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"ABSTRACT

The development of the dominant mode equivalent )
circuit parameters for a three-dimensional dielectric
obstacle inside a rectangular waveguide requires sekn~
tien of an intergral equatiomn containing a suitahle'
dyadic Green's function, The derivation of the inte-

gr#l equation involves conversion of a two-region
gkattering problem inte two one-region scattering
problems by utilizing the linearity Property of Maxwell's
curl eguations., The point matching moment methed with

& pulse function type subsectional basis.vecturs haa
-been used for finding the secondary volume current
density at the centres of the small rectangularly shaped
cells formed by subdividing the.dielectric obstacle.
Subsequently V&iués ¢t these secondary current density
are. used in the sathematical formulations for obthining
the dowirsnt acde ?gmivglqnt circuit parameters, An
illustrat<ve exs=pic e been solved using a Fortran IV
language program. 5oms modified methods regarding the

solution of the or:iles have been pPresented,
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| INTRODUCTION

1
{On the analysis of an arbitrarily shapesfdielectric

[ ’ ! v

y obstacle in a rectangular waveguide,

The effects of obstacles and discontipuities on clectro-
magnetic fieldé in g waveguide.have been outstanding problems
for a long time. Many of them, esscnitially two-dimensional,
have becen solved and were summarized by Marcuvitz (1{¢ The
gemeral three-dimensional obgtacle-~discontinuity preblem has
remained virtually unsolved inspite of the advent of high
speed digital computers and the methed of moment, introduced
in E.Mo.Field theery by Harrington (2), which permits dealing

with problems not solvable by exact method.

. The lack of pubiisheq research activities on three~dimen-

sional waveguide discontinuities has been mainly due {0 non-
availabillity of Green's Functions in the waveguide region. A

dyadic Greenfts function for rectangular waveguides based on

the use of eigenvector functions M and N was presented by

Tai(ﬁ) and it was later revised by the same author (4). Collin

(5) has dlsguﬁged the question of incompleteness of the E and [ TR ATRT ST S
H;modes 1n théJéource rev1on of a wgvgbuldc and has shoun that

,_* _.:. o L, 13 i ;,

an addltlonal tewm must be added to thc classical’ representatlon

R \ e s b ...,_..-»....__‘-a e

”f*the EoMe flcld in orddr to 'dérive a complete solution that is

valid both in the source gnd._source frec region., Sami (0) has
ISEAER DI Sl S ’ :
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el P 22 T S AT P L I TN U S SRS AT LR I KU P
recently pregsented = methoid of deriving the pyadlgiﬁrﬁgpﬂsnkﬂwﬂj

. N iy : 7 . ISR R z'e"‘.—'_-"u;":
Funcﬁion'for‘rectangular waveguldes and CaVltleb u51p9 the

P TR (N <L T A A
theory- of dlstrabntion ‘and has sbown that if one careiully

' -t TS PEN P
defines the‘deravatmves in- the dlstrlbutlon sense dnd appll

TR i o+ R £y

* i : LT : D b TN LR o
the cbrréct‘completeness property of the mades, 1t 13 then

. [T N R

possible to corst“n»t the comp1ete:soluilon of the entlre

..... F.1 ] ]

structire jusl ay ‘employing the' scalar elgentunctloﬂf of "
o

Helwmholtz éqguation and'has‘poinfed'out thatﬂthis“péééedure
may alsoibe used to determihe tﬁgﬁcémpleféifﬁﬁﬁ”bfvfhekﬁyaaic

- Coaap, e

Green®?s PFiunctions for: non—rectanvuldr waveauldes and cav1t1és°

. Y. Vs - . P . v S or PR
J N T A S D A oA, AT ! TR I [RETRERY P, 4t

iy

Recently Wang (7) has presented a method of anglyzing, a,
*,'-‘. L __5v_.;i‘.1 M A4 e PO T AT L

FREEE

threeudlmen51onal dielectric obstacle in a rectangul 17 wave-

ST S A SRt S S

guide by applylnw moment method to an 1ntegral equatlnn invol=
[} E - e g

sony ve e DL * " ! Tt ! . -.,...r,_-. e, A
ving Dyadic Green’s function and Lhas r01nted out that this

TR IO P S S S L A T L e AN R PN
technique could be gxtended to fezromdanetl obstacles and

SRR TUTRRNS SCE N EAE T A 'j';-;_" T U P T A
for thle conductlve obstacles a surface typc Green's Function

s R R LU S A LA B Seie ket o OO A A
may bc more desirablea.

TR T S TR PR S LA R S PRI PR R L R ToviTe

The rpurpose of thid Thesis work is toideveldp a metliod :07,
for finding ths dominant medé quivalely it circuwitipardmétérsy -
for a dielectric obstacle!dis¢ontinuity dirside Ta rectadgular’ -
»*

wavegu1de¢ The method involves solution of an integral equa-

ot et e 2 ok
.,..._ T I .‘1

et LTin
tion involving a dyadic Grpen s function by moment method for

obtaining the secondary curréntTinduced'in the dielectric

obstacle and subseqLert usp O these 1nduceg secondary current
' - . ey R s i . T TIEEE
valueslﬁb” nd’ ﬁhe domlnan1 mode equ1leLnt cireuit parameters.
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The method can be extended for finding the ‘multimode’ iy g
equivalent circuit paramemmn'matfix,'ﬂsweﬁcf, it whould be'
noted that wgveguides operate usually in a narrow band

near the dominant mode and dominant mode equivalent circuit -

is the most 'Usual representation for a discontinuity ‘in a

waveguide.

In course of this investigation a modified method.of
deriving thé dyadic Green'slfunctinn for a diclectric
obstacié ih d rectangular wuvéégidelhzéuﬁgég devoelopeda.

A modified-ncthod of sumﬁinglfﬁcldésg%éliufigy{g ég;ié;
“for evﬁlﬁafing the elements of fﬂé‘hat;ix gééuiting frdﬁ'“
the ﬁéfrizgtion of the relQQantldyhdié intégrailéqﬁgfion’gy
momcﬂi'ﬁqthod Ll ﬁaslaisolﬁcén éuggcsfcé::vakgagﬁﬁa'VKQWGJ
0} W‘O‘M-QV\T .J;-mf So\v\'na-'ﬁﬂr\a : on\o\.em hoas olso \9!{8“ P““S‘Q“rua--

e e mm L st p— e

oyt
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CLUAPTER-1F .

FORMULATION OF THE PROBLEM. .. .. ...-7030 0

Art-1: The Integral Equation involving the Dyadic Gieen's
Function for a ZF~dimensional arbitrarily Shaped dieled%fié&f
obstacle imn a rectangular waveguide.

Y

t }ﬁ "
T, . S ) .
.Q,H( wogﬁj . .
u—o,ea v
' ‘ X
<A

— - . Y

~—Aip.

Fig-1. A 3-dimensional arbitrarily shaped dielectric.
'body'illﬁminated with incident field Ei;Hi(with propagntion
jwt J '

factor e implicit ) travelling toward =& +2z direction.’

The proElem to be considered is depicted in Hig. 1.
A three-dimensional arbitrarily shaped heterogeneous,bédy of
vﬁlumé%%nclosed by surface S is}yg_illuminated with electro-
magnetic field [ i incident towards +z direction. At any
position vector 'l: ¥ the obstacle body has permittivity e(r)
. - ‘

and permeability ug. Qutside V the medium is homogeneocus with

pefmittivity e, and permeability u .

The object occupying the volume V may be regarded as

disturbing or scattering the field that would exist if the

object were not pfesent, that is, if all the space had the

T

properties:admittivity YO: jweo, and-impedivity LO = jwuoe



Hith'the scattering object prescent the total fields E & U

satisfy Maxwell®s equations in the form:

Outside V Insidg q

VX = Y E+J ' . YXIL = Y.E = Y _E+J |
o o 17 ) 1
(1) S 1 (2)
VIE = -Z H VXE = 2 1 == H 1
L] o Q

where J is the impyesed gqurce outside V, and J = (YI-YO)E,
wherein Y,= jwelr),f{s the jinduced source throughout V.
Y1= jwef{r) and Z¢= gwuo éﬁ? the admittivity & impedivity,
respestively, of the dieloctric in V. Since Bquations(1) &
(2) are of the same form they may be written together,and
applizd to all spacp both }nside and outside V, #s follows: -
VXH ¢ Y E+Jd +d f
g GTRa e Wi en e i (3)
VXE = -2 H § | X . -
Gy LPE LaToasTd qAOY e T WY G YO photiouelip e aped
The liné’arity *"dfi’-Mfa‘:;:ﬁ?ai"l L] :;‘fi'e q!il Sfi‘fi'tisj‘t:.‘;i').'ﬁ'.i‘b'l"'i'"ﬁtil'itz?‘ldjri’ﬂm?" r1 TR TN
solving fhé”Scaﬁﬁeﬁihgﬂbfo?rem”ﬁﬁdé? é&ﬁéidéfaﬁiéﬂfﬁTﬁé?_““”T“”ﬁ?”
conse@ﬁéﬁbéi‘fbf a&dg;t‘iﬁ'g‘ Z"'Efl‘}la’{-t:j_'-c)r'f(‘ IFG(RYE (5Yi g,"-'»eﬁg{g‘iﬁgﬁg Woma T r;
scattepinig pFoblemBAE e eh FEpLacéd “yith a prob Yém Tinveiving
sou§ces-iﬁ“hémagéﬁQOﬁs$uiﬁim£*m€df;¥$1THe”taeﬁfoiéﬁdm&ﬁﬁﬁtfl
ties §19%dﬂgﬂm%ngﬁvbroken inteo compopentq whose equations
are’=  u-ayc CYLOOTL ¥E syt By LR A e T OB Voo U T RCCHETRNTS .
In a medium-fw;i.thi';u;!m ,eo,a .:;3::-:;:" st ":"-“Iﬁ"-fh "r'ﬁéd':i.\.iiﬁ;‘{v':iifﬂi":li;ffb’"(x‘)”‘”‘”‘ IR
VXH. =f1; ‘.’"'.-7.‘-!{‘.3‘ u—!J 7:;;“5‘-'{; TG pe O ENEEES) r‘g_‘,{}i ) ‘:_Y rh’!::}’ t'),hc&].'t;: € frwl iy ja’.'.-’, R
o] i 174 1

> ‘
: r 9 1y oprEy o PO R N .~ AT £T A T B T IR LA
¥OLo LT Tt 4 \( zi:)rfrj;‘ prme s &gy ath pylp OuIoerryn o etin G T o TR *

VXE. = =Z H, l YXE, = -4 N,
i i o i

e B v
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In a medium with u_,e_ In a medium with U selr)

VXH_ = ¥ E_+J (5%) X = Y%ES+J (7a)

VXE = =Z H_ (5b) VXE_ = ”ans (7b)

Combining Eqné(&) & (5), Combining Egqns(6) & (7),
CUX(H,+H_ ) = Y, (E +E ) +J z' s 4B

i¥H, i*s) to VX(H +11 ) = Y (E +8_) %

_ i (8 . | (9)
= - T & . , f
VX(E +E_ ) = &O(kaqs) | VK(Ei+bs) = -ao(nims}1

Comparing Equaﬁign(@) with(8) and Egquation(2) with (9)
We findse | ' , ;
E = (Ei+Es), H =£Hi*Hs) relations are applicable both gnside
and outside the die%ectric obstacle in V, The advéntage of :
decomposing E and H in this way is that the two-region problem

is now tackled by two homoganous—medium problems with Es and “s

cbtainable by solving similar equations whose Green's functions
i ) g

take into account guide boundary and J distribution conditions.
. i

Taking curl of Eqn(54b) and then using Eqn(5a), we have,

L3
hi

- S | o
VXV’J\ES-IXODS = .‘]‘ﬁuod ‘ll-\__i:{ 2l ) (\ O)

2 2
where KX = wu e
[s] o 0

rUsing electric type of Dyadic Green's function{(tec be derived)

.

C - ) it - [ ]
Ge(r,rﬂ) = Ge Qr,pa) - zzd(r r') - ' s (11)
where d(rer?*) is thg Birac delta functlon, Ao

Solution of Equation(10) is given by using Green's thcorem or

superposition principle:—

E_ (r) = -qu Jnae (pyxr*)e Jlrtiav' - .. .o (12).

R - - et T - P - . e

T e AR Al = me
€A nm IR Ap LT 2y o
. R M1 e bt e e e e "h.‘b.,.r P — s owen L T R
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where r is the position vector, r' and dv' refer to the

region in V.

Using Eqms(11) and (12) in the relation P +E_ = E and
using the relation J=jw [é(r)—eé] E we have,
J(r) Jz(r)z

— . ==Ei(r)..(13).
jW(E(r)-Cb) jw Fo

'jwuoigeo(rar')' J(r‘)#v""

where Jz = J.2

Taking curl of Equation (?B) and then usjing (7a) we have,
T 2 o - . \
VXV'}\.ES K (r) ES = JWOJ . . .a (111) »

'where.Kz(r) = wzuoe(r)

In an analogous manner the Dyadic Green’s function

= ! = zZZz d (r-r") o
Ge (r,r') = Geo(r,r?) - zﬁi(.r) . oo - .o _(15).

may be derived,

The solution te Equation (14) is given by using Green's

Theorem ox Superposition principle ;-

n

~Jwu ‘Eé(r?r‘).,J(r') dv' ? .o : s (16),
() &30 & J’%I) in dv”’

E (r)
s .
where r is the position veclorg,r' and dv' refer to

region in V,
Using Equation(15) and (16} in the relation Ei+ES=E and

‘using the relation J =jw.{§(r) —e&]E we have,

—jwuod(éeo (ryrt)e J(r*')avt -
W

where J = J;z
-4

jwle(r)-e,) jwelr)

Toszmdte o i 8T g tHEAR e g s LU Ionntuhe csekved T o

J(r) _32E o)., (7).



' o

1

Equation (17) is the integral Equatiép to ﬁé-sélved for

f " G RT R AR T R -
J{r) by inoment_ﬁmet_hpd"foijﬁ“g,ijrenE-E,. {rl).

In_the next article Gel(r,r') for a rectancular waveguide _
filled homogeneously with medium {(u,, e,) and WEPBNQQKISPENQQ_W

_density distribution J = jw(e(r)—eolﬁvianO1ume"VJi5;déFi}ﬂd; - —
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Art=2: Derivation of Blectric Type Dyvadic Green's Function

ae(r,r'):

In dériving an expression for ge(rgr?) we follow the
procedure of Sami (6). The geometry of the problem is as
shown in Fig.l. The waveguide with its dimg¢nsions a and b
~along x and y axg¢s respectively and aligned alopg z-axis, is
assumed to be of a perfect conductor and is excited by an
electrie current density distribution J contained_in finite
volume V;

The Maxwall’s curl equations for the scattered field
and the relevant bouﬁdary conditions are i-

VXH =J+jwe E
8 ° 8

!

1 in the

! - N - " oo (1('1)
VXE =ejwu H 1 wa¥eguide, :
.8 o's |
ﬁrE =0 . On the wall .. (1b)

where n is an unit wecter normal to the guide walls.

As already outlined this is equivalent to assuming the
waveguide filled with a hgmogcneous isotropic mgdium with
parameters e, s ué and representing the scattering effect of
the dielectric with e(r),uo in f.by a current dqnsity distri-

butiem J = jw(e(r)—eo)E wherein L = B+ .

In order to obtain the unique solutioy, the rield compo-
nents must also gatisfy the Sommerfeld radiation condition
along the iy Z~axisie

Lim z(%x(-g )+ jkoz ( L. i} =0, (For a matched
> f

condition), o

“—

- 2]
for either E{with H absent) or H(with E absent) and Ro=w ue .
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Using this angd the Green's vector thpgoren identity we
may haveg E5==‘j%ruoj ae(r'r’)o J(r')dv’ - ‘ ) ) : (2).

The Maxwell dot eguaticn yields V.H=0 in the waveguide (3a)

The relevant boundary condition is n.l=C op the wall (3b)
: o
From the Curl equatiouh:—VXVXEsmkgEs =—jquJ (da)
The relevent boundary condition is ﬁXEszo - "(4b)
. (-’ . '
Also from the curl equation:mVXVXHsaR;Hs=VXJ (5a)
The relevant boundary conditions are n.li ={) { en the
8
. ! (5b)
I wall

nXVXH =0

In order to solve Equation (4} we introduce the electric

type dyadic Green's function Gelr,r’) defined by

VXVXEe ukgéé =§ d(r-rt')in the guide .. Qﬁg“;%%
nXGe = O on the Wall; : _ s (54d)
where unit dyadic function I = XX + ¥y * 5@-

Ge(y,r') is the response at r due to a congentrated current
L] 4 e {
densityld(rwr'} at r1,

The magnetic dyvadic Green's punction G (r,r') corres-
. X3 : e f m

ponding to Equé>f5a} andi{5h)lis:defined by :-
= 2 = r: ; : . -
o o K = VxI a -t b tl} de . 6
V#VKGm Ko Gm : (r-r'} in e guide (6a)

on the wall .o (6b)

G (r,r') is the response at r due to a congentrated current
m ! .

densityld(r-r') at rt.

Eqn(6) may be rewritten as follows:-( Using VXV&VV,-V7)
2 2 = 5“’VX§ d I e~ ! . e ° .‘
(V’+K0)Gm (r~rt?) ‘ ] (7a)
o = = 0 .
oG % on the wall .e (7b)
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To facilitatglsolving Egn(7) another Gregmgn's
gm(r,r“) defined as follows is introduced;

(v2+k§)Em = -F d(r-r”? .

= Q on the wall

Gan

ety
nXWXgm ;

Applying Green's vector theorem identity we have,

— = 1= N
Gm(r,r'}z g, (T .r™), VI a(rer)av? ‘e

i

function
- » (Ga)
.o . (81}
. e (9)

. - y ot :
wheve Py wiphag! culld operahion itk vesped Ry I R=}. Foye 3?’:]
It is to be noted that from Egn(1a) we may obtain

—

the following equation relating ge and Gpy
kgae = VX& -T d{r-r?) o .
o] m .
Eqn{10) 4s arrived at as follows:-

From (4} when J %-E d{r-rt), P S G

Jwu_
From {5a) when J 2 I d (r-r?) Hgme

ve (10)

Thus putting J I d{r-r?), ES B = Jwu Gg and 1I_ 2 Gy

in Egn (1la) vig have,

- _‘}{G_m =1 d (r-,-r } o+ o Ge

where the symbol = implies "Gorrespondbs to",

&

Egqn.(§a) may be written resitmnmis S omensi. as ;-

(Vz+k§)(gXK§§+g§y vy + gzz zz)= ={(XX+yy +22 }d (r-rt)

m



Ll S

" Hence Eqn{%) may be written componentwise as &=

C (vf:n.th ur.:pejh sign for z >a" and liower sign for z & 2" )
#olompe (V +K g]{x 5r§ = ed{r-r"¥)xx .o .{11a}
. 3% =g } |
m ' . !
! on the wall .. (11ia')
x 1 i
S R T SRR
]J.X( i y - —r.. & t X = i
R { @
The co*‘fesponding solution is -
of & * nTIx mily
e S : ( . Cos 7 exp Gl 11d)
g, = > ) A Sin T ‘

. S P I
. “..;...u‘u,a e s "W“e‘au SRR

" 2
¥here G_ = ((_ —

Y Lovmponant

(v2x2)g” §F = -alr-r')¥F .. > (11b)
o’ *m : ‘ ‘
- TV = -
n.g ° Yy =0 | ‘ '
o vy 1 on the wall .. (11b")
. oagl¥. ¥ L . i
nx (—8 z - . X )y = 0 i
dx dz 1
The corre._apundlno% solutJ on is -
¥y % T - nIix VmIIy L
&n = ) } Bnm'“CGE-:—‘-fu Sin = ._:-;xp(a@eaan).. (11e)
7 n=0 m=0 ‘
' Z'C-‘I\m[zﬂh?_h}
2 0. BB me- _ sy
(V94K g zZ = =d{bt-rilzz .. .o (11e)
o’ ®m
L ]
- 7 .
e ZZ = 0 t ‘
i | Un the
e . (11"
nix( e R - i y) 2 = 0 }yala,
' ay ‘ Ax b
The corresponding solution is =
g = ;E: : t . nIlx mITy y
m - % Cnm Cos a Cos '-I‘;_ ('xl‘)( +unmz) oe(lif)
n=0 = m=0 ' ' ”
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Eveluabion of Ao - 1 [ 81 e 199-200.
&v\c,-.\ 'ﬂ

IZ Equstion (11a)ig mult&pliead b{ Si. nf 2Tz _9 ﬂ@a( ) ; ;;‘
inbegtated over the guide crose-gecticon we cvbt!aisa, ' |
( %gg - aa ) gr‘;a (_é} s = sim( afl:) ew&-b ,( ) roeecollis )
o Wfi@f:@‘ 3::;(2} Y = ( (émm ( 2y #°%) sin n';b: Ces K‘ﬂz‘? dzdy
, ‘ oy

Equatien (11g) %s arrived at as fellows: -
" For B = % at;i:Oemdx:a
| - X nTIX
ist B.C. (beundary eondition) ¥lelds ggmg‘" z =0 (e, Do :> Sim a
284 BoCo yields O = O

'Feraz;aﬁyao&ysb

Lat E:sCo yields 0= o(’ gm . Sxx $C sy“"\-‘y
2ad B.C. yields o e B2 @ 0 L=,
ay

Comblnlng thesg results for all pos 51ble modes s

X nilx

;> ' 2 App Sin ~—-Cos ;Eéhexp(I G % )e.(11d)

‘where the upper sign is for z 3 z" and theé lower sign‘if Torz <L z!
Substituting (11d) in (11a) we have,

----——-) +.L\.

