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Abstract

In this work, a new technique of obtaining the transfer matrix of a multilayer DBR stack is
presented. By extending this technique the transfer matrix of a complete VCSEL with an active
layer sandwiched between a bottom DBR stack and a top DBR stack is developed. The new
technique of forming the transfer matrix is termed as Sampled Transfer Matrix Method (STMM).
Using the STMM it is possible to compute the transfer matrix of a DBR stack or a complete
VCSEL accurately even if the layers are constructed using smoothly varying refractive index
layers.

It is difficult to compute the transfer matrix as well as Reflectivity and Transmitivity of a
DBR stack containing smoothly varying refractive index layers by using the previously used
Transfer Matrix Method {(TMM). In the STMM the layers of smoothly varying refractive index
layers are divided into many thin layers having a thickncss of ¢ which is many times less than the
actual thickness of the layers. Each of such a sampled layer may be considered as a constant index
layer. The transfer matrix of the complete DBR stack is computed by multiplying all of the
transfer matrixes of each of the sampled layers. Reflectivity and Transmitivity of a DBR stack and
a complete VCSEL containing graded index layers as well as step index layers can be computed
accurately by using this STMM. If the number of sampled layers are increased calculation for
smooth variation of refractive indices of the layers provides more accurate results.

Using the transfer matrix formed by using STMM it is possible to compute the electric
field distribution inside a VCSEL. The electric field intensity at any point between the center of
the cavity and the end of the top or bottom DBR stack can be computed by imagining a plane at
that point. Then compute the transfer matrix of the remaining portion of the VCSEL (from
imagining plane to the top or bottom facet) and applying the relation presented in the section (5.3),
the electric field intensity at the imagined plane can be computed. In this way the electric field
distribution inside the VCSEL can be computed.

The optical feedback effect on the performance parameters of a VCSEL from the external
reflectors has been studied utilizing the transfer matrix formed using the above mentioned STMM.
The transfer matrix of a VCSEL having external reflectors has been formed using STMM. Using
this mode! next, the position of the external reflector is varied to determine the variations of
threshold current, external differential quantum efficiency and output power of a VCSEL.

Rate equations based model of a VCSEL with optical feedback is presented in a new way.
Parts of the rate equation related to optical feedback is modified and computed from the STMM
based model. Then the modified Rate equations are solved numerically by using the Finite
Difference (FD) method. Carrier density, Photon density, Photon fluctuation due to optical
feedback and Relative Intensity Noise (RIN) has been computed.

It is worthwhile mentioning here that the computation of the performance parameters of a
complete VCSEL in presence of optical feedback has becn done by computing the electric field
inside the VCSEL. In addition to this, output optical power versus time and output optical power
versus injection current have been computed using the rate equation based model.

Finally, the obtained result has been analyzed and it has been found that the STMM based
model of computing the performance parameters of a complete VCSEL in presence of optical
feedback is capable of providing better results compared to the results that were obtained
previously by using other models. '
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Chapter 1

Introduction

1.1 Historical Background

Vertical Cavity Surfacing Emitting Lasers (VCSELSs) has recently become one of the most
promising semiconductor light source for optical communications, information read-write and fast
parallel optical interconnects. In a typical VCSEL, an optical cavity is formed with an active layer
placed between one bottom set and one top set of Distributed Bragg Reflectors (DBR) acting as
mirrors. The cavity and the reflectors are placed in a line which is in the direction of growth of the
device.

Vertical-cavity surface-emitting lasers (VCSELs) have a number of advantages over the edge
emitting laser. These are (i) low threshold current, (ii) single-longitudinal-mode operation, (iii)
circular and fow divergence output beams and (iv) wafer scale integrability [1, 2].

In the application of VCSELSs, special attention nceds to be given to external optical feedback
phenomenon because of the undesirable disturbances in its operation due to such feedback. Optical
feedback in VCSELs has been investigated in the past, both from the non-linear dynamics point of
view and also from the view point of potential applications [3-5]. It is well known that optical
feedback in lasers leads to increased noise, mode hopping, linewidth narrowing or broadening, and
coherence collapse [6-8]. Further study of the operation of VCSEL in presence of optical feedback is
still very much needed.

In the previous works [3-5] transfer matrix method (TMM) has been used to compute the
effects of optical feedback. Using this method (TMM) it is possible to compute the transfer matrix of
a VCSEL if step index DBR layers arc used. Howevcr, while using this method difficulties arise in
the computation of transfer matrix if graded index DBR layers are used. Due to these difficulties it is
necessary to search for an altcrnative method of forming the transfer matrix of a VCSEL having
graded index DBR layers. Using this alternative method of forming a transfer matrix it is necessary to
develop an analytical method in order to calculate the threshold current, external differential quantum
efficiency and output power variation of a VCSEL with optical feedback for graded index as well as
step index DBR layers. In this work, a new technique (Sampled Transfer Matrix Method (STMM)) of
forming the transfer matrix for step index as well as graded index DBR layers of a VCSEL will be
developed. Using this new technique an analytical method will be developed to compute the effects
of optical feedback in a VCSEL.

1.2 Distributed Bragg Reflector (DBR) as Mirror in a VCSEL

The VCSELs have the very short optical gain region as compared to edge-emitting lasers,
hence requiring very high (>99%) reflectivity mirrors to achieve lasing action. This can be achieved
only by Distributed Bragg rcflectors (DBRs), whose design criteria are related to maximum optical
reflectivity, thermal and electrical conductivity, material index contrast and optical absorption. DBR
analysis is critical in VCSEL design, because their reflectivity strongly affects ali laser fundamental
properties such as threshold gain, external differential quantum efficiency hence output power.(Long
wavelength VCSELs require ternary or quaternary semiconductor alloys, having substantially lower
thermal conductivities than binary counterpart due to alloy scattering [13].



Heat conduction is one of the most recurrent problem arising for DBRs in long-wavelength
VCSEL. Thermal heating and consequent deterioration of laser performance is related with the high
series resistance of DBR stacks, due to the large band gap difference at the hetero-interfaces,
resulting in carrier flow impediment. Therefore, it is evident that an accurate investigation of
optimized distributed Bragg reflectors is still a fundamental task in VCSEL design [14].

1.3 TMM for Calculating Reflectivity of DBR Mirror in a VCSEL

Numerical calculations of multilayered mirrors are generally carried out by the transfer matrix
‘method (TMM) [15-17] or the coupled mode theory (CMT) [18]. Floquet-Bloch Theory (FBT) has
been applied to the simulation of distributed Bragg reflectors in vertical cavity surface emitting lasers
(VCSELs) [19].

1.4 CMT for Calculating Reflectivity of DBR Mirror in a VCSEL

TMM is commonly used to analyse the multilayered mirrors with abrupt interfaces. By this
method it is possible to analytically formulate the reflectivity. provided the thickness of each quarter
wavelength dielectric layer. However, the losses due to scattering at layer interfaces are not taken into
account and the numerical implementation is often computationally onerous. CMT provides simple
analytical expressions, also for mirrors having graded interfaces. This is simply done by modifying
the coupling constant with the introduction of some approximations, s o the applicability of the
method is limited to DBR structures with small index contrast, where the perturbation induced by the
index periodicity (grating) can be considered weak.

1.5 Tanh Substitution Technique to Find the Reflectivity of DBR
Mirror in a VCSEL :

Corzine et al. [20] developed a Tanh substitution technique to find the reflectivity of abrupt
and graded muitilayered mirrors. that does not introduce any advantage in terms of accuracy, but only
. in terms of simplicity.

1.6 FBT for Calculating Reflectivity of DBR Mirror in a VCSEL

Leonardis et al. [19] introduced Floquet-Bloch Theory (FBT) based technique to find the
reflectivity of abrupt and graded multilayered mirrors but did not give any mathematical equation- or
analysis tn their work,

It is also important to know the electric field distribution inside a VCSEL to design a high
performance VCSEL. FBR or 7urh substitution technique does not present the way to determine the
electric field distribution. Electric field distribution can be calculated by using TMM only in case of
abrupt index multilayer [17].

The effect of external optical feedback on the operation of a surface emitting semiconductor
laser has been extensively investigated by various scientists in the recent past [21-25], because this
feedback affect the operation of a semiconductor laser significantly{22-23]. The effect of external
optical feedback has strong influence in the operation of a VCSEL as well [24-25]. As a result it is
necessary to study the effect of extemnal optical feedback ina VCSEL.




1.7 Objectives of This Work

The first objective of this research is to develop a Sampled Transfer Matrix Method (STMM)
based analytical model for the analysis of the etfect of optical feedback on the operation of a VCSEL.
The target is to develop the STMM based model to compute the reflectivity and transmittivity of a
DBR stacks having step index layers.

The second objective is to compute the reflectivity and transmittivity of a DBR stack having
graded index layers using the developed STMM based model. Retlectivity and transmittivity spectra
of'a complete VCSEL having graded index layered DBR stacks will also be computed.

The third objective is to calculate the internal electric field distribution in the VCSEL using
the developed model. The standing wave pattern inside the VCSEL without optical feedback and with
optical feedback will be determined by the developed model. The standing wave pattern for different
position of the external reflector will also be determined

The fourth objective is to calculate (i) the threshold current, (ii) external differential quantum
efficiency and (iii) output power after determining the effective power transmitivity and reflectivity
of a VCSEL.

The fifth objective is to compute the fluctuation of photon density, fluctuation of output
power, small signal modulation response and Relative Intensity Noise (RIN) of a VCSEL by solving
the rate equations of a VCSEL numerically with and without optical feedback.

The final objective is to compare the results obtained by this model with the theoretical results
of some of the previous works obtained by other different models.

1.8 Introduction to This Thesis

in Chapter 2, an introduction to the theory of semiconductor laser has been presented. This
chapter basically deais with the common and basic theory of edge emitting semiconductor lasers.

The structure of a VCSEL along with the basic principles of operation of a VCSEL has been
presented in Chapter 3. The theory of a VCSEL is also be presented in this chapter.

In Chapter 4, the rate equations necessary to compute the photon density and carrier density in
a semiconductor laser are introduced at the beginning of this chapter. The rate equations of a VCSEL
have been deducted in this chapter. '

in Chapter 5, the Transfer Matrix Method (TMM) of calculation the reflectivity of a DBR
stack as well as a complete VCSEL has been presented. Some other methods like. CMT. FBT and
tanh substitution techniques are also introduced in this chapter.

A new technique named Sampled Transfer Matrix Method (STMM) of calculating the.

reflectivity of a DBR stack as well as a complete VCSEL has been presented in the Chapter 6.
Electric field distribution in a VCSEL has been computed by using the new technique.



In Chapter 7, the analytical model of a VCSEL with external optical feedback has been
developed. Calculation of the clectric field distribution, threshold current, external differential
quantum efficiency and output power of'a VCSEL has been presented in this chapter.

Rate equations of a VCSEL with external optical feedback are presented in the Chapter 8.
Computation of Output power fluctuation, fluctuation of carrier density. small signal modulation
response and Relative Intensity Noise (RIN) has been presented in this chapter.

Finally, Chapter 9 summarises the results of the research work and provides suggestions for
future research.



Theory of Semiconductor Laser

2.1 Introduction

In this chapter, the basic theory and characteristics of stimulated emission and optical
amplification gain in semiconductors will be discussed. In a semiconductor laser stimulated emission
is a vital process to obtain coherent light output. On the other hand, optical amplification gain is a
parameter which is essential in the analysis of a semiconductor lascr. First, the process of stimulated
emission in semiconductor laser has been explained, and then the optical amplification gain has been
derived as a function of emission wavelength and applied junction voltage. The structure of a basic
Fabry-Perot (FP) type semiconductor laser has been described. The theory of oscillation of a FP
semiconductor Jaser is also presented. Finally, an introduction to different types of semiconductor
lasers and their structures have been presented.

p-n junction

\
0 p type

light \'Lbz/ 00 @ material @\Tr/
il ® i M, light
; output

S £ o0 noype [,

Active Region—*; ¢+
(b) Energy band diagram
Figure 2.1 Representation of a simple p-n junction (homojunction) semiconductor laser diode. (a)

Shows the cross section of the junction (b) shows the energy band diagram of the junction under
forward bias.



- 2.2 Construction and Operation of a Semiconductor Laser

Semiconductor lasers are quite different compared to othcr types of lasers in terms of
appearance, construction and operation. They are very small, operate with relatively low power input,
and are very efficient. They also operate in a different way. A basic semiconductor laser consists of a
p-n junction using a p-type and an n-type [11-V semiconductor material as shown in the Figure 2.1.

The laser action occurs in the interface between those two materials. One of the materials has an
excess of electrons (n-type) and the other material (p-type) has a deficit of electrons or an excess of
holes (missing electrons). When a forward bias voltage is placed across this junction as indicated in
Figure 2.2, electrons are forced into the region from the n-type material and holes are forced into
junction from the p-type material. These electrons with a negative charge and the holes with a
positive charge are attracted to cach other, and when they "collide” they neutralize each other and in
the process emit recombination radiation. The electrons in the n-type material exist (at normal
operating temperatures) at a higher energy (conduction band) than the holes (valence band). This
energy difference is designated as the band gap energy of the material, the amount of energy that is
released when the radiative recombination process occurs. Different material combinations have
different band gaps and thus emit different wavelengths of fight.

Oxide
Layer
AR ctive Layer
Cladding Layers
L~
Substrate Layer
Output
Light Becam Metal Contact

{layer)

Figure 2.2 Schematic diagram of a double heterostructure semiconductor laser diode. Current is
injected through a narrow strip from the top side and confined in to the active layer by oxide layers.

The p-n junction semiconductor diodes are referred to as homojunction diodes, since they
involve one p-type material and one n-type material, The threshold electrical current density required
for these homojunction diodes to produce significant recombination radiation is extremely high. This
threshold current density is generally expressed in units of A/cm’ flowing across the junction. The
junction region is the only region of high resistance (low conductivity) because this is where the
electrons and holes have neutralized each other. In contrast, both the n-doped region and p-doped
region away from the junction are heavily doped and thus exhibit high conductivity. Therefore, if the
junction region has a large surface cross-sectional area then the large volume of the junction region
leads to a high ohmic dissipation of heat, which can rapidly lead to damage of the material. It would
thus be desirable to minimize the surface area of the junction region and thereby produce high
excitation in a region of small volume; this would preserve the effective excitation within the region
and yet minimize the heat produced. The volume can be reduced in the direction of current flow by
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making heterojunction and quantum-well faser materials. A schematic diagram of a double
heterostructure edge emitting semiconductor laser diode is prescnted in Figure 2.2,

2.3 Double Heterostructure Laser

Laser structure discussed in previous section is not used in practice. Practical semiconductor
lasers are usually Double Heterojunction (DH) type. A heterojunction is a junction formed between
two dissimilar semiconductors where as a DH consists of two heterojunctions. Heterojunctions have
been extensively studied, and many important applications have been made, among them the room-
temperature injection laser, light-emitting diode (LED), photodetector, solar cell etc. In many of these
applications, by forming periodic heterojunctions with layer thickness of the order of 10 nm, quantum
wells and superlattices are produced.

E,.
E,.
£ e
E. —_ E, E,
E,
l E, | E,
E. E,
(a) (b) (©)

Figure 2.3 Classification of heterojunctions. (a) Type-1 or straddling heterojunction. (b) Type 1l or
staggered heterojunction. (c) Type Ill or broken-gap heterojunction. '

Due to having different energy gaps, the electron affinities of these semiconductors are also
different and need to be considered in device applications. This leads to different combinations of Ec
and £, alignment at the interface. According to their band alignment, heterojunctions can be
classified into three groups as shown in Figure. 2.3, (a) Type I or straddling heterojunction, (b) Type
11 or staggered heterojunction, and (¢) Type I or broken-gap heterojunction.

In a Type-l (straddling) heterojunction, one material has both lower Ec and higher £y and
naturally it must have a smaller energy gap. In a Type !l (stagpered) heterojunction, the locations of
lower Ec and higher E, are displaced, so electrons being collected at lower Ec and holes being
collected at higher £y are confined in different spaces. A Type Il (broken-gap) heterojunction is a
special case of Type II, but the Ec of one side is lower than the £y of the other. The conduction band
thus overlaps the valence band at the interface, hence the name broken gap.

When the two semiconductors have the same type of conductivity, the junction is called an
isotype heterojunction. When the conductivity types differ, the junction is called an anisotype
heterojunction which is a much more useful and common structure than its counterpart.

Figures 2.4. (a) and (c) show the energy-band diagrams of two isolated semiconductors of
opposite types. The two semiconductors are assumed to have different bandgaps £ and Eg;.The
difference in energy of the conduction-band edges in the two scmiconductors is represented by AEc,
and that in the valence-band edges by 4£,.
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Figure 2.4 Energy-band diagrams for (a) two isolated semiconductors of opposite types and different
E, (of which the smaller bandgap is n-type) and (b) their idealized anisotype heterojunction at
thermal equilibrium. In (c) and (d), the smaller bandgap is p-type.

When a junction is formed between these semiconductors, the energy-band profile at
equilibrium is as shown in Figures 2.4 (b) and (d) for an n-p and p-n anisotype heterojunctions
respectively. Since the Fermi level must coincide on both sides in equilibrium, the discontinuity in
the conduction-band edges (AE¢) and valence-band edges (AEy} is invariant with doping in those
cases where Eg is not function of doping (i.e., nondegenerate semiconductors).

" The case of an isotype heterojunction is somewhat different. In an n-n heterojunction, the
energy bands will be bent oppositely as shown in figure 2.5 (a) to those for the n-p case as shown in
figure 2.4 (b).

One of the important objectives is to make a laser operate at a lower injection current. In order
to achieve high carrier densities at low currents it is necessary to confine the recombining carriers to
as small volume as possible. This can be done by using a double-heterostructure (DH). In DH the
carriers recombine in an active layer embedded between the barrier layers having larger bandgap
energies than the active layer. A schematic energy band diagram of a double heterostructure laser
‘diode under forward bias has been shown in Figure. 2.6.
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Figure 2.5 Energy-band diagrams for ideal (a) #-n and (b) p-p isotype heterojunctions.

The Fermi levels of the conduction and valence bands are denoted as Fc and Fv, respectively,
and the energy gaps of the n-type barrier layer, active layer, and p-type barrier layer are Eg;, Egz, and
Eg3, respectively. When the diode is under forward bias, the current flows yields an injection of
electrons from the n-doped confinement layer and holes from the p-type barrier layer into the active
region. At the interface between the active layer and the p-type barrier, the energy step AE, prevents
electrons from [eaving the potential well and the energy step AE, prevents holes from passing into the
n-doped confinement layer. Finaily, the injected carriers recombine predominantly in the active layer,

since there the electrons in the conduction band with energy £.and an almost identical number of
holes in the valence band with energy E..
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Figure 2.6 Representation of a doublc heterojunction laser diode. (a) shows the schematic diagram of
a DH formed by sandwiching a GaAs layer between two AlGa,.,As layers. (b) shows the Energy
band diagram of the double heterojunction laser under forward bias. (¢) shows the refractive index

profile of the double hetero;unctlon lascr and (d) shows the optlcal intensity profile inside the double
heterojunction laser.

2.4 Spontaneous Emission, Stimulated Emission and Absorption

The interaction of light with matter takes place in discrete packet of energy or quanta called
photon. Quantum theory suggests that atoms exist only in certain discrete energy states such that
absorption and emission of light cause them to make a transition from one discrete energy state to
another. If E; and E; are the energy of lower and higher states respectively. £ is the energy

differences between the states. Then the transition of atoms between these two states is related by the
following relation.

E=E,~E =hf 2.1

Here, / is the planks constant (6.626x10 ™ J) and fis the frequency of absorption or emission.
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Figure 2.7 Transition between conduction band and valance band. (a) absorption, (b} spontaneous
emission and (c) stimulated emission.

Absorption and radiations have been shown schematically in Figure 2.7. In Figure. 2.7 (a) a
process is shown in which the electron transits from a lower energy state to a higher one by absorbing
energy from the incident light. Absorption occurs when the energy of the incident light ( hw ) is
equal to the band gap energy (£, =E. - E,) of the material. Since this transition is induced by the
incident light, it is sometimes called induced absorption.

There are two types of radiation or emission e.g. (i) spontaneous emission and (ii) stimulated
emission. As shown in Figure. 2.7 (b), spontaneous emission is a radiative process in which an
excited electron decays (from the higher state to lower state) in a certain lifetime and a photon is
emitted having energy according to equation (2.1). The spontaneous emission takes place irrespective
of incident lights. In contrast, in the stimulated emission illustrated in Figure. 2.7 (¢), an incident light
induces a radiative transition of an excited electron. The emitted light due to the stimulated emission
has the same wavelength, phase, and direction as the incident light. Therefore, the light generated by
the stimulated emission is highly monochromatic, coherent, and directional. In the stimulated
emission, one incident photon generates two photons, one is the incident photon itself, and the other
is an emitted photon due to the stimulated emission. As a result. the incident light is amplified by the
stimulated emission

When a light is incident on a material, the stimulated emission and the absorption
simultaneously take place. In thermal equilibrium, there are more electrons in a lower energy state
than in a higher one, because the lower energy state is more stable than the higher one. Therefore, in
thermal equilibrium, only the absorption is observed when a light is incident on a material. In order to
obtain a net optical gain, it is necessary to make the number of electrons in a higher energy state
larger than in the lower one. This condition is referred to as inverted population, or population
inversion, because the electron population is inverted compared with that in thermal equilibrium. In
semiconductors, the population inversion is obtained only ‘in the vicinity of the band edges by
excitation of the electrons through optical pumping or electric current injection. The population
inversion generates many electrons at the bottom of the conduction band and many holes at the top of
the valence bands. .

.The laser oscillators use fractions of the spontaneous emission as the optical input and amplify
the fractions by the stimulated emission under population inversion. Once the optical gains exceed
the optical losses in the laser oscillators, laser oscillations take place.

RN



2.5 Relationship between Spontancous and Stimulated Emission

Figure 2.8 represents an idcalized unit volume of material with N, statcs at energy £, of which
n; occupied by electrons, and N states at energy £; of which #; are occupied. Since it is a unit
volume, the number of electrons at the upper level is also the electron density »; and similarly the
hole density P = N, —m,. Also within the volume there are S photons, which can absorb or stimulate
further photons. I

Vacant states n, Elcctrons

N, States —c@o—\o—‘omo—o— Energy E,

7!.,...,, dt

Ny States_wo—om—o—w—o—o— Energy £,

n, Electrons P Holes

Figure 2.8 Photon electron interactions in an idealized two energy level system.

The first process to consider is spontaneous emission where electrons at a higher energy
spontaneously fall to a lower energy giving out photons at the energy difference. The spontaneous
power-output per unit volume is proportional to the number of high-energy electrons n; and the
number of vacant states (holes, density P) available for spontaneous recombination [26]}, hence

N
e =K nP=—=
dr|, T

s . A

(2.2)

Here, K, is a constant of proportionality and the recombination tlme Typ IS parameter often
measured experimentally. In a typical laser with Npor =1 =P = 10" cm™ then Typ =10".

The second process is stimulated emission where again electrons at a higher energy fall into
the vacant states at a lower energy but in this case are stimulated to make the transition by the
photons already present. The rate of stimulated power within the unit volume is therefore again
proportional to the same numbers of holes and electrons as above, but also now proportional to the
photon number S, and with a different constant of proportionality K and hence one obtains

ﬁ =K, SnP , (2.3)
darl..

xim

However, this stimulated photon rate is offset by absorption, which is proportional to the
number of holes at the upper energy (N;-n) and the number of clectrons at the lower energy = (N2 -
P) and also propertional to the photon density S, so that

12



dls'

- =K, SN, -n )N, -P) (2.4)

»m

arhurrprion
The net rate of emission is the sum of these three processes above:

dS

ds dS dS
dt el d( spont dt At d[ ubsarprion
T = K.\'pnl P + K.mmSni P - K‘\nmS(NI - nl XNZ - P) (25)

=K,.SimP-(NN,=nN,-NP+nP)}+K _nP

= KS{mNy+ PN = N\N,)+ K n P (2.6)

To obtain the net rate of generation of photons being coupled into a lasing mode, all of the stimulated
photons § at the lasing frequency above contribute, but spontaneous photons are emitted almost
isotropically and also over a much wider band of frequencies than the lasing linewidth. Consequently
only a very small proportion of spontaneously emitted photon 5, ( typically10® to 10%) couple to
the lasing mode and equation (2.6) must be modified as

Sk S(nN, + PN, =NN,)+

df X an K.\p ”] P (27)

Under lasing conditions when injected charge n dominates over doping, n, = P and P may be
replaced by n.

ds -
"; = K,mmS(nth +nm N, -NN, )+ ﬁ.vph.\pnlz
NN .2
= K.\'JimS(N.l + NZ {nl _WJ + ﬁ,\ph,\p nl
=G, (n, +N,)S+B K n' (2.8)

where, G 7, =Ki(N+M,) is the differential power gain per unit time, and N,=N\No/(N|+Ny) is
the transparency value of electron density at which the stimulated optical gain is cancelled by the
stimulated optical absorption, i.e. the material is transparent for the light at that frequency.

To produce laser oscillation gain must exceed the losses. In order to obtain o value of gain

higher than the absorption the necessary condition can be deduce from equation (2.3) and (2.4). This
condition is a shown betlow.

nP-(N, -nXN,~-P)>0 _ ' (2.9)
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n,P{]—(N' =) (I, 'l’)}>0

(-5
() e

But electron density #; and photon density / are related to the number of states Nyand N; via
the Fermi relationships shown bellow

1 n
FF )= =—L 2.11
l'1|( l) EI __E’" NI ( )
1 +exp T
F,(E,)= ! -2 2.12)
E,,,—E2 Nz
1+exp T

where, Ep, is the quasi-Fermi level for determining the density of electrons and Ep is the
quasi-Fermi level for determining the occupation probability of holes. Putting the values of ¥,/n; and
N,/ P from equation (2.11) and (2.12) in to equation the (2.10), the following equation can be found.

ol e

E-E,+E,-E, <l
kT

exp

E~E,+E,~E, <]
E~E,<E,-E,

E,-E,=qV,>E -E, (2.13)

fn

Equation (2.13) confirms that the voltage V; applied to the laser junction which is equal to the
separation of quasi-Fermi levels, must be greater than the equivalent bandgap voltage of the material
to obtain lasing action. A further implication is that, if the contact resistances in the laser structure
could be made very low, the carrier density in the active region would be determined solely by the
applied voltage and the optical gain could then be regarded as a direct function of applied voltage,
rather than the electron density.



