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ABSTRACT

The use of optimization technique'for designing digital filters
is of widespread practice. For a given order, filters designed by
using the iterative methods can closely approximates the 'best’
filter for that order than by using other methods.

In the present work, a design technique using Hooke and Jeeves
pattern search technique has been implemgnted. The design procedure
“is based on frequency sampling method, Optimization technique has
also been implemented to define the transition region of the desired
filter to maximise the stop band attenuation. |

An algorithm has also been presented which gives the solution
for designing a filter, when the pass band and stop-bandlfrequencies
and maximum toleréble deviations in pass band and stop band are
given but the order of the filter is not given.

The developed design technique has been imélemented on a
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1. INTRODUCTION

1.1 GENERAL

The digital filter is d digital system that can be used to filter
discrete-time signalslo. It is the digital signal processor that
converts a seguence of numbers called the input to another seguence
of numbers called the output. A discrete-time signal, like a contin-
uous-time signala; can be represented by a unique function of
frequency referred to as the frequency spectrum of the signal.

This is a description of the frequency content of the éignal.
Filtering is the particular process by which the frequency spectrum
of a signal can be modified, reshaped, or manipulated according to
some desired specification. It can be implemented by means of
soft-ware or by means of dedicated hard-ware, and in either case
" it can be used to filter, real-time signals or non-real-time |
(récorded) signals.

The advantages of digital filtg;s over analog filters are
the traditional advantages associaééé‘with digital systems in
general:

{l) Accuracy is high

(2)'Physical size is small

{(3) Reliability is high
A very important additional advantage of digital filters is theﬁ
ease with which filter parameters can be changed in order to ’

change the filter characteristics.

- -
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As digital computers came into scene, digital filters began to proii~
ferate. Digital filters have been.used by the scientists to solve many
interesting problems, some of its uses are like in picture processing
which ﬁses digital filtefing techniques to improve the clarity of
pictures obtained from remote sensing, interplanetory communications,
x-ray films. Other area of application includerspeech processing,

radar, sonar, and various fields of medical technology.

1.2 TERMINOLOGY

'Before discussing the design issues, it is important to distinguish oo
_the various types of digital filters.

1) Finite-Impulse-~Response (FIR): This term means that the dura-

tion of the filter impulse response h(n) is finite, i.e.

h(n) = 0, n> Nl<oC
h(n) - 0, n<N2>-°C e s e s e e 1.1
and Ni> N, .
. S
2) Infinite Duration Impulse Response (IIR): This term means that

v

the duration of the impulse response h(n) is infinite; i.e., there exi-
sts no finite values of either Nl or Nzrsuch that (l;l) is satisfied.
3) Recursive realizatiOn; This term describes the way é filter
(either IIR or FIR) is realized. It means that . .the current filter output
y{(n) is obtained explicitly in terms of'past filterloutputs y(n-l),.}..
as well as in terms of past and present filter inpﬁts k(n), x{n=-1} ,.....
Thus the output of a recursive realization can be written as

y(n) = F(y(n-1),y(n-2),....., x(n),x(n-1),.....)
4) Nonrecursive realization: This term means that the current fil-
ter output y(n) isrobtained explicitly in terms of only past and present
inputs; i.e., previous outputs are not used to generate the current out-
put. The representation on a npnrecursive realiéation can be written as

y(n} = F{x{n), x{(n=1), ..... ).



[ i
It should be noted that, in general, recursive realizations of ITR

filters and nonrecursivé realizations of FIR filters are most

efficient and are usually used.

1.3 SOME ADVANTAGES OF FIR FILTERS

Among the advantages of FIR filfers, over IIR filters are,

1) FIR filters can easily be designed to approximate a pres-
cribed magnitude frequency response to arbitrary accuracy with an

exactly linear phase characteristic.

2) FIR filters can be realized efficiently both nonrecursively
{using direct convolutions, or high-speed convolution by using the
fast Fourier transformz) and recursively {using a comb filter and

a bank of resonators).

3) An FIR filter realized nonrecursively is always stable.

FIR filters realized nOn—reéursively contain only zeros in the

finite z plane'@;::;;;Efzfy>and hence are always stable.

4} Quantization and roundoff problems inherent in recursive
realization of IIR filters are generally negligible in nonrecursive

realization of FIR filters.

5) The coefficient accuracy problems inherent in sharp cHtoff
IIR filters can often be made less severe for realizations of

equally sharp FIR filters.

1.4 DESIGN OF FIR FILTERS USING WINDOWS

The most straightforward approach to FIR filter design is to obtain




a finite length impulse response by trfncating an infinite-duration

impulse response s&quence. If we suppose that Hd(ejw) is an ideal
desired frequency response, then
jw,  _ -Jjwn :
Hd(e ) o= z hd(n) e e 1.2

= —oC
where hd(n) is the corresponding impulse response sequence, i.e.,

T

hg(n) = % E%f Hy(ed) e aw Loiiill 1.3
~1T

In general, Hd(ejw)'for a frequendy selective filter may be piecewise

constant with discontinuities at the boundaries between bands. In

such cases the sequence hd(n) is of infinite duration and it must

be truncated to obtain.a finite-duration impulse response Equations

(1.2).& (1.3) can be thought of as a Fourier series representation

of the periodic frequency response Hd(ejw), with the sequence hd(n)‘

playing the role of the 'Fourier coefficients". In order to control

" the convergence of the Fourier series a weighting function is used

to modify the Fourier coefficients. This time-limited weighting func-

tion is called a window.

If hy(n) has infinite duration, one way to obtain a finite -

duration causal impulse response. is to simply truncate h(n), i.e.

defining
hd(n), 0< nN-1
h(n) = 7__,..".',-‘:"-."‘ g "2 0 0 l-4
0, , Otherwise

In general, we can represent h(n) as the product of the desired

impulse response and a finite-duration "Window" win); i.e.,

h(n) = hd(n) win)



where in the ekample of Eg. (1.4},

1, 0<n{N-1
W(l’l) = LI I B Y ) (1-5)
a, Otherwise
" Using the complex c0nv01ution theoremlO
T
jw A 70 3 (w~8’
H(e” ") =% Pes Hd(e ) W(e- ) qe e 1.6
I

.That is, H(ejw) is the periodic continuog;VCOnvolution of the desired
frequency respOnse'with the Fourier transform of the window. Thus the

frequency response H(ejw) will be a "smeared" version of the desired

response Hd(ejw) J9)

and W(ejw_e) as required in Eq. (1.6).

