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'ABSTRACT

The deve~opment of the dominant mode equiva~ent
circuit parameters for a three-dimensional dielectric
obstacle inside a rectangular waveguide requires •••• _
tien of an intergral equation containing a suitable
dyadic Green's function. The derivatio~ of the inte-
gral equation involves conversion of a two-region

~attering pro~em into two one-region .cattering
problems by uti~izing the ~inearity property of Maxwe~~'s
cur~ equations. The point matching moment method with
• pulse function type subsectional ba.is vecturs has

.been used for finding the secondary volume current
density at the ~entr ••s of the sma~~ rect.ngu~ar~y .haped
cells formed by "ublOiividing the dielectricobstac~e.
Subse'luent~y v••Jue", vi' these secondary current density
are us".J.in til<' ,"lat.hew••tical forlllu;J.at1on~for obtaining
the do:uiJ\ant Iic;-rJt', ";)q_v,;l_va:Jent circuit parallleter.o An

ill us tra'",ve e""",op:"",,:-:.Ii ,;. been solved using a Fortran IV
~anguage Progl"am. Som ••modified methods regarding the
solution of the ",,-,,'.leu', have been presented.
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CIlAI'TEn-I

•

INTHODUCTION
\

On the analysis of an arbitrarily shaped/dielectric
\ '.~ ,J

obstacle in a rectangular uaveguide ':

lrhe effects of obstacles and discontirl,uities on olectro-

magnetic fiel.ds in a waveguide havo been Ot;, tstanding prob1ems

for a long time. V.any of them. essontiall.y two_dimensional,

have bee'n solved and were summarized by Harcuvitz (1). The

general. three-dimensional. obstacle-disconti,nuity problem has

remained virtually unsolved inspite of the advent of high

speed digital computers and the methed of n:,oment. introduced

in E.1'I.Fiel.d theory by Harrington (2). ,rhich permits dealing

with problems not solvable by exact method.

The lack of published research activities on three-dimen-

sional waveguide discontinuities has ueen l11ain1y "due to notl-
availabili ty of Green' s Functions in the 1ravel~uide region. A

dyadic Green's function for rectangular 1raveguides based on

the use of eigenvecto'r :Cun'ctions Hand N was presented by

Tai(;;) and it 1ms later revised by the same author (I.). Co11in

(5) has discussed the question of incompleteness 01' the E and Lc;;o;.,.;,t'~K>d,
!" , \,I " 1

l-L.lllO.<!.eSin the source regi'Dn of a ,raveguidc and has sho,rn that
,..,_';~ I '.,r '.:;:',L"!l~'J~' .... , "r.' nl;.~::",.,~;'l~};::-":,-;

an additional term n~ust be added to the classic{\ll'.~ ..e'p'rese'nfatioll
_ ..__.u.,",~£." , ~-~•. __ .- ,-_.>-._ .._-, ~
6i'"th~ E.l>I.field in ordrlr' tb'dbi-i{.-(,' a c01"pleto solution that is

..
valid both in the sourCe 'i.ng._s.9u••~,~ frec region. Sami (6) has

:~l~;I ~ .• 1,"-" t{- r

J
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,'

r (: ''' •• . :~'. , .
~, 'r

I'

,~'i.
.": .

~- . I;" r,':) n' ,! (:: ; ! ,'. ',.' .'.t ;

FUllCt.t-O!l' :for' i"ectangular wqvcguide's'" and cavitic's using the
• , " . '" _ ", \':" "1' , ' . \ r i" I ' ;', -:< . f I 1 (":( ,

theory' of distribution and lIaS shown that tf one carefully
~ . . ~~ ~ .'_ -',_,(:)'; .~>; (, i~ (" _', II;" .,' . j ';,' !,r";

defines the' der:LvatJ,ves :Ln'the"dist'ributior, sellse lind applies
'- ,..., (',", ,"'-T,C' (,', ~',<11; J, '(: ,,'.' ~i 'j 01.:1
the correc't 'compl'et'ercess property. of the modes • it" is then

('c., ',';; ,~•• 'c", ",1r'! , ': ;.1
possibl'e 'to' construct' the complete' solution of the entirb~ . .

, •. , " '1. I'll ~:J" ,{I"

Helmh'oltz equation and' has' pointed out that this' procedure
.,.,.... , ,., .." ,";' .; ,:.!,:, - T (:.r;:",,',:'. , ,'.... ~.:.~~

may also'he used to'determine the complete form of the Dyadic
"- , ~ , 0

Greene's Function,s' foz.' :6.on':'rekt~iHgul~lr:i ''lavcg~iCles "and ~'~VJ..ties ~

three-dimensional dielectric obstacle in a rectangular '<11Ve-
'('~'" ,:.(, "C;'; .,' ",\~!>!,' c': 'C'l-

\. j.

guide by applying
.,. •• tP ..

moment method to an integrElI equation invo1-
" '~.L "!' 0 'j':C') -~r. '

ving Dyadic Green's function and has pointed out that tIds
- L, (,q (: "'7'" ;.,I,"'-~~,T,.- '''. ".~: ~ q {': :~!!('""\.(

technique could be !,xtended to ferromagnetic obstacles and

.. '~::' -

•

~' ,.., ~,.;:,~.. \.

type Green's Function

"-f'-,~:r ','

. ::1'" ';'.f (; ~ ., ' , ',' <: . ' ' ~,. I . .(-'l.

for highly conductive obstacles a surface
, .'.(~i {, f::r", -"Tti~ .. " .. - . ,.~nj

may be more desirable.

for a dielectric' obstacle 'disc'ontinidty 'in's i'oe '''0 "l"ecta:n'guIar' "','-
•

wave,g_uide. The mHthod invoJ~y:_~_..!'_~.1utionof an integral equa-
. 'L f. •.. j ',-~ ". r l'

tion involving a dyadic Gr"en's function by moment method for

obtaining the secondary cUJ'rent"induced' in the dielectric
j

~.' f ",~ ''''1-'.'"'''' -. .. \, '"11/''' ".

"'obstacle' and subsequent"us'" "cif thes'e induce\! secondary current
, ~,., ~

,_,~ ••• _'._., w

, --
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The method caD be extendod for firic.!ing tlu; "mu"rtimc)(ie: ,,"',; ::,'.,::,,,'','

e'Juivalent circuit parameli',r r~utrix.' 1I",;ovcr, it HllOuld' b'e'

noted tllQt wqvcgu~des operate 'usualiy' i~'~ 'nar~ow ti~n(l

ncar the dominant mode and (~Omillant t~ddc eliuivD.l(-~nt eircui"'t '.'

''1nveguide.

In course of this investigation II modified method o~

deriving the dyadic Green's functioll for u dielectric
,

obstacle
, , '. ,', i ~ . J l' ',; •

i~l.:l rectangular ''1l\vcguidt~ h'as 'b'ccn devclopede
, :: t': '1 • .' : - - ~ • -! . -

A modified method of summing the doul;le illf'inite series
,.1. '

,for evaluating the elements of tIle matrix rcsultillg fro~
')' I!.'

the m~frization of the rele'vant dyadic integr"l equation by

momcn't' ;ne'thod ;/,:

01 "'" QM .QI"t- t(T'{

•

~as alsobcensuggc,d~cd~-: i\'~~d.\fi';'J~e:t\<oJ
$0\"'''') :th,Q ,. ?'(o\:,\R."", ho.$ ",ho b,,;""1'1 p1.••s~",rQd_

,-, ---,- --_.-
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)'OHHULATION OF Tilt: l'HOBJ"E!.:.."

Art-l: The Integrid~ Equation involving the Dyadic Gi"eeii's

Function for a 3,-dim,msional arbitrarily ~llaped dielec'ti'ic'

obstacle in a rectangular waveguide.'

y
hf-------t

,-----~!<

Fig-1. A 3-dimensional arbitrarily shaped dielectric,

body illuminated with incident field E. ',Il.(with propag"tionJ. J.

factor ejwt implicit) travelling toward ;~'5t +z direction.'

The problem to be considered is depicted in Eig. 1.

A three-dimen.sional arbitrarily shaped hete!'ogeneous body of"

volumeVenclosed by surface 5 isr illuminated with electro-

magnetic field~.,iI. incident towards +z ~irection. At anyJ. ],

position vector Iir the o~stacle body has permittivity e(r)
• /~:I

and permeabilitr;uo. Outside V the mediul11i13 homogeneous with

permittivity eo and permeDbility lio•

The object occupying the volume V lUay be regarded as

disturbing or scattering the field that l'lOuldexist if the
-...,...•

object were not present, that is, if all the space had the

i

properties:admittivity Yo- jwe ,o



With'the scattering object present the ~ot".l_ Ci.~lds B .& II
. . :

satisfy }laxwe1l' ,a, equations in the LPrm:

outsidD
Inside V'

VXH = YoE+Jo I( 1)

VXll = Y )i) = Y B+.1 1
1" 0 I

I (2)

VXE = -z H VXE = Z Iii =-z II I
0

0" ()

where .1
0
is the imp,'esed squree outside V, and .1 = (Y1'-Yo)E,

I . . .

wherejm.Y
1

= jwe(r),+s the i,ndueed source tl,roug~lOut V.

rGspe,:tive:l.y. of th:~ die1c,:trie in V. Sine" Bquations( 1) &

(2) are of th~ same form they may be writtl,n together,and

app1i,d to all spae, both .nside and outside V, as fo110ws:-

V,XH P,-Y E+J +Jo 0

IJ(':~ ~.";TH() j.';;(,1.J 'd.;"}L[~(.(.i:::!.f.:'cq. 1 (3~
VXE ,= -Z HIct fPG 'jJ;',r(,i,."',I_~ ((f:_o,";~'-G ~'i.J.f(,<;':-i,"'-, (,;L~nu.cT()Jl p~\ [,iC'i".!C,1.1f I.'l(;;::l.l(\(;

The 1inEfarity 'of' :,,}1~:lt\~al!l' :.~".:'e'lil ii't'idns" liiliiThe' 'uti l'i'z'ed J':inI;]".r 1.:r "'" ;: 'f{."

sol vi rig; the: 's.:at'teii'iilgTpro!'l'em ""'tid,,,:/-,i!IHisid,;;t'afibn~; '-'T!"ie,L"i., "T! ;., ,,:r.'. ., .

eonsequlin;cll'iot' ad6Jiiting::E'lf'ii"ticlll'('H ;'ql')'1:i ('3 )'''i'j'''tl'in f"t'iie 'I ''1'''1or:r-

sea tte'ririg:'prpblem 'lha'S""b'c ioip.'rc'pllacciji "liith ,V'pr6bliJrli Titi~bi{iii,'g': i", . '

-z II.o :I.YXE. =
J.

';'lri' .'il 'mcUiuin"i;:['th"'Jt""i{(r rrf') ".',.,;
__ "~'_. __ ,_ ,I 0'

.f.jl';':1' "_II\ ..;';'~;fI/(!l;~:~ n.h;.:],",fO f!"_~'."}T) •
VXlI. = Y1E . .,.1],. ], I

\c=lin~.,!,.'.i)(;ll~: ~:]J.':;'!:r.f ;(ti'J.i'"(l6i)c,,T.
I
!

~;.:'r.c.:'Tq r:'i.j, l'crnq

,(,I".{ Ifyi T .C :1'H'" ," c:,-z H.o :I.

• ' •.•• It ~. , ." r" .,' '-
="y'E."+J .;'Jo 1 01

rOJ. t.TH..:;~rLU,

"VXE. =:I.



In a medium ,qith uopec

VXH = 'It E +J (5~",)s o 8

VXE = -z H (5b~8 0 S

Combining Eqns(q) & (5),

In a rnedigm with u ,c(r)
o

VXII = Yjl> +J (7a)
8 Ilr S

VXE = -,Z 1I ( 7b)s q s

Combining Eqns(6) & (7),

VX(H.+H ) = y (E.+E ) +J
:1. s 0 )]. 'i 0

(B)
VX(E.+E ) = -z (II -fI~ )

:1. S o - i I,~ VX(E +E ). i s
= -z (Il +Il )

o i S

Comparing Equatipn(p with(B) and Equation(2) with (9)

lve find:-

E = (E.+E ). H =(H.~H ) rel~tions are applicable both Anside
:1. s ' :1." S

and outsid~ the diel,cctric obstacle in V. The advantage of,
decomposing E anl,l H ;in thi!" way is that the ,two-region problem

is now tackled br t,,[O homo,c;;'\0us-medium problems 'fith 1>8 and lIs

obtainable by sO;l,vir;l,gsimilar equations whose Green's functions
I

take into account gl1:ide boundary and J distribution conditions.,

Taking
VXVXE _K2E

s 0 s

curl of Eqn(5i1j:» and then using Eqn(5a), 'fC have,

(\ 0)
2,., u

o
~,

o

Using electric type of Dyadic Green's function(to be derived)

functiol1r
by using Green's theorem or

~e(rtr~) = ~eo ~r.~')-
\fhere d(T-r') is th,a Dirac
,Solution of Equation:( 10) is

zzd(r-r' )
},2

o
delta
given

.. ( 11)

superposition principle:-,

E (r) = -jwu JG:c (r.r'). J(r')dv'
B 0 I I

V

.. •• ( 12) •

.. -- -' --
'.:.: ~ ~-:""",~.;.,<""",~""<'''''''''~'''~-''._'',~-.",--



.•,9 ...•,

"here r is the posi.j;iop.vector, r' and dv' refer to the

region in V.

Using Eqns(ll) an,d (12) in the relatio~ E.+E = E and
~:1. S

usi.ng the relation J=j~ [e(r)-eo1 E we

~

J(r)
-jWUo.".Geo(r.r' )."J(r' )flv' - )jw(e(r)-co

haVe,
_ Jz(dz

Taking curl of Equation (7b)

V'XVXE _K2 (1') E = -.jwu J ""s s 0

.22"here K (1') = w u e(r)o

and then us~ng (7a)." we have,

In an analogous manner the Dyadic Green'~ function

may be derived.

z Z d (1'-1")
KZ(r) • • •• (15).

The solution tp Equation (14) is given by using Green's

E (1')
S

Theorem or Superposition principle :-

= -jwuJ~~(r,r,) •.J(r.) dv' .
o . ef Ei:l1!'1 & J (J!) W\V

where r is the posi.,tiol1vec~orA, r' and

region in V.

• •

dv' ref'!er

•• (16) •

to J~')iY\ dv'

Using Equation( 15) and (16) in the relat~on IL +1.'=1.'andJ. s

using the relation ;J =jw (e (1') -eolE we have.

J- J(r) Jz(r)2'
-jlmo Geo (r,rt). ~(r')dvl -----------jw(e(r)-co) j".(r)

V
where J = J.•zz

.:~..' ",~e.~.-:.'...... ,,--

=-E.(r) •• (17).
J.
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Equation - (1.7) is the :integral Equation to

Jh.);' by moment~nleti,Pci :.:roL1];:v~;''' -E. {r) .~--

.. '.
~be solved for

.(.l, .~ ~ __

filled homogeneously with.medium (uo' eo) '}l}d wii:!}_.-Sul:F_'i.n._L..__._":"'~_

.._density distribution J = jw(e(r) -eo.l.E_in_volume __\'_i;'''':d;'''i_Jr''d-. _-

•



Art-2: Derivation of Electri,c Type DyadilOGreen's Function

Ge(r,r'l .•-----.
In derivin$ an expression for Ge(r,rl) we folIO,. the

procedure of Sam:i (6). The geometry of the prob,lem is as

shown in Fig.i. The waveguide wi.th its dim.Hlsiops a and b

along x and y ax.s respectively and aligned alops z-axis, is

assumed to be of a perfect conductor and i'lexc;ited by an

electric current density distribution J e,,"tainl'd in finite

volume Vo

The }lax"al,l's curl equations for the scattered field

and the relevant boundary conditions are:-J

VXH =J+jwe E
s ~os

,.'
;'xE =0s

in the

wa:t:eg,:!ide ..

On the wall

..
..

(ia)

( 1b)

w"heren is. an unit wector normal to the guide \"1[:\.115"

As already outlined this is cquivaler,t to assuming the

waVeguide filled with a homogoneous isotropic medium with,

parameters e ,u and representing the scatteril:1,ig effect ofo ()

the dielectric ,dth e(r),uo in V by a currept d<J:nsity distri-

buti~ J = j,-r(e(r)-e )E wher"in E = E.+E •
, 'P' ). s

In order to obrtain tl"" unique solutio:n,
. 1 the lield coinpo-

nents must also ~!ati,sfy the Sommerfeld radiation condition

( E
1I

\ ..2 2
l\. =\"1 U e •o 0 0

along the D'~ z-axis:,..

k~~z~X( ~ );!; jkoz

for either E(,dth H absent) or

» =0. (For a matched

condition).
E absent) and



• •may

The

Using this: a'+ll the Green's vector th:~orem" identity "e
f '

have, E =-jwu j Ge(r,r'). J(r' )dv' ••s '0 V ' ,
HaA,~ell dot cqufltion y:ields V.H=O in tIle "aiveguide (3a)

The relevant bounda,-y condi tion is ii.11=0 on the "all
: t l'

From the Curl en,uationb: -VXVXE-k02E =-J'''u J
~.lL 'SS 'p

The relevant boundary condition is nKE =0
'. L S .

"Also from the cuierl equation: -VXVXIls••h~J[s=V~J

(lla)

. (llb)

(5a)

The relevant boundary conditions 'are i:;:.11=0
S'

on the

In order to solve Equation (lx) "e introduc1~ the electric

type dyadic Green's function ~e(r,r') defined by

VXVX~e _k2~~ =1 d(r-r')in the guide00'

nXGe ::0 on the wall.

•• ~c),

(,til

where unit dyadic flfnction I' = xx + yy ;., z?,'.
::

Ge(r,r') is the rcsppnse at r due to a COl'Fentrpted current

density}d(r-r') pt r'.

The .magnet;ic ~yadic Green' B f'unc tioll Gm(r ~r') c~)rres-

ponding to Eqn$,~{5a~ana,,(5b)~ ;i:s:<jefined b)f :-
= 2 - -VXVXGm~KoGm ' VXI d (r-r') in the guide •• (6a)

• n.Gm = 0

t
on the ""Tall .. (6b)

dV>l:Gm = 0

G (r,r') is the
m

dens:i.ty1d(r-r' )

resl,Jonse at r due to a conoentrated current
; "

p.t ),:-'0

..

~qn(6) w~y be re~ri~ten as follows:-( Using VXV=VV.-V
2
)

(V2+K2)G =-vxt d(r-r') •• ••o m
;(i =0 I• m " on the wall

;XVXG = 0m

(7a)



- ,.",."

/'

To facilitatj3 solving Eqn(7) another, Grellfli's function

g (1',1',,) defined as follows is introduced;m '

(",2 l,2)g= r- d('r-r")v +F. = -o In, (13a)

= = () on the wall ..

Applying Green's vector th!"orem identity we have,

Gm(r,r')= f gm(r,rll), ,,15;.1 d(r'-1"')dv'! •• •• (9)

IIf"h",y"" V'.t ''-I~\;~c"dol"-"ro;1;~ ..tit\" y"",,~d r.,'~'~LR""t. f'",:>q 33J

It is to be noted that from Eqn(1a) we may obtain,

..
=the following eq:uation relating Ge and Gm

k2~e = vxct -I d(r-r1)
o 'p1

Eqn(10) ,is arrived at as fol101<s:-

in Eqn (1a) Vip., have,
.::

• • (10)

• VXG = f d (1'-..1")
ill

k2•. .
'"

Ge

where the symbol ~~ implie s "Gorrcspond!." to".

~,.as r-



be written component'fise as :-
for z >z" and 1.;0"l'e1'sign fot"'

Hence Eqn(ji~) play

~
' "(~Jith upper signiC- C••~, ••••.. (2 2) Y-X -,'-, , V +K g' Jl'Xo I,ll' ,-

:= -d (r-1' .1) xx ..
z < z" )

•• (111.1)

- xxnog xx := qm

I
on the 'raIl (111.1' )

nx( a xx a xx
I -gm y - ~ z , x =0

az Qii!' ~5

Cos
a

is :-
ni'lx

SinAnm:=

The corresponding solution
+

n:=O m:= 0

-d{r-r' )yy .0 •• (11b)

on the wall .0 (llb')
:= 0

.....YY ogYYnx (ugm Z _ _~ x )y := 0
ax Clz ,

correspundins. solution is :-
oC OC +

:= ~_.- ~ IJ- r;cos!;1Ux S3inlllIIy
.L-_ L- nm a b
n=O 111=0

2- C"""'P 0 •••••~t
( 2 2) z"V +K go m := -d (r-1' • ) ZZ 00 • 0 (11e)

•
.. zz
n.g' 2'Z = 0

1111 ;',
(l ZZ

__ g_I1I__ y) Z
tlx

soluti,>n is :-
+ nITx
Cnm Cos Cos

a

I•
\ \.in the

I ( 11e ' )
:= 0 wulloI

mTT.y (
-,- exp
b '

"
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~ -
For n = x at x = 0 !.Indx = e.

1st B.C. (bcu~d~~y co~ditiQn) Yields

2nd B.Co yielda 0 = 0

Fer n = ; at yeO ~ 1 = b

1st B.C ••yielda OcO xx
71J€m

.". 'P .-; AX .,0

Combining thes!", resul tsf-or all possible mode,~:

=
+

-i\nm Sin
nTIx
a

Cos
mn:y .,' ..•.
:'-":'-exp(+

b" -
G z ) •• (l1d)nm

where the upper sign is ff')Jr z >- z" and the low-er sign if forz -< z"

Substituting (;11d) in (11a,) we have,

( a2 (nI1
2

) mTI2" >. xx-2 - - ..(...;....-)+K- g (r r")
UZ a . b. 0' -m ,
•

Multiplying tl4s equation by Sin nUx Cos m~'IJ::;.anti integrating
a

nI'Ixb,
:: - Sin ---~ mIry" ( ')Cos '-"=-'-- d z_zl1

b , r.l
.1

~;.,
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or (
~2a 2"~

2
r )
I-Xnrn

xx
g
• nrn

(It) "= _ Sin nn2:._
a,

rnIIy" _I (_ II)Cos_ <:ll ;;:-2

b Q:13)

z > Zl'

•• ( 1195.~

11.nX Cos mI'1y
dxdySin "'b'" =a

for z < z"

••,.'

ab

e e'on -om

e e'on om

whera

, {1e = 'on '
2

for n = 0
£of:herwise. for m = 0

ot~erwise.

At Z = Z",,

a e,on om

is continuol1so

••• (11h)

eon. eom

ab+
A

nrn
=

gXX (z)
nrn

/' zit(.,.ilt~
eabHence A;;rn

xxAlso since gnm (z) is continuou" 'at p Z". t t' (11 )_ =, I :Lll.egra :Lng ~

from zll-Ato z" +1:>. '* ~lpyer Z" and le,tt,ing /.~approach zero,

tJ:ehave,
,\

•

zit

+

nJ:1::><:" Co, s InJbTIy
ll= - Sin ==;;...

a

Z"

)

This implieos
xx

tl'1.at dg
nrn

"Oz-

(z) is discontinuou~ at Z =

'(";
" -'f

I~J .