Now in thermal equilibrium, net photon-cmission rate S/t is zero with no voltage applied
across the junction (i.e. £ = Ep). Also, sclect the situation where spontaneous and stimulated
emission cover the samc frequency ranges and angles so that the coupling factor f,=1. These
conditions force the system to be in equilibrium at a temperature 7" with black-body thermal radiation
described by Planck’s formula for the photon density over a range of frequencies, say 4, /, around an
optical frequency [ : '

87_rf2n2n£Av‘pf
c’ exp[«’j{n - i]
kT

Here, n is the refractive index of the medium and #, is the group refractive index, i.e. c/n;= vg
is the group velocity or the velocity at which the energy propagates while ¢/n = v, is the phase
velocity. In case of thermal equilibrium, dS/dr=0, and equation (2.6) becomes

S

(2.14)

ds ds dS ds

— = +— + e =0

dt not d’ spont d’ xtim df ahvirption

K,tpan + K.\'MmS‘nl P - K,\rmlS(Nl - nl XNZ - P) = 0

K

xtim

N
Sn,P-K,,.Sn P(—%- - l][—2 - )+ K,mP=0
P

"

skt

A4 \
K S{l— ﬂ— N2~—l }+K_‘F=0

\Y4 3\
K s{l_ﬁa_ &..l}m,:o

xhum nl k P )
. (E -E, E,-Ey _
K, .Sy1—exp exp +K_ =0
' kT kT r
K.SexpMexpM—l =K (2.15)
xtinr kT kT xp

Since at thermal equilibrium Eg = Ep the above equation can be written as

K, |
§=-x (2.16)

K, E-E
xtim Cxp[ | 2 _ 1]
kT

In the simple two-level system, Aif = £, - E,so comparing equations (2.14) and (2.16) one
can write
15
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A
3
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Xl

This is the relationship between spontaneous and stimulated emission coefficients. Now the
spontaneous and stimulated emission coefficient can be related to the differential gain with electron

density given from G, =K., (N1+N2). Consider (N+N3)=N,.r then using this as a reference density
where n=P=N,rin equation 2.2 so that K,,=1/N 7,5, one can write

N - K Xl
ref T

p

G =K

xhrm

3
o

8 nir on A f

(2.18)

Using the group velocity v, to link the spatial distance z traveled by the light with the time ¢
gives z=tvg=ct/n, and the material’s optical power gain/absorption per unit distance may be written as:

1ds _ cMm-N,)
Sdz 8x'n*r,A,f

(2.19)

The power gain per unit time G, () and the field gain per unit distance g,(n) are related
because the photon density is proportional to the square of the optical field amplitude.

A G, ()
'—----—=2 = m A 2.2
S dz gm(n]) v ( 0)

¥

2.6 Stimulated Gain Spectra of Semiconductors

The band diagram of direct bandgap semiconductor materials is shown in Figure 2.9. The
band structure has parabolic E/k relationship. The energies of the lower end of the conduction band
and the upper end of the valance band are denoted by E. and £, respectively. The band gap energy,
E=E.-E,. The effective mass of electrons in the conduction band is m. and the effective mass of holes
in the valance band is m,. '

Using effective mass approximation [27] the energy of electrons near the conduction and
valence band edges can be written as

2
E(k)=E +8E.(k)=E, + ”‘n K , (2.21)
R,
E(K)=E, +6E,(k)=E, + sk (2.22)
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Comparing the cnergy of clectrons near the conduction and valance band edges with the
energy of higher state and lower state considered in section 2.1, the following relationship can be
written

W = E, - E, ={E, + 5E.(k)}-{E, — 5E (k)}

242 252 212
=E£ + h'k +h—k—= E + hk .L _l_
* 2m,  2m, o2 \m om,
2p2 .
=E + hk (2.23)

where, m, gives a combined effective mass (*reduced mass’) from the effective masses in the
conduction and valence bands. Now for a spread of photon energics d(hf) there is a spread gk in the
magnitude of the electron momenta and a consequential spread of their energies in the conduction

band 4E and in the valance band d(JE,).

Figure 2.9 Transition between energy level in the conduction and valance bands of a direct bandgap
semiconductor materials. '

Equations (2.24), (2.25) and (2.26) can be deduced by differentiating the equations (2.23),
(2.21) and (2.22) with respect to £.

2
o
2’% - %‘i (2.25)
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d(SE,) h'k

L 2.26
dk m, (2.26)
Using the equations (2.24), (2.25) and (2.25) one can write
n m
dE=—2d(hf) and d(JE,)= —dE (2.27)
m. m

3 -

Now consider a density of photon $' d(#f} spread over a range of frequencies df around a
frequency finteracting with a density of available electrons in the energy states equivalent to &, at an
energy £, as discussed in the section 2.5. In this section E, = E = E+JE. and takes a spread dE.
Density of available electrons n; can be found by finding the density of states &, in the energy range
dE. '

32
N, = 471—[ 2, J (E-E)"dE. (2.28)

hZ

Replace £, and Ej of equation (2.11) by £ and E_respectively. Now by using the equations
(2.11) and (2.28), the effective density of electron »; for stimulated emission can be written as

/2
n = N,F, (E)= 4::[ 2m, J (E-E,)"F, (EME (2.29)

hI

Since the spread of energies (m./m,)dE in the valance band corresponds to the spread of dE in
the conduction band for the same & values. Similarly by replacing £> and Ej of equation (2.12) with
E-hf and E, respectively, the effective density of vacant states or holes P for stimulated recombination
can be written as

2m,
P=N,F,(E~Hhf)= 4:{ :2'

/2
J (E, - E+hf)"*F.(E- hf{ﬂJdE (2.30)

m,

,' Now Af along with the spread d(hf) will be held constant but the whole range of £ can be
permitted, consistent with £2 £ and E-hf < E,, i.e.,

0<E-E. < (hf-Ey) (2.31)

Then on summing or integrating over whole energy range of permitted E, the equivalent
stimulated emission rate given in equation (2.3) now becomes

ds

» d(hf) = K, Sn, Pd(hf) (2.32)

xiim

=K, 6::2( 4'"‘;,"’" Jm [ﬂ}s {j(E —E)E, - E+hf) " F(E)F.(E - hf ME Y (if )

h m,
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= A, SY(E = E)E, = E+ k)" F, (EF, (E - hf WE () (2.33)

where, the Ay =Kuim 16 n @ mem, /I:-“)”2 (mos/m,) with Ky, as in equation (2.3} and the
range of integration is limited by equation (2.31).

C — {QV,-E,)/ KT=4

12, .. : ;
e (QVEQ/KT=1 i
1 !i--- {QV-E ) KT=2 |
P vovens {QVE-EQM/KT=3 :

------
- ~
- ~
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Figure 2.10 Optical gain against frequency due to different junction voltage V}. For different junction
voltages the variation of relative gain with respect to frequency is shown in the plot. Peak gain
occurred at the frequency of 355 THz for (gV,-E.)/kT = 2 (dashed line} where as the peak gain for
(qVi-Eg)kT = 4 occurred at the frequency around 364 THz (sold line).

It may be seen that the equivalent expression for stimulated absorption is the same as the
stimulated emission except that the occupation probabilities F,; and Fp of electrons and holes
respectively have to be replaced by (1-F,,(E)) and (1-Fe(E-Rf)).

' E-E
- F =F I '
(‘ W (E )) " CXP( = J | (2.34)
(-F,(E-hf))=F, exp(EL—;—Jr—@J (2.35)

Muitiplying equation (2.34) by equation (2.35)

kT

(] - £, (E)Xl -F.(E-hf)=F,F, eXP( E;:’" ]exp( £, -E +’?f]



hf —gqV
=F,F, cxp{%) (2.36)
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Figure 2.11 Optical gain against wavelength (inverse of frequency) due to different carrier densaty
Nyop The spectra[ width increases with the increase of M. :

Hence according to the equation (2.4), the stimulated absorption can be written as

s
dt

d(hf):4_T,,,,,Sexp[f£%%}[j\/(5—Et,){(qu—E J<{E-E, )IF,(E-w)F,( (E)E]x d(kf)
(2.37)

vhsurpiion

The range of integration is given in equation (2.31). Now the gain spectrum is given from the
net stimulated (emission -absorption) so that approximating the Fermi-Dirac distribution to unity over
the limited range of energies, the following equation can be written

1 dS n, if —q T
§Z=2gnl=(T]Amm{l—exp[k—)[j (E-E)"E, -E+( -E, '”dE]} (2.38)

m, A B —qV
g (hf Vj)= Sc‘"’" {hf - E ){l—exp[—fk—;"-t} (2.39)

Figure (2.10) shows the dependence of gain on the optical frequency and the junction voltage
V. Here, GaAs semiconductor has been selected as gain medium. Band gap energy £, of GaAs is
1.424 eV. As the junction voltage increases, the peak optical gain occurred at increased frequency.
The spectral bandwidth Af also increased with the increase of junction voltage. Dependence of

20



material gain for optical ficld due to the variation of carrier densities is shown in figure 2.11. The
gain amplitude increased with the increase of the carricr density. -

2.7 Condition of Oscillation in a Fabry-Perot laser

Simplified representation of laser operation is shown in the Figure 2.12. The lasers use a
fraction of spontaneously emitted lights as the input and amplify that fraction by the stimulated
emission. To feed back the light, the optical resonators, or the optical cavities, which consist of
reflectors, are used. The resonance conditions of the optical resonators determine lasing conditions
such as a threshold and an oscillation wavelength.

Optical
Feedback

Fraction of
Spontaneous

emission Light Output

Optical
Gain

Figure 2.12 Key elements of laser operation.

The schematic diagram of a Fabry-Perot resonator is shown in Figure 2.13. The resonator is
simply constructed by two mirrors scparated by the distance L. This distance is called the resonator
length. Spontaneous emission takes place in the cavity region and propagates towards the mirrors.
While the light wave generated by spontaneous emission, is propagating through the cavity materials
it is stimulated by the gain of the materials. The mirrors provide the necessary feedback required to
produce oscillation in the cavity. The mirror-1 and morror-2 have the amplitude reflection and
transmission coefficients r;, ¢, and r, f; respectively. Consider an incident wave E; at z<0, with a
complex amplitude Ey. ‘

The equation of the incident wave can be written as:

E = E,exp(-iyz) (2.40)

where, y = S—ia/2 is the propagation constant. §=2m/A is the wave number, n is the
refractive index of the medium, a =, — g, is the intensity absorption coefficient , a;, is the
internal loss coefficient of the cavity and g,, is the material gain per unit length.

Transmitted wave from the mirror-2 as shown in Figure 2.13 can be written as

E =E +E,, +E; +- 7 (2.41)

or B =B, exp(=iyly> |(rr) exp(-2/ir)] ' (2.42)

=0
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= 14, Ey exp(-ir) 3. [{(nr Jexp(=2i70))' |

=0
= 1., E, exp(—iyL){i = nr, exp(=2ipL)}"

_ L E exp(=iyl)

= . (2.43)
I =rryexp(=2iyL)
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Figure 2.13 Schematic arrangement of a Fabry-Perot resonator.

According to the equation (2.43), it is possible to get infinite output from the resonator by

applying a small amount of input (produced due to spontaneous emission) if the denominator of the
equation (2.43) become zero. This phenomenon actually occurred in the laser. So one of the
conditions for the oscillation of a laser is '

or

or

or

or

1—rr,exp(-2iyL}=0

rry exp(=2iyL) =1

& exp[» 2:'{13 - - £ )}L] =1

hr exp[(gm - aint )L]exp[_ ZIﬂL] =1

rl r2 exp[(gm - ainl )L] = l (244)
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When the material gain become equal to the internal loss of the cavity then that gain is termed
as threshold gain. From cquation (2.44) the threshold condition can be written as:

8o = X +lLln(—'—} (2.45)

nr
The equation (2.45) is known as the gain condition of oscillation of a laser. For stable resonance, the
phase of the wave afier single round trip must be in phase with the when it started. The phase
condition can be written as

or . expl-2ifL]=1

or 20L =2mn

or ’:’" L=2mnx | (2.46)

m

Here, m is an integer representing the number of modes. The equation (2.46) is known as the
phase condition of oscillation of a laser. Wavelength separation between two adjacent modes Ak can
be written as :

AN = el - A

2 .
AL = A \ (2.47)

w{-(21&)

Now, some properties of the Fabry-Perot resonators need to be discussed to design a proper
resonator. To compute the transmittivity and the number of oscillating modes of a Fabry-Perot
resonator one has to determine the input and output light intensity of the resonator. The input and
output light intensity /, and J, of the resonator are directly proportional to the square of the electrical
field Ep and E, as shown in the figure 2.13.

ljoE *E, and [ wE *E,

Transmittivity can be defined as the ratio of output light to the input light. If the mirror 2 is
considered as the output mirror then the transmittivity of the resonator can be written as .

{tlton exp[% L) exp(- iBL)}{t,IZ E, exp(% L) exp(iﬁL)}

{l - r,r, explal )exp(- i2 BLI - rr, explaL )exp(i2 AL )}

!,
Iy

()G,

= 2.48
1+ (r, ry )1 G, 2. 2nnG, cos(é) ( )

where G; = exp(al) and 6=2ﬁL
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. e - . ) ..
Power reflection coefficient of the mirrors arc R =r" and R, =r, and power transmission

coefficient of the mirrors are 7; =+,%and 7, =1,> . Now the equation (2.48) can be written as

4 I, 7T,G, (2.49)
Iy 14+ RR,G-2JRR,G, cos(5)
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Figure 2.14 Transmittivity spectra of 100 wm FP laser without mirror loss.

Figure 2.14 and 2.15 shows the plot of transmittivity of a Fabry-Perot resonator with net gain
Gy=1, i.e. a=0. Without mirror loss, (T=1-R) all the oscillating modes-have the maximum value for
the different values of mirror reflectivities as shown in figure 2.14. With 20% of mirror loss. (T=0.8-
R) all the oscillating modes do not have equal maximum value for the different values of mirror
reflectivities as shown in figure 2.15. The magnitude of the oscillating mode decrease with the.
increase of mirror reflectivity. ‘

The output mode spectrum of a Fabry-Perot laser is shown in figure 2.16 (b). Some of the
oscillating modes in the resonator without gain or losses are shown in figure2.16 (a). The material
gain has been selected as a line-shape function, G,=g,, xexp ((A-A.)/15e-9) and @;,=750 m"'. Figure
2.16 (b) shows the modes for which gain exceed the loss become amplified and other modes are
decayed.
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Figure 2.15 Transmittivity spectré of 100um FP laser with 20% mirror loss.
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Figure 2.16 Power spectrum of a 250um Fabry-Perot laser operating at 1550nm central wave length

Ae. The mode separation is AA=1.32 nm. (a) Shows the oscillating modes without gain or losses. (b)
Shows the oscillating modes due to gain and losses.

2.8 Materials Used for Fabricating a Semiconductor Laser

Semiconductor lasers are based upon one of four ditferent types of materials. depending upon
the wavelength region of interest. Three of them are from the group 111-V semiconductors. consisting
of materials in columns Ill and V of the periodic table. Column-IIl atoms are lacking one electron
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when in a crystalline matrix, and column-V atoms have one extra electron. Hence they form a charge
balance when combined into a binary compound. Column-I1I atoms include Al, Ga, In, and Tl, and
column V atoms are N, P, As, and Sb. The semiconductor lasers in this category are based on GaAs
for a wide range of lasers in the near infrared and extending into the visible using GaAs/AlGaAs
layered materials, since its bandgap occurs at 1.43 eV. Indium phosphide (InP), with a bandgap of
1.35 eV, is used to produce lasers in the 1.5-um wavelength region with InP/InGaAaP layered
materials. Gallium nitride (GaN) has a bandgap of 3.49 eV and thus allows the development of blue
and ultraviolet lasers.

The other materials are the 1[-V| compounds, with the column-II atoms lacking two electrons
and the column-VI atoms having two extra electrons available for a binary compound. The column-I1
materials are Zn and Cd, which are combined with S, Se, and Te from column VI to form binary
compounds. ZnSe has a bandgap of 2.71 eV and forms the basis for blue-green semiconductor lasers.
A listing of a number of possible semiconductor laser compounds (along with their band gap energies)
is given in Table 2.2. '

Table: 2.1

Bandgap energies of Several Semiconductor Laser Compounds

. _r Bandgap Energy
Materials Abbreviation (in eV at 300° K)
Group I11I-V compounds |
Aluminum arsenide AlAs 2.16
Aluminum phosphide AlP 2.45
Aluminum antimonide AlSb 1.58
Boron nitride BN 7.5
Boron phosphide BP 2.0
Gallium arsenide . GaAs 1.42
Gallium nitride GaN 3.36
Gallium phosphide : GaP 2.26
Gallium antimonide GaSb 0.72
Indium arsenide InAs 0.36
Indium phosphide InP 1.35
Indium antimonide InSh 0.17
H-VI Compounds
Cadmium sulfide Cds 2.42
Cadmium selenide CdSe ' 1.70
Cadmium telluride CdTe 1.56
Zince sulfide ZnS 3.68
Zinc selenide ZnSe 2.71
Zinc telluride ZnTe 2.393

2.9 Types of Semiconductor Lasers

Depending on the direction of light output semiconductor laser devices are two types: i) edge
emitting lasers and i1} surface emitting lasers. Edge emitting lasers have the laser beam paraliel to the
. surface of the junction region. Typically the mirrors for edge emitting lasers are produced by using
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the cleaved surfaces at the ends of the laser crystal or by distributed feedback (DFB) within the
crystal or Distributed Bragg Rcflecting (DBR) structurcs at the ends of the crystal. The surface
emitting lascrs havc the lascr bcam emitting in a direction perpendicular to the junction region with
multilayer Bragg reflecting mirrors incorporated into the crystal.

2.10 Edge Emitting Lasers

The length in the axial or lascr direction of the semiconductor laser is typically about 0.2-1
mm, and the material providing the gain is uniform over that length. In one of the two transverse
directions of a double heterostructure laser, the additional semiconductor materials are grown in
layers of various thicknesses ranging from S to 1,000 nm to form the heterojunction. The additional
layers are used to confine the electron-hole rccombination region (so as to minimize the generation of
excess heat) and also to confine the optical beam. In the other lateral direction, material boundaries
are fabricated with lithographic techniques to widths of the order of a few hundred microns to provide
confinement and guiding of the electrical current and/or the optical becam, as shown in Figure 2.17.

The heterojunction is typically grown upon a substrate material such as GaAs or InP, with a
metalization layer under the substrate to provide for electrical contact. Above the heterojunction is
another metalization layer for electrical contact. The current density flowing perpendicular to the
plane of the junction is of the order of 800 A/cm’, whereas the maximum current that can be used
before extensive thermal damage occurs is of the order of 50 mA. Thus the current must be confined
in the lateral direction in the plane of the junction by devising a narrow electrical contact that
minimizes the region where current flows. This electrical contact takes the form of either a narrow
strip of metal above the heterojunction or a broad uniform layer under which an insulator is applied,
leaving a narrow stripe region without insulation through which current can flow shown in Figure
2.17. :

The laser cavity can be produced in one of two ways. The first is the typical Fabry-Perot
cavity, but in this case the mirrors are produced at the ends of the laser gain medium by cleaving the
ends of the semiconductor crystal perpendicular to the optical axis of the crystal (a natural cleavage
plane). Because of the high index of refraction of the material (typically n~3.5), the reflectivity at
those cleaved interfaces is of the order of 30%. The reflectivities can be altered by adding dielectric
coatings to the surfaces. In commercial semiconductor lasers, the laser cavity length L typically
ranges from 0.2 to 1.0 mm. This cleaved type of cavity produces a relatively broad spectrum laser
output that can consist of many longitudinal modes, although typically a single mode at the
wavelength of the highest gain will dominate because of homogeneous broadening. The second type
of cavity is one that produces a very narrow-spectrum, single-frequency output.

There are several general types of structures for edge emitting lasers. These include both gain

and index guided structures, using cither thc traditional heterojunctions or quantum-well active
regions, and semiconductor arrays.
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Figure 2.17 Lateral confinement of the injection current in a semiconductor laser: (a) shows the
structure where current is injected trough a metal stripe electrode just above the active layer (b)
shows the laser structure where oxide layers under the metal contact layer have been used to confine
the inject current in to the active layer.

2.11 Surface Emitting Lasérs

Semiconducting lasers emitting in a direction normal to the axis of the laser gain medium are
referred to as surface emitting lasers (SELs). They can be fabricated in large two-dimensional arrays,
which prove useful from two standpoints.

First, if such lasers can be individually turned on and off and so act as individual amplifiers,
they can be used in applications associated with optical memory, optical computing, and optical data
storage.

Second, when a large number of diode lasers within an array are lasing simultaneously, the

-extremely high-power output makes such lasers suitable for optically pumping other solid-state lasers,

such as the Nd: YAGQG laser.
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Surface emitting lasers are fabricated in two different types of structurcs. Onc is a
semiconductor laser with a distributed grating coupler, where the grating redirects a portion of the
faser beam out of the cavity in a dircction normal to the gain axis of the lascr. This is known as a
grating coupler surface cmitting laser, or GSEL. The other structure is a vertical cavity surface
emitting laser, or VCSEL. It is fabricated with the laser gain axis mounted perpendicular to the
semiconductor substrate, with the mirrors attached at the ends of the gain medium as part of the
fabrication process. '

Grating Surface Emitting Diode Laser (GSEL)

An example of the structure of a GSEL is shown in Figure 2.18. If a second-order grating is
fabricated within the laser then the first-order diffraction occurs in a direction perpendicular to the
grating surface, thereby providing the laser output as indicated in the figure. Such gratings are
presently fabricated by creating holographic interference patterns on the laser surface using Ar ion
and He-Cd lasers. Electron-beam writing can also be used to generate such patterns.

Light output Light output
Pump current
T ) Bragg grating
Gain Region
Wave guiding
Region

Figure 2.18 Grating Surface Emitting Diode Laser (GSEL)'. Two Bragg gratings are used at the two
sides of the active region. Pump current is injected directly into the active layer and light comes out at
the direction perpendicular to the Bragg gratings.

Vertical Cavity Surface Emitting Laser (VCSEL)

The VCSEL is shown in Figure 2.19. In this laser, the gain length is limited to very short
dimensions. High-reflectivity (Bragg Reflector) mirrors are therefore necessary to allow the gain to
exceed the losses within the cavity. Thin metal films as well as alternating high- and low-index
dielectric layers have been used to create such mirrors. One technique for making such lasers is to
deposit the various layers of material uniformly over the surface of the entire structure and then etch
away the material from around the individual lasers to produce structures similar to that shown in
Figure 2.19. Figure 2.20 shows a diagram of a VCSEL that has a three-quantum-well stack
sandwiched between two sets of Distributcd Bragg Reflector (DBR) mirrors. Gain is produced in the
quantum wells via current flowing in the vertical direction. The spacing of the quantum wells and
also the Bragg reflecting mirrors are designed such that a standing-wave pattern of laser intensity is
produced so as to have a maximum value at the center of each quantum well as shown in the figure
2.20 (a) and thus efficiently extract the gain from those active regions.
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The overnll quantum-well gain region is tapered as shown in figure 2,20 (b), using oxide
materials to narrow the cross-scctional area of current flow and thereby reduce total current
requirements. This also allows the current density o be increased in the central region, increasing the
cffective gain while rcducing the overall current. VCSELs can be made in two-dimensional arrays
using microfabrication techniques on large wafers to provide high yield and low cost per laser. The
packaging cost can also be quite low. The lasers have a low threshold current and, in contrast with
edge emitters, provide a circular beam output. For applications in which a single longitudinal mode is
desirable, the VCSEL is particularly useful. The extremely short cavity length, of the order of a few
microns, yields a very large longitudinal mode spacing, thereby allowing only a single longitudinal
mode to fall within the gain bandwidth of the laser. ‘
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Figure 2.19 Vertical Cavity Surface Emitting Laser (VCSEL). P-type mirror is placed at the top of
the active layer and n-type mirror is placed at the bottom side of the active layer. Contact layers are
placed at the top and bottom side for the current injection. Some of the region inside the p-type mirror
is made ion implanted to confine the injected current into the active layer.

VCSELSs have been produced commercially at wavelengths of 780 nm, 850 nm, and 1.3 um.
The lasers at 780 nm are used in CD systems; those at 850 nm are used for diode pumping of solid-
state lasers and also for local connections in optical communications networks. The 1.3 pm lasers are
used in high-speed long-distance optical communications. The lasers are made from GaAs, AlGaAs,
and InGaAsN materials. VCSELSs are cheaper to manufacture than edge emitting lasers because they
can be fabricated in quantity on a 3-inch-diameter wafer. They also are easier to test and are more

.efficient, requiring less electrical current to operate. Efforts are now underway to make VCSELs

operating at 1,55 pm for optical communications at the wavelength where fibers have the lowest loss.
A chart comparing the properties of VCSELs and edge emitting lasers is shown as Table 2.2.
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Table: 2.2 Comparison between VCSEL and Edge Emitting Laser

Property VCSEL Edge Emitter
Beam shape circular - efliptical

Beam divergence (FW-y M) 13° 20° x 60°
Power consumption 20 mW 100 mW
Power emitted - 2ZmW 100 mW
Spectral width i0-3A 10~3A
Spectral temperature dependence  0.6A/°C 3A/PC

Mode hopping no yes

Processing standard GaAs cleaved facets
Testing on wafer: component only
Arrays ID and 2D ID only

Speed 2.5-10 Gigabits/s 500 Megabits/s
Cost <$1 $500
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Figure 2.20 Schematic diagram of a VCSEL. (a) showing three quantum wells (MQWs) sandwiched
between two Bragg reflecting mirrors; also shown is the standing-wave pattern within the laser,
peaked at the quantum wells for high efficiency. (b) Showing the current flow and light output.
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2.12 Structure of a Semiconductor Laser in the Direction Perpendicular
to the Plane of the Junction

In the direction perpendicular to the plane of the junction, a semiconductor laser consists of
several thin layers of various types of semiconducting material of varying thicknesses. These thin
layers are epitaxial layers, which are grown on top of a substrate by one of the three techniques: i)
liquid phase epitaxy (LPE); ii) molecular beam epitaxy (MBE); or iii) metal-organic chemical vapor
deposition (MOCVD). LPE is used for growing typical heterojunction structures, but the thinner
quantum-well layers are grown by the more precise methods of either MBE or MOCVD.

Homojunction

Homojunctions consist of a single junction of the n- and p- doped materials. Because of the
large amount of heat dissipation and the gradual tapcring off of the gain in directions away from the
junction, this type of device can be effectively operated only at very low temperatures (well below
room temperature). The first semiconductor lasers were operated with this junction arrangement, but
they are not practical devices.

Heterojunction

Heterojunctions consist of several laycrs of various materials: semiconductor materials both
doped and undoped; insulating layers, usually in the form of oxides; and metallic layers for
conduction of current. A single layer in the center of these layers, the active layer where gain is
produced is a direct bandgap material that is an efficient radiator, while the adjacent layers (cladding
layers) can be indirect bandgap material.