. Figure 1l.1(a) depicts typical functions Hd(e

(a) " , (b)

Fig. 1.1. (a) Convolution process implied by truncation of the desired
impulse response; \
(b) Typical approximation resulting from windowing thé derived
impulse response.

-
i



From Equation (1.6) it is clear that if w(el¥) is narrow compared'to
variations in Hd(ejw), then H(ejw) will "look 1like" Hd(ejw). Thus
the choice of window‘is governed by the desire to have w{n) as short

. . , R . . .
as possible in duration so as to minimize computation in the imple=-

: 5
mentation of the filter and to faithfully reproduce the desired

frequency respocnses.

1.5 COMPUTER-AIDED DESIGN OF FIR FILTERS

The window techniqﬁe is straightforward to. apply and is in a sense
quite general, However, we often wish to deSign a-filter that is the
"hest" that can bé achieved for a given value of N.lIn the case of
window designs, it follows from a fundamental result of the theory
of Fourier series fhat the rectangular window provides the best

mean - square approximation to a desired frequency responsé'fér a

given value of N. That is

hs(n), 0< n{N-1
h(n} =
0, Otherwise
minimizes the expression -
i
2 -y b Wy adWy 42
E 5 5| [Hgle™) ~ Hel) {"aw
LT

However, it is found that this approximation criterion 1eadsrto
adverse behavior at discontinuities of Ed(ejw), A better criterion
for many types of filters is minimization of the maximum absolute
1east sqﬁare error. In our method of designing the FIR filters we
used an optiﬁization technique governed by a pattern search iterative
procedure to minimize the 1ea$t square error in one or more frequency
bands. This optimization technique yielded better filters than the

window method at the expense of greater complexity in the design
procedure.

C T en 2



lf6 LITERATURE SURVEY

Since Wdrld War II, electronics engineers have speculated on the
applicability of digital hardware technigues to many probleq"qreas
in which signal processing plays a role. Thus, for example, Laemmel
(1948) inlBell Telephone Laboratory triéd to employ digital elements
to conétruct a filter. Needless to say, the conclusion then was not
favourable. Cost, size, and reliabiiity strongly favoured analog
_filtering and dnalog spectrum analysis technigues. In the 1950's,
Stockham (1955) reports that Linville; an MIT professor at that time,
discussed digital filtering at graduate seminars.‘By then, control
theory, based partly on Hurawiez's (1945) work, hdd become established
‘as a discipline; the concepts of samplihé and its spectral effects
were well understood and the mathematical tools.of z—transformdtion
theory, which had existed since Laplace's time, were propagating into
the electronics engineering COmmdnity. It was not until the mid
1960's that a more formal theory of digital signdl processing began'
to emerge. By then the potential of idEFgrated circuit technology

was appreciated and it was not unfedsddable to imagine COmpléte

signal processing systems that could best be synthesized with digital ;

components.

The first major contributions in the area of digital filter design
were by kaiser (1966) at Bell Laboiatories, Kaiser's work showed
clearly how to design useful digital filters using'the bilinear
ﬁransform. Perhaps the mdst interesting aspect of the development

of the field of digital signal processing is the changing relationship
between the roles of FIR.and IIR digital filters. Initially Kaisor
(1970) analyzed FIR filters using window functions, which indicated
that IIR filters were much more efficient than FIR filters. However,

T

t



Stockham's work on the ?FT (Fast Fourier Transform) method of
performing convolution, or more specifically FIR digital filtering,
indicated thét implementation of high-order FIR filters could be

made extremely computationally efficient. Thesé results also inspired

significant research for efficient designs for FIR filters.

e
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DIGITAL SYSTEMS



2.1 TYPES OF DISCRETE-TIME SIGNALS

A continuous-time signal can be represented by a function x(t)
whose domain is a range of numbers (tl’té)’ where -C££gtl and
t2:§°CSimilar1y, a discrete-time signal can be represented by-a
function x(nT), where T is a constant and n is anrinteger in the
range (n;,n,) such that - °Q$}ﬁ_and n,&o<¢ . Alternatively, a dis-
crete-time signal can be represented by x(n). As for continuous-
time signals, two types of discrete-time signals can be identified,
namely nongquantized and quantized signals.iA nonquantized signal
is one that can assume any value within a specified range, whereas
a quantized sighal is one that can aésume only a finite number of
discrete values. The various types of signals are iilustrated in

the fig. 2.1.

h ‘ : 4 | T>
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Fig. 2.1:
Legend X(t) = continuous-time signal, input to samplar
xl(nT) = discrete-time signal (nonquantized), output of the samplar.
X{(nT) or X{(n) = digital signal, output of the quantizer.

e

2.2 REPRESENTATION OF ARBITRARY SYSTEMS

Using the basic digital impulse sequence it is easy to represent
arbitrary sequence in terﬁs of delayed éﬁd scaied impulses. For
example, the sequence P(n) of fig 2-2 can be expressed as

P(n)
a_i a,

Fig. 2.2. Example of an arbitrary system

P(n) = @_2% (n+®) + a'lé(n-l) + a, &(n-2) + a, 53(;1—7).

More generally, an arbitrary sequence can be expressed as

oS

X(n) = -2- x(k)é(n-k) 2.i

K = —o¢
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2.2b LINEAR SHIFT-INVARIANT SYSTEMS
A system is defined mathematicaliy as a unique transformation or
operator that maps an input sequence x{(n) into an ocutput sequence

y(n).‘This is denoted as

y(n) = TfﬁBE{(n).........- 2.2

and is often depicted as in fig. 2$3i

X(n) y(n)

Fig. 2.3, Represehtation of the transformation that maps and} input

sequence x{n) into an output sequence yi{n).

The class of Linear systems is defined by the principle of super-
position. If yl(n) and yz(n) are the responses when xl(n) and
Xz(n), respectively, are‘the inputs, then a system is linear, if

[

and only if : : S

A

T(aXl(n)+bX2(n)) = aT(xl(n))+bT(X2(n)) = ayl(n)+by2(n)... 2.3

where, a and b are arbitrary constants.

