—dn)
bpexp(pn)+ ..................... +b_q€xp(—qn) (3353.)

Where ¢, d, p and q are positive integers which is unknown to be further determined a, & b,,

are unknown constants. To determine the values of ¢ & p. We balance the linear term of highest
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order in equation with the highest order nonlinear term. Similarly to determine the values of d &

q, we balance the linear term of lowest order in equation with the lowest order nonlinear term.

Now differentiate equation (3.3.5a) with respect to n we get

, _ bpePlacce—bypePla e

u bZenn (3.3.5b)
ePMeN[byac(c—p)]
= bf,epzv; (3.3.5¢)
, e(p+om
o u = 327 (3.3.5(1)
Here W = constant.
P
Again, from equation (3.3.5d) we get
, e2Pe@tOn (pyc)—eP+ON 29 o207
= oz (3.3.5¢)
2 (p+o) -
= u” _ e?PNe(P e:;f]p‘l'c) Zp} (33.5D
(3p+o)
u' = leze# (3.3.59)
And squaring equation (3.3.5a) obtain,
2 g2cm
u? = Zg_;m (3.3.5h)
Now multiplying equation (3.3.5¢) & (3.3.5h). Then
, epnecn[b a (C—p)] a2.e2cn .
u'u? = bgepzp; 'bg.ezr”l (3.3.51)
_ (c=p)-bp.ac.aZ.e3ntpn .
= bicn (3.3.5))
(3c+p)
auur=2 1 (3.3.5k)

cy.€4PN

Balancing the highest order of Exp-function in equation (3.3.5g) & (3.3.5k) & we have 3p + ¢ =

3c + p, and we obtain p = c¢. Used the same method, we can also obtain that g = d.

For solved, we putp = c = 1& g = d = 1, so equation (3.3.5a) reduce to
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ajexp(n)+ag+a_exp(-n) (3.3.6)

u(n) = byexp(n)+bo+b_iexp(—n)

Substituting equation (3.3.6) into equation (3.3.4) and by the help of computer program we get

¢, = waghiby — k?agb by + a;b3 + aib, + 2ayb by — wa b3 + k?a,b3 — 2aqa, b,
+ 2wa_,b? + 4k?a_,b? — 2a,a_,b; + 2a,bb_; — 2wa,;byb_; — 4k?a,; b b_,
—a?b_, + a_,b?

c_y = —wagh_1by — k?agb_1by + a_1bE + aib_; + 2aob_1by + wa_,b2 + k?a_,b?
— 2apa_,1by + 2a_1b;b_; — 2wa,b?; + 4k*a_,b?, — 2a,a_,b_;
+ 2wa_,byb_y — 4k?a_1bib_; — a%,b; + a;b?%,;

¢, = —a?,by + wa_;bgh_; — k?a_1bob_1 + k?agb?, + 2a_1byb_, — wayh?, + ayb?,
—2apa_1b_4

C_p = agh? — a?by + k?agb? + 2a,b, by + wayb? — k?a;b;by — 2a,a9b; — wa, by by

c3 = —aib; + a,b?

c_3=a_;b*, —a*b_,

co = —3wa,bob_; + 3wa_,b by + 3k?a;byb_, + 3k?a_,b by — 6k?agb;b_, + 2a;byb_,
+ 2a_1b1by + 2ayb1b_1 — 2a4a9b_1 — 2a4a_1by — 2apa_1b;

Now solve the above equations by using computer program get the following sets of solutions

arc

1 5 b2 bg
Case-01: k = g(l) =-a_q1 = an = 0a1 = b_1 = b_1b0 = b0b1 =

6 4b_4 4b_y

Now substituting all values of case-1 in equation (3.3.6) and yielding the following solution of

equation (3.3.1)

bgel

1
u(n) = T T (3.3.7)
_1<42—_1+b0+b_1€_n>
Similarly get solution of equation (3.3.1) for the case of 2, 3, & 4
Case-02: k = |2, w=2,a_,=0,a0=bo, a1y = 0,a =25, b_y = b_y, by = by, by = -2
ase-Uiik = |7 w=7,0-1=0,00 = Do, a1 = U, a4 = ap,’P-1 = P-1,00 = Do, b1 =5
2.7
1/4boe +bo
u@®) = —p=t (3.3.8)
1/4 bo_l +b0+b_1e_77
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b5