\

&hus,&nm ,,+o.m
ab
e e'qp om
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/.' n,,,,- z
el"'" r:IU - ----, r" .e ~ I~ I'on.'....om

.~

"nmSolving (lth) and (tli)

nn::xlJ
" - Sin -_.- !:os

a

mTly'1-~-
b' • •

/" ~II
_l::I:nm

e ,-,=Apm
G: Zll

.ltlmo.

•• (l1i)

a

e 0'
=: on om~----

G. 2abnm

nUx" _mITv "--_.Cos ~, b

=Lf c
~ _bonm \ z- •.AThus xx (D,r") > 0 0'.' on om e "om

2abG, , • 0
11m

noO m=O
nITx n:nx"Sin Sin, Co,s

a a
mITy

b
Cos !!,1.I~yll1

Similarly we
+

eValuate the co_efficients B-pm

+
and Cnm

and obtain expressions

xx
Combining gm (r,~''')

yy zzfor g (r,r") and g .m t,;;;m

yy Zg
C' (r,rll) and g '(r,rll)
~rn . m

(r,r' )

we have

= Oe OQ..
gm (r,ru) = 2' ')---

"---
n,=O m=0

e e'on om
'2abG •. nm

_I.:: \ ••-z" \e ';111.1 ,,/ ,

••

• f nn~x nux" ~ "::1: " ) 1xx (Sin Sin -- Cos Cos m,!:2:Z:.:.
a a b b,

I , I
I (COB nJ:'1~ !:TIJ!I Sin !!!TIy X mT:):y" ) II +yy Cos Sj,n :--"~-

•I a b b , •• (12)
I a I!
I

I n:r:~Ix nlI,,'1 mnx mlly" )
I

+zz (S in Sin Sin Sin ~---
JI l\l a b b

! .!
L
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Substituting Eqn(~2) in Eqn(9) we now' pe~'form the integration :;;",,,

to solve C)' for Gm!' The in,tegration can be performed in a

simple way by incl:oporatin,g some elementary t'leorems of'

the distribution theory. To this end the follO\<ing rela-
"

process of integrating E'l,,:(9):

are used 1:0 sitnplify the

VIIX~ d (1" -r"):~,;~:~:,:,1:;:[. .
= <i d

+y""
dX"

a---+zay" '
d
dz"

= ( dd'
az"

-y -
ad -)-,' (:dd ..,\:;'';ld")i:( 1-)- x y+ -- x. ~ ~ 'J .:>- a:z II 'al" " (,>(11

(Since xxx = :yi~y9 zxz = 0, xxy = z. yxz = x. zxx =y )

,:dZ II
J \z-z"le U'nm

= ~mSgn

ii/here sgn (Z-Z") is rcpYesentable as :_,

f!5) (Hef'.9).

~1,liiz'

.!!L
dzfl=dv"

Applying Eqns (13), (14) & (15) in eqn (SI) an~l performing the

differentiation - i"ntegration the

G (r.r') = J' g (r r") V"X Im m ' ,
V "

'>! ••

f'ollowil'!!g relliul t is ohtained:-

d(r'-r")dv"



Xllii

yz.

~

-
>< •••~ II

".;'..;\ ~~ V

i

dgYY
m

dzlJ

- ..,~
zy

22
dg

m
dxlf

=

=

-

= r GXYt xy_ m °HXZ+ G. ... xz
m +

yx
G
m

yx y:!: yz + GZY zx+ G y 1m
ill

zy
+ G

m
]

.--zy

=
n=O

GO'>".---
rp=::o

a
nIT-, nTlxl' mIT.y..•.Cos roDy'Sin J Sin _, Cos _

a b b

+ xz( mD ) Sin
b.

nI'J:xc' nDx'~--h)~n--:-
<l ~~

Cos ", mIly V -- & S ( , );:;;].n- ....---':- yx :' ~~nz-z "'"
b - rlm a ~

Cos~ cosn~~ Sin m~y Sin ~~Y'
a

( nr:~) Cos ~ 0
a. a

nTIx' ~' .,.,II:lI"Sin -- ;:)l.n ,----
a a

S' roDv:Ln--"'--
b

roDv' m'f""- r"TSin "- -b (....:.~\Cos ~:>::.
b b' a



C nTIx' mD.y mIl'" ( nII ) CC)S
nIIo<

OSr .... Cos _.~.. pin ---a,~ {- zy
a b 1:> a a

Sin nTIx'c !.!!D.;.)';: Cos mnL'J-- osa b b .

Substituting this value pf ~ inm
,,', Eqn(1iJ) ,~e obtain, ,

G as follo«,,:e
= Ip tvx (G:-'< yx ZX - )x= 1 (r-r' ~Ge = VxG - = :?' i~ G y: +G z

"2 m m m
K
0

~ xy~ GYY zy ) - vx( xz - yz_
~, + V¥-, (lm x + y + G z Y ',t G x +G y

m m m m

ZZ - ) - ] r -- d(r-rl){-zid(r ..r' )'\+ G z. z - LXX d(r-r' )+yy
m , " :J

({ QGYX A yx dGzXpG
m )+( 'dGzx )= --1!L xx m 5q{zx - , m yxdX dZ dy 'ax

yz

, -
--)\1. ..,'-,XZ 1.':'2 .••.•.~~.,~

.-J
zz ,.,.

dGzy
_lU..-ay

'dGYZ
+ (--!!L,,_

, dx

-. xz
aG' )- -lll.. zz
lly

+ ( dG~y
" -a-z-,-- yy

dGx::z.
+ ( '~Z

= r ~GYX ClGiliXd(r-r') -- ( di(r-rl»)) __
-I = xx - .=.JIL -I- --2--'- +yy

l~. dz ay l{
0

( dGXY d 'Z;Y
........xz

';:; yzd(r-r')
\ --( dG ~

_..!l!- ' G ) aG \
--Ill-. + ZZ - m + ,,:-ll.L. )....a.z "dx 2 -':;-1-

''dxK elY
0

(
"""zv ) '"')Gzx dGx:~dG • ( <.~~ ) "- ( )+ xy --m- {- V~ - m {- ',-' Yz i -..I!l,_'dy , -1x "'- .r"",' a.z

I dGxy .

( GYz

~
\ - _ill-) + zx d ) ( ~d.GYz+zy ~dy , ro. + ~~".." xz - ;--lll....~-"-'".',ux p,z

1 d(r-r' )-zz 2
K
0

I,

i
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For simplifiying ~Q use the following :-

'd'-' [ - 6t. \z.. z .\__ '--.. e nm \az

daz ) ={. (lnm~r2d(z-z' i):Gnm ~z-z' I
•• (17)

and the completeness relations:~ d(x-x') d(y-y')

m=o.'

00

>'--

_n:n:.x lC"TIX'
Cos Cos '. •

a a

a

nllx nTTx'Sin Sin ~- ~!:.:os
~:

e e i'on om
- ab

e'omeon
ab

Sin mn;r Sin
b

mj~.]..b .. •• • • •• (1[\)

Equati<:~ (1[\) is t;he mode completness rel,atior,: .for cylindrical
II.I""-":J":" -"-> N'.~ '''<N'';'~~-" +~":t......s ~\>"",..J;:,1",- ~~~ el, \Y.<1"'!Y;>'~ f""~~~,,'0...., o.)<''''! p,,,,t g, (fil',t",~f C<lW!~l:;; "'''-'''''''So "-'11",~;chl..nih \~"".~c»,"}'Ie>
WavegUides(8),ti:sin,g these relations \~e ol:>tain the following

\. :

result:-

1 DO OC e' e- 'nm h-z'\ ~x ((mn 2 '- ~= r: "<:-- e )--Gn:.Ge = on om
K2 4-- 2;b~ b

0 n=o nl=o ~nrn

'-: ( r1 !!ll.~5].'n mn:¥;, Cos n xI \ Cos a b
?~t~ a <:

~'12 2. J..,- nJ. .';
+yy ( -)-G~'~i

a ''''1;.:4

2- , (Sin
nI'Ix

.I Sin~~~.,' a~.-

n11x' Cos mII:'[
a b

mITY' ). __ /(mrI):"+' .(~)2.\
Cos -p;, +zz\ b 0. I.



J:1:~j -.~
-': ( - •. ' -",',J

of •.:

Sin n~(
@.

Sin

l ,)
I:

< T '\ (' nr[x nl:Ix' S<n mIIy:
•..-----.....l; \. Cos .. Sin ... b
,:".::, , a l:}l