Linear system can be completely characterized by its impulse res-
ponse or unit sample response. Specifiéally, let hk(n) be the res-
ponse of the system to é(n—k), a unit sample occuring at n=k,

Than from eqn. 2.1.

o
y(n) = TLZ X (K) 5 (n-k)]

==-oc



i X (k) T[é(n—k)]

Or f(n) =
k= -o0
oc ' ‘ _
Or y(n) = x(k) h (n}) ...... _ 2.4
k= ZOG . k

Thus according to Eq; 2.4, the system reéponse can be expressed
in terms of the résponse of the system to é(n—k).

The class of shift-invariance systems (Time invariant system)
" is characterized by the property that if y(n) is the response to
x{n), then y(n-k) is the response to x(n-k), when k is a positive

or. negative integer.

This property of shift invariance implies that if h(n) is the res-
ponse to 3(n),‘then the response to %(n-k) is'simply h{n=k).

Thus, Egqg. 2.4, becomes, .

_ ,
y(n) = E x(k) h(n-k) ... 2.5

k= “oc

Equation{2.5) is commonly called the convolution sum. It can be

represented as

oc
y{(n) = x(n) * h(n) = Z x (k) h{n-k) -
k= —oc

O

y(n) = h{(n) * x(n) = EE: h(X) x(n-k) ...... 2.6

= = O

2.3 THE GENERAL DIFFERENCE EQUATION DESCRIBING THE DIGITAL FILTER

Let the sequence of numbers x(n) be such a set of equally spaced

measurements of some quantity x(f),'whéié n is an integer and
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i
Ty

t is a continuous variable. If the seduence y(n) is computed by the

formula,

‘N M
EE b y(n-k) = EE: arx(n—rL...... 2.7
k=0 r=c ‘ .
‘ . ’ N
We can write
o) = Z c, x(n-k) + » & y(n=k) .... 2.8
g k=0 k=1

Then this formula defines a digital filter. The coefficients_ar,

b c

k' x & dk are constants. Thus a digital filter is merely a linear
combination of equally spaced samples x(n-k) of some function
X(t), together with the computed values of the output y(n-k). For

each successive n, the formula shifts one data point along the

string of data points, x({(n-k).

In the case where all the coefficients dk of the y(n-k} are zero,
the filter is called ndnrecursive; otherwise it is a recursive
filter. According to the duration of the impulse response the
digital filters are classified into another two classes. If the
impulse response is of finite duration, it is reffered as a finite
impulse response (FIR) Filter, and if the impulse response ié of
infinite'duration, it is reffered as an infinite impulse responée
(IIR) filter. The FIR filters are the nonrecursive type of digital
fillers i.e. the constants dk of Eq. 2.8 are zero. So, the equation

describing FIR filter is,

y{n) = :%: Cy X(N=K) coennns 2.9

k=0

. .1-- ’,'I' y
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If fact, comparison with Eq. (2.6) shows that the above difference
equation is identical to the convolution sum, and hence if follows

directly that.

0, Otherwise.

2.4 DERIVATION OF THE GENERAL TRANSFER FUNCTION OF
DIGITAL FILTERS

Let X(n) be the input to a linear time-invariant digital system,
with an impulse response h(n), Let X(z) and H(z) be the z-transforms

of x(n) and h(n), respectively. The output y(n) is given by
Y(h) = x(ﬁ) * h(n)

Applying the transform property (Apggﬁdix a)
Y{z) = H(z) X(z)

where H(z) is the transfer function of the system. For deriving
1
the General transfer function of the degital filter. Let us start

with the general equation (Eq. 2.7),

N ) ) M
bk y{n=k) = E a. X (n-r)
=0 r=0
Applying the z - transform to each side we have

N . M '
. Z b, y(n-k) =z Z a_ x(n-1)
k=0 r=o0
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which from property of Appendix B in the Appendix A we can

rewrite as,

N | _ M -
E b, z| y(n-k)| = E a_ z| x(n-r)
k E ] < r [ :]

k=0
with the help of property ﬂ,of Appendix B, that,

z[y(n—kﬂ = z_k Y(z)

and z[x(n—rﬂ = z—rx (z)

Thus,

=z
=

For FIR filter, we have, N=0,

M
E . -r . r

Or H{z) = ar z P 2.11
r=o0 . ‘

_ -1 -2 ‘ -m

= ag + al z + a, z & R A fam z . 2.12

The z transfer of a sequence is always a rational function of

either z or z“1 (App-B). Thus, if we know the poles and zeros of

the z-transform H(z) of a sequence of inpulse response h(n), we

can write H(z) in the following .form,

M

0<.|[ (l'-ziz_l) .
H(z) = —i2k ceeen 2.13

N (l.._Pk z-l) 3 i.
AN )




<
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where, z;, are the zeros and Pk are the poles of the transfer func-
tion H(z) in z domain. S

Equation 2.13 is another general form of transfer function of aegital filters

2.5 CONVERSION FROM Z-DOMAIN TO FREQUENCY bOMAIN.

The Fourier transform XF(e]w) of a sequence x(n} is defined to be,
A o |
xp(e?) = z x(n) e . ... .. _ 2.14
No-og '
Comparing this equation with defining equation‘of z = transformation

(Appendix A), we can conclude that the Fourier transform of a
sequence is the z-transform of the sequence evaluated along the

unit circle in the z-plane (Appendix A}, as sQown in Fig 1,4.

That 1is

Jw

xF(ejw) X (z) jw2 x(ed¥) )

]
Il
o

\ImlZ]

Untt Clrcle

Fig. 2.4. Fourier transforms are z-transforms evaluated

along the unit circle.
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For any integer K, we have,

oW _ I (wt2mk)

Hence, X(ejw) = X[pj(w+2ﬂ]”]

This means that the Fourier transform of a sequence is a periodic

funption of w.