2 - ' P Tt
(a - IILI‘I) L(BIIY )n-’““ (r,r") = ~d(p-rf)=-dGe-a")dlyy a2’

ml’l_x Cos ﬂ%}l and integrating

Multlplylng this equation by Sin
‘ ‘ a

over guide cross-section wei have:-

\ X% :
» sy -~ nlIx
v :G [ ’) gm Sin

Cos EI-:E:E‘Y“ dxdyzsoe -
a - b

td (r-r")Sin nilx Cos E%ZX dxdy

o A
fel” ’ T
T o

thz ¢ 3) gxx S5in nIIXCos b4 dxdy .

A o 1] m a ) j
. 60 ‘ .
LN ) by mTT v p L
= = Sin BIIXZD Cos m—rzm‘d (z=2") -

a ) -il',':‘



32 2 XX

o ( S & nm ) S (
332 : nm

it ‘: Ty th “ o @ e e

nm -
) 9
z
{ - ab (;mm
A W [<3 . e
}Anm -
e as
i oIl om
g < s
~c;nmz
+ ab
A | e o »
nm o et
on om

. _ " i}
N.B. e - | for m = 0O
2 Rotherwise.

At 2z =2v, g (z) is

G L
' - ab G
av e =
Hence Anm
e e
Ton om

. xx .
Also since g (z) is cont
nm

" from Z"-QNto 2" +A  over Z°

we hapve,

ZII
. K +
'a £ (Z)
nm
L] — B
-4
A E I e P R
| B - AL
wXx
This implies thatrag (z)
' : nm

2z

. mITy"
2) = - 5in BEAE. Cos 4 (z-2")
b & qiigfe
: mIly
gin BEIX Cos e dxdy =

for z <:z”

-

,1’« z>z"

' = i for m = O
om

& o
2 otherwise.

1

continuous.

"o -
A+ ab gﬂm%" uo-(lih)
. B y & .
nm . N N
- een eom

inuous at 2 = a"’ihtegrating(iiig)

[
%Jl
¥

and letting gﬁ approach =zero,

] 5mI’I n
Sin anx Cos Hg_xw

igs discontinuous at 2 = 4",



L

o
- n G gu
- (; - ak ¥1m
: nm e er e at
on om "on" om
: nIix mIIvY
= = Sin """‘"—'“""' os v = o
a b - 4n
* -Gnm - Qnm "
Solving (11h}) and (11i) A e =Aom e.
eon o [x't mITy o
= on O 544 nIlx" cos B2iY
c; 2ab a b
i
- ¥ E - |.}
Thus g;x (r, r") tP Con® om e G@m L
‘ ) 2abG i 4
nm
1’1:}0 m=0
e n “Fyptt
a ' a b b il
+ *
Similarly we can evaluate the co.efficients B;m and Cnm

and chtain expressions foar gyy {r,xr") and g =E {(r,r?)
“m

XX

Combining g (r
= ol
gy (rah) = Ej"‘"

nI:O

+yy {Cos

t +zz (Sin

nTIsx

'l]:"" ) .

ac.

- - - nllx
xx {(Sin ugmm 5in

niix

éyy(r,r

e VT s 1 T et

a

") and v
“m

(r r'') we have

= -
nTIx" o, MILy . % mIly
= e n‘““**
" a b b
. 1 it
nliIx Sin mI_i;X Sin :g_IIV_
a h b

)

ee(12)
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Substituting Eqn(i12) in Eqn(9) we now perform the integration Kan

to solve » for G The integration can be pepformed in a

m’
simple way by .incroporating some elementary theorems of

the distribution theory. To this end the fo}lowing rela-

tions of the Jissribhmiiensaihsx are used to simplify the

¥

process of integrating Eqn:(9)2 vuxT a (1_“‘"-1:‘"\)}*’1.2:{1.‘;

A oA s A ) X (RRFF 4EE ddlrt-r)

= (x — +y®: "5T,t 2 [T 7 XK+yy +ax r'-r
x!! dy"’ 2 - o .
rRguwsxRhivawinivenanirexgyn ) 3
. . - o dd -, - d - *‘ad\:;)i(iﬂ)

_ dd- g . dd_ 3z % 4 ( ad 3 o " "x)\?%(,a - Y 2
= ( PO Ay" - =" dy ¥

2 ,

- - -_ - - e

(Since xxx = yXy = 2Zx2 = 0, XXy = Z, yXZ = X, ZXX =y )

a4 e_Gnm ezl - Gﬁm Sgn (z-z"), e*Gnm szzﬁ [Reév(ﬁ] 04)

o az" P.48.
.'SEH‘:&:@:};“ } L . . K ’f’h-‘v { E!-E? ’ .‘..\‘;.'f: 5’9’}‘ hd
Jlggn(z"z ’)
Where sgn (z-z") is reprvesentable as :=- —] 57
, : 7 >
=i

(e ey . ar
- ](dz” )£ az"
N

Applying Eqns (13), (14) & (15) in eqn (9) and performing the

differentiation - integration the i‘.‘.ollowixgg regult is obtained:~-

Em(r,r') = j @m (r,r"), Vx I d(rt-r")dv"
N o

’ ME
. P o . e
. O o BAD T .
- P W P A A . “EE - LY e
IR e . v i .
- - - i . - : ! \
£ e - . - PR pit A if

B V‘“’,i?z" I o B : " e



~19-

XE == dd == XX e —_— ~,~x
= ”gm' 33 ® :{‘a’t'z-,i By -+ g XX o m‘i.u-:; v 1] 9%“\
V Aj{}; u‘a:ia— o - 22—— aa - ¥ '22---- cl%ﬁ \.ffi
-G YRS Y 22, m,ﬁx Sk
daz" d:ze.f'
Wiz )-’C'
‘}f”
2= Z"
B B BY =
XY m HKE - Yx == YF vz + & ZX
= EGm Xy + G xz o+ G YX ¥ G ¥ m
- -
+ G 2y
m
LR T T Y
" = d>. S _on__om % e u%p(z~z SR
. 4 ?,ab% -
n=0 =0 m
- - i 2 -
Sin nlix Sin E;leCOS mII_ Co mIIX
a a b b
mrI T . 8 £1 A . ’ d e
+ xz2{ === ) Sin nJ_j'xS;i_nnH.x cos BIZY sln"'I_IY.? yx@ Sgn{z-—z')
b. a a b b - 1im #
t ? -
COSnIIx CogiEIx S$in mIIx Sin mITy - 35 ( nIl) Co nIlx .
a a b b a
-1 : 1 T ll '
Sin 2E2%0 sin nilx inBELY  gin msz__ ~Hx (E-f’;Ié-\ Cos B3Lx
a a b a

B&




" - . - R S ATk i R et SR e Lo D e I R e P

. 1 : . . . .; ]
. CosBIEEL Cos BELY Sin mifty' ., Z¥ ( nII ) Cos f’!n{
a b ! b . a

7 t Ihb'
Sin *n--}:fi Cos mﬂ}_ Cos ﬁg—:’l—}
. . b R k

Substituting this value of G _im =& Eqn(1p) we obtain

ée as follows:

= 1 G F4 (rert) v (Gxx = . T >§
- . - - = . G Z
Ge...__ngGm ’drr',' {-X m:}:,+8m3x+
K
o .
WA - - Z - e x - yz >
® o+ VX (ﬁ Vi o+ & vy + G Yoz ) y # VX{‘Gm x +G 'y
) N m o m . . :

-

22 .. - T - N N e N
+ G z) z } - %_xx d(r-rt)+yy d(ru-:r"l)-e-z;d(rmr")}

Yx yx - a2
— ( rag o.-. aam ———— dﬁz‘: el Ilaﬁzx ]
= - * ’\___ﬁ__,___,__ X . +( - Ei! }L?( - H ‘m yx )
d Ay d=
xy '
+ { aG Ay ~ Y o
m - G - = Y ( aG =g ac®yY
Ve B e (g i gy
ﬂaam — - adx‘ﬂ —_—— deyz e GYZ ....:.\
+ ,a Y=< - - 2 + L o A - xz‘?ﬁéﬁ;:-’.
= ay A dz —
-~ - ya’{ z¥K
o G dir-rt -
~1 d(r-r') = XX (— g_m_ 4 aﬁm - L“‘lr:"“'g"""l )+y-y-
X - a 2
' Az Y ;\.0
dg>y QGEY % z
G - 1y N - df dgY
.,%.Ei._ . o d(:.zr ) )+ zz& - __::,IL?,;:. + 28500
.dz dx K dy “dx )
o
~ v NP/ 4 ‘o
- /A a6 ey AT
+ Xy ._.c.l.m... + ¥yX ( - ,.::m } + I yzi( i{‘:m.,.>
y dx dz
-~ XY ,
{ CiGLm . s yz - -
e o el + 22X d G v LTe AN
+2y \ dy ' ( PR -, W ’> + EEL ONE ( - 'E?.m_ )
dx - az £

T b,

ey

vl



- -

For simplifiying we use the following :-

o ;. i
" (i ms"é“ (z=2'} ;&nn;\z _;

“dr-;[ -&nrn \\Z"zu‘

e
az

< Sgn (“"z'.) © -(%m‘z“? < (‘a sz«a(;v;-y )> 2 Gnm ozt

.o (17)
and the completeness relations:= d{m-x') d(y-y')
e o0 o5 WY
o : : ’ : [3x? 2 s
- Z ‘5—_— eon eom Sin .1-———--—1113{ Sin n?“IX‘ Los Eglﬂzcos ‘_E_
—5 a g o

n=o m=o

N el od . TExt
xlvr ]ﬁ\ . # nIiix Cos ﬂEEE_

Pen Fnd e e e nhix
: -1 7 ;P “on om Cos = “a *
m= :

n=o0 o

sin BELY sin 5’—]—%2—’4 oo | ‘o ee(18)
b .

Equatiq& (18) is the mode completiess relation for cylindygical
Warzgwmadas N“ﬂ\ mﬂm-.» w\x—:f.a 15":““ TS Cps J.\ka\,e_ \ML'T, cs TU,&\SVJ'VSJ? art ancd
on vtk Pc:vxT 2z conslanb COQY‘U.J'MR f‘ww.:;-,g cx,nv\q,_\e,n wnlh \:m«nﬁorr eS— “thw

Waveguldes(S) gsing these relations we oh*aln the following

result:~

o 1 ol . - . -, T 2 .2
ae = B O ve— Bon e(l)m e @nm l..:wz" % <( El-f)m Q“G?‘\J‘%

|



| - - '5"1& ::'-" YII i
SEERE (S;n LIX 54y ?3.__:51";’ " si J’é; f}-ﬁ- (._ m )(ﬂ D

S f TR
& @
-
v~ n¥Tx e, DIIx! ;- mITy mIty'\ = -
G52 33 { Cos TR Sim —m== 53 o Bos = e

. 4 ,

_ : It mITy < wTY

. TI nLI nI"Izh Co .I}.E..... c ..,..__._.af.f)w\ et )
<_(m 1) (= E} ( sin BEE Cos s o b b .

e 300 - - mII G . ’ T, < . nﬂ;‘;‘: nﬁx ¢
e Rre \ e | — ; (4 ; Y S53in =—ee—— g4 ’
| } ‘ + vZ ( ( , ‘\S_aﬂ: - 5 Il \E~D )>4 in Sin

/
)(G: Sgnlz-z* ><C( nIix S‘ Y\ﬁi

2= (B QL sen (aei)),

sin BEIYT <“(T g |

Putting G'nm = jI{nm where - Ki = Gim = K
a b

= S . S e
and Kz = r( EEE) + ( E‘H“EE; j?] & JK = (K—‘ = i[ﬁ - k?‘g; 14
C L . I c o ’

We have the following form for

G
;% ol

g (r,rt) = - _J N o/ =3 K_ lz-z
Beo T ). 7z > Y on®om e lnmg i '
- 2abk Z £ T
o .
naeg m=o X1
. © ITy*

_— o - D : Tl o BELYy gy MLV

{xx ( K2 - nI‘.L) ) Co-ansz Cos Eﬁ%___&, Sin 5 in ~& |



e L L 2
+yy ( hi ~ (-r--%l ) > Sin nilx 54in nllx RILY cos BEILYT
. a
| Tx T ve. mITy!?
. L0 nII)2+ (mIIZ )2) Sin nItx Sin nilx! Sin %E_x Sin w—b--x-
+Z2 a b : a a .
. ‘ %
- : f.. mIIt mIliy'®
+Xy <%(2££) ( mlﬁ) > ¢ Cos BEEIX gin niix'sin _mgl Cos, ==
a a . a

+¥x <T(nII ) (mi; )> Sin PEX gos nIRn'cos MIY gin ?Ii :
% a a a
L

‘ - g ., miIvy®
+§E< " -an mII )> Sin EHI_I_I‘ Sin niix Cos 5.’-}-3;:.}3‘«1 Sin -—.-};.}:
. , -

. ' 1 1y £
+ZYy < £ JK (E'l":'[—I— ) > S ;i_n_ nré"cc‘ Sin E-Er[x B mT Cos :}——EX
- nm a a

zX (em 'S4 EFIV nITy*'
+ZX< o gk (B Y sin BEcoq RITNsIm B san SR
n .

R

' ' : ’ X . nIIx .. mITy gin MEIYS
X7 <“ JI (%1 §> Cos -l%:;.i_zﬁ 5&3n B S:r.n.-v:;;—-x in b

for z % 2 0 .. . . (20) .
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A modified method ¢f deriving Ge:

Following thae suggesgion of Collin (58) PP 22Mm223> and

a procedure very similar to that of Art-2, a wofified procedure

of deriving the dlectric type dyadic Green's function ﬁeis

= _ A - E =
'Fer 33 Ia (r-r')r s ﬁ?Gp and s. 8

presented as follows:i-

Defining wector potential A_ by U H_ = VXA

S [ 2 1 ' 8
and defining, fcalar potential ¥ by m5'= ~JWA, =V ¥_
and using them in Maxwall&sCMﬁ& equation VXH_=jWe E _+J

and using the Lorentz condition VVoAS=mj%UOeoY 4;W€ have

V.KVXA = U J o+ i\ A - th e Vl,'r

e u93+k1As —jwu.e VW

;1

1, o 3 e
xiﬁLJHQ‘%EMﬂHM”

-J

et

,.O

As

and Eg &1 + %2 A ) (Using Lorentz condition

-jwu

in 4J defining equatlon)

o .

we haye

. - = = 1 i
£+ k26 = o1 alrer') apa G = (1+ =2 VoIS,
a , i e o :

Thus due to a current distribution J(F\F'))throughout V,w aV{degni

Eéﬂ: ~jwa_ Ggﬁﬂb (rr) dvr <‘Eqn62) of Art -2. )
Y . o
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' To Solve for (f_ we set

= 2y = ?E d {rer') in the waveguide
v2g * kOGa ! ¥
a
= ~ “’F}f’y ‘ 1 R A ,
v.a =0 ffrom Vo= -Ts =V, ( =3wu0(1+ EQ-VV'}éBFI‘ on the
a - ¢ ' 0 S
\ wall.
= = = n " = h;. L = Oe] !
2 vxog = © {_ from m.H_ = H.VXA !
i

Component wisei!-

. e S -
(V2+kf) Ga xx = = d (ren') xx

o . 4
H - XX Pt = o
% a ‘
i
- - XX "aGXX _ - i .
" oa < d G g;m __Fm :5> x = QO ) cn the Wa‘]!.lo
iz .y I '

2 - ~—
(V2+ ko) G:y Yy = ~d{(r-r') yy

a e’y . i

dy v

Vi

- de¥y agYY _ 1
ne {( —B—" v . g % )y = 0) on the wall,

W

(V2+k§) Giz zz mod{r-rt) zz

g U I I, P E = 0 N
(\Lz :
2 3
- , dGg=?% G
No{ vl X = =B ¥}z =0} cn the walls
dy ot SN

—— e e
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c R (T e
. GX};. - (D(\/ CA‘.. ‘\t Cois -11!3_35 Sin E‘.,I.!:.X e‘?’ anmz
@ “am YTV g b
q iy 5 .
n=0 m=o
G o0 o+ nlln mizy + & 3 :
—— Sin ——= Cog 2t:Y “nm 3
ny = 2 : Bnm a b e .
a I' A-‘ -
n=o0 m=o
re ) C'. + N ) ; / ” .
zz OG R . ﬁ - § gin nIlx Sli’l nn. 2 B @nm
Sam > 2 ¢ T a "
a £ nm
-4 '
' n=o ,

.These seclutions are

of variables with assumed propagations factor

. 2 n[I mII j2 g2
where G&n {( ) ('b ) I{0 o
boundary conditions,

xx
In G '

ny GZZ
a a

» G © expressions, the upprer sign

and the lower sign is for 2Lzt .,

, +
Proceeding as in Art:-2 the coefficients A;m
2

N i
g~ and C_=
nm nnm

o+

may

be z=U evaluated, WYhen so evaluated we cbhtains

followsg =

0

= xx == YY o o, g PELL o= o
¢ =6, xx* G, YY * Q@ e e '2
a n=0 m=o
%% Ccos BIIX cog Prixe Sip mIly gin, mily!®
a ! a . b b
+yy $in nIIx _. nlIx’ 4
yy ==X Sin . Cos miIz Cos E}EK'

obtained by the method of separation

} & using

@ s.

e i

is for z;% 2!

amrx

g N 0%

@1\2"2‘ b eoneasm ,
QabGﬂm |
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- L 4 M .! M-
+ ZZz Sin ﬂil“ Sin nIIx! gsp BILY sin EEI%“
a a b b

-

Us;_ng this (XPI’GS‘:JOIL of a G lS obtalned as %’01101{5:—

a i ?i + z =
(1 + —Z' vv. ﬂ;[: +{T- v(x — TV ay dz *

ax
(§§63f+§§%;y& + JZ G ’EX

— .J-'a — - - .-'x}‘ g
=| G f.i—*vX“—a‘;e*-yE'*zﬁl)(xdGa- ; da¥¥ - 48"
‘ - dy = dx Ry qz

£
!

XX : ; 2%
R R S
A Yo
> 2 7 dxdy xdz
vX ‘ zz
+ ¥yX FoX* L -adayy _ 22 &
- + A+ vz -
dydx Yy Ty 2 Y Aydz
- 2 Zo
” T L i E
¢ .3z %Xy == A6
- mpreiee &Y a.___ + ZTZ -
— dzdx  zdy =
) ' ) 2 Yy r—‘z
— XX 'Bgaxx . ] 2 Ga - . 3 ng
B Ga T )+.Y’Y G‘-"y+_.. + 25 Ga+2 +
: a x?’ a kz&yz 1{6 522
N o

A o xy (202 ) g Qe Yoa( Bk )

ko 7 kz‘aiay | 2&yax éa&az
- 2 vy .
+ zy < - GQ | + E.)-E (3 (.x,{ > - —326&2' _,_‘1
ko azay‘ 2 AzAx + Xz o -zzggd(r—r')

A7



mza;

L -é' .‘Z"‘Z'): ~ . —F - 1]
Using the relation %—- o om = -ﬁﬁfm ﬁ-gn(z-z“)e bl 22

z

L (s ooy S < (R setaenti) o fim $eoet)

m—ce——
-~

dz

and the mode completness relation:~ d(x-x')d(y-y")

’
e

eon om Sin _TEIX cln P_E_Jc_' Sln -—.—-x SlIl ML
ab a a

We ‘obtain the following egpression for &e

= w | Z
Ge = 1 ~ e, ‘@‘g 6 & - ! - 1T "ﬁ'
T2 % R G S &

\ . o nllxt . Iﬂ- . mIlyt
Cos nlix gy e blp B Sin o

o : mI[_z mily?
- nTI.2 @ .oonXTx . nIIX“C Cos BLrly
+¥Yy (( nlil - %n}/} Sin P Sin ol os t 5

- - g - ' [
vEE (( mily2, (aliy2 > sin DILX g3, RIIM' o5, mITy g5p 2ELY
- mII\ nII nle Bi 2153 Si ___X €35 ___Y

+Xy < (— 2)) a

+§fx<-("’“” (*‘“) m‘” cmngx’coswg‘! & m‘g’

v . . ... nllx .. nlIx! mIIy/o mIly!
+yz ( (== nn Sgn (.E"f- )> Sin =252 Sin SesR Cos—H iGNy
- ' u Iy!
+zy ((mII)@_ Sgl;t(z -z )) nII‘r‘ Xl nzlx Sin C@S

a

== A e ' IIx‘
+Z% f(af(“ij) Qm Sgn(z-z')> sin DEIX oo RIIX's ——-X Sinj
! a .

+5£“z(- nII)megn (z-2" )> Cos nzlxs;..rnnx ;”‘**;IY‘:inm}l;IY':]

- 1
- d{zr-r*).
“ Ez' |

-
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Appendix~-TI: ON DYADS and DYADIC Green's Function{i)

B!

and Ragdiation Condition{;g]

A dvad or a dyadic fTunction b is defined by :~

=

= 3 \ . , .
B = a E where the,vector function A 1is the anterior element
;|

and the vector function B is the posterior element.

A dyad plays the role very similar to that of a matrix.

Scalar FProduct between D and C .

- o v awr s e

Anterior scala, product : C.D =(C.A)B=B(GA)=B (A.C)
Fosterior scalar brodﬁét: D.C =A (B.C)=i{B.C)A $6C.B.)A

The above tWo identities suggests Dt = B A
where superiscript t inplies "transpose'l.
= = - Ft
Thus D.C = C.D
The resultant of the scalar product between D and C is a vector

functiona.

Vector Product between D and E e

‘Anterior vector product C. X D = (C xA ) B

. Posterior vector product DXC = A (BxE)

\¥

[ —

The resultant of the vector product between 5 and E is a
dyadic functiono.

2.8« In rectanguar coordinate system

b = pt*) §+_5(y)§ + B(Z)E Crece Tl Dow Fa el oo



njq_

. ).
A‘;;i B Xxx + Aﬁ By xy + AL BZ,'_ECE.