Heterojunction or heterostructure devices are fabricated from a range of lattice-matched
semiconductor materials. Two of the materials most often used are GaAs/Al,Ga,As and In,.
«GasAs,P),/InP, which are all group I1I-V semiconductor alloys (obtained from the third and fifth
columns of the periodic table of the elements). The x and 'y indicate the fraction or concentration of
impurity material in the layer. The GaAs/AlGa,.xAs based systems are closely lattice matched to and
therefore grown upon a GaAs substrate. They typically have either a pure GaAs active region or an
AliGa|4As active region with x < 0.15. These junction materials provide laser wavelengths ranging
from 0.78 to 0.87 pm. ' "

The In;.«GasAs,P,.,/InP based systems can be lattice matched to InP substrates. In these lasers,
the active region is In;.(GaAs,Py.y, with InP forming the cladding layers and substrate. The choice of
the fractions x and y must be selected to achieve the appropriate lattice matching and laser
wavelength. The typical wavelength range for these lasers is from 1.1 to 1.65 pm. This range includes
the optimum wavelengths for transmission of laser pulses through optical fibers of 1.3 um, where the
minimum material dispersion occurs in a quartz-based fiber and 1.55 pum, where the lowest loss
occurs. '

Quantum-Well Lasers

When the active layer thickness is reduced (in the direction perpendicular to the plane of the
junction) to dimensions of the order of 10 nm or less, changes the conduction and valence bands from
being normal, parabolic, continuous bands to step function bands with discrete energies. The net
effects of this in a semiconductor laser device are i) to decrease the threshold current by increasing
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the density of states associated with the upper laser level population, and i) to minimizc the volume
within which heat is generated, since most of the heating occurs within the active region.

The laser wavelength can also be changed by varying the quantum-well thickness. Varying
the composition of the quantum well can also produce different laser wavelengths by changing the
energy bandgap. This is accomplished by using matcrials of different lattice dimension than that of
the substrate, thereby disrupting the regular alignment of the atoms.

Although making lasers with ultra thin quantum-well layers requires more precise control of
the fabrication process, the advantages of these lasers are so great that most new laser designs
incorporate such quantum-well gain regions. It is possible to stack several quantum wells in parallel
to achieve more gain in the device while still retaining the important confining features of the
quantum well. Such devices are known as multiple quantum wells (MQW).

The advantage of a quantum-well lascr is in providing a much narrower active region where
recombination radiation and thus laser gain can occur, so as to reduce the total resistance and thus the
heat loading within the junction region. A quantum wcll also lowers the threshold current by
increasing the electron concentration per unit volume at a given energy and thus the laser gain.
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Figure 2.21 Various quantum heterostructures for quantum well lasers: (a) Single Quantum Well
(SQW), (b) Modified SQW, (¢) Graded Index Separate Confined Heterostructure Single Quantum
Well (GRIN-SCH-SQW), (d) Multiple Quantum Well (MQW) and (¢) Modified MQW. The ordinate
represents electron energy, and the abscissa is along the direction perpendicular to the junction plane.
The upper and lower shaded areas indicate the conduction band and the valence band, respectively.
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Usc of quantum well(s) as an active laycr allows implementation of quantum well lasers
offering performances better than those of ordinary DH lasers. Reduction in the active layer thickness
of a DH laser to form a SQW or MQW structure does not lead to realization of high performances,
since the resultant quantum well (QW) is too thin in comparison with the optical wavelength to
ensure strong optical confinement, and therefore a high effective gain for the guided wave cannot be
attained. Another problem is that it is not easy to attain a high efficiency of carrier injection in MQW
structures having many heterojunctions, and the carriers injected in the thin QW may leak, thereby
reducing the effective carrier injection efficiency. The disadvantage is that the total volume of the
active region is reduced and thus the total power output is lower, since the total number of electrons
participating in the laser output is reduced.

To overcome these problems and to implement high-performance quantum well lasers,
various improved structures as shown in Figure 2.21. has been developed. They are separate-
confinement heterostructures (SCHs), consisting of the QW active layer for carrier confinement and a
refractive index structure for optical confinement outside it, and their modifications.
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Figure 2.22 Gain-guided laser structure

2.13 Structure of a Semiconductor Laser in the Lateral Direction

Parallel to the Plane of the Junction

There are two types of structures used to determine the transverse or lateral dimension of the
useful gain region of an edge emitting semiconductor laser. In one case, the region over which gain is
produced is limited and thus serves to define the laser width; this is referred to as gain guiding.
Alternatively, an index-of-rcfraction change is fabricated into the laser so that the beam is confined
by reflection at that interface; this is referred to as index guiding.

Gain-Guided Structures

In heterostructure lasers, confinement of the current to a narrow strip (Figure 2.17) will limit
the amount of current flowing in the laser and thus prevent thermal damage to the semiconductor.

Such a localized current region also limits the laser gain region and thus the laser mode dimension in .

the lateral direction. Hence when the current flows through the semiconductor layers and into the
active region, it produces gain only in a narrow Gaussian-shaped stripe, as shown in Figure 2.22,
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When cxcitation is applied, the laser mode develops where the gain cxists. This minimizes the
amount of current required to provide a specific gain by restricting the lateral extent of the current
flow.

A disadvantage of this type of device is that the effective width of the gain region broadens as

the current applicd to the structure is increased. In many applications it is desirable to control the
width independently of the current, as described in what follows.
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Figure 2.23 Two examples of index-guided laser structures

Index-Guided Structures

Confinement of the laser mode in the lateral direction can also be achieved by fabricating
stripes of material of lower index of refraction adjacent to the gain region, as shown in the ridge
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waveguide structure of Figure 2.23 (a). A ridge of p-type material such as p:AlGaAs is formed above
the active region (GaAs, for example), with thc oxide coating adjacent to the ridge as shown. This
provides a low-index-of-refraction material adjacent to the higher-index p-type material; the laser
mode extending above the active region is confined by this index barrier. Thus the laser operates in a
waveguide mode that is determined by the width of the index barrier. This type of laser has many
patented configurations relating to the details of the index barrier. The buried heterostructure laser is
shown in Figure 2.23 (b). ' '

2.14 Summary

An introduction to the construction, energy band diagram and operation of a simple p-n
homojunction laser diode and a double heterostructure semiconductor laser diode have been
presented at the beginning of this chapter. The relationship between the spontaneous and stimulated
emission inside a semiconductor laser is presented. The equation of stimulated gain spectra of
semiconductor, which are needed to understand the operation of semiconductor laser, are presented in
this chapter. Next the condition of osciilation in a Fabry-Parot laser be introduced in the form of
equation and the plot showing the oscillating modes (bellow/above threshold). A list of materials
which need to be used to fabricate a semiconductor laser is presented. At the end, different types of
semiconductor lasers are introduced.
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Chapter 3

Vertical-Cavity Surface-Emitting Laser VCSEL

3.1 Introduction

In this chapter, complete model of VCSEL will be presented. Different structures of VCSELs
required to confine the optical field and carrier density in the active region will be presented.
Operating parameters of a VCSEL will be determined by comparing with the Edge Emitting Lasers.
Construction of Distributed Bragg Reflector (DBR) and different types of DBR will be discussed.
Finally the Electric Field distribution inside a VCSEL will be calculated.

3.2 Construction of a VCSEL

In Figure 3.1 a schematic cross section of a VCSEL has been shown. The amplifying layers or
active layers are surrounded by electrically conductive layer stacks. These stacks form the laser
mirrors which provide optical feedback to the amplifying layers to produce laser oscillation. In
GaAs/AlGaAs VCSELs require about 8 pm of epitaxially grown material, whereas the active region
is composed of just a few quantum wells (QWs) of a few nanometer thickness each. The p-i-n type
doping configuration is similar to conventional edgeemitting lasers (EELs). In the most simple device
layouts, electric current is injected from ohmic contacts on the top epitaxial side and on the backside
of the substrate. '
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Figure 3.1 Schematic view of cross section of a Vertical Cavity Surface Emitting Laser (VCSEL).

37



3.3 Different Structures of VCSELSs

To improve the device efficiency it is necessary to confine the injected carrier as well as
optical field in to the active region. In order to effectively confine carriers in the active region and

efficiently extract light from the device, different confinement schemes should be considered in the
VCSELSs’ design.

The most important technological approaches to achieve electrical and optical confinement
will be presented in this paragraph.

Top contacts

Figure 3.2 (a) Schematic view of a simple mesa etched VCSEL

A confinement solution that takes advantage of the index guiding is that of air-post VCSELSs
as shown in Figure 3.2 a. To introduce lateral optical confinement plasma etch processing can readily
make small area, deeply etched pillars with large index confinement due to the high contrast between

the semiconductor and the air, but at the expense of increasing latcral losses due to optical scattering
or surface recombination.
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Figure 3.2 (b) Schematic view of a proton implanted VCSEL
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Gain guiding is used in devices that employ proton implant (Figure 3.2 b) for confinement.
The principle is the electrical isolation of the device by ion implantation. The optical confinement is
achieved exploiting the gain-guiding mechanism, i.e. the increase in refractive index in the presence
of a high density of free carriers but this is a drawback for small device sizes. Therefore the proton
implantation solution is reserved only for large devices, which require high threshold currents and
have inherent multi-transverse mode operation. Also a special concern is to prevent damaging the
active layer. The certain advantage of this structure is the planar configuration that allows a quite
easy growth and processing. Actually, the most commcrcially available VCSELs are proton-
implanted devices with multi-transverse mode behavior. Proton implantation has already been
brought to perfection to fabricate commercial VCSELs of outstanding producibility and reliability
[29], [30].

Top contacts
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Figure 3.2 (c) Schematic view of an oxide confined VCSEL

In contrast to strong index confinement along the entire cavity fength, a somewhat surprising
result is achieved by introducing the index-confinement into the cavity in only a strategically placed
thin layer, thus forming an intracavity dielectric aperture. The dielectric aperture within the low loss
planar microcavity introduces a small area, low loss optical mode. And by using the aperture to also
confine the injected carriers a very low threshold current VCSEL can be achieved. An attractive
means of introducing the dielectric aperture exists in the selective oxidation of AlAs. The
introduction of oxide-confinement (Figure 3.2 ¢) marked a real revolution in VCSELs technology.
This procedure is based on the extremely high oxidation selectivity, i.e. the rapidly increasing
oxidation speed with Al content in the AlGaAs layer. The selective conversion of high Al
composition epitaxial AlGaAs into a stable native oxide ring is performed using the “wet oxidation”
process. Typically AlpgsGaoo2As composition is used in oxide aperture technology because of the °
problems associated with the high reactivity of the pure AlAs and device lifetime limitations. The
oxide impact on VCSEL design can be two-fold. Its use as a dielectric aperture overcomes the
limitations due to optical surface scattering and allows device scaling down to a few microns. Efforts
at reducing electrical parasitics, optimizing output coupling, and optimizing the index confinement
and thus mode overlap with the injected carriers has resulted in remarkable low threshold, high
efficiency VCSEL performance for devices that use all semiconductor DBRs and the oxide-aperture
confinement [4]. It might seem that in many respects the oxide-confined VCSEL has rapidly
developed into a near optimum device, especially for AlGaAs, GaAs, InGaAs based devices, except
for some interesting and outstanding problems in achieving high single mode power. However, the
present oxide-confined VCSELs emitting around 0.98 um wavelength have the most impressive all-
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around performance for mode diameters in the 3--5 pwm range (unless one desires high output power
and multimode behavior, which is achieved at larger diameters). As the lateral size is decreased
further, optical losses begin to dominatc and increase the threshold current density and decrease the
efficiency. Although quite low thresholds have been achieved, it has been at the expense of high
threshold current densitics and low output efficiencies. The second possible impact of the oxide
resides in the possibility to form high-contrast AlO,/GaAs DBRs that can be monolithically
integrated under the VCSEL cavity. The shortening of the effective cavity length allows lateral size
reduction smaller than what can be achieved with AlGaAs/GaAs DBRs. A concern about designing a
VCSEL based on the AlO,/GaAs DBRs is the strain associated with the selectively oxidized material
because of the volume contraction of ~10% associated with the oxidation of AlAs. The volume
contraction is reduced with the addition of a few percent of Ga, but this is at the expense of slowing
the oxidation rate. The volume contraction and the different thermal expansion coefficients between
the native oxide and semiconductor can result in severe device damage for heat treatments beyond
that used in the oxide formation.

The buried oxide layer has profound implications, leading to new optical phenomena in the
cavity. One novel optical effect is the strong modification of the longitudinal cavity resonance under
the oxide layer relative to the as-grown cavity resonance. This is because the refractive index is
reduced from 3 for the original AlGaAs layer to ~1.6 for the oxidised layer. The introduction of the
oxide aperture determines a blue shift of the cavity resonance relative to the unoxidised cavity
resonance and which has to be taken into account in the design of the layers’ thicknesses. In addition,
the reflectivity across the mirror stop band is increased for the DBR containing the oxide layer as
compared to the as-grown DBR. Both of these attributes arise from the significantly smaller
refractive index of the oxide layer, and lead to unique lasing characteristics.

Another important issue in oxidised VCSELs concerns the placement of the oxide aperture
and its effects on device characteristics, It is true that the introduction of low index apertures in the
cavity confines the optical mode size and the current. But the aperture can also introduce losses.
Different methods to reduce optical losses have been proposed such as reducing the thickness of the
apertures or making tapered apertures. By placing apertures at a node in the electric field standing
wave, diffraction losses in the DBR can be reduced and high single-mode output powers can be
obtained,

AlO
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aperture top p-contact

bottom
n-contact

Quantum wells

Figure 3.2 (d) Schematic view of an intracavity contacted oxide-apertured VCSEL.

Actually when AlO, apertures are placed at a node there is no aperture dependent loss. It has
also been shown that displacing apertures into the DBR where the optical field is reduced can also
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reduce these diffraction losses enabling fabrication of VCSELs with submicron apertures. Flowever,
when the apertures are placed at an antinode the intcrnal loss is clcarly a function of aperture size. For
large multimode devices, the aperture placement docs not play a role in the internal loss. As a rule of
thumb, planar, selectively oxidized VCSELs without extended cavity emit in a single transverse
mode, up to active diameters of about 4 um. Larger devices start lasing on several higher radial and
azimuthal order modes right above or even at threshold. The light-current curve has a constant slope
above threshold, as common for laser diodes, but shows a characteristic rollover for higher currents
due to internal heating.

Furthermore, the design of oxide-apertured VCSELs allows the fabrication of intracavity
contacted VCSELSs (Figure 3.2 d) where the current is bypassing the DBRs [32]. Thus the high series
electrical resistance introduced by the reflectors is avoided.

Generally, index-guided VCSELs are exbected to have better performance than gain guided
devices owing to the strong overlap of the electromagnetic field with the gain region in the device
and current independent modal control.

One of the main advantages of a VCSEL is that due to its short cavity length — typically of the
order of magnitude of the resonant wavelength — the longitudinal cavity mode spacing is very large.
Actually it is possible to have the mode spacing larger than the gain bandwidth of the active material.
This is clearly shown in Figure 1.3 where for thc EEL there are a few modes favored by the gain
curve while in the VCSEL there is only a singlc mode within the gain region due to higher free

spectral range. Therefore a VCSEL is inherently single longitudinal mode. Also, since the cavity is
~ vertical, the device needs to be not much larger than the desired spot size. Thus, the chip area
required is small.

The different geometry of VCSELs as compared to that of EELs has advantages both for
applications and for fabrication. The first difference lies in the cavity length, which for VCSELs is at
least two orders of magnitude smaller than for EELs. Typically, this length is 300 um for EELs,
whereas for VCSELs in many cases it comprises only one optical wavelength plus the effective
thickness of the distributed laser mirrors. Fabrication of EELs necessarily includes cleavage of the
semiconductor wafer while this is not required for VCSELs. Concerning the output beams, EELs emit
highly elliptical and strongly divergent beams as a result of the highly asymmetric transverse guiding.
In contrast, VCSELs emit a low divergence circular beam, which is advantageous for efficient
coupling into optical fibers. On the other hand, the transverse asymmetry in EELs puts strong
constraints on the polarization of the output light. Nevertheless, practical VCSELs with a perfect
cylindarical symmetry are generally reported to emit linearly polarized light which, however, has a
poor orientational stability [33]. The most obvious advantage of VCSELs over conventional EELs is
the possibility to fabricate large two-dimensional arrays. Although from EELs one-dimensional
arrays may be produced by employing a number of parallel stripes, the production of two-
dimensional arrays is practically impossible. For VCSELs the number of devices that can be
processed on one wafer is only limited by the size of the wafer and the minimum distance between
the individual devices. The lateral dimensions of a single device can be smaller than 5 um, which
allows very high packing density.
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3.4 Operating Parameters of VCSELs Compared With Edge 'Emitting
Lasers

To determine the operating parameters of a VCSEL. it is necessary to start by comparing a
conventional Edge Emitting Laser (EEL) with a VCSEL. Conventional EEL has a cavity length L, .
~240um and facet power reflectivity Req. ~30%, where as a VCSEL has a cavity length L, ~pm
and the facet power reflectivity R, to be determined as shown in tigure 3.3.

Assume that the net material field gains per unit length are geap. and gycqs 0f the conventional
EEL and VCSEL respectively with confinement factors of ['puge~0.5 and [ger~!. Putting r; = ry= VR
into the equation 2.45 and neglecting the internal loss of the cavity and considering the confinement
factors, one can write the following equations

For EEL, [, g, = — In( ! ] G
. L:‘u’m’ velyre
Lot ™ 100cm™
For VCSEL. T, . 8..u = LIn : (3.2)
. vewed Rl'uu-l
Length L., .
- edg . Length ., Reflectivity R, ..,
N
s ANMNVUNNNNNARNONGN
N
§< Gain Medium
N
N A Gain Medium
\ Reflectivity R, VCSEL

Edge Emitting Laser

Figure 3.3 Schematic edge emitting laser and VCSEL.

From equation 3.1 it is found that the power gain of conventional edge emitting lasers is ~100
em™. If VCSELs are to operate at high temperature or need the long operating lives of conventional
lasers, the gain for lasing and the resulting carrier density in the active region must not significantly
higher than in conventional edge emitting lasers, For comparable power gains around 100cm™, it can
be seen from equation 3.2 that the VCSEL requires both top and bottom power reflectivities to be
greater than 99%. However, these values cannot readily be achieved by metal reflectors or single
dielectric interfaces. Such a high reflectivity mirrors can be produced by using Distributed Bragg
Reflector (DBR) at the top and bottom sides of a VCSEL. The construction and characteristics of
DBR will be discussed in the next section '
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3.5 Distributed Bragg Reflector

Consider a layer of index s, between layers ¢ and s of lower indices ny and n; as shown in
figure 3.4. The reflection from the front interface has a phase of n radians relative to the incident
wave because of the positive index step (1, > #g). At the rear interface the forward traveling wave is
reflected with a relative phase of 0, as there is a negative index step (n, > n,). If the thickness of the
layer is a quarter wavelength the two reflections add in phase at the front interface due to the © round
trip phase delay for the second reflection. For a stack with many aiternate quarter wave layers of low
and high index, all interfacial reflection will add in phase.

nz)

x Phase
shifl

<
Figure 3.4 Representation of the Relative phase ol a reflected wave at the interface between two
dielectric layers having different refractive indices.

Distributed Bragg Reflectors (DBRs) are made from alternate quarter wavelength layers of

indices n; and nj, as shown in figure 3.5. The reflectivity R at the resonant wavelength of the DBR"
stack with m dielectric pairs is given by [34]

) (LU S (3.3)

Equation (3.3) is valid only at the resonant wavelength. At other wavelengths the rcﬂectivity
will be less as the layers will no longer be of quarter wave thickness and reflections will not add in
phase.

(_) ] 2 3 2m-2 2m-| Z.m'

n
n, n, n,

" Mdn, Mdn, Aan,
Figure 3.5 Schematic arrangement of a Bragg Reflector consisting of m pairs of quarter wavelength
thick dielectric layers having the indices n; and ny, alternatively. The indices of the two sides of the
Bragg Reflector are ny and n,.
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As discussed in the section 3.2, VCSEL requires DBR mirror having power reflectivity grater
than 99%. Figure 3.6 gives rough estimate of the minimum number of quarter wavelength layer pairs
that will be required to achieve this reflectivity. When the adjacent tayers have a normalized step in
the refractive index (dn/Zn = (ny, - m)/ (ny + 1)) falling bellow, say 0.05, then more than 30 layer pairs
are required to obtain adequate reflectivity.

99% Reflectivity -

o

3]

w
T

o
[\ ]
T

e

-

()]
T

o
=y
Y

0.06¢ -
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Number of Pair

Figure 3.6 Approximate number of pairs required to achieve 99% as a-function of dn/Zn = (ny- m)/
(np+ ny) considering np = n;.

3.6 Variation of Refractive Index of some of the Direct Bandgap
Semiconductor Materials with the Emission Wavelength.

The refractive index a semiconductor material is not constant with different wavelength. In

the energy range below or near the fundamental absorption edge the dispersion of the refractive index
n(A) of GaAs can be calculated by the first-order Sellmeier equation [35]

(3.4)

In this equation the symbols and constants have the following meaning in the case of GaAs at room
temperature

A is the light wavelength in the vacuum in pm
A = 8.950 is an empirical coefficient
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B = 2.054 is an empirical cocllicient
C?=0.390 is an empirical cocflicient
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Figure 3.7 The variation of refractive index n(A) of GaAs with wavelength. The refractive index is
decreased with the increase in wavelength.

According to Sadao Adachi [36] the real part of the refractive index n(A) of AlAs below the
band gap edge can be expressed by:

ki

_ f(l’.\'o) E, 2 -
n(A)= |4, f(z_)+ > (Eo+ AJ +B | | (35_)

. he 2-Jl+xy=-yl—-x he
With y = , fln)= 5 and yo = ———
AE, z ME, +4,)

In this equation the symbols and constants have the following meaning in the case of AlAs at
room temperature:

n is the (real part) of the refractive index

A is the wavelength in the vacuum

h=6.626 10 > Is, is the Planck’s constant

¢ =2.998 10% m/s, is the speed of light in the vacuum

hc/d, is the photon energy _
Ao = 25.3, is a constant, determined by fitting with experimental dat
By =- 0.8, is a constant, determined by fitting with experimental data
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Eo = 2.95 ¢V, is the fundamental band gap at I"-point
Eo + Ao = 3.25 eV, with Ap spin-orbit splitting energy

3.7

3.6F
3.5F
3.4}

3.3t

Refractive index n

31t

2.9

T

400 660 800 1000 1200 14I00 1600 1800 2000
' Wavelength & (nm)

Figure 3.8 The variation of refractive index n(A) of AlAs with wavelength. The refractive index is
decreased with the increase in wavelength.

According to Sadao Adachi [36] the real part of the refractive index n(A) of a zinkblende
material below the direct band gap edge can be expressed due to a simplified interband-transition
model as:

k]

_ f().’.\'o) E, :
na)= (4o f(x)+ =5 [ 2 AOJ + B, 36
. he 2-Jl+y - fl-x he
= = d y, = —o—un
wnh 2’ A.Eo * f(l) Z; an Z.\t) A(EO +AD)

In this equation the symbols and constants have the following meaning in the case of AliGa;.
«As at room temperature:

n is the (real part) of the refractive index

A is the wavelength in the vacuum

h=6.626 10 * Is, is the Planck’s constant

¢ = 2.998 10% m/s, is the speed of light in the vacuum

he/A is the photon energy

Ag(x) = 6.3 + 19.0 x, is a constant, determined by fitting with experimental data
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Bo(x) = 9.4 - 10.2 x, is a constant, determined by fitting with experimental data

x is the Al fraction in the AlxGa,.xAs alloy

Eo(x) = (1.425 + 1.155 x + 0.37 x}) eV, is the fundamental band gap at [-point
Eo(x) + Ap(x) = (1.765+ 1.115 x + 0.37 x%) eV, with a¢ spin-orbit splitting energy
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Figure 3.9 The variation of refractive index of Al.Ga,xAs (a) with photon energy (b) with
wavelength. The refractive indcx is increased with the increase in photon energy where as refractive
index is decreased with the increase in wavelength.
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Graphs with calculated refractive indices of Al Ga,.«As alloys as a function of the photon
energy E=hf(in a) or wavelength A=hc/E (in b) with x-compositions from 0 to | calculated with
equation (3.6) is shown in figurc 3.9.
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Figure 3.10 The variation of refractive index of In,Gay.xAs with the wavelength. The refractive index
is decreased with the increase in wavelength as well as the refractive index is increased with the
increase in composition of In content.

Using the Selimeier equation (3.4) for GaAs a simple model based on the shift of the band gap
energy Eg(x) of the In,Ga,.xAs alloy leeds to the expression:

B
;__ C Egﬁu.—l.\ '2
A-Eg(x)

with Eg(x) = Eggass — x 1.50eV + x* 0.436eV

nA)= |4+ (3.7)

In this equation the symbols and constants have the following meaning in the case of InxGa;.xAs
alloys at room temperature (T = 300 K}

n(}) is the (real part) of the refractive index

A = 8.950 is an empirical coefficient

B = 2.054 is an empirical coefficient

C = 0.6245 is an empirical coefficient

X 1s the In fraction in the InxGa,_xAs alloy

Eggaas = 1.424 eV is the fundamental band gap of GaAs at room temperature (300 K)
A is the light wavelength in the vacuum in pm
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Graphs with calculated refractive indices of InyGay.xAs alloys as a function of the wavelength
A for x-compositions from 0 (smallest) to 0.9 (longest) with step differences of Ax = 0.1.

3.7 Reflectivity Spectrum of DBR Stacks

As discussed before that the refractive index of the materials varies with the wavelength, the
reflectivity of the DBR will also vary with the wavelength. This variation can be determined by using
the transfer matrix method as discussed bellow. Consider the DBR shown in the figure 3.11 has m
pairs of alternate low and high refractive index layers. The forward and backward traveling plane
wave’s amplitude at the input plane and output plane are Fy, Rg and Fi, R, respectively. Relation
between the waves at input and output plane can be written as [26].

[Fu]=M[F,.]=[M.1 Mlzjl{Fr.jl 65.8)
RO RI. Mli M22 Rl’.
. Im
M =My [[MM,] (3.9)
r=]
where M is the interface matrix of the i interfacc between the layer of index »; and n;+). The

matrix M,, is the phasc matrix of the layer of index #, and thickness «. The interface matrix and the
phase matrix can be determined as

M _ ] n: +ni+| nf_nf+|
§ =T (3.10)

2n | n, —n,, n +n,

exp’® 0 ‘ :
M, =[ ‘””l G.11)

Where p=27mdi/ A is the phase change of the plane wave into the layer of index ;.

o 1 2 3 2m-2 2m-1  2m

Fo—>

n, | n

" Mdn, Man, A\an,

Figure 3.11 Schematic representation of a GaAs/AlAs Bragg Reflector consisting of m pairs of low
and high indices layers. The indices of the two sides of the Bragg Reflector are n1p and n;. Fo and R
are the incident and reflected wave at the input interface. F, and R, are the reflected and incident
wave at the output interface. The thickness of each layer is quarter wavelength (Az/4n;,).
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The amplitude reflection coefficient of the DBR can be defined as the ratio of the reflected
weave to the incident wave at the input planc with no incident wave at the output plane.