Given the input sequence x(n), the output sequence y{n) can be
obtained by a convolution sum, as indicated by (2.6).
Let that x(n) is given by

X(n) = eI, -eC<n Lo
o

Then the output y(n} is given by

oG
y(n) = _ZE h(k) x(n-k)
k= —o0 ‘
o ,
- ZE: h(k) eJwin-kl
k= =-oC
x -
= gJWn E h(k) e Wk
k= -oC
R H(ejw) ejwn
= ueedy x(m) ..... e 2.15

e
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where w is the input exponentiaiﬂf¥g&ﬁency.,[}et x(t) = eIt pe

the exponential sinusoidal continuous - time function. Then the i
. - N . . 4

corresponding sampled sequence x(n) is given by x(n) = x(nT) =

ejwnT = e]wn, where‘aévﬂ?is the digital frequency of the sampled

sequence x{(n), and T is the samp%ing geriod] From (2.15), H(ejw)
is the multiélier to that converés thé exponential input segquence
x(n) to the output sequence y(n). Hlejw).is called the frequency
. response of the system. In otherwords, the frequency fesponse
H(ejw) of a system S8 is the transfer function H{(z) of the system

S evaluated along the unit circle - bf letting 2z = eI¥ with

0{w<2W - in the z-plane.

2.6 LINEAR PHASE CHARACTERISTICS OF FIR FILTERS:

The transfer function of an FIR digital filter is in the form of

N-{

H(z) = EE; hin} 2z ™ ...... - 2.16 !

n=o

where the impulse response is of 1eng£h N or has a duration of N

samples. If the impulse response of an FIR digital filter satisfies.

h{n) = h{N-1-n) ...... 2.17

1

Il

for n =0, 1, ve.o.s , (N/2) - 1 if N is even, and

for n 0,1, «eeveee , (N-l)/2.iﬁ N is 0dd, then it can be shown

that the digital filter will have a linear phase characteristic.

Indeed, when N is odd, (2-16) and (2-17) give,

v ';
St

N -

H(ejw) = :E? h(n) e~Inv

n=o
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(N=-3) /2 |
= :E: [ h(n) e—jnw+ h(N_lﬁnye“j(N—l—n)w]l
n=Q ’
+ h{ N_‘Z'i) Rl [(N-l)/2j w
(N-3)/2 -

AP

~jnw + e—j(N—l—n)w]

1
,M
jmp
|
r—"l
)]

+ hi M) A [<N~11/2] w
2

_ iln-n 72 w%h S

) (Ni%%/z h(ni[é_jin_ BN_l)/ﬂ}\v ;'ej{n— EN-l)/ﬂkhi]

n=o

(N-3)/2 ' . .
— e-j [(N-i)/?] W{h(g_%;) + Z 2 h{(n) COS[(n—- E-E-LEIW}

. n=o
In the same manner, when N is even, the frequency response is given
by (N/2)-1
: - : N-1
H(ejw) - o3 [(N—l)/Z_] W Z 2h(n) Cos[(n— )v{'}
‘ , n=o

In both cases, the phase ¢(w) of the FIR digital' filter is given

by

which is linear for -TI< w1 . The group delay function

A d@fw  _ N-1
T (W= — g === . 2.19
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linear phase filter for N=10. (even) 1is shown in fig (2-6). Here
7 (w)=4.5, which reflects that the center of symﬁetry of the
impulse response lies midway between two samples. The definition
of a Linear phase filter [Eq. 2.lé]reQuires the filter to have

both constant group delay and constant phase delay.

2.7 STABILITY CONSIDERATIONS
A linear and time-invariant digital system S is stable if its

impulse response h{(n) satisfies the condition

o<

Z | him)J oS cvnnnnnnn.. 2.20

n= -o¢

We will try to implement the above stability ¢riterion in the case
of digital filters in the z - domain. Since, . in the case of FIR
filter we know that the auration of the impulse response is finite,
S0 we can say thatrFIR filters will always satisfy the above

mentioned stability criterion. But to make it more specific and

clear we will first study the stability condition of IIR filter.

Considering the general transfer function of the following type

M
diw_r (l-ziz-l)
i=1

H(z) = L= 2.21
1

N —
*rw‘ (l-Pk z )
.k=1

Any filter whose transfer functions are given by (2.21) with N;Fl

is called an IIR digital filter, because there does not exist a

TL-

BT
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finite integer L such that, h(n) = 0, for nD>L ,

where h{n) is the impulse response of the filter.

Considering, MSN, a partial fraction expansion of (2.21) gives.

H(z) =EO+ i + Tt e+

l-Plz—l 1-P,z N

where, & . = (l—Piz-l)H(z)1 for i=1,2, ...... N.
. z=p

and P; are the poles of (2.21).

o -’;.‘; ) .
Hence, the corresponding impulse response of (2.21) with Ehe help

of inverse. Z-transform is

h(n) =[Elp1“ + &, Ph ..., +'£NPS:}u(n)

+Eé(n)‘....‘..' - (2.22)

Clearly, the necessary and sufficient conditions for the impulse
response of (2.21) to satisfy the stability criteria of Eq. (2.20)
is that, /P,|<1 for i = 1,2, ....., N. That is all the pole loca-
tions of the digital filter afe within the unit circle in the

z-plane.

We know that the Transfer function of FIR digital filter does not

carry any poles; Hence, this type of filter is always stable.
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3.1 Introduction

As stated before, a diéital filter can be implemented either as

software on a general or special - purpose computer or as hardware.

Either way, the.baéic concépts of digitgi filter implementation

involve the following two steps:

1. to convert the input-output relationship of a digital filter
into an algorithm.

2. to implement or to realize the algorithm in terms of a set

of basic operations or digital hardware.

In this chapter a direct form approach of realization of FIR filters

is suggested.

3.2 Basic Building Block Considerations

We know the FIR filter transfer function can be written in the

following form from Eg. (2- ).

N-1
H(z) = igg; = i h(n) z " ...
=0
Qr, H(z) = aozo¥alz_l+a22—2 ceseas +aM 2 M ceeen 3.1

where X(z) and Y (z) are, respectively, the z-transforms of the input
and the output sequehces. To realize this transfer function, We convert

it into a difference equations as

y({n) = a_ x{n) + a, x{n-1} + a

o X(n-2) v..i.0n.

1 2

+ a xXx(n-M) ..... 3.2
m
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To realize the transfer function of (3.1) is equivalent to imple-

menting the algorithm of (3.2), which requires the following:

a) delay units or shift registers to store past.output values;

b) multipliers or multiplication operations to provide the
necessary scaling or weighting factors to sampled values; and

c)  summers Or additionroperations to add up the various quantities
indicated on the right-hand side of (3.2) to give the presenf

output values.

Fig. 3.1 illustrates the symbols and operations of these basic

building blocks.