B X+ A BYY + AB ¥z
+ABL Y y By¥Y yB. ¥

+A B zX o+ A, B;i} + A B, 2z J

ké%ﬁﬁe ff) ‘BWA A.Eyﬁﬁ‘A78£W4fAzg¥

-0 -
P BN -A BX+ABY + A Bz

vy T x v y2y¥ z "y
B A = AKBzx + Aszy + AszZ

P

The above form of writing D is most usual. An alternativ@s form

(not used usually)is :-

= (2 - M. L= ~r= &) .z
Y)ﬁ - (2) - CYJD _=§]{;-D,(Y ¢, %=Z':D .

+ £ (D where

B = §{x)5 + §(

Such expanded representation of D illustrates the concept

that , dyadic function is a composite of three wectors

functions., Divergencec§ b : v, D =(V. Db% % +(V. 6?y+y¢

(V.U 2 j D 1s&yector function.
i = Lo (0 &y - | (=)~
Curl of D : VX D =(V x D ) % « (VKD}B v+ (VXD:Q)Z
VXﬁ is a dyadic function,

Unit Dyad i : i = XX + Y¥V+ 2ZZ ' , .

The following 1d01+1tlcs maflfest the Uropertles of I .

A. I = 1.A = A & V. (1 qf ) = V where W)is‘a-scal@g
function,.

Green's vector Theorem and its application:-

-

With A = Q XVXP -~ PXVXQ - :

Using the vector identisy Y. (CXD) =D, VG ~aC VXD , by assuming

L= @ 'vxxv \d— Fovm u} A ond - than

3 B
- - )

V.
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J{E (rl). <‘V }\.V\(Jl (r, r').> <(3 (r,r*) u‘l} (V}s.V {E {r))],dv;'

~3fe

—

by assuming c’= "1.3,1') = VX in 2nd term of A, we have

-

V.A = PLVAVXQ ~Q.V XVKP

Applying Gauss theorem to this equation,

)V'yv A dv = }; ﬂa

4 | .
j{P VXVHG ~ e VAVX p} v = @ (QXVAP-PXVXQ)ds

5

This is @Green's vecter theoremi-
Now we let P = B _(r) , a4 =Kﬁ(§e(r,r')_, a) where a denotes

a constant, arbitrary vector.

Elttlng these values in Green's vector therorem, we have

A

{{(Q‘ (ro,r* ).a\i);{ (V}{L (r)) - E (r)l»(‘f\ﬁ (r,r ),a)jd}s

""f {(J}ﬂ;‘. (r)} (a (r,r') a}-w" (r)x V};E’” (r,r')°a>’{.;c'f§
_ f{(nxvﬂh (1)) < (r,r'). a> &nxb (1“)><V}. = (r r'}.a>1ds

where we have used ds = nds NB
, . V\Agh*u'mhd
and the welation (a)x{wb),C = (CXAa):b o nerm

- 1. edwof

In the volume integral part of this equation we put,

V}xV.XC (r,ri)= I\ Gm(r,r')+§ A(r=r"1) E’.‘rom eqne 5(6) GFLGII;]

a

ES "jwu J{r) Efrom eqn &(a)gholl.g

Q
ey o 2
VXVXE (r @ = K
8 o
and use the relation jL(rq\#) I d(rﬂr%ﬁ.h(rl
¥

and rearranging terms we have Eari'tb 1{2 T‘g(r) G {r,r')

" term ncellcd

E(r?) .aj= “JWUb(J(I) Ge (ryr') .adv

N
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‘§{: T ox Jir(r))“Ge(r rt),a + <an(r)> Vkre(r,r')o{}ds

Replacing VXE s by »jwugﬂsiinterChanging the primed and the ., ...
unprimed variables and deleting{.a) from the sbove equation, minues
since d is a constant vecor, we have
= 5 T = s
E}r):—gwug J(r ) .Gel{rfridvt
3 /-V-.,- - ’ - =, (o ’
"<§€?mjwu@\pXHs(r'lGe(r,r)) nxEs{r! ). VixGe(ryrifds®
S : ’
where (VX) means tha¢ the & curl operation has to be

performed in the primed coordinate system,

With jwug = j%ﬂo and Hs = g_ r x Es (As far field radiation
o

' 3]

approximaties and considering the waveguide to bhe of infinite

volue i%e. input and output matched?gsurfacesgtecedes to

infinity then as a result of radiation condition the zin

surface integral of the ahebe equation becomes zero i.e.

‘{ <£kgs(r )} (? Abe(r"r) Jkn'ﬁﬁe(r"s?ilfk o
. k3 XGa (=0
N@. Radiolion candifion 1= Lim LGl =) K=

'(/ﬁ
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Hence E (r) = =jwu J(r*).G (risrldv?t « = ..
s o J e
'

— t — . = i 7 £ £
- ’ﬂwuij e (rlyr)ed{rt)dav? = -jwu G.e(r'BI YeJ {z')av
Y . v
The last eyper9531on results from the identity that
2t =
Y e (r;vr) = Gg (r,r%)

Thits is the effect either of the radiation condition or
of the specifib boundary conditicn, To clarify furbher
this point we define two vector functioms P anrd { using

a ﬁreen’s function G of the same houndary conditions but

with two diferent source lceations ra and rb such that

go] ]

= E(r‘ir?)o; and a = a(ri rb)"’b
a

where & and b denote two different constant arbitrary
vectors. Applying the vector Green's theorem to these two

functionsg we obtain,

2, G (ravrb Job = b,@(rwra),a

The gurface integral vanishes either becuase of the
. radiation condition or becuase of the specific boundary

conditions which G nmust satisfy. Théig this equation

implies Et(r r 3= B(e ). Tive L(V“ 02) of ¢n-T ts, PT‘G‘J-zCl
(s Bapalion nay "also ba (), Tt )dv”
This Bgrolion way e\se b Ht\\f\lh gL = ("‘\ “—‘JW“ G‘P L4 £

Wilh dhas Bquin) cf Ch, lem@a Sroveds &M an an 10 ous W a“,
H‘\“\ﬁ} ‘..‘.?\,(le “C‘"‘"‘i AP Y (_Qn_u‘m“ E ;wp! , "(_nw.z ST rnu.p ous. o, :tg é"h}\; o -

.. we camn prove Eqn (9) of (..h II'W‘%I g}@m(‘a, :*”-‘.\ g
3(\!")%’\?"‘# 1d W gne) ond LY, )yz-};..gm(w, 3058 Ty B ()0

It is to be noted nat radlutﬂon condition staved
above is the medified waveguide version of the free sgpace

radiation condition and rests on the cendition that at the
xlarge distance from the saurce V! G (r'gr) J%éhme{r' r)
MNB. I« e\;ov_e’ (in-'r_.-,:l-.;\’rhfl-cmc_n ¥Rl (-g} (;53(}{ w4 ](g") G2 s
tecped \aﬁtawﬁwaﬁ 0"“3\"‘0“=-—A (; (v yf) C] (v, v”) v”,(gci(v Y,
Hr 2 athn ‘v_zzs.\:aisz % Y::e< wa'nﬁw rﬁ Hu v_ﬂ\_zm“‘t (_Q%ulxm 53{‘:""’“
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. 0nu§he mede cpmpleteness relation (18) of €h,-II. E§§J
\f‘x’\h-.‘#nmw. L ) ORes L e %, vV o T 0 S T2 P{"J% &, e X oom axae
t’—‘{?\l\. 'Q‘_D,v\ 55 (’;mmﬂ"m»lr QbL‘Y(&\\r\m\R c—&ﬂ.ﬁ’f\&’%ﬁ& C-Oihc-;&\‘\ﬂ-j \a}?%‘v\ H&V_esmgdz ED(!‘D\,‘\(L'AV‘

t Et be an arbitrary transverse elecciric field in a given 7

guide. The normal mode functions e, form a complete set,
pigided the integraged mean sguare error in representing

er approximating Et by a finite series 6f N normal mode

functions tends to zero as N tends to infinity. If we

N

approx1mate Et by Ea= C e where C_ is given by
E nn n

n=1

¢, = <Et° en>m_-; gf Et" e, ds 4, we have

<Et - Iaag Et-Ea> = J(Et -Ea)a (Etha) ds .}O
| S |
or<Et, B —%(Ea, B, + <Ea, Eds, ©
Assuming that the functions € férm an orthonormal set

such 'that(e , e >-.=, {e . e ds .-:% . | O for nyf m
' . n " $ 3 m i i for n =m
(Et’ Et>'2"<m§"°‘3‘ﬁ +/ < e N '
R SR A
' met hé'- n=1 7

" n N" ’
o?<ﬁt, lut> - fz ; anen' Et> . 2 > o
BCori v

n =1

| N N
or <Et’ Et> - 2 Z—- C?‘;-. + L C’V}, o
: - _—h

n=1 n=1i

. N
Or<E . L>-X 2 |
t t Cll ?0
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If, when N tends to infinity

. o g
E E>-— ‘ cc = 0
<{ t? Tt n :

n=1

then wk say that the mode set e is completeo This is also
called the closure property of the set e, o Et must be‘ét
least piecewise continuous, il the above eqaiity equation

is to be Vﬁ@kﬁﬂ_Physical fields arey of course, sufficifintly
well behaved to satisfy these requirenents.

An equivalent statement%the completeness properfy is the

Y

following relation:-

:Z: en(x’, y) en(x,y)= (§§§+§§) A{ac=-x1) d(yfy') m§2Ahbxﬁdﬁ#?

n
d+x»g}%~diﬁay¢; where %ﬁ‘is the F~dimensional unit dyadic.
This'equatién is seen to be the expansion of the unit. 4wi-
gﬁkﬁfﬁ@ L thim zely on the the right hand side, The
?alidity of this relation involving delta function may be checked
by écalafnpost—multiplying both sides by em(x,y) and integra-

ting ovey the guide cpvoss-~section.

e

-, Thus LIIS= 32___ en(x"yl) en(x’y)a em(x,y)ds: en(x"y")émn
n ¢ Zn

= e (x',y') = {_By orthosmwg rropeyty of e r} and
11 . n j

RHS = 3;9_' oY) aGemt ) aly-yt)ds = o (4'y))

[ . .
EPy the property of delta functio%}
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Using the above mode completeness relation the expansion for

an arbitrary field E, follows by superposition i.e.

t
- ' 4 v / . S AP P AN J
L, (x,y) = S E Ax',y' ), Iz d et d(y-\ﬁ&ﬁ?‘““ R

5
g B, (xt,y')g en(x',y') e, (W,y)dxtdy?

it

1t

;{:' CHQ% (x,y)

ha

It is to be noted that apart from its use in the representa-

tien cf an anhitrary field E, mm relation like the completeness

t
relation having an infinite singe and cosiﬁe function series on
ane side & scalar d(x-x') d(y=y') function en the other may

be considered to be the pureiy mpthematical expnnsién functien
£ - -

réprégéﬁ%f?ﬁg d{x=x') d(g-y"') whose & validity is proved

by multiplying by a testing funcition on both sides and

infegrated over an infinite'ﬁy-plane. In waveguide cascs. the i

tgsting function reduces to an eigenfunction, and the ®infinite

ny plang reduces tothg waveguide crogs—section.
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This set of equations can be written in mafrix form as

C10 Cho ) = (g oo . (5). .

[tk 41 il

L]

where (lmn) = <W2 Lf:’;> <k’i'1 Lf2>. e ea . ?;,:. :
<w2 ij} ;'“:'\/wz . Lfé) ‘e -a . ® ' J :»«‘"’

-— - - - -

il
!

)

1ty (g ) = Ly, 89
Ly Ly, &)

.
o —]

I@‘the matrix (lmn) is nonsiggular its inversec (lmn) exiats,

3]

In that case (£h ) (.1mn)"’1 (gm) oo .. (6)

and £ = (£ ) (ih) (£ (1

)7 (e,) . (7

o e s o ) . -

where matrix (ﬁn) = (fl' fg: f3

The solution may be cxact or approximate, depending on the
choice of £ and W o If the matrix (1 ) is of infinite

n N+ ) mn
order, it can be inverted only in special cases, for
example, if it is diagonal. The classical eigenfunction
methed leads to a diagonal matrix and can bhe thought of as

& special case of mathodutﬁmcmentse If the sets fn and Wn1

are finite, the matrix is of finite order, and can be
inverted by known methods. The main task in the matrization
of the functional equation by the moment method is the choicé
of fn and an.The fn should be linearly independent and %
chosen so that some sorts of superpositicn like that in
Eqn(z) can approximate f reasonably well. The NnTShuuld also
be linearly independent and chosen so that the scalar
producets,{%ﬂ,g>> depend on relatively independent proper-

ties of g. Some additicnal factors which affect the choice
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F =z A = 1 - 11 l — _1_1__, from ELH(S}
Thus for N=1 1, = 1 g, = Eﬁn-and L, = 5 1
For N k2

. 11
’ A E-x TR
L ?' = =
2 .-c J’l 2
. 12 2 “g
For N=3 1 3 L 11/30\ () 2
/ 3 ) 5 1
. 12 ., ’ =
2 3 ?“ L -
3 0 9 ks \sirof le |4
5 7 > 3
. i N=3
For N=3 we obtain the exact solution f= .ﬁ £
' n' n
n

For N # 3 we obtain the same exact solution.

' : o N - i boosts
Solution by Point matching method gith @vlive dennain bosd

With £ = x-xB*1

il
= m = 1 2 voelN he the
Let xm Ne1 ! 2 13,

equipaced points in the interval (ké%éﬂl at which the

equation is to be satisfied exactly. For this we let

W =d (x~x_) anc¢ we have 1 = n{n+1) o )n-i
o n mn +1 ’
- 2

= L m
gm = % (53 )

Thus for N=1, N=2 we again have an approximate, Solution

and for N3, we haye the exact solution.

N

Soluticn by Subsectional bases:
With x = £Z2— , m = 1,2,3, ....N as the equispaced

points in the interval 0 < x 4ijlet £, = P(x«ém) or

fa = T (xi.;xn )
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1
| 1 P4<‘7"—" |
where pulse fanction P(x)= { N+1T and triangle

=y L

z(N 1)
— 1= ‘x\ (N+1)

‘function T(x)
1,
£ . —
or ‘x$m§ =
T@&)= 0 for \x[> 1
’ N+1

Since 1. [I'(3) functions are not in the range of L.We

take £ = T(x-x ) LT {x-x_ ) = (N+1) {}d(x-x:?§d+2d(x-xn)

~d(x=x_+%) J
o o ' 2(N+1) M'=n 4%
Choosing W_ = P(x-xp), 1. = : !

- ' i " -(N+1) - lmesf1l S

0 e

2.1
: bm ¢
bg = ot f1e 2T T N = 5 yields disevef®
m N+1 (N+1) 2 -
values of f, coingigdling with exact £x) 7T

Art=-2; Solution of the obstacle problem by the point- ) &
matching method of moment:

Although there exists numerical methods by which
the integral operatﬁr ébstacle equaticﬁ.could be solved
numérically,:the complexity Qf_three-dimensional and the
dyadic greené' function involved'indicateé that furthepr ‘
comruratlondl compllcatlon in the scalurmultlpllcatlun
process of matr121ng the functional equation must be
.avoided as far as possible. This naturally implies that
poiht-matching method of mbment may be adopted for the
obstacle problem. Even in the relﬁtively simple case of
Plane wave inéidence on obstacles in un-~bourided free

space, only point-matching method Zogether with rectangu-

larly sidedcglls has been attempéed for the VOlume‘bype

x
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of integral equationg(10). Forfunately, this process has
been found to hé c¢apable of producing good numefiqal e Rt
results(7). Thys point-matching method with rectangularly

sided cells is employed in the present anglysis.

The volume V occupied by the dielectric is first
divided into L equal rectangular-sided cellsﬁéxk, l'=1, R e

240esss:+L, each of which has constant dimensions AX;Ay

and 4Z. The incident electric field, assumed to be
uniform inside the lth cell is designated'E%(ﬁﬂ), where
¥

T represents the centre of the lth cell.

{a - - |

. The corresponding current in the dielectric may be

i

expressed as J(r) z: Z TllJ Fi(y ”, ' es (1)

where Uk denotes a unilt yector and P (r) {?‘ for r in A%%

Ow“‘y 6 .,Vf U _Y 03 z otherwise ;

The equation to be solved is = { Eqn(i?l)@h-II Art-i);
E (r'r|)"}(1~|)dv' - J(I") _ (E-J(r)z :_E.(“)
eo 'p&?(r)-e jwe (1) ¢
v J e g 5 (2

-Jwu
J c

. -

In the point matching method we generate a set of linéér
equations by first substituting Eqn(1). into Equ(2) and
then performing a scalar product on the resulting equgtion

d(r-rcjé;é {'1#’ for p=1,2,3

it

with the testing function Ng (r)
and g= 1,2, . Py L.

where u is a unit bector,.

The scalar product betwcen vectors f and g is defined as

.<f, g> =ff.3 Avg av
v N
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Thus 4{2 (1‘), ".;Ei (I‘)>= -wvjd(r—rq)aani(F)dV'-

= - - P sz -g¥P = P = 2, 5
= (d(r rq) By {r) adv Li (rq) c for p | 1, 2, 53

q,
v .
q= 1,2, . L. . Lo
< fp(r) [E J{r)] > /Jp(r) 115. ->_ Z ung 1; (r) L\-
jvwe(r) \ : 121 ¥=1
jw e(r)

= td(ror )I-}Ap, u 51 1,
vjjTa‘”‘"u Lo Z—“ 2*—“” ke

\

_ <) L ' -
S Ji[@,%]plumuu%mw
\ |

*(,-'ﬁ- =1 jwe(z)
K 1 gp . ék :
J d . /!
> > kK g [ 3 3 i\ for p=1,2 3 and g=1,2,..L.
=1 1=1 jwe_ (r ) :

] e |
<wfa (r), 3x) >'= fd(r-r )“'; 3 & G p (r)
} q ! jw[gr(r)-e'o] Z: 3 . i

Al 1\-1 1=1 dv
JW{_G (r) -eo']
3 L '
. J%éﬁ’ Pl(r) e EL
=) 72 %k P
Vi1 1e1 dwle (o)ee ] ? HES Rt
3 L 51 né;
gl a9 'k for b=1,2,3 & q = 1,2 L
k . X q = <y LI ) .
K=] It jw{e (I‘q) -eﬂ 1
, 1, NS N ATV 4
I N.B. Sp (r)r_i,(r-rq) dv'=p (rq’) = éq }
- v : s 5
= ‘ ! rk
Rewriting g Geo (r,r! ),{J(r)dv.' 'J[ T ; ﬁiK Geo(r’r. )}
N | Vo E=1 Pt

N

L4

s



3 3 ?
E;k Z: J (r):g'“'vi N Zup Z: Gz: _(r’r')

p=1 Key
C Y
L ‘k- 1 } 4 o 303 [ x ka (r,r')dv?
' JT PN (r)avi =T = J
Y»Z i rjav ;f_,- Wt > pr) j- I eo
1~'1 2% pﬂi 1{31 lzi : AY
= . A

For a fixed p and g« in the scalar multiplicationégwq(r)}

ju.g,;[& (r,r')c J(r')dv%fﬁg-Jp(r), Jwu jgeo(rgr').J(rl)dv'>".M

eo

v _J
- _ rk :
%F{d(r Ty U‘ :H; 2 E T JG oo (Tsrf) dv‘j dv*
v k 1 1=1
ANy
3 L
= Jwr S E Jx ka (r ,r?)}dv! for p=1,2,3 and ¥
e ﬁ co q _' 1
K=1 1=1
Ay
q=1,2, ¢ .6 LI

Hence this point-matching moment method yields the Tfollowing

set of linear eguations:-

) 3 L . - k b '
J 7 3 a T e cP (5) where ¢ =tBY (r)...(Ga)
’ 1 1q q a

k=1 1=1

k
and A” o ~PE & - (élp ék 51)

&- “_deo ) - I
4 lq i . —— 3 2 =
Jw t% (rqjﬂea «.(3b).

e (¥ )

" &
D 1 :

wherein Q = &7 f G-};D{ (I;ni“) Ayt

lq
ﬁML
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T
HEEH

Wwhen expanded and put in matrix form Eqn 3(a) appears as:-

p‘
f11« 12 1
LEE R T 3
11 11 11
&
21 /22 23
() vl Q
11 11 11
-y e
31 Q32 Q33
Uiy it s
1 12 1
ot t? Pl
1 12 12 12
a9
_jyﬁﬁsu lelku_ Q23
12 12 12
=T
AT Q33
12 12 _ 312
Qll Qla Qi;
1L 1L, 1L
21 22 .23
Q ] Q
iL 11 1L
131 (32 33
1L 1L 1L

where the primed

of Ch.1I for ﬁ%,e(r)mz&iuw\

——

\ i . - ‘T )
: . 11,12 153 4 1
it @32 18] iy w1 | 1
| 21 21 21 |
| ., oy, . ,
: 22 21 22 2 ERR
Qz% Q 2; o lg Q 3 J c
[ "2 21 21{ I'Li wa 11 ||| |1
| ||
' 1 32 0321 ] 1.5
G2 @32 @3a Q31 QBB o331 153 163
| S PTN I % e 7 N 2 R I
‘11 12 130ty 4 o
iQ Q g3 o1t q12 o134 ot
| =22 22 22 L2 Lz L2 2 2
e ezl
0 o ]
| @ 4 Q= G221 q22 423 g3 1c2 ], (1)
20 25 23| I L2 ‘Lz L2 a0
l\31 32 £33] 31 .32 53 1.3 1.3
(] {; '13 1.) ",J) . .
% ez A PRI B
— —— — — J— — — o —
11 : 3
jQ_1 Q12 15i !éii Q12 Qi; FE AL
| 2L 2L “orl jre Lo orn|| i o
! o ~
21 22 .23 21 f22 23 2 2
Q Q PR R I (I ¥ J1 i
I oL 2L 2L, LL LL LL{{ i ]
' i ; o
PO o @38 st 32 33115 s
; 2L “an et n Moo Mo 1 X}Jt

diagonal elements corresponding to Eqn(i?)