MII

pofo (3.12)
Fy

X

21

The power reflectivity R is related with the amplitude reflection coefficient by the following
relation

r =R exp(jo,) (3.13)
Where ¢, is the phase of the reflection. ’

For m mirror pairs with the layer thickness d=As/(4n)) and dy=A5/(4n;) total thickness of the
Bragg Reflector is

L, =m(d, +d,,)=m~%”—(L+LJ (3.14)

nf nh

The coupling coefficient is defined as A=2An/Ap, where An = n; - n; is the refractive index
difference of the composing layers.

Figure 3.12 displays the numerically determined spectral reflectivity R(A) and phase @,(1) for
a Bragg mirror shown in the Figure 3.11. The phase of the complex amplitude reflection coefficient
(,) is zero at the Bragg wavelength Ag but varies almost linearly with phase coefficient J or inverse
wavelength deviation, i.e.

0, =2,(8,-B)= 4;:(@-@) . (3.15)

The effective mirror length /.4 can be defined by considering the phase penetration depth of
the incident wave into the Bragg reflector. From the phase change, the penetration depth is obtained
as [40]

__ldp, A2 deg,
T 2dB  4n(n,) di

= '\[E - JE}'H ~ }'H

(3.16)
2k 4An  4An
Where < ng, > is the spatially averaged group refractive index and can be represented as
dn
o dn 3.17
nR" h dﬂ. ( )

50



For a AlAs/GaAs bragg mirror of 44=9800m, the value of 1 and sy, are found to be 2.98 and
3.58 by using the equation (3.5) and (3.6) respcctively. Hence An=0.557 gives the effective length of
the DBR mirror is {y= 440 nm.
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Figure 3.12 Spectral dependence of the power reflectivity R and the phase ¢, of the amplitude
reflectivity for a Bragg mirror consisting if 20 pairs of AlAs/GaAs layers. Surroundings are

Alp 3Gag 7As layers at the bottom and air at the top.
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A broad spectral width of high reflectivity as shown in the figure 3.12, often denoted as stop-
band, appears around the Bragg wavelength Ay, the width of which can be roughly estimated from as

2A,An
Al=1"

Niup
(n,,)

The group refractive index n,- = 3.69 is calculated by using equation (3.17). The stop band of
the AlAs/GaAs Bragg mirror shown in the figure 3.11 is computed by using the equation 3.18. Value

of the stop band is Adsqp = 94nm.

(3.18)

Finally the effective length of the cavity of a VCSEL is the sum of the length of the active
layer plus the effective length of the top and bottom DBR.

Leﬂ'z L+ !c_ﬂ:I + !q,[]:b ' (319)

This effective cavity length can be used to estimate the longitudinal mode spacing from

/12
AL, =—2 , (3.20)
2L, {n,,)
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Figure 3.13 Representation of the power reflectivity R of a 20 pairs Al,Gaj.«As / Al|.<GasAs Bragg
mirror. As the composition of x is increased, the number of pair required to achieve the reflectivity
over 99% is also increased. (a)} Represent that 7.5 pairs of GaAs/AlAs or 22 pairs of Alg1GaggAs/
AlgoGag |As or 29 pairs of Alyg2GagsAs /AlgsGagzAs is required to achieve 99% reflectivity. (b}
Represent that 24 pairs of GaAs/AlAs or 30 pairs of Al GageAs/ AlggGag As or 40 pairs of
Alg2GaggAs /AlgsGagoAs is required to achieve 99% reflectivity,

Total elective cavity length of VCSEL having Ag/n active layer thickness is Lor=1.2 pm. The
mode spacing AA,, = 110 nm, extending far beyond the mirror stop-band and even being larger than
the spectral gain bandwidth of the QW material. Therefore just a single longitudinal mode can
oscillate in a VCSEL with a thin inner cavity. The spectral position of this mode can readily be
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theoretically or expcrimentally determined by localizing the sharp dip appearing in the reflectivity
spectrum of the complete layer stack

As mention before that number of pairs of dielectric layers in a DBR to achieve a power
reflectivity over 99% is depends on the refractive index contrast between two adjacent layers. The
figure 3.13 shows the power reflectivity of a GaAs/AlAs DBR of different numbers of layers.

3.8 Reflectivity Spectrum of a VCSEL Resonator

Technique of calculating the reflectivity and transmitivity of a DBR has been discussed in the
section 3.7. Following the same technique the reflectivity and transmitivity spectra of VCSEL
resonator will be determined in the following section.

Figure 3.14 shows the layered arrangement of a VCSEL. One important point to take note is
that the order of arrangement of the layers must be symmetrical at both sides. In other words, if a
refractive index, m; on the left side of the cavity, a refractive index, #;, must be placed at the right side
of the cavity region. Low index and high index materials must be arranged alternatively.

Substrate

L
Top DBR Bottom DBR

Layers ActlveLLayer LayErs

Light
output

3 .
H sEEanN aEEn

Ny

P
2 Cavi N\
m A Cavity Spacer
Quafitum Barrier Layer

wells Layer

Figure 3.14 Arrangement of different layers of semiconductor materials of a VCSEL.

The transfer matrix M, of the Top DBR and M, of the bottom DBR can be calculated by using
the technique described in the chapter 2. Then the transfer matrix M, of the active layer will be
calculated. Now, the transfer matrix MvcsgLof the whole VCSEL will be formed by multiplying all of
the transfer matrices for each sections.

MvycseL=My x Maoy x M, (3.21)
Figure 3.15 shows the reflectivity spectrum of a VCSEL. The top and bottom DBR have 20

pairs of GaAs/AlGaAs layers and the active layer is constructed by AlggGagaAs layer. Reflectivity
spectrum indicates that there is a stop band for which the reflectivity is greater than 99%.
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Figure 3.15 Reflectivity spectrum of a A cavity VCSEL. Top DBR has 18 pairs and bottom DBR has

- 20 pairs of Alp2GagsAs/AlysGag As dielectric layers. Bragg wavelength is considered to 980 nm.

The cavity region consists of 3 GaAs quantum wells each of 8 nm thick are separated by 11nm thick

- Alp27Gag 73As barrier layer and two Algs7Gag43As spacer layers are place at the two sides of the inner

cavity.

3.9 Electric Field Distribution inside the VCSEL.

It is important to know the electric field distribution in the resonator for designing the high
performance VCSELs. The layer structure of the device can be represented by the multilayer system
depicted in Figure. 3.16. For a linearly polarized wave in a one-dimensional approach, the Helmholtz
equation describing the wave propagation in z-direction has the form '

d*E(z)
dz’

+7°E(z)=0 - (3.22)

The complex propagation coefficient y in each homogeneous layer of index m can be defined
as:

Y =B -f—azl 323
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where a,, is the intensity absorption cocfTicient of the m-th layer. The value of @, is positive
(a.>0) every-where in the VCSEL except in the quantum wells. In the quantum well gain leads the
internal losses of the cavity, hence ay is negative. The real part of the propagation constant 3, is
related to the real part of the refractive index n,, of the m-th layer by

2mn
B, = 2 (3.24)
- Eyu(2)
E . M+]
E(;(z E'(z) : (Z) Ey (z) >

V4 -

Figure 3.16 Multilayer structure and traveling wave components for the one dimensional transfer
matrix method

In each layer, the electric field E(z) is the superposition of two monochromatic plane waves of
exp(iot) harmonic time dependence, counter propagating in z-direction can be written as

E(e)= E, expl-iy, (= - 2, )]+ E; expl+ iy, (= - 2,)] (3.25)

According to Figure.3.15, £’ and E_ denote the complex field amplitudes of the forward

and backward travelling waves at the interface z = z,, in m-th section with z,,<z <z, where m= 1,
2, ..., M with M as the total number of layers.

The continuity conditions for the transverse components of electric and magnetic fields
between amplitudes in the subsequent layers, lead to relations [40]

Ey=(raEn, +7iEn Jexolt i7,(zon — 2,)) (3.26)
E;: = ()’m m+l +ym m+l)exp{ iym(zm-i-l - znl )} (3'27)
with
2Y
2Y m
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The équalion (3.26) and (3.27) can be rearranged as

gl e
E”T C D Em,,, Em|

[Tx] is called the transfer matrix with elements A, B, C and D as shown bellow:

A =7; exp{+ l‘ym(zmd-l —zm)} . - (3'31)
CB=ypexpltir,(za, -2,)b (3.32)
C = 7; exp{— i},m (zm+1 “ znr )} (333)
D=y} expl-iv, (2, - 2,)} | ' (3.34)
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Figure. 3.17 Standing-wave pattern of the electric field in a VCSEL. The length of the cavity region
is | wavelength and the top and bottom DBR has 18 and 24.5 pairs of dielectric layers.

The amplitude refection coefficient r, is defined as the ratio between the backward and the
forward travelling wave in region m as '

o= E': (3.35)
£, £L0=0
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The amplitude transmission cocfficient 4, is given by dividing the forward travelling wave
amplitude in region m+! by the forward travelling wave amplitude in region m such that the
backward travelling wave in medium m + | vanishes, 1.¢.

E.. '
{ ==l 3.36
"= (3.36)

m k., =0

The power reflectivity R, and transmittivity 7,, are the square of the amplitude reflection
coefficient r,, and transmission coefficient 1, respectively.

R, =|r, and T, =|r,|’ (3.37)

'rm

For lossless media R, + T, = 1. The calculation of the field in the multilayer stack using the
matrix notation (equation 3.30) is known as Transfer Matrix Method (TMM). In addition to
continuity at the interfaces, lasing requires just outgoing waves in the terminating sections m = 0 and
m=M+1,ie. : '

E; =0and £, =0 (3.38)
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Figure. 3.18 Spatial distribution of the normalized electric field amplitude of a VCSEL. Illustration
shows the field in the cavity region and 3 top and bottom DBRs only. The length of the cavity region
1 wavelength and the top and bottom DBR has 18 and 24.5 pairs of dielectric layers.
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Figure 3.17 shows the result of a numcrical calculation of the clectric [icld distribution for a
model VCSEL that contains three 10 nm active AlGaAs QWs in the center, an 18 pairs GaAs/AlAs
top and a 24.5 pairs GaAs/AlAs bottom Bragg reflector. It is scen that, due to the high reflectivities of
the mirrors, a pronounced resonant enhancement of the field amplitude is built up. In the given
example, the half width of the envelope is 1.4 um.

3.10 Relative Confinement Factor of a VCSEL

An idealized quantum well VCSEL consists of upper and lower Bragg reflectors that are
separated by upper and lower cladding layers and active layers of thickness d,, as illustrated in Figure
3.18. Cladding and active layers form the laser cavity of length L. Bragg mirrors have the maximum
reflectivity at the Bragg wavelength Az The laser length is chosen as the material wavelength

1=t (3.39)

n

where n is the refractive index averaged over active and cladding regions. In the Bragg
mirrors the thickness of individual layers is Ag/(4m) and As/(4ny) for the low index AlAs and high
index GaAs layers, respectively. The refractive indices are n,= 3.0 for AlAs and m,= 3.56 for GaAs.

Applying the approach from the previous section, figure. 3.18 indicate the standing wave
pattern of the electric field established in the cavity and in 3 mirror pairs of each surrounding Bragg
region for clarity. The photons penetrate into the Bragg reflectors such that the effective photon round
trip length 2L, becomes larger than 2L. An analytical expression for the penetration depth has been
discussed in the section 3.7. With top and bottom penetration depths /.y, and /g, respectively, the
effective resonator length Lyyis found to ~ 1.0um.

An important difference between a VCSEL cavity and a conventional EEL cavity arises from
the fact that the active gain region does not extend over the full cavity length L but is enclosed by
larger bandgap layers to form a double heterostrueture. Therefore, for an arbitrary position and total
thickness d, of the active layers, one has to take into account the overlap with the standing wave
pattern E(z) in order to obtain the average gain in the cavity [37].

The relative confinement factor or gain enhancement factor I can be defined as the ratio of
the intensity of the light existing in the active layer to the total light intensity in the cavity [27]. Since
the light intensity is proportional to the square of the electric field intensity hence I can be written as

i, 12

LL J’[E }zdz W|E z) dz

Td [IEG e d [ |E() d=

(3.40)

112
with z=0 at center of the active region.

If g is the gain in the quantum well, the average- gain in the cavity is given by [, g. The
intensity profile plotted in Figure. 3.18 can be approximated for the inner cavity region as
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E*(z)= E} cosz[T) ' (3.41)

Putting the value of £(z) from equation (3.41) in to the equation (3.40), relative confinement
factor I, can be simplified as

(3.42) .

Figure 3.19 plots the confinement factor I as a function of the thickness d, of GaAs active
layer for wavelength A = 850nm and average refractive index » = 3.3. It is seen that [ behaves like
sinc function with the amplitude shifted by one i.e. it reaches its maximum value of 2 for a thin
quantum well and equals one for thicknesses of multiple integers of A/2n. For a VCSEL with three 8
nm thick quantum wells separated by 10 nm barriers located in the center of the cavity has 7, ~1.8.
By exploiting the standing wave effect, one can therefore almost double the available amount of
optical amplification. Obviously it is required that the quantum well be placed in an antinode of the
standing wave pattern to provide a good coupling between clectrons and photons.
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Figure. 3.19 Dependence of the relative confinement factor /7 on the thickness d, of the active layer.
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3.11 Threshold Gain and Photon Lifetime

For lasing, the gain in the cavity has to balance the losses. With intrinsic losses a; and &, in
the passive and active sections, respectively, considerations of gain enhancement and penetration of
the waves into the Bragg reflectors lead to the lasing threshold condition

a,(L‘ﬂ —d“)+ In

1 1
rd, " ,/R,Rh]

where Ly is the effective resonator length given by equation (3.19). In general, g; is a spatial
average over the locally varying absorption coefficient, where weighting with the standing-wave
intensity profile has to be applied. The intensity reflection coefficients &, and R, are valid for lossless
top and bottom mirrors, respectively, and can, in the most simple cases, be determined from equation
() by using the transfer matrix method. Alternatively, the threshold condition can be formulated using
the maximum reflectivity of a Bragg mirror with homogeneously distributed losses

grh = ar.l + (3'43)

R, =Rexp(-2a,1,, )~ R(1-2a,,,) | (3.44)

Where in the small losses with 2@,y << 1 the approximation in the right hand side can be
applied. Thereby it is assumed that thc wave travels the distance /gy back and forth and experiences
losses a;.

Using the equation (3.44), the threshold condition of (3.43) is now can be written as

8w =2, +—‘|‘— (3.45)

l
AL—-d,)+In——=
rrdu {al( U) " ‘\)‘RraRha :|

where the effective resonator length L.y is now replaced by the inner cavity length L.
Assuming equal intrinsic losses a; = a, the photon lifetime 7, in the cavity can be expressed as

_l__ c
T L

d, N I l
, 7<V;:r>r,gm =~ (m,,)(a' + L, In m] . (3.46)

with the first approximation holding for the usually satisfied conditions a, << g, and d, <<
L. The average group velocity <v> is related to the vacuum velocity of light ¢ as <vg>= ¢/<ng™.
As an example with ng, = 3.69, Ly=1.0 um, R, = Ry = 99.5% and o, =10 cm”’ one can obtain the
photon lifetime 7, = 2.05 ps and the threshold gain g, = 1390 cm™' for the active region thickness d, =
24 nm and confinement factor /7 = 1.8.

3.12 Radiation Efficiency and Conversion Efficiency

Figure 3.20 schematically shows the current versus light output (/-L) characteristics of the
semiconductor lasers. As shown in Figure. 3.20, when the injection current / exceeds the threshold
current /i, laser beams are emitted outward. To evaluate radiation efficiency of the semiconductor
lasers, the slope efficiency and the external differential quantum efficiency are used.
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The slope efficiency Sy (in units of mW/mA or W/A) per facet is defined as the ratio of the
increase in light intensity 42, (j = ¢, b) to the increase in injection current 47, which is given by [27]

S, =—- (3.47)

The slope efficiency for the total light output is obtained as

S = éf’j:-fﬂ = % (3.48)

where AP, and AP, are the increase in light intensity output from the top and bottom DBR
respectively. AP is an increase in total light intensity.

A

Light Output P

>

T Injection current /

Figure 3.20 Current versus light output characteristics

The external differential quantum efficiency ns (in no units) is defined as the number of
photons emitted outward per injected carrier. The external differential quantum efficiency n4 for the
total light output is given by '

AP
ho _ AP ¢ q ‘
=nae _— 1 _ i 3.49
’?u’ éf_ N ha) of gt h ( )
q

where w is an angular frequency of the light, & = #/2x is Dirac’s constant, and g is the
elementary charge.
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Total loss of 0 VCSEL is the sum of the internal loss and the mirror loss, For a reference
system placed outside the optical cavity, the mirror loss indicates the light emission rate from the
optical cavity. As a result, using the internal quantum efficiency #;, which is defined as the number of
photons emitted inside the optical cavity per injected carrier, the external differential quantum
efficiency #q is expressed as

1 1 1 |
—In ,
- L R R 2L RR
.- MirrorLoss _ L R, (3.50)
TotalLoss |

gy =1

+

(74 +lln ,+ n

L RR, 2L RR,

where the optical losses at the top and bottom DBR due to the absorption or the scattering

were assumed to be negligible. In a well designed VCSEL with high quality QWs, #; > 90% can be
achieved. For L = lpm, R, = R, =99.5%, and @; = 10 em’, na = 75% can be found.

To determine the external differential quantum efficiency of the top and bottom mirror one
can consider the VCSEL cavity region as shown in the figure 3.12. Consider the light outputs P, and
P, from the top and bottom DBR respectively. Assume that the light intensities in the vicinity of the
facets inside the optical cavity are Pj, P;, P;, and P, the power reflectivities of the facets are R and
Ry, and the power transmitivites of the facets are 7, and 7.

h. 4

L

Figure 3.21 Light intensities inside and outside the Laser cavity

Here, the arrows (as shown in the figure 3.21) indicate the propagation directions of the lights.
Among the light intensities in a steady state, the following relationship can be written according to
equation (rm)(tm)and (R)

Pi=R/ Py (3.51)
Py=¢* Py (3.'52)
Py=Ry P, (3.53)
Pa= & Py | | (3.54)
P,=T, P | (3.54)
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Py=T, P (3.55)

Here, g is the optical power gain coefficient and L is the cavity length. The equations from
(3.51) to (3.55) can be rearranged as

P TP | -
L_T A (3.56)
P T, P
L (3.57)
LR
AE_R D (3.58)
PI R.r Pd
JR
Therefore £+ = Y2 (3.59)

P, JfT,
h T‘/_ (3.60)

Fmally

kl

Substituting total power output 2 = P, + P, into the equation (3.60) one can write

(3.61)

Hence, by comparing the equation (3.61) with the equation (3.49), the external differential
quantum efficiencies s, and nus for each light output are written as

T:\!Rh .- ' \} -
= d = 3.62
’]d.f T; r—'Rh + Th.\/RT‘ Ud an nd.h T J— 4 T \/— ( )

where #4 is the external differential quantum efficiency for the total light output. When the
optical losses at the facets are negligibly small, we have 7} = 1- R, and 7> = |- R,. '

Hence, above threshold current fy,, top and bottom light output powers P, and Py linearly
increase with driving current / as

P,=nn d,hh;’(f 1,) (3.63)

Conversion efficiency 1. for emission through the top or bottom mirror is defined as the ratio
of coherent light output power and electrical input power
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, 3.64
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where V is the voltage applied across the VCSEL. In an ideal device, the current-voltage
characteristics can be approximated as

VaVi+ Rl (3.65)

where R, = dV/dl denotes the differential series resistance, and the kink voltage Vi is related to
the separation of the quasi-Fermi energies but can be approximated by V, = hw/gq . Non-perfect

grading of heterointerfaces induces a larger voltage offset accompanied by a pronounced curvature of
the I-V characteristics. Combining (3.62), (3.64) and (3.65) leads to

LA k.
ct b di k'l q IV‘ _Ing

(3.66)

showing that for / >>J, the series resistance is responsible for the decrease of 7 with
increasing current.

3.13 Summary

With necessary diagrams, the construction of a VCSEL is presented at the beginning of this
chapter. A comparison of the operating parameters of VCSEL and the same of the Edge Emitting
lasers has been presented next. The construction and working principle of a Distributed Bragg
Reflector (DBR) stacks has been presented. The variety of refractive index with wavelength of
different materials such as AlAs, GaAs and AlGaAs has been presented. The computation of
reflectivity spectrum of a DBR stacks using Transfer Matrix Method (TMM) has been presented.
Same computation for a VCSEL has been presented. Variation of the reflectivity of a DBR mirror
with the number of pairs of the DBR layers has also been presented. Next, the electric ficld
distribution inside a VSCEL has been computed using the TMM. Confinement factor of a VCSEL -
has been presented in details. in the last section, radiation efficiency, conversion efficiency and the
output power from the two facet of a VCSEL have been presented in the form of equation.
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Chapter 4

Rate Equation Based VCSEL model

4.1 Introduction

The rate equations of a semiconductor laser represent the rate of change of carrier density
with time and also the rate of change of photon density with material gain and carrier density. Three
equations are necessary to obtain the variation of carrier density, photon density and the photon phase
against time. In this chapter the equations which will represent the variation of carrier density and
photon density inside a semiconductor laser will be written and analyzed for conventional as well as
for Vertical Cavity Surface Emitting Laser (VCSEL).

4.2 Rate Equations of a Semiconductor Laser

Let consider that, J is the injection current density in a semiconductor laser. This means that
the electric current flowing through a unit area of the laser. In such a laser g is the electronic charge, d
is thickness of the active layer of a semiconductor laser, G(N) is the amplification rate due to the
stimulated emission, t,is the carrier lifetime, t, is the photon lifetime, B 5, is the spontaneous
emission coupling factor, and T, is the radiative recombination lifetime due to the spontaneous
emission.

Injection

Jidg
[ glilindiihalindutinliudiniinlniiaih v 1
Active region :' Nonrediative E Ueat
Carrier density N E recombination |
EEr———— ! 1 Spontaneous emission: Spontaneous
Stimulated i|__ recombination E emission
emission . !
recombination v ) '
JGMN)S ; ;
| Stimulated v 3N T, Nt '
emission - J:

{ptical resonator

: Coherent laser
Photon density S g i output wave

! Losses v,2,S | §7,

Figure 4.1 Diagram of the rate equations for a semiconductor laser

The different types of electron-hole recombination, photon absorption and photon emission which are
take place in a semiconductor laser are shown in figure 4.1. This figure actually represents the
processes introduced during the operation of a semiconductor laser.
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4.3 Rate Equation for Carrier Density

The equivalent equation of the rate of change of electron density N within the active region of
a semiconductor laser can be written as [28].

dN N J
T =-TG(N)S - —+-= - 4.1
" WS-+ 4.1)

Here, the first term (-[G({N)S) of the right hand side of equation (4.1) is the rate of removal of
electrons from the active region caused by stimulated recombination associated with the material
optical gain. It is directly proportional to the photon density S. The second term (N/z;) gives the net
spontaneous recombination or decay rate of carrier concentration with carrier life time z. The final
term (J/gd) represents the rate of electrons pushed into the conduction band within the active region.

4.4 Rate Equation for Photon Density

The equivalent equation of the rate of change of photon density S within the active region of a
semiconductor laser can be written as [28]

' N
B s - Bl 4.2)
dt T T,

Here, the first term (CG(N)S ) of equation (4.2) shows an increased rate of the photon density
S due to the stimulated emission. The second term (—S/zn) is a decreased rate of the photon density
inside the optical cavity due to the absorption and light emission toward the outside of the optical
cavity. The final term (fs, N/r;) represents a coupling rate of spontaneously emitted photons to the
lasing mode, which is a resonance mode of the cavity.

4.5 Rate Equation for the Optical Phase

Equation (4.2) is appropriate for describing the temporal variation in the optical intensity,
however it is not possible to obtain the phase of the optical field using this equation. In order to carry
out the analysis on the laser characteristics related to the optical phase, another equation is required
for describing the time variation in the phase. For the analysis of optical feedback from any external
reflector it is necessary to know the photon phase. It is well known that the optical field £ in
semiconductor laser can be written as E(r,7) = E(r) exp(-iat) E(t). Now considering E(?) as a complex
function, let ¢() be the phase. Then one can write Eft) = |Efz)| exp[-i¢p (t)]. The instantaneous
frequency of £ is given by

wft) = o + Soft) | (4.3)
where, 5@(!) = dz—ft) | (4.4j

Under the circumstances follows [28], the laser oscillation frequency @ can be found from the
following equation : |
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2L(ﬁ(w)+r—wAn} =2mn , 4.5)
c

Here, L is the length of the laser, f is the complex propagation constant, ¢ is the velocity of
light and An is the refractive index change. Generally An varies with time and accordingly
determined by the above equation also varies with time. Let @y, and Any, be the values of w and An
respectively at threshold, and put w(t) = wy+ dwy, and An =Any+8An,, then from the above equations
the following equations may be obtained.

: fe, 2
ﬁ(w:h)+ C’ A”m = ;Zr

Tw, on =_Fa),,, Sn 4.7
¢ Op/ow n .

(4.6)

ow =
'Y

where, 7, is the group refractive index for the guided mode and use has been made of a
relation 1/(gB/éw) = vg = c/n,. Now, from equation (4.4) and (4.7) one can write the rate of change of
phase as

a __Les, (4.8)
dt n

¢

The refractive index change &n is correlated with the gain change 6G= G(N) - G, through the
Kramers—Kronig relation [28], and the index change is proportional to the gain change. Using the
antiguiding factor ., defined by [ratio of susceptibility], on can be written as[28].

= - 2 SOW) O s ()< - Ee [ () - ] (4.9)
20 v, 2w 2w Ir,
Therefore, equation (4.8) can be written as
9 %l rG(N)-— - (4.10)
da 2 T ‘

It is necessary to explain G(N), carrier lifetime 7,, photon lifetime s, and'spontaneous
emission coupling factor B, in more detail. With the transparent carrier concentration Ny, in which a
material is transparent, material power gain per unit time G(N) can be expressed as

G(N)=go (N-Ny) for a device with bulk active region
N . . , . .
GN)=g, ln[N—] for a device with quantum well active region.

1]

where, g; is the differential optical gain or gain slope.
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Carrier liletime 7 is related with the radiative recombination lifetime 1, and nonradiative
recombination lifetime =, by the relation

1, (4.11)
T T T

The radiative recombination lifetime 7, is determined by the spontaneous emission and is not
affected by the stimulated emission. The nonradiative recombination lifetime 1, is related to the
recombinations of the injected carriers and the defects or the impurities, which do not emit lights.