— y () ‘= X(n-1)
x{n) .
o —p-
L 2
{a)
Xl(n)' B ~ y(n} = Xlin) + Xz(n)
X2 {n)

> {b)

X (n) y(n) = ax(n)
, l>a -

(c)

.

n

4

Fig. 3.1. Basic building blocks for digital filters:

a) delays, b) summers and c) multipliers.
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sl
A simﬁlified symbol representation of these building blocks is

illustrated in the figure (3.2).

Xl(n) 5
X, (n) \ -y
j -
i
X; (n) J
(a)
y(n)
{b)
a
x(n) _ y(n)

> : X({n) T——————*[:>>————-—y(n)

(c) {d)
Fig. (3.2) Simplified schematics for (a) and (b} summers,

and (c) and {(d) multipliers.

3.3 Direct Realization

There ‘are many techniques in the direct approach to realize digital

transfer functions. Among the well-known techniques are the direct

forms, ladder and lattice structures, multiplier - extraction

techniques, and the modular forms of wavprdigital filters. The

: , o
direct form is the realization technique that implement the difference
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equation of the filter. The multiplyiﬁg conétants are the coeffi-
cients of the transfér function. For low=order transfer functions,
the direct form is very competiﬁive in performance and cost.

A realization of the transfer function of (3.;) can be
obtained by implementing a computation procedure for (3.2). Figure
3.3 shows a digital network implementation of (3.2). This configu-

N

ration is called the direct form realization of the transfer func-

tion of (3.1).

x{n}

Fig. 3.3. Realization of FIR filters by Direct approach.

To analyse the hardware implementation we consider a filter with
impulse response duration of 7 i.e. N = 7. The direct form realization

is illustrated in the figure 3.4.

X(n)_ -1

(n)
Fig. 3.4. Direct form FIR filter with N=7. o

LA
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Figure 3.5 shows a simple structure for realizing the filterrof

Fig. 3.4 using a singie computational element (consisting of a multi-
plier and an adder), a shift resister to hold the filter states,

and a ROM for the coefficients. The important element of this figure
is the manner in which the shift register is controlled. By means

of a multiplier ana an accumulator; a single output sample can be
computed by successive addition as the shift regiSter circulates.
During the first computation (of ag Xx(n-6)), the new input x(n) inters
the shift register.while x{n-6) is shﬂf%éd off the end. Afterward,
each iteration includes a circulation of one datum around the shift
register, as indicated in the chart accompanying Fig. 3.5. When y(n)
is obtained, it is sent on while the accumulator is cleared; then

the next major cycle begins,
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x{n)

1) CLEAR R

x(n-1)—™ x(n-2) x{n=3) x(ri'—4) . X (n=5) ‘ x(n-6)_l a,
!
a2 -
23
.8.4
s
26

X

+
ACCUMULATOR , y(n)
REGISTER | R

STATE OF R m ‘

2)'a6x(n—6) + R—»R : | a ,x{(n-6)

6

3) ag

X (n-5)

 x(n)}—w x(n-n}—q_x(n—Z)——v[x(n-3ﬂ——»{x(n~4ﬂ——r{x(n-s?;]

+ R—¥» R

a6x (n—6-) +a5x(n—5)

~ % (n=5)—_x (W} x (n-1}—» _x(n-2)}+{x(n-3 )+ (n-4)

4} a4x(n-4)' + R—»R . ) a ‘x(n-6)+a5(n-5)

6

+ a4x(n—4)

v

—ilx(n-4)}—>lx(n-S)l—VLx(rﬂ—v[x(n—lﬂ—b[X(n—Z)HX(n-."D |

.5) a.x{n-3)

3

+ R R ' 6 a_x{n-m)
m

.. . ' m=
—r X (n—B)Hx (n—4)]—>|x (n—S)}-——hrx ‘(n)l—-»x (n-1) Hx (11--25—-:J
6
6) a,x(n-2) + R R a_x{(n-m)
-2 N : m

—;-x(n—2)—-{x(n-3)Hx(n—i)Hx(n-5)Hx(n) x(n-l?l:l

7Y a.x(n-1)

+ R—»R o é amX(n—m)

Z%f a_x{n-m) =y(n)

1
X (N=-1)Fx (n=-2)FMMx{n=-3}}—rx(n-4)}—»x(n=5) rx(r:j
8} aox(n) + R R
+x(n)» x(n=1}}» x (n=2)}—w x (n-3)—w x (n=4}—>»

-] )
X (n=5) M=o

Fig. 3.5. Structure, program, and states for implementation

of direct form FIR filter.
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4.1 Introduction
Many work have been-done on the design téchniéues of FIR digital
filters, the objective of mosf of the work is to develop a method
for building up a filter which approximates the desired éharac—
teristics very closely. For example the simplest method of
windowing design is a cémmoﬁ one. There are also othérlmethods
such as discrete fourier transform and equiripple approximation.
Applying all these design techniques the filter which is developed
requires some compromise with its-desired characteristic. In most
of the cases the compromise is made with the transition region,
which results in a loss of information in the transition frequency
bﬁnd.

"In our design with the-0ptimization technique, much care is taken to study the
transition regidn and selecting some optimal transition points to yield relatively
'beﬁter filter with minimum deviations in the pass and stop bands . The fnlrpose
of optimization is to find the best possible solution among the many
potential solutions for a given preoblem in terms of some effectiveness
or performance criterion. In this c0mpﬁter aided design we used
Hooke and Jeeves ﬁattern search (direct search) iterative optimization
algorithm4. Using this search technique the resultéd filter is a
better one with specified tolerance of ripple in the pass band and
stop band with tolerable transition region, but with the expense of

greater computer time.