Qe

/ o 122 .22 i ,
11 11 : S R Fye-: 2
L"11. = %y &E—?mmybgg{}wm’ i | k1 (rué‘ko.
A T T
i = t 1 1 ’ ) 4
ij -q. - \moge ﬁ“(r):} (
i1 11 hi{r&?k@ 11




1427 Ry 1hrg .

qi1 11 1 _r] 522 222 {. ! ”ii
ap = Q, - o LL © CLL k2 (v )ax”
L Lj-frlmg ;T LT

/33" @33 - i + ._.,2_.1.:.__.._.. -:‘ir‘ﬁ
Lt UL (r _&” &1 (r,)

and where the primed Jidagonal elements corresponding to Eqn

@3]cf Ch.II, fof_ﬂ%, @  medium are ze

/ : 1 ‘o2 22 T
11 2 2 /1t K2 (r )=k
k_(r )-X 1'517 %
1 1 o)
/ .
()33 - QSB .” 1 o + i
11 11 K2 (r )k 12
1 [}
- 22 e 1{2(1" )—1{2 } ’ = Ic (r )—1\.
1 2 o
L _
QZ; = 4 - E 1 +
=) ~‘_. 1
hi(r?)—h o
7/ - 22
11 11 ] 22
) 3 e | = Q k2 5
LL LL E K2 (p 3JK;]) LL LL {: 1 (ry) - ?
1 o
/
@7 & Q0 - L * —"%?P;]
4 2 L
aE L N o



It is to be ngted that in Equation(i) subscript indices G
&/cx 4%; refer to the position vector and the superscript

indices p & /or k rerer to the unit vectors x, Ve Zo

: ' k
For finding the integral ka = ygp (rq,r‘) dv! we use the

]q eo
. o YA
following relations:-
fn-i"ﬁ_‘ff
: nIT S TIH, ' ﬁfL!
1 .. nilx ingn
Sip RIIX! dx' = Sin L%y { &/Ea} CosBIIX" | gx
‘ e ’ a B el S
1l S (nTt/20) “
. . 2,- A%
nIIx; o %
=05 ——— [Sin (nTA%a/2a)§ .
a - 7
. z po ' H'T
. v 51 4
Siu mily' ay' = Sin mITY, : in(mITay, /'2.b) J
b | (mTI/2b)
Y, -ty Y+ &0ty
Cos WIiy dy' = Cos mn}ﬁ’t {S’ln(mndﬁ' /2b)]
' b (m¥Y/2b)
Y"‘A‘f*fﬁ.
For Zq P4 Zl cases
zst 421/2 R
I = 1’1 = _ lemm \;1. -z'i dz! for 2 2 71 2{-&3;1{2,’{,_24-%535]
T Zy- dz,,, . 1< 7 Z =

| b2y

o g )

- _ dz? o»—b?zwz'f
a!hjk““”(zq" *Z)a\z fa ?ovéz

2y AZp0f i - .ﬂk ) !
AP mdm (20290 o5 Yam for 2.7 2 ¢
Knm 4
- j 1 ’ _Zl / A -
2 eggnm{z’: 1} S5in kmﬁné‘ﬁ Tor ¥ 4 Z,

G L o

- | -'I By b, = i
- E%ﬁm o I \?q éi% Sin Kﬁqm A% or 2 >Z»i9




e L

For 4 = Zl cggses with pk = 11, 22, 33, 12, 21
2L . o Figrd
=1, - ?i;;};nm(z( «Z7) TR
dz' (for Z \/n_. Jlnm(Z - z:-)1
Zﬂ—A"ﬁx e q - fa
N ‘ 7
Z (o z,<Z')

K
nm
= m% ( e"Jhn?é%Lﬁ)for Eé = Zl
JjEnm - .
For Zq = Zl caszes 3 with pk = 32,283,331, 13.
2y
-jK YA YA
I=1I5= Jnm(qd%
Ao (for 4>z}~
' G- A2y 4
2&4{12-?/1
j“hm(‘z ~2) ,
7 ) - ¢ < ‘{ Za
— Q dz? Gvor 2 4 z|) - " _Qlj%{nm ‘izl ..E 2 w\‘ hh(. ¥ R)
q = -é—m;—- Khw\'
Z‘ T = _1
. B b - "'Z
AN = 0 for L’teg;\;{ = 4 2

With these integrations carried out Q

bk

N f; i = e =Jknm Azya‘ - 1}

2Cos Knm(Z -%i)
7 a

P tales the following

C .

. J
- form - & =-
lq 2abi<a ;>
where I = 11 for Zq #~ Zl
IEx I £ L Tz
H o or aq4& 1

;[3‘-".'0 fOr‘ bq: {:;l

Sin(nII Axg o)

@ &
) W?Em I QﬁLk (‘5 )
n=0 Tt nm

& for all pk values

& fOI‘ Pk = 11922 33 12 923

& for pk = 32,33, 31, 13

Sin (mii.'l A yl/?.b)

(nTI/2a)

(mi1/2k) -



b - o] i¥am {2-24)
F;m = l the (n,m)th term of Geo }‘q;l o & i

[
It

Noeft,, For pk = 23,32,31,13 Fpk includes thgf# gign depending
' ‘ nm T
93 wihes P=2 awd K3
on 4 > ’i'l or 4 Zla ng-23 WGP . :
q and K=2 & SO oW,

G
PVH=131 Cmﬂ&zs !

41
P=3

: 1 . oz
art-3: (a) Evaluation Formulas for @F° elements wlth-éﬁ;%‘zg

lq

elements hhve the exponential

‘ 1
Ao With 2 # 2. the QPF
’ k3 q 1 3

q
ik '[z‘q-. 2| = e"ﬂmn-\zg' Zt)  Dxcept for the

facior e Trim

Tfew terms with first few terws wiil firsd ow values of n and

k
m all the remaining terms of a Qix eclement are reale. If &1
q ©

| : , ' )
is real i.e, {3—251)2+ ( m§I )2 T] :)‘ko

a

then the double infinite series terms of ka decrease rapidly

ig
. . . ok -
with increasing n and wm. Therefore a ulq element terms with
. ; ' .

real E%n can be computed with a finite series truncated
according to a grabiqion criterion established by the value
of'@hm \ %% - Zz\ebepending on the valueﬂofl%%" %I approxima-
tely 16x8 upte 21x12 termé were used for n ané m in the
ﬁypic§l examples reported in a paper by J.J.H.Wang(7)
To this value of the truncated series we add the few terms

o

(usually 2 or so) with imaginary Ghm to obtain the wvalue of

a Q%ﬁ elemént.



E1
At
-
*
§

In order to develop working formulas and expressions for

summing the doukle infinite series we proceed as follows:-

- pk
Rewwiting Q&q as follows

pk -

- Q = C T e k j: Pk
lq }___ ("c\n Gﬂ;q (n) (n,m)
n=c m=o
1
h C :
where w zaka“
o
k -
al” (n) is the part of ka comprising sine and mm
1q 7 1qg :
cosing functions invelving n only and the factor 1 i any)
. : n
- pk . ' Pk .
qu (n,m) is the part of Ql comprising sine and cosing
a

functions invelving m only and a factor involvinq m, E§m=JL(h»7
. p= i

T -
[sal ¥ oo
.

w i S
. i

jl{nm’ and _@' nm‘ Zﬂg‘h\q Gtmm : { .

T, ,'.,..”_... e
TR AR

Li1]
;
!
M?—-«

1
w9

Expanding ka we have :-

Lg
Pk vk <L 1 z:, (n )
Q = C ot 3 / px /
1q { ‘*'Lll.q (o) E €om b (C m) +C ()&ﬁqﬂlm qu 1q
m=oQ
‘ k _ oL ' 1
+C [ 2aP*  (nT) 7 t Pk
) T ! e b (NT m) + e
7 lq A om lq ¢ i L2 )
HEL!
Now apk (0) bpk :
1q lq (0,0) = 0 for all pk
" ;
;q (0) = 0 for all pk except pk = 11
bpk
1q (NT,0)= 0 fer ;11 pk except pk=22,NT=1,2,3 .

Cthysen by e Dmr‘%‘m!ﬁﬂ’]
i"l L\huﬁaoh



Thus we have ( expanding upte n=NT & & = MT ) N
_ . T
Q = » ' bl * | , ' In
1q a0 214 (0) ;E: ﬁq ( Oi‘m) + 4 C ay, (nir%mw ‘
=1 n=1 -
. NT
. o 22 T 22 22
Qi = 20 n} b " (n 0}
14 n-1 & 1g lq
1

. NT 2 MT 7
- 4+ 4C ‘;’" a {(n} E—-- b 22 {n ; )
W1 19 e 1 1q
pk NT : MT ko §
Q 1 i ‘E‘C a pk (n) Z b (n n ) -"(flf Q\kﬂ \3‘&@0\-{’“2;
G — ooy [ f
- el 1q m=1 iq o

.. . nk .
Similarly we may rewrite Q F 2d follews 1~

Cdg
L ' ol
ke ¥ ] ¢ : i
Q F = Z & b pi (m) y eﬂl’l a P {n m )
T om e . . ¥
lq =y ig = i
where € = L
2alk2
‘ Ly :
b pk {m) is the part of Qx;g Comprising Sine and Cosine
1q '

functions invelving m only and the facter -r%]-—- { if any )

] ke ki s .
ap( { n,m) is the part of Q Fic Comprising Sine and Cosine.
14 ' 1q



functions invelving n only and a facter invelving n m’[} T

4 Q-»— Gnimn igq""zﬂ . ) A _ Tayg 1o
an Wi S - ‘
€inh ©Cnm ‘5‘3 o (2o, 223 for g1

- pk .
Expanding ¢ We have :-
1g

- pk Lk o k '
- pk : : aP 1 rk
® —c:{'b1 (0)F €m (10>i+0§2b (1)j§elg&“]

1q n=0

4

Lq n=a . lq

S - Bk o 2 pk
SRR iy O+ C 2bl ( MT) Z “on P (n’I‘iTj]-i-...

=c| b 0} a c.0 + 21 o)y ST i
| "1g ke (c,0) Vg ¢ .) /:_i“ @qu‘ ( n 0§+ ...
| rl..."!;t

L. Iq : .Lq ig n=l 1q

' 1 p]\' pk pk pk i
'}' C 2 l O 1 + ‘b 1 13 F R
[ ) (0,0) (1) T (n1)

| | o
ke ko ko I
+ C Eb PGy a B (o vry o+ o4 TR ur) S alk (n,mﬂJr
| Iq - 1g 1q e

New D pk {0) apk ({0 0) =0 for all Fr'k
. lg 1q !



Pk :
b, o) =0 rorall Pk except Bl = 22
q B
a 1k . ' | I L . e
(O0,HMT ) =0 for all Pk excert Pk = 11 , M =1,2,3 .....
g ' chesar fura 'Pon‘\iula'f]
Trvwngokisie
" Thus wWe lave ( expanding up te n =RT & m=MT )
,
' Ny
MT : K
1 ) 11 11 ] 11, PR
Q.;“} = 20 » b 1 () (0,m) + 4cC % b (m~-)ZQM9‘;‘“)
1q R 1q 1q m1 la M9
. z1 22 22 ( <hjl_‘_ 22
{ L . = b 0 + LEC N
e 1y ¢ Q 1q 2C 1q ) - a 1q (n’ o) ‘
M 22 ONT 22
+ 40 3 by dn) ag, (n,m
ne=] n=
. MT . NT
pk . ik ko Y volares
Q = 4 '_ b F (m) Z a ! {n, mj {“" alhy ¥ )
1q =1 lq = 1q

Either ¢f the Equation I or Equa,tic;n IT may be used for evaluatioen

of the double series of ¢ pk
lq

The expfeﬁ cit
- , 1q

celements according to converience.

. Jb . .
expressions for @ PR elements for various Bk

are as follews :={ for a specific problem the few imaginary G—nm terms

of a @ Ple

elenment can easily be picked up




-

' S
US'\V\Q Ecwohcrh L

MT 2 -G
a1t =W (..i‘l_ Dxg 3 ke Q
1q =] Tz &
. U™
- mIT ¥ mTIAYl
Sint B Sir} Sh

nTt X
9 Cos
a

+44C ( Bab } Zﬂ(;&f‘es
e £ iy -
) 1 Zq{'&zﬂ
N mﬂy{/

Q , 9in hcﬁnm @—Z-z—s-'—. Sin -—9” a  Sin '“‘iﬁl..asj_n il é\/t} (ZIJ)

b

Using Equation II

| zq - 2}

. N Nt 12 ¢ Cno - '
Q22 = (Lo ) Z ks @ . sin hcnoé_?_nsin nf1%4 W
g T n& 2 '
n=] no

& ¥q T
Sin %1—):{ Sin nI‘IA?{!} %C{"T ) Z 6®§ = Cos vle‘

Ll
g m'l-i A\"l 1;""-'—" 1:@. —‘({T --Gn;m l hqr = Ll‘ A
i / 21
2b Z‘V— : 5 . . Sin h Qnm —r .\_b
n=1 n G
‘ nm
: nTiX nTI ¥, nTl A‘}‘1
Sin S5in —— ‘5 S5in  — (21,2 )
Z2a T
Using Eguation I
33 nTi x1 nTIdx1
Eab niL = . niioenl
a ) Sin a Sin PR

qu = 40(‘17\2-*
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MT E‘f{ 4
7

m= 1 ! G‘n}i
\éé?ﬂx’n WIW

Using Bquation I

n._.

MT Q~Gr117¢ ‘ Zq - le

.2:'62 ¥

Using Equation I

NT
21
Q™ =l4c( -8 ) Z
g {
n=1

2
=1 _ QIIH

Using Xquatien 1

HT Q—- Gnm ‘z.q -Zﬂ

n=1 G—nm

Sin h

MT Q:—Gnm ‘ 29 =~ :}_l

Sin b Gam™ 2 *Ces T Sin b Sin T3

. 9in h

- _‘ ,9in b Cnm —3

{ 5 )3. Gnm ‘x.q - ,.(I Az,k gw\ m\JYg .

ém —r[r‘i (21, 3)

12 “nxc‘ o 1 .. nTAX
Q 19 EC { -8) E &ZIQ Sin 55;"1 Sin E_W—'ﬁ

Az mnV nTi¥h o~ nmAY
1 Q;gq sl 6535 _‘E& Qﬂ\ %"‘L
SO (21.4)

nTl Xy nTf x] nrnAXl
a Ces T a Sin 223 B

[YZ'].;. miT Yq nTi ¥1 rTTAY]

21.5)

, ém‘ézi— nTTYq ; nT . mﬂ'ﬁﬂﬁ]

}'I 2 COS 5 . 8 al 5 Sin -—2.-{)-—.__
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‘Using Eguation 1

NT
_ L n Tty nMz nTIAX
q % —Xfl—C( 25 Y. L sin——- sin T5in ‘?EM

_..n 3 , a 2a
lg ~=7 :

- Gnm ‘ £q ':‘{‘

i‘ A A mTTY g Tmrr Y1 mTAY,

S5in h Gnm N Sin —— oS e 5in

‘ A X 2b
m=1 G‘ nn ' ' . ' b | @l -‘7)

Using Bquation II

-

31 ‘ _ mrr Y . nT1Y, m\AY, -
Q EC {- '%_- ) E -——*—- Sin ____'._l Sin —-1'3'-'-—"—'“’ Sin——ib——& .M

ig

Ill"‘l
NT-__. Q_h Y ‘Zq - 2} A_Zlﬁ - n'I'T-'x? ' IiTl?{J nYThAy . '
. E_.i.. —_— S5in b Gom —or—"= 5in - Cos ———5in = L (QI 8)
Il=1 thm ‘ a £ oy .

In__.l A

- HT | \ s '
13 _l4p ¢ 80 ZM1 e ”“Y% mTIf nMAY, e
Q —~‘4C ( r=Y j :_177'1 Sin — blx.l T Sin 3 .M

NT Q—- Grm Zq ":]_ . . AZ nnyw ’ Vnnxé nnAi&

Sin h  Gnm -1  Cbs = Sin Sin

= G nm 2 ' | : 2 (21 9)

In the o st Four exiressi o vimor sien is fop 2 L Z
n the Lest four expressions the upper sign is for q 1, the lower

<

] »”
. . i r
Sign is for q'> 1

1

Aart « 3(b)  Fvaluation Formula for Q ':pk

1y

I
P
Y

. Z
glements with Tq

! N
For B¢ = 11 ° From Equatien (_22[.1)
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11 . E » (\‘eu Gnm\ztl -Ll\b ‘}‘ ,-..l lb\?l ) l : -'l]
Q - J . qu ‘i’:L‘!fl“ _ L51n ke Onm 5 replaced by

e 1q

11 1—G%Hl\ﬂq—21] zxz_\ : (ﬂmqéifgl
— ] 0 with Q . 3inh  Orm 3 ‘ beg laced by Q

11 . . . .
The second part eof Q car be dealt with ip the manner of dealing with

Q

1y
in ¢ o .
with g .ﬁ- zl (_.)ut/imep W AL 3(;1)
1g . :

_ ' " =, _\:{ .
11 i &M{ e S B _—’
Ist jart of Q N4 =(2C (J 2 o L yl
D e o sy, o+ 58,

n 7y A
r Sin T { \,/'q 3/1 + _;Y}_» KT nﬂxq
+{ac(~48a! jqu Z —{o¢ a
~sin T wq-yl-ﬁgi;} AT
by,
| B
aTe - n ﬂAx ML Y- 2 )

Cos Sin _"2',;1

a

m Aﬁ
-—-—-(yq + yl + "-m——)

m=1

+ Sln - ‘{ ‘Yl )

~Sin ¢ yq - y;;_ - 5 )

-

2 ' .
2 _ 1w ¥ 2 _ b oM y2 g2l
Where 6\’0 = -_ﬁ.i-.-——.-— ) ﬁ.n = sz ( 2 ) %".0 ~and the factor
T ol Vs A _
in Y Yq Sin .’"53‘ 1 5in R is rewritten ag above.

b
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m i a 2
F I S vl £ L E—
7 Z mo fane
LT ay . m{m2+a,n 2)

and using the followihe formmlas Ev) .

m
x4 ek |
7o o Dox o fer o<k < oam
! )
Tsirh a. (YT = : 2,
X m Sin nx rr ’U.” ,a“ ‘{ r[, (|) £ ) 2
z e =— . — = 2l.n,x) an>0,
(a8 .
e m” + ay 2 Sinh a.nﬂ oL #x< 2
0 e DI T om Sin omx _ 5in ag (N —x)
S A S = £;(0px )
=1 m - a, ' 2 5in Oa,(;n

NGB, N
ag is f?on"»“t‘z_se"i 0L x<£ 2N

!
1

NB This formula is to be used when

02 <o | Ty
‘ : L
e a1t _ T AY1 11 r Y-¥+ }
With & 1 = —b"-"" { Yq + yl ~ -——-—é—‘-- ) s 92 = F ( q 2
11 . AYq 1 ¥ AYy
e = e + + ——— ! =3 ———r — ——
s = (Y Y ), s (Y - -2
‘ 11 11 : '
and o} y B i] 0 € 3 5 U4 reducéd to within O to 2% range by
1 2

) !___2 u
adding ¥ 2Tl and with © 11(11 (%) - ;> [gt (0, & ) - £y egl)]
=3 .
¢=1 _ :

[~
Y

qu f

4 o | |
- Z"“g E&(O:BC ) - £ (8 )1[



- 5 -

4 - ) '
A i1 1 o
- z [&1 {"99' y -t me U i g

lﬁ‘." \*:cu(’f 05‘ Q

b Axy i ET
11 ML T X
=C { ) G {0 )) +y4C { ~ ]8ab 1 n;“i‘hq
& e 4717 2w s
n:

i
nﬁxg‘ n TTAx | 11 | N2 . Thizsis
«Cos . — Sin P [N ¥ h )Yy v th MT a0l

1g

1

01 1
*1q

i

Wang (7 relorts that some 20 x 20 terms are n2eded te comfute
ng : .

to a high degree of accuracy in typical cases. This is a marked imprevement
since by direct truncation procedure summation of even 140 x 140 terms

dees not produce cenvergence.

Tor Bic = 22 From lNqn. (21,2]

replaced by 11

~ 3 ‘ with ( p - o |z -z .;,.1‘ Sinh ﬁfl

lL fo

' A?’ ?
replaced by Q = o j

. 22 o s | . \
Tlie secend part af Q]" can be dealt with in the manner of dealing with
A}

2 . - o .
VQ 2 with Zq # 2 ouib_u.ned in Art. 3 (a )

1q

e (T m (G lmenl oy
o= qu with Q .oinlt Gnm 75— pe
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L]
£

1q ¢an Le dealt with ih the mamer thes Ist part

The first part of 1

of Q ;‘:: was dzalt with.
e

by AR 22 A
Thus with & '122 = —I}- (Ry +7 - -“5_*-1- ; &€, = q:ﬁl_l_ -—;?") ’
20 YT, Lo, 0% 22 T . Ay
93 = T( .!{q + ﬁ{l - -"i"""“); 4, = = ( 3{‘ - K. ) )

reduced withsaQ to  2¥U  range

22 J 42NV
- Ist rart of qu' - C<_4'ﬁ }"‘ v

2 < HT ] RS 1 }{’G m'ﬁY{ mﬂf&'\i’t

‘Gl (0 ) 4C —_J__ 8ab } ' o Ces — g Cos Sin 55
= z An;_,.,l__
P O (1 )] J'

(with NT %€ ) , 1q ]
' 22 ‘ 2
whera Y Gz, S 2 0 22 ¥
where qu- {0 ) o= }:2' [Gl (0, @3 ) —— I‘1 ( %j ‘)J

22 o2
rlq — F 2 (m, & )]
22
) - K 2 { ﬂs\'i'.J )1
Ti- :
and Y ;
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P, (g ¥) = 5T nSn ) Mainbn inY)
, : 5 : e
;{———-—: n” + b 0 IZ_S:I;’,ng’;lbm

el 1
.
_ 2 _ a Jma a2 2
whele bm __'E:EZ —— ) ko]
o , : .
o (oY) = 5o Bsinwy o _IEsinbe Ul-y) .
1 1 E..'._ 2 L 2 " 2 §in b YT e
nil =%y Q
- 2 32 -2 .
b = — k (a nomv\thf?"iQ'h]MR)
o n.’l o ' ;

For Bk = 33  From ign. (21 . .3)

33 =d: | o33 3 -Gnm\Zq—-ZiE s AZ, T ]
Q 19 —{] E(Q 1g wi th (e . 9inh Onm —3 rejplaced hy 1

AZ
X onml o -2 ) 1
-3 E«atﬁ with (e R \ “q l\ . 5inh  Cnm ——E——> rejplaced by. ..