+yx (- ( E}I!) (nrI~
b a ,f,

) , / nrI"
• \. Sin Cosa

n11:x'C
~ iPS

q

m1"1:y<' w-nY/)',_.--lo_ ::> \ Y\ ......,.-
b' b,'

~~~.-'--..,. j ,

,,,,~[L<'.';O

b
\ + Sgn

Cos mrIy
b

mIly" ' )Cos ,-
b

nI1x /,' y\ 1i~I-- .:> \V\ ----- oCta 0,.

1 ,

~"~LJD..
T:I~\.;;:~c , 0 mIly mIly' ) -- (+ (~l~I)

~n!lI (Z~Z'».-,,~,,:<~-"""'--"S1n---.-Sos + zx Sgn
&

b • h

~in
nrlx Cos nUx' Sin mIT:i:Sin mIly' ) + iz!--~<~: (_(n~I ) .

a a h b

G Bgn (z-z'» (nm , ,
In:lxCos -,..-

a
nilx'Sin --- Sin

a
Sin mIIy'Ti

b <J
1

- K2
o

zz d(r-r') = Geo 1

K2
o

--zz d~r-r' ) •• •• ( 19)

Put-ting /"'X'urn
2G nm =;

"K~'"
F

K
2 f( !lE~) :l:

( mIl
~~& r; ==J[t?"and = + OK k

2¥c ~ J nm = %a b nrn It C - 0

I,ehave the fo1Iouing =form for Geo

g (r,r')eo ' = -
j-,

2abk, 0

e Ellon om-:k"-
nrn

-jK Iz-z'\
e nm ( 1 t

..,
Ie"o - (

CoanI'Ix Cos nIIx',_ Sin
a a

mTly liin mITy'p b



+yy

- 2;'-

nfIx nITx' II -Sdr. Cos ~ Cos m.L'Iy'
11 a:. b' b

~
nll)2 (mIl )2) nd:x Sj.n

nILx' Sir:L mIly Sin mI'ly t

-- + Si,n ---
+zz a q a ' , ' b b

a
"

II 1- t~ C m . .ty
b os b

+yx (_(~II ) (m~~ » Sinn;:'S 60'" rillx'C.... --::r-" 0 S
a

Sin, ruTly'
b

,e.rIx Sin ~'Cos mIl~
a a b

Sin mI'Iy'
b

+zy ( + T (~g)J 'nm b
\

nr+~cos
l'

nUx,' S'<n m:t:l:y, S' rnITy' ,a ~ -b" ",n b .

+xz (- T+ J'nm (~
a

'~ ,Xl_Ilx6' nlIx' S' mITyIt COS ,~B -- J..11.-~
a a b

S' mIlY']Jon -~
b

for z .~ z • ,. •• (20) ~

i
,1

>.
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Art'~3:-

A modified me~hod e,f' deriving G ~e

Following tlHl suggestion of' Collin «8)
" ,

a procedure very ~imilar to that of Art-2, fl 'pofified procedure

of deriving the <Ilpctric t'ype dyadic Green's {unction Geis

presented as foll~ws:-

DefininO" !rec1;or potential A by II H :: VXAo s os 'I S

and defining. pcalar potential If. bys E :: - 'i1h'A
B"!; s -v 4!s

and using them in HaxwalH,sCMi~ equation VXH=J'We E +J. s' 0 ~

and usin.o.: the Lore,ntz candi tion VV'.A ::~J'\"l)' e V 4! we have
-- S '0 0" S

) =-J

and

in

E
-!!.
-jwu o'tPs defining equati0'0>

(Using Lorentz condition

For J~ Id (r-r') r
A ::
...e-4,. G'.."y n
u '
0,

and

Th d t t d' t t ( ) dV/~I-,!",.entus ue 0 a curren J.s'ribu iOll J ~' I throughout V,"" -

ES(r)= -j,mo f ~~'(.Y}l(~) dv'

V

(Eqn(\2) of Art -2. )



To Solve fOr \l'i a
k2a '" ",I d, ~r-r ';, i,n the waveguide
o a

V.G
a
'"0 ( -j,ro (1+

, ()
:1, \vV.)'j i \ "
'. I

\

on the

wall.

'" [ r ~.VXAs o.JnoVxGe::t '" 0 fwom n.H ~= '"s

Component wise:"'"

(v2+k;) xx
(r-r:' )G. xx '" - d xx

a

d GXx 0 \x '"
~~ a I

\

< d G
Xx dGxX ,,) - )n • a y,. '.a x '" 0 on the va.p .•

dz 'cry I

"I

d ~YY
"a

---- Y'cry

dGYY
z _' A

'a'z

'" ()

;; )Y '" 0),, on the: 'IO'a.11.

ZZ

d G~~z ~:~ • ,f" ,

~'!;.a 0 \~---_.z
~lz

n.( dGzZ "dG~'~~'
f! x - B,

Y )i ",Ol-"'-'ay 'ax . ,
1

on the ,raIl"

( G



,.2(i ••
"

• xx cI0 0;\ + nIJ:x !!!l.u at E.' ZG > >:= - Sin ' lum• • a = A Cp,,; --,- bnm CI ,
n=o rn=o

"

<f~ 0C + n:tIH ElE~ t -'::nmZ
GYY L L- B~m

Sill -,-,-- Cos e= ~ ba
n=o m=o

00'~ Ole + ~~ nI'Ix nn:~ ;Ci Z- Sin Ie nmGZz
. L ,-- Sin -= .2:- C a ba nf'l

I

n'=o mFo

These solutions alee obtained by the m,~thod Oir separation

t. f :;" ~.of variables wi th assum,~d propaga J.ons actor e nm

2
where Gt =nm

2 2-}(~lII) -K
b 0, ..

lk usi,.ng

boundary conditions.

xx GYYIn G •a a' Gzz .E,~xprcssJ,qns ,a the upprE,r sign is for z> z'

and the lower sigr,' is fOI1 z..o:::::z' ••

Proce eding as in Jl,.rt: -2 tl1e coefficients aux

+
B
nrn

and C !
nrn

may'

be "'~,I evaluated. \yhen so evalu"ted ,~e obtai,n'''' G~a.s
a

follows :- -..<:._~ of: .J~~-Zl ~.00 ,
Gi

YY = ...,.- "" .. ,~<.... m e O.,e,o,....
= xx •• G :~:.~ » -_.....~:l.,

G xx + YY ,.L.. I' " 2o.bG~11'\'lG = aa aa n=o m=o

Cos nDx Cos
a.

"'fix',--
a

Si~ mIIy Sin mr~
b b

+yy Sin nITx nT'Ix' C mI'IySin --- ,ps
a a . b

Cos !!!,I'Iy'
'b
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nI:1:lI _n._I.I_'X.'I _mIIy+ zz Stn Sin <, Sin Sin,'. a a b

- .. '

Using this ~xpres~~on of G. G.is obtained as tollowgl-
ad_d)

~ = ( 1 + k12- vv.)~=~ +~21 V( x 2..., + Yo:': + Z dz •e ' o.L ~1 II. ax
o 0

(-- xx -- yvxxG +yyG, 'Lt<k. 0:"

1
2'
ko

- d
(x 'd~

- d+ y - ~
dy

dz
dz ) ( + y - d(JzZ J+z __ ,,_)

'dz

I
+ V';

XX "d,2Gxx
__ 'L
ctx:!

+ xz

+ yx

a2G"x
_-.ill....-

Crzc1x

..,.2 zz'__ a G
a

'
+ zz _::;-dZ

=ti (G:x +
d~G1XX

)
"d2GYY ) ( 'd2 zz

( yy a -.,.r zz Ga + yy G + i' Z~:~ G + a +krd~ a 2d: 2' • a k2iiz2k y0 0 0

1 tUr-r'» + xy (d2G~~) -- ( 'd2Gxx ) ("d2GZZ
)-Z + yx _:::a.:. i'Yz -~" , Ii;2 dxdy 1i.:2.}ydx 'tidydzk

0 0 0 0

--+ ?;y + zx (
d2.XX .

f>ov )
k2dzdx
o
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(-~nrn

Using the relRtiol1

(Z'.Z')

and the mode comptetnesB z'elation:-, .

~

-~
d(x-x' )d(y-y')

n=o

e er nTlxon am Sin Sin nUx',. Sin
ab !" a

mily S", mn~,']b :LIL b'

=We obtain the foltowing eEpression for Ge
:-

Ge 1 oa f~~~ 6; t I~ ,,.~ )=
~ L eorr lm, - ,lim z-z' ! •• -«.!.!!nl2_~

2ab'G;- qe , ,oe 'b' nm,.
a n=o m=q 'um.

n:tIx Bps nTIx I Sin !~L Sin mITy'
Cos ---,. b ba a

« !:II) 2 ", nI'Ix nllx\C ~;~ mlly'
+yy ~;~. Sin Sin - as b Cos

ba a a I

+zz « m~I)2+ (nn~)2 ) ,.. ~ Sin ~:n' Sin mTTy Sin mTTy'
a' ••) J.11:

b b {:a c~

+zx J: (nII) fZ:' 58n (z-z 'l)'\-1 a ~m !

Sin nTIx
a

+x-Z ~ln~T) £?'msgn
-- 1-zz::-z d(r-r').

k. a

(z-z' » Cos nT'IXsinnT,Ix'5inmI1.ySinmTIy ',J
a a b b

. : .
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ON DYADS and DYADIC Green's Function(!i)

and HQdiation Condi tion[ 4']

A dyad or a dyadic runction 5 is defined by :-
,

D = ~ ~. where the ,vector \unction it is the anterior element

and the vector function ~ is the posterior ~lement.

A dyad plays the rolo verY similar to that of a matrix.

Scalar Vroduct between U and C :
- = - - - - - - -

Anterior scalar Product C.D =(C.A)13=13(G,A)=13(A.C)

Posterior scalar product: j)'.C =A ([3.C)=(I(B.(;)A~(.c.j~.)i\

The above tWo identities suggests Bt = 13A
where superiscript t inplies "transpose".

= -,
Thus D.C

-The resultant of the scalar product between D and C is a vector

function III

Vector Product between D and C :-

Anterior vector product C, X D = (C xA ) 13

Posterior vector product jj X C = A (BXe)

"
The resultant or the vector product between D and C is a

dyadic function.

i.g. In roctanguar c00rdinato system

D= D-(X) - -u(y)- -U(z)~= x+, y + z . ',. - ,"," •••• ,. 'c.
, :...r~



,
-];0'-

j- ~, -' '--r
A)( By

- I
i~ B xx + xy + A B XZ

1
x x Z

= I "
+A I3 yx + A Byyy + A B yz

J
y x y Y z

I+A 13
•....'.

B13 zx + II xy + A Z7.i

L Z lC Z Y z z

-(~
D'=,BA=ABxz x z +Arly+ABz

~ z z z

The above form of \<riting I) is most usual. An alternatiVl!u form

(not used usually) is :-
/,VI ,- (Y.~ ',- rlZ't ,-"-'I'oJ- .. _ .•..• l- li _'_
D =><1'0, ='1;0," =Z;il

Such expanded representation of D illustrates the concept

that a dyadic lunction is a composite of three wectort'

function.

func tions. Diver gene e (iff fj
~ ..

(v.'i/"Z)) Z Jv. U iSQvector

;: ( - CXJ.) ,_ ( ~ rL1.v, 0 = V.I)" x + V.DJY+y'

VXD is a dyadic function,

y+ ( -r-' (z»-\ ;';0 z

=
Unit Dyad 1 : I

-- ...:.--
::::xx + YY.-\o; ZZ

The folloh'ing id.t~ntit.icB tlJD.X\itest the properties of i
- :.. --A. I = I.A = A

f'unction.

K V,(I 0/ ) = V'J( 'Ihere '-Y is, a scalW

Green's vector Theorem agd its application:-

~ith A = ~ XVXP - PXVXQ
#- - ~- .• ', ., .•..•• '-Using the vector identi1;y .g. (CXD)=D.VXC _C.VXD

,.,C~CQ D:::Y'X'P~;, \Sf~YW1,<.Jl\A Ocne!,

;.. -

I by_ IA~ S \A.yY>i'"'3
throW'



by assuming

-:5:(-

- '" -.":":"'"C : P j) : VXQin 2nd term of A, ,.,e have
I

- -V.A : P.VXVXQ _Q.V XVXP

Applying Gauss theorem to this equation,

KJV.A elv ~!JA.;rs
,,-$ ,

O'n' r(p.VXVl(~ - \-~.VXVXP) elv = f (QXVXP-PXVX(~)ili.yJ 5
This is Breen's vecter theorem:"

No~, ,.,e let I' : E (r) ~l: f'G (r r I) ;:;1 where a denotes
s " l e ' .t ~

a constant, arbitrary vc~tor~

In the volume integral pm;t of this equation v,e put,

VXVXl~ (r ,\ : ]-;2 E. -jNU J(r)
s lJ 0 so.

and use the relation J ;;;s(r~),i
"I

and rearranging terms we have E'ith
"term

r~ "( )el r.'.-\l"( rom e qn :t" a ,'e"Ll. .!. 0..J

k2 ;llf(r>.B (r,r')o~. e

cancellec£\ •

ES(r') .iii: -jwug f J(r) .tte (r,r') .aelv

V

I \

\ ".,



Replacing VXE by -jHuoils interchanging the primed and the ;.." .,'.",.
S 0 J

unprimed variables and cleleting(ei) from the above cquati()n, R~"~!e2

since ~ is a constant vecor, we have

performed in the primed coordinate systemo

r x Es (As far field radiation

approximati'I:JIIand considering the waveguide to be of infinite

volue iJ,.c 0 input and output matched~,~surface{L:Jt:ecedes to

infini ty then as a re SU 1t of radiation condition the ",::,,'
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=J(r').G (1" ,r)dv' ,
e

_j'~ (G (r,r').J (r')qv'
o J e
V

results from the j.dentity thatThe last experession

Hence Es(r) = ,.jwuo f
"- ",.,.jWUoJ<i; (r' ,r) .J(r' )dvi =

\(

This is the ef£ect eitl,er of thc radiation conditiqn or

of the specific boundary condition. To clarify furlhher

this point we define two vector functicns P and Q using
a €reen's function G of the saIDO boundary conditions but

with two diferent source Ioeations 1'0. and rb such that
P = G(r,r').; and Q = G(r, rb).b

a

where a and ii denote two differcnt constant arbitrary

vectors. Applying thc vector Green's theorem to these two

functions we obtain9

The surface integral vanishes eithcr becuase of the

radiation condition or becuase of the specific boundary

above is the modii.led waveguide version of the free space

r". "



guide. The normal mode functions e form a complete set,
n

ptmP-ded the integrated mean square error in representing

or a~proximating Et by a finite series bf N normal mode

functions tends to zero as N tends to infinity. If we

approximate Et by Ea= :>~
n=1

C e where Cn is given byn n

c = <- Et, e)«>- J Et, e ds • 1j'le haven n - n

..(Et - Ba' E -E ) = J(Et -Ea)e (BeEa) ds ~ 0t a
S-or.(Et, Wi;) -'$.<,E, Et '> + <Ea.E3>~ 0a

Assuming that the functions e form an orthonormal setn
such that.(en, = ~nm {~for nf me )= fe e ds =In . :n" m for n =m~

<Et, Btl - 2'<"/-
n=1

c e ,
11 n

N

L
n=1

ce)'?on n //

c./e E >
n~'n' t

N

+:L
n =1

);;0
/'

n=1

N
+ '\:- C'V~ 0/-_1"./

n=1
N-J=
n=1

2c
n ~o



If, "hen N tends to infi1li ty

.(Et, J]; >- f C2 = 0t n
n=l

then w. say thbt the mode set en is completeo This is also

called the closure property bf the Bet Bno Et must be ~t

least piece"ise continuous, if the above eqality equation

is to be va-b.4d.Physical fields are, of course, suffici£lntly

well behaved to satisfy these requirements.

An equivalent statement~the completeness property is the

following relation:-

~ en(x', y') en(x,y)= «~x+yy) d(x-x') d(y-y') =i2,l.()(-lC')J.('f-Y)
n

~wl)ere the :;?i-dimensional unit dyadic.

This equa ticm is seen to be the expansion of the unite (~",;C',

validity of this relation involving delta function way be chccl.ed

by scalar-post-multiplying both sides by em(x,y) and integra-

ting over the guide c:vos~-section.

=e(x'y')
m •

property of e 111J

Thus LIlS= 2-= en(xl ,y') f en(x,y).

11 . S
[ By orth0,9tlVlJ

e (x,y)ds=
III e (x' y' /

11 ' OWl"

and

RHS

hy
L

= j~!"em(';/4,y)d(X-'l4.')d(y-y')ds =
~

the property .of del ta functiol~

, ,
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Using the above mode completeness relation the expansion for

" ,

()C,y)dx'dy'e
n

Et follows by superposition
'.i 'J. /(x-x,) d (y-1)llJ)(lJ'1-

arbitrary fieldan

Et(X,y) = j Et(x',Y')t 11d
.s'"~fEt (x' ,y'). en(x' ,y')

5

.n S

C €;l) (x,y)
n

It is to be noted that apart from its use in the representa-

tion of an anhitrary field Et l'l:Ir. relation like the completeness

relation having an infinite sinQ~ and cosi~e function series on

Qne side & scalar d(x-x') d(y-y') function on the other may

be considered to be the Purely mathematical expansion function
$.., " • ~ .

repr~s'eiJ:ttl'l:\gd(x-x') d(]t-y') ,,,hosec~ validity is Proved

by multiplying by a testing function on both sides and

infcgr"a ted over an infinite ~-plane. In waveguide case s" the :i:.~"'~

t4sting function reduces to an eigenfunction, and the ::.£.'infini.tc

':J/.-y plan€. reduces to.l~~ ",,,veguidecross-section,

, I

.~,~----------------------------------------------------



This set of eqvat~ons can be lrritten in maxrix form as

(l ) (L ) = (g )
mn J.1 m

)

••

:)• •

..
o •

<:w~Lf 'j) <,"! 1 Lf 21..
f::\' 2 Lf> 9'2 L1:~)..

(l ) =mn

is nonsi~gular its in.verse

=

I~the matrix (1 )
j mn

(g )
m

=

-I(1 ) exists,
run

o 0 •• (6)

./ ~ _1
and f = (:f ) (/.- ) = (f)(l ) ~ (gm ) ••n n 11 ron

where matrix (:IE ) = (f
l
,

f 13 ' f~ o • •• )
n J

The solution may be (~xact or approximate, depending on the

choice of f and W • If the matrix (1 ) is of infinite
n In ron

order, it Can be illverted only in special cases, for
example, if it is diagonaltl The classical eigenfunction

,

method leads to a diagonal matri)~ a.nd Can be thought of as

a special Case of mathodl.':O}momentsCi If the sets f and W
n 1\1

are finite, the matrix is of finite.order, and can be

inv-erted by l(lHH.....n methods .. The Inain 'task in the I!1[\trizat ion

of the functional equation by the moment method is the choice

of f and \l • The f should be linearly independent and r:::.,n r}\ n

chosen so that some sorts of superposition like that in

can approximate f reasonably well. The \1 should also
111

be linearly independent and chosen so that the scalar

producets ,.(\\'1,g) depend on relatively independent proper-

ties of g. Some additi.nnal factors "hich affect the choice

- -- ,



Thus for N-1 1 =! g =
I '1,1 3 1

_11 d J .!1..._ from Eqn(5)an ,1.", = "0
30 '"

For N 1;2
/

For N=3 we obtain the exact solution

For N=3
1 1- :L .l1 11/30

J~1
1

I 3" 2 5 '2'

J..2 ~ 7/12 t~Tj.,2 = 01- 11 12 3 " ".
OJ'

~3 tf..3~ 1 9 51/70 !5 7 3

lJ-:: "3
f= ~ £, f

L-- nn
n

For N :> 3 "e obtain the Same exact solution.
,,"." .

me"thod.:n\\.."'.hR •..• "'_I •• ">v-..ft'" 6",s,sSolution by Point matchinl'j ~. " '--_----

equipaced points

I{i th f
n

ft+1= x-x Let x • .2!!.... m= 1. 2.3 •••• Nhethe
m N+1 I

in the interval O.(?t.( r at "hich the- -
equation is" to he satisfied exactly. For this we let

W = d (x-x) anG we have 1 = n(n+1) (~)n-1
m m mn ~+1,

Thus for N=1, N=2 've again have an approximate~ Solution

and for N~3, we have the exact solution.

Soluti(,n b;("Subsectional bases:

lvith xm • r-(71 ' m = 1,2,3, •••• N as the equispaced

points in the interval 0

= T (x;"",: x )n

~x P(x-x )
In

or



where pulse; fUlletion p(x) = {~

function T(x)= 1-lx\ (N+1)

for lxt~ ~
, N+1

TO<) ':= 0 for \xl> 1
N+1

and triangle

Since 1., lp(10functions are not'in the range of L ,I"e

take f = T(x-x ) LT (x-x) = (N+1) r-d(X-X~)+2d(X-X )n n • n l' t\-\ n

values of f,

-d (x-x -H:") ]
" n+\

Choosing I"m =
~',,. ,.~
"'0" /

hi .=n !:~,
-(N+1)
o

=P(x-xr,), I
l'Y\ mn

1
N+1

8.:g =
m

Art-2: Solution of the obstacle Problem by the point-
matching method of moment:

Although there exists numeric",l methods by "hich

the integral operator obstacle equation could be solved

numerically, the complexity of three-dimensional and the

dyadic greellr.'function involved'indicates that further

compurational complication in the scallll'multiplication

process of matrizing the functional equation must be

avoided as far as possible. This naturally implies that

point-matching metllod of moment may be adopted for the

obstacle problem. Even in the relatively simple case of

plane wave incidence on obstacles in un-bounded free

spac~, only point-matching method together with rectangu_

larly sidedCl.l'.llshas been attempdled for the volume lbype



of integral eq]JBitionS(10). Fo'rtunately, this process has

been found to 10,11 capable of producing good numerical ,,-~,_,1,"

r-esults(7). ThWl point-matching method with rectangularly

sided cells is ~mployed in the present anglysis.

The volume V occupied by the dielectric is first

divided into L equal rectangular-sided cells ink' 1 =1,