4.2 HOOKE AND JEEVES PATTERN SEARCH OPTIMIZATION TECHNIQUE

Conceptﬁally, the simplest type of segféh method is to change one

variable at a time while keeping all the others constant until the
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minimum is reached..The algorithm‘éghsists of‘two major phases, an
"exploratory search" around the base point and a "pattern seafch"
in a direction selected for minimization. Fidure 4..1 is a simplified
information flow diagram of the direct search algorithm. This
algorithm operates in thé following manner., Initial values for ali
the elements of x must be provided, as well as an initial incremental
change 4&x. To initiate an exploratory_search, f{x) is evaluated

. i
at a base point (the base point is thé vector of initial guesses
of the independent variables for the first cycle). Then each variable
is changed.in rotation, one at a time, by incremental amounts, untii
all the parameters have been so cﬁanged.‘To be épecific,

{o) {1) = X{O)+AAX{O), If f(k) is reduced,

x{o) is changed

by an amount + AX

(o) {0)
X1 1

; SO that x

+ A X is adopted as the new elemerit in x. If the increment

(o) (o)
X1 1

and the value of f(x) again checked as before. If the value of f(x)
(o)
is not improved by either xio) t‘ﬂxl ’

(o) (o)
) 2

fails to improve the objective function, is changed by -Ax

x{o) is left unchanged. Then

is changed by an amount A x , and so on, until all the inde-~
pendent variables have been changéd to complete one exploratory
search. For each step or move in the independent variable, thé value
of the objective function :is compared with the valuerat the previous
peint. If the objective function is improved for the given step, then
the new value of the objective function replaces the old one in the
testing. ‘However, if a perturbation is a failure, then the old

value of f(x) is reftained.

After making one (or more) exploratory searches in this fashion,

a "pattern search" is made in the following way,

L 2ka) - xgb)'.
i i i
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Evaluate f(x%o?t the
base point(x’ initially)

|

B Carry out type I exploratory search ,
from base point. aAfter last per= ? {
turbation, is f(x) less than f(x ) i
at old base point?
'No YES
, . %
) 3 — N
. H
Is perturbation size Set new base 3
AX less than some point(b)
prescribed small ‘ f(x 7 )=£f(x)
number? ‘
No | ~{ sTop }
. 4 ‘
% Carry out pattern
' search
Reduce perturbation —
parameter
5 Y .
Carry out type II
exploratory search.
After last perturbation
.v]-f(x) less than
1 (b), .
f(x ) in (3) 2
Yes | No
/

Fig 4.1. Information flow diagram for pattern search minimization,
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where, xik+1) is the new pattern search vector, xib)

(k)

base vector and X4 is the new base vector after 1lst successful
I ‘
.type I exploratory search is obtained. After the successful pattern

is the old

search, an exploratory search is conducted which is known as type II
exploratory search, and tge success or failure of a pattern move is
not established until after the type II éxploratory.search has been
completed. If f(x) is not decreaséd after the type II exploratorf
.search, the pattefn search is said to féil; and a new type I exploratory
search is made in order té define a new successful direction. If the
type I explbratory search fails to give a neQ successful direction,
A x 1s reduced graduaily, until either a new successful direction-
can be defined or each.Axi becomes smaller than some preset tolerance.
Failure to decrease f(x) for a véry small Ax indicates that a optihum
peint has been reached. Figure 4.2, describes the whole procedure of

searching operation.
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x©

.
A4
>

Iy ;o

ro‘Base vedtors x(b)
~Exploratory search steps
success ‘
- failure.
Pattern search stepg
Ceee success
+4++++ Failure.

Fig. 4.2. A simplified diagram explaining the steps of HOCKE
& JEEVES optimization technique.
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4.3 DESIGN OF THE FIR FILTER
4.3.1 SPECIFICATION OF THE DESIRED FILTER:=~

To design a - filter, the first step is to considef'somé desired

- specifications. In most of the cases much care is taken, so that the
desired filter characteristics is matched closely with the ideal
filter characteristics. Some parameters of the ideal filter charac-

- teristics are illustrated in the fig. 4.3.

,He"’[
145,
i

(B3
1

Fig. 4.3. Idealized frequency response{ -------- curve)

Designed filter output frequency response

curve)

In the above figure,'@ and 52 are the permissible passband and
stopband ripple respectively and Fp and Fs are the pass—baﬁd and
stop-band cutoff frequencies. The other useful parameter indicated

in the figure is the transition width AF which is defined as

AF:FS_FP.....'."....'.. 4.].

Since from the beginning we are interested to design the filters with
tolerable transition region, a compromise is made with the ripples,

5 - pd i

4 and <52 in our design procedure. The ripples are the result of



the well known Gribbs'phenomenon. The reason for them is the presence

of the sharp discontinuity in the transition region.

The design of an FIR filter may be accomplished by finding either
its impuise responée co-efficient or N samples of its frequency response.
In our work we have.concerned with the design techniques of low pass
FIR filters only.

The design technique followed can be summeriéed as (1) to specify
the desired characteristics of the filter to be designed and (2)
to reach the filter'equation for a given order which minimises a‘Speci;
fied error function. To achieve the desired filter eguation we have
followed the optimisation technigue (Hogke and Jeeves pattern search
methods) . o

Fig (4.4) shoﬁs the ideal frequency response of a low pass

filter in a frequency sampled form.

[HE |
P O

-] LT
L} b’¢ W

Fig {(4.4) Fixed samples of ideal lowpass filter frequency

response with no transition sample.

Mathematically the frequency response can be expressed as,

[

Jw ' .
Hd(e ) 1 for oéwéwc

;

0, otherwise,
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The equation of the FIR filter can be expressed as

N-1

H(z) = Z h(n)z

n=o

n

The solution of the design technigue is to find out the values of h(n)
for which the error function E(w) is minimised. In our present probklem

we have defined the error function as

E (w) %{/Hd(ej‘.’“’)/—/ﬁ(ejw)[]z | cee. 4.2

Another error function which is often used may be named as the maximum
error in passband or stop band. To ensure the linear phase characte-
ristics of the filter, a constrain has been imposed on the optimization

such that, h{n) = h(N-1-n}. fﬂ
. . T
L
For a specification similar to the above mentioned one, a desig%gd
filter of the order N = 14 gives the characteristics as shown i,n_'t
v b il Yol

figure(4.5a). The figure shows that the minimum stop band attenuation
is about 20 dB, which is unsatisfactory for many purpose. This is a
well known method to improve the minimum stop band attenuation by
increasing the transition width. Figure (4.6) shows a specification

where two samples H, and H2 have been introduced in the transition

1
region. . - . The attenuation in the stop band depends upon the
[ .
tl-—— e —_———_——— = i
OH1
: . oHy
oa we w- 4‘77'

Fig. 4.6. Frequency sampling design using two transition samples.
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~

Fig. (4.5a). Frequency response of the filter without transition
region samples (N=14).
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T

values of Hl and H2 of course it is also dependent upon the number
of such parameters. Optimization technigue can be used to vary these
parameters so as to give the best approkimation to the desired filter
i.e. to improve maximally the minimum atfenuatién‘in the stop band.
In our design process we have devided the transition region into three
equal parts and hence always used two sampies.Hl and H2 in that region.
Their values have been choosen by applying the optimisation téchnique
such that it minimises the maximum deviation iﬁ the stop band. Future
work may be suggested for defining the transition region more effici-
ently. Figure (4.5b) shows a designed characteristic of such a filter
with order N = 14. As can be seen from the above mentioned
two characteristics by using two transition samples and increasing N,
the stop band attenuation is increased tremendously.