The photon lifetime 1, is the time during which the photons stay in the optical cavity; it is
expressed as

R UL (4.12)
L JRR,

Here, ¢ is the velocity of light in the free space, n,, is the group refractive index of the
material, g is the intrinsic loss of the material, Ry and R; is the reflectivity of the mirrors.

The spontaneous ecmission coupling factor ff;, is defined as the ratio of spontancous emission
coupling rate to the lasing mode to the total spontaneous emission rate. [27]

4
By = e (4.13)
dn°n VAL
where T is the optical confinement factor of the active layer and AX is the FWHM of the
spontaneous emission spectrum in units of wavelength. From equation (4.13), it is found that the
spontaneous emission coupling factor f;, increases with a decrease in the volume V, of the active
region and the spectral linewidth AL

4.6 Threshold Current Density and Threshold Carrier Density of a
‘Semiconductor Laser -

The rate equations of a semiconductor laser can be graphically represented as shown in the
figure 4.1{28]. To determine the threshold current density and threshold carrier density, rate equations
for carrier density and photon density can be approximated by considering ts = 1 as [27]

dN N J

& TG(N)S - =+ - 4.14

” (V) b (4.14)
s BN

B _rowys -+ 2N (4.15)

dt T T

rh )

Bellow threshold, the stimulated emission is negligible and S can be considered to negligibly
small. At steady state, equation (4.14) can be written as
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Q=—-——+— or N=—~'{-r, and S=0 (4.16)
r, dq dq

It is seen from equation (4.16) that the carrier density N is increased with the increase in
current J. Threshold carrier N, density is defined as the value of carrier density at which lasing starts.
The current density which is required to attain this N is called threshold current density Ji. From
equation (4.16) the threshold current density can be written as

th

J =§£N,,, (4.17)
T

From equation (4.17), it is found that a small Ny, and a long 1, lead to a low Ji». Because the
optical confinement factor I of the active layer depends on the active layer thickness 4, the threshold
current density Jy is a function of d and there exists an optimum d value to achieve the lowest Ji.

The threshold carrier density Ny can be calculated by using the rate equations above the
threshold. In usual semiconductor lasers, the spontancous emission coupling factor f, is on the order
of 1073, Therefore, as the first approximation, the term f,;N/z, of equation (4.15) can be neglected.
Because (4.15) is valid for any S value in a steady state, so one can write

TG(N) = 1. Cg,(N-N,) : (4.18)"
ph ‘

N=N,+ ! (4.19)
rgnrph

The threshold carrier density Ny, can be written as

th = ND +
anrph

(4.20)

In semiconductor lasers, changes in the cavity length, the facet reflectivities, and the refractive -
indexes during laser operation are smatl, and the right hand sides of (4.19) and (4.20) are considered
to be constant. Therefore, above the threshold, the carrier density N is clamped on the threshold
carrier density Ny.

Finally from equation (4.17) and (4.20), the threshold current density can be written as

sy =%, - éz[Nn _L_} @)
¥ rx rgﬂrph

The expression for the threshold current density in equation (4.21) shows that attainment of a
low threshold requires an active layer of small carrier density Np at transparency and a large
differential gain coefficient go. From this viewpoint, quantum well structures are advantageous
compared with bulk DHs.
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4.7 Current versus Light Output of a Semiconductor Laser

When the spontancous emission coupling factor B, is small, coupling of the spontaneous -
emission to the lasing mode can be neglected. Below the threshold, with an increase in J, the carrier
density N increases according to (4.17), but the photon density S is 0. Above the threshold, N does not

increase any more and remains at the threshold carrier density Ny, while S drastically increases with J,
because the excess carriers (N-N) are converted to photons.

From (4.14), the steady-state photon density S above the threshold is obtained as
set (L _Na (4.22)
rG(M\dg =
Substituting (4.17) and (4.18) into (4.22) results in
T
S=-L(/-J,) (4.23)
dg |

In summary, dependence of the carrier density N and the photon density S on the injection
current density J is expressed as

N= —J—rv and $=0 (4.24)
dg
For J > Ji
J T, .
N=2tr and S=-(J~J,) (4.25)
dq dg
Nt S 4
N[h ...............
0 5 > 0 >
0 Jrlr J 0 th J

Figure 4.2 Carrier density N and photon density S when coupling of the spontaneous emission to the
lasing mode is neglected
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In a steady state, when the coupling of the spontancous emission to the lasing mode is
included, (4.14) and (4.15) can be written as

. I'G(N)S + N (4.26)
dg LT

N
= =TG(N)s+ il

(4.27)

ph 5

Now, putting the value of G(N) form equation (4.8-) into the equation (4.26) and (4.27) the
carrier density N and the photon density S are given by

N= Ny (A—\IA2 —B) (4.28)
21 -8, i
2
. B, A-JA*-B . 4.29)
Tgor, 201- 8, )-4- V4’ - B
where,
J N J
=14+ 0 d B=4l-8}— 4.30)
A * th ﬁ‘l” th " ( ﬁw)'jm ( )
2 —2
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Figure 4.3 Dependences of the carrier density and photon density on the injection current density.

The dependences of the carrier density and the photon density on the injection current density
are plotted in Figure.4.3 using normalized variables where solid and broken lines correspond to f, =
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0 and gy > 0. The result shows that, with a large contribution of the spontancous cmission
represented by a large Qsp.

25 T v
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Normalized Current Density J/Jrh

Figure 4.4 Output optical power versus injection current density depending on the facet mirror
reflectivity.

Since the optical field in the resonator can be expressed E(r,t) = E(r) exp( imt) E(t). Using the
normalized mode function E(r), the stored optical energy in the resonator is given by |E(t)|
hwV,S/2 x with the photon density S [28]. On the other hand, the value of the power output from the
top and bottom mirror can be determined by using the equation (3.61). Power output from the top
mirror for different values of mirror reflectivity is plotted in the figure 4.4.

The laser output power starts to increase at values of & smaller than the threshold value Ny
given by Equation (4.21), and as a result the bend in the graph for the output power versus the
injection current density at the threshold is rounded. A semilogarithmic plot of the injection current
density dependence of the output power (photon density) is shown in Figure.4.5. The graph shows
that the output power changes by several orders of magnitude depending on fsp in the vicinity of the
threshold.
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Figure 4.5 Photon density versus injection current density depending on the spontaneous emission
coupling coefficient

4.8 Rate Equations of a VCSEL

Construction of the cavity of a VCSEL is different from a Fabry-Perot laser or edge emitting
laser. The cavity of a VCSEL contains of several quantum wells separated by barrier layers and two
spacer layers are placed at the end of the cavity. The construction of the cavity of a VCSEL is shown
in the figure 4.6. Many researchers have been deduced the rate equations of a VCSEL in different
ways. Rate equation for Carrier density of a VCSEL is described by a single equation [21], or two
different equations [38,39]. In two level model, where the rate equation for carrier density is
described by two deferent equations is more accurate than single rate equation for carrier density. In

two level model, one equation describe the carrier density in the barrier region while the other

describe the carricr density in the quantum well.

The active region of the VCSEL shown in the figure 4.6 contains of three quantum wells of
thickness d. The length of the carrier confinement region is /. and the effective length of the VCSEL
is Ly An external current source provides the barriers of volume Vj = A, (I - d) with current /. The
rate of change of the electrons density N, in these barriers is given by

@431

The different terms in the right hand side of this equation represent respectively the external
electron density from the current source (// ¢V,), the escape of carriers from the wells of volume V,,
= Aq d and of electron density &, into the barriers with r, the carriers diffusion into undoped
potential wells with a transport time 7, and finally the removed carriers from the barriers by
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spontancous emission with time constant ry, 5. Carricrs captured in the well can take part in cmission
and absorption transitions. Spontaneous emission is characterized by introducing the carrier lifetime
Tspawe

« Ly R
SLENY L RO/
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O« TOO
nonrhe
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@
/é Quantum wells
® ea__,} f[;'dOPPed
p-dopped - ./ ragg
Bragg ;:f reflector
reflector Carrier confinement

Figure 4.6 Schematic representation of a VCSEL active region, indicating electron injection into
barriers as well as diffusion into and escape from the quantum wells.

Stimulated emission processes depend on the modal material gain coefficient G(V,) and the
photon density S in the mode under consideration. Since the position of the quantum wells relative to
the standing wave pattern in the cavity is very important as has been mentioned in Sect. 3.10, the
relative confinement factor 7, has to be considered in the stimulated emission processes.

Hence the rate equation for the electron density in the quantum well is written as

dN, N, ¥, N, N, TLv,GN,)S

dt r, V., r©, t 1+ &S

t AP

(4.32)

Here, v, is the group velocity. The material power gain G(M,,) = gp In(N,/N,,,) per unit time is
discussed in section 4.5. N, is the transparency carrier density of quantum well and at lasing
condition N, > N,,,. Gain compression due to effects like carrier leakage by heating, or Spatial hole

burning by photons is accounted by the denominator (1 + &S). The gain compression parameter £ is
estimated as

2 2
/1 c rint ret

- 3
2m Tope

(4.33)
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where, ¢ is the velocity of light in the vacuum and 1, = 100 I3 is the intraband relaxation time.
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Figure 4.7 Simulation results of the carrier density {(/,.) in the quantum well region and the photon
density (S} in the active region of a 980 nm VCSEL at an injection current /= 1.8/,

The rate equation for the photon density can be written as

ﬁ—ﬂ VN, S VW v, G(N,)S
a TV . t, V, 1+

L p

(4.34)

cavity losses described by a photon lifetime z, and stimulated as well as spontaneous emission are
important. Furthermore, for density related equations the ratio of well volume ¥, for interacting
electrons and cavity volume ¥, for interacting photons comes into play. This ratio is also important
for the stimulated emission rate. The electron rate equations (4.31) and (4.32) as well as the photon
rate equation (4.34) govern dynamics and noise of quantum well VCSELs.

75



x 107 >é102°

J 1=l
p
th 17
10+ -
nﬁ e
E {6
z
E ﬁﬁ
= E
g '15 @
- 3
o
% st 1 §
o 1K
o) J £
— 0 : 0.
2 i
= 42
v :
O —
Y I
0 .EJ 1 N 1 L 0
0 1 2 3 4 5

Time (ns)

Figure 4.8 Simulation results of the carrier density (¥,) in the quantum well region and the photon
density (S) in the active region of a 980 nm VCSEL at an injection current / =1.8 /5. Step current
pulse fp=1.8 [, has been applied at the time t>0. Laser oscillation starts after a time delay 1, called

turn on delay. Carrier density in the quantum well region (N..) reaches to the transparent carrier
density after the time 7.,

4.9 Calculation of Turn on delay of a VCSEL

Laser oscillation starts with a delay after the start of carrier injection (current application) as
shown in the figure 4.7. This turn-on delay is undesirable phenomenon for applications of
semiconductor lasers because the higher the turn on delay the lower the modulation speed of a laser.
Turn on delay is the time required for carrier accumulation up to the threshold carrier density. The
delay, however, can easily be avoided by giving a bias current close to the threshold. Then the
extinction ratio of the modulated output may deteriorate. An appropriate bias level must be set in
order to avoid substantially the delay and deterioration of the extinction ratio.

Assume that a step pulsed current is injected into a semiconductor laser. As shown in figure
4.8, a bias current density J, is below the threshold current density J, and a pulsed current density ./,
is injected to the semiconductor laser at time ¢ = 1, = 0. Note that the pulse width is much iarger than’
the carrier lifetime t;. The carrier concentration N increases from the initial value N, with a time
constant t; and reaches the threshold carrier concentration Ny, at ¢ = 14, as shown in figure 4.8. This ¢,
is called the turn-on delay time, and at t = 1, laser oscillation starts. After the start of laser oscillation,
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the carrier concentration N and the photon density S show relaxation oscillations, as shown in figure
4.8. The turn-on delay time ¢, can be calculated by using the ratc cquation (4.14). For simplicity.
coupling of the spontancous emission to the lasing mode can be neglected. Therefore, when N < Ny,
the photon density is S = 0. As a result, cquation (4.14) has been reduced to

J=dJ,ult)+J, (4.36)
_fo (r<0) : -
u(l)—{l (20) (4.37)

Putting the eduation (4.36) into cquation (4.35), equation (4.38) can be written as

E'LV_-; Jpul)+dy N (4.38)

Laplace transformation of the cquation (4.68) is donc by corisidering a Laplace transform of
the carrier density N(1) as N(s) and also considering the initial carrier density N(0) = Ny = r,.Jo/(gd).

sN(s)- N(0) = ul'———l—N(s) (4.39)

sN(s)- = =Lt — — N(s) (4.39)

Hence N(s) can be written as

Ms)=| L ; Uptdofr, 1 ] rJ, (4.40)
B qd § gd
T T

X A

Now, taking the inverse Laplace transform of NM¢s) of equation (4.40) N(1) can be written as

N()= oz +.J“)T' ulr)- o+ ok, e b Ilo | (4.41)
qd qgd qd
N(r)= o2 “;j“ ulr)- J‘;; e (4.42)

The carrier density at r 2 ( can be found from the equation (4.42) by putting u(#)=1 in to the
equation (4.42)
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N(y=2L B (4.43)

Here, J = Jp + Jy. The carrier density at 7 = 14 can be found from the equatton (4.43) by puttlng
{ =tz in to the equation (4.43)

-ty /7 )
N )= Bl T | (4.44)
qd  qd ‘

Turn on delay s has been defined as the time required to reach the carrier density to its
threshold carrier density N, i.e. Ny = N(1y . By using the equation (4.21), the threshold carrier
density can be written as

N, =Z7n 2 N, (4.45)
qd

Now putting the value of Nz, in the equation (4.44), the turn-on delay ¢, can be written as

t,=71In (4.46)

To generate high speed optical signals by modulating the injection current into the
semiconductor lasers, the turn-on delay time ¢, should be short. From equation (4.46), it is found that
a large bias current density J5, a low threshold current density Js, and a short carrier lifetime z; are
suitable for high-speed modulations. From equation (4.46), turn-on delay ¢, can be written in terms of
injection current as

1-1,
I -

t,=r1,In (4.47)

th

Turn on delay of a semiconductor laser has been computed by using the equation (4.47) for
the different values of injection current and the results are plotted in the figure 4.9. Turn on delay
versus normalized current (I/l;;) has been plotted in the figure 4.9 (a). It is clear form the figure 4.9 (a)
that turn on defay of the semiconductor laser can be reduced from excess over 8 ns to less than [.8 ns
if the injection current is made double from its threshold value. It is also noticeable that turn on delay
of the semiconductor laser can be reduced to less than 500 ps by injecting the same current (2/,) if
the initial injected current or initial bias current [, is made nearly equal (0.8/,) to the threshold
current. Reduction of turn on delay is very small if the injected current is made over 3 times of the
threshold current. Figure 4.9 (b} shows the plot of turn on delay versus relative excitation (/-Ip) / (/-
Im). It clear from the figure that the turn on delay of a semiconductor laser can be reduced the nearly
equal zero if the relative excitation of the laser can be made tends to unity.
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Figure 4.9 Plot of turn on delay 7, with respect to different values of the injection current of a
semiconductor laser.
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The time delay 7y 0f a VCSEL can be obtained from the rate cquation (4.31) and (4.32) as

(4.48)

Here, ;.. is the carrier lifetime in the quantum well region. Equation (4.48) is identical with
the equation (4.47) and it is clear that the turn on delay of a VCSEL is a function of the carrier
lifetime in the quantum well. To understand the phenomena of the reduction of turn on delay, output
power (discussed in the next section) of a VSCEL has been plotted in the figure 4.10 for two different
values of injection current. At a value of injection current / = /, laser starts to oscillate at r = 1.2 ns
and when the injection current is set to /= 21th then the laser starts to oscillate at t=0.6 ns.

Turn on delay of a VCSEL for different values of injection current have been computed by
using the equation (4.48) and plotted in to the figure 4.11 (dashed line). Same computations have
been performed by cove the rate equations of the VCSEL by using the Finite Difference (FD) method.
Results are also plotted in the figure 4.11 (solid line with asterisks). Turn on delay decreases with the

increase of the injection current.
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Figure 4.10 Simulation results of output power from the top DBR of a 980 nm VCSEL at / = I
(solid line) and at f = 2/, (dashed line). Result shows that laser oscillation start earlier if the injection
current is increased. ‘
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Figure 4.11 Plot of turn on delay 4 with respect to different values of the injection current of a
VCSEL. Dashed line is plotted by using the equation (4.48) where as the solid line with asterisks is
plotted from the simuiation result of the carrier densities for different values of injection current.
Initial bias current /; has been set to 0 mA.

4.10 Output Power of a VCSEL

Equation of output power of VSCEL in terms of injected current has been derived in the
Section 3.12. In this section, output power ol a VCSEL will be computed by solving the rate
equations. Solution of the rate equations (4.31), (4.32) and (4.34) will give the carrier density in the
barrier region, carrier density in the quantum well and the photon density in the active region. Qutput
optical power from the top and bottom facet of a VCSEL is related with the photon number and can
be written as [39]

V..he

R,h(’)=’7¢ﬂ.hs(!)rr A
P

(4.49)

where, S(7) is the photon density, ¥, is thc volume of the active layer, & is the Plank’s
constant, c is the velocity of light, /~is the optical confinement factor, g, is the photon lifetime, 4, is
the wavelength of the emitted light and £, is the external differential quantum efficiency of the top
facet and bottom facet respectively. Total power output Py(t) from a VCSEL will be the summation
of the power output from the top P,(1) and bottom facet Pu(1).

P, ()= P ()}+ () | | (4.50)
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Now, the ratc cquations (4.31), (4.32) and (4.33) have been solved simultancously by using
the Finite Difference method to get the photon density. Qutput power has been computed by using the
equation (4.49) and plotted into the figure 4.10.
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Figure 4.12 Plot of total output power versus injection current of a VCSEL. Emission wavelength of
the VCSEL has been taken as 980 nm.

Light current characteristics of a VCSEL can be determined by computing the output power
for different vatues of injected current. Qutput power of a VCSEL can be written in terms of injected
current as )

r.(N=P,0 (4.51)

Here, P,m]ii is the average value of the total output power Py(t). To determine the output

power versus injected current, Py, (1) has been computed for different values of injected current then
taking the average of P,(1) has been plotted with the injected current. Curve has been shown in the
figure 4.12. From figure 4.12, the threshold current of the VCSEL has been found to be 0.18mA.
Injected current, before to reach the threshold current, the output power is negligible because
stimulated emission has not been started yet. When the injected current exceeds the threshold level,
output power of the VCSEL starts to increase rapidly.
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Figure 4.13 Light-Current (L-/) characteristics of a VCSEL. (a) Shows the power output from the top
and bottom facet of the VCSEL having the power reflectivity of the top and bottom mirror are R, =
98% and R, = 99.99% respectively. (b) Shows the power output from the top and bottom facet of the
VCSEL having the power reflectivity of the top and bottom mirror are R, = 99% and R; = 99.9%
respectively. (c) Shows the power output from the top and bottom facet of the VCSEL having the
power reflectivity of the top mirror R, = 99% and the power reflectivity of the bottom mirror has
different values. Dotted lines of the figure (c) represent the output power when the value of Ry has
been set to 99.99%.
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Output power per facct of a VCSEL is a function of external differential quantum efficiency
of that facet. External differential quantum efficiency of the facet is a function of the power
reflectivity of the facet as discussed in the Section 3.12. Hence the output power per facet of a
VCSEL will vary with the reflectivity of the top or bottom mirror. Qutput power from the top and
bottom facet of a VCSEL has been computed for different values of the facet reflectivity and plotted
in the figure 4.13. Figure 4.13 (c) shows that, when the reflectivity of one facet of the VCSEL is
increased the output power of that facet will decrease and the power output from the other facet will
increase.

4.12 Summary

At the beginning of this chapter, rate cquations of the semiconductor laser have been
introduced. Equations of the threshold current density and the threshold carrier density of a
semiconductor laser have been derived. Current versus light output power characteristics of a
semiconductor laser has also been presented. Next, the rate equations of a VCSEL have been
discussed briefly. Computation of turn on delay of a semiconductor laser has been presented and the
technique of the reduction of turn on delay has been discussed. Finally, the total output power of a
VSCEL and the power output per facet of a VCSEL has been computed. :
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Chapter 5

Transfer Matrix Method (TMM) Based Analysis a VCSEL

3.1 Introduction

In this chapter the Transfer Matrix Method (TMM) will be discussed clearly. The reflectivity
and transmitivity of a step index DBR stack as well as a complete VCSEL will be computed by using
TMM. The electric field distribution inside a VCSEL will also be computed by using TMM.

() | 2 3 2m-2 2m-! 2m

Fo —>

n, | n

AMdn, MAn, Adn,

Figure 5.1 Schematic representation of a GaAs/AlAs Bragg Reflector consisting of m pairs of low
and high indices layers. The indices of the two sides of the Bragg Reflector are nj and »,. /5 and Ry
are the incident and reflected wave at the input interface. F;, and R, are the reflected and incident

wave at the output interface. The thickness of each layer is quarter wavelength (Ag/4n; ).

5.2 Calculation of Reflectivity and Transmittivity of DBR Stacks by
using TMM

As discussed before that the refractive index of the materials varies with the wavelength, the
reflectivity of the DBR will also vary with the wavelength. This variation can be determined by using
the transfer matrix method as discussed betlow. Consider the DBR shown in the figure 5.1 has m
pairs of alternate low and high refractive index layers. The forward and backward traveling plane-
wave’s amplitude at the input plane and output plane are /y, Ro and F;, R, respectively. Relation
between the waves at input and output plane can be written as [17].

REAL A
RO R.L M21 M22 RL

M=My,[[M, M, (5.2)
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where M is the interface matrix of the iy, interface between the layer of index #; and #7141 The
matrix M;, is the phase matrix of the layer of index »; and thickness . The interface matrix and the
phase matrix can b¢ determined as

l n: + ”H-I nf - n;+.l
M, 5.3)

2n |n, —-n, n +n,,

exp’® 0
M, =[ 0 _,‘,,J (5:4)

Where ¢=2md;/A is the phase change of the plane wave into the layer of index n;.

The amplitude reflection coefficient of the DBR can be defined as the ratio of the reflected
weave to the incident wavc at the input plane with no incident wave at the output plane.

Mll
M'EI

pofo (5.5)
Fy

The power reflectivity R is related with the amplitude rcflection coefficient by the following
relation

r=+Rexp(jp,) (5.6)
Where ¢, is the phase of the reflection.

Similarly, the amplitude transmission coefficient of the DBR can be defined as the ratio of the
reflected weave to the incident wave at the input plane with no incident wave at the output plane.

|
- (5.7)

i
on |

The power transmittivity T is related with the amplitude transmission coefficient by the
following relation :

1 =T exp(jp,) (5.8)

For loss less media R+T=1.

Transfer matrix of the DBR can now be computéd by using the equations (5.2), (5.3) and (5.4).
Once the transfer matrix of the DBR has computed, the reflectivity and the transmittivity of the DBR

stacks can be computed by using the equations (5.6) and (5.8). Reflectivity spectrum indicates that
there is a stop band for which the reflectivity is greater than 99%.
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Figure 5.2 Spectral dependence of the (a) power reflectivity R, phase ¢, of the amplitude reflectivity
and (b) the power transmittivity of a Bragg mirror consisting of 20 pairs of AlAs/GaAs layers.

87



5.3 Calculation of Reflectivity and Transmittivity of a Complete
VCSEL by using TMM

Technique of calculating the reflectivity and transmitivity of a DBR has been discussed in the
previous section. Following the same technique the reflectivity and transmitivity spectra of VCSEL
resonator will be determined in the following section.

Figure 5.3 shows the layered arrangement of a VCSEL. One important point to take note is
that the order of arrangement of the layers must be symmetrical at both sides. In other words, if a
refractive index, »; on the left side of the cavity, a refractive index, n;, must be placed at the right side
of the cavity region. Low index and high index materials must be arranged alternatively.

DBR Layers Active Layer  DBR Layers

A4

Figure 5.3 Arrangement of different layers of semiconductor materials of a VCSEL.

The transfer matrix M, of the Top DBR and M, of the bottom DBR can be calculated by using
the technique described in the chapter 2. Then the transfer matrix M, of the active layer will be
calculated. Now, the transfer matrix MycsgLof the whole VCSEL will be formed by multiplying all of
the transfer matrices for each sections.

MycseLl=My x My X M, (5.7)

Figure 5.4 shows the reflectivity and transmittivity spectra of a VCSEL. The top and bottom
DBR stacks of the VCSEL have 20 pairs of GaAs/AlGaAs layers and the active layer is constructed
by AlgsGagaAs layer. Thickness of the active layer has been taken as I wavelength. Once the transfer
matrix of the complete VCSEL is computed the reflectivity and transmittivity spectra of the VCSEL
can be computed by using the equations (5.6) and (5.8).

Transmittivity spectrum of figure 5.4 (b) indicates that the light of 980 nm wavelength will

come out from the VSCEL because the transmittivity of the complete VCSEL is maximum at this
wavelength.
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Figure 5.4 Reflectivity and transmittivity spectra of a A cavity VCSEL. Top DBR has 18 pairs and
bottom DBR has 20 pairs of Alg2GapsAs/AlgeGagAs dielectric layers. Bragg wavelength is
considered to 980 nm. Material of the active layer has been selected as AlgsGagz2As.
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5.4 Summary

In this chapter, transfer Matrix Method (TMM) has been presented. Reflectivity and
transmittivity spectra of a step index layered DBR stacks have been computed by using TMM.
Reflectivity and transmittivity spectra of a complete VCSEL have also been computed by using
TMM.
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Chapter 6

A Novel Method of Calculating DBR Reflectivity Spectrum and the
Electric Field Distribution inside a VCSEL '

6.1 Introduction

Transfer Matrix Method (TMM) of calculating the reflectivity and transmittivity of a DBR
stack and VCSEL has been presented in chapter 5. Is has also been discussed that it is not possible to
compute the reflectivity and transmittivity of a multilayer stacks having graded refractive index
variation by using TMM. A new technique termed as Sampled Transfer Matrix Method (STMM) can
be able to compute the reflectivity and transmittivity of a multilayer stacks having graded refractive
index variation as well as step index variation. STMM is also capable to compute the electric field
distribution inside a VCSEL even if the DBR stacks have graded refractive index variation. In this
chapter, basic theory of STMM is presented. Next, STMM is applied to compute the reflectivity and
transmittivity of a DBR having step index change as well as DBR having different types of graded
index layers. Reflectivity and transmittivity of a VCSEL has been computed by using STMM. Finally,
the electric field distribution inside a VCSEL has been computed by using the STMM.

>
Z) Z, z

Figure 6.1 Representation of a constant index layer sandwiched between two different layers.