2,•••••••L, each of which has constant dimensions AX,~y

and AZ. The incident electric fiel~, assumed to be

uniform inside the Ith cell is designated' El'(rt,'>, where

~c represents the centre of the Ith cell.

':', ~'...",....,.~"".

for r in ,6.V-t
otherlvise

-j'tU o

The corresponding current in the dielectric may be
L 3

expressed as J(r) = {=1.(=1 ~{J~ pilr').. .. (1)

where ~ denotes a unit vector and pl(r) =. f~!
o..v-J \) ~~" , u'7J-:: Y I U)-:: Z ~

The equation to be,solved is :-

S= (r,r').J(r')dv'-Geo
V

o "

In the point matching method we generate a set of linear

equations by first substituting Eqn( 1).into Eqn( 2) and

then performing a scalar product on the resulting equ~tion

,,.iththe te>;ting function \J~ (1') = d(r-rl u~for p=1,2,3

and '1= 1,2, ... • • L •

where up is a unit vector.
The scalar product between vectors f and g is defined

lJ, g>=F.gay~
V '

as



Thus '<;i'~(r), ,-',8i (r» =

: - fd(r-r,l E~ (rl a, ',r'=
q i'-

'"

.., S d(r-r q)ijp.Ei (ddv'
V

-EI? (r ) __CPC1 for P = 1, 2, :5
J. q - 'Y

q= 1,2, .. L. ., ,1 Lo

~.J(r)]z) /:P
=\\i'(r),jwe(r) 'q

\.. ~

(ll>. ~ ~ "',~ "lr},", )
jw e(Z!)

='2=r
~(=1 1=1

for p=1.2 3 and q=1,2, •• L.

J(r) "J- (
jw[l> (rl-e 1 Jo \(

d(r-r )dv' ..,
q

- k 1U J P (r)k k
,

. ,

<iv'

•L....

'"3 l-
LL
1<-1 1=1
jw{~ (r)

d(r-r )lL.
q P

Ji 5t p1(rl
jwte (rl-eo)

\.
~L_=Ji=

V k=1



L kL.J
1

1=1

3 f~- GPk (r,r')L..,_ eo
1\.,,1. '

'Y

q=1,2, 0.0 L.

Hence this point-matching moment method yields the :fol1m;ing

set of linear equations:-

3 L pI, P
=tE~L L-' k -CP (r ) ••• (3..,)

--
J' A = (3) \ihere C
1 1q q q 1 q

11'=1 l=Jl

pk f GPkwherein Q = ~liJlq 4> Cf)

A'ft

and
pI,

AJtq pk
Q
lq ~k .5~J3:> ()~-- •• 31> •

e «{~

I~.
1., .:, ~



.'" <

When expanded i".tld put i.n matrix form Eqn :3<a) appears <1S:-

Qll Q12
12 12

3 (,3J, v2

:;
J
1

I l'l 19 A-. 'Q ~ Q.L':>
,QL:l Iil L1

I
I 21 22 23
Q Q Q
I L1 Ll Ll

I
I
Q3;1 Q32 (\33
I~?_L: 'L1

'ql1 Q12 Q13
I Lfl L2 L2

'2,1 "" 23
1(IL2 Q~~ QL2

I -1 ~20':> 0':> 0':>:>
I'L2 '1;2 'L2

22
Q
21

,,12,
21

," /";,31Q~~ Q'
_ 2Jl. _221

1 •IQ 11
I 21

I 21
Q

I 21'

q33 I Q31
12 _.I 22

/...... 1
0» Q3
"\1 12.1

-_.- ---
(i13 IQl1
12 I 22
23 ') 1
Q I ll~
12 22

Q32
\I

1')Q .,

1 :l

21( 22
'yu II'I '

~1 12 12

r
'll ~

11

~21
Q
11

"

21q
1L

22
Q

1L

')-Q~~)

lL

l-;lC
I 2L

I 21
Q

I 2L

I
I 31~
I 2L

I
21 12" "";

Ill. (~- Q~-
LL LL LL

1
I
1,,31 .,32 '33
I"" ,,-.~(~
LL LL LL

.,
.J c'--

L

~

where tIle primed diagoflul elements corresponding to I~qrl(17)

~11
11 = "t

11
11

1 J'Fr;) ,
l' I



'11Q - =
22

Q"ll
22 f,-, -j,2 ~)-~- j 4~~-

\. , I I' .,X I1,\ 2, ' 0

13-Q :>
22

_ Q33
- 22

+

"11 L</ (I' ) -k21 J

/22 22 L 1 1Q- Qll Q = Q1,1, - 2 . '}
t.~= 1,1, k, (I' ) -lc~1,1, - 1, 0 j

1 L 0

1-3 t\,~(~1,) -~~

1 ])e33 +Q) = ~2 (I'L)1,1, '1,1, 1

and \ihere the primed ~Liagonal elements correspondinr; to Eqn

(13) of Ch. II. for..t\" eo medium are :-

h1
Q
11

=

I

~'

1 ],Q33 Q33 1 += ,.2 '~ 211 11 2
hi (r l),-ko k

0

Ii 1 Ql1 -t 1 1, 122 ,,22
( 1 1Q . = Q = - ,

22 22 9, 9 22 22 2 2
k~(r_,)-k- k (r,,j-lc

~ 0 1 ~ 0

13- l :1 1Q -' Q33 1 += ~22 22 lc~(r,,)_K2 Iii: ;J

, ~ 0 0 - -
/11 [ 1 1 /2" ""

[ k~~rL)-k~]Q Q.
l1 -'2-'-'--2'

Q "'" =
Ql...,.... -= 1,1, 1,1, I1,1, 1,1, 11,1(r )-\<.0 '

/33
'133

i. JQ •• l 1
+ "'1,1, -;;--, r) :tj1,1, k;: (I'1,)-k~ 0

("'
\'-' j,



"; 47.,"

It is to b•• nqt,ad th:,,~in gquation(!!) subscript indices (~

&/or t. refer t,l t~e position vector and the superscript,
indices p & lor k refcr to the - - -unit vectors x, y, z.

= }GPk (r r') dv' we useeo q'
4"'1

the

<lx'

I
Z fz >q

dz' for Z » Z'
q <. z

relatioJ;ls:-

](nm

a

nIL".=Cos _

For finding th? integral QPk
lq

J.
tl mC'" -Zl) I., .12.e l'lJ1 "'q Sin K"I!\'I~~

2



( r i, ~'- ',,>

For

I =

z = Z (:{~ses wj,th pk =
'1 1

'-ZJ'----
I = J, .L - H~nm(Z "',z ' )a. Q" q

<lz' (for
Z~-':~ '

~

=

= 2
jKnm ( e-jKn~~...,.~)for

with pk = 32,23.31, 13.

+

F",

\11th these integr:atiotls carried out qpk ta),es the follo'fin"lq
l,k

j OC ce
@,?'}~'mform Q :z- ~'- lJk (5):- =- L_1'1 2abk2 1( l«f'0 n~o m=o nrnnm

\~~here I i= 11 for Z I Zl & for all pIt valuesq

.':ktfx I for Z -;;;: z] & for pk 0- 11,22,33, 1~l,~U" 2 q 0

I =0 for Z = Z & for pk - .32,33, 31, 13..3 q 1

f,



For pIt:

on Z '>
q /

PV. "" -:3 '2.

= r the (n,m)th term ai't.
"

pk
G

eo

Art-3: ( a) Evaluation Formulas for QPlt elements "ith L'}:f= Zp~
lq

factor -jk lZ - z \ =e um q 1

QPk elements have the exponentiallq
-~ \Z - Zt\ Except for the

e "'llln 'It •

few terms "ith first few t~~ltfe w~tr~.,[ ~ ~(~Wvalues of nand

m all the remai.!)i.ng terms of a QpJ.telement are real. If r-Iq ~~

is real ;.• e" ~
a ]>k~

then the double, infini te series terms of decrease rapidly

,vi th increasing nand mo, Tl:f. "pklere :are a \11q f~lement terms with

real I can be cQmputed with a finite s~r~es truncatedmn

according to a 1=irecision cJ.....itcrion establi~!'hed by the value,

of ~m \ z('{, - Zz\ .Depending on the value 'Oi'/Z't- - ;~Iapproxil:la-

tely lGxB uptp 2j,x1~ terms were used for nand m in tIle

typical examples reported in a paper by J.J.H.l'iang(7)

To thi.s valueot' the truncated series ,,,e add the fm" 'terms

(usually 2 or so)

a Q~~ element.

'vith imaginary re to obtain the vi.\lue or
~1m

~,

:Hi .



In order to c!e-_.-elop";~rking formulas and expressions for

summing the double inf'ini te series we proc~ed as :follows:-

n=::o

e
"on

OC'k
19

(n)

01=0

elom (n,m)

\.,here c '"

pk
a ' (n) is the
lq

part of QPk
lq comprising sino and nM

cosin~ functions involving n only and the factor 1 (if any)
n

(n,m) is thc part of Q~:comprising sine and cosine

functions involving rp.only and a factor involving 01, ~m=J~"H"/Ioo'1

-(; \Z,..7 I r AZ.t
jK • and.!l. nm qv. c;, •..\, "'-""" -nm ,. .. :Lrl ',~

;~ -2 '"to h (" . '~"~-2~_~:
~',-';,:"",'~.

,i: :' ;,~,

~'; ,,~_ • '1

:~';.":....i...~-;'::.'~t>:.-

, -
f .:

Expanding

qpk [ pk cC
bPk= C (0) L 1'< ill elq 'lq om 1q

m=o

( 2apk <:~P:> DC.
+C L I bPklq epm 1q

m=o

1
(NT,mU + , I ...

kNow aP (0) bPJi'lq
III

(0,0) = 0 for all pk
pk (0 ) 0 fqr all pl< except pk 11a = '"lq

,-
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ll1US iv"C l: i),VC ( expal'lding upto n=KT & hi = :t:.iT )

11 11 HT
lli

NT MT,~

Q lq = 2,C ( 0 ) L' ( 0 01) + 4 c L 11 . )jJ," (.••••.)alq '1'1 a lo l'l"J lq
llFl n.,,1 "tA::; \

zri NT 22. 22Q
,. :'=. 2C' L (n) b (n 0)"' 0.let n-l lq lq

I

+ 40
NT 22 (n) HT 22- :2:..- a 1= b ( 11 ; 01)
\!\=1 1'1 In-=l 1'1

pI< NO' HT rl< tv< 6\1,." p'" ~rJ.,.~~Q ' . pk
lq .- 40 L a (n) L b (n m )

n=1 lq m"'1 lq ,

Similarly we Irc3Y rC"Ylrite Q rl< 2.S f01101:15 :-
lq

Q pk
~

r/ pk ,DC pk= Or b (01) ;L eon a (n 01 )
1'1 m=O om

1'1 'lq I,,;()

\v1lCre 1o = -_._-
2al>k~

bPI< 1m) . I ', 15 tiC Part 01
1'1

uPI.
k cebmrl'ising Sine nl~. Cosine,q

funC'!:ic1:1S invclving m only and the far::tor 1
01

( if all Y )

pk
(\ (",m) is tl1e p~rt of

1'1

l'kQ CnJ":lFrising Sine rlnd Cosine.
1'1
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functions involving n only and a fact:~.r involving n "', Gr - ~j ['11m
, nm

and
Gnrn

'... ~~.:,. -

hxl"landing
',k

Q!- We have :-
1'1

Q
pk

1'1
= C ( 0 {?cn

pI<
a
1'1

(n 0 ~ + c r2bPkJJ l 1'1

. '. l2b pk or pk
n I HTQ +-\- .. :10.-'. (:., ;.j + C ( m) L fl. on ,f).. t.. . . ....

.H} 1'1 n=o 1'1

\ pk
pI< pk cC pk

(n,o ~+= C b (0) a (0,0 ) + 2 h (0) ""'- a.,1'1 .'1'1 1'1 1__ 1'1 ...- , n""a.

~b

or.
~

+ C
pk (1) a

pk
(0,1 ) + 4bPk (1) r a

pk ( n 1 .......
1'1 1'1 1'1 n=l 1'1 I

+ Cr,b pk

L 1'1
( }I1: )

pk . pk
a ( () IHT) + 4b (}iT )

1'1 1'1

oC
Ln=l

N&..l b pk (0)
1'1

pk
a

1q
(0 0) = (\ for all \'Rk, .
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(0) -- 0 for all rk except pk = 22

pka
lq I'I, --

Thus "hie b. ve ( expanding Ul' to n = NT (1 m = H1.' )

11 HT 11 11
4C :f= 11

M,. k
Q J ; = 2C L:: b (m) a (0 1fI) + b (mC;L~t¥~"')

lq
,

lqlq m-1 lq m-l "'t\:\ I

il 22 22 .~ 22, ,
Q 2C b (0) (n, 0) + II\ n ",';1. .{ = a " •• 0

n :~"f 1'1 lq lq n=l lq

~

22 NT 22
;1:- 4C b . (m ,

~
a lq ( n I m)lq

nFl

pk HI pk NT pI; fa. o1h...t pl< vJ.",\e~L': b (m)
~

( ,
Q = 40 a n ,m)

1q lq ,
lq m=l

Either c.f the I>qy.ation I or Equation II may be used for eval11ati.on
. .

of the doul,le ser,ies of Q pk elements accordinG to convenience.
~q

eXl~,ressions for pk
Q elclfI"nts fN' various

lq
are as fallch'S s!,ecifie problem the fe'" ~m"ginal'y G"r.l

pkQ. elenent can easily be picked up
lq
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fin Y'1.
b

fin Y1
Sin', b Sin

I

n71 x'-_'1
a Cos

Sin

Using Equation II

22Q
1'1

Y1 )
NT
L

n=1

/.2 f't~o \ Zq - Zl\ .
1\" ~ c • ,,~. n1'1"'\1-,~. ..1.n h\xno 2 .SJ.ll -.--nG ~ a

nIl

S
. nTIx1 .
1n -- SUI

a

NT"'--2~_
,i,=.1 '
, ,

", Ear., I' /. m71 Y'1 r ~
) .- t.!9':> b •L'O$ b .

!;; 1fVI
llF1

_ 'rIDl \ Z'1y - Zll
Q 5ir h G'.:nm A "21 a-L,..,-r'-~

Sin
n71){'!f
-- Sina a '.b- Sin

n ,I1l::.xl }j ,
-' "_. ( 21 • 2 )2a ' .

Using Equation I

33 IT,
Q 1'1=~4C ( ~: )

nTT xq
a Sin

nTl xl-.--,.-
a Sin

nTTh.x1
2a



NT
.Lm= 1
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fc_n )2 + (mT_.)~
Lab .J-:- Gnm IZq - ::(1 A'~.l-----.-2-------.Jl, ,Sin 11 Gnm -- e

ml".' . 2
. ~lJ:rl

Q 12
'I '1 = tc ( - 8.

NT)L:
n=1

n n XqG:~~a Sin

HT.r
m=1

~s m'"[,Yf 'l\\ -m;-l/~-.y~.~
. (21.4)

Using Equation I

Q 21
lq

NT

L
n=1

Sin
nTI x'I

a Cos a. Sin
nTIAXl_ .._-
2.

JolT e.-enm \ Zq ~ql A7.t I'll! Yq mTI VI "1.L
~1D12

Sill !J Gim l\'\ "'2-. Cos to Sin b Sin 2b
TiF1 21.5)

l's ing J.:quation I

Q 23
lq tc . ]LeiSa=', l 1r .•__ .

- T1l
Sin a

Sin

NT.I==TIF1

Q.- Gnm \ 2q -2.\
~-.-.- • Sin I'!

nm
Cos S. mn¥1 ".

1fl -b-- .:Hn

•

. .
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nnt
iSin

_n nLl.1C.t .'//
a 2. ~

n lW''" "5',:>.In-'-'-'-' 1:11a

:JinCos
_nmY '1
'1;---

NTI:_I~.
n=l

- Ginn \ ::q -;:1\
Q A7.ri '
.----- Sin h Gnm 2-- 51n

& run

Q 32 j4C (,-S.a )
1'1 L + tr

/!T,
~-
.Lm=1

, .' r-', ' JUS)ng ,t'"quBtlon .1.
Q 31 =~C
1'1 L (::-_~ )

+n
HI

L....\.-.
m

rn=l ~.
Sin

mTIY1 --:
1J Sin

NT
.0=n=1 .

Q.-Gnm \ Z'1 -
Sin h

Grnm

Q 13 = \:C( ::r8b
"'n1'1 _

llT

L" m\TY'lI
) --.'- Sih --'- Sin

". l'i1 b
m=1."" .

mT'(AYJt
Sin 2b • Y"'" ~

~

NTJL- Gnm Zq <1

.~ G nm
'h'= \

Sin h .AZ~
Cnm 2

h T1)("\I n tl¥{
cbs -----S-in ~-- Sin

a a

nru~?(J
2a ~
~l. 9)

Zq -- 21Sign is for /'

Art 3(b) ~3valuation F0l'n;ulll for
1'1

'\,: ".,



\ 11 /, ;-6nm \ ):'1-"11I Q H.lth \~ ~ Sin h
'- lq

1 1

Q 1'1

-j

-!57!'""

• ~, ~,' - (:"',1 \ Zq -ZI\
= J ,Q] Hi 1;11 .e . Sin 11,'1 ,'., '

0;1}efhcec1

11,e second }'art of
11

Q
]q

? ir' mn (\1\/ bY1,,mj, , " '.;>In -b ylJ +,,1 - --I
• .1. e10 2 'L~;-; mn.. A':h
m';:\ m(n> - 80 -SinT,Yq "t'h-.- -z-)

+[CC.i80b )C 4r(Z

nn1!1
Cos Sin

m 2

I- , a
-.':!-

--./2 2)m=l III(m -+ ~l'l

nn y .b.YtSin --(q + Yl - ..•• -), b So

111 IT Ax
-Sin -b-(Yq + Yl + -.f-)

IOn
;'q -)~1

/J.,.'h
+ Sin L"--; ( + ., )~

.',,: '.' ~" A'YIlOll
-Sin ---,-. ( Yq y, )b - 2.J.

~ "

~

rr,n
Sin -- '1b q

M'el'e 2<:\,o
2

b2 \~---2--
Tl

m£1 ~l
;~:tl. .

."..>l.n
",

"
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\'/ri ting

2
:lo ,---"-2

m(m~ - "0)
!:: [' ~') m~ 2-

m'. - a,
c'

-'.

2a
n

,2 2),illlm +an

_~m '2 and using the fl):ilo;nnr: formulas ('7)'
m" + ", '''"n

d!,r
m=1

:iin mx if- x
----- = --- =m 2 ~ (x;l\

o ..( x <.. 2n

oc m SJn n Sinh 2'11 <tl' ~ x)
-:::f2 [S' J:L n,1X

(n, x) a~> 0 ,0
~ ....'c--_L

, ~ • '0 ~ ' ,') ~ ..:. ':Im'. + ~~ 2 Sinh annm=t 11 0.(;,(..( 211 .

~B,
a" is h:mi"t2s-el,

{,1:1 = n
1 ~

n
-b-

'j ,
2t1 ,I
'j

m Sin mx Sin Ol6 (n -x)
2-'-2'---:" -------= g'(OJx )
m -." 2 Sin Qotl 1

" '" 00 ,,,cl ",J
oC~-=HFI

N.e.. This formula
o.~.(0

( Yq + 'h - J~ Yl_ ) , gil =
2 2

.2,,
A

wi th

I

•

e 11

3
~~l) e Ii =

2 ' 4 2
)

and ell 11
2 ' e 3 1,

_, 11
"4 rcdue,\d to ",:i thin, I) to 2TI range by

(" 11
) lqadding 1- Zn ~nd Id.th



,- 5~) -

Fl1 ( 2 L '~I( e ~1) !2 . 11 ~&rJC1 (n ) ~--,-=
jI > .r tn I 8'j ~, c ~ ~ " , •1q Jt"j=f- ,

(
11\fa, ), .J

•

I:T
L'I

- Cos
n. .

n=1

"; ,
1. 1.C Lqf, ( .,. j' J}. " ".

G 11
1'1

-i: [L
J-J \\

ls \- \'::>0. yf et GZx'V
ffo, (j~)bXl )''.::\lC 4 n

. '

11 liXt
,Cos. -.---

a
Sin • >., 1<' 11

lq

I'ang, (7 )

•
sjnce by direct trUn<;:at;ion proC'-cctul'e smnmat:i.on of cv~n 140 x 140 terms

docs not }Jroduc(~ copvcrgcnce.

{"2 (, '.~ ,." ""., -LQ 1'1 "hi. Q
Ii]"),' .\ (
2'- J )replaced ,by

22Q
1

'
q

-j

f', 22
Qlq l-G' I '" - \rm ! !'"q ".~ "'1Q .Sinh

replaced by

The second pa.rt <bJf Q2,2 can be dealt \vith in th,~ marmc r or oealing ,d,thlq
Q

22 c;ith Z 1= ouJ!:lir!cd in :\rt. 3 (a )
lq q '"1
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-'0
Tl:c first part of Q ~-'- can be dealt \d,th ih the T!'!!!lnner the 1st part. Lq

f Q 11() .
Iq

n
a

e 22 =
4

n
n

tlJS.
(X ,-:lt1- -_.q 2 )

rec1uced \'/j. th,~ 0 to 2)1" range / ,
, 22 ,2°
lq :t 'j j

j=1 i

G 22 (0. 1 .

lIT
""'-- 1
') - Cos
~._m
m=1

mn't mnY.t: mnA'Yt_.---.Sl_ C ,/ -- .b. DS __ Sin --- v'\/"
h 2b

. F 22. )J1J'., 'lq tm •

'~~here ( 0 ) ••••.. - F1

Sin ny-WC~

4

-L~_ (P1
~ j=3

C(,.C
1'1 (1) ~. )

n=1

Ii' 22
? If,l ~2 22

~
(m ).=. ~

( ) (m ft.;== -a Flq
i

j 2 , .1
~=1

and
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" 2
b
u _ ~l

m - -:112

G(OY)=1 1
n Sin \>"tl v

<) ;)"

n'" - b ...
o

= -1l.~inbe, (n- .Y )
, 2 SjLIl h n

'0

where

I'Ol'12k = 33 From Eqn. 01. 3)

Q3fq =~ ~ Q3iq "i th (e by ~

Ly •.•

p33 \dth :<:'1-t- <'I ,Gut1in,cd in Art. 3 (a )'1'1 or- , ,

1st j)art of Sin nTIXg '"_ ., 0111
t\

n1iA)(L H1' -4oc, 2 2 l.,>--~ ao a
• Sin ----- {)20 .t--- !'il~'-; - + -----~" 2' , .,~

am (l'I?+ !t-J ..
liFl an Hi j

Ii:::: e. "l'
"

l>33_ r>.1:L
"1 - "1

( 2 2 2
1'33 ,

) =lL= [1'1 ( 33 \
ao Jh 33 )

ao
~~3~~{~th

1'1
,n i'1j I - _.2t'" litj + ~ fZ(n>

, j=1
tJr ... n
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nn x
_.:-9.

a

).~

2
'I [- 1= f[ \ "'j33 ) _ a07_

j=3 an

o...V\d ' .hC.~) J r'Z. ( Y\, )() o..lR.

I - 33 ~ (f ')'0 'st ~,;trt 01 i.... _ 4,C -', 'J,aur ~ - ------2
lq " n

• Sin :~~ "1 Sin nHA:::':I:-
a 201

C
'," G'lm \ ~q', ~lle -. t. -.. a Sin 11

Q
1
12Jj r Q

l
12 with

.q t L q

_j ri:)~12 withLJq

AJ:l \ ' 'I
Si nl1 Gnrn -----z; ropJ.e ("cd by_

Gnm /l~ljlCjl~CCd by

siGr;m ,6~L]}
T;"IC sl~cohd pa.rt of can be dc.It \,[itll in the manner of dealing idth

1st pa't't of

, 12
\, lq

.-t::" -
n n xq,.

C[}S -- Sin
'"

outlined in Art 3 (,a )

lfT";'\lCz=m=l

wi th

I:ln/~Xl
,',,----

Za.
.Sin

12- "it e12 _~~lJ0. =a.~ I:'>...•.1 ~1, 2 ~2' !~12 =' ,,11
"'3 "3 '

)') 11""~= f'4 (.1

Using th" J'ole,timls t 7 ] oc,-, -',
/-.-m=)

n-- ---2an

_.f3 (i1,x )

(.", "

\ '.
,~.j\

"
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oLx L2n- -

_ f ('1 ",12
- 3 I "4

Sin

COS Gt( n -x)
a Sin an

Cos

,--
'),.

NT,,-'-
L.~,-

n=1

1
= 2,,2 '- -

Cos ITiX-2----y-
In - til

/I ,"oS' '0 )L:... .:.. 10
Qj = 4C ( ~-
,'1 l . 4

r12vta
lq ')

:~-m=l

12
F (n)
1'1

Ill1.l'l.X1
"._--

2:0

ana.

1st

!\-[;.-

, Sin

From E'1uat:lcnlZi. 5)

Q 21 =\i \ Q 21 with - Gnm \z - 211 Sinh
D,Zl

by 1Je '1 Gnm-2-- rej'l"ced1'1 l-- 1'1 "

'lQ21 \\'ith
G.nm Z - Z:l . Sin

D- "21
b -4,.":9J- J1q c '1 Gml -2- re~la,ced ye 4

111e s r:~c()nd part of tan l\E~ dea.lt h'ith in the m~)JUlcr of rlca1ing '.-lith

')1()" ',;ii:h
'1'1

2 -f.:. 2 oui::Jinc,A in Art. 3 (a )q T- 1

1st Jl.,(rt of Q 21
1'1

~121,;;; 'I, 11
'- ,

Gos
nrTx

'1
"rl'~>--Sin
n=1

l"lT.-J>Cit(I' \'I'la ,21 '1-' ~ ,) 21J.L- ..os t'[ 1 T -,OSHlfi\~ Z -

nF1 ' , 21 21C., 0 (' ~,' •_.~ 0 srt-)I:'i:3 - ~OS~-"'{4

ill n.&x1i.• _

2<1
Sin

~,
21 ,.11...
0 '0,. .:. , ""d

"3 '

Using the re1"ti,ins I:?)
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and
21'

l'
1'1

(n ) =) bZ. Lr. ' (nt \"\,' 3 1
~ 21

1

"1 21 \}1 "J1f3 ( .Q.~- ) " (n , ft ) f3 «+ n I '.("2 L

~l 3 n I '4 ) j

1st .'a),"t cf Q 21
1'1

( (- jS )=14 C , -:T", ~--'l ' -, ~.
,.).In a

• Sin ?1, F ....
lq

The :-\pk
"lq el~~m('rltsarc zero becRuse of the ::er,:, value of the factor

I

Art. 4 (a) A sugge~~ted J-'\cH.1i.f:i.8d Hethod of Ccraputil:q~

h,jth Z - Zl