In many design problem it is usual practicelto specify the pass
band frequency‘Fp stop band fregquency FS tblarable deviations¢§1
and (52 in pass band and stopband respectively, ﬁbw, the designe;';

duty is to find out the required order N of the filter and the equation

that optimum filter satisfying the specifications. To solve such

‘problems we have proceeded as below:-

Based on measurements on an extensive set of optimal, linear phase,
_ O

low-pass filters, Herrmang emperically determined the relationship

betweenbl, 52, Fp, Fs and AF.

= - i 2 e e s e E e e .
as, D =D, (51f62) f(él,gz) (AF) O 4.3

where, D = (N=1)AF sheaas ERRRIIE ‘ 4.4

TR
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_ 2 |
and, D_ (5]_; (52) = [al(IOglOél) + a210g106 1t a?J. 10g106 2

. , .
+Ea4(1og1051) + a5 loglofsl + as_] 4.5
| e
with,
-3
al.= 5.309 X 10
a, = 7.114 X 1072
- -1
a3 = =4,761 X 10
a = -2.66 x 10°°
4
— -1
a5 = =5,94]1 X 10
L -1
a, = -4.278 X 10
and
£CS51r b)) = by + by lOgloél-bz 1og1052 4.6
with bl = 11.01217
b, = 0,51244



41

The coefficients in (4.5) and (4.6) were determined by a minimum
mean - square error fitting procedure to the data, whereas the
forms for (4.3) and (4.4) were suggested by some simple data fitting

procedures.

For the design of the filter, the given specified parameters
are Fp, Fs,é)l and & 9° The unspecified parameter is N. In this case
Equations (4.3) and 4.4) may be used to give N, the estimate of N, as

Dee (&4: &) :
N = e 1772 - 085,08 (AF)2 + 1 ..... 4.7

A F

Figure (4.7) shows the lodic required to obtain the actual value

of ﬁ that is reguired. After estimating'ﬁ from (4.7), the direction
parameter JD is initialized to 0. The parameter ﬁ, Fp, F_, 51 and 52
are used as input to the optimal design algorithm fHooke and Jeeves
pattern search technique) that returns the valge 82 as the actual
deviation in the stopband. This value is compared with 62 and if

they are equal‘the algorithm goes for a second check about 51.

If gz >-52 then ﬁ is incremented by 2(i.e. one filter order) and a
check is made té see if the direction parameter JD was -1, indicating
that ﬁ had previously been decreasing. If so,'the new value of ﬁ-is
the smallest N that meets the requirement for 52 and the algorithm goes
U)pointﬁﬁlf not, the value of JD is set to 1 and the updated value

of ﬁ is used as input to the optimal dgsign algorithm. A similar

path is taken if 32 4 62 whereby ifﬂjﬁﬁwas 1, the current value of

A : /~
N is the minimum value of N. Otherwise N is decreased by 2 and JD

set to -1 and the algorithm repeats.



Fp Fs dl 62

I

CALCULATE N
USING EQN. 4.7
JD=0

=0
2|
x|

rsdl

62

INVOKE OPTIMAL
DESIGN ALGORITHM :: -

* OPTIMAL
DESIGN ALGORITHM
I

Fig 4.7. Algorithm for choosin smallest”ito ifi i
g -, to meet specifications on' ForF & 1 and&z .

42
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The,proéess for attaining the value of 51 within the specified

tolerance is also explained in the flow chart 4.7

Now for an example, we have designed an optimal low pass FIR

filter with the following épecifications,

L = 0.0001
62 = 0.0003
F = 1.6

p
F = 1.8

s .

The resulted frequence response of the transfer function is

show in the fig. 4.8.

cr
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CHAPTER 5

CONCLUSIONS AND SUGGESTIONS FOR FUTUREAWORK

¢
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5.1 CONCLUSIONS:

In the present work, a design technique uéinngooke and Jevees
pattérn search technique has been implemented. Thé‘design.pr0cedure
is based on frequency sampling method. Optiﬁization tgchnique
has also been implemented to define the t:ansitidn region of the
desired filter.to maximise the stop bana attenuation.

The present method for‘designing the iow-pass FIR filter
the results which we have obtained are quite satisfactory and the
resultedlfilter could be rightly claimed to be close to the 'best!
filter for that particular value of N (derived from the itefative

loops of the algorithm shown in fig., 4.7)

5.2 SUGGESTIONS FOR FUTURE WORK:

In_tﬁis method we have taken the Hooke and Jeéves‘pattern searéh
opt;mization technique. For further analysis different optimization
techniques can be used and a modification of the present algorithm
canlbe made in a view to improve the flexibility of the total
program. |

In our work we have cbncentrated on the design of low-pass
filter only. Future work can be extended for other FIR filters
such as high-pass, band-pass and band-reject types. New approaches
_for defining the transition region points efficiently can be inves-

tigated.

e i i
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APPENDIX - A

THE -Z TRANSFORMATION

I r

Although the conventional Laplace transformation can be used, the
analysis of discrete-time signals (sampled-data systems) is greatly
facilitated by the introduction of the z transformation, especially

when'responses only at the sampling instants are desired.

A sampler is needed to generate the diséreté-time signal of 5
continuous input signal. fhe functicn of a sampler.is illustrated
in fig. 1.2, where the sampler is represented by a simple switch.
If the duration of the sampling'puises is small in comparison with
the time constants of the system of which the sampler is a part,
the sampled output f£(nT) or f(n) can be eonsidered as a sequence of
impulses occuring at the sampling instants, ©¢,7T,27T,3T, ......,

the strengths of the individual impulses beind.equal to :the Valuesr

of the input function f(t) at the respective instants.