- Gum A’%']:"' ]

[

33
The Seccond part of Q

g can be dealt with in the manner of dealing with

QC:: with Zq A 21 cutlined jn Art. 3 (a )}

. . NT n*
. . e - . 1%
Ist part of Q5 = %40 (: + _jBab ) Z 1 gin B g nT

= an’t e 3 a X
nTTAM | _IIRK al 22
. Sl 11 _.._..._2 - > 1 - © + 2 . .‘:u ' 1
? W P AT R
=1 a, i am (WE“}' ﬁ"#‘e} : ;

.Eﬁin 5 913“5 4+ Sin mgf&g ~8in v:w};;! Qgs—Sin ?’nq?‘jj}

her 33 41l 33 S 33 . it 35
wherg Ql = '-gl vy, %z = 8 2’ %3 = ‘T; 3 8.4'*' = E‘Zil
O g 12 az
- w33 oy = e T o a33 e L (o 33 0 .33
uALt.h qu ) 'iE [Il { GJ ) mr‘lﬁ‘"‘- jll L&J } o+ —;-"i fz(n} E‘-_j )
S\ dE ' i



a )' . @\ ):;
Z__ [ J - ._9-7.~ f%.: (-, & 'j33 ) + Oﬁ ‘g‘ (F} Q

Omc\ EACON 5— f_h, are os c)se{-m.z& on Page 5 8.

NT n{l x

ist part of 3 3 =\4C ( ]'“."‘U ST 5in  me—e—oeth -
14 R : e

—_— . K
a 2a 1q (0

M )

For bk =12 from Bgn. (21,4)

L e S S—

- (;nm ' \ tq - le AZ _
with | e ' . 3inh  Gnm réplaced byl

G, ]‘ oo b YAR
-J [Q,» with Ce TR LG "1\ CSin b OGnm Azl rejlaced by
iq : : .

- Grm A1

Ej s
M et

Tne secehd part of qu can be dealt #ith in the manner of dealing with

12 _ o
Q 3 with Z % z outlined in Art 3 (a )
Q q

—

1
5 B NT. , n{]x n T x
ist part of QLL = 14C ( :J—Bw-) 5 T Cos ¥ Sin ——2
1q 4 a2 a ) a
n=1
%:3'(“(;&\)11 HT -0 L2 - Cmﬂ.“‘)u + ICOSma”:"- ‘
Sin b ———iy 2
2a. , i—1~
m=lo 23 L2
(:h + a'n‘E + (‘oqll‘; - Cosfie
12 =031 12 _ 11 12 _ 11 2
Mheve @ =t ey =y, e = g, et - e
Ufaiﬁ the relstims | ?ﬂ: : f .OE’_. e 11 |
SINg the feiatiom: 17 0N Lag ™ _ b Cos h (Tl-x) 1
fen BT Z2an . 2
el m‘!ﬁ- a‘Z an Sinh afl - 2a,
n _ n

=:¢f3 (n,x )
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2 1
. b ia
L 12 . 1 2 “
and bl; h) ={-z £, (n; " +1 (n, alz )+ £, (o, 837 )
‘ T .

lz’é 54

i NT n T x n‘ﬁl X,
vt \ '.lS_,) - . 1
Ist purt of Qle G { i ‘2—“" Cos - 9 gin p
n=1
ntbxg 121 .
s 5in T Fl . {n )
Kb ST Cosmx 1 TT Cos A( TV ~x)} Lo 2
R A 2 2 =773 5 a = 04 x 4211
=1 N - g 2& ' a 211 a

{= 21  TFrom Lquati c-n(:ai . 5)

r ) ) ) AZ _
\J YQJ? with e G”m “‘q - ‘f':l‘" Sinh  Gam _____2_1___ replaced by 1

L
| A%
" <G oz - S} _ 1
-3 Q;%i with e mEy T EL | Sin G — replaced by ¢ Gom 2

2
The skcond yart of - Qii tann be dealt with in the mamner of dealing with

20 . - miod s a
qu with 2q$ 24 oufiined in Art. 3 {2 }

n s v MT n T x on\Txy
Ist purt of jS‘l =440 (_:153.__) ® " §in ———  Cos e T
-4} A a2 &
n=i
W TTAX M7 > R 2 '
Sin’ nVAx E2R e g 2D baemae 20 ) 21 = 11
in e ' 1 “ Where & = 8,
211 . . l —_— 1 1 3
nE= e 21 . ~ 21
- (J@S%’.‘QB - (.e*.s’ﬂ‘i%4
21 11 21 il 21 td
Q. > 2. &
2 s %3 @, @ = e

Chos mx  _ T Cos b {T1- x) Ly

Using the relations ti} - *{; = " 5 . T %‘
£ooe L an Sin h T 3 e
ne=1 m t ;ln 211 an 2@?\
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21 b*
and Ty An )= ‘“ﬁ fymp @y J""tj,

Ist part ef @

21 LC _i8 T n VT x n T x
=i/ o 7 .
g X4 ) ; PN e Gos e e
\, n=1 '

For = 23, 32, 31, 13

ok
The Qiq elements are zero bLecause of the terp value of the factor

(5) o bt 2 of Ch. M1

re _—

; se cases for L =1%. in Ceyh
Y in these cases for hq “ Ih <y

-k -

g r 2 p p : . &
Art. 4{a ) A sugpested Modified Methed of Cemputing Qla relcments

with 2 = 2
4 i

pk
q .

As found in Art. 3 (b ) the 2nd part of Q_I elements with
- 1
Ay S

5 = El has the facter e 2 . The repidity of the convelgence

ny
i

' e e . . k .
of the double infinite summation of the 2nd parg of Q?J clenents with

1

Az
P

depends liurgely on the cell size beraments 1

. With

the number of cells increassed for greater details and accuracy of the
ehstacle di-eloctiic field quantitiesdmd with the gell size decreased

for finding the fleld quantities in & hetercgensous chstacle di-elactric

the nunber of

Q Pk will be increased aad the

eloments with I = Z



rapiedity of Qg’m element; computation ( fer 2 = :#l ) will be much
.9 - ; : .

decreasedYaspe ‘fh‘!.f-k}-;f .

Integral trasforrms have been used in a variety of ways to sum

t

certain types of saries in glosed form. They are found useful in nany
cases in converting relatively complicated series into similer ores which
GYe more easily sumned or in converting relatively slowly converging
series into much more rapidly‘cwﬁverajng enes. AD. Wheelon ( §t ) is one
of;the saveral auﬁhors who investigated th? applicapion of laplace trans-
forms te the summation of infinite series and here we Tollow the methed

suggested by Wheelon ( 2Y )

The laplape transferm of a function £ (&) is
| - Y
F(b) = Sdue'—UP fn )
L»]

If  we have 2 series for which gthe function F{u)} reurcsents the eenel'al
term or surmand thon we can identify dhe trangform :vaTlable B with the

dumry index of summption n and suw both sides of this with respect to n

ever O tol(.

| ' { OG .
- 0 tC % K. an
This KU ° - —— +-Uun con -
Thus P2 Fin ) = 7 du e fiu} = J du f(u}Z@ u?
P A e
=0 _ nEo s 6 ho-o
o
r C‘.-.—-\i .-
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The second furm fillows from the interchangs of the suwmation and the

integration process based on the theory of convorgedce.
o
' . - . ~U\ 11
Row, with ¥ (u) = Idn ) (e )

o .
. dasn ., - , . . bl . .
if we multiply beth sides of this eqguation by _E‘i{q {(n) which does not

speil the comvergence of the ensuing summation we obtain a more general

H 5 }

series form -

. ! m ) .
o L - n
; F (1‘1) 1’,‘?1\ (‘ﬂ ) o du f(ﬁ) z:- FPL (1_]) (e..u ) ITT
b q ! ! e 1
n<eo ' O ryry q

Similarly with the dummyiindex of summation m over 0 to® we hgle

<o
o, y ’ o y
e _ rk e 'k L am
Fim ) Fé‘ {m ) = J du f(W) éz o () (7% v
. A1 1y
ne=e ‘ a o, !

such conversions previde rapidly convergent integre - sumistion for a

slowly convergent zerics.

Pk

From Equatien(?l), mahing HT=0{ and noting U 1q { n,C ) =0

for %%(= 11, 33, 12, 21 , we obtain the following wrelations -

ot ™

2nd part of QE =20 ( C;{1 ) Z‘“ bil ( O, ) + 4C (cél ) .
. L q
n=a
NT ¢ D

DY i1, K 11 . | Y
.u' E | alq (n) jéi“_;“ blq {n, m} | SZ
n=l =0 . ; ?

2nd tart of {W‘Pk = rzc(CFli ) NT—-—-—- k. sl bpk {n . )

£l . caf, L . h =44 . t . ;
19 2 3 L alq () j____..._ 1q !

. n=l m=o

for &k =33,12,21, and. CF , C; ) C;-"’“ sye constonld .
: P
l
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Similarly from Equation@,l) making KT =@ and noting aéﬂg (G,n)=0 for

ﬁk = 22, 33, 12, 21, vwe cbtain

o LE
- 4 | MT
2nd part of Q2% =326 ( G, 2% ) 22 29
iq 1 o 21q (n.0) + 4C ( Co z
. . n=o riR=
ol - =l
S s 22 (o, m }}
4-—- “lg ? ) K
z, [
: Ik K T Lk - B |
2nd part of QU ={a{ct E R - 22 \
. . 1q - { ‘4_ ) hlq (n ) S alq (n,m s
‘ . =1 Rovenay 1
22 : '
k= 3312 2y and ¢ 250 ol '
_ Ve, 1 2 C, 0¥t constants 4
Applying Bquatien IV te infinite Ser'j.eé part of Q?E:k for

K

BR =11, 33, 12, 21, we have, ( for a fixed n )

bi: L S <

v

T e ST e g

&0 =0
o¢

(;m fu) 2 P R (mj e "“W\,._ {du £l SL“ {u) VII
I lq . .

< L0

. : i (& '
there F () = 55 and £ () == Sy Layu 3 for _,-t
: O = TR o

‘_a !

....._.-d——- I e s g v

a, " “ \j (= Tl ) - 13' and F(m) = ‘—é‘"“"":",_“' and £ () =

m
Sinh { a_ u ) .
n ) . _ nTl{
N for Qﬁ Ry f 22
and ST (B = S EF () o 0 e |
R o s “1q myoe ""\ E (“\i o T
= —

e

et
/ for *ﬁg;z 11, 33,12,21
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For I =11 (' b2 [ 2o (T2 }
. ] ""—":"2' %3 - \ a r _@ i
11 R " )
0 = J '
e Il"i (i JL m " Q ) LT
mn¥\ y n Tt Yy n Ay CMT <
or T e - 2 N ; r 11 = . i1 . —~um !
p 2in 5 aln ~———b sin s l{ 1) Z Iilq (n) © 7
o | e
11 P y U1 .
sl_q n) = du f{u} S i (u)‘;\f‘{ u f(u} stl (u )

o : S

Initiaily applying truncated prapezoridal rule » We have,
11 Ay

s, =51 £ sty 4 ar (sl ¢ Ll

. \
+ 2 1(f( 2k) 5td (2 ) + —S(:L\(ﬂ y S‘ (2“*\{1]

K '
'::A” % (W gt (u ) for selecting suituble AW and k.

=y

LM
Finally aypilying Simpsen's rule , we have

)11 (n) = g_g_&_lj_ Y'—gg‘_ : 11 . 2 u
1q 3 P (B 55 (my + =2 e
=R~ - -
L AT __-3!‘;%

' Mﬁ)%, 5:' . | ‘ + f EZk-‘t\)A&‘g!} ) g!! [EZkh)Nh]

yare a1 _‘g - yab 1, N f . 8ok
2nd part of Q) =20 REL D ) Slq (O ) pisC (= =~ ) e

17 2
NT " .
—_ nTlx n Tf x nit Ax )
L Cog =i Cos L g -1, sl (n ]}
[ n & B ‘ﬂ! 2;1' ' ‘Jl(tl
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for = 2 - A PP . 2
M‘Lﬁ% Applying Equaticn IIT te infinite sepies part of Q‘ii s

we have ; ( for s fixed m )

59 Oh, oC
AR S R I SISt
lq v . hl\ uLm ) o= ‘ U AT {n s
. s~ 1 _ 1
n=e n=o 4
of, .
o¢ un *
—_ . , —— 9 - . 2%,
— [0“ fiu ) } pe? r ) = = J{du flu ) 857 ()
\‘&hc;re Fin) = '-'-'—,5'];:-—,)-:- and f(a.) = -—6—1—5 (bm v
n b2 |

2

arid {n ) = _i-jl-i*——-—,— and f (M) -—':_:‘(.’E,E...}_]..“ !

n” - by m
. 3 22 ( ) ‘ (_x_' 29 HT -
ané 5 u =y 1o2 ~un w2 —un
| Z-—- gq b) e ~ ,J.'{? qu n) e
n=a ] i
T 21 3 =
af 1y2 Ty DT
| -_z‘k‘o - ( b ] -thm 1 n Tl x
Vith 722 (n) | Dk ) ( 7Y s
lq T L o n - (34 } 3 n _._._.__Qa L—*—‘/
n T{xy mTlthxl
. 31N Sin —
a : 23,
| o Ut ‘
22 22 \
Slg“ (m ) = fd‘;l flud s (v ) ‘:’ ( du £ (u) g11 )
. | ]

o - . . : . 1 . . .
Lvaluating 5_1_.(1 () in the wanner Slq (n) is pvaiuvated, WP ohtain,

2nd part of

MT .
[ e : | -EL It r‘[ yl ) n “A\ Yl 29
___;__,_, e Cas - Cos i Sin et ;qu (m )

.=l
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For H{ = 33 ,
4 ‘ e ‘%‘E‘} +(- nni ‘ - (:an ‘A}l m T ¥
With FN' e . - *‘( [3] 2 ) Sin "'--E-“—-l ’
q m
' o
m “ ) 33 .
¢ Sin 5 Tl Vrom Equation VIT S'Lq (n ) = du f(u) 53 ( )

o

U1
33 ’ 1 .
-~ f du £f(u ) S (14 ). Evaluating Si;}" in )} ip the manner Slél(n)

is evaluated, we have,

NT i
- n{l x n TTx
md pare of Q| (-3 -222 ) 2 sin ——9 gip -—ﬂ—-l-;
lg 7™ ' %1:2 n oA a
b n=1 .
| DTl s
93 e, §
w117 53 llq ( )
For .!35“.( = 12
: 12 -—GmAzl___ Hnyq mn_sl nﬁﬁjl
r 3 i . — 2 _— {_, »
with rlq (m )I = e 2 . Sin 3 08 T Sin 5T
From Lquatien ‘/II
A
1 : 12 - Ut 12
1:1' n)= du £y } s (u )} I ( du £} S 7(n)
(o) [+]
- . 12 ' . 1].
Evaluating Slq (n }in the mavper Sl] (n ) is evaluated, we have,
- I NT n ) x n Flx nﬂA\
. 3 N e : .
2nd part of Q;q m%c ( +48 3 <> Ces ._5__“_51 Jin = lsm o lq {n)

}51:2 ,

. n or E‘l

Gr Ay i)
. ~Snm i I lr[ y nt A}r
2 ( e = } 79 in o — J,_Sm ]

2. Cos T

From Equatiom VIT
ol _ uT :
21 21
_ﬁlq (n ) = fdu f{u) 521 (W) Cj g du flu ) S8° (u)
0 .

Q
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Lvaluating S{ (n ) in the morner Sié {n ) is evsluated, we have,

o1 | NT LT x , 1
A I SL niTx oon x nTTAx 2
2nd part of Q7 =|4C (+j8 } , " Sin ._i_E...fi Cos -.._‘1...-—— Sin ——— t . gc
1q a ' 2a 1%
A n=1 |

R

Finding the 2nd part of Q% elements as shewl alove we may add teo it
=] l q -

ok ]
i

' . . ke ' .
the respective valup'ct the Ist part of Qi elemgn;g with Zq =

computed by the methed outlined in Art. 2 (b) and get the whole value of
Qig elements with ;q.* 21. It is te be noted that'fur't$5=723,32, 31,13
the Q‘Eg elemants with Zq = Z) ave cach equsl te zero. This method may
be found userul for o'2@hen |z - 3 1 for L=f oI 11
F ounﬁruse ul for qus%mfll arh 2 ‘ stia or bdqé «y cases as well.,

art. 4(L). A suggested Modified mxthod of computing QEE with EC:#_ZI (LnA
: s : N

B ]

BX = 23,32,31,13 .

\

= Gnm \E - 2 .

Wi ‘ L, . gl

with 1 o 9 1Y sinn Gom ﬁ‘ 3 Tacter iv Q7 glewent -
Gnm 1q

wil th \.iq e ‘2:1\ sma.tl & [P!K-* 23,32,31,1{[ invalving double infinite series

Al N
“lq

we may apply E%isson?s sumpatien Formula (8 ), forr evaluation of the

elements wimh rapid cenvergance, utilizing Fou{iel'trgnsform. This may also

be vseful \hﬁn there a large numboer of such elements o be comuuted.
According to the Foiscon's summation Formyla § Appendis. I11) the

!.

surration of an infinite series is piven by
- W

)



1,8 ' | G(’

x ' _ | e
Z:: g(_z__:hgfl)q _)_J;ﬁ_ Z}:—: F .2.1};3.. = -;g;l--— >_~—- f (a((n )

n¥a-—ug n =-.-t,1€ n=—-,
where the fourier integral rclation
(?{/ - ‘ p'c{ ~
- Wk
dwe‘]‘ j f(x) ¢ M Jefines
J dwe JWX' Fo(w) = fdw e"]wf\: g v )
. ~o ~og * '
F (w ) = fwd;{ e i f(.‘,\') &r\é g w) = —%ﬁ d:,{ e T Jwx £ (x)

— —ce

and the above Summati on formuia results after ]te:ri:;)f&’ﬁfjj:yﬁthe sumration and

integraticn in the i(hS of th e fullmnro 1elat10;

n 2(}9 I ﬂ— i l
E ¢ (Ln} el Fo(w) E J“ N dw where X = e(,n and
n= —@C n= - o

q(, is such that the series converges.

Putting oCx = 2a

n =00 ' p =0 —_—
- A N X
——m) = e S f (2ng LS
( ) AR Z:Z-,——. ( na)
n= —g{ o= -0
o , &
. ( . ' ol¥z  Jwz -¢(.Jw +,Q
Now - f () = ; dwe JwE glw) = ——Tz— emmas dw
o ' A B

-0 ‘J

= } ' ‘ ’ < HNero . g ¢ P | ' 13 1 B )
2K, { ﬁ)J 4(;2 + (2 421 )2 }wne‘b K, xfis the modified Bessel
functien of the secend kind {8, Pp 2067 — 268 }' 5!'1

: n 3 : 2 12 . omily2 2
Putting W = --i_l...._. ‘,r._ YC(}SGU, .L: r Sin @, fg =z l!m z= (—E-——} - ko
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relatien IX yiglds

.n I . . s n3 i1
E % ‘}"21--"——: r ‘;"?S T = ' 41n 8/( ny ) i-é I

— RV
h j( 'ﬂ ) i lsnl
- | - __.O_(’.__' e e
- % ? 28 { km‘»’ + { 2na ) + dng 1[Co.59
ns ~e 7
Wher 1S = e N x
there  LUS = 2 g () and RS =Zf(2na,)
‘ hz-% no -
::.m n n = . . N ‘
lience 3 — I Les & 1 o ~Crm T Sin € .
_ * Com e
n= —C?C )
n =& o ' ~ '
-G E . . ] T
- ?’(’ . 21\0{ l;(m\/ r2 + (Jna) + Ana r Cos & ] v Z
n= — o ‘ ,
b = 0L : .,
Analogously ;ﬂ‘?— R J ﬁ'—ﬂ r Cos & 1 o —Gmn VSin &
A Gom* o e
n]"? - 0(; N
I =00 —_—
} AY
_-_-_b__ ; Ziie{k 7+ (2nb)” + 4mb Y Cos 9}' ,___.I
n mwe —of E O —
where l( J’Jn )2 - kz
Fov pk=23 Fram &womm(?i <) -
25 - 8 <=1 ats L, _
0 =14¢ A N S 1% n i x nAx
i (3 n} /A W G Ut N AT
n =1 2 a 2a
- X . ALy 2 . ‘ - AL
e an ( izq '*-f-ll - ‘—2*-*-) —Gnm( l.aq ---.Zl + = i)
. -, e _ !
E Qom 3 . -  mruraa, e 'Q’ ——
' i sz,.m Ginm .
- mﬂ m"t
I + Y bl .
}r Cosgrl ¥t vy = AV 4 ces T (v, - vy + A%
’ 2. 9 5
'u - - et
mT] ' . ot
- Pos My v+ AV e B, . _AY
R R CT e
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let us censider the st term to be summed ever m from 4 to OC |

<t v

.. ' .r'- s 2 ki
ol - (: nm { -\‘Lq - -"“}_} _-.E....}
_ Q, e A
QIte ———— Cog meme ( o + v {:\3{1 )
bq:o nn 1
”
o A nm‘(ﬂ Sin 61) ‘
- e - m Y " )
= E Qom = r g : . Cos {=---—b B les G}
— “lhi‘n '
nEe -
Ey puttlng (‘l .] éi];_i @w N Sin i?]
2 A .
v, - v, Ay
‘ ( 4 ! ---—l): iy Cos ©
L 2 " 1 ._J
'f"_."_:_c..‘.}':_ . m i’" - G ar 51 o
- < e 3T Y! ucsf‘] Gl rse—,tlm ¥, Sin g,
nj—j:: o nm
- ?.'l-‘fg - m i
Since Cos 71y Cos @, ) is an even function
‘ ' ' . =
ever m  and o = 1 for m=0
: 2 otherwise

e

_rb .
\1;'1 ; k \f‘f 2} + 4 ¥y Cos e flead? (n) (Uy sgn. 1T )

m= -
Similarly the other seven seiries terms to be summed aver m from ok« may

be dealt with. The mun ol these cight terms yields th: expression dewoted

"
I
by K77 (n
y By )
. NT : '
Eerce Qfs =40 (7 B y T ' n M n i Xy f ﬂﬁxl
g + T ' wemee G g ememmehe B4p - Sin .