'q

"okn 1: J,elcments
~l'1

As found in j~\rt. 3 (b ) tlll~2nd part of

•.. - Zl.~ has the fr.lctor'-q ,

, P.Zl
- 11m 2

('

0' pk
t(lq, elements \d. th

of the douole infinit ~ SllliVilation of the 2nd par,: of QP1" clcLlcnt s ,d thq

2

the number of c'cll. 5 incre;;sed for' greater .dctfd..l.S !lnC iJ.,c(uracy of the

ebstaele di-eL~ctr':J.c ficld qu"mtiti~s~S!a \d th the Fell size decreased

for finding tLe field qU'1,ntitics in , heter"gen,eou,3 Gbstacle di-el~ctric

the numhcr of Q [1k elernrnts with Zq = 71 will be inC"easeo ~H\:~ thelq



rapidity of pl->Q-19

- h5 -

o1emon1; c<,mputotior. \ for' Zq = "1 ) will be much

Integral trasforn\~ b@.ve 'be~n used in a varil~ty of \'I-ay~to sum

certain types of sl,cr~.cs ;in closed form. 111r.y are fC<Lmn useful in lllarlY

Cases in cCrn'icrti;ng relatively cOlllpliC'fltec series jpto simrler ones 1vhi'ch

G."t'elliore cas.i.ly summed or in convcrtinr; rclntively ;slo\"!ly convergjn~

series :into much «,on, rapidly cemvorr,ing <'''cs. P•. D. \Jhcclon ( J1. ) is or.e

of the several authors \,,1:0 investigated th~ 3p'p1:ic~"q:ionof lar:l2ce trans-

fonns to the sunmlation of infin:it~ series ;Jnd here i{e folIo, ..".the "method

suggested by \Iheclon ( H )

'rhe 1.1pla,'f' t:ransfpl'm of a func tion f ( u.) is,
0;:,

F ( t-» } du - up f (ll )- e
0

If \VC IlfJVC a ser:i es for idJicll 1:he fU~lction F(n) rC).:l'C'scnts tbe grncl'al

term Or" SliTilf:land thml Ke C;)~l .identify the tl',,:msfornl :'va1":table fb \!ith the

dummy index c.f su!:',rnZl.tion ;'1 "l,ne! S\l1l) i~\:)th sides of this wi th resrect tb n

ever Otoc:(;.

Thus
pC',--
,l~--.

1)::;0

F (n )
..-un

feu)

J ~. .~.

'}--"<.
\~

mailto:b@.ve


.- (;6

=F ( u)Ko\;;, wi t11

intcgrati .....'ll fIA'oce;ss b~sed en tlll~ theory of ~onVCl'ge:lcc.

ce
r. () ( C -u)l1c111 f \'

o
if life Inultir1y bo~th :sirles of this equation [by "pI, ({' n) \.,ldch 'c1ocs not"lq

s~'C'il the convergj?llCEi of the, en ;suing a more p;en(;r~l

series form '-
DC

oC relU
DC

L F (n) F1* (n ) - f(U) L_' __l{lq
n=o

0
n=o

SilJlilarly ,dql th:e c1umIny,\in.dcx (If summation TIlOver 0 tor;;; we ha.We

oc
oC-e<-

j'c1UL tffi ) 1'>: (m ) feW 2= jl>:
( -utF F, . -- F (JO) e~q IqnFO (l m =0

IV

Such conVerSi011S pn~vic1e ra.pidly convergent integra - SUJil11aticn for a

slO\-l'TIy convergent series,

'j,l,
1. Ii'

J 'j,q (n,O)=O

for ~= 11, 33, 12, 21

,11 J=t,C ell
at

b 11( ) ~--- ( (cl12nc1 pal't of I'l." . '1 () , Fi ) + 4C )l.q -- lq 2m=Q

NT oC.. ~)

;';.'!'.' L 11 (:;1) '1--, b11
l )]-alq lq n, ill

J-,_.-n=l m=o

r NT Oe
to, ~ l} j2nc1 j.a1't of OFk = 4C( CPk ) ~ uk ) 'L-- bPka' In'.lq , 3 lq lq

n ••1 nFo

for tk =33,,[2,21, o..v,,1 e" e" c. \:~v: 0.1 eo c.eM \(i, •.\-:;". ,
\ .J -!1. / ."
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,
, , ~:~,.;t

<,: _. ~ . .;.; ',:. 'j~ .••..,j'l( •.,

HT-?<X~ :.l.l'ld noting ].'Ic (O,n)=C for"Iq
pk = 22, 33, 12, 21, "0 Qbtain

J
(n,m1'

n=o

~C'lnstants

(In )

22
a-,
~q

l
plc
" lq

0(.

L
n=o

HT
Lnr=l

,=~~c( C 22 )"\.1

rQ i<
lq

22Q,.Lq

2nd Part Qf

AI'r1ying Equation IV to infinite series l~'art of for

p\, = 11, 33., 12, 21, \'iC 11~tVC, ( for • fi.M".d 11 )"

1>1; 0\" oC,-
~~l;" (n ) = I'-- ) L (m) ]"pl, ("1q l11, m - P' )

~
'I m
i:CIm=o m=o

oC
oC ~

= [dL1 feu) :2 ~, 1) 1\
(m) -l!.'\Il,~ !dU f(~

CO}.:-i!';: (u ) VIIF' .1 e - ..l

lq
0 liFO 0

F (m ) and f (\ll) .-:.:.-
Sin II;:] U \. n )
-"-'-I1n-, - for

F(rn) f (ilt)

Si nh ( a U
11

a
11

fpr

for f+'~;;;;11, 33,12,21"I

-um
c ~

.,~

1'''1'c_ pI-:
"" F

lc
(m)L___ j

c -urn



F~r Ph:= 11

With

~.
, Jln

mny, 9
b

(n )

-um t
e J

11 i!.u [f si'ls (n)= (0) (0 ) +19 :2

+ 2 t( 2k) .,U ( 21< ) t ~ (2\(-\\ ).) $" (2~~-\-<!J
~Au f"- f (Il,e) S11 (u:1 for c,cl"cting suitiilblc Au. and k.

.!:. Z I
AlA

Finally al'i.ly!iug ::Jimpsonf S 1'plc, we hiiVC

(n )

21\-1 1 {.L f (,II ) !,p (U)J'+ ~I!--
~-~,;S.-.. I

-lUf",q I I ,

2nd part ,~f Ql1 JGc I -. i...i~.A. xl) S11 (0 'I} £,4C (
lq t'l . . ["I ' ,1'1 " t , 8 all ). \

- J --- ••'t==-nZ
NT

""'"- _1_ Cos0L- u
n=]

n n x n II Xl u\i I.~l{I ','
':-_,_:-_,.:J. Cos -"- Sin --,-, -

C:l. a' 2a
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Fo l' J>k = 22 f' . . f Q22----- APJl1:ritig E'lliaticJn HI te, in J.lute sep,es fort 0, 1'1'

we hiJv('. ; ( for ;~ fj xed In )

(":22 0<, 22 oe
(m ) .~- :L-= "0= ,

) (" ) I~1-< •••" :, = F ,,' (n )1'1 lq \B,m
lq, ,-

n=o n=o
OC oC J:= f au ) L'-- 1'22

- un ')')fl" (n ) = flu ) ~--(t.l )e .,
'-- 1'10 n=O 0 •

F (n ) f(\I..) Sin (b Il)=--, r,:'

"fld F(n ) 1
= 2'-'2 "tid

n ,- b
I TIl

f ''') - Sin h (, om',"l, f" "\ ,,.. -----,---- ,>1 j om=j
~1 11

("'22 0<..
and (u ~ = 2= 1"22 , -un" " )It' elq

n=(I

\lith

._Sin

'i:' (0) clb[~-_(__nl~_)_2],_

n rt Xl Sin ~,'n.~~x;l
a 2;;,

0'

(m ) = J d\~ f(u) s 22 (Il )
()

(n )

Sin

"t;T
I ,I" flu) 811 (\I )

01

-un
e

Evaluatin,g

2nd part ,of

2=
l;T 1

-- C{Jl8, __ .m
nF1

1'1 ny, mTItlYl
" .L 8'ti-'- 'm -Zb'-'

,

!
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- (~nrn :&21 ) m It Y,
e 2 .Sin -~ '

.33
S.l (:~
- '1

0(

~ = f du :feu) S33(u)
\>

rUT du f(u )

o
SJ3 , 3' 11

\11 l. E':aluat;ng Sl~i \n) ip the maImer Slq (n)

is eva1u.ted, we h.ve,

2nd ~@rt of

For Pk = 12

Q .33

1'1

NT
) ""-' __1 Sin
L 11'

n=1 ;

nfT x
:--,g

a

n fTx 1 '
Sjn --" .. 'a

witIl
12

F
1'1

From Equatiun

S12 (n ) =lq

VII
Q\.,

,r elu f(~, )
()

1'>
S"(p)~ I')

dll f(i' ) s -en)

Lva11lating 12
SIC} (n :'~in the rt1.1n(1(~r Sl1 (n ) is 'lv •. !uat"d, Ive 11;J.ve,1q
'1 ')

Q "
1'1

+j13 )
p n x n nx nT1A" 12

, n S' 1~. 1 S. ...:1. ,]n-"'--"'n -,-- 1'1
~ 'a 2a

1'01' .PE = 21 ~ 2 ( _ "un
'I'lith 1'21 = ..£..•, 'e

lq 'n"
From Eqllati'Jn VIr

0(;

i1~\n ) = lelu f(ll )
o

liT

} du feu )

"

~AY1]
2b

•



Evalui1ting

2nd part of
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( 'I' 1 "'.1.1 q1 (,n ) . Ltd h11 , ~.n t le m:J]"!n(~r J IS (:VC],un. c .' \'1e Jve,

21 =\~G NT n rtx 11 n Xl nrTAxl S2\ ~Q
l (+j8 \ 2--'. <i~ Si" ---_., C" s 0" ___ - Sin 2a ., 1\11), q ,

"
,
", . IF'l

.","..:'

Finding the 2nd. p;art of rAe
Q 1" clements as ShC\>"ll Dl)ovcq , \VC r:1ny .adJ to it

the respective value of th" 1st Part of, '

computed by the met.'1cd outli",)c in Art. 3 (b) and gc~ the I<hol" value of,

-~l' to be noted thet'f"r l>k= 23,32, 31,13

be found useful for

pI.
tl,c Q lq eler,m:nts ,-lith

Art. 4(L). A sll,ggested Hodif'ied ""::thod of cOll1p,ting

~ = 23,32,31,13 .

l'k 4-Ql ',,,ith Z Zlqq ..'
oR,

Ql\d

f,ilctdl' in"

dl;luLle infinite series

SUT:lmatjc,n of an infjlnitc scr.i~s is e,iven by



F (w ) =

-72 -

-jW){ f (x)

SUllllna. t ion and

integration in the Hfi5 of tJ~?J"ll()I{inl', rclatioJ:.

n =OC' f 1 J .~ j\"J~Y\L f (dvn) = :q, F (,,) L- e" il" ,!,!Jerc )(.=Ln and

--~ -~ ~-OC

L is such that the s~rics :convergc~.

n ,~OC,--,-
= -'~--- :>

liT /.--.-.
, n= - IX:-

Put ting

n =Oc

L
n= - Q(!

Now

r = 0"£tv ....(,

Cf
("=. . dw

--,~.J
, ",".

jwz
~

f ( 2n;()) TX-

functi'ltJ of the second kind

= 2 J(

" \ f1r:;:T~-(~-\:;-,')2~}whe rc

L8, l'p

r ~ } the: modified Bt~ssel'0 lx "s

2 67 - 269 ]' &"L
rutting nn vel 11.--~2 __(mn\2 1.2i~= ----; Z' = I Cos (; ,N = r Sill e, ., - - ----,' K

a ~~ 'iJ b -"
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rela ti en IX yi(,~lj.s

- ,.' ,.,ex- -- n

11 =oc
lienee L

n= -1lC

,~
. n n .
J ~ r Ces& • _1_

Gnm
e

oc
lUIS =Lf( 2na)

l'\=-ot

Analogously

')~'I
I J--~{lm

~ 1 - bmn 1::'Sjn ~
'--.e

W1Il1
.." .

t.YI ..EIl.(... Cos b"
2

r
- mn mn

Cos'--,.( v -+- Y - AYI \ C ,.-t~' (" -b "'1 I. -= + 00 'I' q. 2

" l ' mn
- l,oS "b--(Y -+- VI -+-

_.' '1'
v -• q

r,:;
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Sin '(]

-~J J
Cos eJ J

mH ('
o Cos -b'--- "," + v,,'q "1

" (mn "Los ,-- '-,' b A

\ - ". \,'"q -'~11-.-

L-
,rnt\yn
J y- .I ""os

r DC (

~ L~r=o lZ om'

0-'
by J(lu,J (n )

q

:( "- 11.__ )
+f! n n x,

- ,~_._!:.. Sin
'n

23
.• K lq
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32
Qlq

= 4C ( ," a )t--fT
NT'>---'-+.- :,iin

...n=l --,

:n"nx nllx]Ie. ' I__ ~__....;J. S.11"l ~-- ..'-- Sina . 'a

l''.Cnm( \ z -,Z]\e. q,

. -~nr~- ,
,

+ A::J,.~

2 J'

•

mn v 11Cos ---,-( I .-'l - AYI ) _.. Cos ,_~!'...__ ( '1,( + Y - AYI )
b q] '---z- b ',' , q 'J. ---z-
mn y+ C,os ',---( .,Y] + 11,)1'] "10 q )

-"2

32 tQ = 4C ( - -.Q,,-,
lq + rr J

~23
" J.q

nn x n 11"-"I n iTAxl 32, }
S;i.n -Sl Sin -~---_.,- Sin -2---:-:- K

1
tn)

a ~ a. q

",ny
,_..:.9. Sin
b

ml1Ay]
-"26---

r nr1,Cos---'-kx .-x -
.': a 'q'l

'L dl+ Cos -C.a--(x
q

-, xl'

Ax it___ ..!:. )-Gos 22. ( x + x"
2 "'l.~

Ax. n+. _.L) -Cos --"---( y ~ x __ A X_I)
2 :l 'q'l 2
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Proceeding i.n 1:11cmanner outline~,1 fer the case (,If except that

Gqn. K is U~;!~.d in steAd of Eqn~ "-1"'\.,l

(,31 =tc - b liT m ny, mlly ninA YJ. 1( ._-\ "'- I ,I ".31~J.'1 + It' /" Sin ---~Sin T- Sin -- (mL__. --,- b' 2b "1'1Tn
IlF1

For PJ( = 13

1fT-<:'--. 1l..__ -;r.-
m=l

Sin
mny ..
-~ Sin

b
Sin

nFO

( I;:: -2,1. '1 .•
(I"'M!I., -i..,q .L ,

r Cos
nl1 (x + Xl t.\ x nn , A"J._)- ,-.}_J + Cos -_._\ x - i"l +it q 2 0 '1 2

'l - Cos ...!in (x + Xl "- A Xl )
nl1 ( - '\~-/1)(1 ), - ~~os Xa H -2"- • \1 2

Prc.ccp.dinl; .i11 the rp;1nner uutl.i.ne~~,for tht'" case of except tila.t

Equation X :ls u,St;d in stend !Jf EgunUor Xl

~33

=f
h

Hl'
(

.;-
) >=: 1,..

'1'1 - t-1.
Jll

m =1
Sin m 11 AYl-to -_.-.

N .•B•• In at~,,-e el'pr!~(lsiens tile upper SigIl is fer Z < 21q

is for Z '> Zl-qi

::lnd the Im ..•er
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Appendix TIl ;,- !JIl ~,he Poissc:p'~; sunl'n;~t:i.on lfOlljll.1iLa (Hef. 8)

f (x) is of suchl)J'orm th" tits J.i,p1ace transfcrm Fi P ) exists.
"

\1e have by de:finition
(~

F (1') = r f (~ ),e - p~ dx
Q

This :Lntegral dct~rm~nes F{p) as an f1n[~lytic functj,(;u of the complex

va.riable ~= U + j~ I',h"so sil1gularities"ll He to the left of some

value of U-= G in the 1:>110ne. 111", j'~nversicn integral yields

f (x ) f
C'!rjllt

1"(1')

c-j1l(

If we repl,lce,

f (Ln ) =

(}I-joe

(e,pi-rn 1"(p) dp

J .
C-j<f.:

.• '113.

. J:..~S sllch th nt th e
sr;ries &. the intcgrEi. ...

COl1veq:;cs

This is pepoitsi'bJ.e since the :).nvi::.l"sicn inte~\;r.:11 hold s iocnt.i cully

f (x) T:1;'1Y be disc\r.nt.inuous. If\ oqr Case ;it is assum~;c1 th:l,t f{x) is ~ conti-

convergent, ~ve rn(~y integch<lllLe the 'order pf j nt(~gr';Ltion'Jl'l1 summation to

get
ot:> _ f (J,.,n )

$'\ -:: 0

,e+ jQ{,

i' Fer)
c- j 1)(.

e
p.ln

dp , .... '
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dp

p~...ne

pLne
-fll /'"0e . , c/' J c1S

th"t

X ;1!PPfCL1chesinfinity. In
i -

general, this con~lj,tion is not satisfied, but in pr!~ctice, \-ie Crirl multil-1y

f I I ) " -e n '" hI" . d 1 I hI"\lvn 0y e , l..Jumt e :resu t~ng EerlCS cd1 'f-'len ta.~c- t e lout as

f' approa.dle s z,ero I~f l.~e Cill1 evaluate the rc:~ulting integral, 'vc h8VC

the sum of the s;e:cics in clos~.d f":0rT:l,. Altel'nativcl~l, \v'c r.lr.y expand the

contour integral in 'this case, the lin(~ p== C,. Ci<O, ~nd the semicclc~J

in. the right holt pl';.ne. Since 1'(1") is analytic fo)'" all U>C, the cnly

at the sc pole s of

,2i11"\ ) _""~-r- ,n_u I

rJv }-l 1
are - .L-

1 1"(' 2 rm )--'J---Jv J,'

- c

or Ii" = (
i'

,= 1Lreat

resi(lucs+ 1

Hr.-nee; prGvh~ed ti.1 ~ integr~ll around th(~ ~emicirclc !r~,rd shes (fo1' a numbf~r

of st<-~nd3,rd types ,~ffuncU ons most corJ.l':1Qilly us ell i "I: d oe ~ vani sll ) \.,re e;et

Q(L~f(.Ln
'\fl ~o

0(.)~-t--L 1'( j
-n-:::700

) for n "'0, + 1, + 2

20n )-r- for n =0, 1 2
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left half pli1qe an,:1 the Sj.~m of t~le series is [~iv'i?',n in tcrws of the residues

•.t the poles enclosed,

it is valid for nc,gflttvc values Df..... as £'0110\.,,'8 :~-.

L r(x) =
o

"t f(x) • -rx dx-
~,

The 1:~orr-2spnndjng inversion fOl"T::uln yic).ds

f (x)
rC t j~

1 e

c- j 6t-

l' (p) dp

f(J.n ),

\'!bere C nGh' lies F-0 the left of d11 sjngl1'.lal'jti{~s of F(r). For positive

volues of x J 1.:he ~:ontQur ria)" be clG)scd in the left l.alf }-lcl.!lC and sir.ce

no singul,Jclties (lr(~ e!lclo~';cd the .ilJte:q~)""al vanishes and f.ex) = O. For

nC[;~~ttjvc value. s of x th e con teul' r:lny be clo sed j,.r! ',:he l'i ght h ;)If 11ane

anel the ariginul fuqcticn f(x! ie .• recollc:red.

Q(

>-=~'-Qq
]r;11~osillgthe condiUol1 the1; f(x) i.s illt"U'nb:tc squ,J)'e evel' -o\'(xZ~ct.
Le. J\l(x) I g dx Cy4StS, [lEd this in tum Ir,plying tbt r(x) has

-OG
J~O poles 011 the rei',d. a.xis, ~yehrenk up f{x) int0 t:.H'; P8rtS .35 folloi':s :_



f (x) =
+

):f!.x )\0

" 80 -.

.•.•...x>' ()
x < () f (x) =' { 0 '

f (x)
x> 0

x .<0

F. (p)-,- J
" ~i'X
(!

o
f tx ),.~

dx F ~!')-, = .., (x),'x'
.1- _'" '" ' •

The c.orresponding inverse t:r~nsforIi1S are,

1= Tif'j
rc++ j~

C - jc(,+

~"X
j" F,(p) ,1p
, -,- f.. (xi

1= 2t\j

,,+ .Qt.

J
' - p~

e F

C.;:jliV

(1') elp

,oc
F'rc,m l'aTsev@l's th I,' 0 rCI-, \CC' find that flF (1')1 2 dF exists if f(x)

- ",OZ
. f' t 'J' t C 1J ,"(P)" I 1 tl']$ ~): 11'1 'cgrau _c square ,yp~. onsequen:.y; .. 1{)d no l~IO_CS on -1e lnla-

ginary aus nnd \ve ma.y, thCl"'cf!Jre, taLe G L: 0 and C > 0
+

in the above

inversion integrals, Under thosq conditions, h'C g~\t

h:o
f (

,
n ) -- 1

Iv

5imiJ.~rly J .~-_. f (! l') )

/~-----.
11\" .• :f

1= },.-
()C

'\-..,--->4 _

n-:: ,- 0(.

F J." nn )
,I, =-[-- en clcsi.n.~:
~ ~ '

the contoUl' in thq ".-enhalr pl,me .

f (lvll ) .. ,_1_

Iv



j (1\.;J then

bilatcrial laplace

(It - ()(.

F (,.;) = J f(A) J:?-j\fx r1x

-IX;

.I
2"1'1"

dx

=
"wxQ~'6 '! d\v

in-vel t~c Fouri(~r 'P'allsforms,
or.J g (w) Qjwx d,;

-;'"0(:

.- (Jt _ jl.rx
g(v;) = 2 ir- J r(x) e

\tJ~ClXi_sfol'ms bej2-fH!!e
(}(r P' (\" )f (x )Thus

Since the poles ;Jt 1ibich tlH~ l'esictu~s nrc taken in1;O d,cccunt in the sunmlation

fonnula ;Arc at L ZiTI"
I'" = jvl = j '-J:v-'

.I-- "1.-:-

)"

0(
Zn, ) - , ~ 211>1)~ ". J..-- g ~.......,-:-

\'>" -CII,

~ ,

z ~- L t (/..n)

n= -lit

2.11,"1---
1'-

F (

ex

L
\n-:.- 0-

O(

= -in-I=
y\::.-o(

zt1V\ ,--t::"'-JU1'

This is the Poissorlrs SUlflrililtic,n Formula.

"H,i",' '" \.iitL Qi~, element" COI"putea '-!C can sohe EqllOlti0n ( 4) aleng

I, ) kT~;.. 1 . (~l'h'ith rclatjoD 4- ,a for J~:~..,It ) (~ ements \\11.t:h ~q -- :Gl (rC]) elcti,ents

/',
. ',:

'\ .
reference at th(~ dirJ,.cctric

't-
00

c111d q = 1, 2, .••.... --,._.~.,"".-.
, 1,
'X:.l

= -,--

.~ ,;md l~bta.in th e solution in the fOl'nJ

J
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k
E
1 =

g' = '!'Ii'e obtnin

t= 1,2.' •••.•... L

-.', '-for 'k =::< ,'y

~nd !=1,.2-, ••• L

obt,ilinwe

( 'it )

Art. 6.---- SoIl! tion r(~rthe Dominant •.•.•' hJ'i._.!t .,' ~ C' 't~b.,,;. ' •••••"e T - J:,qulVol~nt .l"CU.L_VI'

Since the s01ution for the clOJ:1i,nnnt Inode T - Eql.iivall.:nt Circuit rOn.i1ni('nts

if1 to be valid in'the medium ('lo/e.,) \'ie 'sclve EcP!ation(4) along t.iith

rela tion 4 (b) flOI' =
k
J 1'i( 'tl ) element s '.d th C',. q

p
= E, (-1'1')[; clements

,t

l'cnce ~;lithe VOJ.Ur.lC V at:r = r for
'i'

p= x ") J , z and q ~ 1,2;-L and

J in the "'I,.,)l't~guide

R5.3.'Tf;I'lllin.:J.l rll.anes in
i1 ',rd'~a.V.2gujde cont-

~ilJinp~ a discount .•..
YiUlty current J,
01 2'02, 2, Z=.Z~- -------.--:::-ij>. Z

, ~\ '22 •

TEJO mode sc"tter",1 field due 1 0The dominant.:

_j WU.

k
J =
1

[(et die solutj l?m in tbe form

.k
'''1

( Fig. 3) is given

by (Hcf. Adjendix IV) :.,..

(' "
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-"'I
(r,--"J t
( 2 - Zl) J

\'lbe:rc e10 - nx
, h10 == - Y\1"}{. Sin -a-'- ,

+ ?> \e.,
C10 =L "'-L_

k=l L"'l

,.\<
ClOD.. nna

-k
= C lOt =

Ie
i:'or transverse \

abwut Z~.l '

C~k =
lOt

-k
:[
'-6--

J) 1(,
sym.matrical

.= 0 =.':: I.) 'rE
10

)

t.
existing
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..'.11.... 2. ". J dyl'o
I

--.--ii-----
to

+2.oC+O.1, ~)

J~AY1b::1 . .\.
--_._- _COS

aby"n
•

J 2. A~
...,.. 2.1 D.Y1 "'1
.•.••.~~ -----. --- Sinn bY Ii'

a
Sin

=
n)~~----- Sin rtA..:.l

2a (B)

Similarly we find 1\0