6.2 Basic Idea of Sampled Transfer Matrix Method (STMM)

The technique of calculating the Transfer Matrix of a multilayer stack with step refractive
index variation has been discussed in the section 5.2. If the refractive indexes of the layers are
continuously varying with distance, then the method discussed in the section 5.2 will not be able to
compute the Transfer Matrix of the layers accurately. The Transfer Matrix of smoothly varying index
multilayer stacks can be calculated by using a newly developed method named Sampled Transfer
Matrix Method (STMM).

The transfer matrix M of the layer between Z; and Z; as shown in the figure 6.1 can be written
by following the equations (5.2), (5.3) and (5.4) as

M=M;|M¢ M,rz ‘ (6!)
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Here My and Mj; are the interface matrixes of the interfaces at Zy and Z; respectively. M, is the phase
matrix for the layer of index n;. The interface matrixes My, and My can be computed by using the
equation (5.3) and the phase matrix My can be computed by using the equation (5.4).

STMM is derived from the TMM discussed in the section 5.2. In TMM the interface matrix
arose for the change in refractive indexes. The change of refractive index will cause a propagating
wave to be scattered. The phase matrix in TMM arose for the layer of constant index n. This layer
causes no scattering of a propagating wave but only change the phase of the wave.

29 ROS LOE LOT RO ROR LOA LOE LOR EOR ROA R RO

11213145 |udnujuapagnds |in

.
»

“} 22 z .
Figure 6.2 Representation of the previous figure after sampling into m number of layers of constant
thickness 4.

If the constant layer is considered as a number of sampled layers of same refractive index,
then the interfaces which will appear due to the sampled layers will be virtual interfaces. Actually
there will be no scattering from those interfaces. Because the refractive index before and after those
interfaces are equal. Hence the interface matrix will be a diagonal matrix according the equation (5.3).

Since the interface matrixes due to the virtual interfaces are diagonal matrix, product of the
entire interface and phase matrix of the sampled layers except the first and last interface matrix will
be equal to the phase matrix of the un-sampled layer. In this way one can compute the transfer matrix
of any layer structure even the layers having uniformly varying refractive index.

Figure 6.2 represent the sampled version of the layer shown in figure 6.1. If m is the number
of sampled layers then there will be total m+/ interfaces instead of two interfaces of figure 6.1. Now
the same transfer matrix M of equation 6.1 can be computed from the sampled layers of figure 6.2
and using the following equation

M=M0,ﬁ[M,wM,,} . (6'2)7

=]

Here, M, is the interface matrix for the first interface. My is the interface matrix between the §

th and i+/ th layers. Similarly M is the layer matrix for the / th layer. From the above discussion it is
found that the transfer matrix M of equation (6.1) and (6.2) must be same.
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n; n(z) n,

Figure 6.3 Schematic representation of a Semiconductor/Diclectric layer having smooth variation of
refractive index n(z) with distance z. Two layers of Semiconductor/Dielectric are on its two sides
having refractive indexes #) and n;.

Now consider the refractive index of the layer between two points Z; and Z, of figure 6.1 is
uniformly varying with space. Figure 6.3 shows that uniformly varying refractive index layer. It is not
possible to compute the transfer matrix of this layer accurately by using the equation (6.1). In this
case, waves traveling from the point Z; to Z; will have transmission and reflection at every plane
between these two points due to this uniform variation of refractive index. STMM is capable to
compute the transfer matrix of this layer accurately.

................
..............

nl e

ZIIIIIIIIIIIIIIIIIIIZ”1+1 Z ZlIIIIIIIIIIIIIIIIII22m+1 Z

Figure 6.4 Sampled version of the dielectric layer containing uniformly varying refractive index. (a)
with m number of sampled layer (b) with 2m number of sampled layer.

The transfer matrix M of the layer shown in the figure 6.3 can be computed accurately by
using the equation (6.2). First of all the layer needs to be sampled in to many layers of constant
thickness. Figure 6.4 (a) and (b) represents the layer of figure 6.3 after sampling into m and 2m
number of layers respectively. Computation of transfer matrix M will be more accurate if the value of
m increased. This has been shown in the next section.

Up to this, the technique of computing the transfer matrix of a single layer of semiconductor
material or dielectric material has been presented. Incase of multilayer structure (DBR or VCSEL),
either step index layer or graded index layer, the transfer matrix of the whole structure can be
computed by using STMM. Sampling can be done in two different ways; i) Sample the total length of
the multilayer stack, ii) sample the each layer of the multilayer stacks separately and by cascading the
transfer matrixes of each of the layers, total transfer matrix cam be computed. After computing the
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transfer matrix of the multilayer stacks, reflectivity and transmitivity of the stacks can be computed
by using the equations (5.5) and (5.7).
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Figure 6.5 Computation of refractive index, reflectivity and transmittivity of a 20 pair AlAs/GaAs
DBR mirror. (a) Plot of refractive index vs. distance showing the layer thickness of 1'% pair of low
and high refractive index materials of the DBR mirror. (b) plot of reflectivity spectra of the DBR
mirror due to different number of sampled layer m. Solid line represent the simulation result using
TMM where as the dashed lines are representing the results of STMM. (c) and (d) show the plot of
reflectivity and transmittivity spectra of the DBR mirror obtained by using STMM and TMM. Here,
whole length of the DBR has been sampled into 5000 layers.

6.3 Computation of Reflectivity and Transmitivity of a Generalized
DBR Stack using STMM

Distributed Bragg Reflectors (DBRs) are used as mirrors in different types of semiconductor
lasers such as Distributed Feedback (DFB) Laser, Distributed Bragg Reflector (DBR) Laser and
Vertical Cavity Surface Emitting Laser (VCSEL). Construction of a DBR has been explained in
Sections 3.5 and 3.7. The schematic representation of a generalized DBR with step index change
between the low refractive index () material (AlAs) and the high refractive index (n;) material-
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Figure 6.6 (a) Reflectivity and (b) Transmittivity spectra of a 20 pair AlAs/GaAs DBR mirror
obtained by using STMM and TMM. Solid line represents the simulation result obtained by using
TMM where as the dashed lines and small circles are obtained by using STMM for m=10 and m=20
respectively. Figure (a) and {b) show that the reflectivity and transmittivity spectra of the DBR mirror
obtained by using STMM and TMM are exactly same.

-(GaAs) has been shown in figure 5.1. Refractive indices of the two sides of the DBR are np and n;.

STMM can be used to compute the reflectivity and transmittivity spectra of the DBR in two different 0
ways. Firstly, computing the transfer matrix of the DBR mirror by dividing the whole length of the
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DBR in to m sampled layers and sccondly, computing the transfer matrix of the DBR mirror by
sampling each of the layers independently. Now, from the computed transfer matrix, reflectivity and
transmittivity spectra of the DBR mirror can be determined by using the equations (5.5) and (5.7).

Figure 6.5 shows the simulation result of reflectivity R and transmittivity 7 of a 20 pairs of
AlAs/GaAs DBR mirror. Bragg wavelength of the mirror is chosen as 2z = 980 nm. Simulation has
been done following the first technique of the STMM as mention in the previous paragraph. From
figure 6.5 (b) it is clear that the result obtained by STMM come closer to the result obtained by TMM
when the number of sampled layer m increased.

In figure 6.5 (b), the farthest dashed line (by STMM) curve from the solid line (by TMM)
curve has been obtained for the value of m=100 and the closest dashed line curve has been obtained
for the value of m=900. If the value of m becomes very high then the result obtained by STMM will
be exactly same as that obtained by TMM. Figure 6.5 (b) and (c) show that result obtained by STMM
with m=5000 is almost same of the result obtained by TMM.

Figure 6.6 shows the result obtained by the second technique of STMM, i.e. by cascading the
transfer matrixes of each layer obtained after sampling the each of the layer into m sampled layer
independently. Figure 6.6 (a) shows the simulation result of reflectivity spectra of the above
mentioned DBR of 20 pairs of AlAs/GaAs materials. Solid line represents the result obtained by
TMM where as the dotted line (m=10) and the small circles (m = 20) represent the result obtained by
using STMM. Figure 6.6 (a) shows the simulation result of transmittivity spectra of the same DBR.
Solid line represents the result obtained by TMM where as the dotted line {(m=10) and the small
circles (m = 20) represent the result obtained by using STMM.

Both of the figures 6.5 and 6.6 show the STMM is capable to compute the reflectivity and
transmittivity of a step index layered DBR stack accurately. In the next section STMM will be
applied to compute the reflectivity of the different types of uniformly graded index layered DBR.

6.4 Computation of Reflectivity of Graded Index Layered DBR Stacks
using STMM '

DBR mirrors are constructed by multiple numbers of quarter wavelength thick low and high
refractive index materials alternatively. It is possible to make that quarter wavelength thick layer to
have refractive index variation in different ways such as i) step variation, ii) linear variation, ii)
trapezoidal variation, iv) sinusoidal variation, v) parabolic variation, etc. Sinusoidal and modified
sinusoidal variation of refractive index in the tayers of a DBR has been presented and analyzed in the
following paragraphs.

The refractive index m4(z) of the layers can be represented by the following equation as.

n,.',,(z)= - iA”(Sin gl.h)r (6.3)

Here, x represents the degree of variation of the refractive index in the layers. If x = 0 then the
DBR will be step index DBR and if x = | then the variation of refractive index of the DBR will be

sinusoidal. n,,, is the average refractive index of the DBR, An is the deviation of refractive index
from the maximum or minimum refractive of each of the layers can be written as,
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P = 5 (6.4)
nh mnx nn’ min
M= —m—— (6.5)
2 .
and
T

é,,=—: ‘ 6.6

ih d‘..h ( )

where, d; is the thickness of the low refractive index layers and d), is the thickness of the high
refractive index layers. Values of 4; and dj, can be calculated by the following equations. z is the
distance starting from each of the layers and the value of z is from 0 to d ..

6.7)

(6.8)

N w R .Y

Refractive index n

w
—

0 0.05 0.1 0.15 0.2
Distance z (nm)

Figure 6.7 Representation of the first three layers of a 20 pairs DBR mirror. Refractive index of each
layer is uniformly varying according to the equation (6.3). Maximum and minimum refractive
indexes of the layers are #ypac = 3.53 and ny i, = 2.97 respectively. Bragg wavelength of this DBR is
set to Ag= 980 nm.
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The structure of the DBR having uniform refractive index variation in the layers is shown in
the figure 6.7. Different types of variation in refractive index arc plotted in the figure 6.7. When the
value of x in the equation (6.3) is set to | then the variation will be pure sinusoidal as shown by the
inner solid curve of figure 6.7. Other curves of figure 6.7 are plotted for the decreasing value of x.
Quter solid curve is obtained by setting the value of x is to 0.2 in the equation (6.3). When the of x is
set to 0 then the variation of refractive index will be step index change as shown by the thick dotted

line in the figure 6.7.
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Figure 6.8 Simulation result of reflectivity spectra of the DBRs shown in the figure 6.7. Each layer of
the DBR is divided into 50 sampled layers during simulation. Thin lines are representing the
reflectivity spectra of each DBR for the wavelength range from 850 nm to 1150 nm where as the
thick lines are representing the reflectivity spectra near the Bragg wavelength region. Results show
that the each of the DBRs has the peak reflectivity at the Bragg wavelength. DBR with x = 0.2 has the
height peak reflectivity and the DBR with x = 1 has the lowest peak reflectivity.

Reflectivity spectra of the DBRs shown in the figure 6.7 has been computed and plotted in the
figure 6.8 by using STMM. Transfer matrix of the whole DBR has been computed by cascading the
transfer matrixes of each layer. Transfer matrix of each of the layers has been computed by dividing
the layer into 50 sampled layers. Finally the reflectivity of the DBR has been computed according the

equation (5.7) and plotted in figure 6.8.

Simulation results of reflectivity spectra of the DBRs shown in the figure 6.7 have been
plotted in the figure 6.8. Results show that each of the DBRs has peak reflectivity at the Bragg
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wavelength. DBR with x = 0.2 has the height peak reflectivity and the DBR with x = | has the lowest
peak reflectivity.

The effect of the sampled layer number on the computation of the reflectivity of a DBR
having uniformly varying refractive index will be discussed. Select one of the DBRs shown in figure
6.7 which have the value of x=0.1. Reflectivity of the DBR can be computed by using STMM.
Simulation has been performed for m= 5, 15, 30, 50 and 75 samples per layer and the results are
plotted in the figure 6.9.

Figure 6.9 shows that the peak reflectivity is about 99.1% when the number of samples per
layer is §, where as the peak reflectivity :

1 S ¥ . . e -
| w—— M= ; m=5 |
| e m=15 | ! m=15
j e m =30 . ' m :30 i
[ --— m=50 : m =50 |
08 m=7s | —— m=75 |
' 0.995
® o6 : -
= [
2 e >
5 S
EE 0.4F : 'g
0.99 %
Y
0.2
0.985

850 900 950 1000 1050 17100 1150
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Figure 6.9 Simulation result of reflectivity spectra of one of the DBRs shown in the figure 6.7. Here
the DBR of x=0.2 has been selected. Each layer of the DBR is divided into different number (5 -75)
of sampled layers during simulation. Pure solid line and Solid line with small circles show the
reflectivity spectra when there were 5 and 75 sampled layers per layer respectively. The reflectivity.
spectra of the DBR for different number of sampled layers are shown in the left axis where as the
reflectivity spectra near the peak reflectivity are shown in the right axis.
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Figure 6.10 Construction and the reflectivity spectra of DBRs having sinusoidal variation of
refractive index. (a) show the total structure of the DBRs, (b} show the first 3 layers of the DBRs and

(c) show the reflectivity spectra of the DBRs. Solid lines represent the DBR which have the layer
thickness of A/4n and the dashed line represent the DBR which have the layer thickness of A/4x,,,.

6.5 Computation of Reflectivity of DBR Stacks having Sinusoidal

Variation in the Refractive Index

Computation of the reflectivity and transmitivity of a DBR having step index layers as well as
graded index layers has been presented in the section 6.2 and 6.3. Pure sinusoidal variation of
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refractive index in the layers of a DBR can be considered in many ways; two of them are presented
and analyzed in this section.

Consider that the thickness of each of the layers of the first DBR are d=M\4n;,,;, and
dFMAn mex respectively. The thickness of each of the layers of the second DBR are dr=dy=M4ngy,.
The refractive index variations of the DBRs are shown in the figure 6.10 (a) and (b). Figure 6.10 (a)
shows the complete 20 pair of the DBR and (b) shows the first 3 layers of the DBR. Dotted line
represents the first DBR where as the solid line shows the second DBR.

Simulation results of both of the DBRs are shown in the figure 6.10 (¢). STTM has been used
to compute the reflectivity spectra of the DBRs. During the simulation, each of the layers has been
divided into 150 sampled layers. Figure 6.10 (c) shows that the DBRs presented here have the similar
reflectivity spectra as that of the step index layered DBR. These DBRs have smaller peak reflectivity
than the step index layered DBR.

Reflectivity spectra near the Bragg wavelength region are shown in the figure 6.11. Result
shows that, none of the DBRs have the peak reflectivity at the Bragg wavelength. The deviation of
the wavelength at which the peak reflectivity occurred is about 3 nm and 1 nm for the first and
second DBR respectively

T
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Figure 6.11 Variation of the reflectivity near the Bragg wavelength region. Dashed line represents
the result of the reflectivity of the DBR having the layer thickness of thickness of A/4n and the solid
line represents the DBR which have the layer thickness of /4.

101



6.6 Reflectivity and Transmittivity Spectra of a Complete VCSEL

Technique of calculating the reflectivity and transmittivity of a DBR by using the technique
based on STMM has been discussed in the section 6.3. Following the same technique the reflectivity
and transmittivity spectra of a complete VCSEL will be determined in the following section.

Figure 6.12 shows the layered arrangement of a generalized VCSEL. The active layer of the
VCSEL contains Aly;GaggAs active material whose refractive index is n,. Thickness of the active
layer has been chosen as A/n,. The VCSEL has 20 pairs of top and bottom DBR mirror of alternative
AlAs/GaAl layers. One important point to take note is that the order of arrangement of the layers
must be symmetrical at both sidcs. In other words, if there is a refractive index, n; on the left side of

the cavity, a refractive index, m, must be placed at the right side of the cavity region. Low index and
high index materials must be arranged alternatively.
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Figure 6.12 Arrangement of different layers of semiconductor materials of a generalized VCSEL.
The layers of a VCSEL consisting of a stack of DBR layers on the left, a stack of DBR layers on the
right and there is an active layer sandwiched between the two stacks. There are another two layers
having refractive index n; and n,.

The complete VCSEL, as shown in the figure 6.12 is comparable with the DBR shown in the
figure 5.1 in a sense that both of them have multiple layers of different semiconductor materials. Only
difference is that all of the layers of DBR are quarter wave length thick, where as all of the layers of a
VCSEL are not quarter wavelength. Hence, the transfer matrix of the VCSEL can be computed by
using the same technique applied for the computation of the transfer matrix of a DBR. The transfer
matrix Mycsgr of the whole VCSEL can be calculated by using the technique described in section 6.2.
After computing the transfer matrix, reflcctivity and transmittivity of the VCSEL is computed by
using the equallons (5.6) and (5.8).

Figure 6.13 shows the reflectivity spectrum of a VCSEL. The top and bottom DBR have 20
pairs of GaAs/AlGaAs layers and the active layer is constructed by AlpsGagsAs layer. Thickness of
the active layer is taken as | wavelength. Transmittivity spectrum of figure 6.13 (b) and (d) indicatés
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that the light of 980 nm wavcelength will come out from the VSCEL because the transmittivity of the
complete VCSEL is maximum at this wavelength.
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Figure 6.13 Reflectivity and Transmittivity spectrum of a generalized 980 nm VCSEL. Each of the
top and bottom DBR has 20 pairs of dielectric layers. Figure (a) and (b) shows the simulation result
considering the values of n=n;=n; where as (c) and (d) shows the reflectivity and transmlttmty
-spectrum of the VCSEL considering the values of n=n,and n;=1 (air).

It has been discussed in the chapter 3 that to improve the electrical and optical performance
several structures of VCSEL have been introduced. To reduce the threshold current, carrier
confinement in the active region is necessary. Quantum wells and the spacer layers in the active
region are used to confine the carrier hence reduce the threshold current. Schematic representation of
such a VCSEL is shown in the figure 6.14. The VCSEL has 25 pairs of dielectric materials in the
bottom DBR where as 18 pairs in the top DBR to make the VCSEL top emitting. The layers of the
DBR are composed of AlgsGagaAs/ AlgsGag2As materials. Optical cavity of the VCSEL is formed
by quantum wells, barrier layers and spacer layers placed between the top and bottom DBRs. At the
center of the active layer there are three 8 nm thick GaAs quantum wells. Qu antum wells are
separated by four AlpsGagsAs barrier layers. Two of the barrier layers, which are placed between the
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Refrative Index n(z)

quantum wells has the thickness of 10 nm cach and the thickness of another two barrier layers are 40
nm each. Thicknesses of two Aly75GagasAs spacer layers arc sclect as 80.2 nm each to make the

cavity length equal to | wavelength.

Substrate .
Layers Bottom DBR _ Top DBR
Layers Active Layer Layers

—”

ARBE

Quafnitum
wells

A Cavity

‘;\V

N

Spacer
Barrier Layer
Layer

Figure 6.14 Schematic representation of a VCSEL having A cavity. In the cavity region there are
three 10 nm thick GaAs quantum wells, four Al sGag sAs barrier layers and two Al sGag sAs spacer
layers. Top and bottom DBR have 25 and 18 pairs of AlgsGagaAs/ Alp2GagsAs quarter wavelength
thick dielectric layers respectively. There are another two layers having refractive index »; of the
substrate layer normally use GaAs and #, of the media where the light has to be come out.
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Figure 6.15 Variation of refractive index of different layers of a VCSEL. Figure (a) shows the
refractive index of the complete VCSEL where as figure (b) shows the refractive index of the cavity
region (refractive index of the quantum wells, barrier layers and spacer layers) and the DBR layers

just near the cavity region.
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Refractive index of the different layers of the VCSEL has been computed by using the
equation (3.6) for A = 980 nm. Refractive index variation of the complete VCSEL along with the
distance z from the substrate layer is shown in the figure 6.15 (a). Refractive index of the quantum

wells, barrier layers, spacer layers and few of the top and bottom DBR layers have been shown in the
figure 6.15 (b). '
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Figure 6.16 Reflectivity and Transmittivity spectrum of a GaAs based A cavity VCSEL. Optical
cavity of the VCSEL consists of three 10 nm thick GaAs quantum wells, four AlgsGagsAs barrier
layers and two AlysGag sAs spacer layers. Top and bottom DBR have 18 and 25 pairs of AlgsGagaAs/
Aly2GagsAs quarter wavelength thick dielectric layers respectively. There are another two layers
having refractive index n; of the substrate layer normally use GaAs and np of the media where the
light has to be come out. Figure (a) and (b) shows the reflectivity and transmittivity spectrum of the
VCSEL considering the values of ny=ns=n, where as (¢) and (d) shows the reflectivity and
transmittivity spectrum of the VCSEL considering the values of n=n,and ny=1 (air).
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6.7 Electric Field Distribution inside the VCSEL

For designing high performance VCSELSs it is important to know the electric field distribution
in the resonator. Different techniques like coupled mode theory and transfer matrix method has been
used previously [18, 40] to calculate the electric field distribution inside the VCSEL. A new
technique to calculate the electric field distribution inside a VCSEL will be discussed in the following
section.

A technique of calculating the electric field distribution of Fiber Bragg Gratings (FBG) by
using transfer matrix method was presented by Muriel and Carballar [9]. Following this technique a
new method for calculating the transfer matrices of the active layers and DBR layers of a VCSEL
will be discussed in the following paragraph.

Active
Bottom DBR  Region Top DBR
e pow - e— e i =~
E*(z,)=0— » ~—E(z,,)=0
Po1ny nan, 1n,|n, n,in,
- ' +
E(z)" . L~ E"(z,,)

2,2, 23 ZyoPmiZ, 2 Zie1Zi EM2 802

Figure 6.17 Représenlalion of the different layers of a VCSEL. The bottom DBR, Active region and
top DBR layers are indicated. All of the layers have step refractive index variation. Active region of
the VCSEL contains 3 quantum wells.

A VCSEL comprising a number of DBR layers on the two sides of the active layers as shown
in Figure-6.17. DBR is formed by arranging several numbers of low and high refractive index
materials having a thickness of A/4n in each layer. In order to develop the transfer matrix of the
VCSEL let us consider a basic layer of dielectric material with interface layer at both sides as shown
in figure 6.18. Refractive index n(z) of the layer is a function of z.

E* (z)—H H— £ (z,)
Tl My My, | | :

E‘(z,)‘_'g le Mzz ;“_E'(Zz)

2 n(z) L, >z
Z, Z,
[nterface v Interface
Matrix [M] Matrix

Figure 6.18 Transfer matrix notation of a single layer of VCSEL. Transfer matrix M of the layer is
the product of two interface matrices and the phase matrix of the layer as shown in the figure 6.18.

Electric field distribution inside a VCSEL can be computed by using the technique based on
STMM. Let, £*(z)and E-(z) be the forward and backward traveling plane waves at an arbitrary
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planc z. Then from Figure-6.18, the relationship between the waves at the plane z; and the waves at
the plane z; can be written as

E+(zl)=M|1E+(‘72)+M12E_(‘72) (6.3)
E-(z,)=M2,E+(22)+MHE'(22) (6.4)

Equation (6.3) and (6.4) can be written in matrix form as

[ R
CORTES 6

where, M, M2, Ms,, My are coefficients of transfer matrix M.

The transfer matrix M is the product of interface matrices (M, Mp) and layer matrix (M) shown in
figure 6.18. ‘

M=M“MwM|,2 7 (6.7)
n;
n; nj
d
(a) (b)

. Figure 6.19 Two basic elements used in forming the transfer matrices: (a) Interface between two
media with different refractive indices »; and n; and (b) layer with refractive index #; and thickness d|.

The interface matrix appears because of the interface of different materials having different
refractive index »; and n;as shown in figure 6.19 (a). The plane wave incident at this interface will be
scattered. The layer matrix appears due to the layer of uniform material having the refractive index (n;)
and thickness (d;) as shown in figure 6.19 (b).

The interface matrix can be formed by the relation [7].

1 Tt ' Y
[M[]z_lih‘ n 1 n‘ :l (68)

2”;’ n, _n.l A, +n)’
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The layer matrix can be formed by the relation 7).

e’ 0
[Mw]"[ 0 e"‘"] (6.9)

Here, ¢ = fd = %’—r—n,d, is the phase quantity.

If there is no input from the right side of figure 6.18 i.e, £7(z,)=0 the electric ficld amplitude
reflection coefficient » for that single layer can be defined as the ratio of reflected wave to the
incident wave. Putting £7(z,) = 0in the equation 6.3 and equation 6.4 then by dividing 6.4 by 6.3 the
following relation can be found.

_E() _ M,y
T E+(z|),;-(:z)=u - M, €19
E(z,)=rE*(2) (6.11)

The transmission coefficient ¢ for that single layer can be defined as the ration of transmitted
wave to the incident wave. Putting £7(z,) = 0in the equation 6.3 the following relation can be found.

(= E:(zz) - 6.12)
E (zl);:'-(:z):g M,
E*(z,)=1E(z,) (6.13)
E+(Zx)_b§£ ;i-_'E+(Zz)
E (z)+Ti| —E(z,)
A X >z

/ Z, _ Zj \
Interface \- ~ Interface
Matrix [M ] Matrix

Figure 6.20 Representation of sampled single laycr of a DBR

Now using the equations 6.4, 6.11 and 6.13

[ il e ,
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Al el o
= (6.15)
ri M, M,|o0

The single layer of figure 6.18 now be considered to made up of several sampled layer as
shown in figure 6.20. The transfer matrix M of the sampled layers can then be calculated by
multiplying all of the interface matrices and layer matrices starting from left to right. The amplitude
transmission coefficient ¢ is then calculated using the equation 6.12. The above mentioned procedure
of calculating the matrix M is termed as Sampled Transfer Matrix Method (STMM).

Figure 6.21 Calculation of electric field distribution at any point inside the layer by using Sampled
Transfer Matrix Method (STMM). £*(z,) and E(z,) are the forward and backward traveling plane
waves at an imagined plane at z, between two planes at z; and z,.