1 5
Case-03: k= |-, w=—=-,a_, =
6’ 6’ 17 4p,’

2
aO =0,a1 =0,b_1 :4b_l§)1b0 :bO'bl :bl

bZe 7
u(m) =+ e ,,) (3.3.9)

o=
b1<blen+bo+ 4bq

1 /—1 _ 5 __ b} _ _ __ b} _ .
Case'04.k— ?,(D—_—,a_l—_l,ao—bo,al—0,b_1—4_b1,b0—b0,b1—b1

b3e™7

+
u(p) = ——0— (3.3.10)

bge
n 0
ble +b0+ 4bp

3.4. Result Discussion

3.4.1 Numerical Result Discussion of Oskolkov Equation

In this area, we have discussed about the physical portrayal of the acquired exact and solitary
wave solution to the (1+1) Dimensional Oskolkov equation. We speak to these solutions in
graphical and check about the sort of solution. Now we pictorial some obtain solutions realize by

Exp-function method for the Oskolkov equation.
Case-1:

The real and imaginary part of solution (3.2.16) is shown in figure-1(a) and figure-1(b) which is
the rogue wave solution for the values by = =1, = 1,8 = 1,b_; = —1/10. In these figure it
can be seen that lower density plot appears in the 3D plot. If we increase the values of o then we
analyze a dynamics behave of all solution. Here if we increase the values of a then we can seen
that the rogue wave solution deform in kinky rogue wave solution as shown in the fig-1(c) to fig
-1(f). From fig-1(g), we seen that this graph embodies the rogue wave solution of the imaginary
part of solution (3.2.16) whose 3D plot lower density plot below for the values of the parameters
by =—-1,a =-1,8 =1,b_; = —1/10. The fig-1(h) behave kink shape solution of the solution
(3.2.16) for the values of parameter by = —1,a =1, = —2,b_; = —1/10 we get this type
solutions for the condition & > 0. Fig-1(i) represent anti-kink shape solution of (3.2.16) for the
parametric values by = —1,a = —1,8 = —2,b_, = — 1/10. We estimate anti type solutions for

the condition a < 0.
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Figure-1(a): The real part of the solution (3.2.16) for the values of the parameters
bp=-1La=1,=1b_4=—-1/10

Figure-1(b): The imaginary part of the solution (3.2.16) for the values of the parameters
bp=—1lLa=1B8=1b_,=-1/10
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Figure-1(c): The 3D plot of the solution (3.2.16) for the values of the parameters
bo=-1L,a=3,=1b_4=—-1/10

Figure-1(d): The 3D plot of the solution (3.2.16) for the values of the parameters
bo == _1,a == 5”8 = l,b_l = _1/10
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Figure-1(e): The 3D plot of the solution (3.2.16) for the values of the parameters
bo = —1,0( = 7,B = 1,b_1 = _1/10

Figure-1(f): The 3D plot of the solution (3.2.16) for the values of the parameters
by =-1,a=10,=1,b_; =—1/10
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Figure-1(g): The imaginary part of the solution (3.2.16) for the values of the parameters
bp=—-1,a=-1,=1,b_; =-1/10

Figure-1(h): The 3D plot of the solution (3.2.16) for the values of the parameters
bp=—-1,a=1,=-2,b_,=-1/10
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Figure-1(h(i)): The 2D plot the solution (3.2.16) for the value of

x=1

Figure-1(i): The 3D plot of the solution (3.2.16) for the values of the parameters
bp=—-1,a=-1,=-2,b_, =—-1/10
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Figure 1(i(a)): The 2D plot of the solution (3.2.16) for the value of the x = 1.
Case-2:

The imaginary parts of solution (3.2.17) are shown in fig-2(a), fig -2(b), fig-2(c) and fig -2(d)
which is the kinky rogue wave solution for the values ag = 1,a = -1, =1/10,b_, = —1.
For increased values of a, we get an interaction between kink and rogue wave solution. Here in
the fig.-2(b) the value of @ = —1/2, in fig-2(c) the value of @ = 1/2; in fig-2(d) the value of

a=1.