It is to be noted that although there arc other modcs~ r.lostly evanescent

type, only the dcmipant mcce survive aiten,tI,tltion ill Pfncticnl Cases Gnd the

other modes arq attl~nu2tcd in a short d:ist;:rnce fr0lil tJle discontinl~ity bet\l1ccn

tClini.nal pI [Inc s :Jt ::" and Z,r) •
, .l ••

C0nsid,[~r:il1g the 1'Jovegtdc1c to b:~ uniform ;)])::1l~xnctlY' of sird.lar size

and m,ltchcc1 en the ;LI-iSand BOS of discontjpuity ret~:io.<l bet\v'ccn Z] and
[rw,y> E'9••."ti~",(I.) J
For Z ~ :; I Total :field "ith incident fidd from iF::;

" = ,,+ .l- [''" 1 J,;J. J , :,. .J.. :3

H ••+ 11- +. 1 = 11. +. ',= A
10J. S

••

""2 '
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1"11' Z;>' z 2. totaJ field h'i th incidert field frem III"
/ <

EZ ,; Eli + g': - 1;;'; E;:: 10 .e j BlO(;:,,:z ), -{-CJ~ .€ 10 .Q.-jBJO(Z-Z2 )

I'I'~, = 1,.1; + E.+ =,' t,". j (310 (:: -22 ) + J' 12. j 810 (z -z.)
" ~ 's - '~10 h10 '- + °10 '10

The follm ....ing cqu.ivaJcnt trgIlsmi.ssir'n line ~'o]'~.:(}gesand cW'J1cnts are

n(,\.,."in troduc cd

V- = l( 0-
1 1 10

.+ +I "A1 ="2 10

\vllerc

\'lith these the

b ~ 'jfrom 1"o\;er -,"~ 'r::L (flQ\; con siclcl'ati "'I~

2'w '::: \h.•
t<ltal voItnges VI and V2 and current:, II and,

J. = Jab y"Z Z w
G7]r2 are given by

,B (:-2)
e .1 1" 2 + ....',~ = y+

2 2
.n (_ _ \.< n '-J 0 j..-" J+YZ',<- 10 2

T ='Z

jQ> (Z"Z)~
10 I

For the terminal plan e at Z =, 21 1,\':1' the tern.inal plane at Z = 2
2

Y =V++YZ,"2 2

• -+
LI') = L

2., I -
2
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TIle cqL~ati011S relating', thq L 1-1S (J,nd HIW yolt2.gcs ande~~nts are

v = 2]11. + ::12 12 }1

for a. recipl'oc81 £ystem
V2 = 212 II + :"22 12,- •• it\., ZI:z. ~ Z::r.1

hecome imalginary.

1'01'

F~)r a lossless discOlltinui ty the Z -, pOn:lnt8tCl'S
, ~t.

. ,mdi<f1~ , ,,~._+- .
a nonnilllzedpvol.tage &' ~~~_:~ system \H tho y~{ 1 ( assumed ) K = K =I;

I 1 2

•.nd for a completely symmetl'ic"l

. and under these c0ndi t.ions ,,r('~ get,

I ,~';,i: ~~.::..,.'~;'.~,

v .- =
1 = I...,~

This imp.lies. = -'"'22 :md the c:!l)CVC tw'CJ ni:::th't,rl,~ equa.tions becor::e

s.l.milar i.e .. v = (- + - ) I (, "[ "n -12 '[,
(c)

lVi th

Thus

VI & I] are knO\m.

(1) ), I,e. get
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-z. ~

---..- ..•
/1.f\J~' I: J l-l~.

The ,,,djaccnt Figur'"" IV illu'stratcs

,.i is IDeated ina curren t S0Ul'ce
, ..

the rcgi:~m bctw(,~en Z=;J1Emd 'Z~Z2. The Wf?'.~
dlV 01' S ' ••.li~.r...t"'" d'i'" ..••ct,.o.••. "f r''"!>'''s,;l,..,...

may bc"e;qn'cssed as atC<irntlrlJl1j11ll0f allowable,this SQurce

S i,

Z=Z, Figlil
T'-<ficld racliated by

(e + e"VI ), -11

-jB ( z.0 n

t, . i ".,} ,
(1a)

f0r the tjme hcin[!-,

11+=

\iith

\-r"" =

;:. +

(IIb)
"' .. ',.

i
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','illerc the sunmatiort index n imr1i'es a sunonat:.ibn m'er all Icssit,le TE and

of x nnd y C-()0rdin,'lt~~s, ez.np:, hzn ;lI'e the axial mc,,:'jevectors Hnd are

functions of x ,[, y c'oordinat;es j [3,t- if, the me,de prcpcr::aticn constant.

be th" source frpe field ( J = 0 )l1ithin
2

Jl1d let Eo

il?>.:z
)e_. h + h

'n ~:n

Let EI ' HI represent the fielel yi elded Df tile CUJ'l'ent source J

. (3 Z
= E- = (e _ €:z..",) Q J "n . tl.and expressed by Equation II

Ey reciprocity rel"tic,n ~J(J'1x~~~ -g~ x !J1),i'i,ds =v! E~ • J dv.

'fl'Je surface integral is zero ever the Hn1feguidc w~lll,~; by v irtuc of tltc

boundary C~lndit.ion 11 11:E1 = n x En = O. Since the mOliics arc 01'tho[onCl.l

i.e. (I> :!:J III

<;"
all tile terms

+
x II ,- . i:ids

n

exce,Ht the

(12 J Pc,121-124"" :J

nth in tllC ~~xransjcn of .i~l' IiI vanish W'hf':n

integrated ove!' the arbitrary \'l;lM~gllidc cn~ss F;ect~.on So. Thus '..•e have,

-I- B,nI) x ( - hn + hzn
\ _. (en - EiZll'1, x ( hn -I- I"zn~.zdr,I , "

.. e",:. ) x ( ,,-h" + h,,,) _.
(€'''', - e:z.•• ! x (_ h,,+ hzl'\~.'2 ds

f/ [(en
~ n •

2-- J c;; [(en
~l

= -2 c+ Je x hn n n It

~2.

:ids fE-.JcJV
n" .

Since rIle integral ov~r

V{fj 'Wcg.llid e Ci'OS:::.- "bect:iol) v:ulisht2S.i c1cntic:lll:V.. Hence c + is givcnoy
n
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+en = 1

If .+
J~ , is ChOSqll fOl' the fj (jl(~

where

_jB,n~
.Q . qVJ

\'!af'; cl'ilJ..'s0.n arbit:r;ll'ily]

r+ Jdv => •
11

:-€!,.,x !:In ~ds~p
n

=C
11

Fur transverse J at Z =.:'i ~ 0 i.e.' ''-'I is nt:<1r' orie;in) \;!c 11ave

+c: ='C,>::--~fQ~pJ rlV

\j

c..J.1.r:ce o

For axial J, at Z :::; Z.t ~ 0 .i ..c. Z

1
= -1'--

n
C
'n

=

. JO

1 f. -. ~,,";J.-,_ J.eZI1 .QJ ..dif,..
Fl:, V

(Since en. J= 0 )

If J is a \~YT11lilatric,Dl fUliction of ~: , tl.~cq, ,:iinc:e e ~n is not

funct:l.(;;n of' ;Z \v'C II,)VC

"

C + - .. e
n n - -~ n- f .j.e ''II Ce,s 8""Z,t\v. ,2/

V

~dth C + and C i,:lius cletC:t1iIined '.,'C cnn n~,~\' r(~v()l~c",::l1c factors
n 11

aJIc1havE:, the redia tion (1xpressit.>il1S r;:i ven by

Equo;ltiGn T.
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C1IAPTEH.:.iJC

A Three Di.merLJ'loinal Dielectr:i.o:: Obstacl€, iii! A Hectangular

lvaveguide (,

\"ith the formulation and mow:mt I1wthod of solving of the

problem involyin,g a c!ielectri:: iT,l ,,11 aI'bitrary volume V;,. ' , "

inside a rect~ngl11ar waveguide dj.scussod so far lfe flOW

apply the method to an illustr:ative examr,..I,e. It is to be

noted that, tp represent accur,atf:ly th~l C\i~bitrari.ly shnpecl

dilectric in ,the volume V the cell si.z€' c,r volurneAVI's!lo"ld

be made small and copsequently the, numlier of cells for the

given volume f3hould be larg0G This imp~.ie:r> a Compl~ter solu-

tion on a 1arlse scal~, lIolfevcr t(l illust~ats the effcctive-

ness of the rt1le",thod li.i thou t: loosing any e,ssentiax f"eaturc

Figo5_ A reatrlPg:~llarly sharped diEllectric ;in a rectangular,. ~

v/avegu;i.de 0



\

From Fig-t>~, a a
2

a

.a
=

2
z
q

.• CI"
a
2 •

\Jith abov~;~dat.,a the relevant laxpressions ..for the nine

~" IA
different '11 elements per cell of siz',3 (,uX1 '$. AYJ. )(£::"7..)q' ~. ~

'.OJ. ; are ~s follows :~

'J II
l''-lq

For
20

Lm=1
, Zq-Z1l

• Sinh~ f)..7.~
. om 2.. tl

2a

nriA.~
Sin _._-~=

a
1 Cos nITJC__ .9.
n

20I=n=1
....c,.Sin ~nyp.S;n mPY1
. b-

b

...-.....,,'....•..'.... ""'''' ...•
>&LI :~• i {I';.

~"L BUQNH

m=1

':"
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n!! = mn~~
__ ,!.1
h'

Sin m]:~!1
I:, Sin

"" "., ,- ( "~','

A7.L
2

1 n!J:x nr.tx
l
_. I1r~i:AX1AttN =, n Cos q Cps _,__ ::,~n ,_ .._-

a a ~~:a

XU = 4.c' 8ab ) (k~-~~2.~H_~
, , nii 1'J'IG i'''''',

,1Z'1
"'LQ "-I".: t Z -Zl ~ Sinh I:! ;_.1,,-

.<./ ~r ~ - = e nm q ~m 2
! t. /
\,.< 8LIl-QM= (B\lj( 1<\)(Ell-Gl)

gIl Glt~\,,\-= (\3.\I){ )til) (EI_Gl)
For !Zq = Z1 \ie procee~ in th,e .mann,er outlined :In Art 3(h)

of Ch.III.

(
~ fj.A1) (. , ~. .. I

Putti!1g. ~ ::t-e-~om 2- Ii:nste'nd o~f jiJactor e- om'L~q-.t~l".
. ~ . ~ M

"'. ( -1(jn""'I"" I)• Sinh (f ~SiJ}.L_, and putting; j 1.•.e ""'''-;;-'"" i,.wtead of
om ::1 . .. . ,.

f .t. ~_I(~ f Z -Zl t (:imll ,...r ....l':>.-i:.'¥..,... ili the Equailion( 2L 1)
nc or, 11m. q ..)1hi'\ l:llu",,'_'t~" . .hl",'.. r-; A-I.

terms \',

n

nnJ(
(] .

mf'1Y
q

h

.),..
k" ron"
..J~ Sin _.!,5L

,F.: <. hffil,l', on.:

"\'re have,

2C)
) ";---

.1- _

In=,:l
Q:~:~J'cI

mn:,!
• Sin _-l Sin m1',tAYlb -.----.pb

.•...•.....i
( ".I
\ ".-"



.,~~~-_ • c ••••••• ":-.
20"'-->'----m=:l

,,.. mntV . mJ'":itY~ ,. m!'1 A VI
_,--!l SJ.n_, __,__, b;Ln _,,_,,__

h b ,~b
+ L.e' lla~ )\ n..... •

Si,n
I_~r_~Y:l .Sih _

mn,!
_..:.-L

b

nrrx rrx n1':lAJ\;h
20 lk~-(Il~)jI~-L,_ .[-__'-S Cos Si,n '1a 28., • ' !~ ' ";J. ,.,.-

~mm=1

..Sin

1 Cos
n

n=1

. L (Sao
-.c 'Itn'2

29,~2- .. (A!!N) (FHLLN)

n=2

(FULL!)] -j [I~:DiLloN +,

III=1
::~o ')

,.:~ (AHN) ~O
,,- \ /.~
~1=1 .L-

m=1

,.

B!1:LN~

,.here as shown in Art 3(b) of' Ch.III

Gf!LL = Gli(!~ + GI1(2) - GI1(3) - G!I(It)

GH( I) =
2

ri

i'o.r T(1)

n Sill a [n.-T(I>"I1o .'1.•. _.- --,~_...._'----..--" .. :::
2 S'in' a 1~

- 0

[rl ..T(I)]
--: ,----,---

2

Sin (*0 (II-1'm )1
=1. Sin( !d~--r;r)--;-

Ti";) = n ( Y +"1 + AYI ).\.. b q 1 -- I
2
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)

F1!LLN = pi!(!) + F1f(21 •.Ff~(3) - F1~(~1
r.r-'1' (I)wherein Fn(]:I.~'.--.- -

2
"ith

a =n
= A1:lN J. 1p=

F!ILLI = F! (~~ + F1{21

N-T( I I
"herein Fi(II = 2 ",ith

,

b

n
J (~l:----)-2-' _:-~_~-_2 b

j a

B!LUI = (1315:I \x'l I (E1LL I ",hcrei.n EiLL

B11Ll\'N

For z F ~.l 'iI"~ have from Equat i pn (21. 2 I
q

Q~~ =[\2 C \ ~:.~)
\ . ~q

20",.-
,l-n,:l

Cos

• Sinh
j\ .,

,. l--~,u1 .,
~lO--' -.- ..•SJ,.n

:2

)

20',<;:--.-

L--\ ••••• ':. \1, ,

nIT,(
_.--9-

n
i3in nl:t)ll ' '. nD ,AX }-- ..._-'-0-. SJ..n 1'.,, _

q . 2" .

.1111J.'."1 . mnl!.\~SJ.n__ ,_
, 1), 2h

Ik~-t~~~q21
--------..,

n ~'\

It ,., -, 1'-"'11 lJ -i01!l m q l' :;d.nh

(,
'--.)
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[Ii

132L~:N

,
, .
'"",'.

.20

+ ';);"'--" l.22H

"-----,,,
tn'::.l

20"'-"..~

1.,'._ ..
'n=:ll

where D2LQN ~ (822) (X2) (£2LQ)

nr.r){
'\111er e in' B 22 = Sin .__ :....s Sip

a

X2

E2LQ =

nr11~l---a Sin nI':!: A:rs,_.,--'

B2L«:I = 132U,N -1 .n=1 '<c.i th r\o -r1::;j ~_ ..
a,

A22N = 1
m

Cos mny
"':__ 'L
'b COB m:rrY

1-1-) - Sin

B22QNN = (1322) (X22) ( ELQ)

. [I':~I'rn:r::t}:l'J
(

Bab) " .. - ~--- ....,..,herein X.,2~~;: lie '-- .. o. ,~b2 __ ,,__ oc. _

n ]' /0'2• ~~nm

For Z = Z we proce,,,d in th(~ Ill,mno+, Otltlj.ned j"n Art 3(b)ofq 1.

. (G~ ~~:;t;;, ~.
Ch.III. l'ut,q'Pig j 1-,,- "nl!? 2.;''':,;-''.'''' i inst"oa of factor

..-

e~lation (21'o:~) and rearranging terms, we have,
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nTI}t
E. in __ -9...... •

a

~:~o rnnynnlt1 nTIli.;lt
l ' b )

'<;.- 1.Sin 4,C I( o<:L- I> COS q--- Si.n ----,- +
n:2 l1'l2a L._. ba

.Cos
t1Yrn ; 1---
b

Sin !!,TlA Y:o.
"-',b--"- t.. , 2J. It'" -, 1l1I1: ),

(~ \:IJ::"_~.R. -:_'~_ n11 :it
Sin _---9.

a

.Sin_n=lru=jblf_"'~Sin n-!.'~fU'l-']'. _
a 2,El, .

Sin nl"I){l Sin nrXA Xl
2a

en?) 20
mn )(+1!C L.= ,~_1_.- Cos lllni~lf rnn/::> Y1n2 ___ oS

Cos ' 1 Sinrn -'-',-b
b 2b ,

rn,,1,

1=20[i!~-.{rn~,:r.]:
------, rl

n=l nlG!":.: ..
. 'I'M

l,here

s' .,n~J,n '1

a

G22(S) + G22(6) ~ G22(7)-G22(8)G22LL =

wherein G22(I) = n
.2

Sin bo (:n,-T(l»

Sin bo :n

.~J.
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B2LLN
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" _,~;h'11 ,.e(C)" ., .1' .)."
1. . fl •

::.:EL

B2LLI" B2LLN,'] 1. n=

B22LNH = (1122) (X~~2) (ELL) ,\~rherein•

20 '

L
m=1

,f;i~P}',2 + Imr,I\2j <t\ a \-'-7 -n~'ln\-,*---_-:-,-,_----.:..-h.:_~ •j2 11m

G,2
In

1m

5:t11~lni:{,{
a

Sin

(; fl2'.a.
mn 2.~.',

I;

InDy
1•.,Sin _!1

b
tl i jrl.

m:LIYl----
b

Si.n -I..•Ii ,mtlJ.?t, ',20._--"-_.'.•' -..~.
~~b --I.. - ~,---

n=~.

~~o
:A.33N 2: 113311iNH

m=1

where A33N,.." 1---.-
P

~Sin IInX .•• ...,_ .. sy S . 11.I.l.L~i
.. J.11 Sir,

a "

B33QNM = (B33) (X,3) (ELQ)

iiherein B33= S~ln:oTIYq
b Sin mtlYl

b
Sin mn/:>'Yl

~b



X33

1" -Zl ~q

otl'tl::ned in Art 3(b)

instel"l,d ()f factor

npd rC',-arranging

,=-oJ{'

•.•. ::~ '" 1"; :'.1", '~::
( .'

terms
I

n=1
f,{ nr\2 {mTI)21\.J ._!li';lJ '.1, . -I, J. S' mITY
-----.---"';:-r;---- J..11. (L

L.• l.': b
n'!'". "1.1m

( Sab ) 20
nn'(llJ, C -os .?--= 1

nnxIT ....I Sin ..._..3 Sin
:n a a

1..;e have,t[
• Sin

. Sin mnY1---
b

.[1 (Gab) 'L20-J ,.r- ,,-- \
.\.\".o . -2.\jD. ,, .

f '\-
~" ,=- \

1
n

nD)C
Sin q

a

• Sin mr.:.Yq
b

Sin

n11:,6.x1
- 2a ._-

Illny
1 S'---- 1nb

20~-.-';
1..__ "
111=1

[

. ')0
(A:33N) (F:33LLN» -,~ ;" --

n=1

A33N _
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",here as "hom, ill !\r1; 3(b) of~ Ch.III

A331 =

1 Sin
n

:llr:1: X
.,_~_..-.!.l_.. Sin nr:!: Xl--- .. -_ ..._.

I:!:
Sin

B33LNJ'1 = (1333) (XS3) (ELL)

1 . X-- 1 C (Sab )W'..1ere~n :J,:J:=:l -,j-ry., :r-:r , ..
( t~f9a+ (m~~~. ....,._~_'_,~ b1~,

<)

J11';~111

For ZqF 2
1

l're hflVe frprn EqU,lt.il)J:l :~1.4

=t!C ('..n:l 22
2-.. nnlt ,. nIl::lt.J ( ..os _,_,.--9, bJ.ll If J:.',, Sin

'" __ G~ a "'

n=l

::~'"1&Xl
2a

'" ~."

- .- ..•.

x •Sin _m_TI_-_Y..q, GO:3
b

!llTIY
,.~~

b

Sinh



~~o
-= ).".~ i\)~2 N

-'--_ ...•
n=1

~Q-

L_..
m=l
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where Ai2N I.Sin liD 1i)11
-Z",a--,

wherein 1312 =

X12

EL~

For 7.,/q = Z1 w~, proce<;d in the mannc,,. outl:icned in Art 3(b)

of eh.III.

•.G.•..•~A7..u;( j[
Putting j (1-~~ il~; Z-.:-;;:.~

. '!"

,.;e have J

r 20If) ~,.---Lie \-13 L.__ COS

n=1
:n:rIX
_,,~_...~:J.Sin
:'l

nD:X,. J'_.,~-=
C:',

Sin nrI~
2a

20
~- 1

L,- ~::
1l1=1

Sin mny
._-.:.2,

b
J .....'.'.':1

•• -.1



JlrnL
._-,. __ . ..'1 C'..)J.n

nJ".nC1_ Sin
a

Cl;,.IIJ.
'r- I' ":~':~:~~.1.
2a

F1.2LL1 = - l'LL1(I} + FLUff} + Fr.L5:(3} -F',LLi(4}

b" J]'. 2' "I, cos_Ln-T(I}.• u- a .
,,,herein FLU:q:} =6 ".-'2-' - [---), ._-: ..Lr b nl .

21"1 \. 21"1 . S:l.l':,; .

1312LNH

For Zq ~ Zl WI' llnve £rom Equation (21.5)

20L-
m=:L

mnYI._--
b

,9 1\ nn)( nl":r)[
where tl21N = Sin __ :.9- Cos __'_'_L

..Sin
mr1b. V ] "0___ :"1 .,,... ~

2b .- L
n=1

a

A~~iN

a

E2':lQNH

Sin,
nn /J. Xl
-'i 20-

D21QNH = (B2iL) (X21) (ELO)
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X2:IL = X12 '" li(: ( -3) '(~2)
<:',nm

E'1,(' ffi\ -li,!!1!l1I" •. z ft S', I >f..' l~z'l(. =: ~ ,J,hl,~ •• ~ I'q' 1 ~, l.n 1 Nun __,~;~,_

,.,herein B~~~_. COB
w.JJ:\t')

""''''"1":,;-'- Sin

2

aa

lnr.L "1'1
I "'-];:-,

(21,,5) and re-arranging

nnJt nn)!1
S,in ,_--..9..-. Cos ---

Sin
mn)"_ .~l_

b

1

ZfT
nm

20,-l__
1~;1=1

'2a

.Q'~~Zq-z1t Si,nh ~lmb."fifJ in tp.e Eqtl1:ttion

terms, :,e have, ~~:-={jrH:(_8)",;9-
1<j' , I

. ~---
. In=1

r "0
-j L 4c ~-8~ :> = Sin

n=l

nnx
_.._--9.._. Cos

a

/ ..

20

1llJ:! AY
1mny

_,.-:..::L
o

. Ai
...,,~:~""",,_\.Cos

"

lj[liC (_

-j[.I=
n=l

2G-(}
i\~:lN r---~ll21l,NH J

ill= 1

8 ~~o
"If ) ~. ----

i L
n=2

(i\21N) (F211,1,U-]

where 1?211,LN= FL1,~n + FL1,(2) .• F1,1,(3) -FLLUi)

is already defined in the: e,xpressionwherein 1<'1,1,(1)

A2~1 = !\ 21N 1n=1 •
J

10r FI2.llN '
.I



1"h,arein FlJ ..1:(:[) is "lreacly de:I'incd :in the exp,cessioll 1.'or

F12Ld:

B21LNH = (l321.1 (X:n)iELL) "hel'"in ELL=

In the 1.'olloI1iJ[lgexp,',essions .for
o~ 32 ~l 17cr''> , C' " Q':> - J
1q "lq' lq' '"1''1' the

• 2-' I
Q ;J =14C

Jq L. , 20

J 2~=
n:=1,

.1-n '" '.::>111. Sijll nrIXl
a

Sin

20

2-._'
m=1

Cos
mnV n--~

b

mI""IY
1Sin _

b •

m'n fl. ,,' ls' , - •.t.J>"1 1" •.. J...n -!.._ ..
21> ~

:20
.,.. ","\ ~!J'~\ ~---,'
~.f.l;r '~L~\\'2.
- '- - "'j ,j~\, ~---,~

"';< n='1

i\23N

1
n

Sin nn)t
_._oJl

a
Sin nfIX1"--'--

et
S. .nnAX],-.I.n

2a

\'here in

X23

'-"j'D9- ..B?1 - C m~~,
-•.I~'. <. - 0 IS __ ..:..!l

to

= 11C ( ~~ ) (_1_ )
n. ~nm I

i3in WHYl
-'-j)-

rC AZ1~lnL--..:_
2



For Z _. 2'1 \~
2.3 ~:)

I :=q lq

20

.L_
m=1

n
C' ",:> :tn

nn:X____Il
a

~\::~11
:.n.TI:;~:l
,----
a 2a

_= F:+) ~\ L- A5~~N

11,=1

20> B:3 2 (li\rjvj

m=1
1,,,.here A32N = n

Sin n11:Xg Sin nTI)Jlt
a a

,. '
•.):1.11

B32QNl.l = (B32) (X32) (ELQ)

,,,.herein G' mnYl 5J.' n08---'
b

:=~::'~Y1.
2b

X32:= I!C ( ; ) ( .~- )

~'nm

.'.'L.Q ",,-& 1"1 -"1 t oSinh~ ;::..fir- nm q ,

= X23

Ei;t. b,.Z], .,
1m -----

2

,.''}For Z = Z QJ~:= 0
q 1 /1'1

"" hnV'E rrottl Equntion U,,'1.B)

~

n'rf.fj}{
('. 1
;.:)1.11----

"~a

2h
Sin

G'!'E nDX1
a

;3in

C" n1.'1Xo..);L11._-S\
a

r; A7
I .l-Y.~l "
~ ..--- ..(,

11m 2

1 mn)li_, 5 i,n 9.
IT! b

~:O
'<:---

)
J._--

m::l

." h ..z 1
" nm '1 1"- . .__ . S inhh

~m •..r
. n=1

= ~ """'). ~-'to ~=- + m=1

A31H
20

L
11,=1

D31qml



1
where .1\.3HI " -

III

l'" •
.:'l,n

'VmO,t
,•. _._.3-, b S:i.:o.

1331QJ\T!'J'"(331) 0:31) (ELQ)
, '" )l ITl{ nX1:}iI1

wherein 1331 - ..,~"rl~ .'1 Cos-"_.'-'
a a

X31 '" liC ( ~:::) ( ,-1,...,)
.l;l \, "'1ll

-£,lrz; ,.z1'i,S,"ihhELCl = JL ""nm ~q , •

For Z = z _ Q31 = 0
q "1' 1'1

l~.o'"nTI'.!!. nj, j,Xl_" .•• ....9. S in '
a n

For

20
.L_

n=l

r
l'Ut,\ nm

1"'1\(m .....~.
(l

-lS-'."
,'" m1"1: It I
•.".111. ._

b

,,' mTIt.>;,.Y
.,1J..n 1._--

2b

,., nn:AX~,j)J.n ,"

2£1

I
\
I
'I'i;

wher.3 ;~A13M=1~
~''-'

E:tin Sin mnYl-~_..-~
b

S" mntJY~J.n
, -,--,.,-

'2b

For Z = Z
q 1 I

D13C:NH '" (U13) (Xl)) (ELl/)