The electric field intensity at any point inside the layer can be calculated by considering an
imagined plane (z,) at that point as shown'in figure 6.21. Then calculate the transfer matrix Mp for the
layer starting from the plane z, to plane z. Then the forward and backward propagating wave at the
plane z, may be calculated by using equation 6.16 as '

E+(zp) _ Mg M, [’] , . .
_ = (6.16)
E (z,,) Mpzl Mpzz 0
where, My, Mp12, M,y My are coefficients of transfer matrix M,. Finally, by summing the
backward and forward wave component at the plane z,, the electric field intensity at the plane z, can
be found as

(M +Mp2l)

fall

— (6.17)

H
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Figure 6.22 Electric field distribution inside a VCSEL having A cavity. In the cavity region there are
three 10 nm thick Alg2GaggAs quantum wells, two 11nm thick barrier layers and two 130 nm thick
spacer layers of Alg3sGag2As materials. Top and bottom DBR have 33 and 23 pairs of GaAs/ AlGaAs
quarter wavelength thick dielectric layers respectively. Figure (a) shows the refractive index variation
and electric field distribution for a complete VCSEL where as figure (b) shows the refractive index
variation and electric field distribution in the cavity region (quantum wells, barrier layers and spacer
layers) and few of the DBR layers just near the cavity region.
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The VCSEL is a stack of layers of different materials shown in figure-6.14. The structure of
VCSEL can be considered as a single layer with varying refractive index n(z) along the axis z. In a
VCSEL there is no field input from the outside of top and bottom DBR. The optical fields are
generated inside the active region and propagate through the top and bottom DBR. Hence the field
distributions inside the VCSEL can be calculated by following the procedure discussed above.

The optical power is the absolute square of the electric field amplitude [6]. The optical field
intensity inside the VCSEL can be calculated by calculating thc field amplitude transmission
coefficient using the technique discussed above. Hence the light output from a VCSEL can also be
computed by determining the electric field amplitude at the end of the top DBR.

6.8 Field Intensity in Different Types of VCSEL Resonator

Now, the electric field intensity inside a new type of VCSEL has been computed by using
STMM based model presented in this work. Here two types of VCSEL have been taken for the
computation. Both of the VCSEL have the same active layers. Only differences are in the DBR layers.
DBR layers of the first VCSEL has pure sinusoidal variation in the refractive index where as the
DBR layers of the second VCSEL has the variation in refractive index quite similar to the step index.
These types of DBR have been discussed in the Section 6.4. DBR stacks of the first types of the
VCSEL can be constructed by setting the value of x = 1 in the equation (6.3). DBR stacks of the
second types of the VCSEL can be constructed by setting the value of x = 0.2 in the equation (6.3).
Active layer of both of the VCSEL have three GaAs quantum wells each having a thickness of 10 nm.,
Two barrier layers of AlgsGag sAs materials each having a thickness of 10 nm are placed between the
quantum wells. Two 30 nm thick AlpsGagsAs spacer layers are placed at the two sides of the
quantum wells. Finally, another two 70 nm thick Alg15Gag 25As spacer layers are added at the two end
of the cavity to make the thickness of the cavity equal to | wavelength.

STMM based model has been used to compute the electric field distribution inside the
mentioned in the above paragraph. Electric field distribution inside the first VCSEL has been shown
in the figure 6.23. Figure 6.23 (a) shows that the field pattern has the quite similar pattern obtained
for the VCSEL having step index layered DBR stacks. Figure 6.23 (b) clearly shows that the
maximum value of the electric field occurs at the point from where the DBR layers are started i.e., at
the both end of the active layers. Field intensity decrcases gradually when travels through the DBR
layers. This shows a good agreement with the result obtained by using TMM for the VCSEL having
step index layered DBR stacks..

The electric field distribution inside the second type of VCSEL has been shown in the figure
6.24. Figure 6.24 (a) shows that the field pattern has the quite similar pattern obtained for the VCSEL
having step index laycred DBR stacks. Figure 6.24 (b) clearly shows that the maximum value of the
electric field occurs at the point from where the DBR layers are started i.e., at the both end of the
active layers. Field intensity decreases gradually when travels through the DBR layers. This also
shows a good agreement with the result obtained by using TMM for the VCSEL having step index
layered DBR stacks.
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Figure 6.23 Electric field distribution inside a VCSEL having A cavity. Top and bottom DBR have
28 and 39 pairs of Aly2GaggAs/ AlgsGapaAs quarter wavelength thick dielectric layers respectively.
Variation of refractive index in the layers of the DBR is pure sinusoidal. Figure (a) shows the
refractive index variation and electric field distribution for a complete VCSEL where as figure (b)
shows the refractive index variation and electric field distribution in the cavity region (quantum wells,
barrier layers and spacer layers) and few of the DBR layers just near the cavity region.
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Figure 6.24 Electric field distribution inside a VCSEL having A cavity. Top and bottom DBR have
28 and 39 pairs of Alyp2GapgAs/ AlgsGagsAs quarter wavelength thick dielectric layers respectively.
Variation of refractive index in the layers of the DBR is quite similar to step index. Figure (a) shows
the refractive index variation and electric field distribution for a complete VCSEL where as figure (b)
shows the refractive index variation and electric field distribution in the cavity region (quantum wells,
barrier layers and spacer layers) and few of the DBR layers just near the cavity region.

13



6.9 Summary

Basic idea of Sampled Transfer Matrix Method (STMM}) has been presented at the beginning
of this chapter. Reflectivity and transmittivity of a DBR stack having step index variation in the
layers have been computed by using TMM and STMM. Comparing the results obtained by these two
methods, accuracy of the STMM has been discussed. Reflectivity of a DBR stack having smooth
variation of refractive index in the layers has been computed using STMM. Next, reflectivity and
transmittivity of a complete VCSEL has also been computed by using STMM. An STMM based
model for computing the electric field distribution inside a VCSEL has been discussed. Electric field
distribution inside a VCSEL having step index layered D3R stacks have been computed by using the
model presented in this work. Same computation has been done for the VCSELs having smoothly
varying refractive index layered DBR stacks.
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Chapter 7

Operation of a VCSEL in the Presence of External Optical Feedback

7.1 Introduction

Amplitude of the electric ficld insidec a VCSEL has its maximum value at the active region
since it is amplified in this region. On the other hand, the ficld intensity decreases with the distance
form the active region towards the top or bottom facet due to reflection at different interfaces and the
intrinsic losses of the DBR materials. It is impertant to know the exact distribution of electric field
inside the VCSEL to design a device properly as well as to analyse the optical feedback from an
external reflector to the VCSEL. An STMM based new technique of computing the electric field
distribution inside the multilayer semiconductor or dielectric material stacks has been discussed in
details in the chapter 6. By using the same technique, electric field distribution inside a VCSEL is
computed in this chapter considering optical fecdback from an external reflector. Next, the intensity
of standing wave due to different position of the external reflector is computed. Finally, the variation
of the performance parameters of a VCSEL such as output power, threshold current, external
differential quantum efficiency are computcd at differcnt position of the externa! reflector.
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Bottom Top : .
DBR ~ DBR z o Tz

Figure 7.1 Arrangement of a VCSEL with optical feedback from an external reflector (optical fiber
cable). r;, r; and r; are the field reflectivities of bottom DBR, top DBR and external fiber optic
reflector respectively. The effective reflectivity rop(z) is defined to consider both r; and r;. ry(z) is a
periodic function of external reflector position z.

7.2 Analytical Model of a VCSEL with Optical Feedback

Here a GaAs/AlGaAs based VCSEL have been selected. The VCSEL have three Alg2GaggAs
quantum wells of 8 nm each located at the center of the cavity. Alp3Gag2As barrier {ayers are placed
between consecutive quantum well layers and also on the two sides of the quantum well layer. Top
and bottom DBR (GaAs/AlAs) stacks have 23 and 33.5 pairs respectively to make the VCSEL top
emuitting,
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Figure 7.2 Standing-wave pattern of the electric field in a VCSEL. Standing-wave in the A cavity
region and up to 3 pairs of top and bottom DBR layers has been plotted.

Figure 7.2 shows the clectric field distribution for the VCSEL obtained after simulation using
the above mentioned parameters and using the STMM model presented in section II. This plot has
close resembiance with the similar figure of [40] which was obtained by using a different model.

Schematic diagram of a VCSEL with external optical feedback is shown in the figure 7.1.
External reflector (fiber optic cable) is placed at a little distance apart from the top DBR. The medium
between the VCSEL and the fiber optic cable is air. Now, Electric field distribution can be computed
by using the STMM as discussed in the chapter 6. The only modification needed is to consider the
medium between VCSEL and external reflector which is air and the external reflector as two extra
layers attached at the end of the top DBR.

Figure 7.3 (a) shows the simulation results of electric field distribution inside the top DBR
region (only few layers) and also inside the external reflector. Flgure 7.3 (b) and (c) shows the
electric field distribution inside the layers of top DBR near the active region and near the output facet
respectively. Simulation has been performed considering i) the optical feedback, ii) without optical
feedback and ii) different positions of the external reflector.

Normalized field intensity near the cavity region does not vary noticeably with or without
optical feedback as shown in figure 7.3 (¢). Near the output facet, the distribution of field intensity is
different when optical feedback is considered than that of without optical feedback as shown in the
figure 7.3 (b). At the first interface, from the output facet, nodes of standmg wave occur in 4 cases: i)
when there is no external reflector, ii) when the external reflector is at z=0 distance, iii) when the
external reflector is at z=A/4 distance and iv) when the external reflector is at z=A/2 distance from the
output face. Similarly, antinodes of the standing wave occur at the second interface from the output
facet for the previous 4 cases. But the nodes and antinodes of the standing wave are occurred before

116



Nomnalized Efectric Field |E(z)F

and after the interfaces when the external rellector is placed af z=2/8 and z=3A/8 distances from the
output face respectively.

Y Y T T T Y T T
— 7=()
N == Z=)\/8
, .
’/ \ ...... =314
oopal : J \ - 223)/8 13.5
! ‘\ ——— z=2f2
; ' ——— No Feedback
L ’
N J R
St L ’ N 1
w ¢ %
— ’.',.--' ''''' . \
2 i \.\ \
Ay
S 0.03 f '~ 13
N ~
= TP . 2
E “ ------- N, E
Q “-._:; \\ g..)
w ‘--‘:.‘. \\ o =
o Tl . 2
o) TN ——— ~
@ S e e e =
= U]
g o
£ 0.02F S ¥ % F e ]
prd
i 13
0.01 ' ! '

0.1 0.2 0.3 0.4 05 06
Distance z (um)

(a)
135 1 - 135
0.03 1 0.9
s
W |
T 09t
b @ e
w
: £
0.02 15 T 085} 1%
-} [} [
2 ] 2
B = 2
£ ] £
13 5 08 1%
[+ ] - =4
E
Q
: z
0.01 & 4 0.75
ki N N . 43 ot s n N N . /\ ]
02 015 0.1 £ 05 Q -3 -2.85 -29 -2.85 -28 275 - 27
Distance z {um) Distance z {um)
(b) (©)

Figure 7.3 Normalized electric field distribution inside a VCSEL and external reflector with and
without optical feedback. Distance (z) of external reflector is measured from the output facet. (a)
shows the plot of normalized electric field distribution inside few of the top DBR layers and external
reflector, (b) shows the plot of normalized electric field distribution inside top DBR near the cutput
facet. (c) shows the plot of normalized electric field distribution inside the top DBR near the active
region.
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7.3 Electric Field Distribution inside a VCSEL due to Different
Positions of the External Reflector

Electric field distribution inside a VCSEL due to different positions of the external reflector is
computed by using STMM. Parameters of the VCSEL mentioned in the section 7.2 have been used to
compute the normalized electric field. Figure 7.4 shows the simulation results of electric field
intensities in some of the top DBR layers and external reflectors due to the variation of the external
reflector positions. The refractive index of different layers of the DBR varies between 3~3.5. The
refractive index n,;, of the air gap between the top facet and the external reflector is 1.0. The
refractive index sy of the external reflector (glass fiber) is 1.5. Figure 7.4 (a) shows that the optical
field intensity (square of the electrie ficld intensity) in the fiber is maximum for the fiber position at
z=0. Figure 7.4 (b) shows that the external reflector at z=A/8, ficld intensity decreases sinee it is not
in the resonance mode for the external cavity in the region between top DBR and fiber facet. Figure
7.4 (c) indicates that at z = A/4 the field intensity comes down to its minimum value. The field
intensity in the fiber increases again for the fiber position at z=3A/8 as shown in Figure 7.4 (d). At
z=M)/2 the field intensity reaches to its maximum value again since the external cavity between the
VCSEL and external reflector is in resonance condition as shown in Figure 7.4 (e).

7.4 Electric Field Distribution inside a VCSEL having Different DBR
Structures due to External Optical Feedback '

The construction of the active layer of the VCSEL used for simulation is same as mentioned
in the section 7.2. But the top and bottom DBR are different from the section 7.2 by materials and
struetures. Three types of DBR (step index to sinusoidal variation in refractive index DBR) have been
used for simulation. Constructions of such DBR are clearly explained in the chapter 6.

The top DBR and bottom DBR are made of Al(Ga).cAs/AliGai<As materials with different
values of x (0.1<=x<=0.9). Material for yma is Alp1GaosAs and AlpsGap1As is used for Ay min. TOp
DBR has 26 pairs. Normalized electric field distribution is computed by using STMM and plotted in
the figure 7.6. Value of x in the equation 6.3 is set to 0 to get.step index DBR, 0.2 to get modified
index DBR and 1 to get sinusoidal DBR. External reflector is placed at z= O position.

Figure 7.6 shows the simulation result of electric field distribution inside a VCSEL having
different types of DBR. For all of the three cases, nodes and antinodes are occurred at the interfaces
of the layers. Among them, VCSEL with sinusoidal variation of refractive index in DBR layer have
the highest output optical power where as a VCSEL with step index DBR layer have the lowest
output optical power. It is obvious because the step index DBR has the highest reflectivity.
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Figure 7.5 Refractive index of few of the DBR (sinusoida} variation of refractive index) layers of a
VCSEL and external reflector (optical fiber) and intensity of standing wave pattern due to different
fiber position. Thin line is for refractive index and thick line is for intensity of standing wave.
Distance (z) of external reflector is measured from the output facet. (a) z=0 (b) z=A/8 (c) z=A/4 (d)
z=3M8 (e) z=A/2

120



A(2)3lpiai4 omoaj3 paziewoN
[{e] <t

40.02

o o
o o
T T

-0.08

p

Sinusoidal
- Modified Step

Step

01

A e - -

-0.1

-0.2
Distance z (pm)

-0.3

-0.4

0.5

31

{u)xapul aadeYIY

(a)

A(@)3lpiai4 ouds|3 pazjewon

{u}xapul aanoelDY

«@ © < N
(=] (=] o o (=]
= T v — ]
AN -2 | ;
Itl \1‘““ m j= R . .
R antl -
\\.ln“.-. ' w i<
T oo Ly}
e, = @ '
A Lo = .
i i e
\\\.. + 3D
L ol cC o
- = -

— “~ naEw
.....\\\ II“. . 47
...\\ f.l.t I ' ﬂﬂv
/ = i

1
M
*, JI
T wn
= K ol
. .
N - o
~ [
N -I-l-l
A s
nos
[
ar
- 5 (Y]
X 4™
Ty ]

\--- \\\.. Q.u

! H Al
Rt
Bt
4 Yo}

{
AN <
EREN
L
o
o
N
l’ v
™Y ™
3 l n.__.u
)
s
A
Il LAl I 1 i 1
@ © ¥ o © -
™ ™ ™ ™ ™ «

Distance z {(um)

v

(b)

Figure 7.6 Simulation result of electric field distribution of a VCSEL with optical feedback. DBR of

the VSCEL have 3 different structures. The external reflector is placed at a distance z = 0 from the
top DBR. Thin lines are for refractive index and thick lines are for normalized electric field.

i

121



7.5 Effects of Optical Feedback on the Operation of a VCSEL

Schematic arrangement of a VCSEL with external optical feedback is shown in the figure 7.1.
As discussed in the previous sections that due to optical feedback from an external reflector the
electric field distribution inside a VCSEL varies significantly. This external feedback may change the
operating parameters of a VCSEL such as threshold current, threshold gain, external differential
quantum efficiency and output power. All of these parameters are related to each other. Threshold
current depends on threshold gain. Threshold gain and external differential quantum efficiency are
depending on the facet reflectivity of the VCSEL. Output power depends on the threshold current and
external differential quantum efficiency.
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Figure 7.7 Simulation result of effective reflectivity Rz} for different position of the external
reflector. Rep(z) become maximum for the position of external reflector electric at z=}/§ and 3A/8.
R.g(z) become minimum for the position of external reflector electric at z=0, z= A/4 and z= A/2.

As shown in the figure 7.1, due to external reflector the effective field reflectivity of the top
DBR side will be r.y(z) instead of ra. Hence rep(z) as well as power reflectivity Rep(z) will vary with z.
Figure 7.7 shows the simulation result of Ry(z) as a function of external reflector position z. Rey(z) is
computed by using STMM. Result shows that when the external reflector is placed at the position
z=0, z=A/4 and z= A/2 from the output facet then Reff{z) become its maximum value (98.58%). When
the external reflector is placed at the position z=A4/8 and z= 3A/8 from the output facet then Ry(z)
become its minimum value (97.88%). Thesc variations of Repz) will affect the other operating
parameters discussed in the following sections,
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7.6 Variation of Threshold Current due to External Optical Feedback

Threshold current density of a semiconductor laser is derived in terms of threshold carrier
density and threshold gain in chapter 4. The threshold current density and threshold current for a
quantum well VCSEL can be written as [4]

A
Lo = exp{—g—“‘—) .1
o
A
Ly=1,, exp[ g) | (7.2)
&

where, gy is the peak gain constant, Ju, is the steady state component of threshold current
density, /0 is the steady state component of threshold current and Ag,,=gum(z)-gm.0 is the variation of
gain due to the variation of optical feedback level.
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Figure 7.8 Theoretical threshold current /, as a function of fiber position. The plot in solid line has
been obtained using the analytical expression developed in this work. Superimposed experimental
result has been obtained from [4].
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Threshold gain for the VCSEL without optical feedback can be calculated by using the
following equation [8].

g,=lg=a, +a, =a +L]n !
th [ L4 : 2L Rle

(7.3)
where, T is the optical confinement factor, g is the optical power gain coefficient, a; is the

internal loss =10 cm™, a,, is mirror loss and R; and R; is power reflectivities of bottom and top DBR
respectively.

When an external reflector is placed near the light emitting side (top DBR) of the VCSEL
then the mirror loss and threshold gain will depend on the effective reflectivity of the top side Rex(2)
rather than only R;. Now, the mirror loss and threshold gain can be expressed as a function of the
external reflector position by replacing R; of equation (12) by Rey(z).

I 1 |
N 7.4
a,(z)=77n R, ) (7:4)

g”'(Z):a,‘i‘""l—l : (75)

- n———;—<¢
2L RR,(z)

The effective power reflectivity due to the different position of external reflector Regfz) can be
calculated by using the mode! presented in section . gino=gum (z=0), value of gy is chosen from the
model (gno=~1650 cm"). Ina was set to the corresponding measured value of I = 4.62mA [4] and
gi=2gm0. The variation of I, over fiber position is shown in figure 7.8. I reaches its maximum value
at z=0, /2 and A. This is good agreement with the experimental results in of other researchers [4].
The Experimental values of threshold current have been extracted from the plot presented in [4].

7.7 Variation of External Differential Quantum Efficiency

The externa! differential quantum efficiency 7, without optical feedback has been discussed
in the section 3.12. From equation 3.50 s can be written as. '

Mirror loss a,

o Zm | (7.6)
T = ol loss 7 [1 o0

where, 7; is the internal quantum efficiency. If an external reflector is present then equation
(7.6) can be written as

a,(z)

n,(z)= F(z)n, G (17D

with,
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Fz)= ‘ _‘ (7.8)

Here, F(z} is the total power output from the top facet. Determining T,p(z), am(z), gnfz) and T’
from the model and setting 7=0.9 and R.y(z)=1-Teyfz), the variation of differential gquantum
efficiency can be found that it varies with the fiber position as shown in figure 7.9.
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Figure 7.9 Variation of external differential quantum efficiency ny as a function of fiber position

7.8 Analysis of Qutput Power Variation of a VCSEL

7 According to the equation 3.63, Qutput power from the VCSEL due to variation of external
reflector position can be written as

P, (2)=1, (z)ﬁf(f - 1,(2)) | (7.9)

The values of r4 (z) and /,(z) has been determined in the section 7.7 and 7.6 for varying fiber
position and for / = 5.0 mA [4]. Since 74 (z) and /u(z) are dependent on external reflector positions,
P,.(z) obviously vary with z. Simulation result of output power, varying with the fiber position, is
presented in figure 7.10 with superimposed experimental results. The Experimental values of output
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powcr have been extractcd from the plot presented in [4]. The simulation results obtained by the
developed model show good agreement with the experimental results.

0.14 -

S im-ulétién

|
* Expermental |

o
N
N

Power (mW)
o

0 200 400 600 800
Fiber Position z (hm) -

Figure 7.10 Output power P, (z) variation as a function of fiber position. The plot in solid line has
been obtained using the analytical expression developed m this work. Superimposed experimental
result has been obtained from [4].

7.9 Summary

An analytical model of a VCSEL considering externa! optical feedback has been presented at
the beginning of this chapter Electric field distribution inside a VCSEL due to external optical
feedback has been computed using the developed STMM based model. Field distribution has also
been computed for different position of the external reflector using the developed model. Next, the
electric field distribution inside VCSELs having different types DBR stacks have been computed and
presented. Computation of the performance parameters of a VCSEL such as threshold current,
external differential quantum efficiency and output power due to the optical feedback from the
external reflector placed at different positions have also been computed.
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Chapter 8

Dynamic Behaviour of a VCSEL with and without External Optical
Feedback

8.1 Introduction

Operation of a Laser is based on the optical transition of electrons between conduction and
valence bands. Due to this reason inevitable q uantum noise problem comes up in this case. A
semiconductor laser usually possesses a high gain, has a wide gain-bandwidth and has a wide
Jongitudinal mode separation. Ordinary FP semiconductor lasers use a resonator consisting of the
facet mirrors with low reflectivities. The fluctuation in the carrier density affects the phase of the
optical wave since the active region is injected with a high density of carriers. Therefore,
semiconductor lasers exhibit unique noise characteristics unlike the noise characteristics of other
types of lasers. It is necessary to understand the noise characteristics of all applications of VCSEL,
especially for achieving the ultimate performances in long-distance high-speed optical data
transmissions and precision optical measurements. Having understood the noise characteristics the
next job is to improve the noise characteristics. Noises of the output light from a practical laser are
classified into i) intrinsic noises and ii) extrinsic noiscs. In the following sections the basic concepts
of theoretical noise analysis are presented in short. Next, the quantum noises under the single-mode
steady-state oscillation are discussed in terms of the intensity and frequency noises. Finally, noises in
a VCSEL caused by external feedback are computed and the restits are plotted of analysis.

8.2 Different Types of Noise in Semiconductor Laser

Noises related to semiconductor lasers may be classified as i) Quantum Noises, ii) Noises in
Longitudinal Modes and iii) External Noises. Quantum noises may be divided into i) Amplitude
‘Modulating (AM) noise caused due to the fluctuation in the light amplitude and ii) Frequency
Modulating (FM) noise caused due to the fluctuation in the frequency of the emitted light. Noises in
Longitudinal Modes may be divided into i) Mode Partition Noise (MPN) and ii) Mode Hopping
Noise. External noises may also be divided into i) Optical Feedback Noise and ii) Noise due to
fluctuations in temperature, driving eurrent and voltage. The above mentioned noises will be briefly
discussed in brief in the following paragraphs. '

As mentioned above, quantum noises are divided into Amplitude modulating (AM) noise and
frequency modulating (FM) noise. Both of these quantum noises are caused by the spontaneous
emission in a free space with random amplitudes, frequencies, and phases of the lights. In addition to
spontaneous emission, FM noise is also affected by AM noise as explained below.

Due to AM noise, the amplitude of the light field fluctuates, which modulates the carrier
concentration in the active layer and leads to carrier noise. As a result, through the free carrier plasma
effeet, the refractive indexes of the material of the semiconductor laser fluctuate, which results in FM
noise. Also, the carrier noise induced by AM noise generates electric current noise, which changes
Joule heating in the active layer. Therefore, the refractive indexes of semiconductors fluctuate, which
also results in FM noise. AM noise is also altered by the carrier noise induced by AM noise itself.
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. Noise in Longitudinal Modes is another type of noise that may afTect the operaling imode of a
semiconductor laser. Mode Partition Noise (MPN) and Mode Hopping Noise are the two types of
noise in Longitudinal Modes.

The mode partition noise is observed when a longitudinal mode is selected during multimode
operation. This noise is large in low frequencies. In multimode LDs, such as Fabry-Perot L.LDs under
puised operations or the gain guiding 1.Ds, a noise for a total light intensity is comparable to the noise
in single-mode LDs. However, a noise for each longitudinal mode in the multimode LDs is much
farger than the noise in the single-mode LDs. As a result, the mode partition noise causes a serious
problem in mode selective systems such as the optical fiber communication systems.

The cause of the mode partition noise is that the optical gain is randomly delivered to each
mode during multimode operation. Therefore, to prevent the mode partition noise, single-mode LDs
are needed.

The mode hopping noise is generated when a longitudinal mode in the single mode LDs
jumps to other modes. This mode hopping is closely related to driving conditions such as temperature
and the injection current. At the time of the mode hopping, random oscitlations between multiple
modes are repeated and the noise increases due to a difference in light intensities between the relevant
modes. -

When there are two compcting modes, the noisc is large in a low frequency range below 50
MHz; when there are three or more competing modes. the noise is large up to higher frequencies.
Note that the mode partition noise is also large during mode hopping. For analog systems, such as
video discs, the RIN has to be lower than —140 dB/Hz, and for digital systems, such as compact discs
(CD-ROMs), the RIN should be lower than —120 dB/Hz. The causes of the mode hopping noise are
fluctuations of the spontaneous emission and a tendency for the optical gain to concentrate on the
oscillation mode. To avoid the mode hopping noise, two opposite ways, such as single mode
operations and multimode operations are used.

To achieve highly stable single-mode opecrations, bi-stable LDs or dynamic single-mode LDs
are adopted. Bi-stable LDs containing saturable absorbers have hysteresis in [-L curves, which
suppresses the mode competition. However, it is difficult for them to keep stable single-mode
operations with large extinction ratio during modulation. Hence. the bi-stable LDs are not categorized
in the dynamic single-mode LDs. For systems without mode selectivity, such as video and compact
discs, multimode operations are also used to reduce mode hopping noise. Multimode operations have
a higher noise level than single-mode operations, but the noise level is stable with changes in
temperature or the injection current. Therefore, the maximum noise level is lower than the mode
hopping noise. 3

Due to the self-pulsations, multimodc operations with low coherence take place, which results
in stable operations against the optical feedback noise. As a result, they are widely used as light
sources for video discs and compact discs.