A n : a it 2a
n=1 .

LK
1q (n)



For Bk = 32 - From Egn, (21.7 )

- NT .
T . S "Tix.  alx o 11 Ax
k N { - 3] ) > 5in ,..,........._.....iln .Sj_r'; e KN e 1
. . 22
el

Cos -@ﬁ-w Y, - ij 1y _iu_( Yoy, - AN

i . . 2 P
. ﬁ y .

+ Cos ,,g__.(yq ﬁ‘yl +AY -M‘( LA A A‘!L) J
: i

vy B - - o ! ] 23
Ihaas proceeding in the namner outlined fer the case of § 1
- . ) q

1 sin —al gin e Sin 111 (n)
n a a 2a

2 N ] e
Q == 40 ( - _Q:___\ ;«—.m 1 n “ }"(.L . r'~ ‘h‘ r'\l 1 T{A)&.l 32
]

For Eg( =31 From Egn. (21,8 )

: T

31 - by LT . m I Yy miTA v
Q. =4 ( ) y 1 s ) v ] ) J 3
- —= Ot S —e _,_.. ai i

1g - n /i Th i _;___“9_ DN 5 1in 7

)
rcﬂs SN gy - ax j-tos I s Lk 4 AX
q 2 A aQ - 4

e 2 Ly Ax r 1l A x
L‘* Cos = (Xq S T __Z_L.} ~Cos -3--“-( % + x - 1)
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; . . . . 24 ’
‘roceeding in the mamer outlined fer the case of Ql'l excapt that

Bqgn. ¥ is used in stead of Dgn, AT

HT
Q31 b :

1q =34G ( _ "r‘—_) \; 1 g " nyq 5in mﬂ‘yl Sin n A 1 31
- -4~ _,_/_ ) _:]Tn— 21N i 5 T a 5% ulq
nr=1
For PK = 13 From kqn. (21, 9 )
13 f b e m{ly m Ty
4 b~ A T-..-..L-——‘- — ! o e 47
Oy T CF) ST L gy ol iy ik si BTTAY
1 . L ‘ Z W H b -_—')l‘-_'_- e -
‘ 1= =

s - énm { ﬂ: _z,]l ...V "-:’1 -;-Gr!.{:p (‘a -21 + A
‘ . ' . 4 = i q
2 Con

—_— 1
L S 2 e
| Gy o G
nF=o . i hra
' & Ax T | A%
. 4] Rk - n
Cos (x +x, -7 g Bl A
5 " g i _._2__) + Cos -—=—{ X T + 5

11
- Cos ___1_1'____{);1 + X

. S oo nttoo .Y 41
0y Tt PiL) - e (x o AT

: . . , : . 253
Proceeding in the marnrer outlined for the case of Q,l’ except that
il

- Equatien X is uped in stead of Yquation XI

33 _ + b Lt o | |
hlq ‘ ( - > 1%1 Sin flj:_rjﬂ Sin ﬂﬂ 7 Sin n 1 Ayl .
wE LT pmTn g

o
R S
a in

J

N.H. In abeve exprpssiens the upper sien is for 2 z and the lower
AL e : = q 1

. 3 " - ‘» ”~
sign is fer 2 > L
i_]' .i.
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Appendix TIT 1= i the Poisséa's summprvion 1{‘:}1‘{&3_:1;1 - { Ref., 8)

N

Let us censider the following gensral series, :? £ (1,11 },where

no0

f (x) is of suchaform that its leplace transform 3! P ) exists.

. {,Ef D
We have by definition f e = PX 4
' (P} = f {x )} e
q .
This integral detemines T(p) as an analytic functien of the complex

vgriable %7*‘- t+ jw whose singularitics all lie ts the left of some

value of L= C in the E‘) ylane. The idmversien integral yiclds

. Chs®R
£ )= 5R7 F () e FFap
. ' c- %

If we replace &Ly J\,n and sum over n, we get,

O e e ot

' ( i.is such that the _

f .(:Ln } = ':,%’“* 7 J@: “'n I'(p) dp sories & the integral
C-

cenverges

M

J l

This is permirsible since the jnversicu integral holds identically
for 211 values of x wi..i:h ti‘a;‘ exceptivn of certain ;\.rla.\_hm-s of x for which
f {x) may be (JAIiSC{{‘rI_ﬂ;iE’iUC-]l-lS. T@ our case it is assvmaed that f{x} is a centi-~
. ﬁueus function of :;. .t!:- niow, the. mte zral invelving I-“(lP) is lni.fﬁl"i‘:li}'.

cenvergent, we may integchange the order of integrition and summation to

kot , Gt ]g{"

of . ¢

N _ 1 _ T Pf.avn
i f{&nj —"-1;*1-_{3 : F{P) l e cdp - e

e O Ce % heo O
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e .9
O using > o Pj,,n
— 1 bR , w1 @mey
=y it dp PO ¢
- ET "E 1""6 l:f»gv . 1 - l;":I;-.
G- j & | -

provided (3¢ is pf such foerm that we may take '!3<;§} in order that
pé;, n

€

sheuld represept a convergent series. This implies that
ko

N is ghsvmpd P ~€n € ™o m e el infinitv. T
£ (x} is Ssymplotic to e~ , €20, as x appreaches infinity. In
general, this conditien is net satisfied, but in pructice, we can multijly

!\, ~En- e . X .
f (hbn )by e , Bum the resulting series and then take the limit as
& approaches zare o If we can evaluate the resulting integral, we have
the sum of the saries in closed form. Alternatiyely, we may expand the
integral by the residue theorem, We cheose the gentour, for the relevant
contour integral in this case, the linc F"“: G, C<£ 0, and the semiccle,
in.the right half plire. Since F(F) is analytic for all W»C, the enly

. . ) I 2 7\
peles of the integraud occur at (‘GL{“ =1 er ‘P: { —--l—.--m ), ni&ﬁ,i
o i .

+1i,%2.., . Tae residuecs at thesc peles of ([l - e rh 1“1 are -

: - )
and the residues at these poles of the inteprand Q¥ -~ Ti—-—- F(j CAALN }

lieance, provided thz integral arcund the szemicircle wvanishes ( for a nunber

of standard types of functions most commeonly used if does vanish ) we get
K ol : :

z “ L1 . 27N :
f(';i-n )'gz_wg—- T -*-n—-.—- ) for n=0, + 1, + 2 .......

Mo & (@

- | ﬂi“*z:? &j 21N ) for n %c», 12 ...
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“The change in Sign  is due to the fact that the centoul is traversed in

a cleckwise serise . Somotimes it is essibile to close the contour in the

left half plane and the sum  of the serics is given in terms of the residues

at the poles enclesead.

We may extend the definition of the Laplasce transform so that

it is valid for negative values of x  as follows :-

Q

" g . '
L f{x) = 1 F{x) ¢ FEoaxe )ﬁﬁiﬁ?
ok , .
The porresbending inversion fersmula vields
_ T+ gt
1 .
(Y = LA X,
£ (=) vy e FX 1 (p) ap

c-3 6 ' :
where € now lies po the left of all sinegularvities e T(P). For pesitive
volues of x Lhe ponteur may e clesed in the loft falf plane and sincé
ne singularjtiés are enclosed the jntergrgl vanishes and  f{x) = 0. Ter

negative values of 3 the conteur may be closed in vhe right half {lane

} is recowered.

4
\

and the erigiral functicn f{x

. . . . . . el
Let us now censider a solies such as ‘ f (é;}q }.

- . - L i VR,
Imposing the ¢ondition that £{x) is integrable square ever -W<x {_Off
, al -
. Z , . . .
iec, %}{x}i_“ ¢x  exgsts, and this in tumm inplying that f{x) has
-af o ,
ne poles on the regl axis, we break up  f{x} inte twe parts os follows

-

[N

"



- 80 -

+- -
The corresponding Lgplace ‘ti“a.us:%}rms are

F+ (F) = J(: ..-.1,-‘_)‘: f.!p(:{ :? dx ]I"_ glp:) = (’,. f“(x)dk

The corresponding inverse transfoims are
The corresponding inverse transi ;

C hES ' -

: ( e Py ) ap £ (k) =i
L, : “+ 2t

4 G jO

t

ot
-
. Co . wi 2 . , .
From Parsevael's theorem we find that f{F{P)‘ dp exists if f{xj

-~

is of integrable square type. Consequently; F(I’) has no poles en the ima=

ginary axis and we may, therefore, take ©

tf: 0 and C > 0 in the aheve
inversion integrals, Under these conditions, we get

VIR ‘ﬁ'
¢ (‘«I*i J ' e

P
L3
h=o 1-c -
. & e k- o
-+ ’

on clesing the cempeur in the right haif plane,
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I we make the follewirg cliange in netation, B = W . db= j dw, then
our bilateral lapiace transforms becems Pourier transforms and inverse

bilaterial laplace trarsferms bepome invel se Fourier i3 an forms,
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1 ‘ B 3
Thus £ (x } = TFT F (v ) .‘Q__’jd"{ dw ‘(’ (w}gd‘n‘{ v
e

ot —

F (w) = - -Jwx () = 4 ‘ RSN e .
P vy = f(A) £ Gx g(\n’) = 5 j LLXy e dx

e ] . : -l

Since the peles at which the residues are taken into account in the summatien

. . . 2%n . )
formula are at = ju = j -5l gigy x =,§Jf\ We pget,
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This is the Pelsson's Summation Formuls,

“

Art. 5. Sclutisn fer field guantities ingide the di-electric [Uo,qﬂ]f“ "Di‘ﬁ'mev

HY : " .
llq elements computed we can solve Equation ( 4) aleng

[

Leowadnes ¥ With @

Sth relats 4la) To }f_jﬁ}}' } el R < o

with relatien 4(a) {or JE_-' ;‘i”i } elements with ()q == f.s.,_’ei Lf(‘ J elements
S : ' ' i

Inewn en the basis ef' simuseidal variascion of unit arpfitude and phase

i) a
- . o - . T W
reference at the dielectric 1_whle cengra at Z = I, for ;1‘-‘ X ,¥%,2
‘E

and q =1, 2, - J--u- === L snd cbtain the solution in the form
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Art. 6. Selution fer the Dominant Tlﬂm,-‘- Maode T - Hquvalent Circuit

Parameters for the di-elactric abstaecle discontinuity.

Since the sclution fér the deminant mede T -~ Cquivalunt Circuit penaments

is to be valid in the medium (U—n,eu) we -selve Equation(4) along with

. k ) ‘
relation 4 (b} for th = o { ‘fl ) elements with (“2; = E?(‘iq, it alements

knewn en the lLasis of simissidal variation of wunit aimjititude and phase refe-

rence s® the volume V at ¥ =% for = x v z and q = 1,2+-1L and
% s ¥ ) 1 e

ret the sclutien in the form
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ining a discounts-

a
watty current  J.
_ 7 of 2x2; B Zx7Z, .
L Z ' K=
The dominant TEro medle scattered field due to J in the wovoguide

medium { e, €, } 'in the.region bLetween Z;f?(and?i:zz { Fig. 3 ; is given
I

Ly o Ref. Avpendix IV ) H
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wheire: @10 = gﬁ'f.fys:I.n ﬂa > Mg = = Y, 'H’..Sm J}f_ @ = f?iz -

Yyg = Wawe impedance of the guide.
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3 e bk
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ot e 10 f Gi?ga :
y i
&y S abautz o,
=0 { Singe é?ﬁ =9 for TE rade )
S 10
Gk
Fog=2 e 10 ¥ Pig Z dxdy = aby,,
& o
Colla . o . ‘ o . - 1 . 2 . 3 1

Thug Ter the single cell casc 'w';_t}quJl ,’}'J1 szl . existing
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Similarly we find £J10 = CIO ClO

it is to Le noted that although there are other modes, mostly evanescent

tyre, enly the demipant mede survive altenmwation in practical cases and the

cther modes are attenuated in a short distance froem the discontinuity between

terminal planes a &1 and Z,
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For 2 > <, total field with wncident field from LHS
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The fellowing cquivalent transwmissien line veliages and cfents are

now intreduced H
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With these the total voiftag;es Vl and Vz and currents I, and I2 are given by
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The equivailent T - network reprasenting 'such assystem is a% N "3
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Sn e H%-%:"ﬁf‘""“J Zy=Zva | m— »2- }——
I I Zy _ 21_
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The equatiens relating- the L H S and IHS voltages andewdents are

vy = 2., ky + 25,1, - i

. for a rcc'ipmcal Sy sten
Vo= 2,1 45,1, with 2,27,

-

For a lossless discoutinuity the Z - penameters become imaginary.
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For 'a nermalizedpveltase &éfﬁfmq_y stem with Y, = 1 { assumed ), K, = K, =K

- . }-
o > it lLete Ty » o TG A —_
and for a co l;u,tft,ly symueztirical 8y stem, ;_1 = 1:U 10 / 10

A~ = A C ‘: CIO= CIO

‘ N\-_!. Favy 12~ s,wsgdmc.o..k =L
and under those cenditions we get, ’ Sy:\:gw\ 2“ = 2,_—,_
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This implies 2z, = “,, and the aleve twe nztwerk equations become
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[
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similar ice. V. = { Z _ + :-]9 y oI, iy (C)

, Voo k2, -& o) +2., :
Aigo from Fig. 4 with 1, = ,le the inp at impedanca -:l- = J1 f&lm__'l }h‘“ (D,')

i C].O known from Fquation (B, 1‘:_,10 =1, L= —-;-— s ‘il'1 el Il are known.

Thus
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A B Sl NS o |
J an - infinitely lung wowoguide in which
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Where the sumuption index M implies a sunmation over all jossitle TE and
TM mades ; é?h and ""m are the transverse mcde. vectsrs and are functions
of x and ¥ c.c-}ar'd;.inates, e:r:&. g’:'lzn are thie axial mede vecters and are
functions ef x & y coordinates J Bp‘is t‘har;‘ne\de propepation constant.

Lot By Hl represent the field yielded by the current source J

. . _ - ) je Z
and expressed Ly Bquation I and let §, = g = (€, - €2n) L2 "
. | V3,2
By =H = ( - h, + h::n,)- 2 Le the source free field ( J, = C Jwithin

V enclosed by § i.e, the region LetweenZe, and Zx2,

By recipracity relation (E1 xl—l; —E; x lél)j’i. ds = Er_1 . J dv.

S V7

Tue surface integral is zero over the waleguide walls by virtue of the

boundary condition 1 x B, = 0N x E_ = 0, Yince the modes are erthogonal
y . 1 , » E

. +
lee. O

m
Ss

all the terms excelt ..+ the nth in the expansien of '1'31, ii} vanish when

+ . ‘
x H~.nds =0 n#n [l‘(ei’. {12 ) i"wl21—12—4]
n - i

integrated over the arbitrary wamszuide cress sectien So . Thus we have,
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= =2 Cn en pis hn ¢« zdg = B 5, Jdv ; Since the integral ovar

Sa v

wakleguide crosy- fectiou Sl vanishesidentically, Herco Cn is giwvenby
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Fer transverse J at 2 = Iy < O d.e. &g is near origin, we have
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N
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For axial J, at Z = Z D i.c. Z is near origin, we lave

. ‘]3h7f71 . . ‘ -.& T ;
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{ Since En, = )

If J is g gymmatrical fwictien of 2 , then, iince e tn is not

a  functien of Z , we lave
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with Cn -and Cn thus determined we can now revele ile facters

QJ BTI 22 g‘ r)— j@‘,\zsi

aitd bave the rediation expiressions given by

Bauation I.



CHAPTER-EV
Derermination of Equivalent Circuit [farameters For
A Three Dimensional Dielectric Obstacle ip A Rectangular

Waveguide.

With the Fformulation and moment methpd of solving of the
problem involying a dielectric in an arbitrary volume V
inside a rectangular waveguide discussed so far we now

r

apply the method to an illustrative example., It is to be

noted that, tp represent accurately the arbitrarily shaped

dilectric in the volume V the cell size of volumei&Vl\should

be made small and consequently the number of cells for the

given volume ibould he large. This implies a Computer =olu-~

tion on a large scala, llowevesy to illugtyats the effective-
14

ness of the mpthod without loosing any essentigi lfeature

we undertake jow the digital computer programming based on

Fortran LV for a single cell prohlem depigted in Fig.5.
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(& Sida View (D) End Viow

Fige.5+ A re@tangularly shaped dielectric in a rectangular

Waveguide .
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From PigeS. % = 8-  x. = 8., Aw. w By = &
From le(_; E:} « _‘Lq = 2 4 J\l -~ 2 1 Jxxl T ‘2 91(1 l}; ¥
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¥, = 2 AY, = = o700 By =G Az, o

With above data the relevant expressions for the nine

el

different U
g

elements per cell of size %it’ikl ﬁ(&}"] xﬁzg)

. N are as follows -

Z; we have from Bquation (21.1)
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where as shown in Art 3(b) of Ch,IlI
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where as shown in
G22LL = G22(5) 4
wherein G22(I) =

(SRR
Y.

R

Art 3(b) of Ch,III.

G22(6) - Ga22(7)-G22(8)

II_ Sin b, (LI~-T(I))

2




-97-

ARy

}éor T(5) = %—' ‘-(‘Xq-f- ){l i :'I, T(6)=

a

T(7) = =& (}[q + Ry +A;§r§l ), T(8)

a

F22LLM = F22(5) » F22(6) - raz(7)

il

AL fx, - x”A‘A’l)
q : =7

S E (x-20)

- F22(8})

S j.nh%L,n{irL ~T( In with
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: ' fmiTA2
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=
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rie i) ca i
0% 6 % 5
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B2LLI = B.?I.-LN}
] , n=1
A —6}# égi E:
B22LNM = (B22)(X22) (ELL) wherein B1LFG RO
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1qg

Foqu?éz we have from Lquation (21
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ELQ

we proceed in the manner outlined in Art 3(b)

G

of Ch.III. Putting jlil-e nm ‘-’""f‘ ) instead of factor

For & A
q

i

L
Sinh 5_%{ ;
I

we have,
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J(F33LL1) +he f"b) L (ABBNI(FEELLNY ) —gf e
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wvhere as shown in Art 3{(b) of Ch.liI

Sin IEW__:(.Q_ Sin ff_'_.fl Sin n'?ﬂA 31

a 4, A

CF33LLN = F33(%) « F33(2) - 34(35) « F33(4}

2 II. T(I)
wherein F53(I) =7 (IXI-T ll w s mmu:f!za fisinha E }

'2 w‘;g Z.ua.nh( ;@Lﬂ‘ﬂ)Z
bl o e 2-mm"
with ao = -_.‘-9- " a = _.E.... (_..‘_.—_m. ) - .E‘f:.g
A33% = A33N?L;&
L=
F33LL1 = F331 + F334(2) - F3351(3) -F33%(4)

wherein F331(])w4lg;m"T(I)] 4;0){- ﬂ“ )rﬂﬁf {Ei ;T(Iil
Sin — {Fl “T(IZ}

+ - =54 2 ) — -
(?o) bz} [ sin (E'?]}F}}
a

B33LNM = (B33){X33) (ELL)

'8 { €Q§£)a+
wherein X3% = 4C (.“530)- — g ,

A )
ELL = éz . ,
12
Q-
lq

For L F é we have frpm Equation 21.4
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' a | i - Za
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o e bz -z ) sinn £ A%
ELG = € q 1% IR Bt
For zifq = Zl we procesd in the mapner outlined in Art 3(h)
of Ch.I1I.
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. f; V| . . . }
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where as shown in Art 3(b) of CL.IIiT.
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For Eq # 4. we have f{rom Equation (21.5)
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For Z.q:: Zl we proceed in the n:zar.tpar‘ outlined in Art 3(b) of

Ch.IXIX, Puttiriz.gg j (1= “%E’“‘i‘ ) instead of factor e
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B21LNM = (D21

In the foﬁlawng expressions oy QL

upper sign is for quﬁ Zl and the lhwer sign is
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For JEL:: Z w L
For { &, # 4, we have from Equation (21.7)
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computer

_ | ¥
progra i.ﬁj as Shm:ih A\-)p.wv\c\ix'l \_f

|
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1 .. mi3Y mi1l¥.
‘where AJIM = = Hin ,mmiﬁ Sin R R m¢1ﬁﬁﬁ
b T MEE—Mﬁw
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_ oo nInE I nit A
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For 4 = /19 qu C
.13
“lg___
For 7 ﬁ 1 we lhiave from I?q‘u.'i‘i;,i::ul (21.9)
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The digital Computer program congists of the main program,
the suB-routing QPELQ and the subreutine SOLVE, The main program,
with the given data,utilizes the subroutine QPKLQ to find the
matrix elemeniis" qu and then it utilizes the subroutine SOLVE
to find the J1 elements by Gauss-Jordan elimination natl_:_odll’!]

and ,with Jl elements deteruiined,it itself computes Z“ ’Zm’ Z:

ard' Z, As nosmdmed volucs,
For the illustrative problem with the given dielectric volu-

me. consideyed as a single cell the results obtained were as

follows:=-

Z, = Z32= 013871l —)0'326588
| Zia< Zg, = 0176307 07182039 .
© 2, = ZrLE— 0037596 )0 134549

Z, = Zp = 0VT76307-30182039

‘Subsequently the volume of the dielectric in the given
illustrative problem was subdivided inte three equal cells

along X-direction and the results obtained thus were as followss =
ZoZ,, = 0150448~ )0 2691
2,252, = 015411 —) 0| 58204
Z2,52.2,,=— 07023723 ~30 110907

Z,=2, = 015471 =3 0°15@204.