Figure-2(a): The 3D plot of the solution (3.2.17) for the values of the parameters
a,=1,a=-1,=1/10,b_, = -1
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Figure-2(b): The 3D plot of the solution (3.2.17) for the values of the parameters
ay=-1L,a=-1/2,=1/3,b_; =—1/10

Figure-2(c): The 3D plot of the solution (3.2.17) for the values of the parameters
ay=-1L,a=1/2,=1/3,b_; =—-1/10
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Figure-2(d): The 3D plot of the solution (3.2.17) for the values of the parameters
a,=-1,a=1,=1/3,b_, = —1/10.

Case-3:

The imaginary part of solution (3.2.18) is shown in fig-3(a), fig-3(b), fig-3(c) and fig-3(d) which
is the anti-kinky rogue wave solution for the values by = —1/10,a = 1,8 = 1/3,b; = —1/10.
For increasing values of a, we get an interaction between anti-kinky and rogue wave solution.
Here in the fig-3(b) the value of ¢ = —1 in fig-3(c) the value of @ = —3. We added that for
increase the value of a the height of kink shape increasing & decreasing the value of a the height

kink shape decreasing in among fig-3(a) and fig-3(b) to fig-3(c).
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Figure-3(a): The 3D plot of the solution (3.2.18) for the values of the parameters
bp=-1/10,a=1,8=1/3,b; = —1/10

Figure-3(b): The 3D plot of the solution (3.2.18) for the values of the parameters
by =-1/10,a=3,=1/3,b; = —1/10
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Figure-3(c): The 3D plot of the solution (3.2.18) for the values of the parameters
bp=-1/10,a=-1,=1/3,b; = —1/10

Case-4:

The real and imaginary part for the solution of equation (3.2.19) is represented different type
periodic solution. Here we shown the behave of these solution with 3D and 2D plot as below:
fig-4(a) & fig-4(b) represent the periodic solution for these values of parameters ay = —3,a =
1,8 = —2,b; = —1/10. In this fig-4(c) represent periodic wave solutions of real part for values
areay = —3,a = 1,8 = 2,b; = —1/10. From fig-4(d) & fig-4(e) we can appeared that the
same nature of periodic wave of imaginary and absolute part for these different values of
parameters are ay = —3,a = -1, =-2,b; = —1/10anday = —4,a =1, = -2,b; =
—1/10.
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Figure-4(a): The 3D plot of the solution (3.2.19) for the values of the parameters
ay=-3,a=1,8=-2,b=—-1/10

Figure-4(a (1)): The 2D plot of the solution (3.2.19) for the value of t = 1
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Figure-4(b): The 3D plot of the solution (3.2.19) for the values of the parameters
a,=-3,a=1,=-2,b =—1/10

Figure-4(b(i)): The 2D plot of the solution (3.2.19) for the value t = 1
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Figure-4(c): The 3D plot of the solution (3.2.19) for the values of the parameters
a,=-3,a=-1,=2,b =—1/10

Figure-4(c(i)): The 2D plot of the solution (3.2.19) for the value t = 1
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Figure-4(d): The 3D plot of the solution (3.2.19) for the values of the parameters
a,=-3,a=-1,=-2,b =—1/10

Figure-4(d(i)): The 2D plot of the solution (3.2.19) for the value t = 1
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Figure-4(e): The 3D plot of the solution (3.2.19) for the values of the parameters
ay=—4a=1,8=-2,bp=—-1/10

Figure-4(e(i)): The 2D plot of the solution (3.2.19) of for the value t = 1

3.4.2 Numerical Result Discussion of Fisher’s Equation

In this area, we have wanted to shed light about the physical phenomenon of the obtained exact

and solitary wave solution to the (1+1) Dimensional Fisher’s equation. We speak to these
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solutions in graphical and check about the sort of solution. Here we have gotten some figures for

the Fisher’s equation by putting different arbitrary values.