External noises are caused by the External Optical Feedback and due to the change of the
operating conditions like, temperature, applied voltage etc. Optical feedback noise is generated when
the light emitted from a semiconductor laser is fed back to the semiconductor laser itself. A facet of
semiconductor lasers forms external cavities with reflective external objects, such as optical
components, optical fibers, and optical discs. These external cavities and the internal cavity of the
semiconductor laser compose coupled cavities, which induce optical feedback noise. The optical
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feedback nhoisc is noticcable even when the relative feedback light intensity is on the order of 1078
Due to optical feedback noise, the light output characteristics of the semiconductor laser change
intricately, according to the distance between reflective external objects and the semiconductor laser,
the feedback light intensity, and driving conditions. In static or time averaged characteristics, the light
intensity, the number of lasing modes, and the light output spectra are also modified. In dynamic
characteristics, a noise level and the shape of the light pulse are altered.

The most serious problem caused by feedback light is enhancement of noises. Due to the
feedback light, the quantum noises increased in a certain frequency region. Moreover, laser
oscillations become unstable, and the noise increases in a low frequency range, which is less than
several hundred megahertz. The increase in this low frequency noise is caused by the random mode
hopping between the longitudinal modes in the internal cavity and those in the external cavity.

To stabilize a longitudinal mode in the intcrnal cavity, single-mode LDs such as the DFB-LDs
and the bi-stable LDs are needed. To suppress the interference between the feedback light and the
internal light, coherence of the laser light should be reduced by high frequency modulation or self-
pulsation. To decrease the feedback light intensity, the requirement is a low coupling rate x, which is
achieved by large facet reflectivity and a long cavity. However, a large reflectivity leads to a low
light output, and a long cavity results in a large threshold current. Therefore, the optical isolators are
used to decrease the feedback light intensity in the optical fiber communication systems, but the cost
and size of the optical systems increase. :

8.3 Rate Equations of a VCSEL with Various Noise Sources

The noises created in the semiconductor laser due to spontaneous emission are termed as
quantum noise. Langevin noise sources are used to analyze-the quantum noise in semiconductor laser.

dN, _ I NV Ny N, @®.1)
dt qV, ., ¥V, T, T

LEAL 4 T (8.2)
dt . V. . T, 1+ &S
v G(N,)S
£=ﬁf Ve N, —-§~+ﬂ i O, + Fyr) (8.3)
a “TV,or,, t, V, 1+
d¢ a. i ,
49 2 rG(N)-— |+ F( 8.4
dt 2[ (.) rﬂ,,J ) 84

with G(Nw) =g, !n(-ﬁ—) where gq is the gain slope and its typical value is 3~10 x10° m™,

m

The terms Fu(t), Fs(t), and F4«t) appended to these equations represent phenomenologically
the origins of the quantum noise and are referred to as Langevin noise sources [10]. Since they are
random sources, the time averages are zero, i.e.,
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<PFn(1)> = < Fy(U)> = < Fy(1)>=0 ' (8.5)

250
Fir)= \/—— EN jﬁ"x_\- . (8.6)

2N 1,

Fu(r)= ?A_l‘V—T\“ - F(0) (8.7)
25

F ([) l !l ﬁ\p X (8_8)

STV 2

Here, x5, xy and x4 are the Gaussian random variable with zero mean and unity variance.

8.4 Rate Equations of a VCSEL with External Optical Feedback

In many applications, however, some of the laser output light is reflected by optical elements
and returns to the laser. in optical communications systems. reflection at the fiber input and output
ports gives rise to optical feedback and, in optical disk systems. reflection at the disk also causes
optical feedback. Semiconductor lasers under such operation conditions exhibit complicated
behaviors, and the feedback significantly affects the noise characteristics. This section deals with
feedback-induced noise. The external feedback and therefore feedback induced noise can be
eliminated by inserting a nonreciprocal isolator in the output beam path, since the isolator transmits
the forward wave but blocks the reflected backward wave.

R b | R ext

External Feedback N

ext

A

I;r;rlr

I 3
L ]
'y
X..

L

Cavity Lv.\'r

Figure 8.1 A model for the analysié of optical feedback phenomena. External reflector has been
placed at a distance L.y from the output facet of the VCSEL. R, is the power reflectivity of the
external reflector.

As a simple model for the analysis of optical feedback from an external reflector, consider a
system where an external reflector is positioned at a distance D from a VCSEL, as shown in Figure.
8.1. The laser resonator and the external reflector constitute a composite resonator, and, in the steady
state, the laser oscillates in the resonant mode of the composite resonator. Although mathematical
formulation of the composite resonator modes is possible, the formulation cannot enable analysis of

laser dynamics to be made more rapidly than the round trip time 7., = 2D/c for the distance D, which
130
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can generally be much longer than the laser resonator length Leawy. Let Ry be the power reflectivity of
the output facet mirror, and R, be the effective power reflcctivity of the external mirror, including
the optical losses during the round trip between the output facet and the external mirror and the loss
in coupling back into the laser waveguide.

Let S(1) and ¢(¢) be the photon density and the optical phase, respectively, according to the
definition in Section 4.4 and 4.5.

The amplitude of the guided wave propagating in the laser towards the output facet is
proportional to

S{t) expf=[w,1 + (1)}

where, wy, is the frequency of oscillation without optical feedback. The wave is reflected at
the facet with the amplitude reflection coefficient r, = WR,). The amplitude of the wave component
that is fed back into the VCSEL after a round trip to the external mirror, noting the double
transmission and the retardation time 7.y, can be written as

(1- R WR,, SU=r.)expl-ilw, (7. ) + gl = . )]

Therefore, omitting the multiple reflection under the assumption R..<<l, the effective
amplitude reflection coefficient for the combination of the ou tput facet mirror and the external
reflector can be written as '

Vg =H + O, (8.9)

where, & =(1-R).|R,,> : : )’ explilo,r,, +0)-00 -7 ) (8.10)

, The variations in the power reflectivity and the reflection phase due to the external feedback
are given by {28]

SR, = 2r, Re{sr,} ,' | (8.11)
5¢, =~ Im{g, } | L (8.12)
r

The external optical feedback does not directly affect the carrier density of the VCSEL. The
equations for the carrier density given by equations (8.1) and (8.2) should not be modified. Since the
photon lifetime z,, included in the equation for the photon density S(1) given by equation (8.3) is a
function of the reflectivity as shown by equation (4.12), the effective value under the perturbation is
given by [28] '

I 1 Ver
=—+—% R, 8.13)
2L .. R

coniiy
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Thus the effective photon lifetime is not a constant any longer, and varies with time
depending on the oscillation state. The longitudinal mode resonance condition (equation (4.5)) used

in the derivation of the cquation for the optical phasc (equation {4.10)) should be rewritten,
under the pcrturbation in the reflection phase, as

2Lm,,.,y( Blo)+ 12 An] — 8¢, =2mx = (8.14)
o

Using the equations (8.1)-(8.4) and (8.9)-(8.14) the modified rate equations of a VCSEL due
to external optical feedback can be written as

(8.15)
ar qV, r, V, T, T

v ap.h

) 1 N0V M6 N0

av, () NV, N N Tv.GW,0)s0)

- F 8.16
dt r vV T T 1+&S(r) +F,(0) @.16)

N w [ Aprow

ds(r) YN s Y. Ly, GV, (0))S()

A
dt YV, t,. T, V, [+&S(¢) +F )
+2kSU)SU—7,, xcos[wmrm +¢(r)—¢(t -7,, )] (8.17)

"C%"EQ = %’[FG(N.- (’)) - TL,,:.}- F, (r)-% EI_S'—(SL X sin[(u,,, T+ ¢(r)-— ¢(l -7, )] (8.18)

Here, & is the magnitude of the external feedback and @y, is the threshold oscillation frequency

without optical feedback. Assuming attenuation, absorption and diffraction losses in the external
cavity negligible, the feedback coefficient & can be defined as [10]

1-R, [R
k=n,, ——t | 8.19
U(.t . R ( )

I '

Where, 7.v is the power coupling efficiency between VCSEL and the external cavity, 7, is the
laser cavity round trip time and can be written as

2L

caniy

(8.20)
v

ur

0=

132



1
10 cm

Without OFB
With OF B

- Without OFB ||

Time (ns)

(a)

4
Time (ns)

L exl=20 mm
- L7
R“l— 10%

=5%

R

. 7 I
. @
JE B T SO ——— e H

~ o n < ™ ™ - [ o

Y9
(Muw) Jomad Indinp o~

(auwd 1amod Indino

(b)
133



=
% .
< & N
o o
n_n
®»
(-]
r o
L)
_ _
1
o L0
—
w
| =4
St
]
E
=
— ST
o
(oo ]
. L. . T ' e —a i . R e . [N, N
TR . . & © < 0 - 0 ©
) X ] g i pd

(mud Jamod Indino (muwd Jamod IndinQ

Time (ns)

(d)

134



Output Power (mW)

4 42 4.4 46 48 5
Time (ns)

(e)

Figure 8.2 Laser response with and without external optical feedback and also for different level of
feedback. (a) for an external reflector 20 mm apart from the top facet of the VCSEL. (b) shows the
response for the reflector at different distances. (c-¢) shows the response for different values of Ry,

Rate equations (8.15) to (8.18) of a VCSEL considcring external optical feedback have been
solved by using finite difference method. Time step for the computation has been set to 1 ps. From
the obtained photon density, output power has been computed by using the equation (4.49). Figure
8.2 shows the output power variation of a VCSEL with and without external optical feedback. It is
clear from the figure 8.2 that the output power fluctuation increased due to the optical feedback.
Magnitude of the fluctuation of the output power depends on the amount of feedback of the external
reflectors as shown in the figure 8.2 (c).

8.5 Small-Signal Modulation Response

From the rate cquations we can infer the dynamic response of the VCSEL to a harmonic
variation Al(1) of the current about an operating point /, >> |4/(#)|. Equations are first of all linearized
with respect to the resulting variations AN, (1}, ANy(1}, and AS(1) which are all small compared to N,,q,
Ny, and Sy respectively. Here, N, g, Nig, and Sy are the steady state value of the carrier density at the
well, barrier and photon density respectively. Now perform Fourier transform into quantities Al(v) to
obtain the spectral fluctuations as a function of frequency v. The carrier dependent part of the gain
coefficient is also linearized to the form
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G(Nwﬂ): g() ln[J:f“lu)z;(N..-D _NJ) (82])

wr

with differential gain coefficient a with typical value 2~3 x 10%° and transparency carrier density N,
expressed as |

a=-" and N, = N",,,(l —ln[hn (8.22)
N | N

wi 1wl

Noise is not required to take in consideration during the analysis of small signal modulation
response. Langevin noise sources Fug; and Fs) are both set to zero. Neglecting the spontaneous
emission contributions in equations (8.1) and (8.2) due to the small magnitude of fJ,, the resulting
modulation transfer function that relates the photon density fluctuations to the fluctuations of the
modulating current is finally obtained as {40]

M) = AS(v) 1 A

= e = 8.23
Al()fqg  1+i2zvr, axi(vE —v?)+i2ayv (8:23)

Here, A is the amplitude factor, yis the damping coefficient and 1; is the resonanee frequency can be
written as

nlv”rrrESD

_ (8.24) -
Vpl(l + &SD)

vyl v B (8.25)
;{r.\‘p,u- ! T;:h (I + &S‘D)

vV v
WL PR3 FUSIEL S PO Ny R (8.26)
2” rph r.\'p,w V]._-r rr a 2” rf"" ] .

Where, 7 is the transport factor related to carrier transport time 7, and carrier escape time 7, can be
written as : -

A | (8.27)
T

4

The damping coefficient y can be rewritten considering the K factor as

y=Kvl+ (8.28)

X r.\'p R

with
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K=anr, +—ar (8.29)
vgrrru/z

The maximum 3-dB modulation corner frequency of IM{v)|* is related to K. Maximum possible corner
frequency is limited by K as [4]] ' '

Ve =2 2% | (8.30)

To increase the corner frequency or modulation bandwidth the K-factor has to be minimized.

Small signal modulation response of a VCSEL has been computed by using the equation (8.23) for
different values of the injection current and plotted into the figure 8.3.

20

15}

10t

Modulation Response (dB)

Frequency (GHz)

Figure 8.3 Simul ation result of modulation transfer function IM(v}? of a single mode oxidized
VCSEL for different bias currents above threshold current £, =0.38 mA.

8.6 Determination of Relative Intensity Noise (RIN)

‘The coupling of the spontaneous emission to the stimulated emission in a semiconductor Jaser
leads to phase and intensity noise in the laser output. The phase noise manifests itself as a finite
spectral width of the laser even for cw operation. Low phase noise is needed for lasers used in
coherent transmission. The intensity noise arises from the coupling of the electrons in the
semiconductor and the photons in the electric field. The intensity noise is generally characterized by
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the relative intensity noise (RIN). The RIN value must be sufficiently small if the laser is used in
analogue or subcarricr based transmission systems.

Noise in diode lasers originates from both carrier density fluctuations and photon density
fluctuations. The relative intensity noise (RIN) spectrum is commonly used to analyse the noise
properties of high-speed diode lasers and to determine the modulation bandwidth. The RIN is defined
as the ratio of the intensity fluctuations to the averaged intensity as

RIN(@) = S;P(f’i) (8.31)
S (w)= i[(ap(: +7)0P(r))e ™ dr = <|5P(w]2> (8.32)

-7

Where, S,(@) is the spectral density of intensity fluctuation, £ is the average power and &P is
the from its average value over a period after the transient part.
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Figure 8.4 Relative Intensity Noise (RIN) spectra of a VCSEL for different values of the injection
current. Curves are plotted by using the analytical expression of RIN given by the equation 8.34.

RIN can be computed in 2 different ways i) by an analytical small signal model ii) by solving
the rate equations numerically.
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To derive an analytical expression of RIN. firs of all the rate cquations need to be lincarized.
The spectral relative intensity noise (RIN) rclates the photon density fluctuations to the mean photon
density squared as [41]

per)r) oot
DG R )

RIN(v)=2

(8.33)

where, the angular brackets denote an average over the observation time and R IN() is
measured in dB/Hz. In equation 8.33 the proportionality between spectral components of photon
density fluctuation A S(v), output power fluctuation A P}, and detector photocurrent fluctuation
Alpp(v) and correspondingly for the mean values <§>, <P>, and </fpp> have been made. In contrast
to the previous section, a consideration has been made that, the photon density is modulated here by
spontaneous emission processcs, whereas current density fluctuations can be neglected. Thus, putting
Al(v) = 0 after linearization and Fourier transformation of (8.1) - (8.3) and inserting proper
expressions for the Langevin forces Fy. Fy leads to the result as [40]

45 I'N_, ISERNIE.
o) - e A 536
with the modified damping coefficient
. £ S I ,
7 Ere ) ~ +4rly'e, (8.35)

T (1 + E(S)) Xt

Relative Intensity Noise (RIN) can be computed from the numerical simulation of the output
power (or photon density) fluctuation and can be written as (7]

2

U3 spo\mmor g
R!N:_—ﬁT = [oP(z)e dr

1]

(8.36)

RIN = —I——N—IIFFT[&IP(!)]Z (8.37)
=

P

Here, &P(r)= Plr)- 7 is the fluctuation of the output power from its average value, 7' is the
period of time selected to perform integration and 4 time resolution used for numerical computation.
RIN spectra, computed by using the equation (8.37) without external optical feedback or considering
the external optical feedback has been computed and presented in the figure 8.5. In this computation,
time step Ar has been selected a 1ps. From figure 8.5 it has been observed the RIN level increased
due to the external optical feedback.
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Figure 8.5 Relative Intensity Noise (RIN) computed from the simulation result of the output power
fluctuation of a VCSEL. Solid line represents the RIN spectra of a VCSEL without optical feedback.
Dashed line represents the RIN spectra of a VCSEL considering external optical feedback. Feedback

coefficient 4.y, has been selected as 0.001,

8.7 Summary

At the beginning of this chapter, different types of noises in the semiconductor laser have
been discussed briefly. Rate equations of the VSCEL have been modified by introducing the noise
sources. To analyse the optical feedback from an external reflector, rate equations have been
modified again. Next, the rate equations have been solved numerically by using the Finite Difference
(FD) method to compute the carrier density. photon density and output power of a VCSEL. Small
signal modulation response of a VCESL has also been presented in this chapter. Finally, Relative
Intensity Noise of a VCSEL has been computed with and without optical feedback.
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Chapter 9

Discussions and Conclusions

9.1 Discussions

In order to obtain the reflectivity of a multilayer semiconductor DBR stack, a number of
techniques such as, i) the Transfer Matrix Method (TMM), ii) the technique based on Coupled Mode
Theory (CMT), iii) the technique based on Floquet-Bioch Theory (FBT) and iv) the Tanh
Substitution Technique arc developed by various rescarchers [15] [18] [19] {20]. Among the above
mentioned techniques, Tanh Substitution Technique, CMT technique and FBT technique are suitable
for graded index layered DBR as well as step index layered DBR. In contrast to these techniques,
TMM is suitable for caleulating the reflectivity of a step index layered DBR but not suitable for
graded index layered DBR stacks. It is worthwhile mentioning here that FBT technique and Tanh
substitution technique can not be used to calculate Electric Field Distribution inside a VCSEL.
However, it appears that using the CTM technique it might be possible to calculate Electric Field
Distribution inside a VCSEL although no such work has so far been found. Possibilities of such a
work needs to be investigated. On the other hand, TMM can be used without any difficulty to
calculate the electric field distribution inside a VCSEL having ‘step index’ layered DBR stacks only.
From the above discussion it is evident that none of the above mentioned techniques are suitable for
calculating the electric field distribution inside a VCSEL having ‘graded index’ layered DBR stacks.
For ‘graded index’ layered DBR stacks it was thus necessary to look for a new method of calculating
the reflectivity as well as the electric field distribution inside a VCSEL.

Considering the necessity, in this work, a new mecthod of calculating the reflectivity of a
araded index layered DBR stacks has been developed. The name of this method has been given as
Sampled Transfer Matrix Method (STMM) because the transfer matrix of the complete DBR stack
has been developed by cascading a large number of samples of transfer matrices corresponding to
small incremental samples of the DBR layers.

The first objective of this work is thus to develop the Sampled Transfer Matrix Method
(STMM) to compute the reflectivity of a ‘graded index’ layered DBR stack as well as ‘step index’
layered DBR stacks. This objective has been fully achieved. The development of this STMM
technique has been presented in Chapter 6. Next, it has been shown that STMM is capable of
computing the reflectivity of a graded index layered DBR stacks as well as step index layered DBR

stacks. The results obtained by STMM have been compared with the result of previous work of other
researchers.

STMM has been applied to compute the reflectivity of the step index layered DBR and got the
same result obtained by other researchers. Reflectivity of a DBR having smooth variation of
refractive index in the layers has also been successfully computed by using STMM. An idea of a new
type of DBR having sinusoidal variation of refractive index in the layers has been presented and the
reflectivity spectra of that DBR exhibits the similar reflectivity spectra of the conventional DBR
which has step index variation in the layers. Reflectivity and Transmittivity spectra of a complete
VCSEL have been also computed by using the newly developed technique based on STMM. Thus the
second objective has also been fully achieved.
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As mentioned in the {irst paragraph of this scetion that TMM can only be used to compute the
electric field distribution inside a VCSEL having step index DBR. The second objective of this work
is thus to develop a modcl to compute the electric field distribution inside a VCSEL having smooth
variation of refractive index in the layers of the DRB. STMM based model of a VCSEL for
computing the electric field distribution inside the VCSEL has been presented in the section 6.7. The
developed model can also be used to compute the electric field distribution inside a VCSEL having
‘step index” layered DBR. It is also mentioning here that, electric field distribution inside the VCSEL
without external optical feedback or with optical feedback from an external reflector can be
accurately computed by the STMM based model developed in this work. The model of a VCSEL to
take account the effect of optical feedback from an external reflector has been presented in the
chapter 7.

Electric field distribution inside-a VCSEL having step index layered DBR has been computed
by using the model developed in this work. Result obtained by STMM based model has been shown
in the chapter 6 and compare with the result obtained by other researchers model. This ensures the
accuracy of the new technique presented here. Next, the electric ficld distribution inside a VCSEL
having smooth variation of refractive index in the layers of its DBR is computed and presented in the
chapter 6. It is thus clear that the third objective has been fully achieved in this work.

Electric field distribution inside a VCSEL without optical feedback and with optical feedback
is computed by using the model discussed in the chapter 7. Standing wave pattern of the light
intensity due to the different position of the external reflector is also computed for a VCSEL having
step index layered DBR and the result has been compared with the results of the other researchers.
Same eomputation has been done by using the STMM based model for a VCSEL having graded
index layered DBR and similar result has been found. Field intensity near the output facet and near
the cavity region due to optical feedback has also been computed.

Variation of the performance paramcters such as; (i) threshold current, (ii) external
differential quantum efficiency and (iii) output power of a VCSEL having step index layered DBR,
have been computed due to different positions of the external reflector. Results have been compared
with the experimental results of other researchers. Thus the fourth objective has also been fully
achieved.

Next, the rate equations of the VCSEL have been deduced from the fundamental rate
equations of semiconductor laser. Then the rate equations have been solved numerically by using the
‘Finite Difference’ method to determine the carrier density, photon density, light output, turn-on
delay and Relative Intensity Noise (RIN) of the VCSEL.

Rate equations of VCSEL have also been modified to account the optical feedback
phenomena. Qutput power fluctuation and RIN duc to opticai feedback is computed numerically.
Turn-on delay of a VCSEL has been calculated from the numerical result of the photon density. The
result has been compared with the result obtained by using the analytical expression of turn on delay.
It has been observed that turn-on delay decreases with the increase of injection current. It has also
been observed that RIN is increased with the increase amount of optical feedback. Thus the fifth
objective of this work has also been fully achieved.

Finally, the results obtained by using the model presented in this work has been compared

with the result of previous other researchers. Good agreement with the previous result has been found.
Thus the final objective of his work has been fully achieved.
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9.2 Suggestions for future work

Distributed Bragg Reflectors (DBRs) are used as the mirror of a VCSEL. Conventional stcp
index layered DBR have quarter wavelength thick layers of alternative low and high refractive index
materials as mentioned in the chapter 3. Such type of DBR has the pecak reflectivity at the Bragg
wavelength. The new types of DBRs introduced in this work have uniform variation of refractive
indices in the layers. Thickness of this layers has been determined in two different ways, such as 1)
d=A/dn or i} d=A4n,,. In the first case, peak reflectivity of the DBR has been occurred at the
wavelength slightly shorter than the Bragg wavelength where as in the second case; peak reflectivity
of the DBR has been occurred at the wavelength slightly grater than the Bragg wavelength. One can
select the thickness of the layers of the ncwly introduced DBR in such a way so that the peak
reflectivity of the DBR will occur at the Bragg wavelength.

In this work, theoretical analyses of the new types of DBR stacks have been presented. [t
would have been better if these theorctical computations could be supported by the similar result
obtained from fabricated laser and experimental measurements. Such fabrieation and experimental
mecasurement to verify the obtained result is defining a good work which can be done in the near
future. Reflectivity and transmittivity spectra of a VCSEL having the newly introduced DBRs have
been presented in Chapter 6. These results showed a good agreement with the similar results of other
conventional VCSELs presented in the other publications [19] [40]. In this work the step index and
graded index layers of the DBR stacks of'a VCSEL have considered for computing the effects of such
layers on difterent performance parameters of @ VCSEL. However, no variation of refractive index in
the active layers has been considered. As a future work one may consider the variation of refractive
index in the active layers of a VCSEL. With an appropriate development of a model one may
compute the performance parameters of a VCSEL and work for betterment.

In the STMM based method. reflectivity and transmittivity of the DBR stacks as well as the
VCSEL has been computed by considering the refractive index variation only in the direction of the
layers of the VCSEL. It is worthwhile searching for some better performance of a VCSEL by having
variation of refractive index of the DBR layers of a VCSEL in eithcr x or y directions. Alternating
variation in both x and y direction may be considered.

9.3 Conclusions

A novel method of computing the reflectivity and transmittivity of a graded index layered
DBR has been developed. The new technique has becn termed as STMM. A model for computing the
electric field distribution inside a VCSEL without external optical feedback has also been developed.
By extending the method a mode!l for computing the electric field distribution inside a VCSEL in
presence of optical feedback has aiso been developed. The basic idea of the developed STMM was
derived from Transfer Matrix Mecthod (TMM). Ho wever. the STMM method of calculating the
electric field distribution inside a VCSEL has derived by blending TMM and the method used by
Muriel and Carballar for Fiber Bragg Grating (FBG). It is expected that, development of this new
technique of STMM will open a new horizon in this field and new types of devices can be designed
and analyzed by using this tcchnique.

Using the STMM based method one can compute the reflectivity and transmittivity of a
multilayer stacks having graded refractive index variation. The technique can equally be applied for
DBR layers having step index vartation. In this work, at first, reflectivity and transmittivity of a step
index DBR has been computed using TMM. Next, the same computation has been performed using
STMM. A comparison of these two computations shows that STMM is capable of producing exactly

143



the same result as the TMM. For a DBR stack having graded index layers onc can not perform the
above mentioned computations using TMM. However, one can happily perform these computations
using the newly developed method of STMM,

One can compute the reflectivity and transmittivity of a VCSEL having DBR stacks made of
graded index layers by using STMM. Electric field distribution inside a VCSEL having step index
layered DBR has been computed by using the method of STMM and the results show close
resemblance with the results of the same quantity obtained by using TMM. Electric field distribution
inside a VCSEL having graded index layered DBR has also been computed by using the method of
STMM. These computations can not be performed using TMM.

Next, a VCSEL in presence of optical {eedback from an external reflector has been taken for
computation. For this VCSEL with external reflector the electric field distribution inside the VCSEL
has been computed using the STMM method. The above mention computations have been performed
for VCSELs having step index layered DBR and also for the VCSELs having graded index layered
DBR separately. The results have been presented. The above mentioned computations have also been
performed for different positions of the external reflector and the results have been presented. Due to
the variation of the positions of the external reflector, various performance parameters of a VCSEL
such as output power, threshold current and external differential quantum efficiency has been
computed. For these computations it is possible to find the position of the external reflector for which
the output power is maximum. In this case, the values of the distance has been found to be A/4.

In most of the previous works the rate equations for VCSEL have been solved using Runge-
Kutta method. It has been reported in [10] that Runge-Kutta method is not expected to give good
results in such computation because rate equations of a VCSEL is supposed to be based on stochastic
system. Considering this, in this work. the rate equations have been solved with the help of finite
difference (FD) method. This is expected to produce more accurate results.

it is necessary to know the turn on delay of a VCSEL because the modulation speed of a
VCSEL is dependant on this parameter. In this work, turn on delay has been computed using the
expression of turn on delay developed from the rate equation of the carrier density. Next, the turn on
delay has been computed from the simulation result of the carrier density. This gives an opportunity
of comparing the results of the turn on delay using the two methods. Computation of relative
Intensity Noise (RIN) is an important part of a VCSEL. As a result, computatlon of RIN has been
carried out with and without external optical feedback.

Last of all, it is clearly observed that the method of STMM has given a simple way out to

perform the computation used to analyse and understand the performance of a VCSEL in the
presence of external optical fcedback.
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