1 . U'" 3~Jc nn,,: '" =:"L.l:_¥,-'t-1T lere~n- -1 ~ OS~ __ ~_,:!l ;"J11), __ '--:t 8i,11

[ (
("1) ')' q~ )~ nX - - I C .' ',i" 1

1) ,..; I =~, I r-~- ,,,;~X31
_ Ll \, '""run I _,,

_~_,-Gl11ll 1:1i! .'2"11 (~~.~'\~~ liZ],]'ELl~ - <.!...:l. q .. '~:,.J1rn~ tL'nm __ :,
2 ,.

, ,,13 0
\.~ :':

tq

computer

elelhonts expres~ions presented as ab~!ve
'I' ' I:::'

progr",a is as dn~ .•n Af'-PS<",<t~1 '.!.
I
I

the relevnnt

"._-c '
i

. 1.,'_"
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The digital Computer program consists of the main program,
the sub-routine QPKLQ and the subreu~ine SOLVE. The main program,
with the given datt,utilizes the subrou~ine QPKL~ ~o find ~he .
matrix elements' Ql

k anu then it u~i~izes ~he subroutine SOLVE
to find thk J~ elem:nts by Gauss-Jordan e~imination metl~odl14J
and,with Jl elements determined/it i~self computes ~" Z,' Z.
0.1'''\ Z~A,S "ou.."'~""<\ Vo.l'UiS. I I

For the illustrative problem with the given dielectric volu-
me,considefed as a single cell the resul~s obtained were as
follows:- '. 5'00

. Z,,-=Z12= OT~8"Jl -)O.'32E. oro .

. Z - Z - o' '76?Jr!7 -J 0 Ig2. 0 391:1. - '1.1 - .

Z - Z _z=-O'03759b-jO'J34549
I II 12-

Zz. '= Z,2. = O'l7b'301-jO"82.039

Subsequently the volume of the dielectric in ~he given
illustrative problem was subdivided into three .equa~ cells
along X-direction and the results obtained thus were as fo~lowSI-

Z" =Z2.1. ':: OT60448-j O'lb9111
ZI2";:Z:z.\ = 0'15417'\ -j 0', 5'6204
Z, =- Z,,-2,1'= - 0"02 "377- ~ - j 0'1\ 0907
22= 2,'2. :: O'1541,1.-:.j O'\5-e20Lr

,

The most outstanding feature af these results is that

r
I ;
I '

I .
f
i,
I
i

Zl parameter has a ne.gati.ver.e••l part. A comment on
Point has .oen pr~3ent.,d <n.• the concl d;n Ch t- ~ u ~ g ap er ••

this
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01 c...UMPLI~XI~A._liB.PIVtjT'l...lU.AIU.Ll.L2.L11.'ll2..ZK.Q.." I
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11 26J fUI~MA1-(~FI0.H'
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13 0U ~q0 lQ~l,JJKL_MI~
~----____ ..-U.u._-.;";;'}.')~--.L...=,J.-.-I-JKLM f".

I~ XL=XILJ
lb YL=Y(LJ
I' LL=Z(LJ

-HI XU=X ( I u I
19 YQ=Y( lu)

~- -- - --.4Q.=.Z4--1 '" j
21 CALL ~f)KL~
22 DO 202 l~l.,j
23 00 202 J=l •. i
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~~ ~YO CONTINU~
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33 270 Cu'l'..•11i'lJC

~4 JG 28~ 1~=I'.lJKL.4~
015 dn( I (I :i-I J",,+ I 1,1 J ~U~;'>LX(u., u.)
"'t,;) 1;:;;;:SIN((~l/~. !:,/.j,:I'j<X( l~) j

"Ii Ii-1F1A=(PI/.;.'H)"i( [(;j
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'U 205 CUNrl!~~~
L 'JIt~lTC(.i,£"?Oo)
2. 2',) l; F<JKI\1AT (10X. f.4A 11~ 1"< i:'lljf
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4.

:>

<-
7

"

2.0 I F.(J '" ,4 A I. ( •.~-i'1 u.~.~~
.::.j C: .~!-t,1., c: ( j, ,f .~ J 7,) ( I ; I \ ( ! , 1 ) )

I.l~LL .H.;LVt.
;.I,jT:.:.(3,~~U;1)
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57' AIO=CI"'PLX(l •• U.) :
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»3 lhkllE(3.211J
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•5 'tl.j"":(ITt:(3,:?12) 1.11.ZJ.2,Ll.Z2
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~SJBRUu I I NE UiJKLu '.: ,., 'I
CL,~PLE x Q • V
DIMeNSION Q(:>,]),V(,]'".:), ' i

" . . 1(5).t'11l41.GI1(41.F.<'<'l41.G2.<'Ud.F33(4).FLL(4).
IFI(4J.SIILLS(201.SIILJ3(20).522LLS(20).S22LQ3(20).F331(4).
2S33LL4(20J.S33LQ2(201.FLLI(4J.SI2LL4(2()I.SI2LQ2120J.S2ILL4(20).
352ILQ2(2DI.S23L02(20J.S32LQ2(20).S3ILQ2(20).SI3LQ2(20)
COMf040N Ll/8Q/XU .XL,uXL. YO ,VL,OYL. ZQ,.zL"DlL,SK1.L. IQ .•A.--d.C.. SKu.a
A=2.54
8= I. 27
PI=3.141592654
SK U"= ( 2 .4- P 1 :*PI) / ( A" A )

C=I/(2.*PI*PII
T(I)=(Pl/H).(YU+YL-QYLI
1(.<')=(PI/B)*(YU-YL+UYLl
1(31=(PI/R).(YU+YL'UYLl
1(41=(PI/ol*(Yu-YL-OYLI.
T(51=(~I/A).(X~+XL-UXLJ
T(6)=(~I/Al.IXa-XL+JXLJ
1 ( 7 I = ( PI / A I" ( x ,)+" Lhi Xl I
T(BI=(PI/AI.(XQ-XL-UXLI
DU 10 1=1.8

61F(T(I)-0.OLJ.l0.4
3 T(J)=T(I)+2."PI

GU TlJ 6
4 Jf-(J(I)-L,li-Pl)1(j,10~:.)
5 TIII=T(lI-2"Pi

GU Ie 4
LGI,T 1NJt

AU=( a/Pi )*S~Jrd (SKu}

GU=( A/PI )ti~(jr<.l (::.,KLi
NNN=3
MMM=.3

NNN1=NNN+l
MMMI=MM"'+1
NN=NNN
MM=MMM

JF(l\.;/'-lL.) 12. 1"'.1; l"':
511LL2=0
DO 9 I;:; 1,4

9 Gil ( I ) = ( P]' / 2 .• ) <;.y.( ::.~ I ,'-! i ~ u ~'. ( PI - T ( 1 ) ) ~/ 'j 1 t-i ( Po U,*.;J { } ,- { r~ I - T ( 1 ) ) '* ( U .5 ).
GIl L L:;:;(J 1 1 ( 1 ) •.G1 ~ ( J!. ) - \..~ t 1 ( .j) -Cd. 1 (r .•. j
DU (,0 1c;;:..l,.4
F I(1 I= (P 1-T( 1I1" (()." )- (P i / ". j ~ \ '" I" (( !J/ A j.~ ( Pi -]' ( I)I II'SIN (B* PI/A I)
f IlL L 1 .=F 1 ( 1 J +F 1 { 2 ; ._.~~~ ( .~) - F 1 ( 4- )

Al11=COS(lPI*XGJ/A}.~~JS(t~!*XL)/Al*SlN((PI*DXL)/Al
5IlL L 1= ((2. *c ~ B. "13*~;XL )/ (•• *P 1 I)'i.GIl LL -4 •.•C" S." AO'ovA11 I 'l<F1 ILL 1* ( 1•

1/(4.*Pl*P!),
DC 1 3 N.;:;:2. ,.NN

AN=N
AAN=-{t)/P[ )*SOkl~ ~.t-i:....~r""J/.;!.);'~2'-SK.L)
[)O 8 1= I .4

8 F 1 I ( .l ) = ( ,J I .- T ( I ) 1 " ( G. :,; - ( PI /2. I "( SINH' (A AN" ( P 1- T ( I j ) )/ S [NH I AAN*P i I j
FIILLN=t'lI( IIH] 1(,,)-/11 (..j)-Fll(")

10

I 1

60

314

04
05
06
07
UB
09
10 .
11
12
13
-14
015
.6
7
8
.9
~o
?1
:2
:3
:4
~5

7
d
9 ..'
o
1
2
3
4

5
6
7
8
::I
o
I
2.
j

01
02
03



110
----_._-_ ..Jt:---- -

13

.~-

50
51
52
:»3
i4
is
56
57
58
.,9
-)0

";2
-)3
,4-
;'5 "
,6
•-f

.8
9
o
1
2
3
4

5
6

7
a
9
o
(

2
3
4
5
6
7
8
9
o
1
2
.J
4-

5
-6
7
8
9
o
1
2

14

15
16

21

30

20

23

24

51 ILL <' =511 LL 2~ ((4-.~-"3,*,,,..,.;;_G') -I U•• _*Pl" PI II*A 11 N*F 11 LLN
:.illLL3==O ,. ,.' "-"~",'~,~ .-' ~' ".-uo 1 4 1-1=1 • l'lt\[\~

B1'o4=,'1

OII=5IN(BM*PI*VO/H)*SIN(UM"PI*VL/Bl*SIN(UM*PI*DYL/dl
GM==SUkT((D~.Pl/b)~~~-SKU)
Xl=2.*C*(2 ••8*DXl)$SKL.(1./(PI*dM.GM.G~) )
EILL=EXP(-GM*U7Ll
BILLM=UII*XI*EILL
SIILL3=511LLJ+U1LL~
51ILL4=0-
DO 16 N= 1 .I\H-,l
SIILLS(N)=O
AN=N
Al1N=( 1./ANJ.CL5(AN*PI.XO/Al*CUS(AN*PI*XL/Al*SIN(AN*PI*OXL/A)
1)0 15M'::::; 1 • M~
81'o1~,"1

Ull=Slr>J(JjM*Pl*Y,./d)~~lN(bM*PJ*YL/~)~SlN(HM.Pl*JYL/d)
GNM= SU I"<T( (AN~~.1 / ,/\,),.. -'t' 2+ (t:l/YI*I-J 1 /l:i) ~.(t 2-SK(j)

XII;;: ( 4- • / dr-.. ) *' C *" ( c.• * J\. •• L1) * ( ,SK 0- (A N*iJ I / A )"* .*2) •. ( 1 '" / J. ( P 1 •. 0 NM ) -* * 2) )
ELL=~XP(-~NM*D/LI
BIILNM=dll*XII*FLL
SIILL5(NI=SIILL5(i';1+AlIN*GIILNM
SIILL4-=511LL4+SIILL~(Nl
XOIILL=O
Y Q 11LL =5 IILL 1- S 11LL i' -.; 1ILLJ- 5 IILL 4-
32;= { SIN. ( ( IJ! / A ) *'.>', (J ) ¥:; I I\i ( ( ~.>I ,/ A ,> ,,'c XL ) ~;.sI f\.I ( (oJ.l / A j *t) Xi_) ) *- ( 2* C" lj. *A*0 YL *

1SK 0) * ( J,. / PI) """( (_. ( P j, 'i-' PI) / ( A "Po, ) } )
Xti2LL1;:'d~~C(.'.s~ (,:)j/A) .••.u2LJ

YB2LLl~M~~(-1}.Sll~l!Pl/A~.DLL)
X02LQ1=b2*C~~C{~~/A)~A~~(Z~-LL})~SlN«PI/A).OZLJ
YU2LU1=,j2~{-l4).SL~'(~1/AJ*A~S(LQ-ZL)*SIN«(.~I/A)*UZL)
ou 30 !=5.3
(;2 <' { I 1= ( " 1 /;> • ) " ( ,>; N( '.i.e '" p1-1{ 1 lJ ., /51 N( tlu ••PI I I --,( P .I-I( j I ) H 0 .:; I
G22LL~(3~2( S),tG2?{ v)-;:;!:~L( 'l-(;,d,;:ld)
S22LL 1'=( ( 2", *C..::,c"' ..••fi "to:,) YL )/ (4- .*P,i ») (0; 622LL -XB2LL 1
52~LLi?=O
DO 23 ,.= I • >1M
BM=M
tHiM-=( A/Pi }*SUi.(.) {(f'1f-.~""I}i ,/;":)*~.2-.sKL)

DO 20 {=5.5

F 2 2 { I I = ( eo 1 - r ( ! j ) " ( -J • :., ) - ( f~1 12. ) -*! S I Wi { LJ" 1-1" ( P 1--1 ( ! I .• j I S 1 ,.>--1( J 10M*1> 1 I I
f22LLM=j"~2(5j+~22(~J-~'22'7)-F22(a)
A2 2,'1-=( 1. h,;~1" U, -> ( o,M;'1 ~-YCl/lll ••cue:; ( ij M"" I" YlJi3 l "5 I N ( tH~"P J *DYL II] I
S22LL2=~22LL2t({4.*~.*c~~.A*rl)/(h.*Pl*Pl)I*A22M.F22LLM
S22LL.3=,J

DO 24- N=2.NN

AN=N
GN~saRY(AN*PI/A)**2'-~KL~
l--:i22:;;.SII'''i( Af,H).Pl * XO/A )..Jt~) l [.,t I\! .••••.;t I ""-.<L/A )<1-:";101.( AN*Pl*OXL/A)
X.~=2.*C*( '"J.<i:A"'uYL J'*~:;.Kw*,{ ! ./( WI *AN-*GN:..-GN»)
t:2LL-:;;.E Xf::' (-l~N*iJ L:L,.

d2LLN=b22*X2.~2LL
522LL 3=5;'':'2LLJ+lJ:: L.L!"

',-

,
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5
b
7
8
9
o
1

2
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3
~
)

-I
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S22LL'<=O
DO 26 M=I,.'4M
tlM=,'>\

S22lL5 1M I=0
A22M=1 1./dMl*CO~(bM.PI'Y~/d).COSlaM*PI ••YL/81.51NIBM.PI.UYL/aJ
lJU 25 N=1, i\lN

AN=N
GNM=SQRTIIAN'~I/AI.o2olbM*PI/BI*"'2-SKUI
B22=SINIAN"'Pl.XQ/Al,SiNIAN*PI*XL/A).SINIAN*PI'UXL/A)
X22=14./ANloC*le.*AwrlloISKO-IBN*Pl/dl.*21*11./(IPI*GNM)'*21)
ELL=EXPI-GNMoOZLI
d22LNM=u2?*X22*LLL

25 S22LL5(M)~5221.,L~(M)+4~2M*022LNM
26 S22LL4=522LL4.S~2LL5(M)

XQ22Ll=Yd2LLI
ya22LL~~22LLl-52~LL%-52~LL3-S22LL4

31 A331=SINIIPI*XQ)/AJwSINI(PI*XLJ/AI*SIN(IPI*OXLJ/AJ
0070 1=1•••

lO F 331 I I 1=( P 1- T I I) 1* I (J • :> 1- IA O*AU I* I- {A'A 1/ ItHd I IH P I- r IIi I" IO. S I
1 H AD" AU)'" 1- (A* A) / (,,* CJ I hiP 1/2. I.S 1N ( 1<3/A I• I" I- r I 1) )I•.I 1 ./5 1N I I
2t:J'PI)/A))
F 33111 =F ,j;; 1I 1 ,).~ 33 I(2 I-I'331 (;;I-I"3:3I(41
S33LLl=4.*C*"i8.*I\¥D):¥( 1./(4.*PI~PI JJ*A331*F3JLLl
533ll2=O
au J3 N=2,NN

AN=N
AAN=IB/Pll.SURTI(AN*PI/AI'*2-SKO)
GN=SURTIIAN*PI/A)'o2-SKC)
DO 40 1= 1,4

4 0 F33 I 1 J= II'1- T (.I)I• ( ().'SI- ( IAD.' 2 )/ IA AN •••2 I I••(P I"-r ( I )I" (0 • :> I• Ii AU. *2 )
1/A AN" * 21 ••(PI /2. )* (5 11'<11 IA AN. IP 1- T( I» 1/S.IN/i(A AN. PI) )
F33LLN=f'33( 1 )'FJJ(Z)-f'33(31-f 33(4)
822=SlN(AN~Pl.XQ/A).;lN(AN*Pl*XL/AJ.SlN(AN.Pl'.DXL/A)
A33N=( 1./AN)*U22

..l3S33Ll.e=:'>33lL."4.'*C'" Id •••A••B)/(/ ••••Pl*Pl »*"'33N*F3,3LlN
S33lL :J=()
DU .3::' 1•••• = 1 • ~~N
S 3 3l L I. I " ) = 0
AN=N
B22=SIN~A~*~J*XU/Aj*~_lN(AN*PI*XL/A)*SlN(ANOPi*OXL/A!
A33N=( 1./A"'J.tl.22
au 2$4 M=.l ,MM
tl~=M '

dll=SIN(~,~.Pl*YU/d)¥~iN(8M*Pl*YL/Oj.SlN(hM.Pl~DYL/B)
833=61)'

GNM=SURT({AN*~I/A)**2+(GM*P[/O'**2-SKUJ
XJ3=(4./dM)*C*IR.*A*d).I(AN*P)/A) •• 2+ldM*PI/SI".ZI*1 l./I(PI*GNM)
1.*2) I
ELL=EX~(-GNM*D-7L}
B33LNM=~J3*X33*~Ll

34 S;;..lll4(NI=S..l3lLq.{N)OA33N*S33lNM
35 S33LLJ.::;;S3,]LLJ"'S,]3LL~~{I'.)

XQ33lL=O
YUJ.JLL =:~3jLL 1.•.S3 .)l.i ,',:-~..•~L:.LLJ
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4 1 A 1 21 .::;:CLJ.~ ( ( "J I ¥ X :l j / A ) '" J' hi ( (I) ! # Xl. ) / A j *S 1 N ( ( PI *-J XL J / A),
DO E-0 1=1,4 ~

d 0 roLL I ( I ) ~ I ( fH A ) / ( ;, •• " I , f'l ) ) - ( ( :,. ell / (2 • ~ PI) ) "UJ c. ( ( d/ A J "( P I - T{ I ) ) J t- '.'

1*( 1./51~\j( (c1('Pl )/A)}

F 12L L I ~- r' LL 1 ( 1 ) tf' L L 1 ( " 1H L L.l ( .• ) - r' L L 1 (" )

S12LL1'.::;:-:+.7j~<...*{-~;. }~'(.1./4. )"AI4:::1*F-'1,.2LLl ,.
S12LL2~O
DLl 4 J l'\i::::2, :-Jh
AN=N
AAN::= (13/i'> 1 ) *'::';CH"~1 ( {J\N~iJ 1./1\,) .(~-*2-~;,,-u)
DU 5 U 1-;;:'1 ,4.

'.j 0 FL L ( I ) ::::{ { tHe 'oJ } / ( ~, 1 ~~ J. ) ) "q j-: 1 / ( 2. • --r:A A hi ~ S 1 \~ H { .~ A 1'.,..•.' ,.J i ) ) )* cu ,".:;)H ( ~ 1 -1( 1 ~ )

1 - ( ( b / ( ?1 :+ A AN) ) ;q.. 1".2. ) "0' V • :.•

F l..!LL"=-FL.i...( .I) +f LL (.' It,.'LL (3) -FLL ('I)

A 1 .:!.t~'.~C G J ( A N~:j '1 >:: X ',j / .-.. ) ~ :.> I j', ( A l\j-'-" I-' 1 >r,.< L / ,l\ ) ,.y: ::) 1 N ( A N.4/-."~~1 '*') (L / A )
43 .s 1 2L L .2=:.•1 .::.:lL 2'" 4 • ""C ~,i - '.:'• ) "* ( 1 • /4 • ) .~ A J. % hi:4=-,.. 1 i::L l-".~

S 1 2L L :, = iJ

00 45 t\,=-l, f\li\,j

S12LL4{'~)=O

A N.::;: I'"
Al 2r\j:;;:C.y.-..; ( AN ¥ P Iff-;( :.J / A ) :or: S ,I j'~ ( A N ~fJ 1 *x L I A) ~ ~ 1 :" ( A.Ny.;.)1 h) XL / A)
DC 44 ;'0'1,= 1 • ,"h"'"

iJ:'-1 -=-M
liI\iM::=$<Ji-<T' (Af",*P i/!\ )*"';:~"(L:M-\i.'j)t /J )**2-~~)K{)

812.= S I i\,( -P.l*(l 1* vC' / H.l ;,'C,.,;:"'.(0t.l<;:() I*- YL/D .:.tI- :") I ,,~( H;Y1:"'" J ~;IJYL/ u)

.( 12=4. *C* (-{J. ) '* ( 1. / {(,;..•1'4'.;-. *- 2) )
fLL=EX~l'-~NI4~\)LL)
a12LN~~~12*Xl~*cl_l_

44 ~12LL4(i~J,=S!~~Ll.~[;~J+AI~f~.1~12L~~
4~ :>l~LLJ=~:il;~LL:~+_,l ,.:.LL'j [i~l

X012LL..:.;.d
yal~LL=~12LLlt~I~JLL~-~I~'lL~

:j 1 A211 =~) ,1..1 ( (;J I 'J? \(]) / ••.• ) ;;'i.._,.,'~,{ (P l'*"L )/A) -*:..; 1 ;.'1 ({ to-' l f.t.!);.(l. j / f\)

ui:) .jAG 1~1.4

38 0 j- L L 1 ( 1 );;:. { ( ,4."" f\ J / ( ~ •• ",'. 1 'I' PI) J.- { { A ::";j j / { 2. oj ¥ ;:1 I } }.;;;.C u::-, ( l .J / A ) .t\ ( P 1 - T { .L } )
i¥( 1./:-)Jh,( (rl*P.l )/,,\)')

F;"::ILLI =!--LL i{.l) +l LL 1 (-:) -I LL 1 (-5) -r:LL I (I.)

:) L 1L L 1 = 4 .:(, C ~ ( - ~:'•• ) 1;. ( l. ., / " • ) * A 2 1 1 * F' 2. 1 LL ]
S21LL ;':-"=0
DO :J':: N= ~ • NI\J

AN=/ ...•

.A.Ai'>,j =.: ( ij /,:..' l ) :iJ. S U to: T ( ( A i'J ~, r ..i ! / A J '* '-r;~- ~ KLJ )

A21t~=~1!~(AN$'~I*x~/AJ~~L~(Ar~*Pl.XL/A)*Sl~(AN¥t~1$1)XL/A)
au .J 5 J r = I .•4

]Ij u FLL ( I ) ~ ( ;, d;';1 } / " ~_l1"'- PI} ) ,;.( I-- j / ( (: • *A A i'J *5 it..; ii( AAi..J ~~ P t J ) ) * CU SH ( P 1 - T ( .l j )

.1 - ( (d / ( jJ 1 \'r. A i~.r~) ) ..;;':('~:}-i~d ~ :.)

F,21LL1'4=!-L.t. {l.l+r-'LL(..!..~-~:'U_ (j).-t--'LL(4)

5~ SLll L2=:> ....~lLL/+i~ •. :.;,(_.t,( .._'---''") ~ {1,./4 .)*A21 t"'~:r-21LLi\j

S~~lLLj:.l)

0(, ~):~t. ~.=1"(; NN

S~lLL'f.(N)=y
AN:;:;('-J
A;;: 11" =c, 1 !'~{ /I.",,4;..1 J ~'A. •...•/ ! ; .; \ '. ~_,( 1\ j...•* l-' 1 *XL / A) 'lj(S .1N ( A N~ tJ 1 *0 XL / A )
tJ(, 5~ r-l..=l,Mj,.j
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BM=M
GNM= SQRT ((AN*P 1/A I""2+ (8M" PI/1:1I"*2-SKO J
B21=COS( 13M*PI"VO/B J"51NIBM"P I"VL/ B J*SIN(8M*P I*DVL/B I
XI2=4 •••C••(-8.J*(I./(GNM ••••211
X21=X12
ELL=EXP(-GNM*DZLI
1:l21LNM=B21*X21*ELL
S21LL4(NI=S2ILL4INJ+A21N"S21LNM
S21LLJ=S21~LJ+S21LL4(NJ
XQ21 LL=O .
VQ2ILL=52ILLI+S21LL2-S2ILLJ
X02JLL=0.
V023LL=0
XQJ2LL=0
VQJ2LL=0
X031LL=0
VO.3ILL=0
XOIJLL=O
VQI3LL=0
IF(L-IQ)90.89.90
O(I.I)=CMPLXI(XOI1LL-1./(SKI~SKUI).ValILLI
O(I.21=CMPLX(X012LL,VQI2LLI
Q( 1.3) =CMPLX (XQ13LL. VQ13LL)
Ql2.1)=CMPLX(XQ21LL,VQZILLJ
Ql2. 21=c;4PLX((X022LL-l ./(SK l-SKO II•VQ22LL J
Ol2.J)=CMPLX(XOZ3LL.VU23LL)
Q(3.11=CMPLX(XOJILL.VQ31LLI
O(J.21=CMPLX(XQ32LL.VQ32LLI
.Ol3.3)=CMPLX ((XQ3JLL-l./ (SKI-SKO) -1. /SKO J.VQ3JLLI
GO TO 100
Q(I.II=CMPLX(XQl1LL.VOIILLJ
Q(I.2J=CMPLX(XQ12LL.VQI2LLI
QIl.3J=CMPLX(XQ13LL.VQI3LLI
Q(2.11=CMPLXIXQ21LL.V021LLI
Ql2.21=CMPLXIXQ22LL.V022LLI
Ol2.JI=CMPLXIX023LL.V02JLLJ
0(3. 11=C.MPLX(XQ31 LL, VQJI LL I
Q(J.21=CMPLX(XQ32LL.VQ32LLI
Q(J.3J=CMPLXIXQ33LL.VOJJLLI
GO TO 100
SIILQI=O
DO 17 M= 1. 104M
BM=M
Bll=SIN(dM*Pl"VQ/B).~lN(U~"~I"VL/B) ••SlN(BM*Pl ••DVL/BJ
GM=SQR T(IBM"P 1/8 .1"*2-SKU J
Xl=2'''C''(2.*B''DXLI*S~U''(I./(Pl''BM''GM*GMJI
EILQ=EXP(-GM"ABS(ZQ-LLJI*SINH(GM*DZLI
1:l1LQM=Bll"Xl"EILO
S11LQl=SIILQl+8ILQM
SIILQ2=O
DO 19 N=I. NN
AN=N
AIIN=( 1./AN)*CUSIAN ••Oj*XQ/A)*COS(AN"Pl"XL/A)"SIN(AN*PI*DXL/AJ
SllLQ3(NJ=O

17

12

t
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~57
!S8
_59
60
61
62
63
64
05
00
-67
-od
-69

c

Id
19

22

DO I B M= I. MM
I:J"'-=M

U 1 1= SIN (a ",*1-'1 '" y(U;; ) ¥,; 11<(U M ••P I" YL / lJ)" 5 1N (8M"P I"DYL/ til
GNM=SaRI«AN*Pl/A)~*2+{bM~Pl/8) •• 2-SKO)
Xll=(4./BM)~C*(H ••A.8)~{SKG-(AN*PI/A) ••2)*(1./«(Pl*GNM) •• 2»
ELQ=EXP(-GNM*A1JS(ZG-ZL».SINH(GNM*OZLJ
811yNM=Jll"'XII*~LU
SlILQ.3(JH=SIIL03(NJ +AllN*[j II(JNM
SIILQZ=SIILQ2+SI1LU3(NJ
XQIILq=SIILOI+SIIL02
YQIILQ=O
S22L 0 1=u
DU 27 N=2.. NN

--
,

70
71
72
73
74
75
76
77
78
79
-80
-81
-82
!33
~4
-15
-16

7
8
9
-0
1
2
3
-4
5
>-,
>

--I

I

-I

AN=N
GN=SQRT((AN"PI/A)'.Z-SKG)
1:J22=SIN(AN*PI*XO/AI*SlN(AN*PI*XL/AI*SIN(AN*Pl*OXL/AJ
X2=~.*C*(ti.*A*t)YL)*::~Ku+:{ 1./(Pl*AN*Gr-.J*GN))
E2L<.=EXP (-GN*ADS (LC.- LL IJ*5 INH ((,N*OZL )
1:J2LON=J22*X2*~2LO

27 S22LOI=S22LQ1+1:J2LON
52ZL02=O
DO 29 M=I. Mr-1
S22LQ3(MI=u
8114=101
A22M = ( I./0114)'"L US (d r,!"r' I*~()/ u _H L us i J ,~*PI'"Y L / clI* 51 N (tJ M. PI" 0 YL /1:»
0028 N= I. NN
AN=N
GNM=SQHT{(AN~P!/A)¥~~t(LM~Pl/8J.*2-SKU)
ti2 2';= S 1 N( .4.N= PI * X.o /.A > :;. S I ,'l (AN:O:P.l *' XL / A ) *':;1 N ( AN -v-P I .• DXL/ A)

X22=(4./AN)'C'(8"A'~).ISKG-(aM'PI/dl •• 2J.(I./((Pl*('NM)*.21)
ELQ=EX~(-GNM*4US(L~-~L))~SlNH(GNM*i)lL}
~22QNI4=G22*X22*LLQ

28 522LQ3(M)=S22l.0J(MJ+A2~M*822QNM
29 S22La~=S2~LQ2~S22L~J'~J

X022LO=Yd2L() 1
YQ22LU=~22LQl+S~~LU2

32 S,.,j3L(J 1-=0

DO 37 N= 1 .•NN
AN=N
B22=SIN(AN*PI*X0/A~~~J~'AI~~Pl.XL/A)*SlN(AN*~J*DXL/A)
A33N=(1./AN1*022
S33L G2 (N) =0
OU ,.36 i'oll;= 1 ~ ,'YlM

13M=M

dl1=SlN(H~*PI.YQ/U).~IN!b~.Pi~YL/U)~SIN(BM*Pj*OYL/O)
833=HII
GN 1-1.:;:S() 1-.0 '- ( IU~*_P 1/ A } :i ..* c.+ { A M," ~!/ fj )* •.,2-5 KG)

X~3=(4./~M).(~I~ •• A~dl.(IAN*PI/AI."2+(8M*Pl/BJ**2).(I./((PI*GNMI
1".2) )

ELa=EXP'-GNM*Ad~(LU-LL)J*5INH(GI~M*DZL)
G~JQNM=~3.$*X3J*(LU

.J6 5.jJLQ2(N )=-€S::r3LQ~U..•~+4J3J\<*033aNM
37 S3~LQ1=Sj~Lt)!+S~~1_L~'(tl)

'.
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309
310
311
312
J13
314
315
316
}l7
-li8
-119
-120
-121
-122
-123
-124
325
326
-127
328
329
330
;31
332
;33
134
-:135
0136
'37
38
39
40