5@

ShupLER |
O . 1 3G

Fig.1.1. Function of o samplee



T |
Thus we can write ,

f(nT) = f£(t) {T (t),

where,'f(nT)ris the discrete, sampled function, and SE(t)

represents a periodic train of unit impulses spaced T seconds apart:

KT(t) = Z g(t—nT), 1.1
n= =-o< .

when, T is the sampling rate.

If £(t) = 0 for t 0, Egq. {(1-1) becomes, with the help of

convolution summation

O

f(nT) = }__ f{nT) cg(t-nT’)' 1.2
n=0
. o~ C
Or f(n) = E f(‘n’fi“) g(t—nT) . 1.3
n=0

as £(nT) = £(n).

Now taking the Laplace transform of the sampled output function

f(n) and denoting the result by F{(S); we have

S o
F(s) = L[f(n)] = L[ E £f(nT) cg(t——nT)]
' n=o o
O . .
= § £ (nT)e’”TS 1.4
n=o . '



f:j' e

since, L [k gktﬂ = k
or L [k E;(t-toi] = k e tOS

Sinée s appears in Eq. 1-4, only in the exponential factor, it is

convenient to introduce a new symbol:

z = eTS s e v enes . 1.5

we have from Egs, (1.4) & (1.5)

oo

F(z) =Z f(nT)'z“n = z[f(na cen e 1.6

n=o

Equatioﬁ (1.6) defines the z transformation, F(z). of the

sampled function f(nT).

Hence the z - transform x(z) of a sequence x(n);is defined to be
o _ '
X(z) € EE:_ x(n) z ™ ..., 1.7
e —ev :

where, z is a complex variable. Hence, X(z) is complex quantity.
'The z - transform method is a very useful tool in solving
linear difference equations. It reduces the solutions of such equa-
tions into thoée of algebraic equations. The application of z -
transforms to a set of différence equations is analogous to the

application of Laplace transforms to a set of differential equations.

")‘,,l..’ ;



1.2 APPLICATION OF Z - TRANSF(RMATION TO OPEN~LOOP SYSTEMS

i(t) i(n) o(t) o(t)

—-—»/ H(S) F/ : g
I(s) T'(s) O(s) - O*(s)

Fig. 1.3. A system with sampled input function.

The block-diagrém representation of a simple sampled - data syétem
in whichAfhe input function i(t) is periodically'samplea by the
samplér is shown‘iﬁ Fig. 1.3. The t;ﬁpsfer function, H(S), is the

. . L

ratio of the'Laplace transform of the output function to the Laplace.
transforh of the input function, irrespective of whether the input
function is continuous or sampled, Thus, for the situation in the

T

above fig. can be expressed as,

0(8) = H(S)I*(S)

where, I*(S) is the Laplace transform of the sampled input

function.

It is analogous'to the Laplace transform that the z - transformed
relationship for a system in which both the input and the output

are sampled in synchronism is simply,

O(z) = H(z) I (2) ...... 1.8



where, H(z) = z[ﬁ(nTﬂ i.e. z transform of the sampled Impulse

response.
I{(z) = z transform of the sampled input
&
& 0(z) = z transform of the sampled ocutput signal. .

1.3 MAPPING OF JW-AXIS IN S PLANE ONTO Z PLANE AND ITS
SIGNIFICANCE IN STABILITY CRITERION OF SAMPLED-DATA
" FEEDBACK SYSTEMS

We have, zZ2 = eST e eeecenaas . 1.9

But we have, S = O+ jw . ........n " 1.10

using Eq; 1.10, in 1.9, we have,

z =0T T ... | 1.11
where T is the sampling period.

On the imaginary axis of the s-plane,

o~ = 0, Hence, z = eJWT vieee 1,12

=0

| - 121\=1

Equation (1.12) shows very clearly th&t the jw-axis of the s-plane
maps onto the z-plane as é unit circle centrea at the origin. As
the anéular frequency w is increased from —acfhrough o to +0e ,

- the unit circle is traced over and over again évery time wT goes

through an angle of 27 radians.



For points in the right half of the s-plane, ¢2>0 and from Eq.
1.11, |{z| » 1. Thus, the right half of the s-plane maps onto the

z-plane as the region exterior to the unit circle, correspondingly,

the left half of the s-plane maps

W
/\‘) —\-\t,’\’\
ﬁ)f\lg, I -
2
G
.
- _)3’“— - 1
g
ER] 78S
>4 : e
5% e
-JE$ G
"~ :m'\'/r S
._>3ﬂﬁ-
# ) 4\“’/-r \ (= (Zn- +3/2-)’§/T

Fig. 1.4. Mapping of jw-axis in s-plane onto z-plane.
a) jw-axis in s-plane.
b) Unit circle in z-plane (n=any integer

from —ecto +oC)

over as the interior of the unit circle.

Te necessary and sufficient condition for a sampled - data feed-

back system to be stable is that all the poles of its over-all
. il



transfer function lie inside thé unit circle in the z-plane. An
alternative statement for the stability requirement is: the necess&ry
and sufficient condition forla sampled - data feedback system to

be stable is that all the roots of its characteristics equation

in z, have an absolute wvalue less than one. ' ]



APPENDIX B.

Z-Transform Pairs of Some Causal  Sequences

Causal Seguence X (n)

z-Transforms of Causal Sequences

- -n
x(n)=0 for n< 0 X(z) = z x(n)z"
n=o ‘
x(n) = &(n) CX(z) =1
| x{n) =35 (n-m X(z) =z ™
x(n) = u(n) X(z) = zfl - l-l
1-2
n ” 1
x(n) = a u(n) X(z) = ;2= = —
l-az
. ] -1
x{n) = nu(n) X(z) = ==
(z-1)%  (1-z7hH?
Xx{n) = Lansin nwilu(n) X(z) = 5 az sin wWT ,
2 -2az cos wT+a
- az-l sin wT
a22_2—2az—lcos wT+1
% (n) =[ancos nw@]u(n) X(z) = z(z=-a _cos wT)

2
2"=2az cos WT +a

1-az ~ cos wT

2 -2
a‘z

--2az-l COS wT+1

o *&ﬁq‘ﬁc¢}qq .
& g ?cgffy;gbﬁ
"?-/ZAggxg\
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