The must outstanding £eaiure of these results is that
Z1 Parameter has a negative resl part, A comment on this

point has been pruasentisd in the conclgding Chapter.
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SUBRGUTINE GPKLu @ %
CCAPLEX Q . V : o

1

DIMENSION Q035 3) 3V (3800,

4 : . ](d)-?ll(“’.bl1(4)-FZE(4)su££(4]9F3J(4)DFLL(4,l!

1F1(4),:11LL3(°U).bllLuJ(ZO)-S22LLb(20)- 5221LQ3(20),F331(4),
dSJ3LL4(dO)ngdLOd(dOJ;FLLI{43.51&LL4(20I- L2LG2{20)+52LLLa(20),
BSZILQB(ZD).SZBLGE(EOJ,S£2L02{20).SJILOZ(EO):SLBLQB(ZOI

COMMON U/ﬂa/xngLoDKL:YQ:YL,DYL!ZQ'ZLJDZL-SKI'LsIQ P Al s C e SKG (3
A=2,454

B=1.27 kS :
PI=3,1415%92654 :
SKUS(2«%PL%P 1) /{AsA)

C=l/7(2:%P]%P])

TOL)=(PI/B)%{YQ+YL~DYL)
T(2)=(P1/8)%{YU-YL+LYL)
T{3)=(PI/7B)Y*(YO+YL +iJYL )
T(a)={PL1/3)%{(YU—YL~-DYi ).
T{S)={PL/A)E AU+ KL-DXL )
T(B)=(PI/7A)%{ X0~ XL+O XL }
T{7)=(PL/Z7A )& (X G+XL+FDXL )

TIB)I=(RPI/ZAY R X~ XL XL ) - ,

DO 10 I=1,8

IF(T{I)-0e0)341044

TCL)=T(1)+2.%P]

GL TuU &

IFAT (I ) ~2%P )10 i0s0

TOE)=T(L)=2%p|

GU TO 4

COGNT INUE

AU={3/PLI*30r0 (KUY

BUS(A/PL ) ¥ 50Uk L5KL

NNN=3

MMM= 3

NNNLSNNN® ]

MMM =mMM+ |

INBN =N NN

MMM MM

IFL2G—ZL ) 124010 o1 2

S11lLLz2=0

DU 9 I=1,4
Gll(I)=(PI/2.)¥§&INEAU#(QI~I{5)}QKSENiﬂutwi)7*&91—T(1))*(U.51
GllLL:Gll(1)+bi;€ﬁ§“u1}(d}“611445

DU 60 1=1.4
Fl(l)=(91—T(1))Viuebi-ipifda)#(SlN((B/A)f(Pi*T(IJJ)/SlN(B#Pl/A))
FllLLl:FI(1)+F1£E}wk§i$}—f1{4¥

Alll=CGS{lPI*Xu3KA)vuu$ffP**KL ARG EINL(PIROXLY/ZA) )

StiLLLl=((2 -*Cés tB*‘xtzxcaanlia»ollLL 4.*C$P.#A#d#A1[l*F1lLLl*(l.
1/7{4%P1%21) )

DL 13 tNz2 NN

AN=N

AANT{B/PL ) RS0RTL {aNe iy 74 ) s u2e-5K0 )

DO 8 I=il.4

FIi{I)=(21=-T(1))% J‘fJﬁ/Lo)V(alNH(AAN*(P[-T‘l)))/S[NH(AAN#PI)J
FllLLN«rll(lJ*Fi' z »tiif J=F1l1{4)
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Ne= o LRNCCURPLN="O0OOETNTTOFWN=OLEN

“o - - - - e - e [P IV Y

- 10 -

13 5311LL2=511LL2+({ 4. nbmJaﬁﬂﬂb)/L.o#PI*Pl)J#AllN*FllLLN

14

15
L6

511LL 30

DG 14 M=L,MM
BM=M 7 A
Bl1=SIN(SMEPI+YO/BISSINI(BDMEP 1YL /8)%SIN(BM¥P I DYL/B)
GM=SORT((BASP I /B ) $Ho~5 KL )

X1=2 e ¥ Ch{ 2o BuDAL V¥SKLF( 1o A{PIX*IMEGMEGM) )
ELLL=EX?{ -G 7L )

BlliM=3ll*XL¥E1LL

SHILL3=511LL 3+B1LL M

SLILL4=0

DG 16 N=1 4NN %
S1LILL3(N}=0 '
AN=N

[T

1

]

ALIN={ 1a/ZAN)#CLS{AN®PI®XQ/A)®COSCANSPI XL ZA) #STN(ANEPI #DXL/A)

no 1” M= L oMM

Hv=

dll_blN(dM#Pl¥Y /ﬁ)‘JIN(bM#Pl#YL/H)#%IN(&M#PI#JYL/U)
GNM=SURT((ANERPLI/A)2 82+ {(oMEP LB )& 2=5Ki)

XK11={ga/0M) 3L ¥ {adasB ) (SKU—{ANFPI/A)R%2) 0L o/ L{PL¥GNM) %2}

ELL=EXP(=ONMED L)
BlILNM=cll&Xll#oiL
SELILLS{N)=31ILL3I{N)I+AL INSOLILNM
SLIbLa=311LL4+S511LLD{N)

XQLl1LL =0
YQIILL=51 1L 1=-5 it Z2-511LL 3-S11LL &

T e e —

21 32=ASIN((PLI/A) AU FSINI{PIZAN XL )ESINI(RIZ7A) UKL ) R(2%Co B ARDYL %

30

20

23

2a

LSKGI®( 1a/P L) #{(~{FisO)/(A%A}))
ABZ2LL1I=32%CUSL (P T/ /A 507 )

YERLLIRHS2R(— 11 %S INDIP /A sDL )

XOZL Gl =024 CUs{{PI/A4AaBS Zu—JL ) IS IN((RPI A &0DZL)
Y2l Qi =

DU B0 I=%.H
G2eil)=
GR2LL=6aliB) v 022 {nl=ul2l T =G 1)

S2ZLL1=( (2. %Ce 0% ALY}/ 44 o#P 1)) G220LL ~XB201 |
S22LiL2=0

DG 23 Mz ,mM

BMa=i

BOM=(A/PILIESURTI{GMRI] 7T )2 &2=5K5)

ou 20 1=5,8

G2% (=1} ESUINCOR I/ A #ABS(LG~ZL DI ¥SINCIRIZAYSDZL)

(2172w {oin{uce(Pi-T{1 1)) /SIN(BLEPL))=(PI~T(L))#{0+5}

2L 1y={PI-TIL i)™ u¢_3~{Pi/do)v(SlNH(uJM+(P1"1(uJSJ/S;NH(JBMFWL})

FZdLLd‘—l 220+ r 22l i —FE2VT7I-F22{8)

A22M=( o /L) ®CL LM+ L oYQ )R CUSIEMEALEYL/B) %S IN(HM®PT *DYL /1)

S22LL2=022LL2H (L aat 5. mAFBI/{ . %2152 ) ) #a22M2F221LLM
S22 L 4=

DO 24 N=2,N1

ANZ=N

GN=SQRTI{ANED | /A )& 52— 2K, )

B22=5In{ ANBRD L ¥ XOAA)ELLN{ AN T KL /AIESINIANSP ISOXL/A)
KZ=2 e % Ch(Ha% AMUYL JHRLKUYL L e /7 {MIFANKGNFGN) )
E2LU=F X2 { —GN%D 7L )

g2l L N=H22€A2% 0 2L

SE2LL I=SZ22LL3+20LLL
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S22 L 4=0 -
DO 26 M=1,MM
BM=M
522LL5(M)=0
AZ2M=(1e/3M)¥COS(BMFPI3Y L/ 3)¢COS(BMEPLXYL/B)¥5IN(EM»PL%DYL /5 }
DU 25 N=1sNN
AN=N .
GNM=SART{LANYP I/ A) %2+ (bMBPL/D) % #2-5KU ) -
B22=SIN(ANSP L# XG/A) %S IN(ANSR L& XL/A)* STNCANSD I XDXL/A)
X227 (4 o/ ANIFCH (B ¥A¥3 )3 (SKO- (BM&PL/B)%%2)% (1 4/ ((PI#GNM)I%%2))
ELL=EXP( ~GNM*OZL )
HZ2LNM=u22 %X 2% LL
25 S22LL5(M)=522LLO (M) +AL2M*BR22LNM
26 S22LL4=322LL41S22LL5(M)
XQ22LL=Y320L1L 4
YQ22LL=522LL 1-522LL2-522LL 3-522LL 4
31 AIIL=SINIIPIRAQ)I ZA)#SINIL{P I XLI/ZAD#SIN((HI®OXLIZA)
DO 70 i=k.4
76 F331CII=(PI-TUL) )2 (0 +n)-(AGHACIS(—(A%A )}/ (B%3) )4 (PI~T(1})1%(0a5)
L¥CAGSAG) % (—(A¥A) /{D%3) )4 (P 1/24 )8STNILB/A) (P I-T(L)))HCLas/SINL
2B%P1)/A)) : ‘ -
F33LL1=F 331 1)+F331(2)-F331(3)-F331(4)
S3LL 1=, 5CH (B3 AF0I%( 1a/{ 43P 1%PT )} $A3ILRFIILLI

533LL2=0 ,
DU 33 N=2,NN &
AN=N

AAN=(B/PIL)ESURTI(ANFIP L /AR X2~-5K0)
GN=SARTC(ANRPL /A ) *%2-5K0C)
DD 40 I=1+4

40 FA3LII=(PI-T(L)} R Gaa)—{(AU®¥2)/(AANRF2) ) %{PI=-T{L1 3 12 (0aB1+L{ACFE2}

L/7AANT#21 #(PI/2)% (SINHIAANR(RPI-T{ 1)) )/ SUINRCAANFST §
FIILLNSF33(4I+F3IJ(2)-FE2(3)-F33(4)
B22=5IN{AN%F 12 XG/A Y, SIN{ANSPLEXL/Z7A)PSIN{AN®PI®OXIL/A)
A33IN=( 1e/AN) %322
B33 S3BLLZ=S5333LL 2444 %CH({DatA%B) /{42 12P] ) HAIINYFAILLK
S533LL3=¢
DU 35 w=1 4NN
S33ANLA4(NI=0
AN=N :
Ba2=5 i N{ AN LEXL/A NS INIANED TR XL /AR SEN(ANSRES0RAL, A)
AJZSN=( Le FAN) %825
DU 34 f‘f‘-’-’i » M

MM
BLI=SIN{3APL#YU/B )% S IN{OMEPLEYL/ D% SIN(BMED L &DYL /8
B33=65117

GNM=SURT{{AN%P 1/ A) %2+ (GMxPI/BI% %2 —-5K4)

KII=(4,/78M )% [Aax A2 ) 5l LANYPL/A) 62+ (SMRP 1/ w2 ) %) La/ (P I%*GNMI

1¢22))
ELL=EX{~GNM%D 7L}
B3SLNMES 3R X 358E L1
34 S33LL4(N)=S33LLAIN) AL INSKBIILNM -
35 SIELLI=SISLLILSIZLLAIND
XQ33LL =0
YUSSLL =5 35LL 133301 v~ L3ELL 3
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41

340 FLL[(13;I(AvA)/(2.4HiéPI)J‘((A#u)/(E.*P]))*LUS((&/A]*(PI“TKI))T}

59

43

44
45

=

) 1

380

350

i

9]

—f12 - ‘
AlZ2l= Cua((ﬂl#id)/AJ&Jlmt(Uk#xL)/A)*alﬁ((PI*JKL)/A)
DU EJ I=1+4%

1%(le/5IN((0P L) A))

Flalli==rLL1 (i) sty erLLlcs)—reil{s)

S12LL 1l =% e%L¥{ =B )v(lo/ved%Aalzl*FlLL1

312LL2=0

DU 48 N=2eNN -

ANZ=N

AANS(B/P L) FSURTLLANSP L /AR H2-5K)

DU 50 L=14+4 . .

FLLEEY={( B}/ {ris2i)} = (FI/(k.+AAN$LlNH(AAM#HEi))*CUbH(”l—T(IJJ

1=({L/(PI+AAN)} ) ®¥ 2} ¥U e

FlelbN==—FLLOL)+F LL {2+ FLLA3)-FLL(4)

AL SH=CLOTANSP T ¥R /a)+ 5 In (AN ¥ALZ7A) #5 iN{ANSS L RIXLAA)D
JILLLL—)I‘LL’*4.*(‘\*5.)*(1./4-)*“12N$r12LLN

S12LL2=0

20 45 N=1 NN

Sl1Z2LL4iN)=0

AN=N
Al?NFLJJ(ANMH1¥XH/A)vﬁlu(Aval¢AL/A)$olv(ﬁﬂ*”l#dKL/A)
DU 44 M=1,MM

M=

GNM=SORT{(ANSPIZAYS32+ (LMD /T) %% 2—=2K;)

Br2=Sinl{ MR iy /H ) CuLlOM# M TRYL/ A % sl BMe L R)Y L1 )
Al24 e ¥ Cr{—Ba ¥l 1l e/ (DM 2))

FLLEEXRP (=~ UMN4R DAL )

Sl2LNAz3lgexX 1 2sci L

DlZ2LLe (N =320 L4 (MNI+AL aiNs 3 LALLM

Sl i3=sb2l U 3+ 2nicatiil

XGlaiL =

YJILLL—JlLLLl+JIHLLcw:iHLLJ

A211 =140 (PIs)/arxc A {(PL=XL)/7A =5 INITFL=OXL /M)

Ui SHG 1= e4 :

FLL (L )= 1(Arﬂi/£#.¢rl%ﬁl))—((n»,)/(;s%’i)}*(uthJ/A)t(Hl—i(l)))
i¥{le/S5IRI(HEET Y/ 0)7)
Foiool=Fil 10 si Dbl =t b i)l 1{A)

S2IL w3 et e (e I Lo/ e ) ¥A21 1% 21LLD

S521LL 2=G

DU D2 N=Z2eNN

AN=IN

A=l YaseTLLANSHI /A s w2—-5K L)

AZLIN= &lH‘AN*pI$Ah/A)/kLu(Aw*VlVAL/A,*DlN(AN*tIVUKL/A)
DU 3390 (=038
FLL(l)*(iﬂ#n}/(Piﬁpi}}¢(Pi/(2.#AAN¢SLNH(AAN*?IJ}j*CUSH(Pl—T(l))
1= (a7 (PLsAAND ) 2328000

Failllwar LU { i) +rt it 2 =2t L U3 )=l (4)

SEIL L 2=l Ll ae st 60 =5udd{ lasd e JEARPTNEFZ 1Ly

Salil o=y i '

DLoowS o N=1 s NN

S2llLa{NY=y

AN= )

AZLNES I AMEP] A o/ i LAY RXL /A 25 IN(ARNYP LR XL /A )
Dia Ga ME LM

»
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~1\3 -
BM=M
GNM=SOQRT((AN®PIZA )% 2+{BMEPI/B)*$2~-5K0)
B21=COS{B3M*¥P1%YQ/B)*SIN{BM¥PI#YL/B)$SIN(BM*PI¥DYL/B)
X12=4.%Ck(~Be) ¥( 1o/ {GNMEE2) ) -
X21=X12
ELL=EXP{-GNM#DZL )
B2 ILNM=B21%X21 #ELL
S2ILLA(NI=S2ILL4{N)+AZIN¥B2ILNM
S21LL3=S21HL3+S21LL4(N)
xQ2i1LL=0
YRZELL=S2ILL 1+521LL2-5211L3.
XQ23LL =0
YQ23LL=0
xQ@32LL=0
YG32LL=0
XQ31LL =0 .
va3iLL=0
XQ13LL=0
YQ13LL =0
IF(L-1G)90.89, 90
QULs 1)SCMPLXLIXO1ILL-1+/(SKI=5KU)},YQLLLL)
Qf 1, 2) =CMPLX{XQ12LL,YQI2LL)
G{1s3)=CMPLX(XQ13LL,YQL3LL )
Q24 1)=CMPLXIXQZ1LL, YA21LL )
Q22 2)=CHPLX((XG22LL~1+/(SKI=SK0) ) +YQ@22LL)
Q25 3)=CMPLX(XQ23LL, YU23LL )
G( 3¢ 1)=CMPLX(XQ21LL, YU3ILL )
Q( 3, 2) =CMPLX(XQ32LL, YQ32LL )

A3y 3)=CMPLXL (XQ33LL-1/(5KI-SKU)—1e 7/SKD),YQI3LL)

GG TO 100
QU1, 1)=CMPLX{XQLEILL, YGL1ILL )

Gl 142)=CMPLX{XQL20LL ,YG12LL )
Q{1,3)=CMPLX({XQ13LL,YQI3LL)

QU2» 11 =CMPLX{XQ21LL, YU2LLL)

QC2+2) =CMPLX{XQ22LL, YU22LL ) e,
Q€25 3)=CMPLX(XQ23L1L s YQ23LL ) '
Q{3 1) =CHPLXI{XQ3ILL,YG31LL)

QE3.2)=CMPLX {XQ32LL, YG32LL )

QU3+ 3)=CMPLX{XQISLL . YU33LL )

GO TO 100

S11LQ1=0 o
DO 17 M=1,MM :

BM=M
BlLI=SIN(OMREPL*YQ/B)3¥SINIBASPIR2YL/B8)*SIN(BMEPI#DYL/8)
GM=SQRT{( BMEP] /B) *%2~SKU )

XA=2 o ¥ CH {2 3BFOXL I *SKUR( L Z/IPL*DMEGHMFEGM) ) ' .

ELLQ=EXP{~GM2xABS(ZQ~-LL ) ) #SINM{GM*DZL )

BILOM=B11*X1%ELLG

SLILQLI=511LG1+B1L QM
S11LG2=0

DG 19 N=14NN

AN=N

ALINZ={ 1o ZAN} #COS{ANFPL | 8 XU/ AIFCOS(ANEKPL#XL/AIESIN(ANEPL®DXL/A)

S11LA3(N)=0

o HEp—- Pl

© e

i
-
r

I



157
'S8
.59
60
61
62
63
64
65
66
67
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59
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27

18
19
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R ¥y
DU 18 M=1,M4 .
BM=M ‘
BLI=SIN(IMEPTRYU/B) xS IN(GMEP THYL /B )$S1MN(BMEP 1 $0YL/5)
GNM=S5QRT ( (ANRP I/A) %% 2+ (M PI/B )% &2—5K3)
X11=(4e/3M) 5% (il a% A% 3 )% (SKG~(ANSPI/A)#%2) % (1a/ ({PI%GNMI%E2) )
ELG=EXP{—GNMFALS(ZU—ZL )) %S INH{GNMSDZL)
BlluNM=gll%xXx11%CLU
S1ILQ3(NI=SLILG3(N)+ALIN®E1IUNM
SLILQ2=31 1L G2+SLLLUS(N)
XQ11iQ=511LG1+511LQ2
¥YG11LQ=0
S22LQ1=0
DU 27 N=2,NN

AN=N
GN=SQRT( (ANRPI FA) S H2—GK0 )
B2Z2=SIN(ANSPI*XG/A)ESINIANSD Lo XL/A)ESINI ANSRLEDXL/A)
K2=Z2a¥CHF (B ek AXDYL ) #LKLF{ 1o Z/{PIXANKGNEEN) )
E2LU=EXP(—GN¥ABS( ZU— L) 1% STNH(GNEDZL )

HBZLUNS322% X2%i-2L.Q

S22LG1 =522 01 +032L LN

S22L42=0¢

DO 29 M=} ,MM4

S5221LQ3(M1=30

M=+

AZ2Z2M={la /UM)*LL)('M’Pl#v“/U)&LUa(aM#P]*YL/u)#blN(dM#Pl*DYL/b)
DO 28 W=l oNN

AN=N

GNMZSARTA{ANFR I/ A% 2 (LM P I /BI% %2 —SKG )
dzz-SINtAN#P:*XF/A3¢5IM{AVt91*xL/A}*JLN(AN¢914QXL/A)
Xa2z= (4./AN}*L¢(un*ﬂ$u)$(bKﬂ-(ﬁM*Pl/d)**d)*(l AU{PLEGNM)%2) )
EL o= txw(—fNM*Ads('r~;L=E=g(wH£uNM¢v2Li N
B220NM=322®X 22 %04 {

deLOJ(W)“SE&LOJ(ﬂ:vAPCM EDZ2QNM

S22LU2=822LQ2+57 21 44{ )

XQ22L0=2YA2001

YQ22LO=2022 Ql+SreLun

533L.31=0

DO 37 N=j NN

AN=N
822=51N(AM$P£#XQIA5%52hiAN¢PL*XL!A}#SIN(AN#PI#UXL/A)
AJ3N=( 1. /7ANY®R0ORZ2

S33LU2iN)=¢

DU 36 M=1 .MM

BM=M '

oll= SlN(ﬁM*“IﬁYu/b}*;FN’bU*Hi#YL/U)*SIN(BM*QI#DYL/U)
B833=H11

ONM=SQMT ([ ANER I/ A i 4 2+ {(AMO DI /B ) ke r— -SKG)

X33=(d/8mMIsCh{n, *ﬁ*“!*(lAN*Pi/AI*#d+(&M*P1/U)**2)*(1-/((“[*GNM}

2E2) )
ELQ=EXP{~GNMEABS { sl 3 %5 INH( GINMEDZL )
BIAIGNMEI 344X 3490 L0

36 S33LQ2UN)IESEBLGL (A I+ASINSD 33GNM
37 S3ISLULSS 3ILOLI+SI 3 L {0
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311
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313
314
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316
117
318
=19
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- 21
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mj 23

-324 .