41.

--42
--43

~4
•• 5
~6
••7
•••8
•••9,0
-H
--)2
i3
;4

--;5
.6
;7
,8
;9
,0
,1
,2

42

46
47

56
57

62

63
64

65

X033UJ=5JJLOl
YOJJUl=O
S 12L 0 I=0
DO 47 N= 1. NN

5 12L -.12Pol) =Q
AN=N
AI2N=CGS(AN"Pl*XO/A)"SIN(AN*PI*XL/AI*SIN(AN*PI*OXL/AJ
00 46 M=I.MM
UM=M
GNM=SOf<T ((AN"P J/A) ** 2+ (dM*P 1/£31**2-SKu J
U12=SIN(U~*P/*YO/dJ*CGS(UM*P/*YL/BI*SIN(BM*PI*DYL/UJ
XI2=4. *0*( -8.1*( 1./( GNM*.2J I
ELO=EXP(-GNM*AUS(LO-ZLII"SINH(GNM.OZLI
8120NM=dI2*XI2*EL~
512L02(NI=512L02(NI+AI2N$UI20NM
S12LOl=SI2LQI+5I2LQ2(NI
XQI2LQ=SI2LUI
Ya I2LO=Q
521LQl=\.I
00 5 7 N= I • NN

S2IL02(N)=Q
AN=N
A2IN=SIN(AN"Pl*XQ/AI'COS(AN"PI*XL/A)*SIN(AN.PI*OXL/AI
DU Sb M= 1 • MM
BM=M
GNM=SURT«AN*P//AI."2+18M*PI/OI •• 2-SKOI
82I=COS( dM ••P I. YQ/(jI"3 IN( tlM••PI*YL/ti)*51 N( BM*P I*llYL/UJ
XI2=4.*C*(-8.1*(I./(GNM"*2IJ
X2.!=XI2
ELQ=EXP(-GN~*A~S(ZQ-lL).SjNH(GNM*OZL)
U2IQNM=82I*X21*ELQ
S2JL02(NJ=S2IL02(N)+A2IN*021QNM
S2ILQ1=S21LOl+S21LQ2(~1
X(l21L~=S21UJ 1
YQ21LQ=Q
S23L01=O.
00 64 1\.=1 • NN

S23LQ2(,.I=J
AN=N
~22=5'lN'AN~~1*Xa/AI~51~(~N.~I*XL/AJ.SIN{AN*PJ*DXL/A)
A33N=( 1./AN)*d22
A2.3N=A :n,'J
DO "3 ~=I • i'lM
Blllf=f'ot

GNM=SQHT(AN*~i/A)*~~'~(uM*PI/U).*2-SKOj
B21=Cu$t 8tv1*P 1:.J:YQ/8) ~;>l !'l.:tc,M.P 1 *' YL/5).51 N( BM*t-J I*OYL/ l:j)
H23= HZ I
X23=4.*C.{8.*A)*(1./(~1.G~M))
ELa=£XP'-GNM*A8S(Lu-LL)~~~INH(GNM*DZL)
B2JONM=d~3.X23.~LU
S2,3L ()2 (;~ ):: S2 3L 02 f N') + ~1"i'.JN*l:L2.JQNM
-S23L.) 1 ,::;:S2.3LQl + S2JLl),e (;" i
IF(ZU-ZL)65t12Ju6
)(Q2.JLQ-=52. ..}LQ 1

, ,ti'l
\
I .~
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I
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66

72

•••

.j

~
l 73
•• 74
)

) 75
•
l

76

1:l2

83
84

85

Bt:

92

VQ23Lfl=O
GO TO 72
XQ23LQ=-:;23LU1
V023LQ=O
532L 01 =0
DO 74 N= I • :~I,
S32LQ2 (>,<).=0
AN-=N
tl22=S 11'(AN*'"I¥ XC,/A 1'''J IN( AN*P I*XL/ A )*51 N( AN*I-'I"OXL/ Al
A33N=( 1./AN1.822
A32N=A.33N
DU 73 M=I.MM
tlM=M
GNM=5QRf ( (AN¥!' 1/A) "" 2 HUM* PI/tll*"2-SKU I
OI2=51N(UM*P1*VQ/H)*COS(8M*PI*VL/O)*5IN(HM*PI*OVL/tll
B32=B12
X23=4.*C*(!l.*Al. (l./(;.'I*GNM))

. X32=-)( 23
ELQ=EXP(-GNM8ABS(lQ-LL))*SINH(GNM*OZL)
83ZQNM=B32*X32.ELQ
532L U2 (N )=532L 02 (N)" A->2N*l,3;>QNM
S32LQI=:;32LQl+532LQ21Nl
IF (zQ.-ZL 175. 82.76
xa 32LQ=S 32LO I
VU 32LQ'=O
GO fU 82
X032LO=-532Ul1
va 32LQ=O
531L Q 1=0
DO »4 M= 1•.'1M
S31L021M)=O
8M=M
Bll=5IN(OM*PI*YQ/U).SIN(BM"PI*VL/tl)*SIN(OM*PI"DYL/BJ
A3IM=( 1./i3M)*Bll
00 83 N=.l. NN
AN=N
GNM=SQRI«AN*PI/A)*"2+(UM*PI//:ll •• 2-SKO)
B31=SlN(AI~.Pl¥XU/A).C~S(AN.Pl.XL/A}.SIN(AN*Pl~OXL/A}
X31=4.*C.(-tl ••Ol.(1./(Pl*GNMl)
ELQ-=EXP(-GNM*A8S{Lu-lL)~5]NH(GNM*DZL)
B31QNM=tl31*X31*CLU
S31LQ2('MJ;~31LQ2lM).AJ1M*031UNM
S31La1=S31LQI"S~ILa2IM)
IF(ZQ-lL 18::;.92.b6
XQ31LQ=531LQI
YQ3ILJ=Q
GO I U 'J2
Xu31LQ=-.:i':;)lLQl
YQ31 L(';()

SI3LOl=O
DO 94 i'll,= 1 • /'11M

S13LQ2IMl=O
8M=!'!
Bll=~IN(3M*~1¥Y(2/~J~~J~(H~~PJ~YL/B).SlN(BM.Pl.DYL/B)
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7
a
9
iJ

1
2
:I
~
~
:;.,
3
~
)

111

:I
~
:;
:;
7
tl
9
iJ

I
2
3

••
)

93
94

95

96

98

100
315

JI6

31 I

321
317

312
313

JiJ5
320

323

A3.U-4.=( ~./dM)*Gll
AI3M=A J I,~
DO 93 N=I. NN
AN=N
GNM=SQRTllAN~PI/A)'*~~IDM.Pl/0)**2-SKU)
013=CD51AN'PI*XQ/AI.~IN{AN*Pl.XL/AI*SINlAN*PI*DXL'AJ
X31'=4. *C*l-B.*tj)" (1./( PI*GNi~))
XI3=-X31
BI30NN=3IJ*XI3*ELU
513LQ2(NI=S13LQ21NI~AI3M*UI30NM
SIJLOI=S13Llll~S1 JLQZI"I) I!l.'
IF(ZQ-ZL)95.98,Q6
XQI3LQ=SI3LQI
YO L3LQ=iJ
GO TO 9d
XOI3LU=-S13LQI
YQ1JLQ=U
all.I)=C:~PLXlXQIILQ .•YC;11LQI
Qll.21=CMPLXlXQJ2LQ.Y~12LQI
Qll.3)=C~PLXlXQ13LQ.Yc;13LQI
012; II =CMPLX IX02ILQ. YU21LQ I
QI2.21=CMPLXlXQ22LQ.YQ22LQ)
Q{2.3)=CMPLXlXQZ3LQ.Yu23LOI
OI3.1)=CMPLxlxaJ1LQ.YU3ILQI
a ( 3.2) =(';>4PLX( XQ'::.2LG. yc~ ,j~LU )

a 13. 31 =C~pLX Ix Q3 3L Q. y'(; 33L" )
IFl INN.c.:0.NNNll.ANLl.(MM.~.u.!~MM1) IGO Tu 312

00 3 16 . I = I • 3
UO 316 J;=.1,3
'I( I • J I =Q I I •J I
~RITE{J.311INN.Mj4.Iu,L
FORM A <I ( 1 J( , 1 L • ~j)(. 1.2.. 1 IJ X , !~'!.t 5 ( • J 2 )

DO 317 I = I.;)
FORMAT{314x.2EI9.3J)
"R I TE ( 3 • 32 I ) I 'I ( I • J ) • J= I • J )
NN=NNNI
MM~MMM 1

GO TU II
~Rl'E(~,313)NN,MM.tU.l.
FORMAT(lX,12,5X.12.10X.12.SX.12)
00 32iJ 1=1.3
FOkMAT(3(4X)~~1';.a)}
,,1'1I TEl 3. J 0 51 I Q ( I • J). J = 1 .3 )
KKK= 0
DO 323 1= I.3
DO 323 J=I.3
CCC=CABS(Q{l •.J)-'III.J))
IF(CCC.L~.O)KKK=KKK~l
CONT 11-,jUt
1~(KKK.~U.9)GG lu 3;~00
IF{(NN.GT.201.UR.IMM.GI.20)GO 10 3200
NNN.=NNN~ I
MMP1=-MMM+-1
GO TO 31"

. ,
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3200 RETURN
END
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\\9S',JUk L;U 1 j Nl...:. ':"vL vC
~_u_'~.i::'~..c,< t\A,Jt:;,rll v,--l ~-I I ,dt. I _._ ~ _
L) 1Mt: N':J I '-" i ~ A A ( .j t •• j c. ) , u. J ( .:.r.J, 1 ) • 1 t-> 1/ L r { .3 tJ ) • 1 ND t:. )( ( .Jb • 2) •P 1 Iv'0 T ( J6 J
COM~tjND/8S/j~VLl ,1,~~LX. ~lVUT,AA.8b.MM,NN.Ut:.T

~,)U II/ALr:::";<'r-_( j i-<t.., •.•• Jr-L;''') • (j eLL, JCLJL)

C
157 0CT;C'~~L~'1••O.)

au 117 J:;:;l,I'~t~-------"- .. -- -- .' ..-- ~~
1171 •..•Vl.HJl=J

L>U l ..i~} l=l .• NI'l

C
TT ..=(.lvt0LX (()., 0. )
utJ ll)i-:i J.:;:;l,Nl\i

IF(JPVLJT(.J).f:U.l)vL l~, Iud----------- .__ ._- _._-_. _. - _.-
113 OU 123 K=I.N~

1 f ( I •..•v G r ( K ) - I ) I q " • 1 .~3 • 18 1
14 J 1 F ( C A I 1~) ( .I , ) • G!".• C. A;) :-. ( A A ( J • K ) ) )

I,I..J !tWw =3
I CUL=K
r r =A A ( .) • K l- -_ .. -- -- ._-_ ..__ .._._-

123 CGi~T IN01;;:
IDe CuNllNuE

IPVOl ( ICcJL )=IP VL. r ( 1'_ ~L)'

c

Lu rl; Ie: i

._-------------------

--- -- ---------------

•

173

I 12

LJJ

102
lOY

----------
c

IF(IRUiIl.t:u.lCt;l.)I...> •.. fl) 1.1"'-'
Ot:T=-L)t;'I--_.- ._._-
GO 112 LL=I.NN
T I =A A( I K '-' w .l L )
AA ( .1 K u 'if ,L L ) =.:: AA , f l"..'JL , l..-.,
AA(ICUL.LLl=Ir
IF (MM.Ll:..O){;L, j.,. !V"'l

i)G 1.02. LL::;:l,""1:-.1..._- _. _ .. _._--
11=8L3( !i-.(UW.LL)
dd(!RIJ.,LL)=GI~(lCwL,LL
t18( lCUL,LL )=TT
INOLX( I. I )=P'G'
irWL)( ( 1._2)= I CL,L
PI Vu I ( 1 ) = AA ( 1 C GL • Ie LL ).. __ .__ . ..__ .... - .
UET=JLI ••..•IVuIlll

AA(.lCuL,lcuL)=CAt-'L.Xi.l.,O.)
OLl 1 J 5 LL= 1,t~I'~

105 AA(ICuL,LL)=AA(,I(uL,L.L)/~)l'llJ.JT( I)
JF(r"l-4.LL.JJ','Li J(. 1"'(

-- _ .. -- '. _. - .- -- .- -- _. '

16b UU 1~2 LL=l,MM
152 u:J( lCCJL"LL):":-bd( llJ ..•L',LLJ/I.ll VOlt 1)

C

1,+7::JC IJ'") l[=I.Nr~
II'ILI.Ul.ICLJLIG,- T" 135

121 rI=AA(Ll.1C0L)- .
AA(Ll,h .. ul._J-=C1Pl A(0.,0.)

Uc 1.lj (~ L L ::: l " NI'~

1 ~ \.) A.A (L I • LL J -= A ~ ( L 1 • l L ) - ,\ " { Ie .. L " L L ).(; I .i

IF (i~',,\0{. L:-. 0) (.)11 TL' 1..':.,

. -- .._--------------- -------



~a05v
-_Q Q.?_!- - ------ -- -
0052

C

11 e
.li:..l!.j

1..:S '3

- \20-
JL 1b8 LL=I'l'w\",f;
!-jr:1(~~. '._~~.) =dH .(.L 1 ,!.~:L~'-d~.~-!.~~..!-~?_~~l~D _
CUi\! r 1NUt:

-- ._,._-_.- -------,----- _ .. ------------- ----------------

--_. _.- ..-----_.__ ._--~-------_.-.~-------------------~

12.20053
00;;4
0055
0056
0057
005<3
005')
0060
0061
0062
0063
0064
0065

0U 103 l=l,I'-.i/'Iol

LL-::I\lN- L +-1
Ir( I NiJEX(LL, 1 j .Eu. U",Ot:.x(LL ,2» GLJ

liSo l;":uv. =1 i'oldCX(LL , 1}---- _._ .. __ ._-_. __ .-- - .._.-- --
JC0L=lNutXil.L,2)
;)U .l4\j K= 1 ,i-..lN

TT=AA(K.Jh'J.)
AA(K.J~G~)=AA(~,JCLL)
AA(K.JCuLl=Tl

149 CuN!1o'HJc~.----~~--_._--.- --_. _._~---_._ ..
(OJ CuNT INuE
181 I-lETUf<N

tNU

Tu 1U8
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Chapter-V

A ~uggested Modified Moment Method

Of the different types of moment methods introduced

in Art-t. of Ch.III the evaluation of I matrix elementsmn
become laborious even on a high spee; computer since

at least two integrations may have to be performed

numerically incase if the operator L is an integral

operator. In the point-matching method the use of

dirac delta functions as testing functions at di~eqa

points reduces the laborious process of integratien

in finding 1 matrix elements. However the accuracymn o-n
of the solution depends not only~the number of points

of the physical problem at which solution values are

desired but also on their lllcation. In the entire ....,

domain basis method use of a basis spanning the whole

domain may result in rapid convergence. but the deri-

vation of the 1 elements is usually not efficient inmn
terms of computer time. On the other hand in the sub-

bo-s.i'!>
sectional/method the use of'subspace basia functiona _

usually afford efficient derivation of the I elem*ntsmn
but the number of matrix elements becomes large for

representing the whole problem especially when the

whole problem involves a considerably odd-shaped curved

boundary requiring many cell segments to approximate 0

the Problem geometry. One might conclude, then, that it
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woul.d be desirable to have an al.ternative approach

that woul.d have the advantages of: both the entire

domain and sub-domain approaches. One such method ••

appl.ied to a wire antenna has been discussed by R.

Mittra et al. (16). This appr.ach may be appl.ied to the

three-dimensional. diel.ectric obstacl.e probl.em Equation

(~) in Art 2 of:Ch.III written bel.ow in matrix f:orm:

-i"-lUo [ Q~~J[J:) = -lC;] (if.)
we consider f:i~tly the one-dimensional. Ca.'~and then

extend it to three-di.ensional. Case.

From Art-1 of:Ch.III we rewrite Equation (5)
[f~"l[.<"l-:::L9 ••..J - . -' (f)

[f~~J=p;. ;~,J ' ~q=l~:1,1'~~17l'H
vector

o 0
_ 0 I 0 - J. 2. =- 1.7-
-Oq,_. l I-> "J-- .. _# .. -- ,... .•.

Thus the basis vectors are subsectional. pul.se f:unctions,

UI1~U]J [1:1= [;1 J - -

If:we change to a new set of:basis yector which are

.\ t-I'I:7-.{.-:>L,lJYI-Qle " I 2. , •• •
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Substituting Equ ••tion (2) 'in Equation'~( 1) we

[t~~l[~~1=:191ftl

where [l~J=: t~~i(T~~

haxe

'(3)

Now in the expansion of Equation (2)

["~-\- ~~lS:J -t- "~L~~}\- - + ~'l([f~]-+ - - 'I 'J'-t- J.:\.[f~,',

we get the

otten one usually finds that ~~ is quite well approximated

by retaining only the first k terms (assuming proper

ordering of the [Lh) matrix elemen~) and in fact it is

not unu.suaL to obtain sufficient accuracy with k L..1~ •

When this approximation is done Equation (3) becomes

L i:"Jo- [J-~l,; [9':] (4)
:..~

[ l~~q. lJ.~l." l'3~1where
are of erders b(K,kld"LX1, V'J

respectively. Mult~plying both sides by the conjugate

(
I 1 [' l'llt

transpass of m••trix ,(t->nJ,. /' L"'''J<l\ J

reduced matrix Equation

L 'I '( r '''~,i- \a"ll", •• ..1l <I- h J - l.. J Y\" j

[
' 1 V.,",\<)(1, \.<1<1where ~~"J,[J..~]I [9:1 are of orders 'v"

respec1;irely•

It is reasonable to expect that going in for a

suitably changed b••sis rectors and solving equation(3)

instead of equation (1) will improve the accuracy of the

.solutionllY (<>--I""\:;'., \, ••.-<! •••••• vi"'',).

For extending this one dimensional approach to, 3-
dimension ••l cases we proceed as follows:-

Contd •••••
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Instead/using a scalar element in the one~dimensional

Case we use a scalar submatrix. Thus instead of Equ~-

Orders 31(3,3"", 311'I

= [~,1(J.,}+(iJ~,)t--(I~

:,..

~2/)

I
I
I ~

••, .

•
I '

I-
I
i

r .'

I
I

Thus thiCthree-dimensional approa~h may be usefully

applied to Equation (fl)and. ~
may result in either computei.1\.,

time saving Or improving the accuracy of the pulse fun~-

tioll basis solution; •• 0. 1"""''''_'' .,,-"'''-4'<1 tel>1"-" 1-Ji ••••."';pJe:..-~~
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Chapter - VI.

Con c 1 u • i P D

The development of the dQmin~~ mode equivalent cjrcuit .

parameters for a three-dimensional dielectric obstacle inside

• rectangular waveguide involves solution of an integral equa~

tion containing suitable dyadic Green" s function. The point-

matching moment method has been used for finding the secondary

volume current density produced at the centres of small rect-

angularly shaped cells formed by subdividing the dielectric

.ob.tacle. Subsequently these secondary volume current densi*y

values are used to obtain the dominan~ mode equival~nt circuit

parameters.

The various steps 01',this investigation, the di1'ficulties

encolUltered and the ways theywCre dealt with are discussed

below.

The first step is tl.e formulation 0'1 the problem (Chap.I).

The formulation was done starting from Maxwell's curl equation

and utilizing dyadic Green's function developed by Y.«.Sami[6].

The main task in formulating theprob~em was'onversion 01 the

two-region scattering problem into two one-region scattering

problems, by utilizing the linearity property of Maxwell's curl

equations. Y.R.Sami's derivation of.the relavant dyadic ureen'.

function has been analyzedi~ uetailsand following the suggestion

of R.E.Collin l121 a modiCied way of deriving the relevant dyadic
Green's function has been presented.

The second step is the solution of the formulated equation
to find the secondary volume current

dielectric obstacle(Ch.II ). In-this
density values in the

ih..,
~ work/pOint-matching

Coutd •••••



done in order to reduce the computational difficulty especially

the subsections of the obstacle region has been used. These

subsections were chosen to be rectangularly side4p~llelo-.

subsectional~ :
~operator over
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moment method Using a set of pulse function type

the numerical integration process involved in the moment method.
\> ,~

The procedure of solution as outlined by J.J.H.Wang[7] lws<been

basis vectors spanning the domain of the integral

'ypipe4sand have been termed ~.Cells"- by J.J'I:Ii"Wang[7].This was

fOllowed and compulational formulas have been derived for the

matrix elements resulting from the application of the point-

matching moment method. These elements involve double infinitej;_,.~•.•

series .~ An alternative method -'

of dealing with such double infinite series utilizing laplace

tran.sforms as suggested by A.D.Wheelon (11) and -loiltH'Z:.lt"\g-
{ ••••t •.•v tvo•••f....... .•.• " •..'}, ..••I;pJ by R.~. c.o\l,",U!] h""l ~

P"'" ~"'t:..J.
The third step is the derivation of the formulas for the

[-

TE10 mode equivalent circuit parameterS(Ch.III). Following the

procedure of H.E.Collin [12 & 8) e~pressio~for TE10 scattered

field radiated by the secondary current in the obstacle wree

derived theM expression, along with the indident field expression .'

were used in deriving the two-port equivalent circuit parameter

expressions.

An illustrative example showing the Various steps of

solution has been presented (Ch.IV). A digital Computer program

in Fortr~n-IV Language has been derel.pe4 using the techniques

l
1".1:

-suggested by S.S.Kuo 14} andjOi-gard:k (15). The results of the

program indicate quite rapid convergence in the doub1e infinite

aeri,.eBsummation with
-~ some 20x20 terma per aeries and a180

Contd •••••••
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indicate that an equavalent current parameter for the problem in

this illustrative example has negative resistive pal(t. The

physical interpretation of this is that the fundamental mode

contribute power to other modes. In this context the following

remark made by H.K.Collin (8} in connection with explaining the

thick iris discontinuity problem in a waveguide is networthy:-

"A single evant>cent mode cannot propagate real power but the

combination of nonpropagating modes which decay in opposite
"directions does lead to a transfer of pawer. Thus the occurance

.f the negative resistance may be attributed to the presence

of a number of evanenscent mode. decaying in epposite directions

out of the infinite number of evanescent medea existent with the

propagating mode.

Following the approach di.cussed hy R.Mitt.. et a~ (16) a

medifie. moment method has been developed for the three-dimen-

.ional di-electric obstacle .problem. The meth.d involves a

transformation matrix ~nipulation in the process of solving

for the secondary current v.lue. by the application of point mat-

ching method. The method has the pOBsihility of either

reducing the computer time or improving the accuracy of the

solution,Further, 1nve.Btigation with this method is worth

consideration.
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