Case-1:

The real and imaginary parts of solution (3.3.7) are shown in fig-5(a) and fig-5(b) which is the
rogue wave solution for the values b, = 15, b_; = —1/5. In these figure it can be seen that

lower density plot appears in the 3D plot.

Figure-5(a): The real part of the solution of (3.3.7) for the values
bO = _15,b_1 = — 1/5
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Figure-5(b): The imaginary part of the solution of (3.3.7) for the values
bo = _15,b_1 = _1/5

Case-2:

The imaginary part of solution (3.3.8) is shown in fig-6(a) and fig-6(b) which is the rogue wave
and the periodic rogue wave solution for the values by = 2, b_; = —1/10.and by = —2,b_, =

1/10. respectively.

Figure-6(a): The imaginary part of the solution of (3.3.8) for the values
bO = 2,b_1 = — 1/10
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Figure-6(b): The imaginary part of the solution of (3.3.8) for the values
by =—-2,b_; =1/10

Case-3:

The real and imaginary part of solution (3.3.9) are shown in fig-7(a) and fig-7(b) which is the
kink shape and the soliton graph for the values by = —2, b; = 1/10. and by = —15,b; = 15.

Figure-7(a): The imaginary part of the solution of (3.3.9) for the values
bo = _2,b1 = 1/10
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Figure-7(a (1)): The 2D plot of the solution of (3.3.9) for the value x = 1

Figure-7(b): The imaginary part of the solution of (3.3.8) for the values
by = —15,b, = 15
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Case-4:

The real and imaginary part of solution (3.3.10) are shown in fig-8(a) and fig-8(b) which are
represented the kinky rogue wave solution for the values b, = —15, b; = 15. In these figure it

can be seen that lower density plot appears in the 3D plot.

Figure-8(a): The real part of the solution of (3.3.10) for the values
bO == _15, bl == 15

Figure-8(b): The imaginary part of the solution of (3.3.10) for the values
bO = _15, bl = 15
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Chapter 4

Conclusion and Future Work

4.1 Conclusion

In this thesis, we obtain exact traveling wave solutions for the Oskolkov and Fisher’s equation by
using the Exp-function method. The obtained solutions show that the Exp-function method is
promising and powerful mathematical tool for solving nonlinear evolution equations. It is hoped
that the method can be effectively used for further studies to many nonlinear evolution equations.
In this thesis, the principle exertion is to discover, test and break down the new voyaging wave
arrangements and physical properties of the nonlinear Oskolkov equation by applying
dependable scientific procedures. The Exp-function scheme performance a substantial trick to
find traveling wave solutions in-terms of exponential, trigonometric and hyperbolic function
from which we could build specially kinky periodic wave, rogue wave solution, solitary and
periodic wave solutions. This technique offers arrangements with free parameters that may be
essential to clarify some unpredictable nonlinear physical marvels. We give a very simple and
straightforward method called Exp-function method for nonlinear wave equations. The used
method has some pronounced merits:

(1) The method leads to both the generalized soliton solutions and periodic solutions;

(2) The solution procedure, by the help of computer program, is of utter simplicity, and can

be easily extended to all kinds of non-linear equations.

4.2 Future Work

In future, we will solve more non-linear evaluation equations such as beam equation, Calogero-
Bogoyavlenskii-Schiff (CBS) equations, Kadomtsev—Petviashvili (KP) equation, Burger
equation by Exp-function method.
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