325
326
527
i2s
3129
330
331
332
333
334
335
8} 356
V37
38

39

_1[!3_.,, :‘:“‘“""““*‘ e
XQ3JLU=533LG1
YQ33LU=0
42 5120Q1=0
DG 47 N=1 «NN
5120 302(N)=0
AN=N

PR

+

T T v ST

A12N=CDS(AN¥PI*KQ/A)*SIN(ANVbl*XL/A)*SIN(AN*PI*DXL/A)

DU 46 M=1 .MM
HM=M
GNM=SQRTU(ANRP I/A) %% 2+ (UM*PI/B)e#2-SKU }

Bl2= b{N(BM*P[#YL/d)*LLS(uﬂ*Pl¥YL/HJ*bIN(BM*PIVDYL/ﬁ)

X12=9 4 %C(—Ha) (1l s/ {GNME&E2))
ELG=EXP(=GNM#AUS (LU—ZL ) ) RS INH{GNM®DZL )
Bl2O0NM=g 12X 12%EL G

46 S12LQ02(N)=S1Z2LUZ{N)I+ALZNTH]120NM

47 S12LA1=312LG1+512LQ2{(N)

XQ12L0=35312LQ1

Y@lz2Lu=0

SZilLat=y

DU 57 N=1sNN

S2ILQ2{(N)=0

AN=N

v
3™

AZIN=SIN{ANYP L oA G/A ¥ COSCANBRPLEXL/A) ZSIN(ANSP I DXL /A)

DU 56 M=1 .MM
BM=M
GNM=SURT{IANSPI/A) %+ 2+ IBMePL/7B) %% 2—5KD )

B21=L0S{AMEP 1 % YO/ BIFSIN(OMEPTSYL/B3 )+ SIN{BMRPIRDYL/ D)

X12=4 o %kCH#{(~Ba) $(1 e/ (GNMRXZ))
X21=%x12 '
ELG=EXPI-GNM*ABS (ZG=2L ) ) %S INH{GNM%DZL )
B21ONMSB21 %X 21 LG
56 S21LU2(NI=S2ILU2(NI+AZINSG2]1 GNAY
57 S21LQl= °21L011521Lu4lN)
XUZ1LI=S21L01
YQ21LQ=0
62 SZ3LQLl=0,
DU 64 N=1,NN
S23LAz2(N)=v
AN=N

622251N‘AN#Pl*XO!A;#SEN{AN¢F!$XL/AI*SIN(AN*pI*DXL/AJ

AZ3IN=( Lo /AN $322
AZIN=AIIo

DU 3 M=y MM

BM=M :
GNMESGRT{(ANSP I/A) 252 0 (umMeRI/B ) %% 2-5KU)

BEI=CGS{3M#P!¢YQiBE%J,h{Hﬁ#Pl¥YL/B)#bIN(BM¥Pl*OYL/U)

B23=821
X23=4 o 3CH¥{BakA )T L 10l LS EGNM) }
ELQ=EAP(-GNMSABS L LU— 2L )} #S5 INH(GNMYDZL)

B23ONM=u 23X 23%EL L o

63 S23LG2INI=S23L U2 INI+A2ENEE2IGNM

64 S23LQ1=523L01+323L 02 (i}
IF(ZQ-ZL )65, 72068

65 K023L03343L01

'

sy

5 .
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LIV N L
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66

T2

73
74

76

‘82

B3
84

85

G2

-6 - T

YQ23L10=0
GL TGO 72
XGZ23La=-523LG1
YQ23LU=9
5321 Gi =0

DO 74 N=1 NN

S3I2LG2IN) =0

AN
B22=SIN(ANSPI¥XG/A)% s IN(ANSP XL /A J*SINIANFP L#DOXEL/A)
A33N=( L« ZAN) ¥ 22

AZZN=A3IN

BM=M

GNM=SART{(AN*DI/A) %24+ {(LUM¥PL/E) #2-5KU )
B12=SIN{(OMEPLI$YQ/BY#COS{EMER [ YL/DIESIN(SM&P1XDYL/B)
B3Z2=312 :

X234 % U %(Be®A ¥ (Lo/(PITRGNM))

" X32=-X23

ELQ=EXP(~GNM%ABS (ZG—ZL 1) S INHGNMFDZL)
B320NM=BI2+X 32%EL U

S32L 02{NI=S32L02{NI+ASENREI2AUNM
SIZLAL=S32LUGl+532L 021 N)
IF{ZQ-ZL)T3:82,76
XA32LQ=532LG1

YG32La=0

GO TU 82

XQ3I2L0=-532LQ1

YQ32L0=0

$31LG1=0

DO 84 M=1.MM
S3LLQ2{M)=0 , -

BM=M

Bl1=SIN(BMEP I YO/BI)+5IN(BMeP [ S YL/78)*SINIOM#=RP IDYL/B)
AFIM=(1a/8M)%B11 -

DU B3 N=1sNN

AN=N

GNM=S0RTI{ (AN 7A )32+ (UMaP[r3)%52-5K0)
B3I1=SIN{ANPLI* XU A+ CLS{ANSPLEXL/A)*STNIANSP L¥GXLZAY
XA 4 ¥ (~Ba%B) 3l L /i PILEGNMY)
ELQ=EXP(—GNM¥ABS5{LU—ZL ) #SINHIGNMEDRZL )

A

CBILUNMAZES3IFXILFILU

S3I1LA2(MI=S31LAZ {MI+AIIMEI3LUNM
SEIL UL =S3iLO1+521L02 (M)
IF(ZO-ZI. 185,92 ,86

XQ31LAa=331L01

YG3LLa=0

GU TG 42

XG31LG=-3531L01

YQ31LUu=0

S13LGL=0

DO 94 M=1 MM

513LQ2{M1=0

BM=M S

g1 1=5%1IM{ ~3M_'$Pi'«"-Y(!/L')3#;:3'?84(2’5«1*1—'.{“’71_/[3 RSIN{BMER 1FDYL/B)

. . )
- . . i
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93
94

949

96

98

1040
3is

dlée

311

321
7

312
313

305
320

323

3

. r -~ T2 vz LS
—7 - R,

AZLIM=( Le/ M) %311 .

Al3M=A 314

DO 93 N=1 NN

AN=N

GNM=SQRT{{AN*P /A )42+ (B5MEPI/B)%$2-5K3)

Bl13=COS{ANSPI$XQ/A) %5 IN{ANSPIFXL /A& SIN{ANHP [¥DXL/A)

XAL= Qo ¥ L —Ba ) % { la/ (HITGNA))

X13=-x31

B13IUNM=3LS%X] 3eELQ

SI3LA2(MI=S13LQ2(M)+Al1SIMEE 1 3GNM

SIJLOL=313LQL+313L02(mM) B

IF{Z2Q-ZL )95,98,G% v

XG13La=513L01

YG13L0=0

GO TO Sd

XQL3LG=-513L01

YQliLu=0

Ul e D)=CHMPLACXGLILILG, YULILO)

QE1ls2)=CHMPLX(AGIZLG, Yul12L0)

Q{1la3)=CAPLX(AGIILQ, YLI3LG)

Q{25 1}=CHMPLX(XQZ1L G, YU21LQ)

QU2 2Y=CMPLX(XUZ 2L U, YG22LG)

QL2 3)=CHAPLX(XQ23L W, Yu23lu)

QL34 1) =CHAPLA (K@ LL G YUBILG)

Q03 2)=CHAPLX(XQZ2L G vua32L Q)

GE393)=CHMPLX (X W3 3L Us YU I3L G
TFUINNGEUSNNNLY e AND « (MM e Lo MMM Y IGD TL 312

DC 316 1=1,3 '

DG 3le J=1.3

VilsJ4)=01{1,4+J)

WHRITE{ 3,31 VINN Mt TGk )

FURMA‘l(1-('1205)(sIxﬂ,lUK!?E;SKli?ﬁJ

DU 317 1=1,3

EORMAT{3(4X+s2E1945))

WRITEC(3,3210(V(14J).d=1,43)

NNSNNN L

MM=M MM |

Gl TU 11 .

HRITE( 35 313NNy MMy LG L,

FORMAT (LK 12 +5Xs 1241 0RsL2:5X,12)

DO 320 L=1,3

FORMAT (3(4X221%e8))

HR[TE(B!.?QS}(Q(I'J‘)‘!J:lvs’

KKK=0

DG 323 [=1+3

DO 323 J=1.,3

CCC=CABS{GLII+2)-V(1,4))
[F{CCC ol 2 e DIKKK=RRKE+

CONT INUE

IF{KKK e£Q9)GG Tuw 3200
IFLINNLGTe20) s UR aiMMaGTe20))65 TO 3200

NNN=NNN+

MMM=MEAM+ ]

GG T 314

L



- TE SR TR ]

(L)

-

FTWRVTE R e

3200 RETURN
END
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Sk LUT NG Joel vE
i (j._._{_.i_:’_lji__t—-( ‘-\A'!__x_ii',‘:gr')i\ft_._] R ETI|

[P

COMAUIN TP /ES/Z71PVLT s Inut Xy PIVUT S AAsiTDs MM e NNyLET

CudIvAaLenNCrt licba s dhuwd o1 CLLy JCLL)
C
157 PDET=CAr £{lesD)
. DU_117 J=1hN
117 IPvel{Jd)=u
DU 130 1=1aNN

TT=CMPLAX{Oers)
DU 1 J=1 gl
IFIAVUT(SIEueliol, 1o luu

113 DU 123 K=1sNMN
IFLLPVLTIIK)I—-L)laost2d, 181

1443 IFLCAYS(IT)aGlelAnSlAALT K YY) L T

1443 IRUW=J

1 ul. =K

I YIPI I

123 CONT INUIZ

108 CuNTINuE
IPVOT( ICUL)=IP VL T { Lo 2t g

IF{IRUNSEQealClLL YU, T 1w
173 DET=-0ET

DO 112 LL=1+NN

TT=AA{ 1wl L)

AACIRIwLL)=AA{ T yin §
112 AALICUL.LL)Y=TT

IF (MMelbLeU)Gis .. tuw
133 DU 102 LL=1,44

IT=CB( {Ridvel L)

Sl ilRDasLLI=3(l Ll L)
102 wuE(lCUL,LL)=TT
109 INODLX(Ls1)=1RUW
INDe X, 2)=1CuLL
PIVUT(E)=AALICUL, 1CLL)
DET=DeT*PTvuT{T)

C
AALLICubl o LU ISCHArE X leaUal
DU 195 Li.=1,hiN
105 AACGTILCUL Ll )=AA(TCubL i L}/ v T 1)
e AFUm AL s 0 B T Ly .
166 Du 102 LL=1,™MM C T
152 audiCulstt)=bol(ilolLe 3/ VETIL)
C

147 DI 135 LI=1.nNN
IF{L1.0Q4ICLLIGL T 13K
12l IT=AACLILICOL)
AACL T LU UL )=CAPL A Uests)
DC 18U LL=14NN
159 AA(L [oLL I=AA(LLat L)=an (16 ool dsTi
IF{wTAg s ) TL 1t

DIMENDLoid AALSG s 20wl uns L) s IPVET{30) s INDEX{ 30020 +PEIVOT(36)




Y0050 L1E OL 168 Li=1,M% V20—
0051 Lo sl el )=o0 (L1l ) =80 ICUL L L) #TT
0052 135 CONTLINUE
C —
0053 122 DU 103 L2140l i T
0054 LiL=mnN~L+1 e
0055 IFCINDEX(LLs 1) dEQe INDEAILL »2))GU TS 108 ) I
0056 11§ IROR=INOCX(LLY L) .
0057 JCUL=INDEX{LL Y 2)
0054 DU L4 K=1 s8N - o
0059 TT=AA(K, Jiilu) o -
0060 AA(K o JitL w) SAALR s JCLL )
0061 AA(K s JCUL) =TT T
0062 149 CUNIINUC S .
0063 103 CUNTINUE
0064 181 RETURN L
0065 END '
-
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Chagter-V ,

A Suggested Modified Moment Method

Of the different types of moment methods introduced

in Arte<1. of Ch.III the evaluation of 1mn matrix elements @

 become laborious even om a high speeé computer since

at least two integrations may have to be performed

numerically incase if the operator L is an'integral

operator. In the point-matching method the use of

—

dirac delta functiéns as testing functions at distiety
points reduces the 1aborious process of integratign

in finding lmn métrix elements, However the accuracy
of the sclution depends not only&iha number of points
of the physical problem at which solution values are
desired but also on their lacation. In the entire '
domain basis metliod use of a basis spanning the whole
domain may result in rapid convergence, but the deri=-
vation of the 1mn elemenfa is usually not efficient in
terms of computer time, On the other hand in the sub-

basie
sectional/method the use of subspace basis functions m

usually afford efficient derivatiom of the lmn eleqénfa
but the number of matrix elements becomes large for
representing the yhole Problem especially when the ig
whole problem involves a conasiderably odd-shaped curved

boundary requiring many cell segments to approximate °

the problem geometry, One might conclude, then, that it

Contdaees.
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would be desirable to have an alternative approgch
that would have the advantages of both the entire |
domain and sub-domain approachesa., One such method a
applied to a wire antenna has been discussed by R,
Mittra et al [16]. This appreach may be applied to the
three-dimensional dielectric ebstacle problem Equation
(4) in Art 2 of Ch.III written below in matrix forms:

e[ 631 = [y (4%)
we consider fingtly the one~dimensional Casé and then

extend it to three-dimensional case,

From Art-1 of Ch,III we rewrite Equation'(S)

[gw.;][.in] — Y.SMJ - (ﬁ wherein
|~ lu L\: . - k"l ' 9]
[EWHJ ) b, laa o o7 LL'\_[ B ‘\1 J [9";] ) [ ?l

b

Now Lolumn vector [& ] A v 44 ? 4
(o]
o
! T Z o7 iv dy E °
- {0 - =14
—]lo e - - i;ﬁﬂ‘—i ' ({a}

Thus the basis vectors are subsectional pulse functions,

LH“ L L=

P -

{
ol 7
'1f we change to a new set of basis yector which are

nonsubsectional sinusoidal functioen vectors
Cos N, 'ml

[j :] Cbsm;,‘t {‘2] (-sznl vhae 471172 L,
T (1) = 40801 .a’,U; 4 - - =Tl [én] @
n”t (c-s.’l__llL —_

. 4
dhere [Tor) =ttt 5 | (gg @ LlF)d | @)
= -

:
1
i
where[Tm}1 the irﬂnsformatlon magtrix
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Substituting Equation (2) ‘in Equationi(1) we haye

[l:ﬂ'ﬂ][l‘ﬂ :[9“’} . * 13)
B YT P {0 S

Now in the expansion of Egquation (2)

LA = L8]+l - - + () ] ol -+l [*t]

often one usually finds that [}J is quite well approximated
by retaining only the first K terms (assuming proper

ordering of the {Lh] matrix elements) and in fact it is

not unasual’ to obtain sufficient accuracy with kli—z—-.

When this approximation is domne Egquation (3)_ becomes

Lt [40], = [3-] @

:k f r /e r M
where {l ] Vanl ™ l
~n o ,L' ]VL y \_9""‘ are of orders ka,ka/LXi
respectively. Multiplying beth s:t.des by the conjugate

transpass of matrlx i(,.,,;] [_ ,,,,:] we get the

reduced matrix tquation ,
- "'\ ) '
o =Ton] o
[ fr-e )(k kKi kx’.[
where[ﬂw;‘]’ [""‘],[gw\i are of orders \‘( ’ ’
respecgiyely.
It is reasonable to expect that going in for a

suitably changed basis yectors and solving equation(3)

instead of equation (1) will improve the accuracy of the

solutionoY (o‘m"v-\:'zi "iv--e ‘»cw\'hg.

For extending this one dimensional approach te 3-

dimensional cases we proceed as follows:~

Contdecess
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Instead/using a scalar element in the one=-dimensional
case we use a scalar submatrix, Thus instead of Equil-

tions (1), (1€n) we write:

1 (] [ (4] [(«9...)] '

where submatrices ([ (1..-) Q,J aﬁ( of orders 3x73,3x), 3%\

res{{il:ﬁyo (1) U‘l)'*" (0) (‘1),._. - - —-[%'](MH[E'](A-:% (lﬁ) ‘ -

(01 (o]

- -

whe vz in (1):(:;?2) (o}= (ooo) (%)= L’) k)= L) )
o o1}

000

,.-u_.‘,.

and 4%P—’i’c.crfPE 1,2,3 w\::»‘y K,Y,Z d ireclion (cwpwh\s

Y2 spr ¢ V.J?‘)'_

Similarl hquat1ons (d), and (2~-a) may be written as:-
[U»ﬁ  §, ]f-( Jv[ L]k + - -
T s ng /
:rc T o) (&.')-!' T(T) (43) KZ)
Cax[‘éz (1) e z}ll'_l; (1)
. - [

Wrereim-Gus—,
' “Hli ¢

o l o
) .111 [ ( “‘ o © -

f o o @ G‘m () Cq lz
', , xnf P L 11 (“-,_r”'(.r
Gshd (ﬂl , (‘ (‘ ) (L: "' GN!ET:M\)]‘ Cﬂﬂl;lx) C.\,“l,(r) - -] (2.0\)
where(k‘ (Tmn) are of orders 3x1, 3x3 respecively.

Thus thiff three-dimensional approach may be usefully i

applied to Equation (f*)and may result in either conﬁputc’e;‘f;_sﬁ:
time saving or improving the accuracy of the pulse func-

tion basis solutiond» G Manney l\n‘"ih-etl {m'“uz 1’(':‘-..9»1-'@“,
Lal- 2 & 2
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Chapter - VI,

| C oneclu ;—ALJLJE

The development of the dominant mode equivalent circuit .
‘parameters for a three-dimensional dielectric obstacle inside
a rectangulgr waveguide involves solution of an integral eqﬁnr
tion containing suitable dyadic Green's function. The point-
matching moment method has been used for finding the secondary
volume current density produced at the centres of sméll rectw
angularly shaped cells formed by subdividing the dielect,ic
"obstacle. Subsequently these secondary volume current densiéy
values are used to obtain the dominant mode equivalent circuit
paraﬁetwrs.

The various steps ofi this investigation, the difficulties
encountered and the ways theywd@re dealt with are discussed

below.

The first step is the formulation 6%§the problem (Chap.Il).
The forrmulation was done starting from Maxwell's curl equation
and utilizing dyadic Green's function developed by Y.R.Sami[é}.
The main task in formulating the.problem Wasconversi;n ol the
twe-region scattering problem into twe one=-region scattering
problems, by utilizing the linearity preperty of Maxwell's curl
equations. Y.R.,S5ami's derivation of the relavant dyadic Green's
function has been analyzedid details and folloﬁing the suggestion
of R.E.Collin [12] a modified way of deriving the relevant dyadic

Green's function has been pPresented,

The second step is the solution of the formulated equation
to find the secondary volume current density values in the

the
dielectric obatacle(Ch.II )., In-this ~ work/ﬁoint-matching N
s

Contdaessae 1
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moment method. Using a set of pulse fuﬁction type subsectiona;):
basis vectors spanning the domain of the integral opefator ové?
the subsections of the obstacle region has been used. These
subsections were chosen to be rectangularly sidodpaqpllelo-- 3%
. pipelsand have been termed ¥Cells". by J.J.Hﬁwangl7]. This was
done in order to redﬁce the computational difficulty especially
the numerical integration process involved in the ﬁoment mgthod.
The procedure of solution as outlined by J.E.H.Hang[?] ha;?been
followed and computational formulas héve been derived for the
matrix element; resulting from the application of the point-
matching moment method. These elements involve double infinitQ%
geriess. An altermative method . |

of dealing with such double infinite series utilizing laplace

transforms as suggested by A.D,Wheelon fiﬂ and \iﬂitlﬂg
{-uu(?-tv “'anl{»qw-t ot :nl}j-rttpc) ‘:7 R.E. C—O“;'\[z]h‘\‘ oon

PY-e sonked,
The third step is the derivation of the formulas for the

TE;, mwode equivalent circuit paramegers(Ch.III). Following the
procedure of H.E.Collin [12 & 6} ey¥mpressions for TE10 scattered
field radiated by the secondary current in the obstacle wyees
derived th@seexpressions along with the indident field expression
were used in deriving the two-pgrt equivalent circuit parameter
expressionse.

An illustrative example Qhowing the various steps of
solution hgs been presented (Ch.IV). A digital Computer program
in Fortraqn-IV Language has been dewveleped using the techniques
‘Buggested by S.S.Kuo [141 and?g;gaﬂtk [}5]. The results of the
program indicate guite rapid convergence in the double infinite

ser%es summation with some 20x20 terms per series and also

Contd...-.--
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indicate that an equavalent current parameter for the problem in °

this illustrative example has negative registive pant. Thq
physiéal interpretation of this is that the fundamental mode
contribute power to other modes. In this context the following
remark made by R.E.Collin (8] in connection with explaining-the
thick iris discontinuity-problom in a waveSuide is networthy:-
"A single evamscent mode cannot propagate real power but the
‘combination of nonpropagating modes which decay in opposite
directions does lead to a transfer of pow§;: Thus the occurance
of the negative resistynce may be attributed to the presence

of a number of evanenscent modes decaying in epposite directions
out of the infinite number of evanescent modes exiastent with the

propagating mode,

Follewing the approach diléuanad by R.Mittaa et al [16] a
medified moment method hus been deyeloped for the three-dimen-
sional di-electric obstacle problem, The methed involves a
transformation matrix manipulatien in the process of solving
for the gecondary current values by the application of point mat-
ching method. The method has the possibility of either
reducing the computer time or improving'th. accuracy ;f the
solﬁtion.Fﬁrther. 1nve13tigation with this method is worth

consideration.

i B
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